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Explicit expression of the microscopic renormalized energy
for a pinned Ginzburg-Landau functional

Mickaél DOS SANTOS*
mickael.dos-santosQu-pec.fr

Abstract

We get a new expression of the microscopic renormalized energy for a pinned Ginzburg-
Landau type energy modeling small impurities. This is done by obtaining a sharp decompo-
sition for the minimal energy of a Dirichlet type functional with an L°°-weight.

In particular we get an explicit expression of the microscopic renormalized energy for a
circular impurity. We proceed also to the minimization of this renormalized energy in some
cases.
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1 Introduction

1.1 Main results

The goal of this article is to give an explicit formula for a microscopic renormalized energy in
the context of the study of a pinned Ginzburg-Landau type energy.

This renormalized energy allows to know the location of vorticity defects inside small impurities
in an heterogenous superconductor. The microscopic renormalized energy may be defined via an
auxiliary minimization problem involving unimodular maps.

The study of this auxiliary problem is the heart of this work. The main result of this article is
the following theorem:

Theorem 1. Let
e w CR? ~C be a smooth bounded simply connected open set s.t. 0 € w,
e N e N* and (wN)* := {(21, ..., 2n) € WV | 2 # 2z; for i # j},
e Be (0;1), b€ [B;B7 Y and a € L*(R?,[B%* B72]) be s.t. a =b* in w.
Then there exist
e f :]Ro,00[— RT which satisfies B>rIn(R) < f(R) < B~27In(R) [with Ry sufficiently large],

Wmicro . (WN)* x ZN N R
(z,d) s micro(z )

s.t. ford= (di,...,dy) € ZN and z = (21, ..., 2n) € (WN)*, when R — oo and p — 0T, we have

1 b?
inf —/ a|Vu|2+—/ |Vul?
weH (B(0,R\U;B(z,0)5") | 2 JB(0,R)\& 2 Jo\UBGLp)
degyp(z;,p) (w)=di,i=1,...,.N

N 2 N
— (Z di> f(R) + b <Z df) |1n p| + W™ier(z d) + o(1).
=1 =1
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[Note that the degree of a function is defined in Section 2.3].

Remark 1. 1. The expression of W™ is given in (63). The map W™ : (wN)* x ZN — R
depends only on «, w and N.

2. The function f(-) is defined by f(R) := inf —/ a|Vv)?.
veH' (Br\&s") 2 JBp\w
deg(v)=1
In the circular case, i.e., the set w is the unit disk DD, we may obtain an explicit expression for

Wmicro

Proposition 2. If w is the unit disk D, then the microscopic renormalized energy with N vortices
(Zv d) = {(215 dl)v ) (ZN, dN)} is

: 1-1? Y 1— b2
mero(z’ d) s Zdidj In |Zl — Zj| + 1+—b2 Zd? 1171(1 — |Zj|2) + 1+ 52 Z d/zd] In |1 - ZzZl
i2j j=1 i#]

Remark 3. Section 7 is dedicated to the case w = ID. Proposition 2 is proved Section 7.4. The
minimization of the renormalized energy W™ when w is the unit disk is presented in some
particular cases Section 7.5.

Theorem 1 may have several applications. For us, the main motivation appears in the study of
a pinned Ginzburg-Landau type energy modeling a superconductor with impurities.

1.2 Motivations

Vorticity defects

The superconductivity phenomenon is an impressive property that appears on some materials
called superconductors. When a superconductor is cooled below a critical temperature, it carries
electric currents without dissipation [no electrical resistance] and expels magnetic fields from its
body [Meissner effect].

But if the conditions imposed on the material are too strong [e.g. a strong magnetic field]
then the superconductivity properties may be destroyed: the material has a classical behavior.
According to the response of the superconductor to intense magnetic fields, essentially two kinds
of superconductors are distinguished. The type I superconductors are those which pass abruptly to
the superconducting state everywhere to the normal state everywhere. The type IT superconductors
admits an intermediate state called mized state. Namely, for a type II superconductor, there exists
intermediate critical fields 0 < H., < H,, s.t. if the intensity of the applied field H is less than H,,
then the superconductor is everywhere in the superconducting state. While if H > H,,, then the
superconductor is everywhere in the normal state. For the intermediate regime [H., < H < H,,]
there are "small" areas where the superconductivity is destroyed. While the rest of the sample
is in a superconducting state. See [SS07] for a rigorous and quite complete presentation of these
facts.

The areas where the superconductivity is destroyed are called vorticity defects. In an homoge-
neous superconductor, the vorticity defects arrange themselves into triangular Abrikosov lattice.
In the presence of current, vorticity defects may move, generating dissipation, and destroying zero-
resistance state. A way to prevent this motion is to trap the vorticity defects in small areas called
pinning sites. In practice, pinning sites are often impurities which are present in a non perfect
sample or intentionally introduced by irradiation, doping of impurities.

In order to prevent displacements in the superconductor, the key idea is to consider very small
impurities. The heart of this article is to answer to the following question: Once the vorticity
defects are trapped by small impurities, what is their locations inside the impurities [microscopic
location] ?

The simplified Ginzburg-Landau functional



The mathematical theory of the superconductivity knew a increasing popularity with the pi-
oneering work of Bethuel, Brezis and Hélein [BBH94]|&[BBH93|. They studied the minimizers of
the simplified Ginzburg-Landau energy

E.: H'(Q,C) — R+
1 2 1 2\2
W g Vel g

submitted to a Dirichlet boundary condition in the asymptotic € — 0. In their works €2 is a simply
connected domain which is a cross section of an homogenous superconducting cylinder 2 x R. The
number € > 0 is a characteristic parameter of the superconductor; the case ¢ — 0 consists in
considering extrem type Il superconductor.

In this simplified model, a map « which minimizes E. [under boundary conditions| models the
state of the superconductor in the mixed state. The superconducting area is the set {|u| ~ 1}
and the vorticity defects are the connected components of {|u| ~ 0}. One may mention that a
quantization of the vorticity defects may be done by observing the degree of a minimizers around
the connected components of {|u| ~ 0}. In this context we say that z is a vortex of v when it is an
isolated zero of w with a non zero degree. Namely, a vorticity defect may be seen as a small disc
[with radius of order of €| centered at a vortex. A Dirichlet boundary condition [with a non zero
degree] mimics the application of a magnetic field by forcing the presence of vorticity defects.

A part of the main results of [BBH94| concerns quantization & location of the vorticity defects
and an asymptotic estimate of the energy of a minimizer. All these results are related with the
crucial notion of renormalized energy.

Theorem 2. [Bethuel-Brezis-Hélein] Let Q be a smooth and bounded simply connected open set
and let g € O (0K, St) with degree d > 0.
For e > 0 we let us be a minimizer of E. in Hgl. Then:

1. There exist eg > 0 and C > 1 s.t. for 0 < e < gg:

o u. has exactly d zeros z5,...,x25 and {x € Q||u.(z)] < 1/2} C U;B(af,Ce); [Here
B(z,r) C R? is the open ball with center z and radius r|

e FEach zero is of degree 1: deg(ue,x5) =1 for alli=1,...,d;

o Ase — 0, up to extraction of a subsequence, there exist d distinct points aq, ...,aq € €
s.t. (up to relabeling of the points x5 ) we have x5 — a;.

2. There exists a smooth map Wy : {(x1, ...,zq) € Q4 |x; # x; for i # j} — R, called renormal-
ized energy, s.t.

o FE.(uc)=mnd|lne| + W(ay,...,aq) + dy + 0-(1) where v € R is a universal constant;

o the set (ay, ..., aq) minimizes the renormalized energy W,.

Remark 4. 1. In the work [BBH94|, the renormalized energy W, plays an important role. It
is defined wia auxiliary minimization problems involving S'-valued maps: for N € N* and
z = (21,..2n) € QN sit. z; # zj for i # j, (diy...,dn) € ZN st. > d; = d and p — 0" we
have:
al 1
7w &l + Wy(a,d) = inf —/ Vul +o(1) (1)
e weH (U B SY) 2 Jo\uBG)

troo (u):g_
dcgaB(Ziyp)(u):di,zzl ..... N

1
= inf —/ |Vaul? +o(1).  (2)
weH (U BGpsY) 2 Jo\uBGp)
troo(u)=g
u(ziercle):aicldie,aiGSl,
i=1,...,N

In Theorem 2, we have N = d and d; = 1 for all ¢ and we wrote Wy (21, ..., zq) := Wy((21,1), ..., (24, 1)).



2. The minimization of E. with a Dirichlet boundary condition is not relevant from the physical
point of view since the Dirichlet boundary condition is not gauge invariant. In particular, the
renormalized energy W, is not physically relevant. But, in their work, Bethuel-Brezis-Hélein
introduced systematic tools and asymptotic estimates to study vorticity defects.

The simplified Ginzburg-Landau functional with a pinning term
One may modify the above model in order to consider a superconducting cylinder with impu-
rities. This is done with the help of a pinning term a :  — R by considering the functional

gpimed . FY(Q,C) - R*
1 2 I 2\2 -
U — §/Q|Vu| +@(a — Jul?)

There are a lot of works which deal with a such energy. Some variants are studied in the literature
with the function @ which is "smooth" or piecewise constant; independent of £ or depending on
e... See the Introduction of [Dos15] for a more complete presentation of this models.

In order to present the interpretation of the pinning term, we focus on the case of a pinning
term a :  — R piecewise constant. Say, for some b € (0;1) we have a(2) = {1;b} and a=1({b}) is
a smooth compact subset of 2 whose connected components represent the impurities.

A possible interpretation of a such pinning term is an heterogeneity in temperature. Letting
T. be the critical temperature of the superconductor, if T} < T is the temperature in a=*({1}),
then T, = (1 — b*)T, + b*T1 is the temperature in a~1({b}). Here the impurities are "heat" areas
[note that 71 < T < T¢]. See Section 2.2 of the Introduction of [Dos10].

In order to consider "small" impurities we need to use an e-dependent pinning term [a. : Q —
{b; 1} with b independent of €]. Then we may model shrinking impurities: the diameter of the
connected components of a=1({b}) tend to 0.

Essentially three kinds of pinning term may be used.

First kind of pinning term. The first kind of pinning term are those having a fixed number
of impurities P € N*:

e the impurities have the same form given by a smooth simply connected open set w C R2, 0 €
w3

e the impurities are "centered" at some distinct points y1, ..., yp € ;
e the impurities have size A = A(e) — 0 as ¢ — 0.

This kind of pinning term is represented in Figure 1 and it is studied in [DM11].

a: =b

1S

a. =1

1
>

we = {ac = b} = UL w5,

Wi =Y+ A w | |

Figure 1: A pinning term modeling P = 3 small impurities (A = A(e) — 0%)

e—0



Second kind of pinning term. The second kind of pinning term correspond to the periodic
case. This case is studied in [Dos13]. For § = §(¢) — 0 as ¢ — 0 we consider a 0 x § squared grid
covering R?. In the center of each cells entirely contained in Q) we insert an impurity with size Ad.
Here A may be equal to 1 or A — 0T as € — 0; it is a factor of dilution when A — 0. |See Figure 2]

(a) A § x é-periodic pinning term (b) A controls the size of an
impurity inside a cell

Figure 2: A periodic [rapidly oscillating] pinning term (A = A(e),d = d(e) — 0)

e—0

This periodic pinning term illustrate the fundamental notion of dilution when A\ — 0. The
diluted impurities are small impurities with the inter-distance between two impurities which is
very larger than their diameters. Note that for the periodic pinning term and A = 1, the size of
the impurities is of order § and two neighboring impurities have their inter-distance of order §.
Consequently, despite the impurities are small, when A = 1, the impurities are not diluted.

Third kind of pinning term. The notion of diluted impurities leads to the third kind of
pinning term: the general diluted pinning term [See Figure 3]. This case is studied in [Dos13].
The general diluted pinning term correspond to the presence of diluted impurities possibly having
different sizes: A4, ..., AdF for some P € N*.

For all these pinning terms, from [DM11] and [Dos13] we may state the following theorem:

Theorem 3. Let 2 be a smooth and bounded simply connected open set and let g € C>(982,S1)
with degree d > 0. Let b € (0;1) and ae : @ — {b; 1} be as in Figure 1 or Figure 2 or Figure 3.
Assume that [In(X\)]3/In(e) — 0 for the first kind of pinning term and [In(A\5)]3/In(e) — 0 for
both other cases.
For e > 0 we let u. be a minimizer of E. in H;. Then there exist ¢g > 0 and C > 1 s.t. for
0<e<eq:

1. Quantization informations

e u. has exactly d zeros x5, ...,x5 and {x € Q||uc(z)| < b/2} C U;B(25,Ce);
e FEach zero is of degree 1: deg(ue,x5) =1 for alli=1,...,d;

2. Pinning



Figure 3: Representation of the general diluted pinning term with P = 2

o For the first kind of pinning term: U;B(x5,\/C) C {a. = b}
e For the second kind of pinning term: U;B(x5,X0/C) C {a. = b}
o For the third kind of pinning term, in order to make a simple presentation of the situa-
tion, we assume that there is ng > 0 [independent of €] s.t. for small e
— there are at least d impurities with size A6: w5, ...,w3;
— dist(w§,w5), dist(w;, 0Q) > no for all i,j € {1,...,d}, i # j.
Under these extra assumptions we have U;B(z5,\0/C) C {ac = b}. In particular the
vorticity defects are trapped by the largest impurities.

8. Macroscopic location

o For the first kind of pinning term, the vortices are distributed in the impurities according
to the most uniform way. Namely each impurities contain [d/P] or [d/P] + 1 vortices.
Here for x € R, [z] is the integer part of x.

The choice between [d/P] or [d/P] + 1 is done via the minimization of W,,.

e For the second kind of pinning term, each impurities contain at most one vortex. More-
over if A — 0, then (z5,...,25) tends to minimize W, with all the degree equal to 1.

If A = 1, then there is no sharp macroscopic information except some classical vor-
tex/vortex Columbian repulsion and confinent effect for the vortices [repulsion effect of
09).

o For the third kind of pinning term and under the above assumption on the largest impu-
rities, the vortices are trapped by the largest impurities and each impurities contain at
most one vortex. Moreover, the choice of the impurities containing a vortex is related
with the minimization of the renormalized energy Wy with all the degree equal to 1.

4. Microscopic location

When X\ — 0, for the three kinds of pinning term, the asymptotic location of a vortices inside
an impurities tends to be independent on the Dirichlet boundary condition g. The microscopic
location of the vortices trapped by an impurity tends to minimize a microscopic renormalized
energy W™ which depends only on b, the form of the impurity and the number of vortices
trapped by the impurity.



In the non diluted case [a periodic pinning term with X\ = 1], there is no sharp microscopic
informations except some classical vortex/vortex Columbian repulsion and confinent effect
for the vortices.

In [Dosl5] [Section 2] it is explained in detailed the link between the minimization problem

considered in Theorem 1 and the microscopic location of vortices in a diluted case.
Remark 5. 1. In [DM11], the existence and the role of W™ was established. But its expres-

2

sion was not really explicit.

2. In particular, in the easiest case, the case of an impurity which is a disk containing a unique

vortex, we expect that the limiting location is the center of the disc. The expression of
wmiere obtained in [DM11] does not allow to get this result easily. This result was obtained
from scratch in [Dos15].

. Theorem 1 has a more general scope than needed. Indeed:

i. In Theorem 1, the points z;’s corresponds to the location of the vortices inside an impu-
rity. The weight « is a2 rescaled at the size of the impurity.

1 outside w
Essentially, in the diluted case, we have to consider a = {b2 ) where w is the
in w

form of the impurity.

ii. With the help of the above theorem, in order to study W™ in the context of a pinned
Ginzburg-Landau type function, we may focus on the case d; = 1 for i € {1,..., N}. But,
since the minimization problem considered in Theorem 1 is of its self-interest we treat
the case of general degrees.

. In contrast with the renormalized energy Wy, we believe that the microscopic renormalized

energy W™ may play a role in a more physical problem.

If

e wCY:=(-1/2;1/2] x (=1/2;1/2] is as in Theorem 1,
1 imY\w
= . 3
b?  inw
e « is 1-periodic,
then W™ [given in Theorem 1] should govern the limiting location of vortices inside an
impurity for the periodic non diluted case. But, there is no result which asserts that in the non
diluted case the microscopic location of the vortices may be studied with this minimization

problem. [Despite we believe that, in the non diluted periodic case, microscopic location of
vortices should be given by minimal configuration of W™*® with degrees 1]

Note that in [Dos15] [Section 2| the key use of the dilution property is clearly mentioned.

Notations and basic properties

2.1 General notations

2.1.1 Set and number

e For z € C, || is the modulus of z, Re(z) € R is the real part of z, Im(z) € R is the imaginary

part of z, Z is the conjugate of z.

e "A" stands for the vectorial product in C, i.e. z1 A 22 = Im(Z722), 21, 22 € C.

e For z€ Cand r >0, B(z,7) = {2 € C||z — 2| < r}. When z = 0 we write B, := B(0,r).



e For aset A C R? ~ C, we let A be the adherence of A and A be the boundary of A [with
respect to the usual Euclidean distance in R?].

e We denote by D = B(0, 1) the unit open disk and S' = 9D the unit circle.

2.1.2 Asymptotic

e In this article R > 1 is a "large" number and p € (0;1) is a small number. We are essentially
interested in the asymptotic R — co and p — 0%.

e The notation og(1) [resp. 0,(1)] means a quantity depending on R [resp. p] which tends to
0 when R — +o0 [resp. p — 07]. When there is no ambiguity we just write o(1).

e The notation o[f(R)] [resp. o[f(p)]] means a quantity g(R) [resp. g(p)] s.t. % — 0 when
R — +00 [resp. %p)) — 0 when p — 0]. When there is no ambiguity we just write o(f).
p

e The notation O[f(R)] [resp. O[f(p)]] means a quantity g(R) [resp. g(p)] s.t. ?((Rf;i [resp.

| is bounded (independently of the variable) when R is large [resp. p > 0 is small|.

9(p)

fp)
When there is no ambiguity we just write O(f).

2.2 Data of the problem

Along this article we fix:

e w C R? ~ C be a smooth bounded simply connected open set s.t. 0 € w,
N

o NeN' d=(d,...dy) € Z"¥ and we let d:= Y d; € Z,
i=1

o zc (W) = {(21, ..., 2n) € WV | z; # 2 for i # j},

e Be (0;1),be[B;B™ '] and a € L*(R?,[B% B7?]) s.t. a =b? in w.

We define

Ry := max{1;10? - diameter(w)} and py := 10~2 - min {1, n;ém |zi — z;|, min dist(z;, 8w)}.
i#] i
For R > Ry and pg > p > 0, we denote Dr, = Br \ UN, B(z;, p).
The main purpose of this article is the following minimization problem :

1
I(R,p,z,d):= _inf = Vul? 3
Rpndy= it o[ v Q

where
(R, p,2,d) := {u € H(Dr,S") | degyp(., »(u) = di, i =1,..,N}.

Namely, we are interested in the asymptotic behavior of I(R, p,z,d) when R — oo and p — 0.

Without loss of generality and for simplicity of the presentation, R > Ry is considered as the
major parameter writing p = p(R).

Before going further we recall some basic facts related with this minimization problem.



2.3 Test functions and degree

The functions we consider are essentially defined on perforated domains:

Definition 6. We say that D C R? is a perforated domain when D = Q\ UL, @; where P € N* and
Q, w1, ...,wp are smooth simply connected bounded open sets s.t. for i € {1, ..., P} we have t; C
and, for i # j, w; Nw; = 0.

If P =1 we say that D is an annular type domain.

In this article the test functions stand in the standard Sobolev space of order 1 with complex
values modeled on L2, H'(Q,C), where ) is a smooth open set.
We use the standard norm on H'(f2,C) :

1/2
s = ( [+ |w|2) |

Our main interest is based on unimodular map, i.e, the test functions are S'-valued. Thus we
focus on maps lying in

HY(Q,S8") :={ue H'(Q,C)||u| = 1a.ein Q}

where () is a smooth open set.

For Q C R? a smooth open set, we let trog : H'(Q,C) — H/?(99,C) be the trace operator.
Here H'/2(9Q, C) is the trace space

Note if u € H'(£2,S') then troo(u) € HY/2(99,Sh).

Recall that for I' € R? a Jordan curve and g € H'/?(T',S'), the degree (winding number) of g
is defined as

1
degr(g) := o /Fg/\arg €Z. 4)

Here

e 7 is the direct unit tangent vector of I' (1 = v where v is the outward normal unit vector
of int(T"), the bounded open set whose boundary is T'),

e O, := 7-V is the tangential derivative on I'. For further use we denote 0, = v -V the normal
derivative on I'.

Remark 7. 1. Note that (4) may be understood via H'Y2 — H=1/2 quality. Another way to
define the degree of an H'/?(I')-map consists in using a density argument [see Appendix in
[BGP9I1]].

2. Let D = Q\ UL ,w; be a perforated domain [see Definition 6]. The orientation with respect
to which we calculate degrees is counter-clockwise on dw; and clockwise on 0f2.

3. If D is a perforated domain and if u € H(D,S!) then we write
deg(u) := (degy,, (u), ...,degy, , (u)) € ZF.
For the convenience of the reader we recall some basic properties related with the degree.

Proposition 8 ([Bre01]). Let I' C R? be a Jordan curve and let D := Q \ U@ be a perforated
domain.

1. For d € Z¥ we have
Ea:={ue H'(D,S")|deg(u) =d} # 0.

2. If u € HY*(I',S') then we have
3¢ € HY2(D,R) s.t. u = e <= degp(u) = 0.

Moreover, if for ¢1,¢a € HY?(T,R) we have e'?* = e'?2 then ¢ — ¢pp = \ € 217Z.



3. If u,v € HY/2(T,S"), then we have

degp (uv) = degp(u) + degp(v) and degp(1/u) = —degp(u).

4. If u € HY(D,S") then degyq(u) = idegawi (u).
i=1
5. If u € H'(D,S') then there exists ¢ € H (D,R) s.t. u = e if and only if degy,, (u) = 0
forie{l,.., P}
o In particular for ug € H'(D,S') we have
{ue H'(D,S")|deg(u) = deg(up)} = {uoe*” |¢ € H(D,R)} .

e Moreover, if for p1, 02 € HY(D,R) we have e*?* = e*?2 then o1 — pa = \ € 277Z.

6. Ford = (di,...,dp) € Z* and (21,...,2p) € w1 X --- X wp we have

Lo\
H ! € &q.
|z = i

i=1

Locally, one may define 6;, a determination of the argument of z — z; in R?\ {2;}. Note that
P

Vb; is globally defined in D and Zdivei € L?(D,R?).
i=1
P
Therefore, letting © := Zdﬂi, we have, for u € Eq, the existence of ¢ € HY(D,R) s.t.
i=1
u = e O+9)

In other words, for v € HY(D,S') there exists 1 which is locally defined in D and whose
gradient is in L?(D,R?) s.t. u = e,

Notation 9. 1. It is important to note that for u € H'(D,S?!), the function 1 given by Proposi-
tion 8.6 is locally defined modulo 27 while V1) is globally well defined. Namely V¢ = uAVu.

2. For simplicity of the presentation, when there is no ambiguity, we may omit the dependance
on the Jordan curve in the notation of the degree. For example:

e if T' is a Jordan curve and if h € HY?(T',S'), then we may write deg(h) instead of
degr ().

e If D=\ wis an annular type domain and u € H'(D,S!), then degyq,(u) = degy,, (u).
Consequently, without ambiguity, we may write deg(u) instead of degyn (u) or degg,, (u).

2.4 Minimization problems

One of the main issue in this article is the study of minimization problems of weighted Dirichlet
functionals with prescribed degrees :

inf l/ a|Vul? (5)
D

u€€a 2
where
e D:=Q\ UL wj is a perforated domain as in Definition 6,
e d=(dy,..dp) € ZF,
o &4 :={ue H(D,S") |degy,, (u) =d; for i € {1,..., P}},

10



e a € L>=(D;[B% B~2)), Be€(0;1).

Problem (5) admits solutions which are unique up to a constant rotation. Namely we have the
following proposition:

Proposition 10. Minimisation problem (5) admits solutions. Moreover if u is a solution of (5)
then v is a solution of (5) if and only if there exists X € S* s.t. v = Au.
Moreover a minimizer uq solves

{—div(aVud) = auq|Vug|*> inD (©)

Oyuq =0 on dD

Proof. Since from Proposition 8.5, the set £q is closed under the weak-H! convergence, the exis-
tence of solution of (5) is obtained by direct minimization.

If uq is a solution of (5), then from standard computations of directional derivatives we get
that (6) is satisfied [see e.g. Appendix A in [Dos13]].

Let uq be a solution of (5). From Proposition 8.6, there exists ¢q which is locally defined in D
and whose gradient is in L?(D,R?) s.t. uq = e'¥4. In terms of ¥q, Equations (6) reads :

{—div(awd) =0 inD

B : (7)
O,vqg =0 on 0D

Thus, if vq is a minimizers, then, with the help of Proposition 8.5, there exists ¢ € H'(D,R) s.t.
vg = e"(Yat®) Then, using the minimality of vq we get

—divjaV(a + ¢)] =0 in D
Oy(ha+ ) =0 on 0D

Consequently, using (7) we obtain

{—div(ano) =0 inD (8)

O =0 on D

With the help an integration by parts, we easily get that ¢ € H*(D, R) solves (8) if and only if
is a constant. This argument yields the uniqueness of the solution up to a constant rotation.
O

3 First step in the proof of Theorem 1: splitting of the do-
main

The first step in the proof of Theorem 1 is standard. The strategy employed was already used
in [Dos15|. It consists in splitting the integral over Dg , [in (3)] in two parts: the integral over
QR = Bg \ @ and the one over w, , := w \ UY, B(zi, p) [as presented in Theorem 1].

For each integrals we consider a mixed minimization problem by adding an arbitrary Dirichlet
boundary condition on dw: h € H'Y/?(0w,S!) s.t. deg(h) =d =" d;.

We then claim that these mixed minimization problems admit "unique" solutions.

In the next steps we will solve these problems, we will minimize among h € HY?(dw,S") s.t.
deg(h) = d and finally we will decouple the minimal energy according to the different data.

The splitting consists in the following obvious equality:

1 b?
I(R,p,z,d) = inf inf —/ alVu|? + inf —/ [Vw? 3. (9)
heH"?(0ws") | veH' (2r,8") 2 Jay, weH (wp28") 2 Ju,,
s.t. deg(h)=d trow (v)=h trow (w)=h

ngaB(zi,p)(w):di Vi

The three previous minimization problems admit "unique" solutions:

11



Proposition 11. . Both minimization problems in (9) having a [partial] Dirichlet boundary
condition h € HY?(8w,S') in (9) admit each a unique solution. For h € H'/?(dw,S") let
vR,p be the solution of

inf / a|Vu|? (10)
veH(QR,SY) Jag
trow (v)=h
and w, 5, be the one of
inf / |Vwl?. (11)
wGHl(wp,z,Sl) Wpoz
trow (w)=h

degap(z;,p) (W)=d:i Vi

Then vg,p, 1s the unique solution of

—diV(OthRﬁh) = avRﬁh|VvRﬁh|2 m QR
vRh=h on dw (12)
8UUR,h =0 on OBRr

and w, , 15 the unique solution of

—Awpp =wpp|Vwpp? inw,,

Woh =h on Jw

Oywpn =0 on 8B(z,p), i € {1,...,N} '
degop (s, p) (Wp,n) = d; ie{l,..,N}

(13)

2. The minimization problem in (9) among h € H'/?(8w,S') s.t. deg(h) = d admits solutions.
Moreover if hg is a solution, then ho is a minimizer if and only if there exists A € St s.t.
ho = Ahg.

Proof. Tt is clear [by considering a minimizing sequence]| that (10) and (11) admit solutions. More-
over these minimizers solve the corresponding equations (12) and (13).

We now prove that (12) admits a unique solution. The argument is similar to prove that the
solution of (13) is unique. Let vg be a solution of (12) and v € H'(Qgr,S') s.t. tro,(v) = h. On
the one hand, writing vo = e*¥° where g is locally defined in Qg and Vi) € L?(Qr) is globally
defined [Proposition 8.6], it standard to get that

vE H' (Qg,SY) v =e!Wote)
trow(v) = h o € H'(QR,R) s.t. tro,(p) =0

On the other hand, from direct calculations, we have, for v = e*¥o+®) s.t. » € H'(Qg, R)&tra, (@) =
0, the following equivalence

—div(aVv) = av|Vv|? in Qr PN —div[aV (o + ¢)] =0in Qg
0,v =0 on 0Bg Oy (o + ¢) =0 on OBg

Thus —div(aV) = 0 in Qg and 9,19 = 0 on dBg. Consequently, if v = e (¥0+¢) is a solution of
(12), then ¢ solves

—div(aVy) =0in Qg
Oyp =0 on OBR

Noting that tra,(p) = 0 we immediatly obtained that ¢ = 0, i.e., v = vp.
The second part of the proposition is a direct consequence of Proposition 10 and of the first
part of Proposition 11. O
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4 Second step in the proof of Theorem 1: the key ingredient

The key ingredient in this article is the use of special solutions. In order to motivate their use,
we focus on the fully radial homogeneous case: w =D, a =1, N =1, 2 =0.
It is easy to check that, letting Z(R, p,0) := Br \ B, with R > p > 0, for d € Z, the map

uqg: #(R,p,0) — St
()

T S

|z

1
is a global minimizer of the Dirichlet functional — / |V - |? in the space
Z(R,p,0)

Eq:={uc H'[Z(R,p,0),S"]|deg(u) = d}.

Letting 0(x) be a determination of the argument of € C\ {0} which is locally defined in Z (R, p,0)
and whose gradient is globally defined, we have ug = e,

Let u € £ and ¢ € H'[Z(R,p,0),R] be s.t. u = uge’® = e 4+¢) [Proposition 8.5]. Since 0
solves —Af =0 in Z(R, p,0) and 9,0 = 0 on OZ(R, p,0) with the help of an integration by parts
we obtain

1 1
s v = 5[ v P
2 Ja(R,p,0) 2 J#(R.p,0)
a2 1
- = |v9|2+—/ Vel
2 Ja(r.p0) 2 J#(R,p,0)

1 1
- —/ WWF+—/ Vel
2 Ja(R.p.0) 2 J#(R.p,0)

These calculations are standard and give an easy decoupling for the energy of u = ug4e’® as the
energy of ug pulse those of the dephasing .

The main argument of this article consists in the fact that this argument is not restricted to
the fully radial homogeneous case. Indeed we have the following proposition:

Proposition 12. Let D be a perforated domain, B € (0;1), o € L>®(D;[B%, B~2]) and d € ZV.
We let ug be a minimizer of (5). Then for ¢ € H'(D,R) we have

1 1 1
_/ a|V(uge™)|? = _/ 0‘|Vud|2+_/ alVg|?.

Proof. We fix D, B, a,d be as in the proposition. First note that, from Proposition 10, we get the
existence of ug. Moreover uq is a solution of

—div(aVuq) = aug|Vugl?> inD

Oyuqa =0 on 0D

We may write uq = e*¥ where 1 is locally defined in D and Vi € L?(D,R?) [Proposition 8.6].
Thus 1) solves

{—div(aw) =0 inD 14)

o =0 on 0D
Let ¢ € HY(D,R). We have

1/mw%ww —1/MWMWMF
2 Jp 2 Jp
1
— 5 [alvw P
D

1 1
= —/ a|V1/J|2+/ aV1/1-V<p—|——/ alVel?.
2Jp D 2Jp

13



From (14) and an integration by parts we get / aVi - Ve = 0 and this equality ends the proof
D

1 1
= Vo> = = Vuqgl?.
5 oVl =3 [ alVual

Remark 13. It is easy to check that Proposition 12 allows to prove in a "different" way the
uniqueness, up to a constant rotation, of a minimizer of (5).

of the proposition since

O

Because minimizers of (5) are not unique, in order to fix such a minimizer we add an extra
condition. This choice leads to the crucial notion of special solution.

In both next sections we define the special solutions in Qr = Bgr \ @ [Section 4.1] and in
Wp,z = w \ UB(z;, p) [Section 4.2].

4.1 The special solution in Qp

In this section we focus on the annular type domain Qr = Bg \w. We first treat the case d = 1
by considering;:

1
inf —/ al Vol (15)
veH (Qr,8Y) 2 Jag
deg(v)=1

With the help of Proposition 10, we may fix a map vg € H'(Qr,S') s.t. deg(vg) = 1 which is a
solution of (15). We freeze the non-uniqueness of vg by letting vg be in the form

VR = %em" with yr € H'(Qg, R) s.t. /a YR = 0. (16)

It is clear that such map vy is uniquely and well defined.
It is easy to check that, for d € Z, we have ’U}i% which is a solution of the minimization problem:

1
inf —/ a|Vv)?. (17)
veH (Qr,SY) 2 Jag
deg(v)=d

d
Moreover it is the unique solution of the form v‘jl;z = (ﬁ) e’V with ¥ € H'(Qg, R) s.t. faw 5 =0.
T

We have the following proposition:

Proposition 14. For z = |z|e” € Qp we have vr(x) = "0 &@) with yp € HY(QR) which is a
solution of
—div[aV(0 +vr)] =0 in Qg
V(@ +~vgr) -v=0 on Qg . (18)
faw YR =0

The special solution vg is fundamental in the analysis since it allows to get a decoupling of
weighted Dirichlet energy. Namely, from Proposition 12 we have:

Lemma 15. For d € Z and ¢ € H'(Qg,R) we have:

1 d 1) |2 d2 2 1 2
5 [ aAVre™)" == [ ofVur["+5 [ alVel"
2 Jar 2 Jan 2 Jan

The above lemma allows to get a crucial information on the asymptotic behavior of (yr)g:

Proposition 16. There exists oo € Hlloc(R2 \ w,R) s.t. when R — oo we have yp — Yoo in
Hljz)c (R2 \W)

14



Proof. Let R' > R > Rg and pgr = Yr — g in order to have vg = vgre*® in Qpg.
From Lemma 15 we have

1 1 1 1
5/ a|VvR/|2 = 5/ a|V(UReW’R)|2 = 5/ 04|VUR|2 + 5/ a|chR|2. (19)
Qr Qr Qr Qr

We need the following lemma:
Lemma 17. There exists a constant Cp, > 0 depending only on B and w s.t.

1
5/ alVor|* < Cp.
Qr

For the convenience of the reader the proof of this lemma in postponed in Appendix [see
Appendix A].
From Lemma 17 we have

1
—/ a|VgoR|2 S CB,w'
2 B &\Bgi/a

Notation 18. In the rest of this proof, Cy stands for a constant depending only on w and B derived
from Cp,, and with universal multiplicative constants. Its values may change from line to line.

Therefore, with the help of a mean value argument, we have the existence of r € (R4, V/R)
and of a constant Cy depending only on B and w s.t.:

Co

27
20 2 < 2
/0 Gupn(re ) do < 0

2
We denote mpg := ][ ng(re“g) de.

From the above estimate and with the help of a Poincaré-Wirtinger inequality, we have

2m 0 CO
; (er(re™) — ) d9<ﬁ

We now define ¢ € H'(Bgr,R) using polar coordinates:

mg for s € [0,7/2]
B s—r/2 r—8
Pr(s,0) = 72 or(r,0) + WmR for s €]r/2,r[ .
vr(s,0) for s € [r, R|

It is easy to check that ¢ € H'(Bg,R) and with direct calculations we obtain:

/ IVE? = / Vo|?
B, B:\B,./2
2 2
1 [2(s—
< / sds/ { (or(r,0) — mR)2 + 32 {Q} |00 R (T, 9)|2}d9
/2

<
- 1n R (20)

By noting that trop, (vre*$?) = trop, (vRe'$%) = trop, (vr/), with the help of ¢ we construct
UR € Hl(QR/,Sl) :

- VR’ in Bg: \ Br
VR = - . .
vre™E in Qg

15



From the minimality of vgs and Lemma 15 we get

1 1
—/ 04|V’UR/|2 S —/ OA|V’L~)R|2
2 Js 2 Js

lR/ lR/
1 1
- —/ _a|vaR|2+—/ |V
2 Qr/ \Qr 2 Qr
1 1
N _/ 70‘|VUR/|2+_/ a|WR|2+/ a|Vor|*. (21)
2 QR/\QR 2 QR QR

Estimate (21) implies:

1 1 1
—/ alVop|? < —/ alVog|? + —/ alVor[*.

The above inequality coupled with (19) gives:

i 1 i
5 [ alVenl <5 [ alvenp
QR QR

On the other hand, from the definition of pr we have $r = ¢gr in Bg \ B,. Consequently we

deduce: . .
3 [ alVenP <5 [ aivenl
2 Ja, 2 Ja.

With (20) and since € (R'/4,v/R) we may conclude
1 / 5 _ Cy

5 a|Ver|” < —.

2 QR1/4 In R

In particular, for a compact set K C R? \ w s.t. dw C K we have for sufficiently large R
1 Co

- Ver|? < —.
5 [ alver? < 2%

Since ][ ¢r = 0, we may use a Poincaré type inequality to get:
Ow

l¢rllm (k) — 0 when R — oo independently of R' > R.

It suffices to note that pr = Y/ — g in order to conclude that (yg)g is a Cauchy family in H!(K).
Then (yr)r is a Cauchy family in H (R?\ w). The completeness of H] (R? \ w,R) allows to get
the existence of yoo € HE (R? \ w,R) s.t. Yr = Yoo in HL (R?\ w). O

Corollary 19. We have two direct consequences of Proposition 16 :

1. trow(YR) = trow(Veo) in H1/2(8w),

2. vp = ie”R — Vo 1= ie”m in HE (R? \ w).

~al ||

4.2 The special solution in w,,
As for the special solution in g, we first consider the minimization problem:

1/ Vw2, (22)

11n 1
weH (Wp,ZxS ) 2 0,z
dcgaB(z%p)(w):diV1
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From Proposition 10, we may fix w), ;.4, & unique solution of (22), by imposing

N d;
Xr — Z; .
Wp,z,d = H (|$ — Zi|> e"7r=d with /8w Vp,z,d = 0. (23)

i=1

r — zZ;

ﬁ, i.e., eWi =
1

For i € {1, ..., N}, we may locally define 6; in R?\ {2;} as a lifting of

Moreover V#; is globally defined.
We denote O := d10; +...+dx0x which is locally defined in R?\ {z1, ..., 25} and whose gradient
is globally defined in R? \ {z1,...,2x5}. It is clear that

|z — 2|

N

d;
H ( i > =e© inR%\ {z1,..., 2n }.

i Mol

From the definition of w, 4 we have the following proposition.

Proposition 20. w4 = " ®+t2d) with v, ,a € H'(w,,) which is a solution of

—AYpza =0 1wy,
VO +vpzd) v=0o0n0w,, . (24)
faw Vp,z,d = 0

In contrast with the previous section, the asymptotic behavior of w, ,q is well known when
p — 0. For example Lefter and Radulescu proved the following theorem.

Theorem 4. [Theorem 1 [LRI6[] For pg > p > 0 we let w, be a minimizer of (22) and we
consider a sequence p, . 0. Up to pass to a subsequence, there exists wo € C°(w \ {21, ..., 2x },St)
s.t. wp, — wo dans CF (@ \ {z1,...,2n}) for all k > 0.

Moreover the limits wg are unique up to the multiplication by a constant in S*.

From Theorem 4, we get that the possible limits wgy’s are unique up to a constant rotation.
Thus there exists a unique limit wg 5 q [given by Theorem 4] which may be written:

N

d;
T — 2 .
Wo,z,d = I I <|:1: — ZZ|) e'0=d with / 70,2,d = 0. (25)
i ow

=1

On the other hand, it is easy to check that for p = p,, | 0, if wp 54 = e(OtVpza) 5 4y = eUO+70) ip
C'(8w) then e"7r=d — €70 in C'!(Jw). Moreover if we impose [, o € [0, 27 then we immediately

get [5,7 =0.
We thus have the following corollary:

Corollary 21. Let y9za € HL (@ \ {#1,...,2n},R) be defined by (25). When p — 0 we have
Vpz,d = V0,z,d U Hﬁ;c(w\ {z1, . 2n}).
Thus we also get trow(Ypz.d) — trow(Yo.z.a) in HY?(0w).

Proof. Let K C w\ {z1,...,2n} be a connected compact set s.t. dw C K and let p, | 0 be s.t.
Wy, za = € OFVonza) 5 4y = e(O+70) in CH(K) for some vo € C'(K). Tt suffices to prove that
we may choose Yo = Yo,2,a defined by (25).

On the one hand, we have Vv, z.a = Wy, 2,d A VWw,, 2d — VO — wg A Vwg — VO = Vg in
L?*(K). Then 79 = Y0,5,a + A for some \ € R.

On the other hand (v, .d)» is bounded in H'(K), consequently, up to pass to a subsequence,
we have 7, ».a — 70 in H'(K). We the help of the previous paragraph, we get that the convergence
is in fact strong. Thus tro, (Vp, . z,d) = trow(Yo) in L2(0w).

In conclusion
0= ][ Yon,z,d — ][ Yo = A +][ Y0,2,d = A=0.
Ow Ow Ow

This means vo = Y0,2,d- O
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About the asymptotic energetic expanding, Lefter and Radulescu proved the following result:

Theorem 5. [Theorem 2 [LRI6]] For N € N*, there exists a map W : (w™)* x ZN — R s.t. for
d e ZN and z € (wN)* when p — 0 we have:

N
l/ |Vw|? = <Z df) 7| Inp| + W(z,d) + 0,(1).

11
’wEHl(wP,z;SI) 2 i=1
degaB(th)(w):di Vi

5 Upper Bound

We are now in position to start the proof of Theorem 1. To this end, the goal of this section is
to identify a map
K:{he H/?Ow,S") |deg(h) = d} - R

s.t. for a fixed h € H'/2(0w,S') with deg(h) = d, when R — oo we have

1 b2
inf —/ V)2 + inf — |Vwl?
veH (QR,8Y) 2 Jan weH (wp28Y) 2 Ju,,
trow (v)=h trow (w)=h

degaB(Ziyp) (w)=d; V1

= K(h) + d®f(R) + b* + 0(1).(26)

N
<Z df) | p| + W (z,d)

i=1

In the above estimate we have:
e /C is independent of R, p ;
e fis defined by Remark 1.2 and is independent of h, p,z,d and d = > d; ;
e W is independent of b, B, h, p and R.

For this purpose we fix h € H'/?(0w,S") s.t. deg(h) = d. In this section we identify K(h) in order
to have a such expanding.
Note that from Corollaries 19 and 21, we have the existence of

® Yoo € H'/2(0w) s.t. Yr — Yoo in HY2(0w),
® Y05d € HY2(0w) st. Ypud — Yoz.a in HY?(0w).
It is important to claim that since [; yr = 0 and [, 7,24 = 0, we have [, 7o = 0 and

faw Y0,2,d = 0.

5.1 Study in the domain Qp
For R € [Ry, o0 and h € H'/?(0w,S!) s.t. deg(h) = d we consider

1
Ig(h) = inf —/ al Vol (27)
veH (Qr,SY) 2 Jag
tr@w(v):h

Our goal is to estimate Ir(h) when R — oco.
We let

—\d
go:=h (i> € H'Y?(dw).
||
From Proposition 8.3, we have deg(gg) = 0. Consequently, using Proposition 8.2 we may fix a

unique ¢o € H'/?(0w, R) s.t.
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go = €' and ¢o € [0, 27].
ow

Remark 22. Tt is clear that for 8 € R we have Ir(h) = Igr(e*’h). Thus, up to replace h by e*’h
with g = — ¢, we may assume that ¢o = 0.
dw dw
For R € [Ry, oo] we let o
gR = htro, (v8) = goe o= (11),

in order to have h = gptra, (v%). [Note that vy, is defined in Corollary 19)

Consequently we have gr = e*(¢0=d%ou(vr))  Finally we let ¢r := ¢ —dtra,(Yr) € H'/?(0w,R)
and so we get h = tra,(v})e?® and [, ¢r =0.

From Corollary 19 we immediately obtain:

Corollary 23. ¢g R—> boo in HY?(0w).
— 00

For R € [Rp,+oo[ and v € H(Qg,S!), from Proposition 8, we may prove the following
equivalence:
¢ € H'(Qr,R)
trow(p) = ¢r

On the other hand, for v = v‘}%e“" € H'(Qg,S'), from Lemma 15 we have

tro, (v) = h <= v = v4e"? with }

1 2 d 2 1 2
= alVul© = — alVug|® + = alVel=. (28)
2 Jan 2 Jag 2 Jan

Therefore, one may obtain that v = v}e’? with tra,(p) = @r is a solution of the minimization

problem
1
inf —/ a|Vu|?
veHl(QR,Sl)2 Qr

trow (’U):h

if and only if ¢ € H*(2g, R) is a solution of the minimization problem

1
inf —/ al V|2 (29)
peH (Qr.R) 2 Jag
trow(p)=¢r

It is easy to get:

Proposition 24. For R € [Ry, oo[, Problem (29) admits a unique solution denoted by ¢r. More-
over this minimizer is the unique solution of

—div(aVyer) =0 in Qg
trow(¢r) = Or
J,por =0 on O0Bgr

For R = oo, we denote ), := R? \ @ and

Ky ={p € Hp . (Q,R) | Vi € L?(Q0) and tro,, (¢) = doo}- (30)
We are now interested in the minimization problem:
it 5 [ alveP (31)
inf — Q@ .
CEHA p oy 2 Qoo 4

By direct minimization we get:

Proposition 25. Problem (31) admits a unique solution denoted by ¢on. Moreover poo is a
solution of

—div(aVys) =0 dans Quo. (32)
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We are now able to prove the main result of this section:
Proposition 26. We have:
PR = oo in Hio (R? \ w)
and
Vorln, — Voo in L2(R2\ @), with o, () = {(1) ZZ Z ZZ

And consequently:

/ a|V<pR|2:/ Voo |2 + on(1).
Qr Q

oo

Proof. From Corollary 23 we have ¢r — ¢oo — 0 in H'/?(dw). Consequently, there exists {p €
H'(Quo, R) s.t.
trow(§r) = ¢rR — doo and |[Er || p1 () — 0.

The test function ¢, + &g satisfies the boundary condition of Problem (29), therefore:

1 1 1
3 [ alVent < [ alVion el =3 [ alVpnl +o). (33)
Qr Qr Qr
Note we used / a|Vpoo|? < Cp = / a|Vpoo|? < 0o. From (33), we obtain

Qr (9258
. 1 2 _ 1 2
limsup5 [ aVer[* <5 [ alVes!|™ (34)
Rooo 2 Jag 2 Ja

We now prove the "lim inf"-lower bound:

1 1
liminf — alVpg|? > —/ | Voo 2. (35)
2 2 Jo.

R—o0 Qr

On the one hand, for R € [Ry, oo[, sufficiently large we have / a|Ver|? < Cy+ 1 and thus, up
Qr
to pass to a subsequence, we have Vg1, which weakly converges in L?(R? \ @, R?).
On the other hand, for a connected compact set K C R? \ w s.t. dw C OK, the test function
Yoo + &R is bounded in H(K).
We let Xr := ¢r — (poo +Er) € HY(K). It is easy to check that tra,(xr) = 0. Then, from a
Poincaré type inequality, there exists a constant C'x > 1 s.t.

Ixrllz2(r) < CxlIVXRIIL2(K)-
Thus

IN

Cx([IVerllLz(x) + IV@ooll 2 (k) + [IVERII L2 (1)) + [Pl 2 (i) + [I€R L2 (k)
< Ck.

lerllz>x)

Consequently, with the help of an exhaustion by compacts set and a diagonal extraction process,
we have the existence of a sequence Ry, T 00 and ¢oo € H (R? \ w, R) s.t.

VR — Poo in HL (R?*\ w) and Vg, Io,, — V@ in L?(R?\ w).

lim inf a|Ver? = lim alVer, ? (%)
R—o0 Qr Rr—0 QRk

We thus get V@ € L?(R? \ @) and troy,(Poc) = Poo, i-€-y Poo € Hop -
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From the definition of ¢, [Proposition 25| we have

3!
2 Q

We thus obtained (35). Therefore by combining (34) and (35) we have:

1 1
Voo |? < 5/( a|V@eo|? < liRrgioréfE/Q a|Vorl?.

oo 200 R

/a|VgoR|2=/ Voo ? +or(1). (37)
Qr

Yoo
The above estimate implies that a limiting map ¢ € F%_ as previously obtained satisfies:

1/ T 2
5[ alvenP<g [ alveP
2 Qoo 2 Q

oo

On the other hand ¢ is the unique solution of Problem (31). Therefore ¢, = ¢n,. Consequently,
the convergences in (36) hold for R — oo and from (37), these convergences are strong. This ends
the proof of the proposition. O

5.2 Study in the domain w,,

Recall that we fixed a map h € H'/?(0w,S') s.t. deg(h) = d. We are interested in the
minimizing problem

1
I,za(h) = inf / |Vwl|?. (38)
weH (wp,z,S Wy z
tr@w((wp):h) "

degyp(z;,p) (W)=di Vi
First note that letting
N |z — 2|\ *
=h L]
9z,d H ( r— 2z )
i=1
we have deg(gz,a) = Oz~. Thus, from Proposition 8.2, we may fix ¢Z,d € H'2(0w,R) s.t. gga =

e¥sa and QSZd € [0, 27x[. It is clear that (;52 4 1s uniquely defined.
ow

Remark 27. As in the previous section [see Remark 22|, for 8 € R we have I, , q(h) = I, ,.a(he*?).

Thus up to replace h by he?, with f = — Zd’ in order to estimate I, , 4(h), we may assume
ow

that Py =0.
Ow ’
For p € [0, po] we let
gP,Z,d = htraw (Ep,z,d) = gzydefl'}’p,z,d
in order to have h = g, 5 atrow (W, z,a). Note that, for p € [0, po], W) .4 is defined in (23) and (25).
Thus letting ¢z := ¢Z,d ~Vpzd © Hl/2(8w,R) we have g, 74 = e'?rzd and ®pza =0

Ow
As in the previous section [Corollary 23|, we easily get the following convergence result:

Corollary 28. ¢,,4 —(>) ®0,z,d in H1/2(8w).
p—
For p €]0, po] and w € H'(w), 5,S'), we have

¢ € H (wpz R)

tran(w) = h < w = w e'? with
ow (W) pzd trow () = dpza

From Proposition 8.6, we have the existence of a map v, ,q locally defined in w,, [whose
gradient is in L?(w, 5, R?)] s.t. w,q = e¥rad,
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For w = w, , qe"¥ € H(w, 4, S') we have

1 1
5/ Vw|*> = 5/ IV za + Vo|?
1 2 1 2
= 5 |va,z,d| + vwp,z,d . VQO + 5 |V<p|
| 1 i
with 20)] = 5 [ [VupaaP s [ 6P, (39)

Consequently a test function w = w, 5 q€'? with traw () = ¢4 is a solution of the minimizing
problem (38) if and only if ¢ € H'(w, 5, R) is a solution of the minimizing problem

1
inf = / |Vl (40)
@eHl(Wp,ZvR) 2 Wp,z
trow (%’):qbp,z,d
It is easy to get the following proposition:

Proposition 29. For p €]0, po], the minimizing Problem (40) admits a unique solution denoted
by ©p.z,a. Moreover this solution satisfies:

—Appza=0inw,,

tr@w(@p,z,d) = ¢p,z,d
Ovpzd =—0,0 on 0B(z,p),i=1,..,N

where © is defined by Proposition 8.6 s.t.

-z \ "
H( Z) =e© inR*\ {21, ..., 2n }.

i1\ — il

About the asymptotic behavior of ¢, , a we have the following result:
Proposition 30. When p — 0, we have

1 1 ~
5/ Vepzal® = 5/ |Vozal* +0,(1)

P,z
where ¢o 5. a is the harmonic extension of ¢o 4 N w.

Proof. Let £, be the harmonic extension of ¢ z.a — ¢p z,a in w. Since ||¢o z.a — ¢p,z,dHH1/2(aw) — 0,
we have £, — 0 in H'(w).

We now prove the proposition. On the one hand, by minimality of ¢, , 4 and since tra,, (Qf;o,z,d —
§p) = bpaa we get

A

1 1 ~
5/ |V80p.,z,c1|2 = 5/ |V(¢0,z,d —fp)|2
Wp,z Wp,z

< 3 /w Vo0.mal? +0,(1). (a1)

On the other hand, from the Estimate (41), denoting Cy := / |V<;307z7d|2 + 1, for sufficiently small
p we get .

N

1
> s Voraal? < Co (2
i=1 B(zi,v/p)\B(zi,p)
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Thus for small p, we get the existence of p’ €]p, \/p[ s.t.:

N 27
1/ 012 < 2Co
5 | 106%pzalzi+p'e”)” < :
;2 0 8 [ Inpl
For i € {1,..., N} we let
1 27

Mip =5~

/ 26
2w ):

o(zi +p'e

We now define ¢ € H'(w) by ¢ = ¢4 in w\ U;B(zi,p') and for x = 2z; + se’ € B(z;, p') [with
ie{l,..,N}]

25— p 2(p' — s ) !

0 <szd(zl+pe )+Mm1p 1fs€]%,p’[
@(zi-{-sel ): p 1Y ,
. p
M4, p 1fs§§

A direct calculation [similar to (20)] gives for z € {z1,...,2n}

21
[ wek=0 [ | 100esaate+ e } — 0,(1).
B(z,p’) 0

Therefore we obtain )
5/ |v<ﬁ7p,z,d|2 Z

P,z

N =

/w V@12 + 0,(1).

But tro, (@ + &,) = ¢0,2,a and consequently, from the Dirichlet principle, we have:

/|V (@+&)° > /|V¢ozd|
1 S 12
§/w|v<ﬂ| =

1
On the other hand, since ¢ = ¢, z4a in w\ U;B(zi,p') C w,, and = 5 / V@2 = 0,(1) we
UiB(zi,p")

1 1 1 -
5| Wensalz; [ Veraal 2 5 [ [Vonaal® +0,(0)
Wp,z w\U; B(zi,p") w

Finally, using (41), by matching upper bound and lower bound we conclude:

and thus:

N =

/ Vdomal? + 0n(1).

obtain:

1 1 ~
5[ Veraal =3 [ IVnaal +o,)

Pz

The last estimates ends the proof of the proposition. O

5.3 Conclusion

For h € HY?(dw,S") s.t. deg(h) = d we have from (28) and Proposition 26:

1 d? 1

inf = aVv2:_/ alVopl? +  inf _/ ol Vol? + on(1). 3

veHlmR,Sl)Q/QR Vol =5 [ alVunP+ it 5| alVeP+on). (43
tl‘@w(v):h

Recall that ¢ is defined in Corollary 23 and s¢;_ in (30).
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Using Theorem 5, (39) and Proposition 30, letting gbo z,d be the harmonic extension of ¢g 5.4
in w [recall that ¢0,z,d is defined in Corollary 28] we have

; 1 1 ~
nf "2 /w,,,z |Vwl|? = <; df) w|Inp| + W(z,d) + 3 /w |Vo.zal* + 0,(1). (44)

weH?! (wp S
trow (w)=h

We let K : {h € H'/?(dw,S") | deg(h) = d} — RT be defined by:

. 1 2V 7 2
K(h) = int 5/% alVel +5/w|v¢o,z,d| (45)
and 1
f®)=3 [ alverp
Qr

which gives (26).
Recall that, without loss of generality, the parameter "R" is considered as the major parameter
writing p = p(R). From (26), we get for h € H'/?(0w,S") s.t. deg(h) = d:

R—o0

lim sup {I(R, p,z,d) —

d*f(R) +b? <Z | Inp| + W(z, d))] } < K(h). (46)

6 Lower bound

In this section we prove the existence of a map ho, € H'/?(0w,S') s.t. deg(hoo) = d and

lim inf {I(R, p,z,d) —
R— o0

d*f(R) + b* <Zd§w|1np|+W(z,d)>H > K(hso).  (47)

We let R, 1 oo be a sequence which realizes the "liminf" in the left hand side of (47).

In order to keep notations simple, we drop the subscript n writing R = R,, when it will not be
necessary to specify the dependance on n.

Let ur be a minimizer of (3) [Proposition 10|. From Proposition 8.5 we may decompose ug
under the form up = v4e*¥® where pr € H'(Qg,R) and vy is defined in (16).

Since up is unique up to a multiplicative constant [Proposition 10], we may freeze the non
uniqueness by imposing [, ¢r = 0.

Notation 31. For sake of simplicity of the presentation we use the shorthands:
e "R € [Rg,00[” to consider an arbitrary term of the sequence (R;,)n;

e "R € [Rp,0|” to consider an arbitrary term of the sequence (R,), or the limiting case
R = o0.

We denote:

d
e hp = try,upr, we thus have hp = trg,, l(i) el(dVR""/’R)] where / or = 0;
Ow

z|
; || d ﬁ T — 2 di
[ ) = 1T, —_— .
9z,d Ow . i |Jj — Zz|

Since gz a € C*°(0w,S') and degy,,(gz.a) = 0, from Proposition 8.2, we may fix &, 4 € C*(dw, R)
s.t.

e'd — gz,a and ) &2.d €] — 2m,0].
W
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6.1 Compatibility conditions
We write for R € [Ry, 00|

hr = traour = trye [v}ée“"R] = trow|wp,z ae ¥ =]

where
AN
-z vd s . )
® Wyzd = H (|a: — Zz|) e"7r=4 ig defined in (23);
i=1
® ¥pzd € Hl(wpﬁz,R) is defined by Proposition 8.5 s.t. ur = wpzqe*¥»=4 in w,, and

][ ©p,z,d € [0, 271’[.
Ow

By using Corollaries 19 and 21, we have the existence of Yoo, Y0.2.a € H'/?(0w,R) s.t. YR — Yoo
and Y,,z,d = 70,2, dans H/2 (Ow). It is fundamental to note that

® Yoo and 7p .4 are independent of the sequence (Ry,)n;

°/ 'YR:/ %OZ/ '70,z,d:/ Vp,z,d = 0.
ow ow Ow Ow

We have the following equivalences:
eltraw(‘ﬂR7@p,z,d) — traw [wp,z,dvjd{]
= erow(Pr—¥pz.d) — otléz,attrow(Vp,z,a—dVR)]

S trow(Pr — @pzd) = Ead + trow(Vpz.a — dyr) + 2kom  with kg € Z. (48)
We thus have

—][ Ppzd = ][ (PR — Ppzd) = ][ [€z.d + tTow(Vp.z.a — dyr) + 2ko7] = 2koT + €a,d-
Ow Ow Ow Ow

Since][ ©p,z,d € (0,27 and
ow

&2.d €] — 2, 0], the above equalities imply that kg = 0 in (48).
Consequently we get:

ow

trow (‘PR - Sﬁp,zyd) =&z,d + tTow (”Ypﬁzyd - d’YR)- (49)

6.2 Asymptotic estimate of the energy
By using (28) and (39), we have the following decoupling:

1
I(Rapazvd) - 5\/; OA|V’LLR|
R,z

1 b2
= 5 vk 4T [ e
2 Jag 2 wp,
b2

z

2

1 b
- de(3)+§/ a|V<pR|2+3/ |pr,zyd|2+5/ IVopzal® (50)
Qr Wp,z Wp,z

1
Recall that we denoted: f(R) = 5/ a|Vug|?.
Qr

d

From the minimality of ur and by using (46), letting Cp := K <|IW> + 1, for sufficiently large
x

R, we have:

I(R,p,z,d) —

Pz

b2 1 b2
Eim)+y [ |pr,z,d|2] =5 [ alVerP+% [ Wepmal <00 61
w R w

Pz
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Since ][ wr = 0 [resp. ]l ¥pza € [0,27]| for K7 a connected compact set of R? \ w [resp. Ko
ow ow

a connected compact set of @\ {z1, ..., 25 }] s.t. Ow C 0K [resp. dw C OK3|, there exists C; > 0
[resp. C3 > 0] s.t. for large R we have

/ lorl? < Cy / |wR|2[resp. / opaal® < Co / |wp,z,d|2]
K1 K1 K2 K2

Consequently :

e (¢r)r is bounded in H} (R?\ w). Thus there exists po, € H . (R? \ w) s.t., up to pass to a
subsequence, we have
PR = Poo i Hypo(R? \ w). (52)

® (¢pzd)r is bounded in H} (w\ {z1,..., 25 }. Thus there exists ¢ 5a € H. (@ \ {21, ..., 28 })
s.t., up to pass to a subsequence, we have

Pp.z,d — P0,z,d in Hlloc(w\ {Zlv ) ZN}) (53)

From (49), we have
trow (YR — p,z,d) = Ez,d + traw(Vp,z,d — dYR)

where &;.a + trow (V2,4 — dyr) is strongly converging to &, .a + traw (70,2, — dYso) in H1/2(8w)
[Corollaries 19&21]. Consequently we get the same for tra., (¢r — ©p,z,d), namely tro,(Pr —¢p.z.d)
is strongly convergent in H'/?(dw) to

trow (9000 - (pO,z,d) = gz,d + trow (Vo,z,d - d’YOO)

We thus may deduce:
e row(Poo—¢0.2,d) — oléz.a+trow(70,2,a—dveo)]

i.€.

" d N o — d;
(_) eztraw(d%o-i-«pm) _ H ( 4 ) e1tr8w(70,z,d+¥70,z,d)' (54)

||

‘We now define: 4
hoo 1= traw [(%) ez(d%"“""")] € H1/2(8w,81).
T

It is clear that deg(hoo) = d.
We prove in the three next subsections [Sections 6.3&6.4&6.5] that ho, satisfies (47).

6.3 Calculations in R? \ @

From (51), we get that Vipr1q,, is bounded in L?(R?\@) and thus, up to pass to a subsequence,
Vorlg, weakly converge in L?(R? \ w). Consequently, we may improve the convergence in (52),
up to pass to a subsequence, we obtain that Vorllo, — Vs in L?(R? \ @). In particular we
obtain Vo, € L*(R? \ w).

Consequently, denoting ¢o 1= traw,(pe) We obtain po € 5 [see (30) for the definition of
H},__|. Therefore, letting Qo = R? \ @, we have:

1 d? 1
lim inf —/ 04|VuRn|2——/ a|Vog, |2 = liminf = alVor, |?
Rn—>OO 2 QRn 2 QRn Rn—)OO 2 QRn
1
> 5 [ alVexP
2 Ja.,
> 2 / V]2 (55)
inf = a )
- peEHY 2 Qoo 4
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6.4 Calculations on w
We continue the calculations by proving:
1
5| (Venmal =
2 Jo

0,z

DN | =

/ Vdomal? + 0p(1) (56)

where ¢Z0,z,d is the harmonique extension of ¢g z.a = trow¥0,2,d I W, Yo,z,a is defined in (53).
In order to get (56), we adapt the argument done to prove Proposition 30.
From (51), we have

N

1
>3, Vepaal? < Co
i=1 B(zi,+/p)\B(zi,p)

Thus, from a mean value argument, there exists p’ €]p, \/p| s.t.

N 2T
1 / 2C)
— Doppzalzi+ pe?)?do < )

We now define ¢, € H'(w) by ¢, = ¢pza in w\U;B(z;,p') and fori € {1,..., N} &z = 2;+se* €
B(z;,p') we let

s — / 2 o S 27 . ,

27[,)/%,“1(% +pe?y+ L - / Ppzalzi+pe?)dd  if s 6]%, Pl
Golzi + se’) = p 1 e e Jo )
Gy ) ©p.z,d(zi + plele)dG if s < %

A direct calculation gives:

N
> / Vg, =0
i=1 Y B(zi,p")

Thus, letting w, , = w \ UN., B(2;, p/) and D,y = UY., B(z;, p') \ B(2, p), we obtain:

[ Nemal = [ VARt [ Vepel
w W, D,

N 27
Z/ |8990p,z7d(2i + p/eze)|2‘| = Op(l)' (57)
=170

> [ vap
Wyl o
(57) ~
D[ 1960 + 0,0 (53)

Since ¢, is bounded in H L(w), up to pass to a subsequence, we may assume the existence of
@0 € H'(w) s.t. ¢, = @o in H' (w).

On the other hand, it is clear that tro,Qo = trowozd = ¢ozd. Consequently from the
Dirichlet principle we get

lim inf /|V¢p|22/|v¢0|22/|V<;3072_,d|2. (59)

p=p(Rn)—0

By combining (58) and (59) we obtain (56).
From (50) and (56) we may write [denoting p, = p(Ry,)]

1 , 1
1%34%{5 / Vur, " =35 /

PN,z PN,z

L1
|prnyz,d|2 = liminf - |V<%7pn,z.,d|2
0 2 Won ,z

Y]

pn—>
1 7 2
5 | 1Vd0aal® (60)
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6.5 Conclusion

1
Using (55), (60), the definition of the sequence (Ry,), and letting f(R) = —/ a|Vug|? we
Qg

2
get
b2

liminf { I(R, p,z,d) — dzf(R)—l-—/ |Vw, .4l

R— oo 2 Wpz Y
= lim 1/ alVug, |* — [ ®f(R )—i—ﬁ/ [Vw &
o R,,— 2 DRn,z Rn " 2 W1z pn7Z)d
> liminf l/ alVug, |* — d*f(R,) ¢ + b?liminf 1/ [Vug |2—1/ [Vw,, zdl

R, —0o0 2 Qr, " " pn—0 2 W oz " 2 Won ,z P
> it [ aver+ D [ VavaaP )

inf = a — zdl”-

= e, 2 o CVFN T ) VR0

Recall that J
heo 1= (i) e!dreetdoc) ¢ [/2(9u, Y.

||

Therefore from (45) and (54) we may write

. 1 b? ~
Ic(hoo) = mf 5/ a|V<p|2 + E/ |V¢O,z,d|2-
Qoo w

pEHy

Consequently (61) becomes

b2
li}%n inf {I(R, p,z,d) — (dzf(R) +t5 / |pr,z7d|2> } > K(heo)- (62)
—00 w, .
It suffices now to see that, from Theorem 5 we have

1
5[ Vuneal =3 dallupl + Wiad) +o,(0),

p.z i

this combined with (46) gives

N
f(R) + b (w (Z df) |Inp| + W (z, d))} } exists
i=1

lim {I(R, p,z,d) —
R—o0

lim {I(R, p,z,d) —

R—oo

N
f(R) +b? <7r <Z df) |In p| + W(z,d)ﬂ } = K(hoo)-

i=1
Remark 32. Tt is direct to get that hs is a minimizer of K : {h € H'/?(0w,S") | deg(h) = d} — R.

We now define:

wmiere(z d) == v?’W(z,d) + min  K(h) (63)
heHY?(8w,Sh)
deg(h)=d
in order to write
N .
I(R,p,z,d) = d>f(R) + b*n (Z df) [In p| + WH(z, d) + 0,(1).
i=1

The last equality ends the proof of Theorem 1.
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7 The case of the radially symmetric impurity: w =D

In this section we focus on the circular case with w = D = B(0,1) is the unit disc and for
b e (0,00) we let
a: R — {b?%;1}
b? ifxeD
T .
1 ifzeR*\D

We fix

N
o NeN', d=(d,...dy) € Z" and we let d := Y _d; € Z;
1=1

o zc (DV)* :={(21,...,2n) € DV | 2; # z; for i # j}.

7.1 Explicit expression of the special solutions

We use the same notations as in Section 4.

Notation 33. In this section and in the next sections, in order to keep notations simple, we use
the shorthand "z" to stand the identity map. Namely we use the abuse of notation Id = x where
Id: U = U, 2+ 1d(z) =z and U C R? ~ C is an arbitrary set .

We let v be the limiting function obtained in Corollary 19. It is easy to prove that ve(x) =
x
||’
N

d;
We let wpza = H <|x — Zl|> €0.%4d he the function defined in (25). This function is the
xr — z;

1.€. Yoo = 0.

i=1
canonical harmonique map in D associated to the singularities (z,d).
On the unit circle S! we have trgi (wg z,4) = e"¥0=4d with

N
Orto.za =0y | > _d;(In]z — 2| — In|l — Zz|)

Jj=1

This result comes from [LM14] Eq. (2.25) et (4.1).
From (4.14) in [LM14] we have

N
Ortboza =Y d;[20, (In|x — z]) —1].

j=1
Thus
N
Ortoza =Y d;[20; (arg(x — 2;)) — 1]
j=1
with T =z — ezarg(zfzj)'
|z — 2]
Consequently we get
N o\ 2
tl‘Sl (woﬂzyd) = el’l/lo,z,d = Cst x I_d H <| J|> (64)
. T — z5

Jj=1

where Cst € S' is a constant.
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7.2 Expression of the dephasing
For he, € HY2(S',S') we have [see (30) and (45)]

. 1 b? ~
K(heo) = inf —/ V| + —/ |V ol?,
2 Qoo 2 w

P00
where:

e on the unit circle we have
hoo = 2% = wp 4 qe"?", (65)

° (;30 is the harmonic extension of ¢y in D.

Condition (65) is a compatibility condition between the fonctions ¢ et ¢g. It is clear that
from the definition of K we may slightly modify Condition (65) by imposing

d
(ﬁ) e~ = (st x w07z,de’¢° with Cst € S'. (66)
T

1 1 .
inf = Vol = = Voroo|?
we{%mz/gm"ﬁ' 2/le¢>|

where for ¢ € H'/2(S',R), ¢ € H]. .(R?\ D) is the unique solution of

We may easily prove that

—Ap=0 in R2\ D
trsi(p) = ¢, Vo€ L2(R*\D)

[See Proposition 34 for more details about @]
From (64), an equivalent reformulation of (66) is

Cst H ( > = ¢"(?=—%) with Cst € S*.
|x — zJ| X x

The above condition is equivalent to the compatibility condition:
®oo — ¢0 = ¥5.a + Cst where Cst € R (67)
with ¥, 4 € C*(S',R) which is a lifting of

|:v—z]|><x '

Here we used Proposition 8.2 and the smoothness of e*¥=d,
With a direct calculation, for zg € D and = € S!, we have

T — 2y 2 T — 2y T — 2y 1 1
— | = —— = X — = M, (x) x —
T

| — 20|z T—z20xx2 1-—7Zx T

where M., : D — D is the Moebius function defined by M, (z) = T2

1—zoz’
In [Dos15], it is proved [Section 7] that if zg € DN R™ then for e € S!

In|

. z
M, (e¥)e ™ = e¥=0ule ") where U, 1(e?) = E 0_em? 4 Cst, Cst € R.
mn
nez*
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In the general case zg = te’? € D [with ¢ > 0,7 € R| we easily deduce from the previous
equality:

0 _ g,y
Y I e’ —te
MZ() (ez )e ! - (1 _ tefz'yele)ew
61(0_7) —t

(1 — tel(ef’Y))el(G*'Y)
— Mt[ed@—v)]eﬂ(@—v).

Then
\112071(6“9) = \Ift,l(ez(‘g_V))—i—Cst

tinl P
= > —em) 4 Cst
nez* m

20" e 20" _ing
= 3 |Zemf — om0 4 Cst, Cst € R.
wm wm

It is easy to prove that we have ¥, 4 = Zjvzl d;¥,,.1+ Cst [Cst € R| and then
N =N P
\Ilz Wy Cst E E d J b <) —nf . 68
7d(e ) r neN* j=1 ! |: m ¢ m ¢ ( )

We are now in position to reformulate the compatibility condition (67).
Let ¢o, poo € H'/?(S',S"), consider their Fourier decompositions:

po(e’) = Z cone™ and ¢ () = Z Coome™. (69)
neZ nez
We have
2\ 4
(m) e"> = Cst X wp 4q¢", Cst € S! (66)
&= Yoo — o =¥y aq+ Cst, Cst € R (67)
N
> di==  ifn>0
—
o Vn el coom—Con=13" y . ) (70)
=Y d;= ifn<0
=

7.3 Explicit expression of the minimal value of K

For oo, po € HY?(S',R) we use Notation (69) for their Fourier coefficients:
e the Fourier coefficients of ¢ are denoted by (Coo n)nez,

e the Fourier coefficients of ¢g are denoted by (co n)nez.

Before going further we recall some basic facts.

Proposition 34. Let ¢ € HY/?(S',R) and consider ¢(e*?) = > nez cne™ be its Fourier decom-
position.
Then we have

1. ¢, =0¢c_,
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2. Z [n||ca|? < 0o and we may choose the quantity | Z |n||cn|? as a semi-norm in H'/?(S*,R).
nez nez

3. The map

¢: D — R
0
re — Z cnr™e

neZ

is the harmonic extension of ¢. Moreover

1 ~
3 [ IVOF == lnlla

neL
4. The map
¢: R2\D — R
re®? — Z Cn,r,—|n\ezn0
nez

is an exterior harmonic extension of ¢. Moreover

1 .
3 [ VO =3 e

2\D neZ

5. ¢ is the unique solution of

~Ap =0 in R?2\D,
o€ HL (R \D,R) - (1)
trs1 () = ¢, Vo € L?(R? \ D, R?)

Therefore it is also the unique solution of the problem

1
inf = / |Ve|?.
pEH], (R*\D,R) 2 Jr2\D
trg1 (9)=¢, VoeL?(R*\D,R?)

Proof. Assertions 1 and 2 are quite standard. Assertions 3 and 4 follow from standard calculations.
We now prove Assertion 5. Let ¢ € H'/2(S',R) and let ¢ be defined by Assertion 4. It is clear
that ¢ solves (71). Assume that ¢ is a solution of (71) and let 1 := ¢ — ¢y. Then 7 satisfies:

—An=0in R2\D,
ne Hlloc(RQ \D7R)
trs1(n) = 0, Vi € L2(R?\ D, R?)

From [SS96] [Theorem I1.6.2.ii] we get 7 = 0. This clearly gives the uniqueness of the solution of
(71).
On the one hand, by direct minimization we know that Problem 72 admits solution(s). It is

standard to check that a minimizer for (72) solves (71). Consequently ¢ is the unique solution of
(72). O

Notation 35. From now on, for ¢ € H/2(S!,R) with Fourier decomposition ¢(e*?) = 3> _, c,e*,
we let

1 N 1 -
— 2= (2 L2 == I 2.
(Blvz = [ Inlleal2 = 275 Inleal \/ 5 | 179 \/ 5 199

nez neN*
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For n € N*, letting 7, = S djz ice. Uyq(e®) = Cst+ Y, cpe e [see (68)], we get

j=1 wmn ?
it K(h) nf ([ 1v6ap+ % [ war)
in = in — 00 —
heHl/z(Sl,Sl) ¢01¢006H1/2(817R) 2 o 2 . 0
deg(h)=d zde ®o0 =Cst x w5 qe 0

= 27 inf <Z n|c()7n|2 + b2 ZTL|Coo,n|2>

(co,n)nen,(Coo,n) €L (N™)
o ’ M neN neN
Coo,n—CO,n="n VneN

= 27T Z n X 1nf c (|CO,n|2 + b2|Coo,n|2)

i C0,msCo0,n
n
Coo,n—C0,n="Tn vV neN*

= 271'2 n x inf (|Co)n|2+b2|cO,n+7n|2):|

nenx L CO,ne(C

- Y
= 27‘(2 n X ('m’}%

neN* L

2 2

—-b
2
o ‘m%”n

)

b2 9 b2 9
= 1_|_—[7227T Z n|’yn| = 1_|_—b2|\11z’d|H1/2'
neN*

7.4 Explicit expression of W™°: Proof of Proposition 2

We first recall the expression of W(z,d) [see Proposition 1 in [LR96]|:

N
W(z,d) = -7 Y didjIn|z; — zj| + 7Y _diIn(1—|z*) + 7Y did;In|1 - 27

i#j i=1 i#]

From (63) we have

WmicrO(Z, d) _ bQW(Z, d) + min K(h)
heHY2 (st 8%

deg(h)=d
By combining (68) and (72) we may write
N ? N 2
262 zZ;" 262 1
heleflzl(%l)S” (h) 1+b2wn§*n ]2 T n 1+b2wn§*n ]2 9%

deg(h)=d

For n € N* we have the following expanding

N N N
Zd]z;l = Zd?|2’]|2n + Zdzdg(ZzZ)" = Zd3|2]|2n + 2Re Zdzdg(ZzZ)"
=1 J=1

i#j j=1 i<j
Therefore we obtain
2
1| N 1 1
S yag = v ) o ane | ¥ sy
neN* j=1 Jj=1 neN* 1<j neN*

N
= =) &1z -2 did;Re[In(l - z7)]

=1 i<j
N

= =Y din(l—|z?) =) did;In|1 - 27].
j=1 i£]
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We may thus conclude:

N
W™(z,d) = b= didjlnlz — 2| + ) diIn(l = |z) + ) did;In |1 - z%5]—
i#] P po
2 N
T1402 S din(1 - |z?) + ) did;In |1 - 27|
=t i7i
2 1-2 , 1
= —b7 ;didj1n|2i — 2| + H_—ijzldj In(1 —|z%) + T ;didjlnu .

o N 177

These calculations end the proof of Proposition 2.

7.5 Minimization of W™ in some particular cases

We first claim that if d = Ozv then W™i¢(..d) = 0. In the following we consider d €
ZN\ {0z~ }.

7.5.1 The case N =1 and the case N > 2&3lky € {1,...,N} s.t. dy, #0
We first treat the case N = 1. In this situation, we have for z ¢ D and d € Z :
b2(1 —b?)

Wmicro(z’d) — _ e

7d?In(1 — |2|?)

Therefore, if b < 1 then z = 0 is the unique minimizer of W™icro,

Remark 36. This simple fact is the main result of [Dos15] [where the explicit expression of W micro
was unknown].

If b = 1 then W™icro(. d) = 0.

If b > 1 then 252 )

) b*(b% -1
WmlCrO d —
(sr) = A

Consequently W™i°(z d) — —oo when |z| — 1. This implies that W™i(. d) does not admit
minimizers.

7d?In(1 — |z|?).

Remark 37. We may conclude that the condition b < 1 creates a confinement effect for the points
of minimum of W™¢(. d). This confinement effect does not hold for b > 1.

We now consider the case N > 2. We assume that d; # 0 and d; = 0 for [ # 1.
This situation is similar to the above one since for z = (z1, ..., 2x5) € (W™)* we have W™ic(z,d) =
Wmiero(z dy). Consequently as previously we have:

e If b < 1 then the set of global minimizers of W™ is {z € (w™)* |z, = 0}.
o If b= 1 then W™iro(. d) = 0.

e If b > 1 then W™°(z d) — —oo when |z1| — 1.

7.5.2 The case N > 2 and there exist k,[ s.t. dpd; <0

Let d € ZV s.t. there exist k # [ satisfying dp.d; < 0.
In this situation we have

inf  W™o(z d) = —oo.

z€(wN)*

Indeed, without loss of generality, we may assume that dids < 0. We thus consider z§") =—1/n,

2™ =1/nand for k € {1,...,N}\ {1,2}, 2, = e'2k7/N /2,
With direct calculations, we obtain lim, W(z,,d) = —oc.
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Remark 38. This fact underline that if we impose dids < 0 then the main part of the optimal

energy I(R, p,z,d) is not
N 2 N
<Z dl-) f(R)+0° <Z d?) [Inp|.
i=1 i=1

Indeed when we consider very near singularities z1&z2 we may optimize the divergent term
b? (El 1 Z) |[Inp|. The key argument is that with degrees having different signs (e.g dida < 0)

Zd2 > (dy + dy) +Zd2
1=3

This is an example of the standard attractlve effect of singularities having degrees with different
signs.

we have

7.5.3 The case b=1, N > 2, did; > 0 Vk,l and there exist kg, lo s.t. dg,d;, >0
When b =1, for (z,d) € (w)* x ZV we have

Whie(z,d) = - did;In|z — 2.
i#]
Thus
inf  W™o(z,d) > —oc0

z€(wN)*
but the lower bound is not attained.
Indeed, it is easy to check for z € (w?)*

0> inf W™z d)> -7 did;In2.
L W d) > —n S

Consequently W™micro(. d) is bounded from below.
We now prove that the lower bound is not reached. Let z € (w”)*, and consider z € (w™V)* be

2
s.t. Zp = Az, with A := T max{all e (L N1} It is easy to check that z € (w™)*.
We get

W™ire(z,d) = W™ (z,d) —wIn Ay~ dyd;.
i#]
Since A > 1, we have W™ic°(z d) < Wmicr(z d). This fact implies that the lower bound is not
reached.

Remark 39. When b = 1, the impurity w = D does not play any role. Then, due to the standard
repulsion effect between vortices, the more the vortices are distant the smaller the energy. Con-
sequently, for fixed degrees having all the same sign, minimal sequences of singularities go to the
boundary of the impurity which is not an admissible configuration in this framework.

7.5.4 Thecaseb>1and N > 2
If b > 1 then for (z,d) € (w™)* x ZY we have

b?

Wmicro(z7d) = b7 l-= Zdidj 1n|21 — Zj| + T2 Zd2 ln 1-— |ZJ| ) T2 Zd d In |1 ZiZj
i#j i#£]

Taking, for k € {1,..., N}, z,g") = (1 —1/n)e®™ /N we have

N
1
Zd? In(1 — |zj|*) = —oo when n — co.

micro _ —
Wz, d) = O(1) + 1 )3

Remark 40. The case b > 1 corresponds to an impurity w = D which have a repulsive effect on the
singularities.
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7.5.5 Thecase 0 <b<1, N>2and d e NV

This situation is the most challenging.

Note that with the help of [DM11] we may obtain the existence of minimizers for W™icro(. d)
with d; =1 for i € {1,..., N}, N € N*. But [DM11] does not give any information on the location
of minimizers and for other configurations of degrees.

From technical issues, we restrict the study to N = 2 and p, g € N*. Note that the case p,q < 0
is obviously symmetric.

We are going to prove that there exist minimizers and there are unique up to a rotation [see
(78)&(79)].

We may assume p < q. For z1, 2o € D we have, writing (z,d) = ((z1,p), (22,9))

Wmicro Z,d 1— b2
# = 2pqln|z; — 29| —|— n [P*In(1 — |21]%) + ¢*In(1 — |22|%) + 2pgIn |1 — 2173]] .
We let:
1—0b? P
B_l b2and¢4=a§1,

o f(z1,22) = 2In|z1 — 22| + B[AIn(l — |z1*) + A7 In(1 — |22*) + 2In|1 — 2173

Note that W™i[(z1, 25), (p, q)] = —b*pqr f(21,22). Consequently, in order to study minimizing
points of W™icr°[. (p, q)], we have to maximize f(-).

Since 21 # 22 and since for t € R we have f(21,22) = f(z1€%, 22¢"), we may assume that
21 = s > 0. We thus have for zo = pe® [0 < p < 1,0 € R]

f(s,pe") =In[s* + p* — 2spcost] + B[AlIn(1 — s*) + A" In(1 — p?) + In(1 + s*p* — 2spcos )] .
We first claim that if s = 0 then p > 0 and for € > 0 we have

fle,=p) = f(0,pe*) +e(p™" +28p) + O(?).

Consequently, for ¢ > 0 sufficiently small we have f(g, —p) > f(0, pe®®). Therefore, if (s, pe*?)
maximizes f, then s € (0;1). Using a similar argument, we may prove that for s > 0, if (s, pe*?)
maximizes f, then p € (0;1).

On the other hand, from direct checking, for s,p > 0, the map 6 € [0,27] — f(s,pe?) is
maximal if and only if 8 = 7.

Consequently, we focus on the map

g: (0;1)2 — R
(s,t) = f(s,—t)=2In(s+1t)+ B[Aln(l —s*) + A In(1 —t?) + 2In(1 + st)]

We first look for critical points of g:

1 —|—B< As+ t )
+B( 2 ) =0
s+t 1—¢2 1+ st
(1—s*)(1+st)+B[—As(1+ st)(s+t) +t(1 -5’ )(s+t)]=o
(L=t (1+st)+B[-A (1 +st)(s+t)+s(1—t*)(s+1)] =

(73)

By considering the difference of both lines in (73) we get:

(=) 1 +st)+B[(A "t —As)(L+st)(s+t)+ (t —s*t — s+ st°)(s+1)] =0
— (l+st)(s+t)[t—s+B(A " +1)t—(A+1)s)] =0

&= I4+BATTFDE-[14+BA+1)]s=0
B : 1+ B(A+1)
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Remark 41. It is important to note that 0 < A < 1. Moreover A = 1 if and only if p = g.
Using (74) in the first line of (73) we have

(1—s*)(1+As%) + B[-As*(1 + As®) (1 + A) + As?(1 — s*)(1 + A)] = 0. (75)

2

Thus, letting o = s, we get the following equation:

A+ A+DBAXA+ N>+ 1 =A+(A-NBA+N)]og—1=0 (76)

We let
A=A+ (A=NBA+N]?+4\+ (A+ 1B+ N).
Note that A >0 and VA > 1 — A+ (A — \)B(1+ \).
We obtain immediately that

A=A (A-NBA+N] +VA

0T T+ (A+ )BAI + )] (77)
is the unique positive solution of (76).
Consequently
. —[1=A+(A-NB1+N]+VA 8)
o 2\ + (A+ DBA(L + \)]

is the unique positive solution of (75).

In order to prove that (sg, —Asg) € (D?)*, since 0 < A < 1 and sg = /0y, it suffices to check
that the positive roots og given in (77) satisfies o9 < 1. To this end we let P be the quadratic
polynomial function expresses in the LHS of (76) with variable . With direct computations we
get P(0) = —1 < 0 and P(1) = B(1+ X\)?A > 0. Therefore the equation (76) admits at least a
solution & € (0;1). Since o given in (77) is the unique positive solution of (76) we get o¢ € (0;1).

In conclusion, the set of global minimizers of W™i¢™[. (p, q)] is

{(s0e"; —Aspe'?) € (D?)* |0 € R} (79)

where sq is given by (78) and X by (74).
In particular, if p = ¢ then A = X\ = 1 and in this case the set of minimizers of W™r[. (p, p)]

1—b2 —1/4 1—b2 —1/4
<1+4m) 6“9;— <1+4H——[)2) eze (S (Dz)*|9€R .

Remark 42. Tt is interesting to note that if ((21,22), (p,q)) € (D?)* x (N*)? is a minimizers for
Wwmicro then we have:

is

|z1] < |22l <= p>¢q

and
|z1| = |22| &= p=¢q.

A Proof of Lemma 17

The key ingredient to get Lemma 17 is Proposition C.4 in [Dos13]. For the convenience of the
reader we state this proposition:

Proposition 43. [Proposition C.4 in [Dos13]]
Let o € L*°(R?,[B?,B72]) and R > r > 0 we denote:

L4 %::BR\B_’N

o PF(%) = inf{%/@a|Vw|2

w e HYZ,SY) s.t. , w(re®?) =e®,
w(Re) = e 0+0%) g, c R ’
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we HY(2,SY) }

. 1 2
+ wi =it {3 [Larvut | 15050

There exists a constant Cp depending only on B s.t.

() < pPH(R) < W(#) + Cp.

Remark 44. In [Dos13|, Proposition C.4, was initially stated for & € L>(R?,[b%;1]) and b € (0;1).
Some obvious modifications allow to get the aforementioned formulation.

Lemma 17 is equivalent to

1 1
—/ a|VuR/|2——/ a|Vugr|* < Cp.. (80)
2 Ja, 2 Ja,

2. (81)

Recall that Ry := max{1;10? - diam(w)}, thus @ C Bg,.
We let
1
Cpi=2 / \Y <i)
2 JBr,\@ |z|
It is obvious that we have:
1

3 [ alVun? 2 u(Br\Br) + n(Br\ Br,).
Qp

Using Proposition 43 we have:

1 . _ . _
3 | alVunf 2w (Br \ Ba) + (B \ Bi) - 2C.
Qg

It is easy to check, e.g. using the direct method of minimization, that the minima p°"*(Bg/ \ Br)
and puP™(Bg \ Bg,) are reached. Let u; [resp. wus] be a minimizer of uP™(Bgr/ \ Bg) [resp.
P (B \ Bry)]-

Up to multiply u; by a constant rotation we may assume trogp,u; = trap,ua.

We are now in position to define

U1 inBR/\B_R
u = u9 inBR\BRO'
x
L wmB —
2] in Br, \@

It is clear that u € H'(Qg/,S') and deg(u) = 1. Consequently

1 1
5/{ alVur|? < 5/{ a|Vu|?

2ps 2pr
2

()

- S 1
Since u(Br' \ Br) < —/ o|Vug/|* and u(Bgr \ Br,) < —/ a|Vug|? we obtain:
2 JBy\Br 2 Jag

. S ; S 1
— WP B \BR) + i B\ B+ 5 [ a
BRO\G

[Prop. 43& Eq. (81)] < w(Bgr \ Br)+ u(Br\ Br,) + 2C5 + B~2C,,.

—_

1 1
—/ a|Vup > < —/ a|Vug|? +2Cp + B72C,,
2 Qr 2 Qr

Letting Cp,, := 2Cp + B~2C,, the above inequality is exactly (80).

Acknowledgements. The author would like to thank Petru Mironescu for fruitful discussions.
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