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Explicit expression of the microscopic renormalized energy
for a pinned Ginzburg-Landau functional

Mickaél Dos Santos

Abstract We get a new expression of the microscopic
renormalized energy for a pinned Ginzburg-Landau type
energy modeling small impurities. This renormalized
energy occurs in the simplified 2D Ginzburg-Landau
model ignoring the magnetic field as well as the full
planar magnetic model.

As in the homogenous case, when dealing with het-
erogeneities, the notion of renormalized energies is cru-
cial in the study of the variational Ginzburg-Landau
type problems. The key point of this article is the loca-
tion of singularities inside a small impurity.

The microscopic renormalized energy is defined via
the minimization of a Dirichlet type functional with an
L°°-weight. Namely, the main result of the present ar-
ticle is a sharp asymptotic estimate for the minimiza-
tion of a weighted Dirichlet energy evaluated among
St-valued maps defined on a perforated domain with
shrinking holes [in the spirit of the famous work of
Bethuel-Brezis-Hélein|. The renormalized energy depends
on the center of the holes and it is expressed in a com-
putable way.

In particular we get an explicit expression of the
microscopic renormalized energy when the weight in the
Dirichlet energy models an impurity which is a disk. In
this case we proceed also to the minimization of the
renormalized energy.

Keywords Ginzburg-Landau type energy - pinning
term - renormalized energy - S'-valued function -
weighted Dirichlet energy
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1 Introduction

The superconductivity phenomenon is an impres-
sive property that appears on some materials called
superconductors. When a superconductor is cooled be-
low a critical temperature, it carries electric currents
without dissipation [no electrical resistance| and expels
magnetic fields from its body [Meissner effect].

But if the conditions imposed on the material are
too strong [e.g. a strong magnetic field] then the super-
conductivity properties may be destroyed: the material
has a classical behavior in some areas of the material.
These areas are called vorticity defects.

The present work gives informations for type II su-
perconductors which are characterized by the possible
coexistence of vorticity defects with areas in a super-
conducting phase. This state is called the mized state.
Namely, for an increasing intensity of the magnetic field,
the vorticity defects appear first with a small number
and look like disks with small radii. [See [14] for a rig-
orous and quite complete presentation of these facts]

In an homogeneous superconductor, the vorticity
defects arrange themselves into triangular Abrikosov
lattice. In the presence of a current, vorticity defects
may move, generating dissipation, and destroying zero-
resistance state. A way to prevent this motion is to trap
the vorticity defects in small areas called pinning sites.
In practice, pinning sites are often impurities which are
present in a non perfect sample or intentionally intro-
duced by irradiation, doping of impurities.

In order to prevent displacements in the supercon-
ductor, the key idea is to consider very small impuri-
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ties. The heart of this article is to answer the following
question: Once the vorticity defects are trapped by small
impurities, what is their locations inside the impurities
[microscopic location] ?

Since the celebrated monograph of Bethuel, Brezis
and Hélein [4], the mathematical study of the super-
conductivity phenomenon knew an increasing popular-
ity. In their pioneering work, Bethuel, Brezis and Hélein

studied the minimizers of the simplified Ginzburg-Landau

energy
E.: H'(2,C) -
S /|Vu|2+—<1—|u|2>2

submitted to a Dirichlet boundary condition in the asymp-

totic ¢ — 0. Here §2 is a bounded simply connected
domain which is a cross section of an homogenous su-
perconducting cylinder {2 x R.

In this simplified model, a map w which minimizes
E. [under boundary conditions| models the state of the
superconductor in the mixed state. The vorticity defects
are the connected components of {|u| ~ 0}. We mention
that a quantization of the vorticity defects may be done
by observing the degree of a minimizers around their
boundaries. In this context we say that z is a vortexr of
u when it is an isolated zero of u with a non zero degree.
With this model we recover the basic description of the
vorticity defects as small discs with radii of order of
centered at a vortex. In [4], a Dirichlet boundary con-
dition [with a non zero degree| mimics the application
of a magnetic field by forcing the presence of vorticity
defects. More realistic models including the presence of
a magnetic field were intensively studied. Despite the
present work applies in these magnetic models [see [8]],
in order to motivate our main results [see Theorem 1
and Proposition 1], for sake of simplicity of the presen-
tation, we focus on the model ignoring the magnetic
field.

A part of the main results of [4] concerns quantiza-
tion & location of the vorticity defects and an asymp-
totic estimate of the energy of a minimizer. All these
results are related with the crucial notion of renormal-
ized energy. The renormalized energy may be seen as a
I'-limit [when € — 0] of the energy E. [see [2]]. In par-
ticular it gives location informations on vorticity defects
for minimizers. Despite the Dirichlet boundary condi-
tion used in [4] is not physical [non gauge invariant|
(1) | the information on location of the vorticity defects

I One may modify the renormalized energy by replacing the
Dirichlet boundary condition with a degree condition, after this
modification the renormalized energy plays a role in a more re-
alistic model with no boundary condition and with a magnetic
field [see e.g. [8] where this fact is highlighted or [13]]

coincide with some observations done by physicists [re-
pulsion between vorticity defects, confinement in {2 and
quantization of the defects].

As said above, our goal is to deal with supercon-
ductor containing small impurities. One may modify
the above model in order to consider an heterogenous
superconductor. This is done with the help of a pinning
term a : £2 — RT by considering the functional

Epmned Hl(Q(C
S /|Vu|2+—<a -l

There are a lot of works which deal with such an en-
ergy. Some variants are studied in the literature with
the function a which is "smooth" or piecewise constant;
independent of ¢ or depending on €... One may for ex-
ample quote the work of Lassoued-Mironescu [12] for
a model ignoring the magnetic field and [1], [3] or [10]
for a magnetic model. All these studies obtain similar
conclusions: vorticity defects are close to the minimum
points of the pinning term [pinning effect|.

In order to present an interpretation of the pinning
term, we focus on the case of a pinning term a : {2 - R
piecewise constant. Say, for some b € (0;1) we have
a(2) = {1;b} and a—1({b}) is a smooth compact subset
of {2 whose connected components represent the impu-
rities. A possible interpretation of a such pinning term
is an heterogeneity in temperature. Letting 7. be the
critical temperature below which superconductivity ap-
pears, if T} < T, is the temperature in a=!({1}), then
Ty, = (1 — b})T. + b2T is the temperature in a=1({b}).
Here the impurities are "heat" areas [see Section 2.2 of
the Introduction of [5]].

In order to consider "small" impurities we need to
use an e-dependent pinning term [a. : 2 — {b; 1} with
b independent of £]. Then we may model shrinking im-
purities: the diameter of the connected components of

=1 ({b}) tend to 0 when ¢ — 0. A special case of small
impurities are the case of diluted impurities. We say
that the impurities are diluted when they have small
diameter and when the inter-distance between two im-
purities is much larger than the diameter of the impu-
rities. In [9] the case of diluted impurities without mag-
netic field is considered and, as in [4], vorticity defects
are created by imposing a Dirichlet boundary condi-
tion g € C>°(942,S'). It is proved that, when vorticity
defects are trapped by a diluted impurity, then their lo-
cation inside the impurity [the microscopic location] is
independent of the Dirichlet boundary condition g: the
microscopic location of the defects tends to minimize
a microscopic renormalized energy that is independent
of g. This important fact hints that this microscopic
renormalized energy should play a role in a more re-
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alistic model with magnetic field. This is proved in [§]
where the case of small impurities for a magnetic energy
is treated.

The goal of this article is to give an explicit for-
mula for the microscopic renormalized energy in the
context of the study of a pinned Ginzburg-Landau type
energy. As in the work of Bethuel, Brezis and Hélein,
the microscopic renormalized energy is defined via an
auxiliary minimization problem of a weighted Dirich-
let functional involving unimodular maps defined in a
perforated domain.

2 Main result

Before stating the main result of this article [The-
orem 1] we may give few words on the auxiliary mini-
mization problem treated in this theorem [see Section
2 of [7] for a more detailed presentation]. Note that
a quite complete presentation of notation is done in
Section 3. Consider the simplest diluted pinning term
defined in a smooth bounded simply connected domain
2 C R? |we assume 0 € £|:

)1 in 2\ (6-w)
ag(x){b

ind- w
where w C R? is a smooth bounded simply connected
open set s.t. 0 € w, b € (0;1) and § — 0&6% > ¢. One
may thus consider the pinned Ginzburg-Landau energy:

=5 [ [VuPgs

Let U. be the unique minimizer of EP™ed with the
Dirichlet boundary condition U = 1 on 042 [see [12]].
Then U. € H?(2,R) is a regularization of a. and, in
2,U. >b.

For v € H'(£2,C) we have the Lassoued-Mironescu
decoupling:

Eginned (UE’U)

Epinned a o |u| )

— Eginned(UE) +Fg(’l})

1 Ul
where F.(v) = 3 /Q UZ| Vol + é(l — v}

Let g € C™(02,S!) be s.t. degy,(g9) = 1. It is clear
that u. € H'(£2,C) minimizes EP""*d w.1.t. the bound-
ary condition g if and only if v, := u./U. minimizes F
w.r.t the boundary condition g.

Note that a such minimizer v, always exists. Under
some technical assumptions on ¢ [see [9]], for small £ >
0, v admits a unique zero z., . € 0 - w and |ve| =
1+0(1) in 2\ B(z.,4?%). One may prove:

2

1
Fe(ve) = _/ V& + Fx[ve, B(we, 6%)] +
2 Jo\Bovey | |vel
1 2
—/ Uz v v + o(1).
2 JB(0.vVE)\B(z..52) |ve |

u e H'Y(2,C).

It is standard to check that

2
1
/ vi — I V3| + WBBH(0) + o(1)
2\B(0,v/3) |ve
where WfBH is the renormalized energy of Bethuel-

Brezis-Hélein w.r.t the boundary condition g.
252

b
Moreover Fy[ve, B(x.,52)]=b2 |:7T In — 7} +o(1)

where v is a universal constant.
Therefore the only contribution of the location of x.

n

2
v
in §-w appears in the term " / U2 |v—
2 JBovenBGn | el
1 inR*\w | ) o
Leta=4¢ , . , since Uy is a regularization of
b* inw

ae, letting z. = x./6, w.(-/0) = v(-)/|ve(+)| and, for
z € w, D, = D125, = B(0,67/2) \ B(z,06) after
scaling one may prove:

1

2 /Bw,\/S)\B(zs,zsz)
1

:_/ | V.2 + o(1)
2Jp

Ze

1
= inf —/ o |[Vwl” + o(1).
weH (D._,s") 2 Jp,
deg(w)=1

2
Ve

|ve |

2

U2 |v

€

Our main result gives the existence of a function W™*° :
w — R s.t. for z € w we have

1
inf —/ a|Vw|® (1)
weH (D.8Y) 2 Jp,
deg(w)=1
= f(07Y2) + b7 In 6] + W™ (2) 4 o(1)
where f : (Ro;00) = R [Ro > 1 is sufficiently large] is

a function independent of z € w.

The previous calculations may be used to get up-
per and lower bounds for the minimization problem of
Epned jn order to prove that z. tends to minimize
Wmicro'

Since the arguments used in this work apply in a
more general framework than above, our main result
gives an estimate of the minimal energy (1) in a more
complete setting than above.

Theorem 1 Let

— w C R2 ~ C be a smooth bounded simply connected
open set s.t. 0 € w,

- N € N* and (w™)*
25 fori # ),

— Be(0;1),be [B;B~
be s.t. « = b% inw.
Ford € ZV and z € (wN)*, we write for large R > 1
and small p € (0;1), Dgp, = B(O R) \U B(zi,p) and
Ed(DRypz) = {u € H (DR pz,S")|deg(u) = d}.

Then there exist

aZN) S WN|ZZ' 7&

= {(21,

1 and o € L>*°(R?,[B?; B~?))
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— f: (Ro,00) = RT which satisfies B*r In(R)—C,, p <
f(R) < B2rIn(R) + C, 5 [where C,, p is a con-
stant depending only on w&B and Ry > 1 is suffi-
ciently large],

Wmicro . (wN)* % ZN N R
a (z,d) > Wmicro(z d)

s.t. ford € ZV and z € (WN)*, when R — oo and
p — 0T, we have

(a) In the diluted case we have to consider o =

{1 outside where w is the form of the im-

b? inw
purity.

(b) With the help of the main result of [9], [6] and
[8], in order to study W™ in the context of
a pinned Ginzburg-Landau type function [with
or without magnetic field|, we may focus on the

case d; = 1 for ¢« € {1,...,N}. But, since the

inf % / a|Vu|2 = (2) minimization problem considered in Theorem 1
DRr,p,=

u€EJ(DR,p,z)

N

N 2
= (ZdZ) F(R) + 677 d|Inp| + W™°(z,d) + o(1).5. If
=1

i=1

The function f(-) is defined by

1
f(R) = inf —/ a|Vul?.
veH'(Br\w8") 2 JBp\w
deg(v)=1

[Note that the degree of a function is defined in Section
3.2].

Even in a simpler framework than in Theorem 1 and
despite the apparent basic form of the problem treated
in Theorem 1, to the knowledge of the author, this the-
orem is a new result.

Remark 1 1. In Theorem 1, w is a small impurity rescaled
at scale 1, the N-tuple z corresponds to the cen-
ters of N vorticity defects trapped by the impu-
rity with degrees given by d. The weight o may be
understood as a? after rescaling. Then the philos-
ophy of (2) consists in decoupling asymptotically
the energy around the vorticity defects as a diver-
gent term that ignores the location of the vortic-
ity defects pulse W™i°(z d). In particular, for a
minimal family (ue)o<e<1 of EPIRed if (7 d) is the
asymptotic location of vorticity defects trapped by
an impurities, then (z,d) should minimize W™icro,

2. In [7]-[Section 2] it is explained in detailed the link
between the minimization problem considered in The-
orem 1 and the microscopic location of vortices in a
diluted case.

3. The map Wmicro . (wN)* x ZN — R depends only
on @, w and N. Namely we have [see (55)]:

wmiere(z,d) .= 0*W(z,d)+ min  K(h)
heHY/2(dw,St)
deg(h)=d

where W (-, -) is the renormalized energy of Bethuel-
Brezis-Hélein with degree boundary condition [see
Theorem 3, page 9] and K is defined in (36) [see
also Sections 6.1&6.2 for notation]|.

4. Theorem 1 has a more general scope than needed to
be used in Ginzburg-Landau models. Indeed:

is of its self-interest we treat the case of general
degrees.

—wCY :=(-1/2;1/2] x (=1/2;1/2] is as in The-

orem 1,
1 immY\w
- a=
b2 inw

— « is 1-periodic,

then W™icr |given in Theorem 1] should govern the
limiting location of vortices inside an impurity for
the periodic non diluted case. But, there is no re-
sult which asserts that in the non diluted case the
microscopic location of the vortices may be studied
with this minimization problem. [Despite we believe
that in the non diluted periodic case the microscopic
location of vortices should be given by minimal con-
figurations of W™ with degree 1]

In the diluted circular case, i.e., the set w is the unit
disk I and o = 1 outside w, we may obtain an explicit
expression for WWmicro,

Proposition 1 If w is the unit disk D and
b ifrcw
1 ifrdw’

then the microscopic renormalized energy with N vor-
tices (z,d) = {(z1,d1), ..., (zn,dN)} s

Wmicro(z, d) — fb27r Z dzdj In |Zz - Zj|+
i#]
1 —

Jr1—|—

9 [ N
22 S dIn(1—|z*) + Y did;In|1 - 27|
j=1 i

Section 8 is dedicated to the case of the weight consid-
ered in Proposition 1. Proposition 1 is proved in Sec-
tion 8.4. The minimization of the renormalized energy
JWmicro in this situation is presented in some particular
cases in Section 8.5.

Remark 2 In [9], the existence and the role of Wmicro
was established. But its expression was not really us-
able.
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In particular, in the case of an impurity which is a
disk containing a unique vortex, it was expected that
the limiting location is the center of the disc. The ex-
pression of W™i¢r® ohtained in [9] does not allow to get
this result easily. This result was obtained from scratch
in [7]. This result is now obvious with the explicit ex-
pression obtained in Proposition 1.

3 Notation and basic properties
3.1 General notation
38.1.1 Set and number

e For z € C, |z| is the modulus of z, Re(z) € R is the
real part of z, Im(z) € R is the imaginary part of z
and Z is the conjugate of z.

e "A" stands for the vectorial product in C, i.e., z1 A
29 = Im(Z122), 21,22 € C.

e Forze Candr >0, B(z,r) ={2€C||z—Z2| <r}.
When z = 0 we simply write B, := B(0,r) and,
in the particular case z = 0&r = 1, we write D =
B(0,1).

e For aset A C R? ~ C, we let A be the closure of
A and 0A be the boundary of A; in particular we
write S' = 0D for the unit circle.

8.1.2 Asymptotic

e In this article R > 1 is a large number and p € (0;1)
is a small number. We are essentially interested in
the asymptotic R — oo and p — 0.

e The notation or(1) [resp. 0,(1)] means a quantity
depending on R [resp. p] which tends to 0 when R —
+00 [resp. p — 07]. When there is no ambiguity we
write o(1).

e The notation o[f(R)] [resp. o[f(p)]] means a quan-

(1)

tity g(R) [resp. g(p)] s.t. ) — 0 when R — +00

9(p) — 0 when p — 0]. When there is no

f(p)

ambiguity we write o(f).
e The notation O[f(R)] [resp. O[f(p)]] means a quan-

tity g(R) [resp. g(p)] s-t. 9 g(p)] is bounded

f(R) f(p)
[independently of the variable] when R is large [resp.

p > 0 is small]. When there is no ambiguity we write

o(f)-

[resp.

[resp.

3.2 Function and degree

The functions we consider are essentially defined on
perforated domains:

Definition 1 We say that D C R? is a perforated do-
mainwhen D = 2\UL ,@; where P € N* and 2, w1, ..., wp
are smooth simply connected bounded open sets s.t. for
i€{1,...,P}wehavew; C 2and, fori # j, w;Nw; = 0.
If P =1 we say that D is an annular type domain.

In this article the test functions stand in the stan-
dard Sobolev space of order 1 with complex values mod-
eled on L?, denoted by H!(§2,C), where {2 is a smooth
open set.

Our main interest is based on unimodular maps, i.e,
the test functions are S'-valued. Thus we focus on maps
lying in H(£2,S!) := {u € H*(£2,C) | |u| = 1a.e in 2}

We let tron : HY(2,C) — HY?(912,C) be the sur-
jective trace operator. Here H'/2 (002,C) is the trace
space. For I' a connected component of 92 and u €
H'(0,C), trp(u) is the restriction of trao(u) to I'.

For I' C R? a Jordan curve and g € H'/?(I',S'), the
degree (winding number) of g is defined as deg(g) :=

—/ g A O0-g € Z where:
21 r

e 7 is the direct unit tangent vector of I' (1 = v+

where v is the outward normal unit vector of int(I"),
the bounded open set whose boundary is I),

e O, := 7-V is the tangential derivative on I". For fur-
ther use we denote 0, = v -V the normal derivative
on I

For simplicity of the presentation, when there is no am-
biguity, we may omit the "trace" notation or the depen-
dance on the Jordan curve in the notation of the degree.
For example:

o ifue H'(2,S') and I' C 2 is a Jordan curve then
we may write deg(u) instead of degp[trr(u)].

e if I" is a Jordan curve and if h € H'/?(I',S), then
we may write deg(h) instead of deg(h).

o If D = 2\ wis an annular type domain and u €
HY(D,S'), then degy, (u) = degy,, (u). Consequently,
without ambiguity, we may write deg(u) instead of

degyg(u) or degy,, (u).

If D is a perforated domain and if u € H*(D,S!)
then we write

deg(u) := (degy,,, (u), ...,degy,,, (u)) € 7F.
Note that for d € Z* we have

Ea(D) := {u € HY(D,S") | deg(u) = d} # 0.

3.3 Data of the problem

In this article we consider:
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e w C R? ~ C be a smooth bounded simply connected
open set s.t. 0 € w,

e N e N, d = (di,....,dn) € ZN and we let d :=
N

o z € (W) = {(21,...,2n) € WV | 2 # 2j for i # j},
e Be(0;1),b€ [B;B™] and o € L>*(R?, [B? B~?])

s.t. a =b% in w.
We denote
Ry := max{1;10? - diameter(w)} and

po := 1072 - min 1,1_1;11_1|zi — z;|, min dist(z;, dw) .
i£] i

For R > Ry and pg > p > 0, we denote

— DRypz := Br \ U, B(z, p),
- QR = BR\G,
Qim0 \UY Bl

The main purpose of this article is the following mini-
mization problem:

1
I(R,p,z,d) := uesdl(%fza,p,z) 5 /D

Namely, we are interested in the asymptotic behav-
ior of I(R, p,z,d) when R — oo and p — 0.

Without loss of generality and for simplicity of the
presentation, R > Ry is considered as the major pa-
rameter writing p = p(R).

In order to study the minimization problem (3) we
will define other similar minimization problems. In par-
ticular we handle minimization problems of the follow-
ing form:

ol Vul?. (3)

R,p,z

1
inf —/O/|Vu|2 (4)
ueq/ (D) 2 Jp
where

e D:= 2\ UL w; is a perforated domain as in Defi-
nition 1,

o d cZb,

e o/ € L=(D;[B?* B~?)), B € (0;1).

We have the following classical proposition [whose proof
is left to the reader]:

Proposition 2 Minimization problem (4) admits so-
lutions. Moreover if u is a solution of (4) then v is a
solution of (4) if and only if there exists X € St s.t.
v = Au.

Moreover a minimizer uq solves

n D

—div(a/Vug) = o’uq|Vua|?
on 0D

&,ud =0

And there exists 1q which is locally defined in D and
whose gradient is in L*(D,R?) s.t. ug = e and

in D

{div(o/vwd) =0 "o (6)

Ovtha =0

4 First step in the proof of Theorem 1:
splitting of the domain

The first step in the proof of Theorem 1 consists in a
strategy which was already used in [7]. It is a splitting
of the integral over D ,, [in (3)] in two parts: the
integral over {2g and the one over {2, ,.

For each integral we consider a mixed minimization
problem by adding an arbitrary Dirichlet boundary con-
dition on dw: h € H/?(dw,S') s.t. deg(h) =d = 3. d;.

We then claim that these mixed minimization prob-
lems admit "unique" solutions.

In the next steps we will solve these problems, we
will minimize among h € H'/?(0w,S!) s.t. deg(h) = d
and finally we will decouple the minimal energy accord-
ing to the different data.

The splitting consists in the following obvious equal-
ity:

1
I(R,p,z,d) = inf inf —/ ol Vo2 +
heHY?(0ws") | veH' (2r5") 2 Jop
s.t. deg(h)=d traw (v)=h
2

[Vl 5. (7)

in —
wegd(Qp,z) 2 _prz

trow (w)=h
The three previous minimization problems admit "unique"
solutions. Indeed we have the following proposition [whose
proof is left to the reader].

Proposition 3 1. Both minimization problems in (7)
having a [partial] Dirichlet boundary condition h €
HY2(0w,S") in (7) admit each a unique solution.

2. The minimization problem in (7) among h € H'/?(0w,S")

s.t. deg(h) = d admits solutions. Moreover if ho is a
solution, then ho is a minimizer if and only if there
exists A € S' s.t. hg = Ahg.

5 Second step in the proof of Theorem 1: the
key ingredient

The key ingredient in this article is the use of special
solutions. It is expressed in the following proposition.

Proposition 4 Let D = 2\ UL ,&; be a perforated
domain, B € (0;1), o/ € L>(D;[B?* B?]) and d’ €
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Z¥. We let ua: be a minimizer of (4). Then for ¢ €
HY(D,R) we have

1 1 1
5/ o[V (ugre?)|* = 5/ O/|Wd'|2+§/ o[Vl
D D D

Proof We fix D, B,a’,d’ be as in the proposition. First
note that, from Proposition 2, we get the existence of
uq’. Moreover ugs is a solution of (5). We may thus
write ug = e’ where 1q is locally defined in D
and Viar € L?(D,R?). Thus 9q: solves (6). Let ¢ €
H'(D,R). We have

1 1
5/ |V (ugre™)|? = 5/ o |V(ar + )|
D D

1 1
= —/ a'|de/|2 +/ a/vwd/ . V(,D + = / CY/|V(,0|2.
2 D D 2 D

o' Vpgr -
D
Vi = 0 and this equality ends the proof of the propo-
1 1
sition since —/ o | Vb |? = —/ a|Vugr)?.
2J)p 2J)p

From (6) and an integration by parts we get

Remark 3 1t is easy to check that Proposition 4 allows
to prove in a "different" way the uniqueness, up to a
constant rotation, of a minimizer of (4).

Because minimizers of (4) are not unique, in order to
fix such a minimizer we add an extra condition. This
choice leads to the crucial notion of special solution.

In both next sections we define the special solutions
in 2z = Br\w [Section 5.1] and in £2, , = w\UB(z;, p)
[Section 5.2].

5.1 The special solution in 2

In this section we focus on the annular type domain
2r. We first treat the case d = 1 by considering;:

1
inf —/ alVul? (8)
veH (2r,SY) 2 Jo,
deg(v)=1

With the help of Proposition 2, we may fix a map
vrp € HY(2g,S!) s.t. deg(vg) = 1 which is a solution of
(8). We freeze the non-uniqueness of vy by letting v
be in the form
x

vp = —e® with ygr € H'(2g,R), / vyr=0. (9)

|:L'| Ow
It is clear that such map vg is unique and well de-
fined. Moreover, for d € Z, we have vjl% which is a solu-

tion of the minimization problem:

1
inf —/ alVul?. (10)
veH (2r,SY) 2 Jo,
deg(v)=d

It is direct to check that v}i% is the unique solution of

d
the minimization problem (10) of the form (ﬁ) e
x

with 5 € H'(2g,R) s.t. [, 7 =0.

The special solution vy is fundamental in the anal-
ysis since it allows to get a decoupling of the weighted
Dirichlet energy. Namely, from Proposition 4 we have:

Lemma 1 Ford € Z and p € H*(2g,R) we have:

1 d 19\ |2 & 2 1 2
- a|V(vge)|* = — alVug|+= a|lVel?.
2 o 2 n 2 O

The above lemma allows to get a crucial information
on the asymptotic behavior of (yg)g:

Proposition 5 There exists yoo € HL . (R* \ w,R) s.t.
when R — 0o we have g — Yoo in HL (R?* \ w).

Proof Let R > R > Ry and ¢ = vr' — g in order to
have vg: = vre*#R in (2g.
From Lemma 1 we have

/Oé|V’UR/|2:/ alV(vge®)|?
2r Qr
— [ alvul+ [ alverk. )
2r 2r

We need the following lemma:

Lemma 2 There exists a constant Cp,, > 0 depending

1
only on B and w s.t. 5/ a|Vng|2 < Cpw.
2R

For the convenience of the reader the proof of this
lemma is postponed to the Appendix A.

2
O‘|V50R| < 2CB,UJ-
B z\Bgi/a

From Lemma 2 we get

Notation. In the rest of this proof, Cy stands for a con-
stant depending only on w and B derived from Cpg,
and with universal multiplicative constants. Its values
may change from line to line.

Therefore, with the help of a mean value argument,
we have the existence of r € (R'/4,+/R) and of a con-
stant Cy depending only on B and w s.t.:

Co

2T
AR
o < =2
| 1onentrePan < 2

27

We denote mp := @r(re*®)dd. From the above

0
estimate and with the help of a Poincaré-Wirtinger in-
equality, we have

/ ' [pn(re™®) —mp]’
0
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We now define pr € H'(Bg,R): It suffices to note that ¢ g = yr/ —g in order to con-
Fr(se™®) = clude that (yg)g is a Cauchy family in H!(K). Then

(Yr)r is a Cauchy family in H} _(R?\ w). The com-
MR for s € [0,7/2] pleteness of H{ (R?\ w,R) allows to get the existence
_J)s /2/29012(7,610) /2 mR for s € (r/2,r) . of 7o € HIOC(R2 \w,R ) S.t. YR = Yoo 1IN Hloc(RQ \ w).
r
or(se®) for s € [r, R) Corollary 1 We have two direct consequences of Propo-

It is easy to check that gr € H'(Bg,R) and with direct
calculations we obtain:

- C
[ ovenk = [ 1venl < (12)
B By \By s

r

By noting that

traBR(’UReZ@R) = troBy, (vRe“PR) = traBR(’UR/),

with the help of g we construct 9r € H'(Q2r,S!):

- VR’
VR = _
" vRe'wR

From the minimality of vg: and Lemma 1 we get

/ Q|V1)R/|2 S/
.(ZR/ .(ZR/
:/ a|Vop |* +
QpA\2R

+/ a|VUR|2+/ alVgr|®.  (13)
.fZR QR

Estimate (13) implies:

1 1 1
—/ Q|V1)R/|2 S —/ Q|VUR|2 + —/ OA|V¢R|2.
2 Jag 2 Jan 2 Jog

This inequality coupled with (11) gives

1 1 ~
—/ alVor|? < —/ a|V@r|?.
2 n 2 n

On the other hand, from the definition of pr we
have ¢ = ¢gr in Bgr \ B,. Consequently we deduce

1 1

—/ alVpg|? < —/ a|V@r|?. With (12) and since

2Ja, 2/a,

r € (R'*,v/R) we may conclude

1 C

5/ oVeorl” < i
2p1/4

In particular, for a compact set K C R?\w s.t. dw C K
we have for sufficiently large R

1 e
- < =2
5 [ alver? < %

Since

in BR/ \B_R
in QR .

a|Vig|?

pr = 0, we may use a Poincaré type inequal-

Ow
ity to get ||¢rl| g1 (k) — 0 when R — oo independently
of R > R.

sition 5 :

1. traw(YR) = traw (Vo) in HY/?(0w),
2. vg = Len Voo i= |—z|e”°° in HE (R?\ w).
x

]

5.2 The special solution in 2, ,

As for the special solution in {2g, we first consider
the minimization problem:

. 1/
inf —
weEa(2,,2) 2 J

2p.z

|Vwl|?. (14)

From Proposition 2, we may fix w, 54, & unique
solution of (14), by imposing

U=\
= —t e”p’z,d,/ a=0. (15
H (|$ - Zi|) oo P 1)

Fori e {1,..
a lifting of

., N}, we may locally deﬁne 0; in R?\{z;} as

71, ie., eWi = - Moreover V6,
|l — 2z |x—zi|

is globally defined. We denote © := d1601 + ... + dnOn
which is locally defined in R? \ {21, ..., 2y} and whose
gradient is globally defined in R?\ {21, ..., 2x }. We then
may write w5 4 = €@+ =),

In contrast with the previous section, the asymp-
totic behavior of w, ;a is well known when p — 0.
For example Lefter and Radulescu proved the following
theorem.

Theorem 2 [Theorem 1 [13]] For pg > p > 0 we let w),
be a minimizer of (14) and we consider a sequence p, |
0. Up to pass to a subsequence, there exists wy € C°(w\
{z1, .y 2n },SY) st wp,, — wo in CF (@ \ {21, ..., 2N })
for all k > 0.

Moreover the limits wg are unique up to the multi-
plication by a constant in S*.

From Theorem 2, we get that the possible limits wg’s
are unique up to a constant rotation. Thus there exists
a unique limit wg 5 4 [given by Theorem 2| which may
be written:

N\
_ H ( 7 ) eZ'YO,z,d’ / Y0,2,d = 0. (16)
|:C - Zi| Ow

i=1

Wo,z,d

We thus have the following corollary:
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Corollary 2 Let v9,4a € HL (@ \ {z1,...,2n},R) be
defined by (16). When p — 0 we have v, z.d — Y0,2,d in
HE (@ \ {z1,....2n}). Thus we also get trow,(Vpzd) —
trow(Y0.2.d4) in HY2(0w).

Proof Let K C w \ {#1,...,28} be a connected com-
pact set s.t. Ow C 0K and let p, | 0 be s.t. w,, za =
O+ pnza) 5 qpy = /(@) in CY(K) for some v €
CH(K). It suffices to prove that we may choose vy =
Y0,2,a defined by (16).

On the one hand, we have Vv, ,d4 = Wy, 24 A
Vmez,d — VO — wy A Vwg — VO = Vg in LQ(K)
Then v9 = 70,2,a + A for some A € R.

On the other hand (7,, 2.d)n» is bounded in H!(K),
consequently, up to pass to a subsequence, we have
Yonzd — Yo in HY(K). With the help of the previ-
ous paragraph, we get that the convergence is in fact
strong. Thus trow(Vp, z,d) — trow(70) in L (dw).

In conclusion

0= ][ Yonzd = T Yo =A +][ Y0,z.d-
Ow Ow Ow

This means A = 0 and thus vo = 70,z,4-

About the asymptotic energetic expanding, Lefter and
Radulescu proved the following result:

Theorem 3 [Theorem 2 [13]] For N € N*| there exists
amap W : (wN)* xZVN — R s.t. ford € ZN and
z € (w)* when p — 0 we have:

N
1
inf - Vw|? =7 d?|Inp|+W(z,d)+o0,(1).
weedmp,z)z/%' 2 =73 @2 In pl+ W (2. d)0,(1)

=1

6 Upper Bound

We are now in position to start the proof of Theorem
1. To this end, the goal of this section is to identify a
map K : {h € H'/?(0w,S") | deg(h) = d} — R s.t. for a
fixed h € HY/?(0w,S') with deg(h) = d, when R — oo
we have

1 b2
inf —/ alVol> +  inf — |Vwl|?
veH' (2r,SY) 2 J0n wea(2,2) 2 Jo,,
trow (v)=h trow (w)=h ’
=K(h) +d*f(R) +
N
+b% |7 <Z d?) [Inp| + W(z,d)| + o(1). (17)
i=1

In the above estimate we have:

— K is independent of R, p ;
— f is defined in Theorem 1 and is independent of
h,p,z,d and d = d;;

— W is defined in Theorem 3 and is independent of
b,B,h,p and R.

Note that from Corollaries 1 and 2, we have the exis-
tence of

— Yoo € HY?(0w) s.t. YR = Yoo in HY?(0w),
— Yoz.d € HY2(0w) s.t. Ypzd — Y0.za in HY/?(w).

It is important to claim that since [; g = 0 and
Jou, Voza =0, we have [, yoo =0and [, 7054 =0.
6.1 Study in the domain 2

For R € (Ry,o0) and h € HY/?(0w,S!) s.t. deg(h) =
d we consider

1
Ig(h) = inf —/ alVul?. (18)
veH (2rSY) 2 J oy
tr@w(v):h

Let h € H'Y/?(0w,S') s.t. deg(h) = d. In this section
we want to estimate Ir(h) when R — oo. We let g, :=

d
h <m) € H'/?(dw). Tt is clear that deg(gn) = 0 and
x

then we may fix a unique ¢, € H/?(0w,R) s.t. gp, =

e'%n and on € (—m, 7.

ow
Remark 4 Since our goal is to estimate Iz (h) and since
for 3 € R we have Ir(h) = Ir(e*’h), up to replacing

h by e®h with 8 = — ¢n, we may assume that
ow

on = 0.
Jw

we have vp = ﬁe”R

x
[see (9) and Corollary 1] and we let ¢/ := ¢p—dtra, (Yr) €
H'/2(0w, R). We then get h = tra,,(vh)e™% and Jou, O =
0.

Recall that for R € (R, 0]

From Corollary 1 we immediately obtain:

Corollary 3 ¢, P o in HY?(0w).
—00

For R € (Ry,00) and v € H'(2g,S') it is clear that

(RS Hl(QR,R)
trow(p) = ‘b}é

On the other hand, for v = v}e € H(2g,S!),
from Lemma 1 we have

1 o d° 2 1 2
- a|Vo|* = — a|Vog|* + = alVel®. (19)
2 Jog 2 Jon 2 Jog

Therefore, one may obtain that v = v}e™? with tra, () =
¢ is a solution of the minimization problem (18) if and

tro,(v) = h <= v = vhe'? with ’
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only if ¢ € H!(£2g,R) is a solution of the minimization
problem

1
inf = / alVel?. (20)
pEH (2r,R) Qr

trow (Lp):d)}}{

It is standard to prove that Problem (20) admits
a unique solution denoted by <p}};{. Moreover this mini-
mizer is the unique solution of

—div(aVeh) =0in 2r
trBW(SD%) = ¢}IL2

&,gosz =0 on 0Bg

We denote 2., := R? \ @ and for ¢ € HY/?(0w,R) we
let

= Vi € L*(2) }
Ay = p € HE (D, R ‘ DR 21
o= {pem @am | YELED Ly
We are now interested in the minimization problem:
1
inf — a|Vel?. 22
¢6%¢&2/ﬁw|w| (22)

By direct minimization, first order variations and from
the strict convexity of the energy we get:

Proposition 6 Problem (22) admits a unique solution
denoted by " . Moreover @l is a solution of

—div(aVh ) =0 in 2. (23)

We are now able to prove the main result of this section:

Proposition 7 When R — oo, we have /% — ol
in HL . (R? \ w) and Vohiln, — Vel in L*(R?\
1 ZfZE S QR

: . And consequently:
0 ifxé g

/ al Vil |? = / Al Vol + or(1).
2r

oo

w), with To, (x) =

Proof From Corollary 3 we have qﬁ’}z—qb};o — 0in HY?(0w).
Consequently, there exists £g € H (250, R) s.t. trow(Er) =

¢}IL2 — (b};o and ||€R||H1(Qoo) — 0.
The test function " + &g satisfies the boundary
condition of Problem (20), therefore:

1 1
1 / alVih2 < & / alV(gh, + €r)[?
2 2r 2 2r
1
=5 [ alVek P+ o) (24)
.fZR
We used / Vel |2 < ¢y = / al Vel |7 < oo
2r g

oo

From (24), we obtain

1 1
limsup—/ a| Vel |2 < —/ al Vel 2. (25)
R— 2 2r 2 oo

We now prove the "lim inf"-lower bound:
liminfl/ a|Vlh)? > 1/ al Vel |2 (26)
R—o0 2 2r R - 2 oo ol

On the one hand, from (24), for R € (Ry, oo) sufficiently
large, we have f!ZR alVeh|? < Cy + 1 and thus, up to
passing to a subsequence, we get that V(p’}c]IQR weakly
converges in L?(R? \ @, R?).

On the other hand, for a connected compact set K C
R2\w s.t. dw C K, the competitor " +£g is bounded
in HY(K). We let xg := ¢ — (¢ +&g) € HY(K) and
then, for sufficiently large R, we have |[Vxg| 12(0,) <
2Cy + 2. Tt is easy to check that trg,(xr) = 0. Conse-
quently, from a Poincaré type inequality, there exists a
constant Cx > 1 s.t. [|xrllz2(x) < CxlIVxrlr2x) <
Ck x (2Cy + 2). Thus there exists a constant C s.t.,
for sufficiently large R, ||| r2(x) < Clc.

Consequently, with the help of an exhaustion by
compact sets and a diagonal extraction process, we have
the existence of a sequence Ry, 1 0o and ¢ € H (R?\
w, R) s.t.

Plh, — Poo in Hip (R? \ w)
Voh Do, — Voo in L*(R?\ @) . (@27

lim inf onhQ:lim/ a|Vl |2
o Vel 50 Jon Vo,

R—o00
We thus get V@oo € L2(R?\ @) and traw(Peo) = o7,
i.e., ()500 S %);c

From the definition of ¢” [Proposition 6] we have
with (27)

1 h 1 - L1 h
: /Qw oVl < ¢ /Qw oIVl <tipint 5 [ |V

R

We thus obtained (26). Therefore by combining (25)
and (26) we get:

| alveh = [ alveh P +on). 29
2r N

oo

The above estimate implies that a limiting map ¢ €
%;;o as previously obtained satisfies:

On the other hand ¢! is the unique solution of Prob-
lem (22). Therefore ¢, = " . Consequently, the con-
vergences in (27) hold for R — oo and from (28), these
convergences are strong.
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6.2 Study in the domain {2, ,

Recall that we fixed a map h € H'/?(dw,S') s.t.
deg(h) = d. We are interested in getting an asymptotic
estimate for the minimal energy

1
Ip,z,d(h) = inf = / |V’LU|2.

wea(22) 2 Jo,,
trow (w)=h Y

(29)

|z — 2]
First note that lettin = hl | e S
g gz d P ( T — 2z

H'Y?(w,S") we have deg(gzyd) = 0. Thus, from a stan-

dard lifting result, we may fix qb};d € H'?(0w,R) s.t.

R — obr h
Ipa = e¥=d and za € (—,
ow

gb;‘, 4 is uniquely defined.

7]. Tt is clear that

Remark 5 As in the previous section [see Remark 4],
for B € R we have I, , q(h) = I, ,a(he*). Thus up to

replacing h by he', with 8 = — qﬁzd, in order to

Jw

estimate I, , q(h), we may assume that

Fpa =
dw
For p € [0, po) welet ¢f , 4 := ¢} 4—Vp.za € HY?(0w,R)
[Yp,2,a is defined in (15) and (16)] in order to have h =

h
¢p,z,d =
Ow

tTow (wpyzﬁd)e“ﬁzvzwd. Moreover it is clear that
0.

Notation. For simplicity of the presentation, until the
end of this section, we omit the subscripts z, d e.g. writ-
ing, for p € [0, po), th instead of qﬁp nd
From Corollary 2 we get:

Corollary 4 ¢/ — ob in HY?(0w).
p—

For p € (0,p0) and w € H*(£2,,,S'), we have

NS H* (Qp Z’R)
traw( ) ¢Z .

We follow the same strategy as in the previous sec-
tion. For ¢ € H'(£2,,,R), from Proposition 4 we have

for w = w,e'?
1
5/ |va|2 +
2,z

5[ I

o

Consequently a test function w = w,e’? with tra, (¢) =
qﬁg is a solution of the minimizing problem (29) if and
only if p € H'(£2,,,R) is a solution of the minimizing
problem

1
inf —/ |Vi|?.
@GHI(QP,ZvR) 2 2

N Pz
trow (‘P):¢p

trow(w) = h <= w = wye'¥ with }

5[ Iver @)

Q2

(31)

And then for p € (0, pg), the minimizing Problem (31)
admits a unique solutlon denoted by <ph About the
asymptotic behavior of <p we have the followmg result:

Proposition 8 When p — 0, we have

1
- vh2
5[ Vel

o,

1 -
— 5 [ 9aE + o,

where @f is the harmonic extension of ¢ in w.

Proof Let €, be the harmonic extension of ¢ff — qb}/} in
w. Since ||¢h — ¢Z||H1/2(6w) — 0, we have {, — 0 in
HY(w).

We now prove the proposition. On the one hand, by

minimality of cp}/j and since tra,, (¢ — &) = qﬁf,} we get
1 b 1
3, verss [ 1vE-er

<5 [ IV3E + o, (32)

On the other hand, from the Estimate (32), denoting
Co := / |Vo|? + 1, for sufficiently small p we get

(33)

M1
>3 Topl < Co
i=1 B(zi,v/pP)\B(zi:p)

Thus for small p, we get the existence of p' € (p,/p)
s.t.:

N 1 2
S 2 [ et e <
=1

200
[Inp|”

2m
Forie{l,..,N} welet m; , := ][ @p(zﬂrp’eze) We
0

now define ¢ € H'(w) by ¢ = ¢ in w\U;B(z;,p')
for x = z; + se® € B(z;,p )[WIth’LE{l 4N}

/) and

@(z; + se'?) =
% 2 = 3)
Sﬁp(zz +ple?) + A

mi.p if s e (
mi p if s <

A direct calculation gives for z € {z1, ..

/ Ve =
B(z,p")

Therefore we obtain

1 1 -
5] Vel =g [ IVeE 0.

0,z

'aZN}

27
OLAI%%@+MWN — 0,(1).
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But traw(@ + &,) = ¢f and consequently, from the
Dirichlet principle, we have:

I CEAER Y
and thus with (32)
1 1 -
5 [ 1VeP =5 [ 1937 + o)

On the other hand, since ¢ = ¢} in w\ U;iB(z, ') C
1
2,, and 5/ |V@|? = 0,(1) we obtain:
Ui B(24,p")

1 1
—/ IVhIQ_—/ IVeyl®
2 2,, 2 W\U; B(zi,p")

> 5 [ [9aE+ o,

Finally, using (32), by matching upper bound and lower
bound we conclude:

1
= Vol|? = -
2/9 Vel =g

1 ~
[ 1932+ 0,01

The last estimates ends the proof of the proposition.

6.3 Conclusion

For h € HY?(0w,S") s.t. deg(h) = d we have from
(19) and Proposition 7:

1
inf —/ a|Vu)? =
veH(2g,SY) 2 Or

trow (U):h

d2 ) 1
- a|lVogl? +  inf —/ a|Vol? + or(1).(34
5 9R| Rl «pe%¢&29x|<'0| r(1)-(34)

Using Theorem 3, (30) and Proposition 8 we have
1
inf —/ |Vw|? =
weHY (2,25 2 Ja,,
trow (w)=h

7T|1np|Zd2+W(z d) + /|v¢0| +o,(1). (35)

Lettlng K :{he HY?(0w,S")|deg(h
defined by

1
h):= inf = 2
ORI [ alvel+

)=d} - R*

b2 i
3 [IwdE e

we get (17). Recall that, without loss of generality,
the parameter "R" is considered as the major param-
eter writing p = p(R). From (17), we get for h €
HY?(dw,S") s.t. deg(h) = d:

lim sup {I(R, p.z,d) — |d*f(R) +

R—o0
+ b? <Z 7|l p| + W(z,d)ﬂ } < K(h).(37)

7 Lower bound

In this section we prove the existence of a map hoo €
HY?(0w,S!) s.t. deg(hoo) = d and

lim inf {I(R, p,z,d) — |d*f(R) +
R—o00

2 (Z @Cr|lnp| +W(z,d)>” > K(hso). (38)

Clearly a such map h should minimize

K: {h € HY?(9w,S") | deg(h) = d} — R
But in order to get an explicit expression for ho, we do
not define h, in this way.

We let R, T co be a sequence which realizes the
"lim inf" in the left hand side of (38).

In order to keep notation simple, we drop the sub-
script n writing R = R,, when it will not be necessary
to specify the dependance on n.

Let ur be a minimizer of (3) [Proposition 2|. In {2p,
we may decompose upr under the form up = vﬁl?le““2
where pr € H'(2g,R) and v is defined in (9).

Since ug is unique up to a multiplicative constant
[Proposition 2|, we may freeze the non uniqueness by

imposing faw pr=0.

Notation. For sake of simplicity of the presentation we
use the shorthands:

e "R € (Rp,00)” to consider an arbitrary term of the
sequence (R, )n;

e "R € (Ry,0]” to consider either an arbitrary term
of the sequence (R,,), or the limiting case R = oo.

We denote:

e for R € (Rg,0), hg := trg,ug, and thus we have

d
(i) e(dyrtor) :
||
B |:C| d N T — 2 d;
® Jzd ‘= trow ? H |$ — Zz| .
1=1

Since gza € C°°(0w,S') and degy,,(gz.a) = 0 we may

fix £,a € C°(0w,R) s.t. e*=d = g, 4 and &rd €
Ow

hr = trag

[—m, ).

7.1 Compatibility conditions

From the minimality of ug, it is obvious that the
restriction of ug to 2r [resp. £2,,] is a solution of the
problem (18) [resp. (29)] with h = hpg.
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It is easy to check that we may write for R € (R, o)
hr = tro,[vhe #7] = trou[wy z.ae"¥7 =]

where, omitting the superscript hgr, we have:

e vp is the special solution in 25 defined in (9).
o YR = @%R € HY(2g,R) is the unique solution of
Problem (20) [for the Dirichlet data hr on Ow] s.t.

vr =0 [pg is defined
ow

UR = vfl%e“PR in 2z and
above|.
N d;
T — 2z . .
® Wyzd = H ( . ) e"»=4 is defined in (15);
i N7 =il

® Vpzd= @Zf;d € H'(£2,,,R) is the unique solution
of (31) [for the Dirichlet data hr on dw] s.t. ug =

Wy z.ae"¥7=4 in (2, , and ©pz,d € (—m, .
Ow

By using Corollaries 1 and 2, we have the existence of
Yooy Y0,,d € HY2(0w,R) s.t. YR — Yoo and Ypza —
Y0.z.a in H'/2(0w). Tt is fundamental to note that

® 7Yoo and 7 .4 are independent of the sequence (Ry, )y;

. / ’YR:/ %o=/ 'YO,z,d:/ Yp,z,d = 0.
Ow Ow Ow Ow

We have the following equivalences:

etrow(pr)—trow(vp z,a)] — traw(wp,z,d) X trow (U‘Ii%)

= eZ[trﬁw(kpR)ftraw(Wp,z,d)] — eZ[EZ,d“Ftraw('Yp,Z,d)fdtrﬁw('YR)]

= Jko € Z s.t. trow(9r) — trow(@p,z,d) =

= gz,d + trogw ('Yp,z,d)dtraw (’YR) + 2kom. (39)

We thus have

7][ Pp,z,d = ][ PR — ¥Pp,z,d

Ow Ow
= ][ [&z,d + trow ('Yp,z,d) — dtra,, ('YR) + 2ko7T]

Ow
= 2kom + §2.d-

Ow
Since ][ Ypzd € (—m, ] and ][ &s.a € [—m, ), the
Ow

ow
above equalities imply that kg = 0 in (39).
Consequently we get:

trow (@R)*traw (Wpﬁz,d) = fz,dJFtrBw (’Yp,z,d)*dtraw ('YR)-
(40)

7.2 Asymptotic estimate of the energy

By using (19) and (30), we have the following de-
coupling;:

1
I(R,p,z,d) = —/ a|Vug|?
2 DR,p,=z
— l d ,1pRY|2 E 10p,2,d |2
= a|V(vRe™ ™) + [Vwp,z,ae*?7=4|
2 Jag 2 Jg,.
2 1 o 07 2
=d°f(R)+5 | ofVer|"+ [Vwp,z,al” +
2 Jon, 2 Qpa

b? 9
+ = Vopzal™ (41)
2 Jo,.

From the minimality of u and by using (37), letting

d
Co:=K <|;W) + 1, for sufficiently large R, we have:
b2
IR, p2.d) = |EFR)+ 5 [ [Vupaal
ooz

1 b2
. / alVorP + 2 / Vermal? < Co.  (42)
2 n 2 Qo

Since ][ vr = 0 [resp. ][ Ypzd € (—m, 7| for K; a
ow ow

connected compact set of R? \ w [resp. Ka a connected
compact set of @\ {z1,...,2n}] s.t. dw C OK; [resp.
Ow C 0K3), there exists C; > 0 [resp. Cy > 0] s.t. for
large R we have [ |pr[> < C1and [, |@pzal® <
Cs.
Consequently :

— (¢r)r is bounded in H} (R?*\w). Thus there exists
Yoo € HL (R? \ w) s.t., up to passing to a subse-
quence, we have

PR = Poo in Hyp (R*\ w).

— (¢p,z,a)r is bounded in H} (@ \ {z1,..., 2n}. Thus
there exists ¢g za € Hi (@ \ {21, ..., 28 }) s.t., up to
passing to a subsequence, we have

(43)

Ppazd = Poza it Hoo @\ {21, .., 2n}). (44)

From (40), we have tra,(pr) — trow(@p,zd) = €24 +
trow (Vp,z,d) —dtraw (Yr). On the other hand, with Corol-
laries 1&2, we get that &, q + trow(Vp,z,d) — dtraw (Vr)
strongly converges in H'/?(0w) to &,.a + trow (Y0.2.da) —

dtraw (Yoo ). Consequently traw, (9r)—trow(¢p,z,d) strongly
converges in H/?(0w) to tra,(¢eo) — trow(0,2,d) =

&a,d + trow (70,2,a) — dtraw (Yoo)-
We thus may deduce

etrow (o) —trow(¢o,z,a)] — oU€z,a+trow(70,2,a) —dtraw (Voo )] ,

i.e.:

d
i) e 1row (Yoo tpoo)

8

N . d;
= H Tz eltfau(’yo,z,d-i'wo,z,d)_
. |z — 2]
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We now define:
d
hoo 1= traw[<%> ez(d%"ﬂ”“)] € H'Y?(0w,S"). (46)

It is clear that deg(ho) = d. We prove in the three
next subsections [Sections 7.3&7.4&7.5] that ho satis-
fies (38).

7.3 Calculations in R? \ @

From (42), we get that Vo g1, is bounded in L?(R?\
w) and thus, up to passing to a subsequence, Vor1llg,
weakly converges in L?(R? \ @). Consequently, we may
improve the convergence in (43), up to passing to a sub-
sequence, we obtain that Vogllo, — Ve in L2(R?\
w). In particular we obtain Vi, € L2(R?\ @).

Consequently, denoting ¢, := tra,(poec) we obtain
Yoo € H,. Therefore, with 2., = R? \ @, we have:

1 2
lim inf —/ a|Vug, |* - —/ alVug, |
R, —o0 { 2 2r ) 2 2,
1
— 1. . f - 2
It ), 7
>1/ Vool > inf 1/ |Vl (47)
- « ol > inf = «
-2 Qoo 14 pEHy 2 Qoo 14
7.4 Calculations on w
We continue the calculations by proving:
1 2 1
B Vpaal™ 2 5 |V¢0zd| +0,(1) (48)

Pz

where ¢g,q4 is the harmonic extension of ¢g,q =
trowP0,z.d N W, Yo.z.d is defined in (44).

In order to get (48), we adapt the argument done to
prove Proposition 8. From (42), we have

N

1
Z 5/ . |v‘pp,z,d|2 < Co.
i=1 B(zi,\/P)\B(zi,p)

Thus, with a mean value argument, there exists p’ €

(pa \/ﬁ) s.t.

N 1 27

S5/ 100opmale+ pet)Pas <
i=1 0

Let p, € H'(w) be defined by ¢, = ¢pza in w\

200
[Inp|”

U;B(zi, p), fori € {1,.., N} &z = z; + se*® € B(z;, p')
Pp(zi + se'?)
s—p 2(p" = 5) . r
_ 27/90p,z,d(21 + p e’ ) + (me if s > 5
= . 2
i fs<—
mi,p if s <5

1 27
where m; , := p / Opad(zi+ple?)do.

A direct calculation gives:

N

S| var

i=1 7 B(zi:p")

N 27

S [ ngnnale o
i=170

-0 =o0,(1).  (49)

Letting 2, , = w\UN, B(z;, p/) and D,y = UY., B(z;, p')\

B(z;,p), we obtain:

[ Vol = [ 19+ [ Vel
(0] ’ D,

Pz p'z P

> / Vg, 2
2

D [ 1Vl + 0,01)

Since @, is bounded in H'(w), up to passing to a sub-
sequence, we may assume the existence of gy € H'(w)
s.t. @, = o in H' (w).

(50)

On the other hand, it is clear that trs., @Yo = trawo,z,d =

©0,2,d- Consequently from the Dirichlet principle we get
[denoting p, = p(R,,

hmlnf/|V<pp| /|V900|2 /|v</30,z,d|2-

By combining (50) and (51) we obtain (48). From
(41) and (48) we may write

1 1
lim inf —/ |VuRn|2 — —/ |prn,zyd|2
pn—0 | 2 2z 2 Rz

1 1 ~
5 Venmal =5 [ [Vonaal (2

Pn, 2z

(51)

= liminf -
prn—0

7.5 Conclusion

Using (47), (52) and the definition of the sequence

(Rn)n we get
b2 /
- Vw24l
2 /o p

Pz

lim inf {I(R, p,z,d) — <d2f(R) +
R—oo

— lim {2 [Vug, | -

o Rnlgoo 2 DRn,pni e

1
> lim inf {—/ a|Vug, |* — de(Rn)} +
Rn*)OO 2 _QRTL

Pn, 2z

1 1
b2 liminf { - v 2——/ Vw,, zal?
+ b lim in {Q/QMJ uR,|” 3 npn,z| Wy, z.d|
> inf 1/ v |2+—b2/|V<z~5 ?
11 - « z .
e 2 J o, ¥ 2/, 0,2,d

)

b2
<d2f(Rn) + 3 / |vu}pn,z,d|2

}

)

(53)
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d
Recall that he = (ﬁ eUdreotdo) ¢ H1/2(gw,St)
T

[see (46)]. Therefore from (36) and (45) we may write

1 b2 ~
inf = Vol? + = | [Véozal®

Consequently (53) becomes

b2
lim inf {I(R,p,z,d) - <d2 f(R) + — / |pr,zyd|2>}
R—o0 2 ~Qp,z

> K(hoo)-

Ic(hoo) =

It suffices now to see that, from Theorem 3 we have

2
2 Je

this combined with (37) gives

Vwpmal? = 3 &l Inpl + W(z,d) + o,(1),

0,z

N
lim I(R,p,z,d) — f(R) —b? <7r > " d|Inp| + W(z,d)
R—o0

i=1

= K(hwo).

We now define:

min
heHY/2(8w,St)
deg(h)=d

wmiere(z d) := b*W(z,d) + K(h)  (55)

in order to write

I(R,p,z,d) =
N
= d’f(R) + b1 Y _ d?|Inp| + W™ (z,d) + 0,(1).

i=1

The last equality ends the proof of Theorem 1.

8 The case of the radially symmetric diluted
impurity: w =D

In this section we focus on the circular case with
w = D is the unit disc and for b € (0, 00) we let

a:R? — {b?%;1}
> ifzxeD
T )
1 ifzeR2\D
We fix
e N e N, d = (di,....,dn) € ZN and we let d :=
N
> die;
i=1

ez (DV) :={(21,....,2n5) € DV | z; # z; for i # j}.

(54)

8.1 Explicit expression of the special solutions

We use the same notation as in Section 5.

Notation. In this section and in the next sections, in
order to keep notation simple, we use the shorthand "z"
to stand for the identity map. Namely we use the abuse
of notation Id = 2 where Id : U — U, = — Id(z) = «
and U C R? ~ C is an arbitrary set .

We let v be the limiting function obtained in Corol-
lary 1. It is easy to prove that veo(x) = |i—|, 1€ Yoo = 0.
N N\ di

We let wg 9 = H ( i ) e"7%=4 be the func-
i M = ]
tion defined in (16). This function is the canonical har-
monic map in D associated to the singularities (z,d).
On the unit circle St we have trgi (wp z,q4) = e'¥0=d
with

N
Ortboza =0y | Y _dj(In|z— z;| —In |1 - Zal) | .

j=1

This result comes from [11] Eq. (2.25) and (4.1). From
Identity (4.14) in [11] we get

N
0-0,2,a = Z d; [20, (In|z — z;]) — 1].
j=1

Thus 0;v%0,2,4
xr — Zj

= YN d;[20; (arg(z — z;)) — 1] with

—_ ezarg(xfzj) .

|z — 2]
Consequently we get

trs: (’u}oyz’d) = ¢Woza
N 2d;
:Cstxx_dH |
e AN ]
Jj=1

where Cst € S! is a constant.

(56)

8.2 Use of Fourier decompositions

In order to get an explicit expression of W™icro(z, d)
it seems natural to work on K. For h € HY/?(S',S') we
have [see (21) and (36)]

1 b2 -
_ inf = 2 s h|2
K(h) WE{%&Q/QOO Vel + 5 /wlwu :

where:

e on the unit circle we have

h = zle'?e = WO,z qe'o
with faw ];O’faw o € (—m, 7
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e ¢l is the harmonic extension of ¢} in D.

Condition (57) is a compatibility condition between
the function ¢ and ¢f. Since our goal is to estimate
K(h), it is clear that we may slightly modify Condition
(57) by imposing

d
<i> e'?% = Cst X w zqe'? with Cst € S, (58)

]

We may easily prove that

1/ 2 1 “h 12
L L / VéL|
2 Jo., 2 Ja.,

where for ¢ € H/2(S!,
unique solution of

—Ap =0
trg (90) = ¢a
[See Proposition 9 for more details about ¢]
From (56), an equivalent reformulation of (58) is

inf
weﬁ@h
&

R), ¢ € HL (R?\ D) is the

in R2\ D
Vo € L*(R?\D)

Cst H ( ) = e!(#%=90) with Cst € SL.
|x — zj| X T

The above condition is equivalent to the compatibility
condition:

o — ¢t =W, 4 + Cst where Cst € R (59)

2d;
and ¥, g € C*° (Sl, R) is a lifting of H (ﬁ) '
xr — ZJ xX

J=1
With a direct calculation, for zg € D and z € S', we
have

2
Tr — 20 r — 20
|z — zo|x T — 2o X a2

T — 2 1

1
= X — =M, X —
1—20z =z (@) x

where M., : D — D is the Moebius function defined by
r — 20
M, (z) = .
In [7], it is proved [Section 7] that if zop € D NR*
then for e’ € S! we have M, (e")e " = e¥=01(e")

In|

g 20_ gt + Cst, Cst € R.
m

nez*

In the general case zp = te’ € D [with ¢ > 0, € R|

we easily deduce from the previous equality:

where @, 1(e") =

]\42U (eze)e —10 _ M, [61(677)]6 71(677).

Then there is Cst € R s.t.
Wml(eze) =, 1(e 1(977)) + Cst
n|
- Z tr e(0=7) 4 (Cst
m
newr*
— Z |:zLezn9 _ ZL —zn9:| + Cst.
m m
neN*

It is easy to prove that we have U, 4 = Zjvzl
Cst [Cst € R| and then

Wz,d(eze)

N
:CSt+ Z Zd]

neN* j=1

djwzj11+

[iezne _ ie—zne] ) (60)
n n
We now go back to the previously fixed function h €
H'/2(S!,S'). We are in position to reformulate the com-
patibility condition (59) in term of Fourier series.

Let ¢, ¢l € H'/2(S',R) [defined in (57)], consider
their Fourier decompositions [we drop the superscript
h for the coefficients]:

{aﬁ&(e“’) =
ohofe) =

The compatibility condition (58) is equivalent to (59).
From (60), the condition (59) reads with Fourier de-
compositions:

wnf
ZnGZ co,ne

61
ZnEZ 0007"6 ( )

wnf

ifn>0

Zd =

Vn e Z*a Coo,n — Con =

n

ifn<O

8.3 Explicit expression of the minimal value of K

Before going further we recall some basic facts.

Proposition 9 Let ¢ € H'/2(S',R) and consider ¢(
Y onez cne™ be its Fourier decomposition.
Then we have

ez@) —

1. Foralln €N, ¢, =¢_,,.
2. Z In||en]? < oo.
neZ
3. The map ¢ : D — R, re¥ — chr‘meme is the

ne
harmonic extension of ¢.

Moreover —/ Vo|? = WZ In||cn?.
neZ
4. The map ¢ : R2 \D — R, re* chr_‘”lem‘g

n€e”Z
is an exterior harmonic extension of ¢. Moreover
1

2_ 2
3 [ 79 =7 Il

nez
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5. qAﬁ is the unique solution of

ngaz() in R?\ D,

€ Hi, (R* \ D,R) (62)
trsl( ) = ¢, Vp € L?(R? \ D,R?)
Therefore it is also the unique solution of the prob-
lem
inf 1/ |Vil|?. (63)
p€Hy 2 Jr2\D

Proof Assertions 1 and 2 are quite standard. Assertions
3 and 4 follow from standard calculations.

We now prove Assertion 5. Let ¢ € H'/?(S!,R) and
let qﬁ be defined by Assertion 4. It is clear that qﬁ solves
(62). Assume that ¢q is a solution of (62) and let 7 :=
& — ©o. Then 7 satisfies:

fAn =0in R?\ D,
loc (R2 \D ]R)
tI’Sl( ) =0, Vi € L*(R?\ D, R?)
From [16] [Theorem II.6.2.ii] we get n = 0. This clearly
gives uniqueness of the solution of (62).
On the one hand, by direct minimization we know
that Problem (63) admits solution(s). It is standard

to check that a minimizer for (63) solves (62). Conse-
quently ¢ is the unique solution of Problem (63).

Notation. From now on, for ¢ € H'/2(S', R) with Fourier
decomposition ¢(e?) =3, cpe™?, we let the semi-

norm || g1/ 1= /7y, cq [nllcn|*

Forn € N*v 1ett1ng7n = Zj\/':1 d_]i , i.e. Wz d( 19) =
Cst+ 3z Tne ™™ [see (60)], we get
inf  K(h)
heHY?(s' sh)
deg(h)=d

. 1 s b? 2
= inf - |V¢)oo| + — |V¢0|
bo,de0 €HY/ (ST R) 2 Ja.

zder®oo =Cst Xwg,z,de“”o

inf <Z n|co7n|2 + b2 Zn|COO,n|2>

(co,n)nen=
(cx,n)EKZ(N*) neN neN

Coo,n—C0,n="n ¥ NEN™

:27rz

=27 X

inf

€0,n,Coo,n

n X - (|c07n|2+b2|cm7n|2)

neN* L Coo,mn —CO,n="Tn
=27 nx inf (|conl? + 6% |con + Ynl?
n%w:* 1" " comec (lco.nl |com +1ml?)
_ 7b2 2 ) 7b2 2
=9 X | |l—/——=7n b | ———="n n
Wg* 8 '1+bﬂ IR
b2

1+b2 2 Z n|/771|2 1+b2| zd|H1/2 (64)

neN*

8.4 Explicit form of W™icr: Proof of Proposition 1

We first recall the expression of W(z,d) [see Propo-
sition 1 in [13]]:

N
W(z,d) = —FZdidj In|z — 2| + FZd? In(1 — |z]*) +

i#j i=1
+7Yy did;In |1 - 27,
i#]
From (55) we have
wmiere(z d) = b*W(z,d) +  min  K(h).
heHl/Z(Sl7SI)
deg(h)=d

By combining (60) and (64) we may write

2

Z;
min Kh)=——m d; j
et igg oy 1+b2 ng ]Zl
deg(h)=d
N 2
2b2 1
= —1+b27r Z — Zdjz
neN* Jj=1

For n € N* we have the following expansion

N

Zd]z

Z d?|z;*" + 2Re
j=1 -

Zd d;i(ziz)"

1<j

Therefore we obtain

1| i
PRI
neN* j=1
N ) )
— de <Z E'Zﬂ%) +22didee > E(zlz)n]
J=1 n€eN® i<y neN~

N
==Y &1 —|z) =2 did;Re[ln(1 - 2,7)]

j=1 1<J
N

==Y d&In(l—|z*) =Y did;In|1 - z7].
j=1 i£]



18

Mickagél Dos Santos

We may thus conclude:

Wmicro(z d)
de In|z; — z]|+Zd21n 1—|zH)+
i#]
+) didjIn|1 - 27| -
1#]
2
T Zd21n1—|zj| +deln|1 2% |

i#]

= —b27r Z dzd] 111 |Zz - Z]|+
i#j

b2
1+b22d21n 1— |z +

1—b2
de In|l — 27|
7]

These calculations end the proof of Proposition 1.

8.5 Minimization of W™ in some particular cases

We first claim that if d = Ozy then W™icro(. d) =
0. In the following we consider d € Z™ \ {0z~ }.

8.5.1 The case N =1 and the case
N > 2&3Aky € {1, ,N} s.t. di, #0

We first treat the case N = 1. In this situation, we
have for z e D and d € Z* :

B2(1 — b?)

W (= 1402

d)=— 7d? In(1 — |2]?)

Therefore, if b < 1 then z = 0 is the unique minimizer
of Wmicro'

Remark 6 This simple fact is the main result of [7]
[where the explicit expression of W™ was unknown]|.

If b =1 then Wmicro(. d) = 0.

If b > 1 then W™°(z d) — —oo when |z| — 1.
This implies that W™ (. d) does not admit minimiz-
ers.

Remark 7 We may conclude that the condition b < 1
creates a confinement effect for the points of minimum
of Wmicre(. d). This confinement effect does not hold
for b > 1.

We now consider the case N > 2. We assume that
di #0and d; =0 for [ # 1.

This case is similar to the above one since for z =
(21, 2n) € (WN)* we have WM (7, d) = WM (5 dy).
Consequently as previously we have:

— If b < 1 then the set of global minimizers of Wmicro
is {z € (WN)*| 21 = 0}.

~ Ifb =1 then W™icro(-, d) = 0.

— If b > 1 then W™i¢°(z d) — —oo when |2;| — 1.

8.5.2 The case N > 2 and there exist k,l s.t. dpd; <0

Let d € Z" s.t. there exist k # [ satisfying dpd; < 0.

In this situation we have
inf  W™(z,d) =

z€(wN)*
Indeed, without loss of generality, we may assume that
didy < 0. For n € N*, we consider z§") =—1/n, zén) =
1/nand for k € {1,...,N}\ {1,2}, 2 := e?F7/N /2,

With direct calculations, we obtain lim,, W(z,,,d) =
—00.

Remark 8 This fact underline that if we impose d1ds <
0 then the main part of the optimal energy I(R, p,z,d)
is not

+b27TZd?|lnp|.

N 2 N
<Z dz-) f(R) _

Indeed when we consider very near singularities z1& 29

N
i=1" ) | In p|
The key argument is that with degrees having different

signs (e.g d1ds < 0) we have

Zd2

This is an example of the standard attractive effect of
singularities having degrees with different signs.

we may optimize the divergent term b? (Z

N

> (dy +d2) de

8.5.8 The case b=1, N > 2, did; > 0 Vk,l and there
exist ko, lo s.t. di,di, >0

When b = 1, for (z,d) € (w)* x ZV we have
Wi (z,d) = — Y did;In|z; — z;|. Thus
i#]
inf  W™miere(z, d) > —

z€(whV)*

but the lower bound is not attained. Indeed, it is easy
to check that for z € (w™)*

inf  W™io(z. d) > —7 ) d;d; In2.
L, W d) > <7 3y
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Consequently W™icr(. d) is bounded from below. We
now prove that the lower bound is not reached. Let
z € (wN)*, and consider Z € (wV)* be s.t. Z = Az

with A := It is easy to check that z €

1 + max; |Zl| ’ _ _
(w™)*. Moreover we get W™micro(z, d) = W™icro(z, d) —
Fln)\zi#jdidj- . .

Since A > 1, we have W™eo(z, d) < Wmicro(z, d).
This fact implies that the lower bound is not reached.

Remark 9 When b = 1, the impurity w = D does not
play any role. Then, due to the standard repulsion ef-
fect between vortices, the more the vortices are distant
the smaller the energy. Consequently, for fixed degrees
having all the same sign, minimal sequences of singu-
larities go to the boundary of the impurity which is not
an admissible configuration in this framework.

8.5.4 The case b>1 and N > 2

If b > 1 then taking, for n € N* and k € {1,...,N},
z,(cn) = (1 —1/n)e ™ /N we have

Wmicro (Zm d)

b —1 N 9 (n)2
— (1)+1+b22djln(1—|zj ?) = —oo.
j=1

Remark 10 The case b > 1 corresponds to an impurity
w = D which have a repulsive effect on the singularities.

8.5.5 The case 0 < b <1, N =2 and d € (N*)?

This situation is the most challenging. Note that
with the help of [9] we may obtain the existence of min-
imizers for W™icro(. d) with d; = 1 for i € {1,..., N},
N € N*. But [9] does not give any information on the
location of minimizers and for other configurations of
degrees.

For simplicity, we restrict the study to N = 2 and
p = di,q = do € N*. Note that the case p,q < 0 is
obviously symmetric.

We are going to prove that there exist minimizers
and they are unique up to a rotation [see (70)&(71)].

We may assume p < q. For 21,20 € D we have,

writing (z,d) = ((21,p), (22,9))
Wmicm(z, d)
e

1—0?

1402

+¢*In(1 — |22]*) 4+ 2pgIn |1 — 2173]] .

= 2pqln |z — 22| + [p2 In(1 — |z [*)+

We let:

2

1-— P
oB::mandA::—_l;

e The function defined by

f(z1,22) = 2In |21 — 22| + B [AIn(1 — |z1*)+
+ A7t In(1 — |z2|2) +2In|1 - z15” .

Since W™i[(z1, 29), (p, q)] = —b*pqrf(z1,22), in or-
der to study minimizing points of W™ic°[. (p, q)], we
have to maximize f(-).

We first claim that if either |z1] — 1 or |22] — 1
or |z1 — 22| — 0, then f(z1,22) — —oo. Consequently,
from the continuity of f, f admits maximum points in
(D?)*.

Since z1 # 22 and since for t € R we have f(z1, 22) =
f(z1e", z0e™), we may assume that z; = s > 0. We thus
have for zp = pe” [0 < p < 1,0 € R]

£ (s, pe)
=In [32 + p? — 2spcos 9} +B [Aln(l — %)+
+ A In(1 - p?) +In(1 + s%p* — 2spcosb)] .

We first claim that if s = 0 then p > 0 and for € > 0
we have

fle.=p) = f(0,pe*) +e(p™" +28p) + O(?).

Consequently, for ¢ > 0 sufficiently small we have f (e, —p) >

£(0, pe*?). Therefore, if (s, pe®) maximizes f, then s €
(0;1). Using a similar argument, we may prove that for
5> 0, if (s, pe*®) maximizes f, then p € (0;1).

On the other hand, from direct checking, for s, p >
0, the map 6 € [0,27] — f(s, pe*?) is maximal if and
only if 0 = 7.

Consequently, we focus on the map

R
f(S, _t) -

0;1)2
(s,1)

—

g —
—

We first look for critical points of g:
Vg(s,t) =0
1 — t

15 (A —0
s+t 1—52 1+st
= -1

SR Y (o S A B

s+t 1—#2  1+st)

(1 —s*)(1+st) +B[-As(1 +st)(s +t)+
+t(1 = s?)(s+1)] =0

(L—t*)(1+st)+ B[-A"t(1 + st)(s + t)+
+s(1—12)(s+1t)] =0

(65)
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By considering the difference of both lines in (65) we
get:
(t* = s*)(1+ st) + B[(A™"t — As)(1 + st)(s +t) +
(t—st—s+st*)(s+t)] =0
= (L+st)(s+t) [t —s+B(A"+ 1)t — (A+1)s)]

=0
[s,t>0] 1
E 1+BA T+ D))t —[1+B(A+1)]s=0
B , 1+ B(A+1)
<=t = As with A := TTBA T (66)

Remark 11 It is important to note that 0 < A < 1.
Moreover A = 1 if and only if p = q.

Using (66) in the first line of (65) we have
(1 =51+ As%) + B[-As*(1+ As*) (1 + A+
+As*(1—s*)(1+A)] =0. (67)
2

Thus, letting o = s

A+ (A+ 1B+ N)]o? +
+[1=A+(A=NB(A+N)]o—1=0.(68)

, we get the following equation:

We let
A= [1=A+(A=N)BA+ N +4A+ (A+1)BA(L+N)].

Note that A >0 and VA >1— X+ (A — N)B(1+ \).
We obtain immediately that

—[1=A+(A-NBA+N]+VA

T T (A+ DB+ V) (69)
is the unique positive solution of (68).

Consequently
. —[I=A+(A-NBOA+N)]+VA (70)
0 2N+ (A+ 1)BA(1 + )]

is the unique positive solution of (67).
In conclusion, the set of minimizers of W™icre[. (p, q)]

is

{(s0e"; —Aspe™) € (D*)* |0 € R} (71)
where sq is given by (70) and A by (66).

Remark 12 Note that if ((21, 22), (p, q)) € (D?)* x (N*)?2

is a minimizers for W™° then we have:

|z1] < |z2| <= p > q and |z1| = |22| <= p =4¢.

A Proof of Lemma 2

The key ingredient to get Lemma 2 is Proposition C.4 in
[6] previously proved for W2:>° weights by Sauvageot in [15] [in
fact Sauvageot’s article treats the anisotropic case which is more
general than Proposition 10 below].

For the convenience of the reader we state this proposition:

!

w e H'(Br \ Br,S') }

Proposition 10 [Proposition C.4 in [6]]
Let a € L®(R2,[B2%; B~2]) and R > r > 0 we denote:
o WPT(Br\B;):=
w e HI(BR\B_T,SI)
s.t., w(re?) = e,
w(Re™) = e*(®+00) gy ¢ R

— 1
e p(Bgr\By) :=inf —/ a|Vw|?
2 JBp\B;

There exists a constant Cp depending only on B s.t.

w(Br \ Br) < uP(Br\ Br) < u(Br \ Br) + Cg.

. 1
= inf 3 fBR\B—T a|Vw|?

s.t. deg(w) =1

Remark 13 In [6], Proposition C.4, was initially stated for & €
L>(R2, [b2%;1]) and b € (0; 1). Some obvious modifications allow
to get the aforementioned formulation.

Lemma 2 is equivalent to

1 1
2| alVun =5 [ alVur? < Cp.. (72)
2 Jog 2 Jay,
Recall that Ro := max{1;10? - diam(w)}, thus @ C Bg,.
We let
1 2
Co = —/ v (i) (73)
2 BRr,\@ ||

It is easy to check, e.g. using the direct method of minimiza-
tion, that the minima pPi¥(Bg/ \ Bg) and pP*(Bg \ Bg,) are
reached. Let u1 [resp. us| be a minimizer of uPi¥(Bg/\ Bg) [resp.
pP(Br \ Br,)]- Up to multiply u1 by a constant rotation we
may assume trag, (u1) = trop, (u2). We are now in position to
define

w1 in BR/\B_R
in Br \ Bg, .
in BRO \E

u2

||

It is clear that v € H'(2g/,S') and deg(u) = 1. Consequently,
with Proposition 10 and (73),

1 1
—/ alVug|? < —/ a|Vu)?
2 /e 2 /e

R’ R’

— “Dir(BR/ \B_R) +ﬂDir(BR\BRO) +

1 T 2
+ —/ a |V (—)
2 JBp\@ ||
< u(Br \ Br) + i(Br \ Bg,) + 2Cs + B™?C.,.

—_ 1
Since u(Bg: \ Br) < —/ .
2 /B, \Br
1

7/ a|Vug|? we obtain:
2R

a|Vug/|? and u(Bgr \ Br,) <

2

1 1
—/ alVug|? < —/ a|Vug|? +2Cp + B72C,.
2 Jog 2 Jay,

Letting Cp,,, := 2Cp + B~2C,, the above inequality is exactly
(72).
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