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ON STRONG L? CONVERGENCE OF NUMERICAL SCHEMES
FOR THE STOCHASTIC 2D NAVIER-STOKES EQUATIONS

HAKIMA BESSAIH AND ANNIE MILLET

ABSTRACT. We prove that some discretization schemes for the 2D Navier-Stokes equa-
tions subject to a random perturbation converge in L?(2). This refines previous results
which only established the convergence in probability of these numerical approximations.
Using exponential moment estimates of the solution of the stochastic NS equations and
convergence of a localized scheme, we can prove strong convergence of fully implicit and
semi-implicit time Euler discretizations, and of a splitting scheme. The speed of the
L?(9)-convergence depends on the diffusion coefficient and on the viscosity parameter.

1. INTRODUCTION

An incompressible fluid flow dynamic is described by the so-called incompressible Navier-
Stokes equations. The fluid flow is defined by a velocity field and a pressure term that
evolve in a very particular way. These equations are parametrized by the viscosity coef-
ficient v > 0. Their quantitative and qualitative properties depend on the dimensional
setting. For example, while the well posedness of global weak solutions of the 2D Navier-
Stokes is well known and established, the uniqueness of global weak solutions for the 3D
case is completely open. In this paper, we will focus on the 2D incompressible Navier-
Stokes equations in a bounded domain D = [0, L]?, subject to an external forcing defined
as:

Ou —vAu+ (u-V)u+ Vi = G(u)dW in Dy, (1.1)
divu=0 in Drp, (1.2)

where T' > 0 and Dy = (0,T) x D. The process u : Q x Dy — R? is the velocity field
with initial condition ug in D and periodic boundary conditions u(t, x + Lv;) = u(t,x) on
(0,T) x D, where v;, i = 1,2 denotes the canonical basis of R?, and 7 : Q x Dy — R is
the pressure.

The external force is described by a stochastic perturbation and will be defined in detail
later. Here G is a diffusion coefficient with global Lipschitz conditions. Let (2, F, (F%),P)
denote a filtered probability space and W be a Wiener process to be precisely defined
later. Given 7" > 0, let Q7 = Q x [0, 7).

There is an extensive literature concerning the deterministic models and we refer to the
books of Temam; see [25, 26] for known results. The stochastic case has also been widely
investigated, see [14] for some very general results and the references therein. For the 2D
case, unique global weak and strong solutions (in the PDE sense) are constructed for both
additive and multiplicative noise, and without being exhaustive, we refer to [9, 12].
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2 H. BESSAIH AND A. MILLET

Numerical schemes and algorithms have been introduced to best approximate and con-
struct solutions for PDEs. A similar approach has started to emerge for stochastic models
and in particular SPDEs and has known a strong interested by the probability commu-
nity. Many algorithms based on either finite difference, finite element or spectral Galerkin
methods (for the space discretization), and on either Euler schemes, Crank-Nicolson or
Runge-Kutta schemes (for the temporal discretization) have been introduced for both the
linear and nonlinear cases. Their rate of convergence have been widely investigated. The
literature on numerical analysis for SPDEs is now very extensive. When the models are
either linear, have global Lipschitz properties or more generally some monotonicity prop-
erty, then there is extensive literature, see [2, 3]. Moreover, in this case the convergence is
proven to be in mean square. When nonlinearities are involved that are not of Lipschitz
or monotone type, then a rate of convergence in mean square is difficult to obtain. Indeed,
because of the stochastic perturbation, there is no way of using the Gronwall lemma after
taking the expectation of the error estimate because it involves a nonlinear term that is
usually in a quadratic form. One way of getting around it is to localize the nonlinear term
in order to get a linear inequality and then use the Gronwall lemma. This gives rise to a
rate of convergence in probability, that was first introduced by J. Printems [24].

The stochastic Navier-Stokes equations with a multiplicative noise (1.1) have been in-
vestigated by Z. Brzezniak, E. Carelli and A. Prohl in [10]. There, space discretization
based on finite elements and Euler schemes for the time discretization have been imple-
mented. The numerical scheme was proven to converge in probability with a particular
rate. A similar problem has been investigated by E. Carelli and A. Prohl in [11], with
more focus on various Euler schemes including semi-implicit and fully implicit ones. This
gave rise to a slightly different rate of convergence, although still in probability. Again, the
main tool used is the localization of the nonlinear term over a probability space of ”large”
probability. In [4], the authors used a splitting method, based on the Lie-Trotter formula,
proving again some rate of convergence in probability of the numerical scheme. In [15], P.
Dorsek studied a semigroup splitting and used cubature approximations, obtaining inter-
esting results for an additive noise. When the noise is additive, a pathwise argument was
used by H. Breckner in [9]; convergence almost sure and in mean was obtained, although
no rate of convergence was explicitly given. To the best of our knowledge there is no
result about a strong speed of convergence for the stochastic Navier-Stokes equations in
the current literature.

Numerical schemes for stochastic nonlinear models with local Lipschitz nonlinearities
have been studied by many authors. In the setting of SDEs, let us mention the memoir
by M. Hutzenthaler and A. Jentzen [17] and the references therein. Note that this strong
convergence need not always be true as proved by M. Hutzenthaler, A. Jentzen and P.
Kloeden in [18]. In the case of stochastic partial differential equations (SPDEs), there are
several attempts to obtain a speed of convergence for non linear equations, such as the non
linear Schrédinger equation proved by A. de Bouard and A. Debussche [13], where a strong
and weak speed of convergence were obtained. In the parabolic setting, in [8] D. Blomker
and A. Jentzen proved a speed of convergence in probability of Galerkin approximations
of the stochastic Burgers equation. In [1], the strong speed of convergence of schemes is
proved in a general setting; the authors deduce a strong speed of convergence for the sto-
chastic Allen-Cahn equation. Let us also mention [21] where a strong speed of convergence
is proved for non linear reaction diffusion equations. For the Burgers and Cahn-Hilliard
equations, as well as more general non linear SPDEs subject to space-time white noise
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driven perturbation, A. Jentzen, D. Salinova and T. Welti proved in [23] the strong con-
vergence of the scheme but did not give a rate of convergence. Some attempts have also
been done to prove exponential moments of tamed or stopped convergence schemes for
non linear SPDEs, such as the Burgers and Navier Stokes equations in [22].

In this paper, we focus on the stochastic 2D Navier Stokes equations and would like to
go one step further, that is, obtain a strong speed of convergence in mean square instead
of the convergence in probability. In fact, the main goal is twofold. On one hand, we
will improve the convergence from convergence in probability to L?(£2)- convergence, the
so-called strong convergence in mean square. On the other hand, we will also improve the
rate of convergence from logarithmic to almost polynomial.

To explain the method, the paper will deal with two different algorithms: the splitting
scheme used in [4] and the implicit Euler schemes used in [11]. In the case of a diffusion
coefficient G with linear growth conditions, which may depend on the solution and its
gradient for the Euler schemes, we prove that the speed of convergence of both schemes
is any negative power of the logarithm of the time mesh % when the initial condition
belongs to W12 and is divergence free. In the case of an additive noise - or under a slight
generalization of such a noise - we prove that the strong L?(£2) speed of convergence of the
fully or semi implicit Euler schemes introduced by Carelli and Prohl in [11] is polynomial
in the time mesh. This speed depends on the viscosity coefficient v and on the length
of the time interval T. When T is small, or when v is large, this speed is close to the
best one which can be achieved in time, that is almost %. This is consistent with the
time regularity of the strong solution to the stochastic Navier-Stokes equations, due to
the scaling between the time and space variables in the heat kernel, and to the stochastic
integral.

Let us try to explain the steps of our method here before going into more details later
on in the paper. As we explained earlier, the main difficulty that prevents getting the
strong convergence in mean square is due to the nonlinear term (u - V)u. Indeed, in order
to estimate the error ey := u(tx) — un(tx) over the grid points tx, k =1,..., N, in some
implicit Euler method, one has to estimate

Ell(u(tr) - V)u(ty) = (un(te) - V)un (tr)[lv.
To close the estimates and use some Gronwall lemma, the tool used in [11] (as well as in [4])
is to localize on a subspace of 2. However, in both previous results, the localization set was
depending on the discretization. In this work, we make slightly different computations,
based on the antisymmetry of the bilinear term, and localize on sets which only depend
on the solution to the stochastic Navier Stokes equations (1.1), such as Q¥ defined by
(4.6) for the Euler schemes. Hence, one obtains for example
8Ly max lal?s) < O e [100)7] ()",

where 1) < § and C1(M) is a constant depending on the bound M of the L2-norm of Vu
imposed on the localization set Q]\N4 . The exponent 7 is natural and related to the time
regularity of the solution u when the initial condition ug belongs to W2,

In order to prove the strong speed of convergence, we will use the partition of {2 into Q%
and its complement for some threshold M depending on N. More precisely, we have to
balance the upper estimate of the moments localized on the set Q?V/[(N) for some well chosen
sequence M(N), going to infinity as N does, and a similar upper estimate of the L?(£2)

moment of the error localized on the complement of the set Q%(N). This is performed
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by upper estimating moments of u(t;) and of un(tx) uniformly in N and k, estimating
IF’((QA]\?(N))C), and using Holder’s inequality

1 1
2 << M(N)c)i[ ( 2q 2q)}a
E(l(QANMM)C IYSI}%XN\ek\m) <(P((Qy)9))" |E OQSET’U(S)’LQ +Or§1}ca§XN‘UN(tk)’L2 ;

where p and ¢ are conjugate exponents. A similar estimate was already used in[17] and
[19]. The upper estimate of the probability of the "bad” set depends on the assumptions on
the diffusion coefficient. Note that since we are localizing on a set which does not depend
on the discretization scheme, only moments of the solution to the stochastic Navier Stokes
equation (1.1) have to be dealt with.

In the case of globally Lipschitz coefficient G, we use bounds of various moments of u
in Wh2, For both schemes, the strong speed of convergence is again in the logarithmic
scale; when the initial condition is deterministic, it is any negative power of In(N).

In the case of an additive noise, we use a slight extension of exponential moments of the
solution of (1.1) in vorticity formulation proved previously by M. Hairer and J. Mattingly
in [16], given by E(sup;ejo 7 exp(ap|Vu(t)|?,)) < oo for some a > 0. This yields a better
speed of convergence, due to that fact that the polynomial Markov inequality is replaced
by an exponential one.

For the implicit Euler scheme the strong speed of convergence is polynomial with ex-
ponent v < % that depends on the viscosity v. Note that for large v, v approaches %
For the splitting scheme, the strong speed of convergence we obtain in this paper is better
than that of the convergence in probability proven in [4], although not polynomial; it is
of the form cexp(—C+V/N).

To simplify the presentation of our results, we only deal with time discretization, unlike
in [11] where a space-time discretization is studied. Furthermore, in order to keep the
paper in a reasonable size and present simple arguments to follow by the reader, we
assume that G does not depend on time. We add relevant comments and remarks on
the assumptions to be added in case of time dependent coefficients for the implicit Euler
schemes (see section 4.5).

The paper is organized as follows. Section 2 recalls basic properties of the 2D Navier
Stokes equations, functional spaces and strong solutions. We formulate the assumptions
on the noise, which may be of gradient type are stated, provided that the stochastic
parabolicity condition holds. The splitting scheme is described in Section 3 and various
moments estimates previously used in [4] are recalled. The strategy for proving the strong
speed of convergence is described and explained in details. The same strategy is used for
the Euler schemes in Section 4, which is devoted to the fully implicit and semi implicit
Euler schemes studied previously in [11]. Their strong speed of convergence is proved with
a rate of convergence that is polynomial when the exponential moment is used. Finally,
Section 5 provides on one hand an improved moment estimate for an auxiliary process
used in the splitting scheme, and on the other hand the proof for the exponential moment
estimates of the gradient of the solution to (1.1) .

As usual, except if specified otherwise, C' denotes a positive constant that may change
throughout the paper, and C(a) denotes a positive constant depending on the parameter
a.
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2. NOTATIONS AND PRELIMINARY RESULTS

Let P := LP(D)? (resp. W*P := W*P(D)?) denote the usual Lebesgue and Sobolev

spaces of vector-valued functions endowed with the norms |- |r2 (resp. || - ||yyk.»). In what
follows, we will consider velocity fields that have mean zero over [0, L]?. Let Lf,er denote

the subset of .2 periodic functions with mean zero over [0, L]?, and let
H:={uel?, : divu=0 weaklyin D}, V:=HNW"?

be separable Hilbert spaces. The space H inherits its inner product denoted by (-,-) and
its norm from L2. The norm in V, inherited from W'2  is denoted by | - ||y;. Moreover,
let V' be the dual space of V, (-,-) denotes the duality between V' and V. Let A = —A
with its domain D(A) = W22 N H.
Let b: V3 — R denote the trilinear map defined by
b(u1, uz, uz) := / (u1 - Vug) - us,
D
which by the incompressibility condition satisfies b(u1, u2, us) = —b(uq, us, uz) for u; € V,
i =1,2,3. There exists a continuous bilinear map B : V x V +— V' such that
(B(u1,u2),us3) = b(ui,uz,uz), forall u; €V, i=1,23.

The map B satisfies the following antisymmetry relations:

(B(u1,u2),u3) = —(B(ui,us),u2), (B(uy,us),uz) =0 for all w; € V. (2.1)

Furthermore, the Gagliardo-Nirenberg inequality implies that for X := HNL*(D) we have
. C
[ul% < C lule2 [Vulee < S lully (22)

for some positive constant C. For u € V set B(u) := B(u,u) and recall some well-known
properties of B, which easily follow from Holder’s and Young’s inequalities: given any
B > 0 we have

1
[(B(ui, ug), us)| < Bllus|i + @HMHX [|uallx, (2.3)
[(B(u1) — B(ug) ,u1 — u2)| < Bllug — ually + Cluy — ualfs|ua |k, (2.4)
foru; € V,i=1,2,3, where
C?33
Cp = 447,6’3’ (2.5)

and C is defined by (2.2).

Let K be a separable Hilbert space and (W (t),t € [0,7]) be a K-cylindrical Wiener
process defined on the probability space (€2, F, (F;),P). For technical reasons, we assume
that the initial condition ug belongs to LP(€2; V') for some p € [2, 0], and only consider
strong solutions in the PDE sense. Given two Hilbert spaces Hy and Ha, let Lo(Hy, Ha)
denote the set of Hilbert-Schmidt operators from H; to Ho. The diffusion coefficient G
satisfies the following assumption:

Condition (G1) Assume that G : V — Lo(K, H) is continuous and there exist positive
constants K;, 1 =0,1,2, L1 and L9 such that for u,v € V:

|Gy i1y < Ko+ KalulZa + Kallul?, (2.6)
1G(w) — G2y sy < Lnlu— o2 + Laflu — o]} (2.7)



6 H. BESSAIH AND A. MILLET
Finally, note that the following identity involving the Stokes operator A and the bilinear
term holds (see e.g. [25] Lemma 3.1):
(B(u), Au) =0, wu € Dom (A). (2.8)

We also suppose that G satisfies the following assumptions:
Condition (G2) The coefficient G : [0,7] x Dom(A) — L2(K, V') and there exist positive
constants Kj;, i = 0,1,2, L; and Lg such that for every ¢ € [0, 7], u,v € Dom (A):

G2, x,vy < Ko+ Killull}, + Kol Aulgs, (2.9)
IG(w) = G() |2, (k1) < Lallu—=vl[} + Lol A(u = )2 (2.10)
We define a strong solution of (1.1) as usual:

Definition 2.1. We say that equation (1.1) has a unique strong solution if:

e u is an adapted V -valued process,
e P a.s. we have u(.,.,w) € C([0,T); V)N L*(0,T; Dom (A)),
o Pas.

(u(t),qb)—f—u/o (Vu(s),VqS)ds—l—/O ([u(s) - V]u(s), ¢)ds
— (u0.6)+ | (6. Glu(s)aw(s)
0

for every t € [0,T] and every ¢ € V.

As usual, by projecting (1.1) on divergence free fields, the pressure term is implicitly in
the space V and can be recovered afterwards. Proposition 2.2 in [5] (see also [4], Theorem
4.1) shows the following;:

Theorem 2.2. Assume that ug is a V-valued, Fo-measurable random variable such that
E(HUOH%/P) < 0o for some real number p € [2,00). Assume that the conditions (G1) and
(G2) are satisfied with Ko < 2521 and Ly < 2v. Then there exists a unique strong solution
u to equation (1.1). Furthermore, for some positive constant C we have

T 2 1
E( sup [u? + / |Au(s) 2 (1 + Ju(s) 77 )ds) < C[1+E(luolli?)].  (211)
t€[0,T] 0

3. TIME SPLITTING SCHEME

In this section, we prove the strong L?(£2) convergence of the splitting scheme introduced
in [4].

3.1. Description of the splitting scheme. Let N > 1, h = % denote the time mesh,
and t; = %, i =0,---,N denote a partition of the time interval [0,7]. Let F': V — V'
be defined by

F(u) = vAu+ B(u,u). (3.1)
In this section, we will require the coefficient G to satisfy the following stronger conditions,
which are reformulations of (G1) and (G2) with Ky = Ly = 0. There exist non negative
constants Ko, K and L; such that for every t € [0,7] and u,v € H (resp. u,v € V)
(G1Bis) G2, < Ko+ Kalular G () ~ GO, o) < Dilu— s,
(G2Bis) G (2,101 < Ko+ Kalully  16(0) ~ G20y < Lallu— ol
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Note that the formulation of (G2) is slighty different from that used in [4]. They are
equivalent due to the inequality |Vu|p2 < Clcurl ulj2 for u € V', where curl u = 0, ug —
83;2’[“.

Set t_y = —%. For t € [t_1,0) set y™(t) = uV(t) = up and F; = Fy. The approxima-
tion. (y™,u") is defined by induction as follows. Suppose that the processes u(t) and
y™ (t) are defined for ¢ € [t;_1,t;) and that y" (¢;) is H-valued and F,-measurable. Then
for t € [t;,ti+1), u” (t) with initial condition yV(¢;) at time #;, is the unique solution of
equation:

LN @+ PN 0) =0, teltti), w6 = a0 =V (32)
Then 'V (¢, ,) is well-defined, H-valued and F,-measurable. Then set y™ (t;) = u'¥ (¢ 1)
and for t € [t;, t;11) define y” (¢) as the unique solution of equation

dy™ (t) = GyN ()dW (1), te [titirn), y"(t) =yt = u (). (3.3)

Finally, set u™(T) = y™(T) = y™(T~). The processes u” and y" are well-defined and
have finite moments as proved in [4], Lemma 4.2.

Theorem 3.1. Let ug be a V-valued, Fo random variable such that JE(HUOH%/p) < oo for
some real number p > 2. Suppose that G satisfies conditions (G1Bis) and (G2Bis).
Then there exists a positive constant C' such that for every integer N > 1

T
ts[l(l)l;}E(HuN(t)HQv“r ly™ (O17) +E/O (14 [N @I A (1) de < €. (3.4)
€|0,

The following result gives a bound of the difference between u’¥ and 3™V (see [4], Propo-
sition 4.3).

Proposition 3.2. Let uy be Fy-measurable such that E(||ugll},) < oo and G satisfies
conditions (G1Bis) and (G2Bis). Then there exists a positive constant C := C(T) such
that for every integer N > 1

T
B[ 10 -0t < T (3.5)

For technical reasons, let us consider the process (2 (t),t € [0, T]) which mixes " and
yN, and is defined by

t t
ZN = un — UN S S N S S). .
(1) = uo /0 F(u® (s))ds + /0 G(y™ (5))dW () (3.6)

The process 2" is a.s. continuous on [0,7]. Note that 2 (t;) = y™(t;) = u™(t) for
k=0,1,---,N. The following result gives bounds of the V-norm of 2 —uV and 2V —y.
It is an extension of Lemma 4.4 in [4].

Proposition 3.3. Let uy be V-valued, Fo-measurable such that ]E(||u0H%/p) < oo for some
integer p > 2 and let G satisfy conditions (G1Bis) and (G2Bis). Then there exists a
constant C := C(p,T) such that for every integer N > 1

E( sup |12V () — M @) <
t€[0,T

C
2
~p—1 and t:;%]E(\\zN(t)—uN(t)!\f) <y B0
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Note that combining (3.5) and (3.7), we deduce that if E(||u||{,) < oo,

r C
B [0 - ¥ (Ot < (33)
0 N
for some constant C' := C(T') independent of N.

Proof. For t € [ty tky1), k=0,--- ,N — 1 we have

N () = | G (s)dW(s).

ty

Since 2N (T) = u™N (T), for any p > 2 the Burkholder-Davies-Gundy inequality implies

E( sup ||zN<t>—uN<t>||%f)=E( swp_sup[[2N(0) — N (1))

tE[O,T} 0<k<N te[tk tk+1)

)

pZ( )" sup (Ko + KiE(lyV (0)IF)).

t€[0,T

tet1 N 9
gC’ E() LG )t

| /\

Inequality (3.4) concludes the proof of the first part of (3.7). Furthermore,

sup E([l2V () — ¥ @)IF) = sup  sup  E([2N(t) - uN(®)]}F).

t€[0,77] O0<E<N telty,trr1)

A similar argument concludes the proof. (]

3.2. A localized L*(Q2) convergence. Recall that X = L*(D) N H is an interpolation
space between H and V such that (2.2) holds. For every M > 0, set

(1) = { sup Jus)|y < M} (3.9)
s€[0,t]
Note that once more, and unlike [4], this set only depends on the solution u of (1.1) and
does not depend on the scheme. Let 75y =: inf{t > 0: |lu(t)||% > M} AT; then 7y = T
on Q(T). The following result improves Proposition 5.1 in [4]. Note that in our case,
both processes u and 2z have a.s. continuous trajectories.

Proposition 3.4. Let ug be V-valued, Fo-measurable such that E(|jug||$,) < oo and sup-
pose that G satisfies the conditions (G1Bis) and (G2Bis). Then, there exist constants

C and C(M) such that

e

™ C
B sup 1@ — w0+ [ O ol + 190~ w01} ]ar) < 5T,
| (3.10)
where
— 3302
C(M) := 2533y 5575 3M +C(v, L1, B e), (3.11)

and C is the constant defined in (2.2) and B < 1.
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Proof. Let us apply the It6 formula to [V (¢ A 7ar) — u(t A 7ar)|?5. This is possible even if
2V and u are not regular enough. Indeed, we can apply the It6 formula to their Galerkin
approximations and then pass to the limit using some Yoshida approximation. This implies

1N (EATA) — u(t ATar)|Ee = ZT (t Aag) + (A Tor), (3.12)
i=1

where

To(t A Tag) = — 2/0 MR () - Flu(s)), 2N (s) — uls))ds,
Tatnrae) = [ 160N 6) = Glulo)) [

tATM
I(t A7) :2/0 ([G(yN(s)) — G(u(s))]dW (s), 2V (s) — u(s)).
The Lipschitz property (G1Bis) implies
tATM
Tg(t/\TM) §2L1|:/ ’ZN(S) —U(S)‘izdS‘i‘/
0 0
Furthermore, Ty (t A 7o) < S0y Th.i(t A 7ar), where

tATM
Tia(tATM) =— 2V/0 (AuN (s) — Au(s)), uV(s) — u(s))ds,

tATM

2N(s) = N ()Eads] . (313)

tATM
Tio(tANTM) =— 2V/0 (AuN (s) — Au(s)), 2V (s) — u (s))ds,
Tl’g(t ANTy) = — 2/0 " <B(UN(5), uN(s)) — B(u(s),u(s)), uN(S) — u(s))ds,

tATM
Tya(t Aar) = — 2/ (B (s),uN(s)) = B(u(s),u(s)) , 2" (s) — u" (s))ds,
0
The definition of A implies that
tATM
Toa(tAar) = —20 / VN () — Vu(s)|Zads. (3.14)
0

The Cauchy Schwarz and Young inequalities imply that for any By > 0,

tATM
Tl,Q(th)guﬁg/ VM (s) = Vu(s)Pads + 2 /Hz N ()|ds. (3.15)
0

Using the inequality (2.4), we deduce that for any 53 > 0 and € > 0,
tATM
Tra(t Amar) < 2085 / (V' (s) = Vu(s) P + [u (s) — u(s)[22)ds
0
tATM 4 N 9
+ 90, /0 ()l 1™ (s) — u(s)|Zads
tATM tATM
<20, / V[ (s) — u(s)]2ads + 2085 + Coy M)(1+ €) / N (1) — u(t)Pads
0 0

+C(v, By,€) /0 M1+ a1 (@) — (8 ads. (3.16)
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Finally, since B is bilinear, Holder’s inequality implies

T174(t A\ TM) = 2/0 ™ |:<B(UN(5) — U(S),ZN(s) — uN(s)), UN(S)>

T (Buls), 2N (s) — ¥ (5)) . ¥ (s) — u(s)]ds
<2 [ 1)~ ulo) e [ )+ o)l ] () = o (9 s,

Using the interpolation inequality (2.2) and the Young inequality, we deduce that for any
B4 > 0, there exists a positive constant C(v, 54) such that

V|V (4™ () — u(s)) |22 [u (5) — u(s) 2212V (5) — u® () v [ (5)]x + [lu(5) 1]
< vBa|V (N (s) = u(s)) 2, + Cl2N(s) — uls)Z2 + OV (s) — uM(s)[2
+ O, B) [ ()% + lu() X112 (5) — uN ()13

This implies
Tra(t A7y) < 1//84/0 TMW[“N(S) — u(s)] \ist T C/O TM‘ZN(S) — u(s)[fds
w0 [ (106 = @+ [ O + IR 6) — ()1} ) s
(3.17)

Collecting the upper estimates (3.13)—(3.17), we deduce that for B2 + 253 + 54 < 2 and
t € [0,T],

t/\TN
sup |2V (s ATn) — u(s A TN)|]%2 +v(2— B2 — 283 — B4) / IVuN(s) — U(S)”i?ds
0<s<t 0

tATM
< R(t)+ sup I(sAN7Tn)+ [2(1 +€)Cup,M + 2Ly + C(v, B3, e)}/ 12N (s) — u(s) |22 ds,
s€[0,¢] 0
(3.18)

where, gathering all error terms, we let

1

0t of [ ka6 - o))

+ v, ) /0 MY O+ ) 1127 () — u¥ (s) ]2 ds.

Ry = [ (2Lal(5) = o (5) s + Ol BB B2V (5) = ¥ 0) ) s

The Cauchy-Schwarz inequality, the integrability property E(||lug||$;) < oo, and the upper
estimates (2.11), (3.4), (3.7) and (3.8) imply the existence of some positive constant C'
(depending on the parameter 3; and e such that for every N, M,

C
E{ sup R(t)) < —. 3.19
<te[0,T} ()) N ( )
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Using the Burkholder-Davis-Gundy inequality and then Young’s inequality and the Lips-
chitz condition (G1Bis) on G, we deduce that for any ¢ > 0,

N

B s 1)) <68({ [ 160 (6D~ GlouloDl e 6) — u(s) s

te[s<t]

<o8(_sw V) —ulf | T Ll o) - us)ads) ).

SG[O,t/\TA/d

tATM
SéE( Sl[lp] 12N (s ATag) — uls A TM)’I%Q) + C’(5)E/ 12N (s) — u(s)[2.ds
s€(0,t 0

tATM
+ C(5)IE/ 1™ (s) — 2N (s)[22ds
0

tATM C((S)
S(HE( sup |2V (s ATar) —u(s A TM)|i2) + C(5)E/ 12N (s) — u(s)Fads + —7,
s€[0,4] 0 N
(3.20)
where the last inequality is a consequence of (3.8). The upper estimates (3.18)—(3.20)

imply that if 6 < 1 and C(8) :=2 — B2 + 263+ B4 > 0,

tATM
(1= OE( sup |2¥(s Aar) = uls Arar) ) + uC’(ﬁ)IE/ V(6™ (s) — u(s)|[Pads
s€[0,¢] 0

t
< % + [2(1 +€)Cyp, M + C (L1, v, B3, €, 5)}1[‘:/ ‘zN(s ATar) —u(s A TM)‘iQdS. (3.21)
0

The Gronwall inequality (disregarding the second term in the left hand side of (3.21))
proves that

—~—

exp (TC(M)),

=lQ

IE( sup 2N (s ATar) — u(s A TM)’iQ) <
s€[0,¢]
where C(M) is defined by (3.11). Indeed, the term 3 < 1 has to be chosen first since
the other positive constants f2 and (4, which have to satisfy 52 + 84 < 2(1 — f3), only
appear in the "error” term R(t). Using this inequality in (3.21), the definition of C,g,
given in (2.5), (3.7) and (3.8), and changing the ratio (liﬁ into % for some 8 € (0,1),
3
we conclude the proof of (3.10). O

3.3. Strong L?(2) speed of convergence of the splitting scheme. Since 7py = T on
Qpr, we can rewrite (3.10) as

r ~
E(lg, { sup 20— u(®)E+ /0 [ (1) (@) I+ ™ () D} }) < 5700,

The previous section provides an upper estimate of the L?(Q2) - norm of the maximal
error on each time step localized on the set 2j;. In order to deduce the strong speed of
convergence, we next have to analyze this error on the complement of this localization set.

The first step is described in the following simple upper estimates, which follow from
Holder’s inequality. Hence, we suppose that E(||u0||%/q) < oo and that p and ¢ are conjugate



12 H. BESSAIH AND A. MILLET

exponents; then

1 1

1y, sup |20 u)it2) < O[P@0)] " [B( sup (MO + )] 322)

Note that we have the similar upper estimate
4 N 2
B(1ay, [ 1)~ u(o)l )
~ 1 T
< C[P(wa)] v [E /
0

where the last upper estimates is deduced from (2.11), (3.4) and (3.7). Theorem 2.2 shows
that E(supycpo,n |u(t)]|?) < co. We next prove that E(supsefo,r \zN(t)]i%) is bounded by
a constant independent of V.

1

(=8 = ¥ @I + N O + @) dt]* < ¢ [P@sp]”,

Lemma 3.5. Let p > 2 and ug be V-valued, Fo-measurable such that IE(HUOH%?H) < 00.

Suppose that G satisfies the conditons (G1Bis) and (G2Bis). Then there exists a positive
constant Cy, such that for every integer N > 1,

T
E( sup () fg;w/ 12N @) ) <
te[0,7) 0

The proof of this lemma is given in the Appendix, Section 5.1.

We next have to make sure that the threshold M (N) is chosen to balance the upper
estimates (3.10) and (3.22).
Case 1: Linear growth diffusion coefficient. Suppose that IE(HUOH%,'J) < o0o. Then
using the Gagliardo-Nirenberg inequality (2.2), we deduce

« AM(N)
¢ = 4> = >
P(5un) =P sup (Ol = MV)) =B( sup @)l 2 =7)
C1 C
< sup [lu@)IY) < ——,
29M (N)2  \telo,1) M(N)2

where the last upper estimates is a consequence of (2.11). To balance the right hand sides
of (3.10) and (3.22), we choose M(N) — oo as N — oo such that

—_~— 1

%exp(TC’(M(N))) = C(q) (3.23)

Taking logarithms and using (3.11), this comes down to

-1
—In(N) +2(1 + €)C s M(N)T =< -2 — In(M(N)),
for some 3 € (0,1) and € € (0,1), where C, is defined in (2.5). Let

1 qg—1
= |In(N) -

st cT )

Then M(N) — oo as N — oo and (3.23) is satisfied. This yields the following result, where
the first upper estimate follows from (3.23) and (3.7), while the second one is deduced from
the fact that y™ (¢;) = u (£, ,)-

M(N) := 1n(1n(N))] = Cw,B,e,T)In(N).  (3.24)



STRONG CONVERGENCE FOR 2D NS NUMERICAL SCHEMES 13

Theorem 3.6. Suppose that ug is V-valued such that E(HuonqH) < oo for some q > 4
and that G satisfies conditions (G1Bis) and (G2Bis). Then there exists a constant C > 0
such that

B( sup [12(0) — u(t)fa + [ (1) — u(t) ]
t€[0,T]

T 9
+ /0 (112 (s) = u(s)II + [u™ (s) = u(s) [} + [ly™ (5) - U(S)H%/]ds) < V)
(3:25)
C
E(ksi?% [uN(85) — ute)[F2 + ™ (1) — u(tk)hiz]) < VE (3.26)

Remark 3.7. Note that if ug is a deterministic element of V', then the speed of convergence
of the current splitting scheme is any negative power of In(N).

Case 2: Additive noise. Suppose that G(u) := G € Ly(K,V), that is the noise is
additive, or more generally that G satisfies the conditions (G1Bis) and (G2Bis) with
K1 =0, that is ||G(u)||%2(K v) < Ko. Then for any constant o > 0 using an exponential

Markov inequality and the Gagliardo-Niremberg inequality (2.2), we deduce

P(5) < P sup [ = VAT) <P( sup [u(t)]} > 2*ﬁ) (3.27)

t€[0,T t€[0,T

We next prove that for an additive noise, or in a slightly more general setting, for o > 0
small enough, E[exp(asup,cp |u(t)]|#)] < oco. In the case of an additive noise, this
result is a particular case of [16], Lemma A.l. In this reference, the periodic Navier
Stokes equation is written in vorticity formulation £(t) = dyusa(t) — d2uq(t). The velocity
u projected on divergence free fields can be deduced from £ by the Biot-Savart kernel,
and |[Vu(t)|pz < ClE(t) |2 We extend this result to the case of a more general diffusion
coefficient whose Hilbert-Schmidt norm is bounded. Recall that the Poincaré inequality
implies the existence of a constant C' > 0 such that if we set |||ul]|? := [Vul2, + |Aul?, for
u € Dom(A), then we have

lull¥ = lulfz + [Vul2 < Cllful]*. (3.28)

Lemma 3.8. Let up € V and G satisfy conditions (C1Bis) and (C2Bis) with K7 = 0,
that is ||G(t, u)H%Q(K vy < Ko. Then the solution u to (1.1) satisfies

E{ exp [a( sup ||u(s)H%/) + V/OT]Au(s)ﬁst)}} < 3exp (affuolly + TKo])  (3.29)

0<s<T

for o € (0, 0] and o = oo Where C is defined in (3.28).
0
In order to make this paper as self-contained as possible, we prove this lemma in the
appendix, section 5.2.

Let up € V; then for ag = the inequalities (3.27) and (3.29) imply

~ v M
P(Q5,) < 3e0B0T oxp ( - 20[07),

4K 1K,C’
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where C' is defined by (2.2). We then have to choose M (N) — oo as N — oo to balance
the right hand sides of (3.10) and (3.22), that is such that for some p > 1,

W T) = 02% exp (C(/]\/?(Z/V))T)

for some positive constant co. Taking logarithms, we look for M (N) such that

o (-

—==/M(N) =< —In(N) +2(1 + €)C,s M (N)T,

where 3 € (0,1), € > 0 and C, 3 is defined by (2.5). Set X = /M (N), ay = 2(1 +¢€)C,3T
and a; = %. We have to solve the equation asX? + a; X — In(N) = 0. The positive

root of this polynomial is equal to % + O(1) as N — oo and exp(_anTCJ\M) =
C exp(—2ag \/L%;Né)) Thus, we deduce the following rate of convergence of the splitting
scheme.

Theorem 3.9. Let ug € V and G satisfy the conditions (G1Bis) and (G2Bis) with
K, =0, that is HG(s,u)H%(K vy < Ko. Then

E( sup [12V(6) — (s + [0 (1) - u()[] (3:30)
te[0,7

T
i /0 (12 () = u() [+ 1 (5) = u(s)[F + lly™ (5) = u(s)[[}] ds) < Cem VI,

E( sup (V) — ulti)Ba + ¥ (1) — u(t)fZa] ) < e VRO, (3.31)

k=1, N
< Q) 2913
TS\

Note that when v increases, the upper bound of the exponent ~ increases.

where

Remark 3.10. Note that the statements of Theorems 3.6 and 3.9 are valid if the diffusion
coefficient G depends on the time parameter t € [0,T] and satisfies the global growth and
Lipschitz versions of (G1Bis) and (G2Bis). We have removed the time dependence of
G to focus on the main arguments used to obtain strong convergence results.

4. EULER TIME SCHEMES

4.1. Description of the fully implicit scheme and first results. Let us first recall
the fully implicit time discretization scheme of the stochastic 2D Navier-Stokes introduced
by E. Carelli and A. Prohl in [11]. As in the previous section, let ¢, = %, k=0,---,N,
denote the time grid. Since we are not using finite elements for the space discretization,
we may disregard the pressure and define the following time discretization scheme:

Fully implicit Euler scheme Let ug be a V-valued, Fo-measurable random variable and
set un(tg) = ug. For k =1,--- N, find un(ty) € V such that P a.s. fork=1,---,N
and for all p € V,

(un (tk) = un(th-1), &)+ [V(VUN(tk)a V) + (B(un(tr), un(tr)), ¢>}
= (G(un(tr-1)) AW, 8), (4.1)

219
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where AW = W (tg) — W(tg—1).

In the study of the Euler discretization schemes, we will need some Holder regularity of
the solution. This is proved by means of semigroup theory; see [24], Proposition 3.4 and
[11], Lemma 2.3. An easy modification of these proofs in our slightly different functional
setting for the stochastic integral yields the following.

Proposition 4.1. Let ug be Fy-measurable such that E(HUOH%,p) < oo for some p € [2,4].
Let G satisfy conditions (C1) and (C2) with the constraints of Theorem 2.2. Then for
n € (0,3), we have

E(l[u(t) — u(s)I2) < C |t — 8|, (4.2)
E([lu(t) — u(s)[}) < C [t — 5% (4.3)

Let us recall Lemma 3.1 in [11], which proves moment estimates of the solution to (4.1).
Despite the slightly different assumptions on the diffusion coefficient G, its proof clearly
extends as well as the induction argument of Lemma 3.1 in reference [10], which is used
to prove (i) below for any exponent q.

Lemma 4.2. Let uy be Fo-measurable such that E(||uo||¥') < oo for some integer q €
[2,00). Assume that G satisfies the conditions (G1) and (G2) and that Ky satisfies
the same stochastic parabolicity constraint as in Theorem 2.2, i.e., Ko < %, and that
Ly < 2v. Then there exists a P a.s. unique sequence {un(ty)}n_, solution of (4.1), such
that each random variable un (ty) is ftk -measurable and satisfies:

]svuplE( max [ ()7 +V—Z||uN ()2 QyAuN(tk)@z) <CO(T,q),  (4.4)
>

where C(T, q) is a constant which depends on T, the constants K;, 1 = 0, 1,2 in conditions
(G1) and (G2), and also depends on E(||uol/¥).

For k =0,---,N, let eg := u(ty) — un(tx) denote the error of this scheme (note that
ep = 0). Then for any ¢ € V and j =1,--- , N, we have

(e — ejo1, ) + / " [o(Vuls) - Tun(ty). Vo) + (Bu(s)) ~ Blux(t;)) . 6)]ds

ti—1

-(/ " [6u(s) - Glu(t-)] AW (), 8). (4.5)

ti—1

4.2. A localized convergence result. The first result states a localized upper estimate
of the error terms. This is due to the non linear term, but unlike [11], it depends on w
and not on uy. Given M >0and k=1,--- , N, set

off i={weq: max [Vu(t)R. < M} € Fi. (4.6)

1<5<k

The following proposition is one of the main results of this section. The modification
with respect to Theorem 3.1 in [11] is the localization set which does not depend on the
approximation. This will be crucial to obtain a speed of L?(Q2)- strong convergence, and
not only that the scheme converges in probability.

Proposition 4.3. Let G satisfy the growth and Lipschitz conditions (C1), (C2) with
Ky < 2, Ly < 2. Let ug be such that E(|juoll$) < co. Then for Q' be defined by (4.6)
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and N large enough, we have for every k=1,--- ,N:

TN\"
E(lgﬁf ) 1mjax []ekhLz +rv— Z |Vek|L2D < C exp [C1(M)T] (N) , (4.7)
for some constant C > 0, n € (0, 5), and
C? <

Ci(M) = ———— M +C(3,é) Ly, 48
M) = S MG, Ly (45)

where C is defined in (2.2), 6 € (0,1) and 6 € (0, %) are chosen such that

1 9

Proof. We follow the scheme of the arguments in [11], pages 2480-2484, but the upper
estimate of the duality involving the difference of the bilinear terms is dealt with differently,
which leads to a different localization set. Furthermore, in order to describe the strong
speed of convergence of the scheme, we need a more precise control of various constants
appearing in some upper estimates. Hence we give a detailed proof below.

Step 1: Upper estimates for the bilinear term

Let us consider the duality between the difference of bilinear terms and ej, that is upper

estimate ft?_1<B(u(s)) — B(un(tj)), e;)ds. For every s € (tj—_1,t;], using the bilinearity
of B and the antisymmetry property (2.1), we deduce

3
(B(u(s),u(s)) — Blun(ty), un(t;)) , e;) = ZTi(S), (4.9)

where, since (B(v,un(t;)), e;) = (B(v,u(t;)), e;) for every v € V,

(

(s) :=(B(ej un(ty)) e]>_<B(6J7 (t5))+ ),
(s) =(B(

(s)

85

s) :=(B(u(s) — u(t;),u(t;)), €;),
Ts(s) :=(B(u(s),u(s) — u(tj)) ej)=—(B(u(s),e;), u(s) —u(t;)).

Note that, unlike the first formulation of T} (s), the second one only depends on the
error and on the solution to (1.1), and not on the approximation scheme. The Hélder

inequality and (2.2) yield for every 6; > 0 and C defined in the interpolation inequality
(2.2)

t; _T
[ mlds < €5 lejle [Ves e Va1

ti—1
c? T
461v

where the last upper estimate follows from Young’s 1nequality (with conjugate exponents
2 and 2). A similar argument using Holder’s and Young’s inequalities with exponents 4,4
and 2 imply that for any o > 0 and v, > 0,

| Ta(s)| < 82v|Vej[fa +2lejlfa + Cv, 62, 72) [ulty) — uls)lIFa [ Vu(ty)Ife.
Using the Cauchy-Schwarz inequality we deduce

< 511/ IVej|2s + —— |€j|12L2 Vu(t)) 2,

t; T
[ o)1 ds < 8wV e e

ti—1
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t;
(w69, 72) [Vulty) s / lu(t;) — u(s) |2ads.

tj—1

Similar computations using the Holder and Young inequalities imply

t;
[ s < bgivee s g [ IR ) w9 s @10

ti—1
for any d3 > 0. Note that
t,

V/j (V(u(s) —un(t;)), Vej)ds = v— ]Ve]]]Lz —i—u/] (V(u(s) — u(tj)), Vej)ds.

ti—1 ti—1
Using the Cauchy-Schwarz and Young inequalities, we deduce

t; T 5 v t; 9

1// (V(uls) — u(t;)), Vej)|ds < fove|Ves[2a + / IV (u(s) — u(t;) P ds

tjfl N 450 tjfl

for any d9 > 0. Hence using the above upper estimates in (4.5) with ¢ = e;, we deduce
3 —
T C? T

(e er-1.65) + v IVeslts < v 3oy Vel (2 g Vut) )  lels

3 t]
L0+ ([ ) - Glxa))avs) ), ()
=1

ti—1

where

~—

T5(1 :4%0 /tjjl IV (u(s) —u(ty)) | ds

t;
T5(2) =C(v, 62, 72) [Vult;) / lu(s) — u(t;)|2ads,
-1

- 1 tj 5 5
B0 =g, [ IOElu() (o).

Using the time regularity (4.3) with p = 2, we deduce

TN Hn
<Oo— (=) "". ‘
E(T;(1)) 0450( ) (4.12)
The Cauchy-Schwarz inequality, (2.11) with p = 2 and (4.2) imply
~ T\ 1+2n
T\ 1+2n
<C— (= ' .
E(T;(3)) 04V53 ( ) (4.14)

Step 2: Localization

In order to use a discrete version of the Gronwall lemma to upper estimate |ej|i2, due to
the factor |[Vu(t;)[2, in the RHS of (4.11), we have to localize on the random set Qj]\/ﬁl
defined in (4.6). The shift of index is due to the fact that, in order to deal with the
stochastic integral, we have to make sure that the localization set is J;;_ -measurable.
This set depends on j, but we will need to add the localized inequalities (4.11) and take
expected values.
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Note that for 1 < j < k, Qﬁ/l C Q;W Hence, since ey = 0, as proved in [11], estimate
(3.25), we have

J J
2 2 2 2
jnax ;1 Lon (Iezlm - ‘61—1|L2) = max (1ij\{ el + ;2: (Tapr, = 19%1)|€l—1|lt2)

> lrélja,<Xk 1QM ’6]’L2 (4.15)

Thus, we will localize \ej]]%g on the set QJA{ 1 and - shifting the index by one - control some

"error term” |ej — ej_1|i2 localized on the same set. Note that this localization set only

depends on the projection of the solution u of equation (1.1) on divergence free fields, and
not on its approximation.

Adding the 1nequahtles (4.11) with ¢ = e; localized on the set QJ 1, using eg = 0 and

the identity (a,a — b) = [|al?, — |b|22 + |a — b]2.], we deduce for k=1,--- | N
1 S )
max (519%1|€j\m t3 Z Loy |er— ez_thz)

1<j<k
J
*(filagkz Lom <|€l|]L2 — ler- 1\]L2> + ; Lou ler — 65—1|12L2)

max lom (e —ej_1,€;).
max E Ql_l 1 — €1, z)
1<i<y

\ /\

IN

The upper estimates (4.11) for j = 1,--- , k imply for any € > 0

Mm

1 J 7 J
max [519%1 lejlfz + > oy ler —eralfa (1= 6,) ) ¥ Z Loy [Verl,
=1

1<5<k
VA =1 r

Il
=)

Mw

< [72+(1+6)

C2M| T & , e
| 2 o el + 3
]:

=1 j=1

k
T
+CW 81,0 1 D g leEa IV [ulty) — ult )] B + Mi(1) + Me(2),  (4.16)
j=1

where
Z oy, ([

Zlg ([ 60t ~ G )aw ), ¢ - ).

[Glu(s)) = Glu(t;-))]dW (s). ¢j1),

ti—1

The inequalities (4.12)— (4.14) imply the existence of a constant C' depending on T, v, §;,
1=20,---3 and 2 such that

> D E(TG)=C (%)77 (4.17)
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The Cauchy-Schwarz inequality, (2.11) and (4.4) for p = ¢ = 2, and the time regularity
(4.3) for p = 4 imply the existence of a constant C' such that

—ZE(\%!W [ulty)) — ult D)) < 0(5) (118)

We next upper estimate IE( Max| << N Mk(2)) The Cauchy-Schwarz and Young inequali-
ties imply that for any do > 0

N

E( max Mk(2)) < Zk: {E(lgM lej —ej— 1‘]1%’)}

1<5<k
VRS =1

N[

{510y, [ 106D - Gt ) emds)

tj—l

(1o, 16 (u(s)) = Glun(t)IIE, () ) ds-

The growth condition (G2) and (4.3) imply for any € > 0 and s € [t;_1, ],
E(1gpr G (u(s)) — Glun (ti-1))lIZ,(x,m))

< (L+ OB (Lgy G ultion) = Glun (b)) 12, (ki)

+ (14 %)E@Q%l 1G(u(s)) = Gu(ti-)) 2, 1))

T\n
<Ly 1+ E(lgy lemafe) + Lo (1+ O E(1gy, Ve ) + C@)(5) - (419)

Since Qj\/[ C ij\{l and eg = 0, we deduce for any k =2,--- | N,
k—1
1 —i— e T 9
E(fgfng( )) <52*ZE Loy | lej — ejalfz) + L1y 1E<1Q§v1|€jlm)
J:
1 + € T\n
+ szZE@QN |ve]|L2) +Ofe, 52)T<N) . (4.20)

2

Since Lom and e;_; are F;, ,-measurable, using the Burkholder-Davies-Gundy inequality,
the Young inequality, (4.19), and using once more the inclusion QM c QM we deduce

that for any é; > 0,

j—1

B s M )<3ZE[{1QM [ 6o - G0 g e}

1<5<k
1

< 31@[( max Lo Jer- 1\L2){219M /tl G (u(s)) — G(uN(tl,l))!!%Q(KH)ds}i}

-1
1<I<k — ts
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E—1
~ 9(1+¢ T
< 51E( max 1QM ler— 1|]L2) + QLl N ZE<1Q%1|6j|i2>‘
j=1

1<I<k 461
k—
9 1 + € T 9 ~ T\"n
TS Nz:: <199£1|V61|L2> +C(e, 61)(N> , (4.21)

Collecting the upper estimates (4.16)—(4.21) and taking d, = 1, we deduce for k = 2,--- | N

1 2
g (e ) (1= 28) § 2 )

~2
w2

max 1QM ]e]]Lz)

< [51 +v2+ (1+e€) Jnax

C*M l+e/1 9 T —
1 (T T)L}f E(1 12
g ww TG ) sz—:l (g leliz)

F 4 D) e S By Velt) + () (422
1

Step 3: Discrete Gronwall lemma
Since %LQ < v, we may choose §; < %, 09 < 1, € >0 and §; < 1 such that

1+e¢ 9

1
v(l—4d1) - 1 [5*4-5*
2 1

i|L220él/

imply
1 = C?MN\ T 1 -
5—51—(724-(14-6)46 ) (1—6)(5—(51),

and choose ¢;, i = 0,2, 3 such that dg + d2 + d3 < Sv. Then for N large enough,

)+ Z]E Lo [Ves22)

(1—€)<*—51) <1I£1a<xk19M lej|22

C?°M < < T «— T\
<[a+a%s, +c<72,51,52,e>L1]N;E(lgggl\ej\iz) +o(5)"

Set

(15)1, M+ (1+€)C(y2,01,02) L
(1-9(z-0)

Neglecting the second term in the right hand side and using a discrete version of the

Gronwall lemma, we deduce that

T\n
C1(M)T
B ey eltz) £ €T ()

Note that the choices of the "main” coeflicients has to made such that

1 = 1
V(l—dl)—4(1+;)L2 >0 ford; € (O, 1), 0 € (0,5).
1

Ci(M) := (4.23)
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Once these inequalities hold, choosing 72, € and € small enough, one can let
. (1+#eC?
51(2 — 451)1/
for € > 0 arbitrary close to 0. Plugging this in the previous upper estimate and using the
inclusions QM Q;VI for j =1,--- ,k, we deduce (4.7) and (4.8). Indeed, we change %
into ¢ for another constant § € (0, 1). O

C1(M) M +C(61,€) L1,

Remark 4.4. Note that if Ly = 0, the constant C1(M) in the statement of Proposition

4.8 has a simpler expression. Choosing 61 ~ 0,72 ~0,6~1,0~0 fori=0,2,3, we

may take C1(M) arbitrary such that

(1+¢6C*M
2v

where C' is the constant defined in (2.2) and € > 0 is arbitrary close to 0.

Ci(M) = + C(€) Ly, (4.24)

4.3. Strong speed of convergence of the implicit Euler scheme. As in section 3.3,
let us use Holder’s inequality with conjugate exponents p and 29~ !. We obtain

1

E(l(Q%I)c 1£naXN ]ek|i2) <C [P((QJ\N/[)C)] >

<k<
1
8 [E(OEETW(S)’L? + I<I}€a§XN|UN(tk)’L2)] ’ (4.25)
T N 1
=1

1
2 20\ 4
X [E(OilslgT\Vu(S)Lz +OISI}€E%XN|VUN(tk)‘L2>} . (4.26)

The inequalities (2.11) and (4.4) applied with Ky < 27” and Lo < % prove that if
E(||luo||?’) < oo, the second factors in the right hand sides of (4.25) and (4.26) are bounded
by a constant independent of N.

We now upper estimate the probability of the complement of the localization set and to
balance the upper estimates of the L? moments localized on the set Q% and its comple-
ment. To obtain a strong speed of convergence will require the threshold M to depend on

N. Two cases are studied.

Case 1: Linear growth diffusion coefficient
Suppose that G satisfies conditions (C1) and (C2) with Ly < ¥ and that E(||luo?") <
00. Then (2.11) implies

IP’((QAN/I(N))C> g]P( sup |Vu(s)|Zs > M(n))

0<s<T
< ()" E( s u@IF) oM@y @
~ \M(N) 0<s<T Vi) = ’ ’

If we suppose that E(||ug||?’) < oo, in order to balance the upper estimates (4.25), (4.26)
with (4.27) and (4.7), we have to choose M(N) — oo as N — oo, such that as N — oo,
T

() explC(M(N) T) = Cla)M(N) 7+,
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where C1(M(N)) is defined in (4.8). For & € (0,1), § € (0, 3) such that v(1 — &) — 1 (1 +
%)Lg > (. Taking logarithms and neglecting constants leads to

~2
—nln(N) 4+ CLW < —(277 = 1)In(M(N)) + O(1) as N — oo.
5(2 —49)v
Let
5(2 —40)v _ n6(2 — 46)v In(N
M(N) := (CZT){nln(N) — (2= 1)In (ln(N))} = ( C_'Q)T (V) (4.28)
for € > 0. Then, for this choice of M(N), we have
—MMN%HA@ﬂN”T:—hKW*—JﬁMNﬂ+OQL
which implies (—) exp|C1(M ( ) —2TH for some positive constant C.

Furthermore, M(N)~2"'+! < C’ (ln( )) = + for some positive constant C'. Similar
computations with sum of the V norms of the error on the time grid yield

_(9a—1_
E<lg}ca<XN|ek|L2 +V*Z\V6k\m> < C(In(N)) * Y,

for some constant C' depending on 7', ¢ and the coefficients K;, i = 0,1,2. This completes
the proof of the following

Theorem 4.5. Let ug be such that E(|jug||?) < oo for some q¢ > 3, G satisfy assumptions
(G1)-(G3), and suppose that Ko < % and Ly < %. Then the fully implicit scheme
uy solution of (4.1) converges in L*(Q) to the solution u of (1.1). More precisely, for N
large enough we have

_(99—1_
E(lg}iXNm(tk)*uN t)liz + Z}V u(ty) — un tk”]l)) < C[In(N)] @7 =1,

(4.29)

Remark 4.6. Note that, as for the splitting scheme, if ug is a deterministic element of
V and G satisfies the assumptions of Theorem 4.5, we have

E(11<nax u(ts) — un (tr)[f2 + Z |V [ultr) — un(tr) ]\V) < C[n(N)]
N=
for any ~v > 0.

Case 2: Additive noise Suppose that G(u) := G € Lo(K,V), that is the noise is
additive, or more generally that the conditions (G1) and (G2) are satisfied with K; =0
for ¢ = 1,2 and Ly = 0. Using an exponential Markov inequality, we deduce that for any
constant o > 0

IP’((Q]‘NJ(N))C> <exp (—aM(N)) E[exp (04 Ozlng ]Vu(t)h?ﬁ)}. (4.30)

Recall that Lemma 3.8 implies that for a € (0, ap], where ap = 4; 7 and C is defined
in (3.28), we have E[supte[o 77 exp(au(t )|I#)] < co. Using (4.7) with (4.24), (4.30) and
(3.29), for 6; ~ 0 and §; ~ 1, we choose M(N) such that
T\n (1+¢ C°M(N)T \ vM(N)
(—) exp ( 5 V) = cg exp ( - p4KoC'> (4.31)

N
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for some p > 1, € > 0, and some positive constant ca, where C' (resp. é) is defined by
(2.2) (resp. (3.28)). For any p,€ € (1,00) since ug is deterministic, E(||uo||{,) < oo for
conjugate exponents p and q. Set
nin(N)
v (1+8)C2T

p4KOé 2v

for some € > 0. Then M(N) — oo as n — oo, and both hand sides of (4.31) are
equal to some constant multiple of N~#7, where, choosing p close enough to 1, we have

M(N) :=

B < fKiocch Since n < % can be chosen as close to % as wanted, this yields the following
4Koé 2v

rate of convergence.

Theorem 4.7. Let ug € V, G satisfy assumptions (G1) and (G2) with K; =0, 1= 1,2,
and Lo = 0. Let u denote the solution of (1.1) gnd upn be the fully implicit scheme solutwn
of (4.1). Then for N large enough, C (resp. C) defined by (2.2) (resp. (3.28)),

T
IE<11<I}€a<XN|u(tk) —un(tp) e + — Z }V u(ty) — un (tx ”HP) < C(N>7, (4.32)

71/ =
4KqnC
’Ll)her@ Yy < % uiOC‘QT .
4KOC_’+ 2v

Note that if v is large, the speed of convergence of the H and V norms in Theorem 4.7

is 7close” to C(T)N -3 Intuitively, it cannot be better because of the stochastic integral
and the scaling between the time and space parameters in the heat kernel, which is behind
the time regularity of the solution stated in (4.3).

4.4. Semi-implicit Euler scheme. In this section, we prove the strong L?(£2) conver-
gence of a discretization scheme with a linearized drift. Let vy be defined on the time
grid (tx,k=0,---,N) as follows.

Semi implicit Euler scheme Let ug be a V-valued Fy-measurable random variable and
set vy (0) =ug. For k=1,--- N, let un(t) € V be such that P a.s. for all ¢ € V,

(vn (tr) — v (te-1) , @) + % [V(VUN(tk) , Vo) 4+ (B(on(tr—1),on(tr)) , &)

= (G(un(tr-1)) AW, ¢), (4.33)

where AkW = W(tk) - W(tk_l).
Note that since in general (B(u,v), Av) # 0 for u,v € Dom(A), the moments of vy
are bounded in a weaker norm than that of the fully implicit scheme uy.

Lemma 4.8. Let ug € L*'(Q,V) for some integer ¢ > 2 be Fo-measurable and let G
satisfy the condition (G1) with Ko < 25%1 and Ly < 2v. Then each random variable

un(tk), k=0,--- ,N is Fy, -measurable such that

cop B mx [on () 05 S (B IonGolR) < CTa). (43
k=1
For k=0, ---,N, set e = u(tx) —vn(tx). Unlike [11], we will not compare the schemes

uy and vy since the norm of the difference would require a localization in terms of the
gradient of uy. Instead of that, we prove the following analog of Proposition 4.3.
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Proposition 4.9. Let G satisfy the growth and Lipschitz conditions (G1) and (G2) with
Ky < % and Ly < %, and ug be Fy-measurable such that E(|luo||$) < co. Then for QM
defined by (4.6) and N large enough, we have for k=1,--- N and n < %

k=1 1<5<k

E(lQM max “ék‘iz + V% i ]Vékligb < C(%)n exp [C1(M)T], (4.35)
j=1

where C > 0 is some constant and C1(M) is defined by (4.8) for § € (0,1) and é € (0, 1)
such that v(1 —8) — 2(1+ %)Lg > 0.

Proof. Many parts of the argument are similar to the corresponding ones in the proof of
Proposition 4.3; we only focus on the differences.
We first consider the duality between the difference of bilinear terms and e;, that is

upper estimate ti?;1<B(u(s),u(5)) — B(un(tj—1),un(t;)), €j)ds. For every s € [tj_1,1;],
using the bilinearity and antisymetry of B we deduce

3
(B(u(s), u(s)) — Bun(tj-1),vn(t;)), &) = Z [i(s),
where

Ti(s ':<B(éj 1, ON(t5)) €J> <B(61 1,U (tj))aéj>’

To( —<B(u s) —u(tj-1),ulty)) , &),

Ts(s <B( (s),u(s) — u(t; ) ej> = —< s),€;5), u(s) —u(tj)>.
(

Using Holder’s inequality, (2.2) and Young’s inequality, we deduce that for every d; > 0,

L
/ 173 (5)lds <Ol 11223 a1 V25 12 Vgl [Vu(ty o

ti 1
_521 ff\Vej 12 + 62 N|Vej|]L2

(;150 ]7\;’6] 1|]L2|V“( )’]1,2 + +(;150 L \6J\L2]VU( ')‘iz- (4.36)

The upper estimates of ft i(s)ds, i = 2,3 are similar to the corresponding ones in the

first step of the proof of Theorem 4.3. This yields the following analog of (4.11) with the
same upper estimates (4.12) — (4.14) of the terms Tj(z) i=1,2,3

1 T
(€ —&j-1,¢)+ V|Véj|i2 < v(do + 551 + 02 + 53) |V6]|]L2 + 511/ |Ve] 1|]L2
T _ _
+ (v gy Vult)R: ) frlesle + @rwuj)\iﬂej_n@
3 _ t;
L0+ ([ (6 - Glent))] dW (o). <), (437)

i=1 tj—1

Once adding these estimates localized on the set Qi\j{l, we deduce an upper estimate
similar to (4.16) where e; is replaced by €;. Following the same steps as in the proof of
Proposition 4.3, we conclure the proof. O
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The arguments in section 4.3 prove that the statements of Theorems 4.5 and 4.7 remain
valid if we replace the solution uy(¢;) of the fully implicit Euler scheme by the solution
un (tx) of the semi implicit one.

4.5. Time dependent coefficients. For the sake of simplicity, we have supposed that
the diffusion coefficient G does not depend on time. An easy modification of the proofs of
this section shows that the statements of Theorems 4.5, 4.7 for the fully or semi implicit
Euler schemes remain true if we suppose that G : [0,7] x V. — Lo( K, H) (resp. G :
[0,7] x Dom(A) — Lo(K,V)) satisfy the global linear growth and Lipschitz versions of
(G1) and (G2)

Gt 7y, < Ko+ Kilulfa + Kallull} G w)lIZ, vy < Ko + Killullf + Ko Aulf,,
IG(t, 1) = G(t, V)| 7y, )2 < Lilu = vlfz + Lollu — |7,

IG(t,w) = Gt )12, k12 < Lallu = vlly + Lol A(u = v)E,

for u,v € V (resp. u,v € Dom(A)) with the same constraints on K9 and Lo, and if G also

satisfies the following time regularity condition:
(G3) There exits a constant C' > 0 such that for any u,v € V and s,t € [0,T7:

1
IG(t,w) = G(s, w)l|Zy () < Clt = sI2 (1 + JJullf).
In that case, the fully implicit scheme u” (resp. semi implicit scheme vy) is defined

replacing G(un(ty-1)) by G(tk—1,un(tr-1)) (resp. by G(tg—1,vn(tk-1))). in the right
hand side of (4.1).

5. APPENDIX

In this section we prove two technical lemmas used to obtain the strong convergence
results.

5.1. Proof of Lemma 3.5. First note that using (3.4) and (3.7), we deduce that if
E(||uol3¥) < oo then

T
swp B [ 15[t < C(o).
N>1  Jo

Thus only moments of sup;c(o 7 B (t)hi’; have to be dealt with.

The process 2"V defined by (3.6) is not regular enough to apply directly Ito’s formula
to |2V (¢)|?,. However, we may use It6’s formula with the Galerkin approximations of the
processes u, 4™V and 2" and then pass to the limit. This yields for every t € [0, T

Y () = Juol?s — 2 / (F(u™(3)) , 2 (s))ds + / 1G (™ (12, .11,

+ 2/0 (G (s)dW (s), 2NV (s)).

Using once more the Itd formula, we deduce

3

2N ()75 = Juolth + 1(t) + Z Ji(t), (5.1)
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where
110 =20 [ (G )W), ) R
R / N ()PP (T (s) , V2V (5)) ds
f=—2 / N (BN (s),uV(s)), 2N (5))ds
—4p /0 N OV IG N ()21,

t
T+ 2p(p— 1) /0 16 ™ ()2 () 2|2 ()PP s
Holder’s and Young’s inequalities imply
t
()] <2(p— 1) / 12 \des—i—u/ (V2N ()12 + [V ()22 ds

p+1 and 2”;1, we deduce

Using again the Holder and Young inequalities with exponents 5p

| Ja(t)] <2p / |zN<s>|§2p‘”|VzN<s>|u [uM (s) (1% ds

~ 2p+1
2p N 2p+1 2p+1d
< || sV IIU s)lly ™ ds,
2p +1 2 + 1

where C' is the constant deﬁned in (2.2). Finally, using the growth condition (G1Bis),
we deduce

5()] <(2p% — p / N (D Ko + Ky () Pa] ds

<(2p— 1)( —1/|z §)[2ds + C(p Kp/ 1Y ()] ds + C(p) KoT.

where C(p) is a constant depending on p. The inequalities (3.4) and (3.7), and the above
estimates of J;(t) for i = 1,2, 3, imply the existence of a positive constant C'(p) depending
on p such that for every integer. N > 1,

ZE( sup_|Ji()]) < C(p). (5.2)
te[0,T)]
Furthermore, the Burkholder-Davies-Gundy inequality, the growth condition in (G1Bis)
and the Young inequality imply

B sw 11)1) <6E({ [ N G () s} )

te[0,7

1 T
< 5E( s [NORL) + CWE [ K8+ Ky ()] ds
0

te[0,7
1
< SE( swp N 0E) +C). (5.3)
te[0,7

where the last inequality is deduced from (3.4).
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The upper estimates (5.1)—(5.3), (2.11), (3.4) and (3.7) conclude the proof. O

5.2. Proof of Lemma 3.8. We prove the existence of exponential moments for the square
of the V norm of the solution u of (1.1).

Proof of Lemma 3.8. Let a > 0; even if the solution u to (1.1) is not regular enough,
we may apply the It6 formula to the square of its V norm. Indeed, we can apply 1to’s
formula to the more regular Galerkin approximation of u and then pass to the limit using
for example a Yoshida approximation or computations similar to those in [12], step 4 of
the Appendix on page 416. This yields

t t
allu®)|} + av /0 lIu(s)][]%ds = alluoll} + o / 1G (s, u(3)) 7 (1.1

t
+2a/0 (u(s), G(s,u(s))dW (s) oa// 1lu(s)||2ds, (5.4)

where for u,v € V we set (u,v)y = (u,v) + (Vu, Vv) and recall that ||[u]||? := [Vul?, +
|Aul?,.
Let M(t) := 2« fg (u(s), G(s,u(s))dW(s))V; then M is a martingale with quadratic

variation
t t
(M); < 40? /O ()G (5, u(s)) 12, 1.1y ds < 40K /0 u(s)]|2 ds.
_ t
< 102K,C / us)|] [2ds.
0

where the last inequality follows from (2.9) and the definition of C' in (3.28).
Let ag : 4K SVtel then we deduce
M —oa// u(s)||Pds < M; — <2 (A1),
o

Therefore, using the previous inequality and classical exponential martingale arguments,
we deduce

Pl e, (v [Cian) = ] < sy (i~ 2 00) 2 K]

2 1,2 2
§]P’[ sup exp ( aOMt — §<ﬂM>t) > exp (ﬂK)}
0<t<T o o

gexp<—@f() IE[ (MOMT—}(éM)T)} gexp(—@f()
« 2« «
for any K > 0. Set

X =exp (a{tes[lé%]2/0t (u(s), G(s, —1// |[|u(s)]|? ds )

then for o € (0, ap], we deduce that P(X > ef) < exp(— K2°‘0 e 2K = (e75)2 for any
K > 0.

Using this inequality for any C' = e > 1 with K > 0, we deduce E(X) <2+ [[°P(X >
C)dC < 3. Since (5.4) implies

t
o sup (@I} +v [ lul|Pds]) < alfuolfy + akoT
te[0,T) 0
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t t
+ s (af2 | ws). Gs.uts)y = [ flucs)Pas}),
we conclude the proof of (3.29). O
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