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Asymptotic behavior for the Vlasov-Poisson
equations with strong external magnetic field.
Straight magnetic field lines

Mihai BOSTAN *

(January 14, 2018)

Abstract

The subject matter of this paper concerns the Vlasov-Poisson equations in
the framework of magnetic confinement . We study the behavior of the Vlasov-
Poisson system with strong external magnetic field, when neglecting the curva-
ture of the magnetic lines. The arguments rely on averaging techniques. We
intend to determine second order approximations and to retrieve the usual elec-
tric cross field drift, the magnetic gradient drift, etc.

Keywords: Vlasov-Poisson system, two-scale analysis, averaging, homogenization.

AMS classification: 35Q75, 7T8A35, 82D10.

1 Introduction

Let f = f(t,x,v) be the presence density of a population of charged particles of
mass m, charge ¢, depending on time ¢, position x and velocity v. Motivated by the
magnetic confinement, we study the Vlasov-Poisson equations, with a strong external
non vanishing magnetic field. Neglecting the curvature of the magnetic lines, we assume
that the external magnetic field is orthogonal to Oz, Oxs. In the two dimensional
setting x = (x1, 22),v = (v1, v2), the Vlasov equation writes

8tf5+v-foe+% (E[fF(t)](x) + B (x) L0} -Voff =0, (t,z,v) € Ry xR2xR2. (1)

Here the notation () stands for the rotation of angle —m/2, i.e., tv = R(—7/2)v =
(v9, —v1), v = (v1,v2) € R? and the magnetic field writes B*(z) = (0,0, B*(z)) =
(0,0, B(z)/e), where B(x) is a given function and € > 0 is a small parameter. The
electric field E[f*(t)] = =V, ®[f(t)] derives from the potential

27350 /R /R In o — /| f(t 2/, v') dv'ds’ 2)

O[f()](x) = —
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satisfying the Poisson equation
—eo AP =q [ fo(t,x,v)dv, (t,x) € Ry x R?
]RQ

whose fundamental solution is z — —s-In|z|,z € R?\ {0}. Here €, represents the
electric permittivity. For any presence density f = f(z,v), the notation E[f] stands
for the Poisson electric field

Bl = 5= [ [ p) 220 avar ®)

27eg — 2'|?

and p[f], j[f] are the charge and current densities respectively

p[f]:q f(',U) d’U, ]Lﬂ:q f(-,v)vdv.
R2 R2
We complete the above system by the initial condition
0, 2,0) = fin(z,v), (7,v) € R* x R?. (4)

We intend to investigate the asymptotic behavior of the problem (1), (3), (4) when ¢
goes to 0. We refer to [17, 18, 19, 24, 25, 11, 13, 15, 22, 3, 5, 6, 7] for previous results
on this topic where, most of the time, the authors studied the case of uniform magnetic
fields (see also [20] for results with magnetic field of constant direction but variable
strenght and with magnetic field of constant strenght but variable direction).

Solving numerically (1), (2), when € becomes small, requires a huge amount of
computations. For example, when explicit numerical methods are used, CFL stability
conditions apply, leading to a small time step of order €. One alternative is to construct
suitable numerical schemes, preserving the asymptotic cf. [14, 16, 12]. Here we have in
mind another possibility. Instead of solving the problem (1), (2), which appears in a
singular form, due to the large magnetic field, we are looking for a regular reformulation
of it, whose numerical resolution is not penalized anymore by the smallness of the
parameter €. Certainly, the new problem will not be equivalent to the original one,
but up to a second order term with respect to e, the solutions will coincide. Therefore,
when e becomes small we can obtain very good approximations for the Vlasov-Poisson
system with large external magnetic field, with a numerical cost not depending on €.

The derivation of the regular formulation follows by averaging with respect to the
fast cyclotronic motion, whose invariants are the Larmor center and radius. Its well
posedness is established : a classical solution exists globally in time and it is unique.
For any k € N, the notation C stands for k times continuously differentiable functions,
whose all partial derivatives, up to order k, are bounded.

Theorem 1.1 5
Consider a non negative, smooth, compactly supported initial presence density fi, €
CHR?*xR?) and a smooth magnetic field B = £ € C(R?) such that inf,eg2 |B* ()] =
B§ >0 (that is B = =2, inf,er2 |B(x)| = By > 0). There is a unique presence density
f € CY R, x R? x R?) whose restriction on [0,T] x R? x R? is compactly supported for
any T € R, whose Poisson electric field belongs to C*(R, x R?)

E[f(t)(x) =

o
/IR LI @’)ﬁ di'ds’, (t,x) eR, xR®  (5)
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satisfying

:, (TEF@®)]  mlopPtvse P, L(Ef@)] VeBT\ o s

f0,2,0) = fu(z,0), (z,9) € R? x R2
Moreover, if for some integer k > 2 we have fi, € C*(R? x R?), B® € C**1(R?), then
f € C*R, x R? x R?) and E[f] € C*(R, x R?).

We prove that the solution of the previous model approximates the solution of the
Vlasov-Poisson system (1), (2) up to a second order term with respect to e.

Theorem 1.2

Let B € C3(R?) be a smooth magnetic field, such that inf,eg2 |B(x)] = By > 0. Con-
sider a family of non negative, smooth, uniformly compactly supported presence densi-
ties (9°)e=0 C C2(R? x R?)

J Rz, R; >0 : supp ¢° C {(7,9) € R*xR? : || < Rz and |9| < Rz}, sup||¢°|lc> < +o0.
e>0

We assume that the presence densities are well prepared i.e.,

sup HLfJ ) VT)QSHLQ(RQXRQ)
e>0 52

< +00.

We denote by (f€)e>0 the solutions of the Viasov-Poisson equations with external mag-
netic field (1), (2) corresponding to the initial conditions

L J_E €
fe(owraU):gE ('T—i_g_vav_gﬁ

5 ), (z,v) € R* x R? ¢>0.
We

Then for any T € R, there is ep > 0 and Cp > 0 such that for any 0 < e < ep

1/2
. o oo LE[f)]
ti[lé,r}] /RQ/RQ[f (t,z,v) f(t,wrewc,v 5 )

dvdzx < Cre?
where f is the solution of (6), (5) corresponding to the initial condition f(0) = (g°)
(here the notation (-) stands for the average along the characteristic flow of the vector
field w.(z) *v - V., see Proposition 3.1).

When the magnetic field is uniform, we obtain second order approximations indepen-
dently of the initial conditions being well prepared or not, see also [25].

Theorem 1.3 Let f;,, € C*(R? x R?) be a non negative, smooth, compactly supported
presence density. We denote by (f%).~o the solutions of the Vlasov-Poisson equations
(1), (2) with uniform external magnetic field £ # 0, corresponding to the initial con-
dition fi,. Then for any T € R, there is a constant Cp > 0 such that for any € > 0

. 2 1/2
- * LE[F
sup / / fet,z,v) —F |t + S—U,R(wcf) v — EM dvdz p < Cre?
te[0,T] R2JR2 We € B



where F is the solution of

BP0 o p, GIEOL = AFO)7)

O, F
thre—p %0

VeF =0, (t,X,V) € Ry xR*xR?

corresponding to the initial condition

IRy g
Vo BRI
We B

F(0,X,V) = fu (X — ) . (X, V) eR? x R

The above results extend to the three dimensional Vlasov-Poisson system, when the
curvature of the magnetic lines is not neglected anymore. The regular reformulations
of this problem will be the topic of a future work [10].

Our paper is organized as follows. In Section 2 we discuss the well posedness of
the Vlasov-Poisson problem with external magnetic field. The regular reformulation of
the Vlasov-Poisson problem is derived by formal computations in Section 3. Its well
posedness is established in Section 4. The error estimate, when the initial conditions
are well prepared, is shown in Section 5 and relies on the construction of a corrector
term. More general results, for initial conditions not necessarily well prepared, are
discussed in the last section, for uniform magnetic fields.

2 Strong solutions for the Vlasov-Poisson problem
with external magnetic field

The well posedness of the Vlasov-Poisson problem is well known. We refer to [1] for
weak solutions, and to [26, 21, 23] for strong solutions. Using essentially the same
arguments, leads to global existence and uniqueness for the strong solution of the
Vlasov-Poisson problem with external magnetic field. More exactly we prove the fol-
lowing result, see Appendix A for the main lines of the proof.

Theorem 2.1

Consider a non negative, smooth, compactly supported initial presence density fi, €
CHR? x R?) and a smooth magnetic field B € C}(R?). There is a unique presence
density f € CY R, x R?* x R?), whose restriction on [0,T] x R?* x R? is compactly
supported for any T € R, whose Poisson electric field is smooth E[f] € C1(R, x R?),
satisfying

atf+v-vxf+%(E[f(t)]+BLv) Vof =0, (t,z,v) ER. xR*xR* (7)

Elf(®))(z) =

Xr —
(t, dv'da’, (t R, x R? 8
QWEO/RQR; ) e e, (1.2) € R (8)

f(0,2,v) = fulx,v), (x,v) € R? x R? 9)

Moreover, if for some integer k > 2 we have fi, € C*(R* x R?), B € CF(R?), then
f € CF(R x R? x R?) and E[f] € C*(R, x R?).



Remark 2.1
1. The solution constructed in Theorem 2.1 satisfies the conservation of the particle

number and total energy

i/ flt,z,v)dode =0, t e Ry
t RQ RQ

A [0 w0y vt = L [ [ @@l e - ] e} =0

2. Notice also that we have the following balance for the total momentum

/R2 f(t, z,v)mv dvdz — q/R2 R2f(t,a:,v)B(x) v dvdz = /Rp[f(t)]E[f(t)} dz

2

~ 5 /R L i) v BLF ()] BLF ()] da
2
=gy /Rzlsupp o) diva (E[f(t)] ® E[f(t)] — %1}) dz = 0.
When the magnetic field is uniform, we obtain

d B
— / F(t,z,v)mo dvdz = 22 1 ( / f(t,x,v)ymo dvdx)
dt R2JR2 m R2JR2

saying that the total momentum rotates at the cyclotronic frequency w. = <>

/ f(t,z,v)mv dvde = R(—w.t) / / fin(x,v)mv dvdz, t€R,.
R2/R2 R2JR2
3. By direct computation, when the magnetic field is uniform, we obtain

_%) _ B L

Sy}

2
1 Lo

[U-Vﬁ%(E[fHBLv).vU} (- 'x+—

2 We 2 w? B

Therefore, after integration by parts, we deduce

2
1|v|? B Elfl |
_§w§) dUdQT——\/RQ sz?' x dvdz

1

- —2—(; / L i) div, ELF(0)] ELF(0) - - do
= [ Sapriy v, (EL70] 0 £L70] - FHIEL) 4 o
- ;_(; Rzlsum) plf(®)] (E[f(t)] ® E[f(t)] - M&) : ajx dz = 0.

3 Asymptotic analysis by formal arguments

We are interested on the asymptotic behavior of the presence densities ( f¢).~¢ satisfying
(1), (2), (4) when £ > 0 becomes small. We assume that the initial presence density
and the external magnetic field B°(x) = B(z)/e are smooth

fin >0, fin € CHR? xR?), B < CHR?). (10)



Under the above assumptions, we know by Theorem 2.1 that for every € > 0, there is
a unique strong solution f¢ € C'(R, x R? x R?) (whose restriction on [0, 7] x R? x R?
is compactly supported for any 7' € R,), E° := E[f°] € C'(R, x R?) for the Vlasov-
Poisson problem with external magnetic field B = B/e. By the arguments in the
proof of Theorem 2.1 we also have uniform estimates with respect to € > 0 for the L*°
norm of the electric field £ and the size of the support of the presence density f¢. Let
us denote by (X¢, V) (¢; to, z,v) the characteristics associated to (1)

dXe dve
dt :VE(tStOﬂU?U% v :i

T [E5(t, X°(t; to, 2, v)) + B (X5 (t; to, 7, v)) V= (t;to, 2,0)]

Xe(t;tg, z,v) =z, VE(ttg, z,v) = 0.

Clearly, the strong external magnetic field induces a large cyclotronic frequency w. =
qB®/m = w./e,w. = qB/m, and therefore a fast dynamics. The key point is to find
out quantities which are left invariant with respect to the fast motion. For example,
Xe(t) + e tVE(t) Jwe(XE(¢)) has small variations in time

L P O B 2 O I U L e
dt[ “”%(X%t»] {B@@(t)) e VX (”)]'

Another quantity having small variations is R < J. ! Mdo) [VE(t) — e

LE® (t,XE(t))]
0 €
Indeed, notice that

B(X=(t))

AT B X)) wlX0) L[ RER( X))
&{V U= Bxm) ]‘ : [V 0= Bxm) ]
d [LtE=(t, X(t))
_55[ B(X=(1)) }

and therefore

o [ D) [ )

Certainly, the above quantities are not exactly left invariant. The idea will be to split
the advection field appearing in the Vlasov equation (1) into a fast and slow dynamics
in such a way that the previous quantities become invariant. First of all, in order
to simplify our computations, we perform a change of coordinates. Motivated by the

calculation in (11), we introduce the relative velocity with respect to the electric cross
field drift

LE(t,x)
0=v————". 12
v=v-—¢ B(z) (12)
Accordingly, at any time ¢t € R, , we consider the new presence density
- LE[fe(t
fe(t,x,0) = f° (t,x,f) —l—a%) , (z,0) e R* x R*. (13)
x



Notice that this change of coordinates, which depends on the presence density through
the electric field, does not change the charge density

pLIE()] = q . Fo(t,-,0) di =g ) dv=plf(0)], T E Ry

Therefore the Poisson electric fields corresponding to the presence densities f€, f€ co-
incide _

Ef()] = ELFF (1)), t € R,
and we can use the same notation E°(t) for denoting them. We add to (10) the
hypothesis

By := inﬂg |B(x)| > 0 or equivalently wp := inﬂg |we(z)| >0 (14)
zeR? z€eR?

such that (12), (13) are well defined. Observe that the new presence densities (f¢)c=0
are smooth, f¢ € C*(R, x R? x R?) and that the restrictions to [0, 7] x R? x R? are
compactly supported, uniformly with respect to ¢ €]0,1], for any T € R,. The last
statement comes from the similar property of the presence densities (f¢).~o, together
with the uniform bound for the electric fields (E¢).~o and the hypothesis (14). A

straightforward computation leads to the following problem in the new coordinates

(, )

c 1 e 1 e 1 e
8tf5+(6+€l§)-vzf€—e{8t(g)—i-ax(§>(5+5§)}'V5F (15)

we(x)

Lo Vefe =0, (t,2,0) € Ry x R? x R?

.];6(0,1’717) = fin <JI71~J —"5%) , (13,17) S R? x R2.

Notice that the time derivative of the electric field £° can be written in terms of the
presence density f€ (or f€). Indeed, thanks to the continuity equation

Op[f] + divej[f7] = 0

we have

/

Ol = g [ Bl ) =) g @

271'80 R2

/

1 T

= — /divmj[fe](x—x/)| 2 da’
R2 x

27’(’60

Lo @ e o
B _27r50dlvx /R?W @ jlf O]z —2') do

_ _L iv r—a -1 fE z gLEe(tvx,) re z o
= i, [ 0w (01 + 0l ) 0.

ol —

Finally the Vlasov equation (15) writes

Vaeoff=0, (t,z,7) e R. x RZxR?  (16)

O ff +eaf[f(t)] - Vauf® + be(f_—ﬁ)

7



where b° - Vo5 = (€0 +e?A5(2,0)) - Vo + we(x) 10 Vi and for any presence density 1

a®[f] - V. stands for the vector field
J‘E[f] - J'.E[L]F]
_8$ <— v + E—

a°[f] Vs = (ﬁ —A;) Vo +
div, L(m—_f‘"';@@ <j[f] —l—aLEmp[f]) (') dx’] Vs

B
+ R
21e0 B r2 |l — B
Here A5(7,7) -V, is a vector field, to be determined later on, not depending on the
presence density f. We will distinguish between the fast dynamics along the vector
field % - V.5 and the slow dynamics along the vector field ea® - V, ;. We pick up the
vector field A%(z,0) - V, entering the corrections in a® - V,; and 0° - V, 5 such that

13
x + ewc(w)

term in ¢2) is left invariant by the fast dynamics

Lo
v (erelt )
’ WC@)

10 ® V. Lo®0
Iy —e——— | A (x,0) = ————— . 1
(1= =) Aitent) = i D "

Obviously, when the magnetic field is uniform, i.e., V,w. = 0, there is no correction,
L"

A2 = 0. Notice that A is well defined for any (z,?) such that e - 7 1, that s, for

almost all (z,7) € R?* x R2.

(which is not exactly the Larmor center, but a perturbation of it, up to a

that is

wz

Remark 3.1 The vector field in the Viasov equation (16) is divergence free

s (11 2) v (21 v o (221

Studying the asymptotic behavior of (16), when e goes to 0 reduces to averaging with
respect to the flow of the fast dynamics generated by the advection field @ V5 cf.
3, 5, 9, 6, 7]. Actually, the characteristic flow associated to b°(x, ) - V, 5 is periodic,
which simplifies a lot the asymptotic analysis.

Proposition 3.1 We denote by (X°(s;x,0), V<(s;2,0)) the characteristic flow of the
autonomous vector field b°(x,0) - V5

dxs - . dve
— '\75 . ~ QAE el . ~ fve . ~
e eVE(s;x,0) + e AL (X5 (s; 2, 0), VE(s; 2, D)), e

= we(X°(s;2,0)) L\~75($; x,0)

X(0;z,0) = x, {76(0;37,17) =7
and by (X(s;x,0),V(s;xz,0)) the characteristic flow of the autonomous vector field



. For ¢ > 0 small enough, the flow (DCE,\~7€) is periodic. More exactly for any

(z,0) € R? x R? and € > 0 such that gmnvw% < 1, the characteristic s —
0

(xs,vs)(s;x,f)) is periodic, with smallest period S*(x,v) > 0.

. For any (z,0) € R? x R? and ¢ > 0 such that eww < L we have
0

4
2 (s3.2,9) = X(s; 2, 0)] = [X*(s;2,0) | Se—[0], s €R
0

27 82| 0] 27 27

S(z,0) < —, |S°(x,0) — S(x,0)| < ¢||Vwe|po——=—, S(z,0) = < —
(0,0 < 20, 1%0,0) = S(0,0)] < el Fullm T S(a0) = g < o
and
= o - = - 812
9% s, 5) Vst 8)] = V(552 9)~ R s ()] < e[ Vel o2, s € [0, 27
0

. For any continuous function u € C(R?* x R?) we define the averages along the
flows of b- V5, b°- V3

S(z,0) B
() (2, 0) = 5(; 17)/0 w(X(s: 7, 5), V(s: 2, 5)) ds, (z,) € R? x R?

1 55(a:2) (e n ) VE(ar o 5 y 2 2
(u)_(z,0) = S () /0 w(X°(s;x,0), V(s;x,0)) ds, (x,0) € R* x R*.

For any R,, R; € R, we have

| () || (B(Ra)x B(Rs)) < [[1]| oo (B(R.)x B(RY))

I {w)e e (Bra)xB(Ro) < [l (B xB(R)), By = Re + 26 Ry /wo
where B(R) stands for the closed ball of radius R in R?.

. If u is Lipschitz continuous, then for any (z,0) € R?* x R? and € > 0 such that
[l [Vwellpoe 1
wg — 2

€ we have

u)_(x,0) — {u) (x,0 . 47 . 2
ode 0.8) =) @00 ¢ 130 4 g
0 wo

€
8T
+ sup fu(z, 0)||Vwe|| L —5[0].
71=1oi W
. For any function u € C}(R* x R?) we have the inequality
2m
Ju — () [|2®exr2) < —Hb Va5t 22 xR2)-

. For any function v € C*(R? x R?), we have (u) € C*(R? x R?) and

(Vou) = Vo {u), ©-Vs{u) = (0-Vau), *0-Vsu)=0.



Proof.
1. For any s € R we have

7 =R (- [(l@lo) an)

and therefore |V(s)| = |0|. By hypothesis (14) we know that w, has constant sign, and
there is a unique S°(x,0) > 0 such that

5 (2,0) 5% (x,0)
sen wc/ w5 (0: 7, B)) dor = / w5 (0 2, 8))| dor = 2.
0 0

Clearly we have V¢(S¢(x,0);2,0) = © and we claim that, for small &, we also have
Xe(S¢(x,0);x,0) = x. Indeed, by using the invariance

L@s(sa) L@
e (SE _
(S )+EwC(DC5(SE)) x+€wc(x)
we deduce
10(5%) — 2] < el (X2 (5) — wa(a)] < SOVl e ey .
wo Wy

Therefore, if w < 1, we obtain X¢(S%(z,0)) = x.
0
2. Notice that for any s € R

det (12 _ e VM?C&(S))) _ L V(s) - Ve (XE(5))

2(X(s) 2(XE(s)
192(5)] Vw5 (5))]
Z e e (s))
o el Ve 1
- w? —9

and therefore A% (X2(s), V<(s)) is well defined for any s € R. Moreover (17) implies

V2 (5)] [ Ve (X°(s))

| €(X% (s Ve s

€% (s Ve s |\~7€(8>|2 W (s c
A6, (6] < s V() +
Gl

1 N
< FHV%HLOo + §|Ai(fxa(8)7\76(8))|
0

and thus Y
e|v) || chHLoo <1al.
W

e[ A5 (X7 (s), V(s))] < 2

By the previous point we know that s — X°(s;z,0) is S(x, ) periodic, where

1 @D o
S¢(x,v S—/ we(X(0))| do = —.
@< [ o) ar= 2

10



Finally we write for any s € [0, 5%(x,0)] C [0, 27 /wp]

|X*(s;2,0) — x| =

/O eV (o) + 2245 (XF (0), Vo (o))} do
< 2eS5°(z,0)|0| < Ei—ﬁ|17|

By periodicity we have

4
007 (53, T) — X(s3.,0)| = |X(s3,8) — 2| < e—|o], seR.
Wo

Let us compare now S°(z,0) to S(x,0) = 27 /|w.()|, which is the smallest period of
the flow (X, V). Integrating over [0, S¢(z, #)] the inequality

edm|0] edm|0|

|we()] = [IVewe|| o

< Jwe(X(0)] < fwe(@)] + [[Vewe| o

Wo
one gets

edm|v|

0

- e~ edm|v
5(0,0) (Joulo)] = [Visll= =20 ) < 20 < 5°(0,8) (Joelol] + [ Vel 00 )

implying that

1 1 24|
— < 0o ——
Sé(z,0) S(ZE,U)‘ el Veells w
and
o i I 1 8724
|S¢(z,0) — S(x,0)| = S*(z,0)S(x, D) S @.7) S(x,z?)' < ¢||Vwe|| e 5

Thanks to the inequality ||R(0) — R(¢)|| < |0 — 0’|, 6,0 € R, we obtain for any
s € [0, 27 /wo)

V2 (s: 2, 5) — V(s; 2, 7)| = ‘R( /swc(:xs( )) da) T-R <— /Oswc(DC(a)) da) 7
< [ lal0(0)) ~ wulx(o))] a0
872

T
< e[ Vawellpe— 1.
Wo

3. The first inequality is obvious, sice X(s;z,7) = x and V(s;2,9)| = ||, for any
(s,2,0) € R x R? x R2. For the second one use |V*(s;z,7)| = |0| and notice that by
the invariance of the center
J.’\}s c 5 1~
365(8;90,6)+5M —rte—r
we(X=(s;2,0)) we ()

we have

| X (852, 0)| < || + |X(s32,0) — x| < ||+ 25M, (s,7,7) € R x R? x R?.
wo

11



4. It is a direct consequence of the previous statements. We have

1

S (z,0) B 5
| (u). (2,0) = (u) (z,0)] < W/o (X" (s), V(s)) — u(X(s), V(s))| ds

oy
1 1
Se(x,v)  S(x,0)

< Lip(u) sup (\DCE(S) — X(s)| + [V(s) — {7(5)0

0<s<27/wo
+ [ SE(.’E,'[}) + |S (fL’,U) —S($7U)‘:|

1 1
S(z,0)
) a7 . 2
<e Llp(u)w—]v] 1+ HVwCHLoo—\U\ + e sup [u(x, 0) ||| Vwe|| Lo
0

_|_

(s, D) !
/0 (). V()] s+ 5o

S€(z,0) B
/ u(X(s), V(s)] ds
S(z,0)

sup |u(z, V)|
71=I7]

Se(x,0) S(x,0)
8
o'|=|o

™
20l
Wo

5. We can write for any (z,7) € R? x R?

S(z,0) B
(u) (z,0) — u(z,v) = S(;/ [w(X(s;2,0),V(s;2,0)) —u(z,0)] ds

S(z,0)

X(o;2,0),V(o;z,7)) dods

:_N/ M)/O (b Vu)(X(0: 2, 0), V(o 2, 3)) dods

S(I7U) 0
27
/ b Vu)(X(0; 2, 8), V(o 2, 7)) dodo.
0

As u has compact support, its average (u) is also compactly supported and therefore
— {u) belongs to L?(R? x R?). By the previous computation we have

() (z, v)—umy_%/ﬂ/”) b Vu)(X(o: 2, 8), V(o 7, 8))| dodd

and therefore

1 [ . o
I ) —ules < 5 / / b0 V)X (o, ), Vo, lz2 dod = |- V.
0 0 0

The above Poincaré inequality still holds true for any u € L?*(R* x R?) such that
b-Vu € L*(R?* x R?), see [3] for details about the average of L? functions, 1 < p < co.
6. Observe that for any (z,7) € R? x R? we have

1

() (2, 9) = o= /0 " R(—0)) 40

and therefore (u) € C'(R? x R?). Taking the derivatives with respect to x, o under the
integral sign, one gets

1

(2 () 0) = 5 [ (Vo) R(=0)9) 46 = (T,) (2.7)

12



and

0 (Vg (u))(z,0) =3 / R(— su)(x, R(—0)0) df = (v - Viu) (z,0).
™
By the definition, the average (u) is constant along the flow of b -V, 3, and therefore
belongs to the kernel of b- V, 5, that is *0 - V; (u) = 0. =

It is easily seen that the periods S, S® are invariant along the flows of b-V, 5, b°- V5
as well as the averages (u), (u)_. If u is a C'! function, we have by periodicity

S (z,0) B
(b-V,zu)(x,0) = S(xl, ) /0 %u(%(s), V(s)) ds =0, (z,7) € R* x R?

and similarly (b° - V,zu)_ = 0.

In the sequel we derive formally the limit model of (16), as € goes to 0. The
rigorous arguments will be discussed in Section 5. As we are interested by a second
order model, we keep all the first order corrections. When e becomes small, we expect

that b°(x, ) - Vxﬂ;fs will vanish, saying that f¢ behaves like its average <f5> along
the flow (X=,V¢). Taking the average of (16) along the flow (X%, V) we obtain

O (1)) +e(@lF W] Vasf (W) =0, (t2,7) € Ry x R x R
As the difference between the averages along b°(z,0)-V, ; and b(x,0) -V, ; is of order €

cf. Proposition 3.1, up to a second order term, we can replace € <a€[f5(t)] . Vm;fe(t)>
£

by € <a[f(t)] . Vx,;,f(t)> where

and A,(z,0) = %V%. More exactly, we expect that solving

0.f +e <a[f(t)] : Vx7ﬁf(t)> =0, b-Vsf =0, (t,z,5) € R, x R? x R?

for a suitable (well prepared) initial condition (see Section 5), will provide a second
order approximation for (1), (2). Although the above solution depends on &, we use
the notation f, for saying that it is an approximation of f2, when e becomes small.
It remains to compute the average of a[f(t)] - Vo5f(t), where the presence density
f(t) satisfies the constraint b - V,5f(t) = 0, that is, f(t) depends only on z and
|0|. By the definition of the average operator along b - V.3, it is easily seen that

(fo®0) = @R(—w/?) and therefore

LE[f] ;
{(5-4) )

B
L (EA R o Yo
‘6<B<x> 22(2) VC) Val.

LEL] vx~_€<AJ:>Va:f

13



We recognize here the electric cross field drift e—==

—E [f I — gﬁf L and the magnetic gradient
drift <19 21
. |9 Loy, - m|v| V B¢

2w2(x) ¢ 2¢B= B

1 Lz — 2" - _
di . S . / d /. vi _
<27rsoB v /Rz|a?—x’|2 ® jf](z") do f>
It remains to compute the average — <3x (lE[f]

—) U - Vf> As f satisfies the con-
straint b -V, 5 sf =0, we have Vi f = f v and therefore

CEN o 7 Ef]\ . 1.\ Vaf 0
o)) ()%

Finally, the presence density f satisfies

- (*E[f] m|pPtVBe - 1 (LE[f] VB ).
oo (20 e o pd (0 5.

Be(z) B(z)
4 Well posedness of the limit model
In this section we focus on the existence, uniqueness and other properties of the limit
model

- (Yl mlsp VB g vB ). o
Of + (Bs(x) T B Bs(g;)) Vaf + (Be( ) BE(:):)) e Vel =

[R—}

(18)
where E[f] stands for the Poisson electric field

E[f(1))(2)

x—a
(t, dv'da’, (t,z) € Ry x R
- g [ [ T i () e R x

We supplement our model by the initial condition

(19)

£(0,2,9) = fiu(2,9), (z,0) € R* x R? (20)

where f;, is a smooth compactly supported presence density. The parameter £ > 0 is
fixed and B¢ is a smooth external magnetic field

14



Proof. (of Theorem 1.1)

We follow the same arguments as in the well posedness proof for the Vlasov-Poisson
problem with external magnetic field. It is enough to establish the existence and
uniqueness on any time interval [0,7],7 € R,. We construct a map acting on elec-
tric fields. Given a C! electric field E on [0,T] x R? such that E,d,E are bounded,
div, T E = 0, we consider the solution by characteristics of the Vlasov problem (18),
(19), (20) on [0,7] x R? x R?, corresponding to the electric field F

fo(t,2,0) = fu(XE(0;8,2,0), VE(0st,2,8)), (t,2,7) € [0,T] x R* x R?
where this time the characteristics (X (s;t,2,9), VE(s;t, 2, 7)) are given by

dXE  LE(s,XE(s)) m|VE(s)]? LVB(XF(s))

B T BXEE) | B XER) BRG] .
dVE 1 (YE(s,XE(s)) VB(XP(s)\ on
s (e mey ) .
XE(sit,x,0) =z, VE(s;t,2,0) =9, (s,t,2,0)€[0,T] x[0,T] x R? x R%,
Notice that the magnetic moment u°(z,v) = 2%‘5‘;) is left invariant along these char-
acteristics :
dps _ mVEGs)P VB(XP(s)) (“E(s,X"(s)  m|VZ(s)]” TVB(X"(s))
ds 2B (XP(s)) B(X*(s) Be(XE(s))  2qB(XF(s)) B(XF(s))
mlVE$)? (TE(s,X"(s)) VBI(X"(s))\ _
" 2B (X () ( BE(XE(s))  B(XF(s)) ) -

and therefore the velocity remains bounded, independently with respect to the electric

field o o
! Bollp\"* (1Bl " .
VE < H— — (=127 R.
‘ <8)| — ( BS ) ‘Ul ( BO |U’7 S e

We deduce that (21) also writes

dXE _ LE(s, XE(s)) _ m|o? LVB(XE(s))
ds Be(XE(s)) 2qB(z) Bf(XF(s))

(23)

whose right hand side remains bounded for s € [0,7] and thus X exists globally on
[0, 7] and has C* regularity in all the arguments. Once that X% is determined, VE
comes easily by solving (22), which is linear with respect to VE, and therefore VE
exists also globally on [0, T], and has C! regularity in all the arguments. As before, we
consider the map F, whose fixed point gives the solution of the limit model (18), (19),
(20)

E— F(B) = / FE( o )2 qulda,
271'50 R2JR2 T |.7) —I/P

We are looking for a set X7 of smooth electric fields, which is left invariant by the map
F and for an estimate like

t

|FE(t)—FE'(t)||~ < gC*T/ |E(s)—E'(s)||z~ ds, E,E"e Xg, t €[0,T],e €]0,1]
0

(24)
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for some constant Cr, not depending on E, E'. Assume that
suppfin C {(2,7) € R* x R? : |¢| < Ry and [0 < R},

By the conservation of the magnetic moment and of the particle number (thanks to
the condition div, 1 E = 0), it is easily seen that at any time ¢ € [0, 7] we have

suppfZ(t) € {(2,7) € R* x R® : [0] < Ry == Ry (|| Bl|z=/Bo)""*}

implying that
in ||B||L°°
lpF ()]l < lal | fll o (RE)? 7= B
0

Therefore, as in (57) we obtain the L bound for the electric field
7 1 1/2 lal |\ ks
IELF O]l L=@ey < —lpLF )]l /= (R2) 2—||fin||L1(R2xR2)
o s

1
< ’ | 1/2 Rln ||B”L°° 1/2 0.T
(O RQXRQ ||f1n||L1 RQXIRQ e [ 9 ]

Sai=

Integrating in time (23) leads immediately to

in

By

suppf(t) C {(z,7) € R* x R? : |z| < R,(t) and |#] < Ry}

where

o m(B)||Blli | VBl 1e

R,(t) = R™ + et | —
O = Bt B T S4By By By

, te[0,T7.

Taking the derivative with respect to x in (23), (22) we deduce that there is a constant
Cs(m,e0,q, T, || Bllw2eer2), Bo) such that for any (z,7) € R* x R?, [0] < R;

t
10, XE(0:t,2,9)| + |0, VE(0;t,2,7)] < Csexp (5/ |0 E(8)|| Lo d5> , t€]0,T).
0

(25)
As before we write

Voolf(t)] = gV, g Fn(X (03¢, 2,0), VE(0; 8, 2,0)) db
= q/RQ Loi<iny 0 X 7(0;1,2,0) (Vx fin) (X7 (0; 8,2, 8), V(03 8,2, 7)) o
4 [ Ly 0V EO:t, D) (T Fa) CEF(08,2,0), V5(0: .2, 0)
and by coming back to (25), we obtain
192l < Coewp (= [ 0BG a5 e€ 0.7
for some constant Cg(m, €0, q, T, || B|lw2(r2), Bo) > 1 and thus

In* |V p[F ()] <1nC’6+6/ 10, E(s)|| = ds, € [0,T], e €]0,1].
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Combining with (62) yields

10, E[f(1)]|| e < C <1+5/ |0 E(8)|| Lo ds), t€1[0,7], € €]0,1]

for some constant C7(m,eo,q, T, || B||w2e®2), Bo). The previous computations allow
us to consider the set

Xp={E € CY[0,T] x R?) :
div, " E =0, |E(t)||z~ <, [|0.E(t)||z~ < Crexp(etCy), t € [0,T]}.

It remains to establish (24). Let us consider E,E’ € Xr and denote by fZ, f¥
the solutions by characteristics of (18), (20) corresponding to the electric fields E, E’
respectively. Recall that at any time ¢ € [0, T}, the densities fZ(t), f¥'(t) are supported
in {(z,0) € R* xR? : |z] < R, (t) and |7] < R;} and therefore at any time ¢ € [0, 7],
the charge densities p[f”(t)], p[f* (t)] are supported in {z € R? : |z| < R,(t)}. It is
easily seen by (57) that

IF(E)() = FEYO i) = 1BFEO] ~ BT 0l
~ ~ . 1/2
< 1AL - 7 O ey (5170 = 017 Ol e

1 Iq|

80\/_

By standard computations, one gets for any (¢,#,2) € [0,7] x R* x R* such that
|z] < R,(t) and |0]| < R;

<

Ra(t) Hl{lxlséz(t)} /}R2 Lyoi<iny (FF = f2)(t, -, 0) dD

Lo (R2) .

(P2 = F2)(t 2, 0)] = | Fin(XE(0s 8,2, 8), VE(0; £, 2,0)) = fin( X (058, 2,0), V' (05,2, )
< Lip(fin) [IX7 = X7'[(05¢, 2,8) + [VZ = VZ|(0; £, 2,9)]

t
< < Lip(fu)C [ 1B(s) = B'(5) e ds exp(etCi)
0

for some constant Cg(m, g0, q, T, | B|lw2(r2), Bo) and (24) follows. O

Remark 4.1

1. The total number of particles is conserved. Indeed, as diViE =0, we have

div (CE_mpPiVBY LB VB )
Ve\Be T 9B B Vol \ B B -

and thus 1
—/ Ft,z,0) dode =0, t€R,.
t RQ RQ

2. The continuity equation writes

e tE mloP VB ;o
2 IRQf(t,ac,v)dz)nLdlvx/RQ(BE _2q|B|€ B >fdv:

17



and, when the magnetic field is uniform, becomes

LEIf()]

5 Voplf(H)] =0, (t,z) € Ry x R?

Qupf ()] +

that is, the vorticity formulation of the two dimensional Euler equations, with
velocity ~E /B¢ and vorticity div, (Bf) = —;)[—é]a see also [11, 4, 22].

3. The balance of the total momentum is

d / S 1 (BN 5,
— f(t,xz, v mvdvdx—i——/ m div, f(t,z,v)v dodx = 0.
dt R2JR2 ( ) 2 R2JR2 BE(J)) ( )

In particular, the total momentum is conserved when the magnetic field is uni-
form.

4. As the magnetic moment p® is left invariant along the characteristics of (18)

YElf] VB S V(B VB o
(BE T ) Vet T e |V =0

we deduce the conservation of the total magnetic moment

d mlo)? - e
— t dodr =0, t € R,.
dt /RQ RQQQBE f( 71:,1}) v ’ <R

5. The total, i.e., kinetic and electric energy is conserved. Indeed, by using the
fundamental solution of the Poisson equation in R?, we have

dt 2¢0 /RQ /RQ e(x — )l f(1)](2)plf()](2) da'da
/Rz /Rf z —a)p[f()](@)drplf (1) (2) da'da

_ / B (O)](@)auplf(B)](x) da

_ /R O[f (1)) ()diva /R ] Qf(t,x,f})< Ega(t)] - Z;'g VBf ) dv d

B E[f) VB mlf
_/RZ/RQ( i Ba> 5 f dodx

~ 2 _
—i/ mlo| F(t,z,) dida
dt RZ RQ 2

and therefore

d “L‘T}F £~ 1 3 1 0! / /
— f — f f 1 - = R,.
p {/}W e 2 dodz dreg /R?/R2p[ [(z)p[fl(2") In |z — 2’| da'dz 0, t e Ry

18



6. The model (18), (19), (20) is invariant under rotation in the velocity space. More
evactly, if f solves (18), (19), (20), then fo(t,x,V) = f(t,x,0 = R(0)V) solves
(18), (19) as well, together with the initial condition fo(0, 2 V) = fin
R(O)WV). Indeed, we have V -V fy = 0 - Vifl|_ R0 and Elfs(t)] =
implying that

o+ (iE[fe] B mWPLVBE) Vit (LE[fe( )] VBE) 7o) =

(z,
E[f )]

Be 2qB°  Bf Be Be

In particular, if the initial presence density depends only on x and |0| i.e., b -
Vi fin fin = 0, then at any time t € Ry the presence density f(t) depends only on
x and |0|, that is b - vaf( t) = 0. Indeed, for any 0 € R the presence densities
f o satisfy the problem (18), (19), (20) and thanks to the uniqueness, we obtain
f = fo, saying that at any time t € R, f(t) depends only on x and |0|.

5 Error analysis

In this section we study rigorously the error when replacing the Vlasov-Poisson problem
with strong external magnetic field (1), (2) by the model (18), (19). We expect an
error of order 2, when the initial presence density fi, is well prepared. As usual
when performing the error analysis in homogenization theory, we need to construct a
corrector. We will use the following easy lemma.

Lemma 5.1 Let M be a square matriz of size 2. Then we have the equalities
Gl

(Mv-0) = trace(M)7

Mi o — (M- 3) +b- Vas (MR(_W/ECZ;?(”/Q)M@ : v)

Proof. By direct computations we check that (03) = (03) = |0]?/2, (0109) = 0,
b Vaes(0] — 03) = dwe(2) 0901, b+ Vii(0201) = we(z)(5 — 77)

and the first and second statements follow easily. The last statement is a consequence
of the first one

<MR(_7T/2) il R<7T/2)M17 . 17> = trace (MR (—g) +R (g) M)

4w, (z)

Based on the previous formulae, we are able to construct a corrector 12 which will
allow us to estimate f¢ — f — 2f2
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Proposition 5.1 Assume that f = f(z,7) € C}(R? x R?),E = E(z) € C'(R?),B =
B(x) € CY(R?) such that b-V,;f = 0,div, *E = 0,inf,cg2 |B(z)| > 0. Then we have

the equality
J_ ~
LB m|o)?tVB ~
B 2¢qB B

L g i) af - o, (—E) 6] Vil

re | — & |? B
1E VB
B B

)
3

&

Sy
—

8
~
DN | =
VR

)ﬁ-vﬁfjtb-vx,ﬁf?:o

- L5025
where A, (x,0) = :}?vac and
c

- vwc@)vmf_ J_vwc® J_Vx.fﬁfj

P, 9) e (26)
. J_(x B ZE/) T / J_ﬁ v- vﬁf
T 2nesB (d”x o —wp 2IE) de 'wc(x)) BE

4w, ()

) (az (H)R(-9+RG) (%E)@,ﬁ) 0-9if

Proof. Notice that

_ . V) - ~:_(L'&me~)(ﬁvwc):(1~} va];)(ﬁ'vwc)szc@? vaf.ﬁ
Ay(@,0) - Vo f 22(1) o22) 20

N

and therefore, thanks to Lemma 5.1, we have

- m|o]* LVB

Vwe® *Vof . [Vw.® *V.f_ _
— V-V —{ ——— UV
w?(x)

= —b-V.uff

with
5 Vw.® 1V, f T ™ Vw.® V. f\ .
2 L C x _ - C x .
i “( 13() R(-35)+R(3) i@ )Y

o v(-"jc ® fo_ LV(v‘-)c(g vaf’lh)’ X '{1
N 4w () '

Observing that b+ V,5(—10/w,) = ¥ and that ng = V’Zé’f’ﬁ, it is easily seen that

[0]

1 1 o
div, [ =)
2reg B r2 |z — 2'|?

® j[f1(x") da’ - Vof = =b-Vouffy

with

[ (divx =) i) o l77)77'%’0.

2meg B re | — 2|2
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Using one more time Lemma 5.1, yields
iE - 1 /+*E VB
_8(B> Vel - 5(? B)<“Vf>

.l '|§|;f o () o= () vo)

=—b- Vx,ﬁfIQH
with
5.vof O (F)R(-D+R(E) 0 (F)
frrr=— EE de.(2) v v
Our conclusion follows by taking f2 = f2 + f2 + f2,,. O

Remark 5.1 Notice that 2 € C.(R? x R?) and if there is k > 2 such that f e
CH(R? x R?), E € CK(R2), B € CH(R?), then f2 € C*(R? x R?).

In the sequel we will use the map 7° : R? x R?, given by

T (2, ) = (:1: + &?%v) .

Notice that for any application ¢(z,v) in the kernel of b Vx o le., olx,v) =Y, |0]),

the composition product ¢ o T depends only on x + e~ |v|
Lo Lo
poT®)(x,0) =1 (J;+6—,1~)> =1 (x+£—, 17)
(¢ o 7)) T b

and therefore belongs to the kernel of b° - V, ;. Actually, by direct computations we
check that

0y s TD° = Nbo T, N(z,7) = (27)

We are ready to prove our main result.

Proof. (of Theorem 1.2)

As ¢° belongs to C?(R? x R?), it is easily seen that (¢°) € C?(R? x R?). We deduce by
Theorem 1.1 that the restriction on [0, 7] of the solution f for (18), (19) corresponding
to the initial condition (g¢) belongs to C2([0,T] x R? x R?). The restriction on [0, T'] of
the Poisson electric field E[f] belongs to C2([0,T] x R?). As b- V (¢°) = 0, we deduce
by the last statement in Remark 4.1 that b- V.f (t) =0,t € Ry. Applying Proposition
5.1 with the presence density ft) e CZ(R? x R?), the electric field E[f(t)] € C*(R?),
which verify b - V,5/f(t) = 0,div, “E[f(t)] = 0, one gets for any t € R,

div, [ ‘(z—a) LE[f@)}) ;

/|2 ®J[f](x/) dz’ — 0, ( B Vs

2megB Jpe|lv — @
(28)

LE[f(D)) _ mloP VB ;L (1Ef()] VB
NEORTE AR BT CIUR

)6-Vﬁf+b-vxvﬁf2(t)=o

21
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where f2(t) € CL(R? x R?) is given by the formula (26) which corresponds to the
presence density f(¢) and the electric field E[f(¢)]. Multiplying (28) by ¢ and adding
to (18) yield . . . .
Of +ealf(t)]-Vf(t) +eb-Vfit) =0. (29)
Notice that thanks to (27) we can write
Nb-VfHoTe =0T - (V) oTe = b - V(f? o T)

and therefore, after composition with 7¢ and multiplication by A, the equation (29)
becomes

N (O f) o T% + eXe(alf ()] - Vf(2) o Te 4 eb° - V(f2 o T%) =0
or equivalently

Oy ((N°) foT?)+eX*(alf(t)]-V f(t))oT=+eb*V (f?0T*) = —e((A*)—*)((a) [f(t)]-Vf(g)OC;Ta
where we have used the notation

= (“E[f] m[sP+VB 1 (“E[f] VB .
<a>m'_< B 2B B ’5( B 'B)“)'

Notice that, as f(t) belongs to the kernel of bV, then f o T* belongs to the kernel of
b* -V, as well as (\°) f o T=. Combining (16), (30) we obtain

O{f*— (X°) foT* =2 o T} +ea®[f*(t)] - V((X°) f o T%) — eX(a[f(t)] - V(1) o T*
+ (aas[fg(t)] + %) : V{fE — (N foTs —2f20T} = —2(9,f?) o T°
Saf[f5 ()] - V(f2 o T%) — e(X° — (A)({a) [f(1)] - VF(£) o T°. (31)

By Remark 3.1 we know that div(ca®[ fe(t)]+b°/e) = 0 and therefore, multiplying (31)
by r¢:= f¢ — (\°) foT® —&2f? o T¢ yields

£ S el (0 s a7 ()] - V() F o T9) = X(alF (0] - V(1) o T+ (0)

< [|2(0:f%) o T° + E2a*[f(1)] - V(2 0 T%) + (X = (M) ({a) [F (D)) - VF(2)) 0 7| 2.

By Bellman lemma one gets

t

IOl < I Ol += [ 07 (9)]- T (0 F(9) 0 T7) = X (@l 9] - V7)) 0 T s
e / 10F2(s)) o |12 ds + &3 / la(F ()] - V(P2(5) 0 T2 ds
e / I (@) [F(s)] - V() 0 T2 ds. (32)

We need to analyze one by one all the terms in the right hand side of the previous
inequality, for any ¢ € [0,T], T € R,. We will denote by C' any constant depending on
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m, o, q, T, B and the uniform bounds satisfied by the presence densities (¢%).~0, but not
on €. As (¢°).-0 are uniformly compactly supported in R? x R? and uniformly bounded
in C2(R? x R?), it is easily seen that so are ({¢°)).so. By Theorem 1.1 the solutions f
for (18), (19) associated to the initial conditions ({¢°)).>0, remain uniformly compactly
supported in [0, T]xR*xR? T € R, and uniformly bounded in C?*([0, T|xR?),T € R,.
Clearly, at least for € small enough 0 < ¢ < &7 we have

2|2 (t) o T¥|| 12 < C2, t € [0, 7).

As B € C*(R?),inf g2 |B(x)| > 0, for any compact set B(R,) x B(R;) there is a
constant C(R,, R;) such that

we(x) Vw(z) -+ 9 -
—1l+e——~———| < 5 B B(R;
(@ T 217 jan(@) +e 22(0) < C(R,, R3)e”, (z,0) € B(R,) x B(R3)
(33)
and by the third statement in Proposition 3.1, we deduce
. we(x) Vw, - 0 9 ~ R;
| (A*)—1| = ‘<wc<£) -1 +€w—3>’ < C(Rg, Ry)e”, (z,0) € B| R, —5w—0 X B(Rj).
(34)

Notice that || f¢(0) — ¢°||z2, and therefore ||p[f<(0)] — p[¢°]||L2 are of order ¢, implying
that

| E[f*(0)] = E[g°] || 2r2) < Ce.
We intend to compare f¢(0) with respect to f(0) o 7. We have

~ LE[f5(0
f5(0,$‘,1~)) = fg <0a$76+5$>
_ e e L/ CE[fO)]\ . “E[f(0)] “E[g]
Y (“wcm (*W TR T BW)
and therefore || fE(O) — ¢°0T?||12 < Ce?. Combining the previous arguments, together
with the inequality

Hb V'l

g8 — 2 < —||b - Vg 2 < g2
19 = (9°) Iz || Iz PN

cf. statement 5 in Proposition 3.1, we obtain

I (0) |2 < HJ?(O) — (A J(0) 0 T#|| 2 + % f2(0) 0 T7| 2
< [720) = g7 o T¥[[z2 + llg" 0 T° = (g7) 0 T7| 2
(L= () (o) 0 T2 + €21 F2(0) 0 T%| 2 < O,

Notice that (33), (34) also imply that (M%m) is bounded on compact sets of
e>0
R? x R?, and thus

/ I N((a) [f(s)] - VF(s)) o T¥||> ds < C>.
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Using the C! regularity of f2, and therefore the C? regularity of f, it is straightforward
that

52/ 10, f2(s)) o T%| 12 ds+€3/ 1a[f5(s)] - V(f2(s) 0 T%)|| 2 ds < Ce2, t e [0,T).
0 0
We claim that
/ a[f*(5)] - V((X%) f(5) 0 T%) = X*(alf(s)] - Vf(5)) 0 T¥|| 2 < C&?
JrC'f—:/Hf‘E s)oT¢||f2ds, t€0,T], 0<e<er.

Indeed, recall that for any (z,7) € R? x B(R) and any & > 0 such that M < %,

0
we have

o L e < IVl A
A 0)| 20, 1457 — A )] < TV e ) < 12000
0
implying that
2 2 . 3 QK
12 8)] < 2o, 1)) < 2NV e ) o) < 2TV el
0 0

As {fe(t),t € [0,T],0 < e < 1} are uniformly compactly supported in R? x R2, and
thanks to the uniform bounds

sup {[[/*()ller o) + 1ELF (8)]llorgeny} < +o0
€>0,t€[0,T)

we have )
1(@*[F*(6)] = alf* (D)) - V(AN f(£) 0 T9) |2 < Ce, ¢ € [0,T].
Using elliptic regularity results, the quantity
I(@lf*(0)] = alf(t) o T]) - V((A) F(1) 0 T%) | 2 (raxe)
is bounded by the L? norms of the charge and current densities

L] = pLF () © Tl 2y + /7 (D] = 4LF (1) © Tl r2e2)

and thus by the L2 norm of the presence densities || f¢(t)— f(£)oT¢|| r2r2xr2). Lherefore
we have the inequality

I(alf* () =alf()oT])-V((X°) F(t)oT)|| 22y < CIIF*(£) = F(£)oT"|| 22 wm2), t € [0, T].
We are done if we prove that
lalf(£)oTe]-V ((X°) f(£)oT*) =X (alf()]-V f(£))oT"[| 2 g2 xz2) < Ce, t €[0,T], &> 0

which comes easily by the C? regularity of f and the compactness of its support, and
the boundedness of (’\LTM) , <M) on compact sets of R? x R%2. We only
e>0 e>0

3
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have to check the boundedness of (@) , because that of <AE_T<’\5>> has been
e>0 e>0
established before. By the statement 6 in Proposition 3.1 we know that

V. () = (V. A), Vs (4) = “9Vg. ey = <"’ ' Vﬁ”>

gl

v

o

Notice that

and VA (x,9)|.—o = 0, implying that (_Vzi%))
e>0

is bounded on compact sets of R? x R2. Similarly we have

_and therefore (Wm) _ (m)
e>0 >0

£

5 VX = ety Yeeld)
we (T)
and therefore
Vi (A\¢ 0- Vs {A) 0 0-VsAe) 0 |l oo
M| [ ValX) o ||V >~L§||Vw2||L >0
£ £ D)2 £ D)2 Wy

Collecting all the previous estimates into (32) leads to the inequality
17t = () 0 Tz < e (8) 12 + () = 1(8) o T¥l|go + 2] 72(8) 0 T |1
< Cé? +C’5/t 1/5(s) = f(s) o T¢||2ds, t€[0,T], 0<e<er
0
and by Gronwall lemma we deduce that
1F5(t) — f(t) o T 2mexmey < Ce?exp(Cet), t€[0,T], 0<e<er.
In particular, as the L? norm of the Poisson electric field is controlled by the L? norm

of the charge density, and therefore by the L? norm of the presence density (because
of the compactness of its support), we have

IE[f(t)] — E[f(t) o T)|| r2mey < Ce%, ¢t €[0,T), 0<e<er.
It is easily seen that, thanks to the inequality || f(t) o T¢ — f(t)||L2(R2><R2) < Ce that
|BL(®) 0 T = Elf(®)l ooy < Ce. t e [0.7]
and therefore

IELf* ()] = BIF (D)l 22y = 1B (8)] = BIf ()]l r2e2) < Ce, t€[0,T], 0<e<er.
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Finally we obtain for any ¢ € [0,7],0 < & < ep

Y A - O
/R?/]RQ[JC (t,x,v) f(t, +€wc(x)’ € Bx) )]dd

{/RQ/RQ

o, e s el e e
! (t’ tam () o )] i
<170 - 50 o T oy + { [ [ |7 (024 500)

- 2 1/2
o, e e el - tEroN]
f(t, +5%() o) Bl +e B() )] dod
< €2+ Ce| B0 - B0y < C22

[

6 Asymptotic analysis for uniform magnetic fields

When the magnetic field is uniform, it is possible to go further in our analysis, by
considering smooth initial presence densities, not necessarily well prepared. For any
non negative initial presence density fi, € C*(R? x R?), let us denote by f© € C*(R, x
R? x R?) the solution of (1), (2), with E[f¢] € C*(R; x R?), where the magnetic
field writes B = g, for some constant B # 0. By Theorem 2.1 we know that, for
any T' € R, we have uniform estimates with respect to € > 0 for the L>* norm of
E[f?]]jo.,r)xr> and the size of the support of f%|pr)xr2xr2. The change of coordinates
(12), (13) leads to the problem

b*(x, D)

&sfs + gae[fe(t)] : Vx,f)fs + : V:p,f)fe = 07 (tv .CL’,’I?) € ]RJF X R2 X ]R2 <35>

f5(0,2,9) = fin <:c,17 + e—lE[gle)) , (2,7) € R? x R?

where ° -V, ; = €0V, +w, 0 V; and for any presence density f,a [f] - V.5 stands
for the vector field

- 1 Llp — o B Lo L
a[f] - Vas = Eg | 'vz—i_ﬁdiv‘z Rzﬁ@ (J[f}+€ E;[f]ﬂ[fo (') dz’ - V3

0 (20) (280

Notice that there is no correction A when the magnetic field is uniform, since in that
case the solution of (17) is A5 = 0. As before we have E[f*(t)] = E[f*(t)] and the new
presence densities f¢ are smooth, f& € C%(R, x R? x R?), and uniformly compactly
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supported in [0, 7] x R? x R?, with respect to € > 0, for any 7' € R, . The characteristic
flow of the vector field b° - V, 5

s o odve o
o = eVe(s;z,0), 1 = W Ve (s;x,0), X°(0;2,0) =z, V(0;2,0) =0
is given by

. . Ly e . . qB
Xe(s;2,0) =x 4+ ¢[ly — R(—wes)|—, V(s;2,0) = R(—wes)?, w,= g (36)

C

It is periodic, and has the same period as the characteristic flow of the vector field
b(x,?) - Ve = we 10 Vs

S(z,0) = S(2,7) = —, (2,0) € R*xR? £>0.

In order to filter out the fast oscillations corresponding to the vector field @ Vi,
we perform one more change of coordinates

fe(t,x,ﬁ) =F(t,X,V), (X,V)= (365,175)(—15/5;1:,17). (37)
By applying the chain rule, we obtain
O, F° + €0, 5(X7, \~75)(—t/€; (2, f?e)(t/g; X, f/))cf[]:ﬂs(t)_t/g]t/8 . nyﬁs =0 (38)

where we have used the notations
t

FE(t) e = F(00(X%, T)(=2), a[F=(t) 4zl = [ (0)0(07, 97)(~ D)o, 79) (5

).

As the characteristic flow (X¢, V¢) in (36) is linear, the jacobian matrix simply writes
for any (z,7) € R? x R?

&p,ﬁ(DCE, '\"78>(—t/87 I,’f}) _ < [2 WLCR(—T(/Q)[[Q — R(wct/g)] )

O R(w.t/e)

and therefore (38) becomes

~ ~ I ~ ~
OF +¢ {ai[FE(t)_t/a]t/a + —R(=m/2)[I — R(wet/e)|a [Fe(t)_t/a]t/g} Yy Fe
+ eR(wet /2)aS[FE(t) _t/e)eye - Vi F =0, (t,X,V) € Ry x R? x R%.

We have obtained a two scale problem and we expect that the asymptotic behavior
when € becomes small will follow by averaging with respect to the fast time variable
s =t/e. As we are looking for second order approximations, we only need to average,
with respect to s, when ¢ is small

GE[EF5(t)_g)s - VxF° and R(wes)as[FE(t)_y)s - Vi F°
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up to terms of order £. By the second statement in Proposition 3.1, observe that

E[F*(t)-),(X //F (0, P (s 0!, 7)) SV 28 gy
27T€0 r2JR2 (53 X, V) — 2/ |2

B “(s; X, (s X' V! 5
//Fa t X/ x (S V) :X: (87 7V) dvldX/
R2JR2

_|_

27?80
=F FE

|3C5(s, X, V) —Xe(s; X/, V)2
O(e) (39)

and therefore we deduce that

;u_; 02ﬂ/wc a;[ﬁs(t)fs]s . Vxﬁs(t) ds — w SV F® + O(e). (40)

We concentrate now on the average of R(w.s)a5 [F2(t)_4]s - Vi Fe. We only need to
consider the contributions of order 1 in a5[F*(t)_4]s, that is, those of

L /
q . («—2) = - o
- @@ 7 FE £ e e c .
2me0 B (dwx /R - = 2 (t, (X, V) (=s;2/, 7)) do dx) (X5(s; X, V)

(X°(s55 X, V) = X(s; X', V" o o 4D
// S (5, 7}/ )) ®R(—WCS)V/F€(75,X,, V/) av’dx’
27T€0B R2J R2 |f)C5 S X V X‘E(S;X,7 V/)|

LE[FE() - - - _ R(r/2) . >
—(az <T> U)S(X,V) OB (1) R(—wes) V.

Notice that, up to terms of order ¢, the average of the first contribution writes

27

;J_;  Riwes )gmo plivx /R R2|XX—X)/(|2> ® R(—wes)V'E=(t, X', V') dV'dX'ds
B 2m%2 divx /R /RQQW R T})O;,_PX/) ® R(—wes)V'dsFe(t, X', V') dV'dX’
a 27T5:Z§2 /R - h oL ;X - g?,i; X)o V" Fe(t, X', V') dV'dX’
B 2#5:é2 /RQ R = ‘2/|,X__l§()/(|2_ X) 8 lV/VX'FE(TZX/, V') dV'dX’.

It is easily seen that

(X—X/)®‘7/— J‘(X—X’)@ J_V/

divy
v 21X — X'|?

=0, X#X'
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and thus the above computations lead to

2) (X-X)oV - HX-X)® V' . - 5
qR(=7/2) / / )® o )® Vo FE(t, X', V') dX" AV
"\-«0 R2 J XX’

2’/T€0B |>r 2’X — AX7/|2
2) (X -X)oV X-X)Yo 'V X -X' -
_ IR(=7/2) / / )&V~ X )® do(X') AV’
27T€OB T\O R2 X" r 2|X X/|2 ‘X — Xll
( 7T/2) / / AR ! /
2 777 FE t, XV’ V' dV'do (X
271'503 T’\(O 2T X—X'|=r R2 ) U( )
1 11e

2€0B

Similarly, up to terms of order €, the second contribution is, thanks to (39)

w 2 fwe - ~ race(dx E[F¢ e
il /0 R /2)R (w8)x ELE* (DR (~ta.8) Vs = — 2B O 1
divx B (0] plF (1T
S B =y (42)
Combining (41), (42) we obtain
;d_; anfe R(wcs)ag[ﬁ’e(t)_s]s . Vf/FSdS _ i{][ﬁvs(t)g;g[ﬁvsﬁ)]‘?} . V‘”/Fa + 0(8)
(43)

Thanks to (40), (43) we are led to the model

5 ~VXFJraL{j[F(t)]Z;)g[F(t)]V} Vi =0, (t,X,V) € R, xR? >E R?
44)

8tF+5—LE[F(t)]

which is supplemented by the initial condition

IRy Lrrg
Vg BRI
We B

F(0,X,V) = fu (X — ) . (X, V) eR2xR% (45)

More exactly, we expect that solving (44) together with the initial condition (45), will
provide a second order approximation for (1), (2). Although the above solution depends
on e, we use the notation F, saying that it is an approximation, when £ becomes
small. The well posedness of the limit model (44), (45) is a direct consequence of the
well posedness of the vorticity formulation for the 2D incompressible Euler equations.
Indeed, integrating (44) with respect to the velocity leads to the Euler equations

~ J-_E ~ 1 ~ / X - X/ / 2
I+ Vol = 0.5 ) = 5= [ plFOIX) gmor AX, (1) € RxR

which allows us to determine p and E. Multiplying (44) by V and integrating with
respect to the velocity give a transport equation for the current density as well

D] + (;E -vX) JIF] =0
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and finally the presence density £ comes by solving the linear transport equation (44),
with smooth advection field

‘E n ~
-V | —pV) - V.

B VX T o B (G=rV)-Vy

The proof details are left to the reader, see also Lemma 3.3 [25].

Theorem 6.1 Consider a non negative, smooth, compactly supported initial presence
density EFy, € CH(R?xR?) and a uniform magnetic field B® = g # 0. There is a unique
presence density [ € C'(Ry xIR*xR?) whose restriction on [0, T]xR?xR? is compactly
supported for any T € Ry, whose Poisson electric field is smooth E[F ] € CY(R, x R?),

satisfying (44), (45). Moreover, if for some integer k > 2 we have F, € CH(R? x R?),
then F € C*(R, x R? x R?) and E[F] € C*(R, x R?).

Remark 6.1

1. The total kinetic energy is conserved. Indeed, multiplying (44) by m|V|?>/2 and
integrating with respect to velocity yields

2 LB[F(t 2
Oy m|—F dV+M-VX m‘—F dv
R2 BE R2 2

. m
N 2€03€

TGIEM] = plF@IV) - VE AV =0

and our conclusion follows by integrating also with respect to X .

2. The total electric energy is conserved. As before, using the fundamental solution
of the Poisson equation in R?, we have

dt250 = [ X = XpFOI0AF @)X dxax

/R2/RQ€ X X ( )](X/)atp[ﬁ(t)](X) dX'dX

= / PAFONX2pIF@)X) dX = | SIF@O)(X)div (l)[p(t)]_ffg;(t)]) X

— [ wxalr) = p @) ax —o

8. The function (X, V) — |5IF®)](X)—plE®)](X)V|? is an invariant of the trans-
port operator in (44). Indeed, thanks to the mass and momentum balances, we
deduce that

(at EE®)] o MGIE@] - pFO)V) .W> LE®)] = plF W]V

Be * 2¢0 B* 2
= —pt(o =L iy — i1 = o
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4. The model (44), (45) is invariant under rotation in the velocity space. More
exactly, if F' solves (44), (45), then Fy(t,X,V) = F(t,X,R(0)V) solves (44)

together with the initial condition
Fy(0,X,V) = Fu(X,R(A)V), (X,V)eR?xR2

In particular, if the initial presence density satisfies b - VX’(/EH =0, then, thanks
to the uniqueness, we have b - VX’(,F(t) =0 at any time t € R,.

5. When the initial presence density is well prepared i.e., b - VXV(/PT}H = 0, then
LGIE®)] = plE@))V) - Ve F =0,t € Ry and therefore (44) reduces to (18), with

uniform magnetic field.

The solution of (44), (45) will allow us to describe the asymptotic behavior of the
family (f¢).~o corresponding to the initial condition f;,, when & becomes small. Let us
introduce the presence density

.];(t,S,JZ,lN)) = F(ta <x7\~7)(_3;x76))7 (t,S,JZ,f)) S R+ x R x RQ x RQ

where F' solves (44), (45) and (X, V) is the characteristic flow associated to the vector
field b(z, 0)-V, 5 = w, ~0-Vs, see Proposition 3.1. The idea is to compare f*(t, z, ) with
respect to f(t, o + et0/w,, ), where f(t,z,7) = f(t,t/e,a:, 0). By direct computation
we check that

CE[f(1)] VT4 “UL O] = plf(B)]D) _%7) GO

:pf)_: . 4
B 2e0B € Vesf =0 (46)

0J+€<

Notice that f(0) o T¢ is a second order approximation of f5(0) in L?(R? x R?)

{/IR{2/IRQ{f€(O,£L'77~)) _?<O’x+€:_f’6)r d{}d:[}lﬂ .
{/RQ/RQ[JCIH< z, 7 iEl[gfm] (x)) _F (O’x+5w_fa@)}2 df;d$}1/2
_ {/RQ/R2|:fin (x,f) +5%(x)> — f (%17 +€LEE[3fin] (@ +6L6/%))]2 d@dx}l/z

< e

By introducing a corrector term, we will prove that foTe is a second order approxi-
mation of f¢in L (R,; L?(R? x R?)). We mention that the asymptotic behavior for a
very similar problem has been investigated in Theorem 1.2 [25], but without indicating
the convergence rate. Our goal in this section is to complete the asymptotic analy-
sis by justifying the second order approximation. For any smooth presence density

f € CH(R? x R?) we use the notations

We [ C8) g i) o -0, (ﬂ> @] o

'V,
B 2regB Jpe |z — 2'|? B

31



and

; “Ef] (LS = plf19)
<CL> [f] ' vx,v = B Vg + 2€OB

For constructing the corrector, we need essentially to invert the transport operator d,+
b-V . on the subspace of functions with zero average with respect to the characteristic
flow of the vector field 05 + b - V.5, see [8, 9]. As in Proposition 5.1, the expression
of the corrector is explicit and follows by direct computations. We consider presence
densities depending also on the fast time variable and therefore we work in the phase
space (s,z,0) € R x R? x R?.

V.

Proposition 6.1 Assume that f = f(s,z,0) € C'(R x R2 x R?) is § = | periodic
and uniformly compactly supported in (x,v) with respect to s € R, such that

Osf +b(x,0) - Vasf =0, (s,2,0) € R x R? x R,
Then we have the equality
alf(5)] - Vauf = (@) [f(5)] - Vaof + (05 + b(w,0) - Vi) f* = 0

where

2= COS(QWCS)divm /Ril(x — 1) © LilF] + T ®][F]] da’ - Vi F(z, R(wes)D)

8w.meg B |z — a/|? |x — 2'|?

N sin(?wcs)divx /Ri (x — ) 2 J_][F‘] _ M ®j[ﬁ’]] dz’ - V{/F(LR(L«JCS)@)

8w.meg B |z — a/|? |z — /|2

. cos(2uwes) R(x/2)0, (@) 1o, (@) R(—7/2)| : Vi F @ R(wes)d

4w,

B sin(2w.s) o, <%F]> — R(1/2)d, <%ﬁ]> R(—7/2)| : lszF@R(wcs)@.

4w,

Proof. The presence density f satisfies the constraint (0s+b-V5) f = 0 and therefore
we have ) 3 .
f(s,2,9) = f(0,(X,V)(=s;2,0)), (s,2,0) € R x R* x R?.

Therefore there is a function F' € C(R? x R?) such that

f(s,2,0) = F(z, R(wes)?), (s,z,0) € R x R?* x R
Observe that p[f(s)] = p[F], j[f(5)] = R(~w.s)j[F] and
Viaf(s,2,0) = R(~wes) Vi F(z, R(wes)d), (s,7,79) € R x R* x R2.

Notice that

27TioBdiV% R2 fﬂix—_:;l;) ® jlf(s)l(a") da’ - V5 f(s) — % -V f(s) (48)
_divy Lz — ) o B )
"~ 271e0B R2R(wcs)m ® R(—wes)j[F)(x") da’ - (Vi F) (v, R(w,s)d)
HiLF) () -



As already observed in (41), the average with respect to s of

1 L(x —2) e
27TgoBdlvgc RQR(wcs)m ® R(—w.s)j[F](z") dz’

coincides with +j[F]/(2e0B), and therefore we have

div Ha —a) - Li1F)()
. eS) = @ R(—wes)j[F](z) da’ — —=+
2meo B RQRW 5) e (—wes)j[F](2") da o
diVa: 2 1 J—(x-q;’) - 9 1 a:—x’ s /
2megB /RQ{COS (wes) 21 |z — a2 ® JIF] 4 [sin”(wes) 5 —‘x P ® Lj[F] dx
dngp . l(aj — x’) s (QZ o LC/) .
2meg B /RQCOS(WCS) Sln<wcs) {m ® ][F] + m X j[F] da’

whose zero average primitive with respect to s is

sin(2w,s) .. / Lo —2) = x—a 1 ,
——div, _ F|— F|| d
Sw,men B v R2|: |z — |2 @ jlF] |z —2'|? ® “jlF]| de

ol [T s e 2 ] 0

S8w.regB ° |z —2'|? |z — |2

Coming back to (48), and taking into account that Vy EF(z, R(w.s)?) belongs to the
kernel of 05+ b-V, 5, since it depends only on the invariants =, R(w.s)0 of 05 +b- V5,
it is easily seen that

dive [Ha—a) N TG .
AR vl B RVl b. i _
27208 Juo v — 22 @) o’ Vaf(s) = =55 - Vaf(s) + (0 +0- Vi) ff = 0
where
- cos(2wes) . / Yo—2) | = T — 7 . / ~ i
=57  EE—— Fl+ ——— F Avayh .
fI 8W07T€OB lez R |I _ .T,|2 ® j[ ] + |$ _ CE’P ®][ ] da VV (x,R(w S)U)

N sin(QwCs)diV /RQ{ (x —a) ® *i[F] M ®j[ﬁ]] da’ - Vi F(z, R(wes)D).

S8w.regB ° |z — 2'|? o —a]?
(49)
Similarly we obtain
~0, (_LE[;@)]) 0 Vif + pz[i(;)] L0 Vaf + 05+ b Vas) [l =0
0
where
8 . E[F E[F - 3
i = % [72(7T/2)8:C (%) + 0, (%) R(—?T/2)] D TV EF @ R(wes)d
— % Oy <$> —R(7w/2)0, (@) R(—W/Q)] IV F @ R(wes)d.
(50)
Our conclusion follows by combining (49), (50). O
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Remark 6.2 Notice that fQ = fQ(s,x,f)) 18 continuous, S = % periodic and uni-
formly compactly supported in (x,0) with respect to s. Moreover, if f € C*(RxR2xR?)
for some integer k > 2, then f? € C*1(R x R? x R?).

We appeal one more time to the application T¢(x,?) = (z + e19/w,, ¥). Since the
magnetic field is uniform, the formula (27) simply writes

OT b =boT°, b-Vys=w,"0-Vs b -Vys=60-V,+w 0 Vs. (51)

Finally we are ready to prove that f(t) o T%, where f(t,z,0) = F(t,z,R(wet/e)D), is a
second order approximation of f(¢,x,v).

Proof. (of Theorem 1.3) . . .

For any ¢t € R, the presence density (s,z,0) — f(t,s,x,0) = F(t, (X, V)(—s;z,0))
belongs to C*(R x R? x R?), is S = |Z—7cr| periodic with respect to s and uniformly

compactly supported in (x,?), with respect to s € R and ¢t € [0,7],7 € R,. By
definition, for any t € R,, the presence density f (t) satisfies the constraint (Js + b -
V.s)f(t) = 0. Thanks to Proposition 6.1, there is f2(t,s,z,7) such that

a[f(tv 8)] ' vx,f)f - <a’> [f(t7 5)] ’ V:Jc,f)f + (as +0b- V:Jc,f))f2 =0. (52>

It is easily seen, by the explicit formula of f2, that the corrector f2 belongs to C* (R x
RxR?xR?),is S = \i_ﬂl periodic with respect to s, and uniformly compactly supported
in (z,0) with respect to s € R and t € [0,7],7 € R;. Taking s = t/e in (52),
multiplying by e and combining with (46) yield

% {?(t) + 2 f2(t, t/s)} +ea[f(t)] - Vauf(t) + g Vs {7@ + 2Pt /€>}

= 20, f2(t,t/e, x, D).
After composition with 7, the above equation becomes, thanks to (51)

d = ~ — _

S{TW T+ Pt t/0) 0 T} + calf()] o T7 - (VF (1)) 0 17

+ E v {f( )oT% +e2f2(t,t/e) o TE} = 20,{f*(t,t/e) o T*}.
Combining with (35) and using the notation r(t) = f(t) — f(t) o T° —e2f2(t,t/e) o T",
lead to

£

O + eaf[f(t)] - Voo f* — e(a[f(t)] - VF(t)) o T° + % VoS = —20,f2(t, t)e) o T".
(53)

As the magnetic field is uniform, the vector fields a*[f],b° are divergence free and
therefore

/R2/R€a [FE(0)] - Vo fore df)dx://R V(F(t) o T¢ + 2 f2(t, t/e) o T%)r® divdw

//— Vo7 r® dode = 0.
R2/R2E
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Multiplying (53) by r*(¢, x,?) and integrating with respect to (z,?) imply

2dt“r M5 —|—€// [f5(t) (f(t) o T%)r® doda

—8/]1{2/]1&2 f(1) o Ter® dodx
/ O, f2(t,t/e) o Tor® didz — 63/ / aF[fE(1)] - V(f2(t, t/e) o T%)rF dodx
R2/R2 RrR2/R2

and by Bellman lemma one gets

HﬂMWSW%WwMAHﬂﬁ@LWﬂﬂﬂW—Mﬁﬂﬁﬂﬂwﬁhwﬂ
+f{4H@FauvaoTwpdﬂ+e{£ufv%w«VmPWJvaoTﬂhzaﬂ
(54)

As before, we are working for t € [0,T],T € R,, and we denote by C any constant
depending on m, g, ¢, T, B and the initial presence density fi,, but not on . Thanks
o (47) we have

1P (O) 22 < [1/2(0) = F(0) 0 T*[|2 + 2|1 *(0,0) 0 T%| 12

and thus clearly [[7%(0)||z2 < C<®. Using the C! regularity of 2 which comes from the
C? regularity of F, it is straightforward that

T B T 5 5
52/ 10, 2(t, £/€) o T dt'+53/0 a7 (0)] - V(£ /2) 0 T%) || dlt < C=2.

0

We claim that
[ 1) 9 0 T - W) VEE) o Tlpe dd <€ (39
+Cs/ 1F=(t)) = F(#) 0 T%||2, ¢ € [0, .

Thanks to the uniform bounds

sup {1/ ()l ex ey + | LS (D] lory} < +o0
€>0,t€[0,T]

it is easily seen that

1@ [F5 () = al /<)) - V() o T9)||2 < Ce, t€[0,T], &>0.

Thanks to elliptic regularity results, the quantity
ICalf* ()] = alf(t) o T7]) - V(F(t) 0 T)||2

is bounded by the L? norms of the charge and current densities
loLf=(0)] = pLF () 0 TN 2y + 51F°(8)] = 4LF(2) © Tl 22(eey
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and thus by the L? norm of the presence densities Hfs(t) — f(t) o T°|| L2 (r2xr2). We
obtain the inequality

I(alf* (D] =alf (£)oT])-V (f(£)oT?) |2 < ClIf* ()= (£)oT"|| 2r2xr2), ¢ € [0,T], &> 0.
The inequality (55) follows immediately, noticing that

lalf(t) o T7] - V(f(t) 0 T%) — (a[f(1)] - V(1)) 0 T%|| 2mexme) < Ce, t€[0,T], &> 0.
Finally (54) writes

t
()12 < C* 4 Ce / 1) = F(#) o Tl aF
0
implying that

IF(8) = F(&) o Toll 2 < Nr*(@)ll12 + 21 2(2,t/2) 0 T° 12

< Ce? —|—C’€/ 1F5() = F(t) o T%|| 2 A, t € [0,T], > 0.

By Gronwall lemma we deduce
1F5(t) — f(t) 0 T¢|| 12 < Ce?exp(Cet), t€[0,T], &> 0.

Clearly we have

IE[f ()] = BIF®)]2 = | E[f*(D)] = E[f(D)]l2 < | ELf*(t)] = E[f(t) 0 T7]| 12

+|E[f(t) o T = E[f(t)]]l12 < Ce

and therefore

{/R/R (t x+5—c R(wet/2) (v—gLE[TZ?(t)]>> _fg(t’x’v)r dvdx}
{/R/R (t S ( v gE[g(t”) JR{wt/e) (mﬁEWﬁ)]; LEU%)]))

. 1/2
—fe(t,z,0) df}dx}

< 1) — OT”LQ_'—{/]R?/RQ[ (tx—i—a—c (wct/a)ﬁ)_

F <t,x + 5j _ E_zij(wct/(g)@ I €R(wct/5)LE[f€(t)] ; LEW@)])

w. w. B

1/2

[ I—

) 1/2
dodx }

< Ce? 4 Ce||E[f5(t)] — E[F()]|| 12 < Ce®, t€0,T], €>0.
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A Well posedness of the Vlasov-Poisson problem
with external magnetic field

Proof. (of Theorem 2.1)
We are done if we prove the well posedness on any time interval [0, T],T € R,. We
construct a map acting on electric fields. Given a C' electric field E on [0,7] x R?

such that F, 0, F are bounded, we consider the solution by characteristics of the Vlasov
problem (7), (9) on [0, T] x R?, that is

FE(t2,0) = fu(XP(0: 42, 0), VE(Ost,2,0)), (6,0) € [0,7] x B x B
where the characteristics (X, V¥)(s;t,x,v) are given by

o), T = L (B(s, XE(s) + BIXE(s) TVE(9)

(XE VEY(s =t;t,2,0) = (z,v), (s,t,m,v) €[0,T] x[0,T] x R* x R%

Notice that the right hand side terms in the characteristic equations have at most
linear growth at infinity (i.e., when s,t € [0,T], |x| + |v] — +00), and therefore the
characteristics exist globally on [0,7] and have C' regularity in all the arguments.
Considering now the Poisson electric field corresponding to the presence density f,
leads to a map JF, whose fixed point gives the solution of the Vlasov-Poisson problem

(7), (8), (9) on [0,7T]

E — F(F) = / e v)m do'dz’.
271-50 R2JR2 |$ T |

We need to find a set X7 of smooth electric fields, which is left invariant by the map
F, and to establish an estimate like

t
||]:E(t) —FE(t)||Loo(R2) S CT/ ||E(S) _E(S)||L°°(R2) dS, E,E € XT,t S [O,T] (56)
0

for some constant Cp, not depending on F, E. After that, the well posedness of the
Vlasov-Poisson system follows immediately, by iterating the map F. We are not indi-
cating all the details of this construction, but only the a priori estimates, for smooth
solutions of (7), (8), (9). Let f be a smooth solution corresponding to the non negative
initial presence density fi, € C!(R? x R?). We are looking for estimating E,J,F in
C([0,T] x R?). Notice that for any R > 0 we have

BN < 5 [ Lwrem OS2 0+ 5 [ 1o PO o

1
< Rllplf O)llqe2) + 5l oL (]l

As the total charge is conserved, after minimization with respect to R, that is by taking
R = (llplfunlllz o) /27| o[£ ()] = z2)) /2, we obtain

1/2
ol BLF O e < | oLFO] 152 e ('q' ||fm||L1<szR2>) . (57)
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For estimating the L* norm of the charge density, we analyze the support of the
presence density f. By the characteristic equations we have for any 0 < s <t < T

t
| X (s;t,z,0) — 2| < / |V(o;t,z,v)| do (58)

and
LS Wit o) = LRI (s:t,,0) - Visit,a,0) (59)

implying that

t
q
[ Wisitoao)l = bl | < 2 [ B @)oo

Assume that supp fi, C {(z,v) € R* x R?* : |z| < R™ and |v| < R™}. Clearly, for
any (z,v) € R? x R? such that |v| > R,(t) := RI" + % TV IELF ()| oo (r2y ds we have

V(0;2,2,0)] > |v] — |q|/ IELf(5)]|lp(ge) ds > R™

and therefore
flt,x,v) = fin(X(0;t,2,0),V(0;t,z,v)) = 0.

Consider now (z,v) € R? x R? such that

\x| > Rx( ) = Rm +tR / |q‘ / ”E |Loo R2) do ds.
If |v] > R,(t) we already know that f(¢,z,v) = 0. If |v| < R,(t), we have by (58), (59)

t
Xt 0) = [ol = [ Wisita0)] ds

> |J:|—/ [| | + |Q|/ | ELf(0)]|| Lo (2 da] ds

> |z| — tR,( / ldl / |E[f(0)]|| L (re) do ds > R

implying that f(¢,z,v) = fin(X(0;t,z,v),V(0;¢,z,v)) = 0. We have proved that f is
compactly supported

supp f(t) C {(z,v) € R? x R? : |z| < R,(t) and |v| < R,(t)}, t € [0,T].

Notice that the above computations are not depending on the magnetic field B; more
exactly the equations (59) will be the same when considering an external magnetic
field or not. This is why the arguments used for the Vlasov-Poisson problem also apply
for the Vlasov-Poisson problem with external magnetic field. The charge density is
bounded by

Plf )@ = gl foo fin(X (05, 2,0), V(03 2, 2,v)) dv < |g]|] fin| oo 2 w2y TR (1) (60)
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The a priori bound for the L* norm of the electric field comes by Gronwall lemma.
Actually, combining (57), (60) yields

1/2
q 1/2
S| ELF O ) < (unfanl(RaxRa) (lalll il nznym) /2 Bu®)

q] 1/2 1/2 in |Q|
=gl e il oy ||E )]l g2y ds | -

Notice that once that we have obtained a L* bound for the electric field, we also get
a bound for the support size of the presence density f. The derivation of the L™ a
priori estimate for 0, F is more elaborated. It was shown in [2] that there is a constant
C (depending only on m, ey) such that

10 BLf )]l < C [(1+ llplf @)]llz=) (L + W F ([ Vaplf (Oz=) + lplf (O] . (61)

Here the notation In™ stands for the positive part of In. We already have a priori
bounds for the L norm of p[f(t)] (use the estimate for the size of the support of f)
and for the L' norm of p[f(¢)] (use the conservation of the total charge), and therefore
(61) becomes

10 E[f )]l < CL(1 4+ " [[Vap[f(B)]ll~), t € [0,T] (62)

for some constant Cy depending on m, g, q,T. We need to estimate the L°° norm of
V.p[f(t)] which writes

Veplf(O] = aVa | Fn(X(08,2,0), V (0,7, v)) dv (63)
= Q/RQ Ljoi<ryt} 0xX (08, 2,0)(Vx fin) (X (0; ¢, 2,v), V(0; ¢, 2, v)) dv
+ Q/R2 Lipi<ro@} "0V (05t 2, 0)(Vy fin) (X (05 ¢, 2,0), V(05 ¢, 2, v)) do.
A straightforward computation on the characteristic equations shows that there is a

constant Cy(m, q, T, || B||w1.~) > 1 such that for any (x,v) € R?* x R?, |v] < R,(t), we
have

t
10, X (0;t, z,v)| + |0,V (0;t, z,v)| < Cyexp (/ 10 ELf ()] L~ ds> , te[0,T].
0

Coming back to (63) we obtain

IV lf (O]l < Caoxp ( [ 1Bl ds)7 te 0T

for some constant Cs(m, q, T, || B|lwr~) > 1, and therefore
t
I [ Vaplf (0)]l| = < InCs +/ 10 ELf ()| ds, ¢ € [0,T],
0

Finally, combining with (62) yields
t
10, ELF )]~ < Cs <1+ [ 10.5156) ds), te[0,7)
0
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and the a priori estimate for the L* norm of 0,E[f] follows by Gronwall lemma.
Based on the L*> estimates for the electric field together with its spatial derivatives,
and also on the compactness of the presence density support, the inequality (56) comes
immediately. O
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