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Donnees expérimentales

Model endo, pas de defaut

Model endo, +−0.25 mm

Model endo, +−0.125 mm

Model endo, +−0.19 mm

Elast, +−0.19 mm

Des modèles toujours plus « fins »
Prendre en compte des phénomènes toujours plus complexes pour 
prédire le comportement jusqu’à « rupture »

Interaction des phénomènes aux différentes échelles d’observations : prise en 
compte de la microstructure, des défauts 

Non-linéarité matériau, mécanismes de dégradation (endommagement, 
fissuration…) 

Non-linéarité géométrique, influence du chargement, effet « structure »

Couplages multi-physiques (thermo-mécanique, magnéto-mécanique, électro-
mécanique…)

…
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!

[Baranger, Guidault, Cluzel 2011]

Echelle macroscopique = structure

Echelle microscopique = la plus fine

Echelle mésoscopique = intermédiaire 



Modélisation « multiéchelle »
Une modélisation « multiéchelle » nécessaire

Approche force brute, à l’échelle micro, hors de portée en pratique

Développement et optimisation de nouveaux matériaux / structures

Prise en compte d’incertitudes (microstructure aléatoire, paramètres matériau ou géométriques…) 
lié au processus de fabrication par exemple
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« Multiéchelle » ?

« multiéchelle » : prise en compte de phénomènes 
présentants des variations significatives/observables 
à différentes échelles spatiales ou temporelles. 

Modélisation « multiéchelle » : formulation prenant 
en compte des interactions entre des échelles.

Stratégie de calcul « multiéchelle » :  technique de 
calcul permettant d’accélérer la convergence ou de 
réaliser un calcul à une échelle fine en utilisant une 
échelle plus grossière permettant de transférer 
l’information à grande longueur de variation 

Homogénéisation 
(up-scaling)

Localisation 
(down-scaling)

[Allix, Baranger, Guidault, Cluzel, 
Projet européen CELPACT 06-09]



Techniques d’« homogénéisation »
Objectif : Identifier des propriétés apparentes / globales prenant en compte plus 
ou moins la microstructure

Approche « pragmatique » : méthode Unit cell, essai « numérique »
 Choix d’un modèle de matériau homogène équivalent a priori (up-scaling uniquement) [Christman 
and al. 89, Tvergaard 90, Sluis and al. 99…] (cf. exemple précédent)

Niveau matériau (microstructure) : homogénéisation au sens classique
Estimation analytique de bornes :  Voigt et Reuss, méthodes auto-cohérentes…[Nemat-Nasser, 
Hori 93…]  

Hypothèse de « séparation d’échelles », choix d’un VER, équivalence énergétique (Hill-Mandel)

Homogénéisation numérique « à la volée » par sollicitation du VER par des modes de déformation 
macroscopique choisis a priori et des conditions limites microscopiques compatibles (up & down scaling)

‣ Premier ordre (gradient homogène) : périodique [Bensoussan, Lions 73, Sanchez-Palencia 74, Duvaut 
76], FE2 [Feyel et al. 99] pour le non-linéaire

‣ Premier ordre enrichi ou second gradient, Cosserat [Forest et al. 98, Kouznetsova, Geers et al. 02…] 
pour les problèmes de gradients localisés

Niveau structure (macro) : théories simplifiées (poutre, plaques…)
Hypothèse d’élancement, cinématique simplifiée, principe de Saint-Venant

Reconstruction d’un relèvement 3D a posteriori [Ladevèze 80, 85, 02, Sanchez, Simmonds et al. 04,  
Allix et al. 10, Baranger et al. 06…]
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Réduction de modèle & modélisation
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Un traitement force-brute à l’échelle micro peut s’avérer nécessaire quand les 
techniques d’ « homogénéisation » atteignent leurs limites dans certaines zones :

Zones de gradients élevés et localisés : bande de localisation qui évolue, rupture, fissuration 
macroscopique, homogénéisation des « interfaces » plus généralement (choix du VER ? 
homogénéisation continue-discontinue ?)

Traitement des structures élancées : effets de bords, délaminage dans les composites stratifiés

Les outils de réduction de modèle peuvent aider à réduire la complexité 
numérique (coût de calcul) sans dégrader le modèle initial :

Dans le cadre de l’homogénéisation :

‣ Résolutions des problèmes micro par VER : POD pour problème hyperélastique [Yvonnet et al. 07], 
PGD [Lamari et al. 10]

‣ Réduire le nombre de variables d’état : TFA [Dvorak 94, Fish 97, Chaboche 01], NTFA [Suquet, 
Michel et al. 03]

Dans le cadre de la simulation de structure plaque 3D pour une complexité d’un calcul 2D [Bognet 
et al. 2012], la mécanique de la rupture [Pommier et al. 09] ou la simplification automatique de loi de 
comportement complexe pour les CMC  [Baranger 13, Friderikos et al. 16]

Pour des problèmes de grandes tailles non-linéaires, paramétrés [Chinesta, Ladeveze 14 (livre)]

Parallèle entre les 1er modes POD / PGD et les modes de déformations macro
Dédiés aux sollicitations pour lesquels ils ont été générés mais approche systématique  



Modèle simplifié  pour la simulation 
d’assemblages boulonnés 
M.-F. Soulé de Lafont, P.-A. Guidault, P.-A. Boucard
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Contexte industriel
Liaisons boulonnées omniprésentes en aéronautique (3 000 000 d’attaches sur 
un A380, 50 000 sur un Rafale).

Importantes sources d’incertitude (procédure de serrage, frottement, tolérances géométriques…)

L’optimisation en masse et en coût des assemblages boulonnés sous chargement complexes et de 
nouveaux matériaux (ex : composites) nécessite des stratégies de conception plus élaborées. 

‣ Un gain de 23 kg sur les moteurs (CFM 56, 3500 boulons) d’un avion monocouloir :  réduction de 
95000 litres de kérosène et 244 tonnes de CO2 pour une exploitation annuelle d’un vol Paris-Toulouse 
(20 aller-retours par jour) (Utilitaire DGAC http://eco-calculateur.aviation-civile.gouv.fr)
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Contexte industriel
Besoin de modèles simplifiés pour le dimensionnement/optimisation

Simulations 3D trop coûteuses : grand nombre d’interactions de contact, d’itération [Izumi et al. 
05, Lehnhoff et al. 01, Daidié et al. 07, McCarthy et al. 05]

En pratique : utilisation de connecteurs ou user-elements à deux noeuds
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Objectifs
Identification classique des modèles de connecteur / user-element :

Basée sur des résultats expérimentaux et/ou numériques pour une liaison boulonnée élémentaire 

Valide pour une gamme et des types de chargement spécifiques ainsi que des paramètres de 
conception donnés [Bortman et al. 92, MacCarthy et al. 06, Ekh et al. 08, Askri et al. 16]. 

Prise en compte uniquement du comportement élastique en général 

‣ Pour des cas spécifiques, des solutions analytiques [Huth 86, Swift 71, Tate and Rosenfeld 46] ou des 
modèles simplifiés existent mais principalement en élasticité linéaire (statique / dynamique)

Objectif : proposer un connecteur EF en quasistatique qui :
prenne en compte les non-linéarités de type contact-frottant ;

se base sur des paramètres de conception (précharge, coefficient de frottement, jeu diamétral 
entre trou et vis, épaisseur des plaques…) ;

puisse être facilement intégrer dans un code commercial (ABAQUS, SAMCEF…) : user-element.
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Essai double recouvrement
Corrélation d’image [Crevoisier, Swiergiel, Champaney, Hild 2012]

Courbe effort - saut
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Essai double recouvrement
Exemple d’analyse 3D volumique (référence)
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Essai double recouvrement
Exemple d’analyse 3D volumique (référence)
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Modélisation par connecteur

Le connecteur et couplages cinématiques 
participent à la modélisation de la rigidité 
des pièces assemblées :

Le couplage cinématique modélise principalement 
l’interaction entre la tête de vis/l’écrou et les 
plaques. 

L’identification des paramètres du connecteur peut 
dépendre de la taille du rayon d’attache des zones 
de couplage. 
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FASTENER dans ABAQUS Cae, 
MEAN dans SAMCEF Field

cône de
 Rötscher

couplage cinématique
 (.MEAN, Fastener, .RBE...)

connecteur à deux noeuds

noeud du connecteur /
point d’ancrage

couplage cinématique
 (.MEAN, Fastener, .RBE...)

connecteur à deux noeuds

noeud du connecteur /
point d’ancrage

Modèle volumique 
de référence

Modèle volumique 
+ connecteur

Modèle plaque
+ connecteur

contact non frottant contact non frottant

modèle plaque

Connection de modèles 3D ou de plaque (choix a priori d’une cinématique)



Comportement de la liaison boulonnée
Choix de modélisation / séparation des mécanismes :

Des sollicitations locales généralement simples

Rôle du couplage cinématique « MEAN / FASTENER » :

‣ Taille de la zone de couplage liée à l’action de la tête de vis ou de l’écrou [Rotscher, 1927] 

Rôle du connecteur :

‣ Comportement axial/normal du connecteur : précharge et rigidité équivalente des pièces 
assemblées.

‣ Comportement « tangentiel » : Frottement entre plaques induit par la précharge dans le 
voisinage du boulon et éventuellement, contact corps de vis / alésage. 

‣ Conditions de contact sans frottement : interactions entre plaques / effet de la longueur de 
bridage (pression de contact localisée près du boulon).
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Comportement tangentiel
Approche élastoplastique [Wriggers 87, Giannokopoulos 89, Laursen et al. 93] 

Saut de déplacement tangentiel aux noeuds du connecteur est séparé en une partie élastique 
(adhérente) et une partie plastique (glissante) :

Fonction seuil (écrouissage isotrope) : 
gv est le glissement effectif cumulé

Estimation pression de contact (cas couplage plaques) : 

Effort axial dans le connecteur : 

Loi d’évolution (à pression de contact fixée) :

Conditions de Kuhn-Tucker :

Intégration du comportement tangentiel par algorithme de retour radial
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Paramètres du modèle

2 Paramètres de conception
Précharge Pc

Eventuellement : coefficient de frottement équivalent (entre plaques ?) μ

3-4 Paramètres à identifier numériquement ou expérimentalement
Raideur normale cN : utilisation éventuelle de modèles analytiques [Alkatan, Daidié et al., 2007]

Raideur tangentielle cT 

Paramètre d’« écrouissage » H

Eventuellement : coefficient de frottement équivalent μ

Identification à réaliser pour chaque type de boulon
Définition d’un problème générique paramétré, « handbook », unit cell
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Problème générique pour identification
Identification du comportement tangentiel : 
cT, μ et H
Plusieurs cycles de charge-décharge
Automatisation possible

Géométrie paramétrée

Identification simple par simple régression linéaire

Identification possible à partir d’essai double 
recouvrement [Crevoisier, Swiergiel, 
Champaney, Hild 2012]

Mesure locale de saut de déplacement sur la tranche

Corrélation d’image sur la tranche
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Analyse et comparaison des essais/cas tests
avec le modèle de connecteur

M.-F. Soulé de Lafont
P.-A. Boucard
P.-A. Guidault

LMT-Cachan

Date de rédaction :

7 janvier 2016
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FIGURE 34 – Extraction du modèle générique à partir de l’essai Snecma

3.1.1 Recommandations sur les maillages

On recommande de réaliser un maillage « réglé »pour les plaques comme illustré en figure 37.
Des maillages compatibles entre la tête et l’écrou sont préconisés. Les tailles de mailles notamment
dans la zone d’appui et dans l’épaisseur des plaques doivent pouvoir être modifiables.

3.1.2 Définition des quantités d’intérêt pour le post-traitement

L’identification nécessite de déterminer à partir du modèle volumique complet le saut de dépla-
cement aux nœuds du connecteur :

g = u2 � u1
et plus précisément la projection du saut de déplacement suivant la direction x de chargement.
Comme illustrées en figure 2, il faut distinguer deux situations :

— celle où l’on souhaite identifier les paramètres du connecteur pour le couplage de modèles
volumiques ;

— celle où l’on souhaite identifier les paramètres du connecteur pour le couplage de modèles
de plaques.

Suivant le cas, les déplacements moyens suivants la direction x de chargement dans les zones
rouges ou vertes seront déterminés pour définir les déplacements u1 · x et u2 · x (figure 36 et
figure 37).

Confidentiel projet CARAB Page 45
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 Exemple d’identification
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Pc = 11 000 N 
cN = 3.75 105 N.mm−1

cT = 7.5 105 N.mm−1 H = 2.86 mm−1 
μ = 0.1

Boulon d’un assemblage de bride SNECMA
Modèle générique, 1 précharge + cycles de charge-décharge

Post-traitement et identification sur la gamme de chargement visée



 Exemple d’identification
Comparaison des réponses 3D/connecteur et temps de calcul
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 Exemple d’identification
Comparaison des réponses 3D/connecteur :

Variation du coefficient de frottement, même précharge 
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Pc = 11 000 N 
μ = 0.2 

cN = 3.75 105 N.mm−1



Liaison 4 boulons en double recouvrement
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Liaison 4 boulons en double recouvrement
Comparaison simulation 3D et simulation avec connecteurs

Un cycle de charge-décharge entre 0 et 6000 N

Déplacement dans la direction du chargement et déformée pour la charge 
maximale :
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Liaison 4 boulons en double recouvrement
Comparaison simulation 3D et simulation avec connecteurs

Un cycle de charge et décharge

Déplacement dans la direction du chargement et déformée finale :
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Simu. 3D : 5h28 (1 proc) 
Simu. connecteur : 15 min (1 proc)



Transferts de charge sur chaque boulon
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Conclusions et perspectives

Conclusions
Démarche de modélisation et d’identification d’un connecteur EF à deux noeuds pour le 
comportement d’un boulon :

‣ prenant en compte les phénomènes de contact et de frottement entre pièces assemblées 

‣ prise en compte automatique de la précharge au premier pas de calcul

‣ intégré sous forme d’un user-element dans 3 codes : SAMCEF Field,  ANSYS et NASTRAN NX 

Identification du comportement tangentiel du connecteur réalisée sur un problème générique

Bonne corrélation simulation 3D / connecteurs des réponses globales mais aussi locales 
(glissement cumulé, ouverture, tension dans les connecteurs/boulons…) 

Réduction des temps de calcul d’un facteur 4 à 20 suivant les cas (Temps de mise en donnée ?).

Perspectives
Amélioration du comportement : contact vis/alésage, plasticité boulon…(cf. stage M2 de R. 
Verwaerde)

Pour des trajets de chargement connus, utilisation de la réduction de modèle pour:

‣ Identifier la zone de raccord du connecteur avec son environnement (couplage cinématique) afin de 
transmettre correctement la bonne cinématique 

‣ Identifier numériquement les variables d’état « réduites » et les lois d’état et d’évolution associées.

Extension de la méthodologie à la modélisation des points de soudure (coll. PSA)
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Réduction de modèle en non-linéaire 
- Méthode des points de référence 

M. Capaldo, P.-A. Guidault, D. Néron, P. Ladevèze
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Contexte scientifique
Construction d’un modèle réduit (ROM) :

Coûteux mais « rentable » si la base réduite (ROB) retenue est pertinente et 
reste inchangée

Raisonnable pour les problèmes « gentils » (linéaires, stationnaire…)

Des gains effectifs en non-linéaire un peu décevant…
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Contexte scientifique
Construction d’un modèle réduit (ROM) en non-linéaire

Nécessité d’actualiser la base réduite « souvent »

Construction du modèle réduit à chaque itération

‣ Opérateurs tangents (et résidus) réactualisés

‣ Evaluation, intégration « spatiale », projection sur la base réduite (ROB)

‣ Complexité algorithmique fonction de la taille du problème fin (FOM)

Objectif : réduire la complexité arithmétique liée à la construction d’un modèle 
réduit en non-linéaire

Application de la méthode des points de référence (RPM) dans le cas de la PGD sur un problème 
non-linéaire, paramétré
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Comment choisir la base réduite ?
Représentation séparée et POD

« meilleure » approximation sous la forme d’une somme de produit de fonctions

analyse et compression de données expérimentales, réduction de modèle

‣ KLD [Karhunen 43, Loeve 55], PCA [Pearson 1901, Hotteling 33], SVD [Ekardt & Young 39], 
HOSVD [Baranyi et al. 06] 

Techniques de réduction de modèle basées sur la POD

‣ [Sirovich 87, Krysl et al 00, Kunisch and Wolkwein 02, Willcox et al. 02, Picinbono et al. 03, Bergmann et 
al. 05, Lieu et al. 06, Niroomandi et al. 08, Farhat et al. 08, Matthies et al. 10…] 

➡ Problème : pertinence des snapshots pour le problème traité ?

‣ Base réduite (essentiellement pour les problèmes paramétrés)[Maday et al. 02, Patera et al. 02…]

‣ Enrichissement de la base réduite [Ryckelynck 02, 05, Chinesta 08…]

Proper Generalized Decomposition (PGD)

‣ approximation radiale [Ladevèze 85, 99, Nouy et Ladevèze 04] 
[Ladevèze et al 08]

‣ décomposition spectrale généralisée [Nouy 07]

‣ séparation multidimensionnelle [Ammar et al 06, 07, Chinesta 08]

‣ problèmes multiphysiques [Ladevèze et al. 02, Néron et Dureisseix 08] 28

Problème

Trouver �i(M)�i(t)

POD Base réduite (RB) Problème on-line

�i(M) Trouver

Apprentissage off-line
Résolution partielle du problème

(simplifié ou intervalle de temps court, 
snapshots)

�i(t)
tronc.

u(t ,M) º ūm(t ,M) =
mX

i=1
∏i (t )§i (M)



Problème de référence
Problème elliptique avec un terme source non-linéaire, paramétré [Maday et al. 07],
[Chaturantabut et Sorensen 10]
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µ = (0.01, 0.01) µ = (10, 10)

Espace :  N  =  2601 (50 x 50 éléments linéaires quadrangulaires)  
Paramètres :   p   =   225 points  (15 µ1 x 15 µ2)

method, is used and presented. The reference problem is solved by a PGD-based model reduction in order
to illustrate the issue of computational complexity of nonlinear model reduction.

2.1. Reference problem formulation120

Let us consider as a reference problem, the nonlinear parametrized elliptic PDE first studied in [13, 32]
defined on a spatial domain ⌦ ⇢ R2 and a parameter domain D ⇢ R2 and stated as follows:

Problem 1 (Strong form). Find u(x,µ) with x = (x
1

, x
2

) 2 ⌦ =]0, 1[2 and µ = (µ
1

, µ
2

) 2 D =
[0.01, 10]2 and homogeneous Dirichlet boundary condition on @⌦ ⇥ D, such that:

⇢ �r2u + g(u;µ) = f(x) on ⌦ ⇥ D
u = 0 on @⌦ ⇥ D

with:
g(u;µ) =

µ
1

µ
2

(eµ2u � 1) and f(x) = 100 sin(2⇡x
1

) sin(2⇡x
2

)

This problem can be interpreted as a stationary di↵usion problem with a parametrized nonlinear interior
heat source term.

A space weak formulation of Problem 1 can be proposed. In this case, the solution u is identified125

with a function defined on D with values in Hilbert space V = H1

0

(⌦) = {u 2 H1(⌦); u = 0 on @⌦}, i.e.
u(µ) : x 7! u(µ)(x) ⇡ u(x,µ), and Problem 1 can be stated as follows:

Problem 2 (Space weak form). Given µ 2 D, find u : D ! V such that:

8 v 2 V, a(u, v) +

Z

⌦

g(u;µ) v dx = l(v)

where a(·, ·) is a bilinear form on V and l(·) is a linear form on V defined by:

a(u, v) =

Z

⌦

ru · rv dx and l(v) =

Z

⌦

f(x) v dx

Term g(u;µ) is a nona�ne nonlinear function of the parameter µ, spatial coordinate x, and field variable
u(x,µ). Bilinear term a(u, v) and linear term l(v) are V-continuous bounded functionals and are parameter-
independent. It is shown in [13] that Problem 2 is well-posed and that it admits a unique solution u 2 V.130

A space-parameter weak formulation of Problem 1 can also be proposed. The following function space
is introduced:

S = L2(D, V) = { u : D ! V,

Z

D
kuk2V dµ < 1 }

where k · kV is a norm on V. A space-parameter weak formulation of Problem 2 can be defined by the
following problem:

Problem 3 (Space-parameter weak form). Find u 2 S such that:

8 v 2 S, A(u, v) + G(u, v) = L(v)

where A and L are bilinear and linear forms defined by:

A(u, v) =

Z

D
a(u(µ), v(µ)) dµ and L(v) =

Z

D
l(v(µ)) dµ

The nonlinear form G is defined by:

G(u, v) =

Z

D⇥⌦

g(u;µ) v dx dµ

4



Méthode incrémentale (ex. Newton) et réduction de modèle a priori :
Apprentissage a priori (off-line) de la base réduite (POD / RB technique)

‣ Echantillonnage grossier / snapshots

Resolution on-line sur la grille fine pour chaque valeur de paramètre 

‣ Pour chaque itération, mise-à-jour du jacobien, évaluation du résidu, assemblage et détermination du 
modèle réduit (projection sur la base réduite)

Méthode non-incrémentale (globale en temps/paramètre) et réduction de 
modèle a posteriori (PGD) :

Schéma itératif à 2 directions de recherche (LaTIn), a chaque itération on construit une 
approximation de la solution pour toutes valeurs de paramètre

‣ Etape locale : vérification du terme non-linéaire

‣ Etape linéaire : vérification de l’équilibre

‣ Etape préliminaire : mise-à-jour de la direction de recherche, évaluation du résidu, assemblage et 
détermination du modèle réduit (projection sur la base réduite de l’itération précédente)

‣ Enrichissement et mise-à-jour de la base réduite éventuellement

Méthodes a priori et a posteriori

30

70% du temps CPU ! 
µ

µ

A chaque itération, il faut mettre à jour le modèle réduit !

[Ladevèze et al. 03, Passieux et al. 09, Nouy et al. 10] 



Méthode LaTIn - PGD
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w = g(u;µ)

(ŵ(n+1/2) � w(n)) +H+(û(n+1/2) � u(n)) = 0

ŵ(n+1/2) = g(û(n+1/2);µ)

H+ ! 1
⇢

û(n+1/2) = u(n)

ŵ(n+1/2) = g(û(n+1/2);µ) = g(un;µ)

(w(n+1) � ŵ(n+1/2))�H�(u(n+1) � û(n+1/2)) = 0

�r2u(n+1) + w(n+1) = f(x)

H� =
@g(u;µ)

@u

����
u=û(n+1/2)

Γ
Ad!

Γ 

u!

w!

ŝ(n+1/2)!

s(n)!

sexact!

E+!

E-!

s(n+1)!

8µ 2 D, 8x 2 ⌦

8µ 2 D, 8x 2 ⌦

Ad

Introduction de la variable : 

Etape locale à l’itération n+1 : 

Choix direction de recherche : 

Etape linéaire à l’itération n+1 :

Equilibre et C.L. :

Choix d.d.r. : 

[Ladevèze 85, Glowinski, Le Tallec 89,
Eckstein et Bertsekas 92] 

Formulation globale en espace 
et en paramètre !



Méthode LaTIn - PGD
Etape linéaire sur la correction (simplifié grâce au choix spécifique des d.d.r.)

avec :

Formulation globale espace-paramètre
Stockage de l’itéré sur tout le domaine spatial et le domaine des paramètres !

‣ Représentation adaptée : PGD

Version incrémentale obtenue en enlevant l’intégrale sur le domaine des paramètres.
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Figure 3: Convergence of LATIN error indicator �
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(9) for Problem 1 and two choices of search direction H�: tangent
operator (4) and constant operator (5)

By introducing search direction (3) in (6), one obtains:

8v 2 S,

Z

D
a(u(n+1), v) dµ +

Z

D⇥⌦

H� u(n+1) v dx dµ = . . .

. . .

Z

D⇥⌦

f(x) v dx dµ �
Z

D⇥⌦

⇣
ŵ(n+1/2) � H�û(n+1/2)

⌘
v dx dµ (7)

The only unknown in this latter equation is u(n+1). This equation is global over the space-parameter domain
but linear.

Due to the specific choices done for search directions E� (see (2)) and E+ (see (4)) and by introducing
the correction �u(n+1) = u(n+1) � u(n) between two consecutive global stages, Problem 4 also reads:170

Problem 5 (Global stage on correction). Find �u(n+1) = u(n+1) � u(n) 2 S and w(n+1) 2 S such that:

8v 2 S,

Z

D
a(�u(n+1), v) dµ +

Z

D⇥⌦

H�(u(n);µ) �u(n+1) v dx dµ = �
Z

D
R(u(n), v;µ) dµ

8µ 2 D, 8x 2 ⌦, w(n+1) = ŵ(n+1/2) + H� �u(n+1)

(8)
where : 8

>>>><

>>>>:

R(u(n), v;µ) = a(u(n), v) �
Z

⌦

f(x) v dx +

Z

⌦

g(u(n);µ) v dx

H�(u(n);µ) =
@g(u;µ)

@u

����
u=u

(n)

At each iteration, a local stage and a global stage have to be solved until convergence. It is clear that contrary
to classical incremental solution strategies, one has to store the iterate on the whole space-parameter domain.
Indeed, at each stage, one seeks a correction �u(n+1) 2 S = L2(D, V). In order to overcome this data storage
issue, a dedicated representation of unknowns has to be proposed. In the LATIN method [19], Proper
generalized decomposition of the iterates is classically used to the purpose as described in Section 2.3.175

2.2.3. LATIN convergence indicator

In order to check the convergence of the nonlinear iterative scheme, the following error indicator is
defined:

�
(n+1)

L

=
ku(n+1) � û(n+1/2)k

1

2

ku(n+1) + û(n+1/2)k with k · k =

Z

D⇥⌦

· 2 dx dµ

7

method, is used and presented. The reference problem is solved by a PGD-based model reduction in order
to illustrate the issue of computational complexity of nonlinear model reduction.

2.1. Reference problem formulation120

Let us consider as a reference problem, the nonlinear parametrized elliptic PDE first studied in [13, 32]
defined on a spatial domain ⌦ ⇢ R2 and a parameter domain D ⇢ R2 and stated as follows:

Problem 1 (Strong form). Find u(x,µ) with x = (x
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This problem can be interpreted as a stationary di↵usion problem with a parametrized nonlinear interior
heat source term.

A space weak formulation of Problem 1 can be proposed. In this case, the solution u is identified125

with a function defined on D with values in Hilbert space V = H1

0

(⌦) = {u 2 H1(⌦); u = 0 on @⌦}, i.e.
u(µ) : x 7! u(µ)(x) ⇡ u(x,µ), and Problem 1 can be stated as follows:

Problem 2 (Space weak form). Given µ 2 D, find u : D ! V such that:

8 v 2 V, a(u, v) +
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⌦

g(u;µ) v dx = l(v)

where a(·, ·) is a bilinear form on V and l(·) is a linear form on V defined by:

a(u, v) =

Z

⌦

ru · rv dx and l(v) =

Z

⌦

f(x) v dx

Term g(u;µ) is a nona�ne nonlinear function of the parameter µ, spatial coordinate x, and field variable
u(x,µ). Bilinear term a(u, v) and linear term l(v) are V-continuous bounded functionals and are parameter-
independent. It is shown in [13] that Problem 2 is well-posed and that it admits a unique solution u 2 V.130

A space-parameter weak formulation of Problem 1 can also be proposed. The following function space
is introduced:

S = L2(D, V) = { u : D ! V,

Z

D
kuk2V dµ < 1 }

where k · kV is a norm on V. A space-parameter weak formulation of Problem 2 can be defined by the
following problem:

Problem 3 (Space-parameter weak form). Find u 2 S such that:

8 v 2 S, A(u, v) + G(u, v) = L(v)

where A and L are bilinear and linear forms defined by:

A(u, v) =

Z

D
a(u(µ), v(µ)) dµ and L(v) =

Z

D
l(v(µ)) dµ

The nonlinear form G is defined by:

G(u, v) =

Z

D⇥⌦

g(u;µ) v dx dµ
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Représentation en variables séparées d’ordre k de l’itéré (n+1) :

Etape préliminaire : mise-à-jour du modèle réduit à l’itération (n+1)
Exploitation de la base réduite d’ordre k générée et connue  à l’itération n : 

Correction des

Problème réduit similaire à celui des méthodes de base réduite

Enrichissement de la base réduite si nécessaire

Méthode LaTIn - PGD
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This error indicator measures, at iteration n + 1, the distance between the iterate of � generated at the
local stage and the subsequent iterate of A

d

obtained at the global stage (Figure 2). Due to the particular
choice made for search direction H+ (see (2)), it also simply reads:

�
(n+1)

L

=
ku(n+1) � u(n)k
1

2

ku(n+1) + u(n)k =
k�u(n+1)k

1

2

ku(n+1) + u(n)k (9)

Under the hypothesis of a monotonous operator g(u;µ), the iterative scheme converges to the reference
solution s

ref

for any choice of symmetric positive operator H� [19].

2.3. PGD-based model reduction

The alternating-direction scheme previously described generates approximations of the solution on the
entire space-parameter domain by successive corrections and, consequently, is likely appropriate for space-
parameter separated representation. By denoting P = L2(D;R2) := L2(D) and by identifying the space
S = L2(D, V) with the tensor product space V ⌦ P, the correction �u(n+1) of the global stage (Problem 5)
is sought in V ⌦ P. The following approximation of order k of the iterate u(n+1) is proposed:

u(n+1)(x,µ) ⇡ u
(n+1)

k

(x,µ) = u(0)(x,µ) +
kX

i=1

�
i

(x) �
i

(µ) (10)

where u(0) 2 A
d

is an initial approximation of the solution that verifies the boundary conditions and180

which can be possibly given under separated representation provided that it is admissible. Each PGD
pair (�

i

, �
i

) 2 P ⇥ V is unknown and determined throughout the computation by a greedy algorithm.
The construction of a new space function �

i

is by far the most expensive step of this process. Thus, at
a given iteration n + 1 of the nonlinear solver, it is advantageous to first reuse the reduced-order basis
W

k

= {�
i

}
16i6k

generated up to iteration n by updating the parameter functions {�
i

}
16i6k

[24]. One185

proceeds with the global stage at the iteration n + 1 of the nonlinear solver as follows:

1. Preliminary step: reuse of the current reduced-order basis [20, 21, 22, 23, 24, 27]. This step consists in
building an approximation of the solution, denoted by s̆(n+1) = (ŭ(n+1), w̆(n+1)), thanks to the ROB
generated at the previous iteration n of the nonlinear iterative scheme. This is similar to what is
done during the online stage of classical reduced-order basis techniques. The main di↵erence comes
from the fact that here the ROB evolves throughout the iterations which makes pre-computations of
operators ine�cient. Due to the bilinearity and linearity of forms involved in (7) associated to global
stage (see Problem 4), one seeks an approximation of order k of the correction �u(n+1) such that:

8
>>><

>>>:

ŭ(n+1) = u(n) + �u(n+1)

�u(n+1)(x,µ) ⇡ �u
(n+1)

k

(x,µ) ⇡
kX

i=1

�
i

(x) ��
i

(µ)
(11)

Assuming that an approximation of order k of u(n) is available from the previous iteration n of the
nonlinear iterative scheme, an approximation of ŭ(n+1) can be deduced as follows :

ŭ(n+1) ⇡ u(n) + �u
(n+1)

k

= u(0)(x,µ) +
kX

i=1

�
i

(x) (�
i

(µ) + ��
i

(µ)) (12)

Here, the only unknowns are the functions {��
i

}
16i6k

depending on the parameters. Given a ROB
of space functions W

k

= {�
i

}
16i6k

, one seeks the best linear combination of this ROB which solves
Problem 5. By choosing for test function v = �

j

(x) �⇤(µ) with 1 6 j 6 k, the Preliminary step
problem reads:190

8

This error indicator measures, at iteration n + 1, the distance between the iterate of � generated at the
local stage and the subsequent iterate of A

d

obtained at the global stage (Figure 2). Due to the particular
choice made for search direction H+ (see (2)), it also simply reads:
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Under the hypothesis of a monotonous operator g(u;µ), the iterative scheme converges to the reference
solution s

ref

for any choice of symmetric positive operator H� [19].
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entire space-parameter domain by successive corrections and, consequently, is likely appropriate for space-
parameter separated representation. By denoting P = L2(D;R2) := L2(D) and by identifying the space
S = L2(D, V) with the tensor product space V ⌦ P, the correction �u(n+1) of the global stage (Problem 5)
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building an approximation of the solution, denoted by s̆(n+1) = (ŭ(n+1), w̆(n+1)), thanks to the ROB
generated at the previous iteration n of the nonlinear iterative scheme. This is similar to what is
done during the online stage of classical reduced-order basis techniques. The main di↵erence comes
from the fact that here the ROB evolves throughout the iterations which makes pre-computations of
operators ine�cient. Due to the bilinearity and linearity of forms involved in (7) associated to global
stage (see Problem 4), one seeks an approximation of order k of the correction �u(n+1) such that:
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Under the hypothesis of a monotonous operator g(u;µ), the iterative scheme converges to the reference
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Under the hypothesis of a monotonous operator g(u;µ), the iterative scheme converges to the reference
solution s

ref

for any choice of symmetric positive operator H� [19].

2.3. PGD-based model reduction

The alternating-direction scheme previously described generates approximations of the solution on the
entire space-parameter domain by successive corrections and, consequently, is likely appropriate for space-
parameter separated representation. By denoting P = L2(D;R2) := L2(D) and by identifying the space
S = L2(D, V) with the tensor product space V ⌦ P, the correction �u(n+1) of the global stage (Problem 5)
is sought in V ⌦ P. The following approximation of order k of the iterate u(n+1) is proposed:

u(n+1)(x,µ) ⇡ u
(n+1)

k

(x,µ) = u(0)(x,µ) +
kX

i=1

�
i

(x) �
i

(µ) (10)

where u(0) 2 A
d

is an initial approximation of the solution that verifies the boundary conditions and180

which can be possibly given under separated representation provided that it is admissible. Each PGD
pair (�

i

, �
i

) 2 P ⇥ V is unknown and determined throughout the computation by a greedy algorithm.
The construction of a new space function �

i

is by far the most expensive step of this process. Thus, at
a given iteration n + 1 of the nonlinear solver, it is advantageous to first reuse the reduced-order basis
W

k

= {�
i

}
16i6k

generated up to iteration n by updating the parameter functions {�
i

}
16i6k

[24]. One185

proceeds with the global stage at the iteration n + 1 of the nonlinear solver as follows:

1. Preliminary step: reuse of the current reduced-order basis [20, 21, 22, 23, 24, 27]. This step consists in
building an approximation of the solution, denoted by s̆(n+1) = (ŭ(n+1), w̆(n+1)), thanks to the ROB
generated at the previous iteration n of the nonlinear iterative scheme. This is similar to what is
done during the online stage of classical reduced-order basis techniques. The main di↵erence comes
from the fact that here the ROB evolves throughout the iterations which makes pre-computations of
operators ine�cient. Due to the bilinearity and linearity of forms involved in (7) associated to global
stage (see Problem 4), one seeks an approximation of order k of the correction �u(n+1) such that:

8
>>><

>>>:

ŭ(n+1) = u(n) + �u(n+1)

�u(n+1)(x,µ) ⇡ �u
(n+1)

k

(x,µ) ⇡
kX

i=1

�
i

(x) ��
i

(µ)
(11)

Assuming that an approximation of order k of u(n) is available from the previous iteration n of the
nonlinear iterative scheme, an approximation of ŭ(n+1) can be deduced as follows :

ŭ(n+1) ⇡ u(n) + �u
(n+1)

k

= u(0)(x,µ) +
kX

i=1

�
i

(x) (�
i

(µ) + ��
i

(µ)) (12)

Here, the only unknowns are the functions {��
i

}
16i6k

depending on the parameters. Given a ROB
of space functions W

k

= {�
i

}
16i6k

, one seeks the best linear combination of this ROB which solves
Problem 5. By choosing for test function v = �

j

(x) �⇤(µ) with 1 6 j 6 k, the Preliminary step
problem reads:190

8

Problem 6 (Preliminary/update step). Find parameter corrections {��
i

}
16i6k

such that:

1 6 j 6 k, 8 �⇤ 2 P,

kX

i=1

Z

D
�⇤

✓
a(�

i

, �
j

) +

Z

⌦

�
i

H�(u(n);µ) �
j

dx

◆
��

i

dµ = �
Z

D
�⇤ R(u(n), �

j

;µ) dµ (13)

It is worth noting at the fact that terms a(�
i

, �
j

) are parameter-independent and can be computed
once for all parameter values provided that the ROB does not change. However, nonlinear terms
�

i

H�(u(n);µ) �
j

and residue R(u(n), �
j

�⇤;µ) depend on g(u(n);µ) and have to be evaluated for
each new parameter value and iterate u(n) anyway. As shown in Section 2.6, this results in a
computational cost that scales with the size of the original high-dimensional model.195

2. Preliminary step performance indicator : The preliminary step produces a first approximation ŭ(n+1) ⇡
u(n) + �u

(n+1)

k

of Problem 5 at the iteration n + 1 by seeking the solution in the span of the already
existing ROB, generated at the previous iteration n (see (11)). In order to appreciate the improvement
of the solution between two consecutive LATIN iterations thanks to the preliminary step, the following
performance indicator [39], based on LATIN error indicator �

L

(see (9)), is proposed:

⌘
0

=
e
1

� e
2

e
1

> 0 with e
1

=
ku(n) � û(n�1/2)k

1

2

ku(n) + û(n�1/2)k and e
2

=
kŭ(n+1) � û(n+1/2)k

1

2

kŭ(n+1) + û(n+1/2)k (14)

Due to the particular choice made for search direction H+ (see (2)), one has:

8
>>>>><

>>>>>:

e
1

=
ku(n) � u(n�1)k

1

2

ku(n) + u(n�1)k =
k�u(n)k

1

2

ku(n) + u(n�1)k = �
(n)

L

e
2

=
kŭ(n+1) � u(n)k

1

2

kŭ(n+1) + u(n)k =
k�u

(n+1)

k

k
1

2

kŭ(n+1) + u(n)k

(15)

If the value of ⌘
0

is higher than a given threshold, the correction �u
(n+1)

k

is significant and the global
stage at the iteration n + 1 is considered to be solved. One can proceed to a new LATIN iteration,
that is to say to a new local stage. Otherwise, one proceeds to the generation of a new PGD pair as
described hereafter.

3. Generation of a new PGD pair : The prediction ŭ(n+1) ⇡ u(n)+�u
(n+1)

k

previously computed during the
preliminary step is considered to be known but it is not good enough and the performance indicator (14)
is lower than a given threshold. Then a new PGD pair is sought to enrich the previous approximation
by solving Problem 5 by a progressive Galerkin PGD procedure. The new PGD pair is generated
to approximate the correction �u(n+1) = u(n+1) � u(n) of the LATIN iteration n + 1 (see (11)). Let

assume that a decomposition �u
(n+1)

k

(denoted by �u
k

in the following to alleviate the notations) of
order k is known. Thus, a new approximation of u(n+1) can be defined as:

u(n+1) ⇡ u
(n+1)

k+1

= u(n) + �u
(n+1)

k

+ �� = u(n) + �u
(n+1)

k+1

(16)

The progressive definition of a new couple (�, �) 2 V⌦P is defined as the one that verifies the following
Galerkin orthogonality condition :

8�⇤ 2 V, 8�⇤ 2 P,
Z

D
a(�u

k

+ ��, ��⇤ + �⇤�) dµ +

Z

D⇥⌦

H�(u(n);µ)(�u
k

+ ��)(��⇤ + �⇤�) dx dµ = . . .

. . . �
Z

D
R(u(n), ��⇤ + �⇤�;µ) dµ (17)
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et de l’itéré ! Terme non séparable !



Bottleneck de la réduction de modèle non-linéaire

Terme non-linéaire non séparable et dépendant de l’itéré
Pas d’intégration en séparation de variables, pas de pré-calcul

Projection sur la base réduite à chaque itération pour un côut en

Techniques proposées dans la littérature
Basée sur l’EIM [Maday, Patera et al. 04]

‣ BPIM [Nguyen et Peraire 08],  DEIM – POD [Chaturantabut et Sorensen 10]

Basées sur la Gappy POD

‣ GNAT [Farhat et al. 11], MPE [Astrid, Wilcox et al. 08],  APHR [Ryckelinck 05], ECSW [Farhat et al. 14]

La méthode des points de référence [Ladevèze 97, Néron et al. 10, Capaldo, Guidault et al. 14]

Diminuer le complexité arithmétique liée à la projection sur la base réduite

Une approximation de chaque contribution à la ROM plutôt qu’une interpolation de la fonction 
non-linéaire (EIM)

Deux ingrédients :

‣ Evaluation simplifiée de l’intégrande par le concept de points de référence

‣ Reconstruction en variables séparées de faible rang par patch de l’intégrande à moindre coût par des 
formules explicites sans SVD 
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be derived but it may be not very e�cient in this context, at least in the LATIN framework. Moreover, the290

determination of “Magic” parameter points {µM

m

}
16m6M

may be costly particularly for applications where
nonlinear function g is time-dependent as for parabolic parametrized problem [13] or implicitly dependent
to the field variable u for nonlinear problem as it is the case here.

The RPM proposes a more pragmatic approach. It is not based on the approximation of the nonlinear
function g (i.e. tangent operator H�). On the contrary, it is rather an approximation technique of the
integrals involved in the Galerkin projection similarly to quadrature techniques in classical finite element
methods. More precisely, it aims to compute, at low-cost, each contribution to the ROM, i.e. each term/entry
↵

ij

:

↵
ij

=

Z

D⇥⌦

�⇤(µ) �
i

(x)H�(u(n);x,µ) �
j

(x) ��
i

(µ) dx dµ, 1 6 i, j 6 k (29)

where repeated indices are not summed over their range. It is worth noting at the fact that RPM is295

used at each iteration of the LATIN method only to solve the preliminary step. Even though the integral
computations are not enough accurate, the PGD-model reduction technique can improve it by adding new
correction functions to the ROB throughout the LATIN iterations.

3.2. Basics of the RPM
The RPM aims at constructing an approximate low-rank separated representation by patch of integrand300

in (29). In this section, two main features are introduced: (i) an approximation framework with the intro-
duction of references points (see Section 3.2.1) to simplify the evaluation of integrands (see Section 3.2.2),
(ii) a low-cost technique to reconstruct by explicit formulas an approximate low-rank separated representa-
tion by patch of integrands (see Section 3.2.3).

305

Integrand of (29) involves the product of several operands: the nonlinear function H�(u(n);x,µ) pre
and post multiplied by the terms �⇤(µ)�

i

(x) and �
i

(µ)�
j

(x). For the sake of clarity, instead of integrand
of (29), let consider the product of two scalar functions depending on two variables. This simple example
will be much more convenient for the 3D visualization of the approximation procedure:

F (µ, x) = f(µ, x) f 0(µ, x) (30)

where f(µ, x) and f 0(µ, x) are two scalar functions of two variables, µ 2 D = [0, 1] and x 2 ⌦ = [0, 1]. An
example of functions f and f 0 and their product F is given in Figure 5.

(a) Scalar function f(µ, x) (b) Scalar function f

0(µ, x) (c) Product F (µ, x) = f(µ, x)f 0(µ, x)

Figure 5: Example of two scalar functions depending on two variables and their product

Let assume that f and f 0 are known under separated representation (even though separation property
is not always satisfied for any quantity, like H�):

f(µ, x) =
kX

i=1

�
i

(µ)⇤
i

(x) and f 0(µ, x) =
k

0X

i=1

✓
i

(µ)⇥
i

(x). (31)

15

Elements of the N -length vector R are given by: R

i

= �R(u(n), '
i

;µ).

If a finite element approximation space P
h

2 P is now introduced, with:

P
h

=

(
�(µ) =

pX

i=1

�i⇠
i

(µ); ⇠
i

2 P, �i 2 R
)

(24)

a parameter function �
i

(µ) can be approximated as follows : �
i

(µ) ⇡ P
p

j=1

�j

i

⇠
j

(µ) = �j

i

⇠
j

. By denoted

by [�
i

] 2 RN (resp. [�
i

] 2 Rp) the nodal vector associated with the discretization of space function �
i

(resp. parameter function �
i

) and by W

k

= [[�
1

][�
2

] . . . [�
k

]] the N ⇥ k matrice of the discretized k�order
reduced basis, the sum over i of first terms in (23) gives:

2

64

0

B@W

T
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k|{z}
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1
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[��
1

]
[��
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]
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[��
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1

CCCA

| {z }
pk⇥1

(25)

where ⌦ denotes the tensor product of matrices (Kronecker product) and M is a p⇥p matrice whose entries
are defined by M

ij

=
R

D ⇠
i

⇠
j

dµ.
235

Projection of discretized operator A onto the discretized reduced-order basis W

k

involves two matrice-
matrice products resulting into a computational complexity that scales with O(Nk) (resp. O(N2 k)) if
A is sparse (resp. full) to compute AW

k

and O(Nk2) for left multiplication by W

T

k

. Complexity for
evaluating tensor product is O(pk2) if M is sparse. Thus, computational complexity for computing the

kp⇥kp matrice
⇣
W

T

k

AW

k

⌘
⌦M is O(Nk +Nk2 +pk2) (resp. O(N2k +Nk2 +p2k2)) if A is sparse (resp.240

full). Since discretized operator A is parameter-independent, separation of variables is possible to compute
the integrals over the space-parameter domain (Kronecker product). Consequently, provided that the ROB
does not evolve, the k ⇥ k matrice W

T

k

AW

k

can be pre-computed and factorized, if needed, o✏ine. This is
the reason why model reduction techniques are particularly e�cient and appealing for parametrized time-
invariant systems [4] or linear stationary and quasi-stationary systems whose operators are a�ne functions245

of the input parameters [14].
On the contrary, the parameter-dependency of the discretized operator G in the second term of (23)

prevents the separation of integrals. Separation of the operator as a tensor product is not straightforward.
Moreover, it has to be evaluated for each new iterate u(n)(x,µ) at a computational complexity of O(pNk2)
(resp. O(pN2k)) if the discretized operator is sparse (resp. full) [13, 32]. One can also show that complexity250

for evaluating nonlinear residue (right-hand side member of (23)) is O(pNk). In short, the expected de-
crease in computational cost by using reduced-basis approximation is consequently quite modest whatever
the dimension reduction k ⌧ N is.

This bottleneck is clearly not specific to PGD-based model reduction but more generally to reduced-255

basis approximation in nonlinear model reduction. This problem arises due to the fact that: (i) Galerkin
projection onto the ROB has to be performed as soon as the reduced-order basis evolves, (ii) non-linear
terms (Jacobian and residue) have to be evaluated at each iteration of the solution strategy for each new
iterate which prevents pre-computations of operators. Many works have already been done to tackle this
issue as discussed in the introduction.260

3. The Reference Point Method

The goal of the Reference Point Method described in this section, is to decrease the computational cost of
integrals arising from Galerkin projection. For that two main features are introduced: (i) an approximation

13



Points de références et patchs

Points de références « arbitraires » du domaine espace-paramètres

Composantes généralisées d’une fonction de deux variables
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patch ij

f̄ :=

⇢
ā

ij

(µ) =
P

k

l=1

�
l

(µ)⇤
l

(x
j

) if µ 2 D
i

| b̄
ij

(x) =
P

k

l=1

�
l

(µ
i

)⇤
l

(x) if x 2 ⌦
j

ā
ij

(µ) = 0 otherwise | b̄
ij

(x) = 0 otherwise

�
(34)

In a sense, generalized components provide a kind of compressed format of the quantities. Figure 7 depicts
surfaces defined by functions f and f 0 and their generalized components when m

µ

= 10 and m
x

= 10. In
this case, for a two-dimensional function, a generalized component associated with a spatial or parameter330

reference point is a quantity defined on a line. For higher dimensions, it corresponds more generally to
hyperplanes, hypersurfaces or submanifolds of the domain accordingly. Some patches for functions f and

(a) Function f(µ, x)
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(b) Generalized components f̄ of function f(µ, x)

(c) Function f
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Figure 7: Generalized components of functions f and f

0 for m

µ

= 10 and m

x

= 10

f 0 are depicted in Figure 9. In two dimensions, these patches can be easily represented. In 3D, patches
become volumes. For a scalar function of three variables (f(µ,x) with x = (X, Y )), a patch (i, j) becomes
a parallelepiped, generalized space components b̄

ij

(x) are snapshots of the two-dimensional spatial solution335

for a given value of parameter µ
i

and generalized parameter components ā
ij

(µ) are lines (Figure 8).
The algorithm that partitions the domain into patches for an arbitrary number of reference points for

each coordinate, can easily takes into account the geometry (holes, corners...) of the spatial domain by
moving some spatial references points where functions are not defined and by slightly adapting the patches
according to the space domain geometry.340
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Points de références et patchs 
En dimension 3…
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ā

j

(x)

Ω 

D 
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3.2.2. Algebra in the compressed framework

It is straightforward to show that the RPM framework shows interesting properties regarding elementary
operations on quantities represented under their compressed formats (see Table 1).

Addition f + f 0 = f̄ + f̄ 0

Multiplication f f 0 = f̄ f̄ 0

Derivative @f/@µ = @f̄/@µ

Operator H f = H̄ f̄

Table 1: Elementary operations in the compressed framework

For instance, the evaluation of the product F of two functions f and f 0 (see (30)) is obtained as follows:

1. Determination of the compressed formats of f and f 0 (see (32)):

f̄ := {(ā
ij

, b̄
ij

)} and f̄ 0 := {(ā0
ij

, b̄0
ij

)}
2. Determination of the generalized components of product F :

F̄ := {(Ā
ij

, B̄
ij

)} with Ā
ij

= ā
ij

ā0
ij

and B̄
ij

= b̄
ij

b̄0
ij
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ij

= ā
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3.2.2. Algebra in the compressed framework

It is straightforward to show that the RPM framework shows interesting properties regarding elementary
operations on quantities represented under their compressed formats (see Table 1).

Addition f + f 0 = f̄ + f̄ 0

Multiplication f f 0 = f̄ f̄ 0

Derivative @f/@µ = @f̄/@µ

Operator H f = H̄ f̄

Table 1: Elementary operations in the compressed framework

For instance, the evaluation of the product F of two functions f and f 0 (see (30)) is obtained as follows:

1. Determination of the compressed formats of f and f 0 (see (32)):

f̄ := {(ā
ij

, b̄
ij

)} and f̄ 0 := {(ā0
ij

, b̄0
ij

)}
2. Determination of the generalized components of product F :

F̄ := {(Ā
ij

, B̄
ij

)} with Ā
ij

= ā
ij

ā0
ij

and B̄
ij

= b̄
ij

b̄0
ij
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Rajouter des paramètres de référence 

= rajouter des snapshots de la solution en espace



Des opérations  simplifiées 

Opérations sur l’intégrande entre composantes généralisées

37



Reconstruction de rang 1 par patch

38

Composantes 
 généralisées



Reconstruction de rang 1 par patch

38

Composantes 
 généralisées

❑ Minimisation d’une fonctionnelle :

❑ Formules explicites :

la variable spatiale est privilégiée

reconstruction patch par patch

¯̄
↵ ⇡ a(µ)b(x)



Reconstruction de rang 1 par patch

38

Intégration en variables 
séparées sur chaque patch

Composantes 
 généralisées

❑ Minimisation d’une fonctionnelle :

❑ Formules explicites :

la variable spatiale est privilégiée

reconstruction patch par patch

¯̄
↵ ⇡ a(µ)b(x)



Exemple de reconstruction
Choix : grille régulière de 10x10 points de référence

39



Exemple de reconstruction
Choix : grille régulière de 10x10 points de référence
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error = 3.57 %
The reconstruction of product F (see Figure 5) thanks to its generalized components depicted in

Figure 7 is shown in Figure 13 for an arbitrary regular grid of m
µ

= 10 parameter reference points and
m

x

= 10 spatial reference points. This leads to an error of e = 5% with respect to the exact function F .
Error e is defined as follows:

e =
kF � ¯̄FkD⇥⌦

k ¯̄FkD⇥⌦

with kFk2D⇥⌦

=

Z

D⇥⌦

F 2 dx dµ =

m

µX

i=1

m

xX

j=1

Z

D
i

⇥⌦

j

F 2 dx dµ (42)

(a) Function F (b) RPM Reconstruction ¯̄
F (e = 5%)

Figure 13: The function F and its approximation ¯̄
F by m

µ

= 10 parameter and m

x

= 10 spatial reference points

3.3. Integral computation by RPM370

Once the low-rank separated representation by patch ¯̄F defined by (36) has been reconstructed to ap-
proximate function F thanks to explicit formulas (38), the integral of F over the space-parameter domain
can be approximated as follows:

Z

D⇥⌦

F (µ, x) dx dµ =

m
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i=1
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µX

i=1

m

xX

j=1

Z

D
i
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j

a
ij

(µ) b
ij

(x) dx dµ (43)

Similarly, RPM can now be used to approximate each contribution to the ROM, ↵
ij

defined by (29) and
involved in the Galerkin projection of the preliminary step (see Problem 6).

3.3.1. Application to the reference problem

By introducing approximation space P
h

2 P defined by (24) into contribution ↵
ij

given by (29), one
gets:375

↵
ij

=

Z

D⇥⌦
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i
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j

(x) ��
i

(µ) dx dµ (44)
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(46)
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Application à l’étape préliminaire
Approximation RPM pour chaque contribution au modèle réduit (ROM)

Approximation en variables séparées par patch
Intégration par séparation de variable par patch

Opérateur du modèle réduit obtenu par assemblage de produits tensoriels de matrices par patch

Un gain en complexité en :  

‣ En pratique,                        et le gain est en 

Approximation RPM utilisée uniquement pour l’étape préliminaire (ROM) !
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The reconstruction of product F (see Figure 5) thanks to its generalized components depicted in
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= 10 spatial reference points

3.3. Integral computation by RPM370

Once the low-rank separated representation by patch ¯̄F defined by (36) has been reconstructed to ap-
proximate function F thanks to explicit formulas (38), the integral of F over the space-parameter domain
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Similarly, RPM can now be used to approximate each contribution to the ROM, ↵
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defined by (29) and
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3.3.2. Computational complexity analysis

As noted in Section 2.6, RPM could also be used to approximate the nonlinear residue (right-hand
side member of (13)) whose complexity is O(pNk) for each new iterate. In this section, only the gain in
complexity associated with the evaluation of second terms in left-hand side of (13) (or (23)) is discussed.
Let recall that the parameter-dependency of the search direction H� prevents the separation of integrals400

which leads to a computational complexity of O(pNk2) (resp. O(pN2k)) if the discretized operator is sparse
(resp. full) for each new iterate u(n)(x,µ). As shown in Section 3.3.1, RPM enables one to provide an
approximation of this term as an assembly of tensor products of matrices by patch (see (57)).

By denoting by N
b

(resp. p
a

) the number of spatial (resp. parameter) unknowns contains within
sub-domain ⌦

b

(resp. sub-domain D
a

) in (57), the projection onto the restriction of the discretized k-order
reduced-basis to sub-domain ⌦

b

, W
k,b

, involves two matrice-matrice products resulting into a computational
complexity that scales with O(N

b

k + N
b

k2) if K
b

(µ
a

) is sparse. Complexity for evaluating tensor product
is O(p

a

k2) if M
a

(x
b

) is sparse. If the number of arithmetical operations for evaluating one entry of matrice
K

b

(µ
a

) (resp. M

a

(x
b

)) is supposed to be � (resp. �), complexity for evaluating one patch contribution is:

O( N
b

k + N
b

k2

| {z }
Projection on W

k,b

+ N
b

�|{z}
Evaluation of K
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)

+ p
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k2

| {z }
Tensor product

+ p
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�|{z}
Evaluation of M

a

(x

b

)

) (58)

Cost for the RPM reconstruction is negligible. Assuming that N
b

⇡ N

m
x

and p
a

⇡ p

m
µ

, the total complexity

for evaluating the contributions of all the patches to the pk ⇥ pk matrice in (57) is roughly:

O
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if � ⇠ O(1) and � ⇠ O(1). The total gain in case of sparse operators is consequently about:
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In practice for Problem 3, the number of spatial reference points m
x

is negligible compared with N and

one has
N

m
x

� p

m
µ

. For instance, if one chooses for Problem 3, N = 2500, p = 225 and m
x

= m
µ

= 10,405

the gain is about one order of magnitude: O
✓

p

m
µ

◆
⇠ 10.

4. Numerical example

In this section, the numerical simulation of Problem 1 is investigated. The RPM is here used to
approximate the preliminary step of the LATIN-PGD computational strategy for Problem 3. In the
following this strategy is denoted by LATIN-PGD-RPM. The computational gain according to the number410

of reference points is investigated in Section 4.2 and compared to the expected gain (see (60)). Finally,
a comparison between the LATIN-PGD-RPM and the EIM combined with reduced-order basis techniques
and Newton-based solution strategy [13], called RB-EIM, is proposed in Section 4.3.

4.1. On the choice of the reference points

Problem 1 is defined on the space-parameter domain D ⇥ ⌦ with D = [0.01, 10]2 ⇢ R2 and ⌦ =415

]0, 1[2⇢ R2. A spatial (resp. parameter) point is defined by its components x = (x
1

, x
2

) 2 ⌦ =]0, 1[2 (resp.
µ = (µ

1

, µ
2

) 2 D = [0.01, 10]2). Figure 15 depicts the situation where m
x

= 1 ⇥ 1 spatial and m
µ

= 2 ⇥ 2
parameter reference points are chosen on a regular grid.

For all the simulations of Section 4, the finite element approximation space V
h

is fixed and obtained
by a finite element mesh of 50 ⇥ 50 bilinear quadrilateral elements leading to an approximation space of

25

N : dimension spatiale
 p : dimension espace paramètre
mμ : nbr. de points de référence en paramètre
mx : nbr. de points de référence en espace
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side member of (13)) whose complexity is O(pNk) for each new iterate. In this section, only the gain in
complexity associated with the evaluation of second terms in left-hand side of (13) (or (23)) is discussed.
Let recall that the parameter-dependency of the search direction H� prevents the separation of integrals400

which leads to a computational complexity of O(pNk2) (resp. O(pN2k)) if the discretized operator is sparse
(resp. full) for each new iterate u(n)(x,µ). As shown in Section 3.3.1, RPM enables one to provide an
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Cost for the RPM reconstruction is negligible. Assuming that N
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In practice for Problem 3, the number of spatial reference points m
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= 1 ⇥ 1 spatial and m
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parameter reference points are chosen on a regular grid.
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is fixed and obtained
by a finite element mesh of 50 ⇥ 50 bilinear quadrilateral elements leading to an approximation space of
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Illustration sur le problème de référence
Influence du nombre de points de référence (mμ, mx)

RPM uniquement pour l’étape préliminaire 

‣ Convergence assurée par ajout de nouveaux couples PGD 
pour « corriger » l’approximation de la RPM

Ajouter des points de référence permet de converger vers la 
courbe de la LATIN - PGD

‣ Compromis entre nombres de points de référence (temps CPU) et 
le nombre de couple PGD (i.e. nombre d’itérations LATIN) 

‣ Ajouter des points de référence en paramètre plutôt qu’en espace 
est préférable ici.
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Figure 16: Evolution of error ✏ (see (61)) and CPU time w.r.t. the number of PGD pairs for increasing numbers of spatial and
parameter reference points to solve Problem 1

very small number of reference points (m
µ

= 1 ⇥ 1 and m
x

= 1 ⇥ 1) and a few more PGD pairs, the total
CPU time gain is here multiplied by a factor of 3 thanks to the RPM applied to the preliminary step of the
LATIN-PGD.

LATIN-PGD-RPM
LATIN-PGD m

µ

= 1 ⇥ 1 m
µ

= 2 ⇥ 2 m
µ

= 3 ⇥ 3
m

x

= 1 ⇥ 1 m
x

= 1 ⇥ 1 m
x

= 1 ⇥ 1

Number of PGD pairs 7 9 7 7
Gain w.r.t. direct method 6 18 14.2 11.5

Table 2: Total CPU time gain with respect to the direct method for a given level of error (✏ = 10�2)

Table 3 provides the gain in CPU time on the preliminary step thanks to the RPM. For a significant
number of parameter reference points (m

µ

= 3 ⇥ 3), the real gain is very close to the theoretical gain in450

computational complexity (60), that is to say approximately p/m
µ

where p is the number of parameter
values.
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Figure 16: Evolution of error ✏ (see (61)) and CPU time w.r.t. the number of PGD pairs for increasing numbers of spatial and
parameter reference points to solve Problem 1

very small number of reference points (m
µ

= 1 ⇥ 1 and m
x

= 1 ⇥ 1) and a few more PGD pairs, the total
CPU time gain is here multiplied by a factor of 3 thanks to the RPM applied to the preliminary step of the
LATIN-PGD.
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= 3 ⇥ 3
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= 1 ⇥ 1 m
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= 1 ⇥ 1

Number of PGD pairs 7 9 7 7
Gain w.r.t. direct method 6 18 14.2 11.5

Table 2: Total CPU time gain with respect to the direct method for a given level of error (✏ = 10�2)

Table 3 provides the gain in CPU time on the preliminary step thanks to the RPM. For a significant
number of parameter reference points (m

µ

= 3 ⇥ 3), the real gain is very close to the theoretical gain in450

computational complexity (60), that is to say approximately p/m
µ

where p is the number of parameter
values.
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Figure 15: Example of selection of reference points on a regular grid for space-parameter domain of Problem 1

dimension N = 2601. The reference solution u
ref

refers to the solution obtained by solving Problem 2
with Newton-based nonlinear solution strategy (classical direct method without model reduction) for each
parameter value (see Figure 1). A number of p = 225 values for parameter µ is considered and chosen
from a regular grid as depicted in Figure 17(a). The following relative error ✏ is introduced:

✏ = 1/p

pX
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k u
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where u
m

refers to the solution obtained with the chosen model reduction strategy: LATIN-PGD, LATIN-
PGD-RPM, RB or RB-EIM. The evolutions of ✏ with respect to the number of PGD pairs for increasing420

numbers of spatial and parameter reference points are plotted in Figure 16. Note that for the LATIN-PGD
or the LATIN-PGD-RPM, the number of generated PGD pairs is comparable to the number of LATIN
iterations since only one new PGD pair is generated per LATIN iteration at most.

It can be seen on Figure 16(a) and Figure 16(b) that, by adding more reference points, the error curve
of the LATIN-PGD-RPM converges to the one obtained with the LATIN-PGD. The CPU time also increases425

accordingly and tends to the LATIN-PGD computational cost (see Figure 16(c) and Figure 16(d)). Let
recall that RPM technique is used only for the preliminary step. Thus, if the RPM approximation is not
good enough, the generation of new PGD pairs as described in Algorithm 2 can palliate this and makes the
error monotonically decrease and the solution converge anyway. Obviously, this results into the generation
of more PGD pairs compared with the LATIN-PGD curve for a given level of error.430

It is worth noting at the fact that an error level of 10�3 can be reached with only one spatial reference
point and a few parameter reference points (see dash-dot line with cross markers in Figure 16(a)). For
this example, adding more parameter reference points seems to be better than adding more spatial reference
points in order to converge to the optimal LATIN-PGD curve (see dash-dot lines with cross markers in
Figure 16(a) and Figure 16(c)). Indeed, as it is often the case in structural mechanics, the spatial435

gradients of quantities are stronger than their variations in parameter variable for this nonlinear parametrized
elliptic problem (see Figure 1). Since the parameter reference points {µ

a

}
16a6m

µ

lead to the computation

of m
µ

integrals K
b

(µ
a

) (see (52) and (57)) over the space domain, adding more parameter reference points
is preferable to account for spatial gradients.

4.2. Computational gain analysis440

As seen in the previous section, the more reference points are added, the more CPU time increases (see
Figure 16(c) and Figure 16(d)). A compromise between the number of reference points – i.e. the CPU
time – and the number of generated PGD pairs – i.e. number of LATIN iterations – has to be done in
oder to reach a given level of error. For an error level of ✏ = 10�2, the CPU time gain compared with the
direct method increases from 6 for the LATIN-PGD to 18 for the LATIN-PGD-RPM (see Table 2). For a445
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Figure 16: Evolution of error ✏ (see (61)) and CPU time w.r.t. the number of PGD pairs for increasing numbers of spatial and
parameter reference points to solve Problem 1

very small number of reference points (m
µ

= 1 ⇥ 1 and m
x

= 1 ⇥ 1) and a few more PGD pairs, the total
CPU time gain is here multiplied by a factor of 3 thanks to the RPM applied to the preliminary step of the
LATIN-PGD.

LATIN-PGD-RPM
LATIN-PGD m

µ

= 1 ⇥ 1 m
µ

= 2 ⇥ 2 m
µ

= 3 ⇥ 3
m

x

= 1 ⇥ 1 m
x

= 1 ⇥ 1 m
x

= 1 ⇥ 1

Number of PGD pairs 7 9 7 7
Gain w.r.t. direct method 6 18 14.2 11.5

Table 2: Total CPU time gain with respect to the direct method for a given level of error (✏ = 10�2)

Table 3 provides the gain in CPU time on the preliminary step thanks to the RPM. For a significant
number of parameter reference points (m

µ

= 3 ⇥ 3), the real gain is very close to the theoretical gain in450

computational complexity (60), that is to say approximately p/m
µ

where p is the number of parameter
values.
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est préférable ici.
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Figure 16: Evolution of error ✏ (see (61)) and CPU time w.r.t. the number of PGD pairs for increasing numbers of spatial and
parameter reference points to solve Problem 1

very small number of reference points (m
µ

= 1 ⇥ 1 and m
x

= 1 ⇥ 1) and a few more PGD pairs, the total
CPU time gain is here multiplied by a factor of 3 thanks to the RPM applied to the preliminary step of the
LATIN-PGD.
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Number of PGD pairs 7 9 7 7
Gain w.r.t. direct method 6 18 14.2 11.5

Table 2: Total CPU time gain with respect to the direct method for a given level of error (✏ = 10�2)

Table 3 provides the gain in CPU time on the preliminary step thanks to the RPM. For a significant
number of parameter reference points (m

µ

= 3 ⇥ 3), the real gain is very close to the theoretical gain in450

computational complexity (60), that is to say approximately p/m
µ

where p is the number of parameter
values.
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Illustration sur le problème de référence
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Figure 15: Example of selection of reference points on a regular grid for space-parameter domain of Problem 1

dimension N = 2601. The reference solution u
ref

refers to the solution obtained by solving Problem 2
with Newton-based nonlinear solution strategy (classical direct method without model reduction) for each
parameter value (see Figure 1). A number of p = 225 values for parameter µ is considered and chosen
from a regular grid as depicted in Figure 17(a). The following relative error ✏ is introduced:
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where u
m

refers to the solution obtained with the chosen model reduction strategy: LATIN-PGD, LATIN-
PGD-RPM, RB or RB-EIM. The evolutions of ✏ with respect to the number of PGD pairs for increasing420

numbers of spatial and parameter reference points are plotted in Figure 16. Note that for the LATIN-PGD
or the LATIN-PGD-RPM, the number of generated PGD pairs is comparable to the number of LATIN
iterations since only one new PGD pair is generated per LATIN iteration at most.

It can be seen on Figure 16(a) and Figure 16(b) that, by adding more reference points, the error curve
of the LATIN-PGD-RPM converges to the one obtained with the LATIN-PGD. The CPU time also increases425

accordingly and tends to the LATIN-PGD computational cost (see Figure 16(c) and Figure 16(d)). Let
recall that RPM technique is used only for the preliminary step. Thus, if the RPM approximation is not
good enough, the generation of new PGD pairs as described in Algorithm 2 can palliate this and makes the
error monotonically decrease and the solution converge anyway. Obviously, this results into the generation
of more PGD pairs compared with the LATIN-PGD curve for a given level of error.430

It is worth noting at the fact that an error level of 10�3 can be reached with only one spatial reference
point and a few parameter reference points (see dash-dot line with cross markers in Figure 16(a)). For
this example, adding more parameter reference points seems to be better than adding more spatial reference
points in order to converge to the optimal LATIN-PGD curve (see dash-dot lines with cross markers in
Figure 16(a) and Figure 16(c)). Indeed, as it is often the case in structural mechanics, the spatial435

gradients of quantities are stronger than their variations in parameter variable for this nonlinear parametrized
elliptic problem (see Figure 1). Since the parameter reference points {µ

a

}
16a6m

µ

lead to the computation

of m
µ

integrals K
b

(µ
a

) (see (52) and (57)) over the space domain, adding more parameter reference points
is preferable to account for spatial gradients.

4.2. Computational gain analysis440

As seen in the previous section, the more reference points are added, the more CPU time increases (see
Figure 16(c) and Figure 16(d)). A compromise between the number of reference points – i.e. the CPU
time – and the number of generated PGD pairs – i.e. number of LATIN iterations – has to be done in
oder to reach a given level of error. For an error level of ✏ = 10�2, the CPU time gain compared with the
direct method increases from 6 for the LATIN-PGD to 18 for the LATIN-PGD-RPM (see Table 2). For a445
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N = 2601, p = 225



Illustration sur le problème de référence
Gain CPU par rapport à une approche direct (sans réduction de modèle) pour 
atteindre une erreur de 10-2

Gain CPU sur la construction du modèle réduit (étape préliminaire) pour 
atteindre une erreur de 10-2

Gain CPU et ordre k de la base réduite pour une erreur de 10-2 par Base réduite/
Newton/EIM sont comparables (temps CPU de la phase d’apprentissage off-line 
inclus !) [Capaldo, Guidault, Néron, Ladeveze 16]
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Figure 16: Evolution of error ✏ (see (61)) and CPU time w.r.t. the number of PGD pairs for increasing numbers of spatial and
parameter reference points to solve Problem 1

very small number of reference points (m
µ

= 1 ⇥ 1 and m
x

= 1 ⇥ 1) and a few more PGD pairs, the total
CPU time gain is here multiplied by a factor of 3 thanks to the RPM applied to the preliminary step of the
LATIN-PGD.

LATIN-PGD-RPM
LATIN-PGD m

µ

= 1 ⇥ 1 m
µ

= 2 ⇥ 2 m
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= 3 ⇥ 3
m

x

= 1 ⇥ 1 m
x

= 1 ⇥ 1 m
x

= 1 ⇥ 1

Number of PGD pairs 7 9 7 7
Gain w.r.t. direct method 6 18 14.2 11.5

Table 2: Total CPU time gain with respect to the direct method for a given level of error (✏ = 10�2)

Table 3 provides the gain in CPU time on the preliminary step thanks to the RPM. For a significant
number of parameter reference points (m

µ

= 3 ⇥ 3), the real gain is very close to the theoretical gain in450

computational complexity (60), that is to say approximately p/m
µ

where p is the number of parameter
values.
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LATIN-PGD-RPM
m

µ

= 1 ⇥ 1 m
µ

= 2 ⇥ 2 m
µ

= 3 ⇥ 3
m

x

= 1 ⇥ 1 m
x

= 1 ⇥ 1 m
x

= 1 ⇥ 1

Real gain with respect to LATIN-PGD 90 39 25

Expected gain (⇡ p

m
µ

) 225 56 25

Table 3: CPU time gain on the preliminary step with respect to the LATIN-PGD for a given level of error (✏ = 10�2)

4.3. Comparison of RPM versus EIM: approximation versus interpolation techniques

In this section, a comparison of the performances of the RPM, described in Section 3, and the EIM is
proposed. It has to be first noticed that, the two methods are here combined with di↵erent model reduction455

techniques and nonlinear strategies (see Table 4). As explained in Section 3.1, using EIM to solve the
preliminary/update step of the PGD could be done but it may be less suitable when the reduced basis
evolves. The interested reader could nevertheless refer to [41] for one of the first applications of DEIM to
PGD.

In the following, the more classical combination of EIM with reduced-basis techniques and o✏ine-online460

procedure is considered and called RB-EIM. In this case, combined with Newton-based incremental solution
strategy, the reduced-basis approximation associated to the space weak form Problem 2 for each parameter
value µ 2 D is considered instead of the space-parameter weak form Problem 3 used in the LATIN non-
incremental solution strategy.

Nonlinear solution Model order Comments
strategy reduction technique

EIM Newton method Reduced-basis (RB) O✏ine-online
procedure [13]

RPM LATIN PGD Evolving reduced
basis

Table 4: Context of application of the RPM and the EIM: LATIN-PGD-RPM and RB-EIM

Moreover, RPM and EIM are based on di↵erent approaches. As seen in Section 3.1, RPM is based on an465

approximation technique of the integrals involved in the Galerkin projection onto an evolving reduced-basis
whereas EIM is based on an interpolation procedure of the nonlinear terms (Jacobian and residue).

4.3.1. Summary of the RB-EIM procedure

The main steps of the online-o✏ine procedure of the RB-EIM as described in [13] are here summarized.
During the o✏ine stage, the following steps are performed:470

• Construction of a nested coarse sample set Sc

M

= {µM

m

2 D
c

}
16m6M

of magic parameter points thanks
to a greedy selection process on coarse grid D

c

⇢ D based on a L2(⌦) norm. This requires the solution
of M nonlinear problems for each parameter value of D

c

whose computational cost scales with the size
of D

c

and N . This cost may be prohibitive in the parabolic case or when the nonlinear function g is
time-dependent or implicitly dependent to the field variable u, which is the case here.475

• Greedy selection process of a reduced-order basis W
k

= {�
i

}
i=16i6k

for the solution u over the coarse
sample set D

c

. Note that snapshots of the solution, u(µM

m

), computed for the elements of nested
sample set Sc

M

⇢ D
c

, are reused in (62).

• Determination of the associated approximation space (collateral reduced-basis):

Wc

M

= span
�
⇠
m

= g
�
u(µM

m

);x,µM

m

� 
16m6M

= span{q
m

(x)}
16m6M

(62)
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Conclusions et perspectives

Réduction de modèle coûteuse en non-linéaire (Pb non spécifique à la PGD !)
Projection sur une base réduite (évolutive en PGD ou non) à chaque itéré

‣ Evaluation du jacobien et résidu

‣ Opérateur non-linéaire non séparable (pré-calculs peu efficaces) 

Une complexité des opérations de l’ordre de la taille du problème initial

La méthode des points de référence (RPM) permet de réduire cette complexité
Technique d’approximation (et non d’interpolation) des intégrales, des contributions à la 
construction du modèle réduit (projection sur une base réduite qui évolue !) basée sur :

‣ Des points de références pour simplifier l’évaluation des intégrandes

‣ Une reconstruction en variables séparées de rang faible par patch à moindre coût (sans SVD !)

Convergence assurée par l’ajout de modes PGD à la volée pour compenser l’erreur 
d’approximation de la RPM

Gain CPU sur la construction du modèle réduit (Etape préliminaire) d’un ordre de grandeur

Perspectives
Application à des problèmes non-linéaires plus complexes et plus réalistes : 

‣ Contrôle de la précision de l’approximation RPM (choix des points de référence et méthode adaptative)

‣ Plus de variables (influence du regroupement des variables pour la construction du modèle réduit)

Intégration dans les codes (structure de données, représentation séparées de toutes les quantités)
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