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HOMOLOGY OF LIE ALGEBRAS OF
ORTHOGONAL AND SYMPLECTIC GENERALIZED
JACOBI MATRICES

A. FIALOWSKI AND K. IOHARA

ABSTRACT. In this note, we compute the homology with trivial
coefficients of Lie algebras of generalized Jacobi matrices of type
B,C" and D over an associative unital k-algebra with k being a
field of characteristic 0.

1. INTRODUCTION

In the first half of 1980’s, a certain version of the infinite rank Lie
algebra gl(co) and some of their subalgebras have been extensively
used to describe the soliton solutions of the Kadomtsev-Petviashvili
(KP in short) like hierarchies (see, e.g., [JM] for detail). Because of
their importance, these algebras are still studied both in mathematics
and physics. Nevertheless, their basic algebraic properties are not well-
understood.

The first result about the homology with trivial coefficients of the
Lie algebra gl(oco) over a field k of characteristic 0 appeared in the short
note of B. Feigin and B. Tsygan [FT] in 1983. Unfortunately, their short
note was too dense and the proofs were not precise. Nevertheless, their
results turned out to be correct as we showed with detailed proof in our
previous work [FI]. We also managed to generalize it to the coefficients
over an associative unital k-algebra R.

In this article, we obtain analogous descriptions of the trivial homol-
ogy spaces for orthogonal and symplectic subalgebras of gl(co) over R.
Such results seem not to be known even for the simplest case R = k.
For the Lie algebra gl(co), the main tools were the Loday-Quillen [LQ)]
and Tsygan [T] theorem on the stable homology of gl and cyclic ho-
mology computations. For the orthogonal and symplectic subalgebras,
we need different tools: the Loday-Procesi theorem [LP] on the stable
homology of o and sp and dihedral homology [L]. As in the case of
gl(c0), in this work we also observe delooping phenomenon.

The first crucial step is to show that we can apply Loday-Procesi’s
result [LP] on expressing the primitive part of the homology of our
Lie algebras in terms of the skew-dihedral homologies of the k-algebra
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J(R) of generalized Jacobi matrices. The second important step is to
relate the skew-dihedral homology of J(R) to the dihedral homology
of R via an explicit isomorphism between the Hochschild homologies
of J(R) and of R, given in [FI].

The paper is organized as follows. In Section 2, we recall the defini-
tion of the k-algebra J(R) of generalized Jacobi matrices, the Lie alge-
bras of type Ay, B;,C; and D; and review Lie algebra homology and
(skew-)dihedral homology. Denote the Lie algebra structure of J(R)
by gJ(R). Section 3 is a key step for the results, namely, we consider
the restrictions of the Lie algebra isomorphisms gJ(R) = gl,(J(R))
(n € Zsy ), considered by B. Feigin and B. Tsygan [FT], to the Lie
subalgebras of type B;,C; and D;. As a consequence, the homology
of these Lie algebras can be expressed as the stable limit of the corre-
sponding finite dimensional classical simple Lie algebras which allows
us to apply the Loday-Procesi theorem on the primitive part of our
homology. Finally, in Section 4, we compute the homology of the Lie
algebras g over R of type B, C; and D;. As a corollary, we obtain the
universal central extensions of our subalgebras. The main result says
that the primitive part of all these Lie algebra is the dihedral homology
of R shifted by 2:

Prim(H, (g(R))) = HDu_(R).

In Appendices A and B we present some backgrounds from soliton the-
ory for R = C. In particular, the main objects are their fermionic
free field realizations which had been the source of the so-called Japan-
ese cocycle. This is the cocycle that describes the universal central
extension of gl(co).

Acknowledgment . The authors would like to thank Claudio Procesi
for useful discussions.

2. PRELIMINARIES

2.1. Generalized Jacobi Matrices. Let k be a field of characteristic
0 and let R be an associative unital k-algebra. As an R-module, J(R)
is spanned by matrices indexed over Z:

J(R) = { (miyj)i,jez | m; j € R, 3 N s.t. m;; = 0 (\V/’l,j s.t. |Z—]| > N) }

With the standard operations on matrices, J(R) has a structure of as-
sociative algebra. The usual Lie bracket [A, B] := AB— BA on J(R) is
well-defined, and we shall denote it by gJ(R), whenever we regard it as
a Lie algebra. Denote the matrix elements of J(R) by E;; (i,7 € Z).
For r € R, we set E; ;(r) =rE; ;.

Assume that R is equipped with a k-linear anti-involution *: R — R
and the transpose map (-) : J(R) — J(R) which are defined in §B.1
and §B.2. We set Ry; = {r € R|F = *+r}. It is clear that R =



HOMOLOGY OF LIE ALGEBRAS OF GENERALIZED JACOBI MATRICES 3

Ri®R_y;r— 3(r+7)+3(r—7).
Now we extend the definition of the transpose, also denoted by *(-),
to J(R) by '(E; ;(r)) = E;j(T).

For | € Z, let 7;, 77 be the k-linear anti-involutions of the Lie algebra
gJ(R) defined by

n(X) = (-D'"BX)T,  J=) (-1 B,
1€Z
7 (X) = JH(X)J7, J = ZE@F@'-
i€z

See also Appendix B.1 for the anti-involutions 7.
Remark 2.1. The matrices J; and J; do not belong to J(R),
but the multiplication of such matrices with any matriz from Mz(R) =
{(mi;)ijezlmi; € R} is well-defined, and the map X — J, XJ; is a
well-defined k-endomorphism of J(R).

2.2. Lie Algebras of type A;,B;,C; and D;. We say that the
universal central extension of the Lie algebra gJ(R) is of type A;. The
Lie algebras of other types By, C'; and D are defined as their fix point
subalgebras with respect to appropriate involutions. More precisely,
the Lie algebras over R of type B;,C; and D; are universal central
extensions of 0994(R), sp;(R) and 0%°"(R)

05" (R) :=gJ(R)"~ = {X € gJ(R)|75(X) = - X},
spy(R) =g J(R)™"" = {X € gJ(R)|T1(X) = - X},
05" (R) :=gJ(R)"~ = {X € gJ(R)|7*,(X) = X}

Remark 2.2. In [JM] , the universal central extensions of the Lie al-
gebras 0534(C), sp,;(C) and 05" (C) are called of type Buo, Coo and Dy,
respectively, where they used these Lie algebras to obtain Hirota bilinear
forms with these symmetries. See Appendix B for some explanation.

We avoid using the notations A.., By, Cs and D, since they are
also used to indicate the stable limit of the corresponding finite dimen-
sional simple Lie algebras.

Let us write explicitly the direct summands of the Lie algebras
094 (R), sp,(R) and 05°"(R) for later use:

Ude<R) Rl(E’r,s - E—s,—r) % R—I(Er,s + E—s,—r)

is a direct summand of 05%4(R) for any r, s € Z.

5pJ(R) Rl(Er,s_(_1)T+SE—S—1,—T—1)@R—1(Er,s+(_1)r+sE—s—1,—r—1)
is a direct summand of sp;(R) for any r,s € Z.
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oiven(R) Rl (Er,s - E(_k)7({) ) ©® Rfl(Er,s - E*371,7r71>

s—1,—r—1

is a direct summand of 05"*"(R) for any r, s € Z.

Notice that one of the above components can be the zero subspace.

2.3. Lie Algebra Homology. Our goal is to compute the homology of
Lie algebras 0594(R), sp,(R) and g5°"(R) with coefficients in the trivial
module k. For the sake of brevity, let us denote these Lie algebras by g.
The homology groups are the homology of the complex (A* g, d), called
the Chevalley-Eilenberg complez, where A°® g is the exterior algebra and
the differential d is given by

d(xi A+ Axy,) == Z (—1) g, THATINA AT N+ - ANTA - AT,
1<i<j<n

The homology H,(g) has a commutative and cocommutative DG-Hopf

algebra structure (cf. [Q]). Hence, the Quillen version of the Milnor-

Moore theorem [MM] states that it is the graded symmetric algebra
over its primitive part.

2.4. (Skew-)Dihedral Homology. Consider the n+1 (n € Z¢) ten-
sor product of an associative unital k-algebra R with an anti-involution

- : R — R. The dihedral group D,y := {x,y|lz"™ =¢y* =1, yay =
71} acts on R®"*! by

ZU.(T0®T1®-..®TTL):(_1)nrn®,’ﬂ0®r1®...®rn_l7
y.(TO QMR Tn) = (_1)%N(n+1)770 RFp QT @+ @ .

Let D,,(R) denote the space of coinvariants (R®"*!)p, .. If we modify
the action of y by —y, the resulting coinvariants will be denoted by
1D, (R). The Hochschild boundary b : R®" ! — R®" is given by

n—1
1=0
+(_1)n7ﬂn®r0®7ﬂl®"'®7’n_1.

It is compatible with passing to the quotient by the action of the di-
hedral group (cf. [L]). Denote the obtained complices by (D4(R),b)

(resp. (_1D4(R),b)). Their homologies are called dihedral (resp. skew-
dihedral) homology of R:

HD,(R) := H,(D4(R),b), (resp. 1HD,(R) = H,(_1D.(R),b) ).
Remark 2.3. It is known (cf. [L] ) that
HD,(R)=HC!(R):={m e HC,(R)|y.m = m},
1HD,(R)=HC,(R) :={m e HC,(R) |y.m = —m},
since our field k contains % Here, HC,(R) is the cyclic homology.
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3. FEIGIN-TSYGAN TYPE ISOMORPHISMS

First recall an isomorphism of Lie algebras gJ(R) = gl,(J(R)) due
to B. Feigin and B. Tsygan (Lemma 1.1 in [FI]). Restricting such
isomorphisms to 099 (R), sp,;(R) and 09°"(R), we obtain an interest-
ing description of these algebras with an appropriate anti-involution of

J(R).

3.1. Isomorphisms between gJ(R) and gl,(J(R)) (n > 1). Fix an
integer n > 1. Let I C Z be the set of representatives of Z/|I|Z. Let
®r:gJ(R) — gl (J(R)) defined by

Qr(Eppgr| 1 ns1]) = €mn(Ers) m,n €l and r,s € Z.

It can be checked that the maps ®; are isomorphisms of Lie algebras.
Typically, we choose for n € Z~q, Io,11:={i € Z| —n <i < n} and
Ly, ={i€Z| —n <i<n}.

In the rest of this section, we analyze the restriction of these isomor-
phisms to the appropriate Lie subalgebras.

3.2. The Choice of Real Forms of o0,(R) and sp,,(R). Here, in-
spired by [LP], we define 0,,(R) and sp,, (R) over an associative unital
k-algebra R with a k-linear anti-involution - : R — R. From now on,
we denote the matrix elements of finite size matrices by e; ; and set
e j(r) =re;; forr € R.

09n41(R) This Lie algebra is the Lie subalgebra of
g[an(R) = @%SMSH Re; ; defined by
ommsi(R) = { X € aly, L (R)|{(X)JE + JEX =0},
where JB =>"" e, ;. Note that (JE)? =T=>"" e,

Z:—n ’L:—TL Z?Z °

sPy, (R) This Lie algebra is the Lie subalgebra of
9l (R) = D _,<; ;. Rei;j defined by

spon(R) = { X € gly, (R) |"(X)Jy + JJX = 0},
where J¢ = 3""! (—1)%¢; _;_1. Note that (J)? = —T=—-37" ¢,..

1=—n i=—n

02n(R) This Lie algebra is the Lie subalgebra of
g[lgn (R) = @—nﬁi,j<n Re?’,s deﬁned by

02, (R) = { X € gly, (R)|"(X)JP + JPX =0},
where JP = S"7" ¢, ;1. Note that (JP)2=1=3"" ¢;;.

it=—n t=—n
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Notice that the natural inclusions Iy,11 < Io,13 and Iy, — 5,10
induce natural inclusions 0g,+1(R) < 02,43(R), (resp. 09,(R) —
02n+2(R) and sp,,(R) < SPy, o(R)) which allows us to define their
stable limits 0,44(R) (resp. Oeven(R) and sp(R)).

Remark 3.1. Since there are natural inclusions 09, < 09,11 and
Ooni1 < O2n12, the two inductive limits 00qq(R) and Ocven(R) are in
fact the same. Nevertheless, for the clarity, we will keep these separate
notations.

Let gl(R) be the Lie algebra of the matrices M = (m; ;) with coeffi-
clents in R and indexed over Z, such that the set {(¢,7) € Z*|m;; # 0}
is finite.

Remark 3.2. The Lie algebras 0,qq(R), 5p(R) and 0even(R) can be de-
fined as subalgebras of gl(R) as follows. Set

Jp = Z €i—is Jo = Z(_l)iei,—i—ly Jp = Z €i—i—1-
€L €L €L
Define the anti-involutions of gl(R) by
5(X) = Jp'(X)J3p, To(X) = —JN(X) Je, v = Jp'(X)Jp.
(cf. See Remark 2.1.) It is clear that
0oad(R) = gl(R)™ ™, sp(R) = gl(R)7,  Ocvwen(RR) = gl(R)™".

3.3. Restrictions of ®;. Let * be the anti-involution on J(R) satis-
fying
EkJ(?")* = E—l,—k(f) re R.

Proposition 3.3. Let n € Z~;. The following restrictions are isomor-
phisms:

(1) @p,py 0 059(R) — (02011(J(R)), #)
(2) @1, : 5P (R) — (95, (J(R)), %),
(3) @, 2 057" (R) — (02n(J(R)), %).

Proof. Since the proofs are similar, we just show the first case. Let
r€ R. Fori,j € I5,11 and k,[ € Z, we have

Q(Eis 2nt 1)k, j+2n+1)0(1) — E_j—@nt1),—i—@2nt1)%(T))
=(€ij(Ea(r)) — e—j—i(E_1—1(T)).

In particular, Proposition 3.2 implies

Corollary 3.4. (1) H,(0%Y(R)) = H4(004a(J(R))),

(2) Ho(sp,(R)) = Ho(sp(J(R))),
(3) Heo(05"(R)) = He(0cven(J(R))),
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4. HoMOLOGY OF 03(R), sp;(R) AND 05°*(R)

Let k£ be a field of characteristic 0 and R an associative unital k-
algebra. In this section, we determine the homology of the Lie algebras
05%(R),sp,(R) and 0%"(R). As a corollary, we obtain an explicit
realization of their universal central extension.

4.1. Primitive Part of the Homology. For a Hopf k-algebra H, we
denote its primitive part by Prim(H). Thanks to Corollary 3.4, we can
directly apply Theorem 5.5 of [LP] and we obtain the next result:

Theorem 4.1. Let % : J(R) — J(R) be the anti-involution satisfying
Ek7l(’l“)* = E_l7_k(f), r € R.

, 5p; and 05", we have
Prim(Ha(9(R))) = 1HDu_1(J(R)).

Then for g = 054

In the next subsection, we explain how to apply Theorem 5.5 of [LP]
in our situation.

4.2. Sketch of the proof. We restrict ourselves to the orthogonal
case, since the proof for sp,, is the same as in [LP].

Let I be at most countable (index) set and let F be the free algebra
over {z;, 2} }ic;. Denote the set of monomials in F by M. The algebra
F admits the anti-involution * defined by *(z;) =} (i € I). Let ~ be
the relation on M defined by

(1) (anti-involution) m ~ m*,

(2) (cyclic equivalence) mimg ~ mom;.
It can be checked that ~ is an equivalence relation. For m € M,
denote its equivalence class in M/ ~ by Tr(m). Let us denote the
polynomial ring in the variables in M/ ~ by 7. The multiplicative
group D = (k*)! acts on F induced from the action on @, (kz; ® ka})

given by
d. <Z(Clﬂfl + c;ka:;k)) = Z di(ciz; + cixj),
iel iel
where ¢;, ¢ € kand d = (d;);e; € D. This D-action induces a D-action
on 7. An element f € T is called multilinear if for every d € D, we
have f? = det(d)f. For a finite I, the set of multilinear elements forms
a finite dimensional vector space, denoted by 7.

Recall that the hyperoctahedral group H, is the semi-direct prod-
uct (Z/2Z)" x &, where the symmetric group &,, acts on (Z/27)"
by permuting the factors. The group H, acts on 7 as follows: &,
acts by the same permutations on z;’s and z}’s, the ith generator
n; of Z/27Z permutes x; and x} and leaves the other variables un-
changed. So H,, is the subgroup of &y, of the group of permutations
on {xy,...,xp, 2%, ..., x5} which commutes with the operator .
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A key step we need in invariant theory for the orthogonal group is
the H,-isomorphism: for p > n,
Indjp" (triv) «— T, — [(gl5™)o,]",
where triv is the trivial representation of H,,. See, e.g., [P] and [W] for
details.

Remark 4.2. The isomorphisms in the above diagram remain valid
for any choice of O, as subgroup of GL,.

Now we explain the steps of the proof of Theorem 4.1. For simplicity,
set A = J(R), Todd = 7B and Teven — TD-

First step  Let us define 04(A) = (gl(A))z/2z where Z/27Z acts by
a— o™ (4 € {even,odd}). Hence,

A\ "0s(4) =(0:(A)*")s, = ((9H(A)*")z 20,
:(g[(A)®n)Hn = (g[®n & A®n>Hn7

where n; actson @ = 1 ®- - -@a, € gl®" by ni(a) = 4, ®- Q0] ®- - -®
ap,andona = a1 ®---Qa, € A" by n;(a) = a1®- - Q(—af)®- - - Qay,.
A permutation o € &,, acts on gl®" by permuting the variables, and
on A®™ by permuting the variables and multiplication by the signature

sgn(o).

Second step By Proposition 6.4 of [LQ)], the Chevalley-Eilenberg com-
plex (A° 0,(A),d) (cf. §2.3) is quasi-isomorphic to the complex of coin-
variants ((A° 0,(A))o,,d). The last module can be written as

(/\"0:(A)o, = ((a1°" ® A", )o, = ((a1°")o, ® A",

where Oy is the ind-algebraic group associated to the ind Lie-algebra
04. Using the above mentioned invariant theory result, we get

(\"0:(A))o, = (IndGpr (triv) @ A"y, .

Third step  We regard Gs,, as the group of permutations on {1,2,... n,
1*,2* ..., n*} where the subgroups &,, C H,, act as simultaneous per-
mutations on {1,2,...,n} and {1*,2*, ..., n*} and n; € (Z/2Z)" per-
mutes ¢ and ¢* and leaves the other elements unchanged. Via the iso-
morphism 7, — [(gl7")o,]*, the primitive elements of (A" 05(A))o,
correspond to linear combinations of single traces, i.e., the elements
of the form Tr(yy,yi, - - vi,) with y; € {z;, 2} and {i1,d2,...,0,} =
{1,2,...,n} (cf. the coproduct formula in the proof of Proposition 6.6
in [LQ)J). Notice that such trace element corresponds to

( H ni)(ibi%"' 7in)'

; ¥
18.b. Y, =x;
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The k-span of such elements forms an H,-submodule of Indgfl" (triv)
generated by k ® 1 where k = (1,2,...,n) € Ga,.

It turns out that Staby, (k ® 1) is isomorphic to the dihedral group
D,,. Indeed, the stabilizer is generated by kg = kk* and nwy with

kY= (1%,2%,...,n"), n:Hm,
i=1

(12 o\ (I o cee
YH=\n n—1 - 1) \n* (n—1)* - 1% )"

Thus we obtain
Prim((\ *04(A))o,) = (Indp" (triv) ® A", = (A®")p,,

where triv here signifies the trivial representation of D,,.
Set © = ky and y = kynwy. By direct computation,

T ®a; @ ®a,) = (—1)"a,®a; @ ®a,_1),
y(a®a @ - ®a,) = (-1 (i @ ar @a) @ @ ah).

With an isomorphism Prim((/ *04(A))o,) = (A®")p,, the restriction
of the differential of the complex ((A *03(A))o,,d) to its primitive part
corresponds to the Hochschild boundary operator of the dihedral com-

plex (_1D4(A),b).

In the rest of this section, we relate these skew-dihedral homologies
of J(R) with (skew-)dihedral homologies of R. For this purpose, we
recall that the (skew-)dihedral homology is, by definition, obtained by a
particular Z/2Z-action on the Hochschild complex (hence, the Connes
bicomplex etc).

4.3. 7Z/2Z-actions on Hochschild Homologies. In [FI], we have
proved that the isomorphism between the Hochschild homologies ®,, :
HH,(R) - HH,1(J(R)) is induced from the morphism of the abelian

groups @, : R%*1 — J(R)®P*2 defined by

Dp(ro@ri @+ Q1,)

p
=rol ® <Z(—1)lr1[® e RQTMII ANl ® - ®rpl> ,
1=0
where N = )., €; ;41 (cf. see Remark B.1).

We recall from [L] that the Z/2Z = (y*)-action on R®P*! is given
by

G @ @ @) = ()P en 05 8 9 n),
and the Z /27 = <ygﬁ)>—action on J(R)®P*2 is given by

1 * * * *
Y (me@my @ - ®@myar) = (=120 (miem? @me- - -@m}).
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Let us analyze the commutativity of these Z/2Z-actions with the
map ¥, (or rather ®,). By definition, we have

ép(yf.(ro R @ ®71p)) = (—1)%p(p+1)?15p(f0 Ty @y 1 @ @7)
p
:(—1)%1)(1)4-1)770[ &® (Z(—l)lrp] R - ..fp_H_l] QN® fp_l] R ® r1]> ’

=0
and
g By(ro @1 @ @ 7,)

R
_yp—f-l)'

p
rol ® (Z(—nlm Q - rIONRT IR @ m)]
1=0
L p
:(_1)§(P+1)(p+2)770] ® (Z(_l)lrp] QR - RFIOIN* QAR ® 7“1]>
1=0
L p
= — (=1)2*P IR T ® (Z(—l)lfpl R @ I ON* @7 I @ ® FJ) :
1=0
By Theorem 4.1 and the definition of the anti-involution %, we have
N* = N, from which we conclude

Lemma 4.3. For p € Z>(, we have y;ff) 0o®, = —P, 0yl
In particular, by Remark 2.3, this implies 1 H D, _1(J(R)) = HDo_5(R)
(cf. §2.4).
4.4. Main result. We obtain
Theorem 4.4. For g = 054, sp; and 0%, we have
Prim(H,(g(R))) = HD, 2(R).

In particular, it is known that for R = k, HD;(k) = k for i = 0
mod 4, and HD;(k) = 0 otherwise (cf. Example 1.9 in [L]). Hence,

Corollary 4.5. For g = 054, sp, and 0%, Prim(H,(g(k)) the

) is
graded k-vector space whose zth graded component Prim(H,(g(k)));

kEoi=2(4),
0  otherwise.

Prim(H.(g(k))): = {

Remark 4.6. These numbers are exactly the double of the “exponents
of the Weyl groups” (cf. [B]) of type B;,C; and Dy, respectively. A
similar phenomenon happens also for gJ(k), see Theorem 6.6 in [FI].
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4.5. Universal Central Extension. Theorem 4.4 implies

Corollary 4.7. For g = 05, sp; and 05", we have

Hy(g(R)) = HDo(R) = (R*)1,

where (R®), is the fized point part of the anti-involution - defined on
R® = R/[R, R], that is induced from the anti-involution - on R.

Thus, the kernel of the universal central extension g(R) of g(R) is

(R%);, whose Lie bracket is given by the restriction of those of gJ(R)
described in §6.4 of [FI] as follows.

Set I, = ,sp€izand I_ =), e;;. It is clear that Iy € J(R) and
I,I; = 65,1, for o,7 € {£}. Let ® : J(R) — J(R) be the k-linear map
defined by ®(X) = I, XI;. A matrix M = (m;;) € J(R) is said to be
of finite support, if the set {(7,7) |m;; # 0} is finite. We denote the
Lie subalgebra of gJ(R) consisting of the matrices of finite support by
gF(R). Define the trace map Tr: gF(R) — R as the composition of
the usual trace map tr : gF'(R) — R; M = (m;;) — Y, m;,; and the
abelianization 7% : R —» R,

Let ¥ : J(R) x J(R) — R be the k-bilinear map defined by
U(X,Y) =Tr([@(X), 2(Y)] — ([X, Y]))
=Tr(([L YT )(I_X1,)— (I, XTI ) YI))).
It can be checked that this is a 2-cocycle.

Theorem 4.8. For g = 059, sp; and 0%, the Lie algebra g(R) is a

k-vector space g(R) = g(R) ® (R™), equipped with the Lie bracket [-,-]
defined by

G§(R), (R} =0,  [XY]'=[X,Y]+¥(XY) XY €g(R)
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APPENDIX A. FREE FIELD REALIZATION OF gJ(C)

A.1. Clifford algebras. Let A be the Clifford algebra over C gener-
ated by 1;,¥F (i € Z) and 1, subject to the relations

)

[2s, wj]+ =0, [¢i7¢;]+ = 041, Wfﬂﬁh =0.
An element of W = (B,., Cvi) ® (D, Cv;) is referred to as a free

fermion. Set

Wi = (ED cm) @ (EB cw:) D Wa= (69 w) ® (EB w:) ,

1<0 >0 >0 1<0

(ann stands for annihilation and cr stands for creation) F := A/ AW
and F* := W, A/A. Tt is clear that F has a left A-module structure
and F* has a right A-module structure. We denote the image of 1 € A
in F and F* by |vac) and (vac| respectively. F and F* are the A-
modules generated by |vac) and (vac| with the defining relations:

Wamn-|vac) := 0, (vac| Wy, == 0.
The image of gl(C) — End¢(F) (and gl(C) < Endc(F*)) can be

described as follows:

{ Z az’,ﬂ/m/f; }

finite

A.2. Japanese cocycle. The Lie algebra gJ(C) does not act on F and
F*. Indeed, it is the universal central extension gJ(C) of gJ(C) (cf.
[F1]) that can be viewed as a subalgebra of End¢(F) (resp. End¢(F*)).
To describe this explicitly, let us introduce the so-called normal ordered
product ¢ - 2 as follows (for detail, see [JM]).

By PBW theorem for A, it follows that A = WyA + AWann) @
C. We denote the canonical projection A — C with respect to this
decomposition by 7. By definition, the C-bilinear map (-) : F* X
F — C; ({vac|.a,b.|vac)) — m(ab) is well-defined for any a,b € A.
Explicitly, some of them are given by

(i) =0, (¥i¢j) =0,
Wﬂﬂﬁ = {

0 otherwise Wiv = { 0 otherwise -
We set 01070 := ;0bf —(¥30)7). The subset of Ende(F) (resp. Ende(F*))
defined by

{Zamgzpizb;g | 9 N s.t. Q5 = 0 (Vl,] S.t. |Z —j| > N) } @C -1
4,J
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is closed under the Lie bracket. Explicitly, this is given by

[Z ai,jiwiw;“;, Z briotriy ]
i kel
ZZ (Z(ai,kbk,j zkak])> Sviis + ( Z a; ;b — Z ai,jbj,i> L.
i \ &

i<0,5>0 i>0,j<0

This second term is the so-called “Japanese cocycle”.

APPENDIX B. L1E ALGEBRAS 09%(C),sp,(C) AND 05°"(C)
B.1. Some involutions on J(C). After recalling the involutions oy
of A given in [JM], we compute the induced (anti-)involutions on J(C).

For | € Z, define the involution o; of A by

o) = (=17 a(¥n) = (1) "

By definition, one has

or(Wif) = (=L)"Y by = (=) (= + dis1),

i.e., the involution o; induces an involution ; of g.J(R) given by ¢;(E; ;) =
—(=1)""E,_;;—;. Indeed, it should be regarded as (—1) times the
anti-involution 7; on J(R) defined by T(Ers) = (1) E;_s;—. Re-
mark, that by setting J; = >, _,(—1)'E;;_;, we get (J;)* = (—=1)'T with
I'=3%c; Eii. Anelement X € J(R) is (—m)-invariant iff

X+ (D)X =" X+ X =0,

since JiE, o J; = (—1)"HE,_,,_, (cf. see Remark 2.1).

Now, for an associative unital C-algebra R with an anti-involution
“: R — R, we extend the definition of the transpose, also denoted by
t('), to J(R) by t(TEiJ) = FE]'J'. Set

n(X)=(-D)'"J3'(X), X € J(R).
This is a well-defined anti-involution on J(R) that induces an anti-
involution on gJ(R).

Remark B.1. Set N =%, €;i41.

(1) INN = I, i.e., N"' =N,
(2) N 'n(X)N = 112(Ad(N)(X)) forl € Z and X € J(R)
since N"Y N = —Jp4o.

Hence, it is sufficient to consider 19 and 7_1, for example.
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B.2. Fermions with 2 components. We may think of the fermions
9 9" indexed by n € Z and j € {0, 1} satisfying

Wi el =0, RO = iadmal, [ 00 = 0.

Fixing a bijection Z x {0,1} — Z, the Clifford algebra generated by
fermions with 2 components is isomorphic to A. For example, one of
the simplest choices is

O = Yoy O = Vamir, O = U= Ui

Here and after, we fix such a renumeration, if necessary.
Let o be the involution of these fermions with 2 components, defined
by
o) = (="l o) = (-1l
By definition, one has

o (pPp®*) = (=1)mng ) = (1 (B 660 ).

Enumerating matrix elements of J(k) as Egxn™, the involution o in-
duces the involution ¢ of g.J(C) given by a(E(]) (& )) —(— 1)m+”E(_’2 )

Indeed, it should be regarded as (—1) tlmes the anti-involution 7 on
J(k) defined by 7(ESM) = (=1)mtnEE0) - Get

J = Z Z mE(]) (J

7=0 meZ

It is clear that J? = I = Z] 02 omez B jr’n‘j and X € J(C) is (—7)-

invariant iff

'X+JXJ=0,

since JEGHP J = (=1)mtngY) (kn (cf. see Remark 2.1).
Now, on J(R) (hence on gJ (R)) the anti-involution 7 is defined by

T(X) = J{(X)J,

as in the previous subsection.

B.3. Central extension of 05¢(C), sp,(C) and 09°*(C). Recall that
all of these Lie algebras are defined as the fix point subalgebras with
respect to certain involutions. So their central extensions may also be
realized as the fix point subalgebras with respect to certain involutions
(cf. [JM]). Explicitly, Lie algebras over C of type B;, C;; and D, are
defined by gJ((C)TO ,gJ((C)Ll” and gJ((C) "~ respectively.

Our main theorem assures that they are, in fact, the universal cen-
tral extensions of the Lie algebras 05%4(C), sp ,(C) and 05*(C), respec-
tively.



HOMOLOGY OF LIE ALGEBRAS OF GENERALIZED JACOBI MATRICES 15

REFERENCES

[B] N. Bourbaki, Lie groups and Lie algebras, Chapters 4 —6, translated from the
1968 French original by A. Pressley, Springer Verlag, 2002, 300 pp.

[FI] A. Fialowski and K. Iohara, Homology of the Lie Algebra gl(co, R), submitted
for publication.

[FT] B. L. Feigin and B. L. Tsygan, Cohomologies of Lie Algebras of Generalized
Jacobi Matrices, Funct. Anal. Appl. 17, 1983, 86-87.

[JM] M. Jimbo and T. Miwa, Solitons and Infinite Dimensional Lie Algebras, Publ.
RIMS Kyoto Univ. 19, 1983, 943-1001.

[L] J. L. Loday, Homologie diédrale et quaternionique, Adv. Math. 66, 1987,
119-148.

[LQ] J. L. Loday and D. Quillen, Cyclic homology and the Lie algebra homology of
matrices, Comment. Math. Helv. 59, 1984, 565-591.

[LP] J.L.Loday and C. Procesi, Holmology of Symplectic and Orthogonal Algebras,
Adv. in Math. 69, 1988, 93-108.

[MM] J. W. Milnor and J. C. Moore, On the Structure of Hopf Algebras, Ann.
Math. 81 (1965), 211-264.

[P] C. Procesi, The invariant theory of n x n-matrices, Adv. Math. 19, 1976,
306-381.

[Q] D. Quillen, Rational Homotopy Theory, Ann. Math. 90 (1969), 205-295.

[W] H. Weyl, The Classical Groups, Princeton Univ. Press, Princeton NJ, 1946.

[T] B. L. Tsygan, Homology of matriz Lie algebras over rings and the Hochschild
homology, Russ. Math. Survey 38, 1983, 217-218.

UNIVERSITY OF PECS AND EOTVOS LORAND UNIVERSITY BUDAPEST, HUN-
GARY
E-mail address: fialowsk@ttk.pte.hu, fialowsk@cs.elte.hu

UN1v LyoN, UNIVERSITE CLAUDE BERNARD LyoN 1, CNRS UMR 5208,
InsTITUT CAMILLE JORDAN, 43 BOULEVARD DU 11 NOVEMBRE 1918, F-69622
VILLEURBANNE CEDEX, FRANCE

E-mail address: iohara@math.univ-lyonl.fr



