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ANOMALOUS INVASION SPEED IN A SYSTEM OF COUPLED
REACTION-DIFFUSION EQUATIONS*

GREGORY FAYE'! AND GWENAEL PELTIER}

Abstract. In this paper, we provide a complete description of the selected spreading speed of
systems of reaction-diffusion equations with unilateral coupling and prove the existence of anomalous
spreading speeds for systems with monostable nonlinearities. Our work extends known results for
systems with linear and quadratic couplings, and Fisher-KPP type nonlinearities. Our proofs rely on
the construction of appropriate sub- and super-solutions.

Keywords. anomalous spreading speed, linear spreading speed, sub- and super-solutions.
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1. Introduction
In this article we study the spreading properties of the following system of coupled
reaction diffusion equations,

Ut =dUgz + f(u) + FoP (1 —u) ,>0,z€R,
U =Vgg +0(1—0) ,t>0,2€R, (1.1)
U(O,QZ‘):’U,O(Z‘), U(O,Z‘)Zvo(.ﬁ) 71‘6Ra

with d,8,p>0 and f € C? a monostable function, that is

f(0)=rf(1)=0,
0< f(uw) ,0<u<1, (1.2)
f1(0)>0> f'(1).

Given initial conditions 0 <wug,v9 <1 being compactly supported perturbations of
the Heaviside step function 1<, such systems typically present front-like solutions that
propagates to the right with a certain spreading speed. In this study, we are interested
in the asymptotic speed of propagation for the u component. That is, if we define the
invasion point

/i(t):sup{x|u(t,x)>;},

z€R

we want to know the expression of the so-called selected speed or spreading speed,

t
Ssel = tlim @

—)oot’

with respect to f and the parameters. Note that, given our initial conditions,
an application of the comparison principle gives that the solutions of (1.1) satisfy
0<wu(t,x),v(t,x)<1 for all >0 and z€R, so that the threshold 1/2 in the defini-
tion of k(t) is arbitrary and we shall see that the selected speed is identical for any
threshold in (0,1).
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The v component.  Observe that the coupling only occurs in the u equation, thus
we can first look at the v equation in isolation :

Uy =Uge +0(1—0). (1.3)

This is the well-known scalar Fisher-KPP equation, and has been the object of numerous
studies, see [1,2,5,9] among others. Given our compactly supported, positive initial
condition, a classical result established in [1] proves that this component will spread at
asymptotical speed s, =2 in the following sense :

inf v(t,z) — 1, for all s<2,
x<st t—00

and

supv(t,z) — 0, for all s>2.
x> st t—o0

Here s, =2 is also the minimal speed of monotone traveling wave solutions having the
form v(t,z) = p(x — st) and satisfying

" +50 +p(1—p)=0in R, @(—c0)=1, @(+00)=0. (1.4)

In fact, one can show [2,10] that there exists a constant z, depending on the initial
condition only such that () has the following asymptotics

3 _ N 1
m(t)z?t—21nt+xoo+go*1(1/2)—\/E+O<t1_,y>7 (1.5)

as t — 400, for any 7 >0 and ¢, denotes the critical traveling front solution of (1.4)
at s, =2.

The uncoupled case. We now turn our attention to the u component. We first
look at the decoupled case S=0. The u equation in isolation shares many properties
with the Fisher-KPP equation (1.3). More specifically, from [1], we know the existence
of a spreading speed sg >2+/df’(0) in the sense explained above:

inf u(t,z) = 1, for all s< s,
—00

x<st

sup u(t,z) — 0, for all s> sq.
z>st t—o00

In general, there is no explicit expression for the spreading speed sy with the hypothesis
that f is monostable only. However, this speed is linearly determined if f is of Fisher-
KPP type, that is f monostable (see (1.2)) and

fu) < f(0)u, for all 0<u<1. (1.6)

In that case, given our initial condition, the component u will spread at speed so=
24/df’(0) as it is the case for equation (1.3) where d= f’(0) =1. Thus, for Fisher-KPP
type nonlinearity, the selected speed depends on f only through its derivative at u=0.
From now on we denote a:= f/(0).
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The coupled case — Main result. We now consider (1.1) in the coupled case
B>0, with f of Fisher-KPP type satisfying (1.2) and (1.6). At first, one could expect
that the selected speed for the u component is given by max(2,2\/@). For instance,
if we consider values of (d,a) such that 2v/da>2, and place ourselves in a window
y=x—2vdat, the v component will converge to zero as t— oo, locally uniformly in
y. Thus one could think that replacing v by zero in the u equation would give the
spreading speed. This turns out to not always be the case, and there exists a domain
for our parameters that leads to a selected speed strictly superior than max(2,2\/@).
This phenomenon was first observed in [11] and given the label of anomalous spreading,
and rigorously studied in [7,8]. In fact, we are going to prove the following theorem.

THEOREM 1.1. Consider (1.1) with f of Fisher-KPP type satisfying (1.2) & (1.6) and
with d,8,p>0 and a= f'(0) >0. Fiz initial data 0 <u(0,2) <1 and 0<v(0,z) <1, each
consisting of a compactly supported perturbation of the Heaviside step function 1,<o.
Then, there exist domains LILIII, depending on p, so that the selected speed sge1(p) is
given by

2 ,(d,a) €1,
Ssel<p) =1 2v do b (d,OZ) € IL
Sanom(daaap) ; (d7a) € III?
with
[ a—p p—dp?
nom da 9 = ? 17
Sanom (d, @, p) p—dp2+\/; (1.7)
and
1 1
Iz{aSP(Q—dp) | ds}u{a< | d>},
p p
2
D 1 1 1 1
II= — - >—|d>-
{a_%lp—l | 2p _p}u{a_ | >p}’
dp? 1 1
= — — — _ <z
I1I {oz>p(2 dp) | d<2 }U{P(Q dp)<a<2dp—1 | % _p}

Let first note that the system (1.1) has already been studied in the case f(u)=
ou(l—u), with p=1 [7,8] or p=2 [4] and Theorem 1.1 is a natural generalization
of those studies to p>0. It is also important to remark that for (d,«)€IIl we have
Sanom(d,a,p) >max(2,2v/da) and in that respect Sanom is referred to as an anomalous
spreading speed. We will see that it is the coupling Sv? into the u component of system
(1.1) that induces a resonance in the dynamics leading to this anomalous spreading
speed. We refer to Figure 2.2 for an illustration of the different domains defined in
Theorem 1.1. It is interesting to note that as p— +o00, the domain III of existence of
the anomalous speed shrinks as it is shifted close to axis d=0 where it imposes large
values for o as we have o> p(2—dp) in that region. On the other hand, when p— 07,
the domain of existence of the anomalous speed becomes larger and eventually covers the
whole quadrant a >0 and d>0. In that respect, small values of p enhance anomalous
spreading.
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Strategy of the proof.  Contrary to the case p=1 [7,8], when p#1 a linearization
around the equilibrium state (u,v)=(0,0) is either impossible, or decouples the system.
However, using the fact that f is of Fisher-KPP type and that fvP(1 —u) < fvP whenever
v>0 and u >0, we obtain the following system

{ut:dum—&-au—&-ﬁvp ,t>0, xR, (1.8)

Vp =Vgy + 0V ,t>0, xR,

which will serve as a natural super-system for (1.1). It turns out that a thorough study
of (1.8) will help us:
e predict the selected speed for system (1.1) in the spirit of the approach presented
for the case p=2 in [4];
e devise elementary exponential solutions which will serve in the construction of
sub- and super-solutions for (1.1).
The proof of Theorem 1.1 relies on the fact that each component of (1.1) satisfies the
comparison principle, allowing us to apply the theory of sub- and super-solutions [3]. In
fact, for each domain, we will explicitly construct sub- and super-solutions from which
we will deduce Theorem 1.1.

Application — Monostable nonlinearities. As it will be clear in the proof of
Theorem 1.1, the fact that the nonlinearity f is of Fisher-KPP type plays a crucial role
in our analysis. However, it turns out that Theorem 1.1 still provides valuable insights
when considering nonlinearities that are only monostable (see (1.2)). More specifically,
we will see that anomalous spreading speeds do occur for this type of nonlinearities and
we will apply our results to a specific example. This is a new development compared to
the original studies of [7,8].

Outline.  The outline of this paper is as follows. In Section 2 we determine the
expression of the selected speed sgi(p) for any p>0. By doing so, we highlight the
existence of an anomalous speed depending on parameters d,«,p. Section 3 is devoted
to the proof of Theorem 1.1. Finally, in Section 4 we relax the Fisher-KPP condition
and we consider a particular example of (1.1) for which we establish the existence of an
anomalous speed on a particular domain of parameters.

2. Spreading speeds for system (1.1)

This section is devoted to the existence of a possible anomalous spreading speed for
system (1.1). More specifically, we will explain how such a speed can be computed. We
first start by explaining the case p=1 for which a linearization around the equilibrium
state (u,v) =(0,0) makes sense. Then, following the approach presented in [4], we derive
the formula (1.7) for the anomalous spreading speed together with the domains I, II
and IIT appearing in Theorem 1.1.

2.1. Study of (1.8) when p=1

We place ourselves at p=1. In that case system (1.8) is precisely the linearized form
of (1.1) around the equilibrium state (u=0,v=0), and in a moving frame y=x — st, it
reads

(2.1)

Up = dUyy +suy +au+pv ,t>0,y€R,
UV = Uyy +8Vy +v ,t>0,yeR.

In the decoupled case 8=0, elementary solutions of (2.1) are exponentials of the form
given by

u(t,g) = (Crett W 4 Cpers (A
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v(t,y) = et (CleVI(s,A)y +C2eu;(s,>\)y> 7

with vF(s,A) and v (s,)\) roots of the dispersion relation for the u and v equations
respectively :

D, (v):=dv?+sv+a—\=0,
D,(v):=1v*+sv+1-\=0.

When looking at the coupled case 5#0 with initial conditions 1,<o(x), it has been
shown in [7] that the spreading speed of (1.8) can be inferred from the analyticity, or
lack thereof, of the pointwise Green’s function associated to system (2.1). It is obtained
after a Laplace transform in time with parameter A € C and when considering delta Dirac
initial conditions. The skew-product nature of the coupling implies that the dispersion
relation of the full system (2.1) is the product of the dispersion relations D,, and D,.
Non-removable singularities of the Green function appear for values of s, A such that the
full dispersion relation admits pinched double roots, that is when one of these relations
holds

vi(s,\)=v; (s,\), (2.2a)
Vj(SaA):V;(SaA)v (22b)
vE(s,\)=vT(s,)). (2.2¢)

Then the spreading speed of (2.1) is exactly the minimal value of s such that those
singularities are all located in the stable half plane Re(A) <0, that is :

Stin :=sup{s>0]|all couples (s,\) solutions of (2.2) satisfy Re(A)>0}.

We refer to it as the linear spreading speed. In fact, solving (2.2) one obtains the
following expression for the linear spreading speed [7]:

2 ,a<2—d,
Stin =} 2Vda ,d>%and a> 2

2d—1°
_ Ja=1 1—d :
Sanom = 1—d —+ a1 otherwise.

Due to the fact that f is of Fisher-KPP type, this linear spreading speed usually provides
a good predictor for the selected speed of the nonlinear system. A more thorough study
[8] allows one to show that the selected speed for the nonlinear system (1.1) is equal to

the linear spreading speed except on the domain IV = {d >1,max(2—d,0)<a< ﬁi_l },
where the selected speed is equal to max(2,2v/da), and one recovers precisely the state-
ment of Theorem 1.1 with p=1. What is crucial here is that all values taken by the
selected speed of (1.1) are captured by the linear speeds of (2.1). In that respect, the

system (1.1) when p=1 is said to be linearly determined.

2.2. An heuristic approach

When p#1, we have already explained that either a linearization is impossible or
it decouples the system. Nevertheless, we would like to proceed along similar lines as
in the case p=1, and it turns out that system (1.8) is a natural ”generalization” of the
linearized system. Therefore, we rewrite (1.8) in a moving frame y =1z — st and obtain

{utzduyy+suy+au+[3v” ,t>0,y€R, (2.3)

Vg = Uyy + 80y +0 ,t>0,y€R.
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Our goal here is to mimic the step that leads us to compute the linear spreading speed
Siin Of system (2.1). This heuristic approach on system (2.3) will give us an educated
guess on the expressions of domains I, IT, III and the expression of sanom in the general
case p>0. And then, in the next section we will provide a theoretical proof of our guess
using techniques of sub- and super-solutions.

First, recall that when p=1, the spreading speed can be computed by looking at the
resonance between decay rates Viv(s,)\) corresponding to equations u and v isolated.
If one considers exponential solutions of the form

U(t, y) = eAteU“ (SVA)yv

then in order for those functions to satisfy (2.3) we necessarily need

A=p),
vy (8,A) =pury(s,A).

The heuristic is the following : for fixed values of (d,a,p), we seek the couples (s,\)
solutions of any of the four equations

Vi (8,0) =vy (8,0), (24a)
vy (s:0) =, (s,)), (2.4b)
vE(s,p\) =prF (s,)), (2.4c)
and we want to find the value of the speed
S1in(p) =sup{s>0]|all couples (s,\) solutions of (2.4) satisfy Re(\)>0}. (2.5)

We will call that speed the linear speed despite (2.3) not being linear. That is because
it will play a similar role of predictor for the selected speed of the nonlinear system, just
like the case p=1. Obviously, sjin(1) = siin.

REMARK 2.1. It is important to note that when p=2, we recover the ”2:1- resonant
spreading speed” from [4]. Actually, for any p>1 being an integer, the spreading speed
(2.5) can be interpreted as a "p:1- resonant spreading speed”. However, for general

p>0 we could not use the definition [/, Definition 2.1] and this is why we proposed the
natural generalization (2.5).

2.3. Expression of the spreading speed s, (p)

In this section, we prove the following result which is a first step in proving our
main Theorem 1.1.
PROPOSITION 2.1. The linear speed defined by (2.5) is given by

2 ,a<2p—dp?,
2
Siin(P) =14 2V da ,d> % and o> 7255_1 , (2.6)
Sanom (d,,p) , otherwise,

[ a—p p—dp?
Sanom(daavp) = p_dp2 + a—p .

with
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Proof. We solve explicitly each equation. Solutions of (2.4a) and (2.4b) are respec-

tively
52 52
{(s,)\:a—4d> |s>0}, and {(s,)\zl—4> s>0}.

Thus it requires )i (p) > max(2,2vda). Equations (2.4c) involve more work. We first
consider the particular case d=1/p. One checks it implies that & =p and the solutions

are
2
{(s,Azl—Z) |s>0},

meaning that the case d=1/p does not impose more restrictive conditions for sy, (p)
than the ones previously derived. From now on, we suppose that d#1/p, and we define

" p—dp?’ T op—dp?

— dp? _
x._ o dp v a—p

Using these notations, we obtain a parametrization of the solutions of (2.4c) as a function
of the speed s, namely two curves in the complex plane

Ai(s)=X+5VY. (2.7)
More precisely, couples (s,Ay(s)) are exactly the solutions of one of the four equations

i(s p)‘) :pyizjt(sa)‘)v

v (s,
vE(s,p\) =prF (s,)).

Recall that only (2.4c) leads to an anomalous speed, from an heuristical point of view.
From there, one can in fact compute explicitly the values V;E,U(s,/\) when A satisfies
(2.7),

+ 51 el a—dp?
v, (8,pAx(s)) 2d+2d s 4da—|—4alp(p_dp2:I:S\/?7

S 1 a—p
=——+—4[s2+4dpVYs+4d?p?
2d+2d s dpV'Y s+ 4d2p (pdp2>’

__5 SYLp 2
- 2d+\/(2d) j[d‘/%ﬂ) Y,

s G

and as a consequence, we have

+pVY , if Re( & +pVY ) >0,

vi(s,pAx(s)) =
( ) —2FpVY | if Re( g £pVY ) <0.

Note that we used the convention that a square root of a complex number z is the
only complex number ¢ which satisfies (? =z and arg({) € (=%,%]if ¢#0. One can do
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the same calculation for all the roots. We obtain the following expressions, depending
on Y :=Re(VY)€ER,,

—SFpVvY if s<F2dpY”’
vi(spha(s)) =4 AIEVE =TI
+pVY , if s> F2dpY”’,

~ (5,4 (5)) VY , if s <F2dpY”,
v (s, s))= .
u {5 PAL —SFpVY | if s>F2dpY’,

and

i —spFpVY |, if s<F2Y,
pvy, (SvAi(s)): . ,
+pVY , if s >F2Y7,

- (s)){:tp\/? if s < T2V,
v AT —spFpVY | if s>F2Y.
From there, one can directly solve (2.4c) for each A(s)=Ai(s). The case ¥ <
0 implies Y’ =0, and leads to only one solution, (s,\)=(0,X). As we already have
S1in (D) Zmax(2,2\/ca) >0, there is no additional condition on s, (p) if Y <0. Thus
s1in (p) = max(2,2v/da) on {Y <0}.
We now restrict ourselves to the domain

{Y>0}={a>p,d<1/ptU{a<p,d>1/p}.

Note that it implies Y’ >0. The couples (s,A+(s)) play symmetric roles regarding the
sign of s. In fact, a necessary condition for (s,A;(s)) to be solution of (2.4c) is s <O0.
Thus it has no impact on sji, (p). However, note that if we took initial conditions of the
form 1,0, we would propagate to the left at nonpositive speed and we would exclude
(s,A_(s)) instead. Consider now the couple (s,A\_(s)). We find the following solutions,

{(57X—5\/}7)|s€ [2de’;2Y’]}, if Y>0and d<1/p, (2.8)

{(S,X*S\/?HSG [2Y’;2de’]}, if Y >0 and d>1/p, (2.9)

with (2.8) being solution of v\ (s,pA_(s))=pv, (s,pA_(s)) and (2.9) being solution of
Vy (8,pA=(s)) =pvf (s,pA-(5)).
Note that

X 1
Re(A_(5)) <0< 5> Sanom % \/}7+\/}7
At this point, we cannot conclude yet that sy, (p) > Sanom Whenever Y > 0. Indeed,
for either (2.8) or (2.9) to be satisfied there are three possibilities, depending on the
values (d,«,p):

o If we have Sanom <min(2dpY”’;2Y”), then the couples (s,A_(s)) already satisfy
Re(A_(s)) <0. That is, there is no additional condition for s, (p) (see Figure

2.1(a)). Hence sy, (p) =max(2,2Vda).
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-4.1

-42

-4.3]

-4.4]

-4.7

-4.8|

-4.9)

\Y

L
A
>
1 |
|
1 |

-15| \
-1
3 35 4 45 5 08 1 12 14 16 18

S S

(a) (d,a,p)=1(0.4,4,2) (b) (d,a,p)=1(0.4,2.2,2)

N

) |

S

(¢) (d,a,p)=(0.1,7.2,2)

FiGc. 2.1. Variations of the roots l/va with respect to s. In red, I/J(S,pA_(S)), i blue,
va (8,pA—(8)), in green, pry (s,A_(s)), in yellow pry (s,A_(s)). The two blue dotted lines repre-
sent s=2 and s=2vda. The black one represents S = Sanom. We have l/;f =pry, OT Uy :pV;r only
if s€Z:=[min(2dpY”’,2Y"),max(2dpY”’,2Y")]. On each figure, I is precisely the intersection of the red
and the green curves. In (a) and (b), we have that = Sanom does not intersect the segment I, so that
no we do not have additional conditions on sj. In (¢), $=Sanom intersects T and we need to have
Slin = Sanom @nd an anomalous speed can appear.

o If we have s,nom > max(2dpY”,2Y”), then we are then forced to have sy, (p) >
max(2dpY’,2Y"), but a stronger condition is not needed, since beyond that
point (s,A_(s)) is not a solution anymore. Using the fact that

1 a [1
sanm =¥+ a7+ 2y [
the condition Sanom >max(2dpY’,2Y”’) can be rewritten as Y <min(1,a/dp?).
Thus 2Y'<1 and 2dpY’<2Vda. This leads to the condition Siin(p) >
max(2,2v/da), thus does not imply an anomalous speed (Figure 2.1(b)).

o If we have min(2dpY”’,2Y") < Sanom <max(2dpY”,2Y”), then we are forced to
have $jin(p) > Sanom (see Figure 2.1(c)). This is the only case where an anoma-
lous speed is susceptible to appear.

As a consequence, we place ourselves in the last case. First, we check that Sanom
is indeed an anomalous speed. One can check that for every (d,a)€{Y >0} we have
Sanom > max(?,%/@). Moreover, we can prove the following facts :

Sanom =2 Y =1&a=2p—dp*> & sanom =2V, (2.10)
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1 dp?
anom = 2V d Yf— d>— and a= anom = 2dpY”’. 2.11
s s e < >2p and « 2dp—1>@s D (2.11)

This means that in the last case, we have Sapom > max(2, 2V da ), thus an anomalous
speed. This also proves that shn(p) given by (2.6) is a continuous expression with
respect to parameters d, o, p.

Now we want to know for which values of (d,«) we are in the last case. Note
that it happens if and only if (Sanom;A—(Sanom)) is a solution of (2.8) or (2.9), and
Sanom ¢ {2Y7,2dpY’}. Thus it is equivalent to find the couples (d,«) for which

VI (sanomvp)‘f(sanom)) :pl/v_ (sanomv)\f (sanom))a

VJ(SanomapA— (Sanom)) :pl/;r (Sanomy/\— (Sanom))v

and remove from our set of solutions the points which satisfy Sanom €{2Y”,2dpY"’}, that

is the two curves (d,2p—dp?) and (d, 2;5;) in the first quadrant of the (d,«) plane,

according to (2.10) & (2.11). As a consequence, if we set

~ ~ 1 dp?
I:={a<2p—dp? II:= — o>
{o<2p—dp}, {d>2 O = odp— 1}

together with

—~ 1 1 1 dp?
M:=Jd<=2p—dp?<a’n! —<d<= a<—L _
{ ST _a} {2p< <p S 2dp- 1}

~ 1 dp?
IV:= <d,2 dp? <a<
{p P == 5dp— 1}

then $jin (p) = Sanom precisely on domains IIT and IV, while we have sy, (p) =2 on domain
T and sy, (p) —2v/da on domain I1. This ends the proof of Proposition 2.1. O

As we have already mentioned, the computation of the linear spreading speed given
by Proposition 2.1 will help us get an estimate of the selected speed s?efp (p) for system
(1.1). In the following section, we will prove that the spreading speed of the nonlinear

system sXI'P(p) is equal to the linear spreading speed stin(p) for (d, ) in domains 11, 111,

but is equal to max(2,2vda) for (d,a) in IV. For this reason, we shall call II the
relevant domain, with v}, associated relevant double roots, and IV the irrelevant

u v

domain, with v, ,v associated irrelevant double roots. We illustrate the differences

u v
between sy, (p) and sKPP(p) in Figure 2.2.
3. Proof of Theorem 1.1
In order to prove Theorem 1.1, we will construct explicit sub- and super-solutions
in every domain I-IV. Some of these have already been done in [7,8] in the case p=1
and f(u)=cau(l—wu). In that event, we will only explain how to adapt the proof in the
general case. For the next two sections, given v, we define for any function «

N(u):=us — dug, — f(u) — foP(1—u).
Let us already recall that whenever v >0 and u >0, we have
N(u)>up — dugy — au— foP.

Finally, throughout the sequel we will simply denote sse instead of seel(p).
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[ 1/p 1. d 2. 3

FIG. 2.2. Differences between the speeds syin(p) (left) and s¥PF(p) (right) with p=1.5. On the

sel
domains I and I both speeds are equal to 2. On the domains II and II both speeds are equal to 2v/da.. On
domains HI ]V and III both speeds are equal to Sanom >max(2, 2\/ «). Notice that when considering
the selected speed sii}fp( ) for the full system (1.1), the domain TV disappears, and in that region of

parameters the selected speed is simply equal to max(2,2vda).

3.1. Super-solutions

For the sake of readability, we will write v, ,(s), and if not confusing only v, ,,
instead of vy ,(s,0). Furthermore, for this section, we define slightly different domains
in the first quadrant of the (d,«) plane

~ 1 dp?
Ti={a<2p—dp?}, T:=4d>
{a<2p—dp™}, { 25" 2dp— 1}

II:= {d<;}\(1 UIl), { } u II),

and the point V= {d:%,a:p}.

3.1.1. Domain IV .

LEMMA 3.1. For any (d,o) €IV, we have ss) < max(2,2v/da).

Proof. A similar proof was done in [7] in the case p=1. However, to give the reader
more insight about how we construct those super-solutions which will be used later on,
we write it all here. -

We consider s >max(2,2v/da) and (d,«) €IV. Then for any C,, >0, a super-solution
for the v equation is given by

ﬁ(t,x):min<1 Cyevv (= St)).

Notice that T changes its expression at the point y, = ——log (C%) in the moving frame

v (S)
y=x—st. It is also a sub-solution at y =y, since

0= lim 9,7> hm 0,T.
Y=Yy y—yd

We then take C, >0 large enough so that v(0,2) >v(0,z). Thus v(t,z) <v(t,z) for all

(t,z).



12 ANOMALOUS INVASION SPEEDS IN REACTION-DIFFUSION SYSTEMS

We now turn our attention to the u component and construct a similar super-
solution. We seek u(t,x) so that N(w) >0 for all >0 and € R. We claim that for any
C, >0, we can find C}(C,) >0 and 7(C,,C,) so that

. 1 ,x—s8st<T,
u(t,x) = Cueu;(mfst)+Og,€ew5(1*5t) ,T—St>T,

is a super-solution whenever C, >C?. One easily verifies that @ is a super-solution
when x—st<7. If 7 is taken larger than y,, then for x — st >7 we have the following
inequality for N (%), assuming @ € [0,1] :

N (@) > [ﬂt — gy — i — fCOPePs (T75) | L B(TP —oP).

For (d,«) EI/\\/, we have pv, (s) <v, (s) <0, which implies that
Dy(pv, ) =d(pvy )* +spvy +a>0.
If we now consider the equation
U = At + i+ BCP PP (@5

we find a solution

a(t,z)=Cye’ (z—st) CPreP"s (ac—st)7
with

-8

R=——7< 0.
Dy (pvy)

Therefore, we have N (@) > (0P —oP) if 7> y,. On the other hand, the fact that pv, <
v,, implies @(t,z) > 0 for x sufficiently large. Moreover, 4(x — st) has a unique maximum
at

¢ 1 1 —Cyuvy,
max — 0O, .
N Ve — DUy & Chrpry

From there, when Cy — +00, we have {nax — —00. Thus there exists C*(C,) >0 such
that for any C,, > C%, the following two conditions are satisfied: (i) &max <y»(Cy) and
(ii) @(t,y, +st) >1. Then, as a(t,x) =0T as x — +o0, there exists 7(Cy,C,) >y, such
that @(t,7+st)=1. This guarantees the continuity of @. Since @, <0 for &> & ax, we
have that 4 <1 for x — st > 7. Thus @ propagates to the right with speed s.

In addition, for £ > &nax, we have @>0. Indeed, if there exists £y > Emax such that
u(t,&+ st) =0, then it would be in contradiction with @, <0 and @(¢,2) —0%. Thus we
also have w>0. As 7>v, we have that N(u)>0 for all (¢,z). It is also straightforward
to check that @ is also a super-solution on z —st=r.

Finally, given u(0,2)=1,<o, we can take C} even larger to ensure that @(0,z)>
u(0,z). Therefore we have u(t,x) >wu(t,x) for any ¢>0 and z €R, so the spreading
speed of the u component is bounded above by s. This construction holds for any
s>max(2,2v/da) and thus s < max(2,2vda).0
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3.1.2. Domain II R
LEMMA 3.2. For any (d,a) €11, we have sy <2Vdov.

Proof. We can do the exact same proof as with (d,a) € IV, by considering (d,a0) €11
and s>2v/da >2 instead. We just have to make sure that in that domain pv; (s) <
v,, (s), which will then imply that D, (pv, ) >0. Thus, in order to have the same proof,
all that is needed is to have

pry (2Vda) <vy (2Vda).
Indeed, if s is taken close enough to 2v/do, we will have
pry (s) <wvy (s),
and the same proof can hold. We know that v, (2\/@) = —\/% . Thus we solve

pVU(Q\/cE)p\/CEp\/da1<\/§,

One can check this is always true for (d,«) € ﬁ, and the proof is complete.0
Note that the last inequality does not hold when a«=1/d=p. This is partly the
reason why we had to redefine our domains I-V.

3.1.3. Domain III .

LEMMA 3.3. For any (d,«) €111, we have Sse1 < Sanom -

Proof. A similar proof was given in [8] with a coupling term Sv instead of SvP (1 —u).
Our super-solution will be similar to the one constructed for (d,a) € I/\\/', and the proof
is also simpler. For this reason we will briefly mention the different steps.

Consider (d,«) €IIT and s> Sanom. Then we can choose C,, >0 so that

@(t@) =1min (1,Cveu;(s)(x_st)) ’

is a super-solution of the v equation and satisfies U(t,z) > v(t,z) for all ¢ >0 and z € R.

Notice that ¥ changes its expression at the point g, = % log Ci in the moving frame

v (8)
y=x—st. Then, we can find C(C,) such that for all C\, >C; there exists a 7(C,,,Cy)

for which

. 1 ,T—st<T,
u(t,x) = Cueyj;(s)(x—st)Jrﬁcgepu,,_(éi)(z*“) ,T—St>T,

is a super-solution for the u component, with
_ =B
Dy (pvy)

Note that for (d,«) €Il we have pv, (s)<v}(s) and D,(pv, ) <0, so that x>0. Then
the sum of exponentials in @ expression is a positive non increasing function that tends
to infinity as x — st — —oo0 and to zero as x — st — co. Therefore we can choose 7 as the
unique value that makes @ continuous. Then we can choose C large enough so that
for every C, >C} we have both 7>y,(C,) and w(0,2) >u(0,z). In the end we have
u(t,z) <u(t,z) for all (t,x). As u propagates to the right at speed s taken arbitrarily
close t0 Sanom, We have Sse; < Sanom for (d,a) cTIl. 0
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3.1.4. Domain I R
LEMMA 3.4. For any (d,a) €1, we have sg < 2.

Proof. We can do the exact same proof as for (d,a) € 11, by considering (d,a) €T and
5>2>2v/da instead. We just have to make sure that pv; (s) <v;f(s) and D, (pv; ) <0.
All that is needed is to have
vy (2) 2pv, (2) >0, (2).

u

Indeed, using the fact that v, is increasing with s and v, is decreasing with s, if s is
taken close enough to 2, we will have

vi (s)>pry (s) >, (s),

and the same proof holds. We know that pv, (2) =—p. Thus we solve

1
1/:(2):&<—1—|—\/1—da> > —p,
vV1—da>1—dp,
1
v (2)== (—1—\/1—da) <-p,

V1—da>dp—1.

One can check this is true when (d,«) €1, which ends the proof.0

REMARK 3.1. Note that a similar proof as the one for Lemma 3./ does not hold
for (d,a)€{d>1/p,a=2p—dp®}. Indeed, recall that for those values we have both
v (Sanom ) =PV (Sanom) @nd Sanom =2. Thus we have vF (2)=pv, (2)=v, (2). Also, as
d>1/p, we have a<1/d thus 2v/da < 2. So we have

. _ . 1 1 s
Jm, oy (s)= lim, (‘2 - 232_4> =0,
1 1 2
Osvy (2) =5 — 75

2 2dvidda

As a consequence, we have v, (s)>pv, (s) when s—2. This is why we removed this
curve from the domain I. However, note that this case was dealt within the proof of
Lemma 3.1 on the domain IV.

3.1.5. Point V
LEMMA 3.5. Let d:% and a=p, then we have sgo) <2=2Vda.

Proof. As a=1/d=p, we have uf = pz/vi for all s. Thus none of the previous proofs
work because they rely on the fact that D, (pv,)#0. Yet, we can construct a similar
super-solution for this case.

We consider s>2, and v,(s)=—35 €]v; (s),v;5 (s)[. It is still true that

v
U(t,l’) :min(]_’Cve”v(s)(Z*St))’
is a super-solution of the v equation for any C, >0. We also have

vy (5) <pvo(s) <vy (s),
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so that we have D, (pv,) <0. Let

Ult.x) — ,x—st<T,
’LL( ,.’ﬂ) - Cueuj(s)(z—st) _i_ﬁcgepu“(s)(m—st) T — st>T.

We can proceed the same way as when (d,«) 1T and show that 7 is a super-solution,
concluding the proof of the lemma.0

3.2. Sub-solutions o

We come back to our former definitions of the domains I-IV given in Section 2. In
order to have the lower bound of Theorem 1.1, we prove that sg >2 and sgq > 2/ do
for any (d,«), then Sge1 > Sanom for (d,«) € I11.

3.2.1. Lower bound s¢ > 2V do
LEMMA 3.6. For any d>0 and a>0, we have sge > 2V da.
Proof. Let’s consider the u equation in isolation, that is

Up = dUyy + f(u). (3.1)

A phase-plane analysis (see for example [1]) shows that this equation admits solutions of
the form Us(x — st), unique up to a translation for every fixed s €R. If we consider 0 <
s <2Vda, then 1 is an unstable saddle-node point, while 0 is a stable focus. Thus those
solutions tend to 1 as x —st— —oo and converge to 0 by oscillating when x — st — oo.
In particular, they attain 0 in finite time. For any s € (0,2v/da) we define Uy (2 — st)
as a solution of (3.1), cut off and set equal to zero for all x — st greater than its smallest
zero. Then one can check that Uy is a sub-solution of (3.1). Since, for the full system
(1.1), we only add the negative contribution —fvP(1 —u) when considering N (u), it is
also a sub-solution for the coupled equation. Using the invariance by translation, we
can ensure that Uss.(2) <u(0,z), so that we have Ugsc(z — st) <wu(t,z) for every (t,z).
Since we can choose s arbitrarily close to 2v/da, we have sg1 > 2v/da.0

3.2.2. Lower bound s4>2
LEMMA 3.7. For any d>0 and a>0, we have sgq > 2.

While we obtained a sub-solution by removing the coupling in the proof of the previ-
ous lemma, this does not work here. We have to use the coupling term in the expression
of our sub-solution, otherwise it would mean that the selected speed of (3.1) with com-
pactly supported initial condition would also be greater than 2, which is obviously false.
There are multiple ways to achieve it, and we present here a simple one.

Proof. Consider s <2. We define the following function depending on y=x — st :

Y(y)=1-Acosh(B(y—C)),

with A€(0,1), B>0 and C €R. The maximum of ¢ is ¥(C)=1—A<1, and there
exists y4 > C such that ¥ (y;) =0 and ¥, (y+) =9 (y4+) <0. In fact, we have

Argcosh(1/A4)
+=—

C.
I +
Thus one can define the continuous function
1-A |y<C,

u(t,z)=u(y)=qv(y) ,C<y<yy,
0 7y2y+'
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It is obvious that w is a sub-solution when y ¢ (C,y). We also note that at the matching
points y=C and y =y, we have

lim Jyu= lim Jyu,

y—C— y—C+
lim Jyu< hm Oyu.
T y—yl

On the other hand, since f(u)>0, one can check that

N(u)

IA

@*dg —su, — f(u) — poP(1—u),

yy — 7%y
[dB* — BvP] Acosh(B(y —C))+sABsinh(B(y —C)),

< [dB*+sB—Buv”] Acosh(B(y—C)),

with v <v a sub-solution of the v equation. So we need dB%+sB — BvP(t,y) <0 when
ye(Coyy].

As s<2, let us consider Vie.(z — st) the sub-solution of the v equation, with Vg
constructed the exact same way as Uys. above. One can choose a translate of Vg, such
that its first zero occurs when y=0. Then we have Vys.(z — st) <v(t,x) for all (¢,z).
This allows us to choose v="Vq.

As we have Viee(y) — 1, there exists yo(s) <0 such that Vos(y) 2% whenever

Yy—+—00

IN

y <yo. The parameters d,s,5,p being fixed, we can select a B small enough so that
1 p
dB*+sB—§ (2> <0.

Thus we have N (u) <0 if we can ensure that Vosc(y) > 5 for y € [C,y.4], that is if y; <yo.
Given the expression of y;, and as yy depends only on s, one can choose C very negative
so that y4 <yo. Thus u is a sub-solution.

Finally, we have to verify if u(0,z) <ug(z). We have u<1—A, y; <0, and u=0
outside of (—o0,y+). By choosing C possibly even more negative, we can ensure that
u(0,2) <ug(z). So that eventually we have u(x — st) <wu(t,z) for every (¢,z).

In the end, any threshold he (0,1 — A) travels at speed at least equal to s. As we
can choose A arbitrarily close to 0, we have sy > s. The same construction holds for
any s < 2, thus sge > 2. This ends the proof of the lemma. O

3.2.3. Lower bound s4¢ > Sanom
LEMMA 3.8. For any (d,«) € III, we have Sgel > Sanom -

A similar proof has been done in [8] with a coupling term Sv instead of SvP(1—u).
The adaptation to p > 0 is somehow straightforward, but the positive contribution SvPu
in the expression of N(u) requires some specific attention. This is why we will sketch
the main lines of the proof. We first quote a result from [8].

LEMMA 3.9. Fizo>2 and 0<wvg<1 a compactly supported perturbation of the Heaviside
step function 1y<o. Let §>0. There exist T4 (t;0,0,v0) and a T*(0,0,v9) >0 such that
the function

y(t,x) _ euv_(a)(szrt)efét,

is a sub-solution of the v component (1.3) for y € [r_(t),7+(t)] and t >T*.
Proof. [of Lemma 3.8] We now turn our attention to the u component. Consider

(d,a) € I11 and max(2,2vda) < $< 0 < Sanom- We will prove that there exist T5 >0 such
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that
Uy (x—st) ,x<ot,
u(t,x) =< Uy((c—s)t)p(z—ot,t) ,ot<z<ot+O,(t),
0 ,x20t+@+(t),

is a sub-solution of the u equation for any ¢ >Ts. The different terms in u are as follows.
e The family of fronts U,.(-) indexed by r € R represents the solutions of the u
equation in isolation. Using the invariance by translation, we can parameterize

this family with the identity

Ur(r)=h.

with he€(0,1) fixed. As we choose s> 2+v/da, those are indeed fronts that tend
to one as x—st— —oo, and decay to zero as x —st— +4o00. In particular, a
phase-plane analysis shows that

Url’(y) = Vﬂj(S)Ur [1 +R(Ur)} )

with |R(U,)| < CU, for U, small enough.
e The function v is given by

+ [; _ _
B=ci(t)ern @y opv (9Jyepit
Y(y,t)=ci(t) D (0)) +0

with ¢;(t)= <1+ me*&) where D, (pv, (0))+06>0 for the values

of parameters under consideration. Note that ¥(y,t) =0~ when y— oo, and
¥(0,t)=1. Finally, there exists O, (t) € (0,00) such that (04(t),t)=0 and

¥(y,t) >0 on [0,04(1)).

As a consequence, if one chooses,

then one can ensure that
T_(t;0,0,00) <O (t) <74 (¢;0,0,v0),

holds for all ¢ greater than some Ts(o,v9) >T*(0,0,vp). Besides, if o is close enough to
Sanom, then 7_(t) >0 for ¢ >Ts. Then, for all ¢ >T;, in a moving frame y=x —ot, the
real line can be decomposed into

Ia:(70070], Ib:(OaT—(t)]a IC:(T—(t)a@+(t)]v Id:(®+(t)voo)'

We now prove that u is a sub-solution on each interval. Regions I, and I are trivial.
Furthermore, an easy computation shows that w is a sub-solution at the matching point
=z —o0t=0. In both regions I}, and I. we have

N(w)= (0 —8) U)o+ Uy ()} (t)e” (D=t
+ U, (1) BuP = BoP (t,2) (1 = Upp) + F (Up),
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where F(u) := f(u) —au=0O(u?) as u— 0. Since o > s, by taking Ts perhaps even larger,
we have that U,(z—st) is very close to 0 when x € [, UI.. Thus we can simplify the
expression and we obtain

N(u)=[(c—s)vf (s)+R(U,) + BoP(t,2)| Uptp + F (Up )
+ [Tk (e O 1 [BUL (P () — BoP (1,2)].

Sub-solution on I.. Note first that we have ¢} (t) <0. Since U, —0 as r — —o0,
there exists ro(s,o,v9) such that for all r <ry(s,o,v9) and t>Ts(o,v9) we have for all
x €, that

[(o=s)vf (s)+R(U,)+ BvP(t,x)+CUp| <0

as (o — ) (s) <0 is a fixed negative number and Sv? (¢,z) converges to zero uniformly
for €. and F(u) <Cu? as u—0 for some positive constant C'>0. We have thus
proved that N(u)<0 on I..

Sub-solution on [I,. The same reasoning does not hold on region I, since v is
not a sub-solution here. However, it remains true that the first and second bracket are
negative if Ty is large enough. Indeed, it is enough to control SU,.(-)vP. If we divide and
multiply this term by 1, we can enter it into the first bracket. Then similarly to the
control we applied in region I.., it suffices to show that SU,.vP /1 can be made arbitrarily
small, which is satisfied by taking Ts possibly even larger. Thus N(u) <0 on .

Conclusion of the proof. The last step is to prove there exists T, (s,0,q0) >T5
such that w(T,,,z) <u(T,,x). As the proof is identical to the one in [8] we do not detail
it here. Thus we obtain u<wu for all t>7;, and z€R. For any threshold he€(0,1),
we have chosen U, so that U.(r)=h. For large values of ¢ we have ot>r so that
the invasion point of u associated to the threshold h satisfies xj(t) =st+r. Then the
selected speed of u is equal to s for any h€(0,1). This implies Sge1 >S. AS $ < Sanom
was taken arbitrarily, we deduce Sge] > Sanom. This ends the proof.l

4. Existence of anomalous spreading speed in monostable systems — A
case study

In this section, we investigate the existence of anomalous spreading speed in sys-
tem (1.1) when we relax the Fisher-KPP condition (1.6) and only suppose that f is
monostable i.e. only satisfies (1.2). As already explained in the introduction, in gen-
eral, for the u component in isolation there is no explicit expression for the selected
spreading speed sg. Also, recall that in that case sg verifies so >2+/df’(0). In order to
slightly simplify our presentation and better illustrate our result, we consider (1.1) with
a specific f. Namely, we will suppose throughout this sequel that

fuw)=cau(l—u)(1+au), (4.1)

where a >0 is a varying parameter. The motivation for such a choice comes from the fact
that one can exactly compute the spreading speed sg as shown in the following section.
Of course, all results of this section can be generalized to any monostable nonlinearities
but one cannot get as fine statements as the ones we present here (see Conjecture 1 &
2).

4.1. Equation v in isolation
For the moment, we consider the u component in isolation

up = dtgy + ou(l—u)(1+au).
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T
1
1
1
1
1
\

F1a. 4.1. Selected speed of (1.1) with f(u)=au(l—u)(1+au), p=0.6, a=5.5 as stated in Con-

jecture 2. The domain Ta corresponds to st (p) =2, the domain 11, corresponds to st (p)=so, and

the domain I’ﬁa corresponds to the anomalous speed S:e’l(p) = Sanom >max(2,co). The dotted lines rep-

resent the shifted boundaries of the domains when a <2, that is when s (p) is linearly determined
(see Congecture 1). In that case, the respective domains do not depend on a € (0,2].

We look for solutions of the form u(t,x) =Us(x — st) which connects monotonically the
homogeneous states u=0 and uw=1. Such solutions satisfy

dU! +sU.+aUs(1-Us)(14+aUs) =0, U.,<0 with Us(—o0)=1 and Ug(+00)=0.

A phase-plane analysis [1,6] shows that there exists such Us, unique up to a translation,
for any s> sg where

2V da Jif a <2,
0= (%)\/da ,if a>2.

Note that sg>2vda whenever a>2. As shown in [1], compactly supported, positive
initial condition, will spread at speed sg, and thus for the full system (1.1) we necessarily
have that sl (p) > sop where we denote by s (p) the selected speed for system (1.1) the
subscript m referring to the monostable nature of the nonlinearity f.

REMARK 4.1. Notice that f can be written

f(u)=au—aau®+ou®(a—1),

such that for any a€(0,1], f naturally satisfies the Fisher-KPP condition (1.6). And
one can also note that even for a € (1,2], the spreading speed sg is linearly determined.

4.2. Anomalous spreading speed

Let us first remark that for any a>0, one can find f € C? such that f(u) <au(l—
u)(14+au) for all w€[0,1] and f satisfies (1.2) and (1.6) with f/(0)=f’(0)=«. In fact,
this a general statement for monostable nonlinearities which verify conditions (1.2). We
will denote by KPP (p) the selected speed for system (1.1) when the nonlinearity is
given by f satisfying the above conditions. As a consequence, we can apply our main
Theorem 1.1 and we readily obtain that

2 ,(d,a) €1,

Sgel(P) > §£(e{)P(P) =< 2Vda ,(d,e) €11,
SaHOm(d,Oé,p) bl (daa) S IIL
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With Sanom(d,a,p) >max(2,2v/da) for (d,a) €IIL. From there, if ¢ <2, we can conclude
the existence of an anomalous speed si, (p) >max(2,s¢) for (d,a) €IIl. Besides, that
anomalous speed is at least greater or equal than sanom(d,a,p). On the other hand, when
a>2, we have sy >2v/da and a speed is considered anomalous if strictly greater than
max(2,0). By solving Sanom(d,a,p) >max(2,sq) for (d,a) €111, one is able to conclude
the existence of an anomalous speed on the domain

2 adp? 2 4
I, =< 2p—dp® dp< —— t U< 2p—dp* d .
a {p p-<a, p_a+2} {p D <a<(2+a>dp—27a+2< p<a+2}
This is illustrated in Figure 4.1 and for (d,«) € I11,, we have an anomalous speed Shel (p)>
Sanom (d704,p) > maX(Q,So),

4.3. Conjectures & numerical illustrations

We conclude our study by stating two conjectures that we illustrate with numerical
simulations.

CONJECTURE 1 (Case 1<a<2). Consider (1.1) with f defined in (4.1) with a €
(1,2] and d,3,p,a>0. Fiz initial data 0 <u(0,2) <1 and 0 <v(0,2) <1, each consisting
of a compactly supported perturbation of the Heaviside step function l,<o. Then, the
selected speed s™,(p) of (1.1) is given by
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with Sanom (d,a,p) defined in (1.7) and domains I, 11 and 111 defined in Theorem 1.1.
Let us define the following two domains
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CONJECTURE 2 (Case a>2). Consider (1.1) with f defined in (4.1) with a>2
and d,B,p,a>0. Fix initial data 0 <u(0,2) <1 and 0<v(0,2) <1, each consisting of a
compactly supported perturbation of the Heaviside step function 1,<o. Then, the selected
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speed s (p) of (1.1) is given by
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With Sanom (d,a,p) defined in (1.7).

The two conjectures 1 & 2 assess that the lower bound 2, (p) >max (5577 (p), o)
that we found is actually also an upper-bound. And as consequence, the linear anoma-
lous spreading speed we derived in the previous sections is also the selected spreading
speed for system (1.1) when f is given by (4.1) in the monostable regime. In Figure
4.2, we confirm these conjectures numerically by direct simulations of (1.1) where we
compare the numerical spreading speed with selected speed given in conjectures 1 &
2. It will be the subject of future work to prove these two conjectures. Actually, we

suspect that such results should also apply to general monostable nonlinearities.
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III, II,

Fia. 4.2. Simulations of the selected speed with parameters a=>5.5, p=0.6, a=1.1, =1, and for
d€[0.05,1.25]. The mazimum relative error is inferior to 9.1073.
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