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FILTRATIONS DE HARDER-NARASIMHAN

POUR LES MODULES DE
BREUIL-KISIN-FARGUES

ABSTRACT. —  We define and study Harder—Narasimhan filtrations on Breuil-Kisin—
Fargues modules and related objects relevant to p-adic Hodge theory.

RESUME. — Nous étudions des filtrations de Harder—Narasimhan pour les modules de
Breuil-Kisin—Fargues et leurs succédanés.

1. Introduction
1.1. Context

Cohomology theories provide classifying functors from categories of algebraic va-
rieties to various realisation categories. Grothendieck conjectured that there is a
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416 C. CORNUT & M. PECHE IRISSARRY

universal such functor, and thus also a universal realisation category, which he called
the category of motives. He also worked out an elementary bottom-up construction
of this universal functor and its target category, assuming a short list of hard con-
jectures (the so-called standard conjectures) on which little progress has been made.
A top-down approach to Grothendieck’s conjecture aims to cut down the elusive
category of motives from the various realisation categories of existing cohomology
theories, and this first requires assembling them in some ways.

Over an algebraically closed complete extension C' of Q,, Bhatt, Morrow and
Scholze [BMS16] have recently defined a new (integral) p-adic cohomology theory,
which specializes to all other known such theories and nicely explains their relations
and pathologies. It takes values in the category of Breuil-Kisin—Fargues modules
(hereafter named BKF-modules), a variant of Breuil-Kisin modules due to Far-
gues [Farlb]. This new realisation category has various, surprisingly different but
nevertheless equivalent incarnations, see [SW17, 14.1.1], [Sch17, 7.5] or Section 3;
beyond its obvious relevance for p-adic motives, it is also expected to play a role in
the reformulation of the p-adic Langlands program proposed by Fargues [Farl6].

In this paper, we mostly investigate an hidden but implicit structure of these
BKF-modules: they are equipped with some sort of Harder—Narasimhan formalism,
adapted from either [Iril6] or [LWE16], which both expanded the original construc-
tions of Fargues [Farl9] from p-divisible groups over O¢ to Breuil-Kisin modules.

1.2. Overview

In Section 2, we define our categories of BKF-modules, review what Bhatt, Morrow
and Scholze had to say about them, exhibit the HN-filtrations (which we call Fargues
filtrations) and work out their basic properties. In Section 3, we turn our attention to
the curvy avatar of BKF-modules up to isogenies, namely admissible modifications of
vector bundles on the curve, and to their Hodge—Tate realizations. The link between
all three incarnations of sthukas with one paw was established by Fargues, according
to Scholze who sketched a proof in his lectures at Berkeley"). We redo Scholze’s proof
in slow motion and investigate the Fargues filtration on the curve and Hodge—Tate
side, where it tends to be more tractable. We also clarify various issues pertaining
to exactness, and introduce some full subcategories where the Fargues filtration is
particularly well-behaved. In a subsequent work, we will show that ordinary BKF-
modules with G-structures factor through these subcategories and compute the
corresponding reduction maps, from lattices in the étale realization to lattices in the
crystalline realization.

1.3. Results

We refer to the main body of the paper for all notations.

(1) Between [SW17] and [BMS16], the paw was twisted from A¢ to A¢. We follow the latter
convention. No sthukas were harmed in the making of our paper, but our valuations have lame
normalizations.
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We define Fargues filtrations 7 and their types tp on Mod% ; (2.4), Mod%} (2.5.2),
Modg%f (2.6.1), Modif% and HTZ%" (3.1.7 and 3.2). We show that they are compat-

ible with ®-product constructions on Mod%; (Proposition 2.14), Mod7, ; (Proposi-
’ K>

tion 2.15), Modif%? and HTZ%" (Proposition 3.8). On the isogeny category Mod , ®
E, we only define a type tpo (2.5), analogous to Fargues’s renormalized Harder—
Narasimhan function in [Far19]. This type matches the Fargues type ¢t on Mod%;® E
(Proposition 2.10), and Proposition 3.18 compares it with the Fargues type tp
on Modif%¢ and HTZ**. We define Hodge filtrations Fy and their types ty on

Modg%f (2.6.1), Modp, ; (2.6.3), Modj[%” and Mod% , ® E (2.6.5), Modify (3.1.6)

and HT2" (3.2). We define opposed Newton filtrations Fy and F& and their types
tx and tiy on Mod7 ; (2.6.2), and a Newton (or slope) filtration Fy with type ¢y on
Bunx (3.1.3) and Modif% (3.1.6). The Hodge and Newton filtrations are compatible
with ®-product constructions and satisfy some exactness properties. If K = C' is
algebraically closed, then for a finite free BKF-module M € Mod% 7 mapping to the

admissible modification £ € Modif5?, we establish the following inequalities:

tu(M®E) > tu(M® O) > tr(M ® O) > tro(M)
|
ti(M®E) > tg(M®0y) > thy(M® L) 77
| H
tu(€) > tn(€) > tr(€)

We failed to establish our hope that tp (M) = tp(E) (as did Fargues for p-divisible
groups in [Far19, Théoreme 7] and the second named author for Breuil-Kisin modules
in [Iri1l6, Proposition 3.11]), but we nevertheless show in Proposition 3.18 that

tFpO(M) < tp(é) it M € MOdf":},
trso(M) = tp(E)  if £ € Modif%™.

We also investigate sufficient conditions for the equality Fr(€) = Fn(E).

Remark 1.1. — The definition of the full subcategory Mod?%”; of Mod?, ; is inspired
by the notion of p-divisible groups of HN-type, due to Fargues [Far19], and expanded
to Breuil-Kisin modules in [Iri16]. The definition of the full subcategory Modif%"*
of Modif‘)‘g is new to this paper. We do not know if these subcategories are related
under Fargues’s equivalence £ : Mod} ; ® £ — Modif$? (see Theorem 3.10).

1.4. Thanks

First and foremost, Laurent Fargues, obviously. Then also Matthew Morrow. And
Jared Weinstein for his notes, Peter Scholze for his talks.
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418 C. CORNUT & M. PECHE IRISSARRY

1.5. References

Here are some overall references for the material covered in this paper: [Cor]
or [Corl8] for filtrations, lattices and related invariants, [And09] and [Corl8] for the
Harder-Narasimhan formalism, respectively with categories and buildings, [Farl0],
[Far19] and [Iri16] or [LWE16] for Fargues filtrations on respectively finite flat group
schemes, p-divisible groups and Breuil-Kisin modules, [FF18] and [Farl5] for the
Fargues—Fontaine curve, [SW17] and [BMS16] for BKF-modules, aka sthukas with
one paw. Quasi-abelian categories abound in our paper. These are additive categories
with well-behaved kernels and cokernels, which differ from abelian categories by the
fact that the canonical morphism from the coimage (cokernel of the kernel) to the
image (kernel of the cokernel) may fail to be an isomorphism. They usually show up
as the torsion-free part of a cotilting torsion theory on an abelian category [BvdB03,
App. B]. The Harder-Narasimhan formalism takes as input a quasi-abelian category
C equipped with two additive functions rank : sk C — N and deg : sk C — R subject
to various conditions, and outputs a canonical slope or Harder—Narasimhan filtration
on C.

1.6. Notations
1.6.1. Types

Let (I, +, <) be a totally ordered commutative group. For r € N, we consider the
following submonoid of I':

r def r
e ={ln,-...w) el m=->2%}.
It is equipped with a partial order defined by

(’717"'777“) < (71a777/~) —

Vse{l,...,r} m+-+v<y+-+7,
and A Y= AL

with an involution ¢ : I', — I'y and functions deg, max, min : I', — I' defined by

deg(v, -+, v) déf% o,
Y1y ) E (= =), (o)
(Y1« e oy )™ def V-
For r1,ry € N, there is also a “convex sum” map
* F;l X 1“;2 — F;H—m

which concatenates and reorders the elements. We set I'y :={y €' : v > 0} and

Vizl v 2% 20
Vi>1 7 =0

oo def ;. r 0
F+,> = hﬂr+,> = {(%‘)z‘:1

ANNALES HENRI LEBESGUE
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where I, o := I, N I",, with the transition morphisms I, . < I’T;l given by

(Y15 5%) = (1,57, 0). Thus 'Y, is yet another partially ordered monoid
equipped with a degree function deg : 'Y, — I'; and a “convex sum” operator

. oo 00 00
IS X IES = I,

If ' C R, we will often identify I'; with the monoid of all continuous concave
functions f : [0,7] — R such that f(0) = 0 and f is affine of slope 7; € T" on [i — 1, ]
for all i € {1,...,r}. Under this identification, f < f’ if and only if f(s) < f'(s)
for all s € [0,r] with equality for s = r, f'(s) = f(r —s) — f(r) for all s € [0,7],
deg(f) = f(r) and finally for f; e I'Y, fo € I'? and s € [0, 71 + ra],

S1 € [0,7“1], S92 € [0,7"2]
and s = s; + S '

J1* f2(s) = max {f1(81) + fa(s2)

Similarly, we will identify 'Y’ with the monoid of all continuous concave functions
f Ry — R, such that f(0) = 0, f is affine of slope v; € I'y on [i — 1,4] for all
positive integer ¢, with ~; = 0 for i > 0. Then f < f’ if and only if f(s) < f'(s) for
all s € Ry with equality for s > 0, deg(f) = f(s) for s > 0 and

fix fa(s) = max { f1(t) + fa(s — )|t € [0, s]}.
1.6.2. Filtrations

In [Cor], we defined a notion of I-filtrations for finite free quasi-coherent sheaves
(aka vector bundles) over schemes, and in [Corl8] we investigated a notion of R-
filtrations on bounded modular lattices of finite length. Here is a common simple
framework for I'-filtrations and their types. If (X, <) is a bounded partially ordered
set with smallest element Ox and largest element 1y, then a I'-filtration on X is
a function F : I' — X which is non-increasing, exhaustive, separated and left-
continuous: F(7y1) = F(72) for 71 < 7o, F(y) = 1x for v < 0, F(v) = 0x for y >0
and for every v € I', there is a v/ < = such that F is constant on |y/,~] := {n €
|y < n < ~}. If all chains of X are finite, the formula

Ox forvy>my
Fy)=4qa foryipm <y<vy
1x for v <

yields a bijection between the set FI'(X) of all I-filtrations on X and the set of all
pairs (ce,7e) Where ¢, = F(I') = (¢p < -+ < ¢s) is a (finite) chain of length s in X
with ¢g = Ox and ¢; = 1y, while v, = Jump(F) = (71 > -+ > 7,) is a decreasing
sequence in I'. We then set Fi(v) := max{F(n):n>~}. I[f rank : X — Nis an
increasing function and r = rank(1yx), then all chains of X are finite of length s < r
and any I-filtration F € F'(X) has a well-defined type t(F) € I'.: for any v € T,
the multiplicity of v in t(F) is equal to rank(F(vy)) — rank(F,.(7)).

If C is an essentially small quasi-abelian category equipped with a rank function
rank : sk C — N, as defined in [Cor18, 3.1], then for every object X of C, the partially
ordered set Sub(X) of all strict subobjects of X is a bounded modular lattice of
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420 C. CORNUT & M. PECHE IRISSARRY

finite length. A I'-filtration on X is then a I-filtration on Sub(X), and we denote by
FY(X) the set of all [-filtrations on X. For F € F'(X), we typically write

F =P —F(), Fl=F7=F(3) and Grp—F/F.
If 7 = rank(X), the type map t : F'(X) — I', is given by
t(F)=mz-27%) <= Vyel': rank Gryp=4#{i:vy =7}
and the degree map deg : FT'(X) — T is given by
deg(F) = deg(t(F)) = > rank Gr} .

vyel

If0— 2 — X — y — 0is an exact sequence in C, any [-filtration F € F'(X)
induces [-filtrations F, € F'(z) and F, € F'(y), and we have

t(F) = t(F,) *t(F,) in IT.

We denote by Gr'C and Fil' C the quasi-abelian categories of I-graded and I-filtered
objects in C. For finite dimensional vector spaces over a field k, we set

Gry, ' Gr'Vect, and Fil ' Fil"Vecty.

When I' = R, we simplify our notations to F(X) := F¥(X).

1.6.3. Invariants

Let O be a valuation ring with fraction field K, maximal ideal m and residue field
k. We denote by (I',+, <) the totally ordered commutative group (K*/O*, - <),
when we want to view it as an additive group. We extend the total orders to
K/O* = K*/O* U{0} and I" U {—o0}, by declaring that the added elements are
smaller than everyone else. We denote by |-|: K — K/O* the projection. Thus for
every A, Ao € K, [\] < |\ <= O C OXy. We write

Exp : T'U{—o00} ¢— K*/O* U{0} : Log

for the corresponding isomorphisms. When the valuation has height 1, i.e. when it
is given by a genuine absolute value |-| : K — R,, we will identify K*/O* with
the corresponding subgroup |K*| C R, and I" with a subgroup of R, using genuine
logarithms and exponential maps in some base b > 1. In this case, we will always
normalize the related choices of the absolute value |-| and the base b by requiring
that log, |r| = —1 for some specified nonzero element 7 of m, taking 7 to be a
uniformizer whenever O is a discrete valuation ring. For every element v € I,

I(7) € {z € K : |z < Exp(—7)}

is a free, rank one O-submodule of K. If v € ', it is a principal ideal of O and
def
O(y) = O/1(v)

is a finitely presented torsion O-module. These modules are the building blocks of
the category of finitely presented torsion O-modules, which we denote by C.

ANNALES HENRI LEBESGUE



Harder—Narasimhan Filtrations for Breuil-Kisin—Fargues modules 421

LEMMA 1.2. — Forany M € C, there is a unique element (v;)§2, in 'Y, such that
M ~ P2, O(~;). Then I(>2, ;) is the Fitting ideal of M, I(~;) is the annihilator
of A\ (M) and max{i : ; # 0} is the minimal number of generators of M.

Proof. — By [GRO03, 6.1.14], M ~ @]_, O(v;) for some r € Nand v > --- >
vy > 0. Plainly, I(7) is the annihilator of M, I(3]_, ;) is the Fitting ideal of M
and r = dimy M ®p k is the minimal number of generators of M. For every i > 1,
Ao M ~ @; O(~;) where I ranges through the subsets of {1,...,r} with 7 elements

and v; := min{~; : ¢« € I}, thus indeed I(v;) is the annihilator of A, M. O
DEFINITION 1.3. — We denote the above invariant by inv(M) = (inv;(M))52,
and set

r(M) < max{i : inv;(M) # 0}, length(M) < iinvi(M).

Remark 1.4. — When O is a discrete valuation ring with uniformizer 7, () =
O7™ for v =n in I' = Z according to our various conventions, and we thus retrieve
the usual invariants of finitely generated torsion O-modules.

LEMMA 1.5. — Fix M, N € C and suppose that N is a subquotient of M. Then
r(N)<r(M) and Vi: inv;(N) <inv;(M).

Proof. — We just need to establish the second claim when N is either a submodule
or a quotient of M. For X € C, set XV := Homp (X, K/O). One checks using the
previous lemma that this defines an exact duality on C, with inv(X) = inv(X"). We
may thus even assume that N is a quotient of M. Our claim now follows from the
previous lemma and the surjectivity of ALM — AL N. O

Being a valuation ring, O is a coherent ring. Thus any finitely generated submodule
of a finitely presented O-module is also finitely presented, and the finitely generated
submodules of any M € C also belong to C.

LEMMA 1.6. — For M € C and any positive integer r,
> inv;(M) = max {length (z1,...,2,) : 2; € M}
i=1

where (21, ...,x,) is the O-submodule of M spanned by {xi,..., z,}.

Proof. — 1t is plainly sufficient to establish that for every submodule N of M
generated by 7 elements, length(/N) < Y7, inv;(M). Now r(N) < r by Lemma 1.2,
thus indeed length(N) = >!_; inv;(N) < X!_, inv;(M) by Lemma 1.5. O

LEMMA 1.7. — Let 0 — M; — My — M3 — 0 be an exact sequence of O-
modules. Suppose that two out of { My, My, M3} belong to C. Then so does the third
one and

length(M;) + length(M;3) = length(M,) in I'y,
inv(My) * inv(M3) < inv(Ms) < inv(My) +inv(Mz) in T'T..

Moreover, inv(M;) = inv(M3) = inv(Ms) if and only if the exact sequence splits.

TOME 2 (2019)



422 C. CORNUT & M. PECHE IRISSARRY

Proof. — The first assertion holds for any coherent ring. The additivity of the
length comes from [GR03, 6.3.1] and Lemma 1.2. For z4,...,z, € Mjand z,..., 2 €
Ms, set y; = x; € My for 1 <@ < r and lift z; € M3 to some y,..; € Ms for 1 < < s.
Then

length ({1, .- grse)) = length ({41, ... grs) 0 M) + length (21, . 24))
> length ((z1,...,2,)) + length ({z1,..., 25)) .

Lemma 1.6 now implies that indeed inv(M;) % inv(M;) < inv(M;). For the second
inequality, let r be a positive integer, fix a surjective homomorphism My — M,
where M} = @]_, O(inv;(M>)), let M C M, be the image of M; and Mj = M} /M,
so that M is a finitely presented quotient of M; for ¢ € {1,2,3}. Then

> inv;(Ms) = length(Mj;) = length(M]) + length(M})
i=1

i=1 i=1
< Zinvi(Ml) + ZiHVZ'<M3>
i=1 i=1
with equality for r > 0, using Lemma 1.5 and the aforementioned additivity of
length. Therefore indeed inv(M;) < inv(M;) + inv(M3) in I'S,.

If our exact sequence splits, then plainly inv(Ms) = inv(M;) * inv(M;). We prove
the converse implication by induction on r(M;). If r(Ms) = 0, there is nothing to
prove: My = My = M3 = 0. Suppose therefore that r(My) > 1 and inv(My) =
inv(M;) * inv(M;), and let v = invy (Ms). Then also v = invy (M;) or v = invy (Ms).
Using the duality X — XV from the proof of Lemma 1.5, we may assume that
v = invy(M3). Write My = My @& M} with M5 ~ O(y). This lifts to a splitting
My = M35 & M} of the O(v)-module M,, with M; C M} and M3 ~ O(v). Since
inv(M;) = inv(M?)*inv(M]) for i € {2,3}, we still have inv(M}) = inv(M;)*inv(DM3)
for the exact sequence 0 — M, — M} — M} — 0. But r(M)) = r(Msy) — 1, so this
last sequence splits and so does the initial one. 0

For every M € C, there is a canonical [-filtration F (M) on M ® k defined by

MI(—p+mM — M -
P(M)déf [(m})} Coy=Mek ity<O0,
0 if v > 0.

It depends functorially upon M and one checks easily that we have
inv(M) =t (F(M)) in I, CIT.
where r = r(M). In particular, length(M) = — deg(F(M)).

LEMMA 1.8. — For any exact sequence 0 — M; — My — M3 — 0 of finitely
presented torsion O-modules, the following conditions are equivalent:
(1) The exact sequence splits.
(2) For every v € I, the induced complex of k-vector spaces

0— F' (M) — F'(My) — F'(M;3) =0

ANNALES HENRI LEBESGUE
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is a short exact sequence.
(3) We have inv(My) = inv(M) * inv(Msz) in TP..

Proof. — Plainly (1) = (2) and (3) = (1) by Lemma 1.7. If (2) holds, then
0= (My®k, F(M)) = (My®k, F(My)) = (M3 ®k, F(Ms)) — 0
is an exact sequence of ['-filtered k-vector spaces, thus
6(F(My)) = 6(F(My) # 6(F(My)) in T%
where r = r(My) = r(M;) + r(Ms), therefore
t'(F(My)) = t/(F(My)) x t/(F(Ms)) in IT
from which (3) immediately follows. O

1.6.4. Lattices

An O-lattice in a finite dimensional K-vector space V is a finitely generated O-
submodule L of V spanning V' over K. Any such L is finite free over O by [Bou64,
VI, §3, 6, Lemme 1]. We denote by £(V) the set of all O-lattices in V. Since O is an
elementary divisor ring [Kap49, §10], for every L, Ly € L(V), there is an O-basis
(é1,...,6e.) of Ly and elements (xy,...,z,) of K* such that (zjey,...,z¢,) is an
O-basis of Ly and |zi| > -+ > |z, (we say that the basis is adapted to L; and
Ly). If vy = Log ||, then (v1,...,7,) belongs to I', and does not depend upon the
chosen basis. Indeed, one checks using the given adapted basis that the formula

P(Ll,LQ) déf Ly ﬂ](’}/)LQ—Fle - Ly Y
le le

defines a I-filtration F(Ly, Ly) on L; ® k, whose type d(Ly,Ls) € I'L equals
(71, ---,7). In particular, Ly = Ly if and only if d(Ly, Ly) = 0. This computa-
tion also shows that d(Ly, L1) = d*(L1, L) in I'S. If Ly C Ly, then Q = Ly/L; is
a finitely presented torsion O-module, d(Ly, L) € I, 5 and d(Ls, Lo) = inv(Q) in
[, If moreover L; C mLy (i.e. inv,(Q) # 0), the projection Ly — @ induces an
isomorphism Ly ® k ~ Q ® k mapping F(Ls, L1) to F(Q).

LEMMA 1.9. — For Ly, Ly, Ly € L(V'), we have the following triangular inequality:
d(Ly, Ly) < d(Ly, Ly) + d(Ly, Ly) in T7.
Proof. — For any x € K* and L, L' € L(V), if v = Log |z|, then
d(z7'L,L') =d(L,zL’) =d(L,L") + (v,...,7) in IZ.

Changing (L, Ly, L3) to (zLy, Ly, x7 1 L3) for a suitable x, we may thus assume that
Ly C Ly C L3. Applying Lemma 1.7 to the exact sequence

0— Lg/Ll — Ld/Ll — Lg/LQ —0
we obtain the desired inequality. O

Remark 1.10. — When I' < R, the previous lemma also follows from [Cor, 5.2.8
& 6.1].

TOME 2 (2019)



424 C. CORNUT & M. PECHE IRISSARRY

LEMMA 1.11. — Let 0 — V}; — V5 — V3 — 0 be an exact sequence of K-vector

spaces. For any pair of O-lattices Ly, Ly € L(V3), their inverse and direct images in
Vi and Vi are O-lattices Ly, L) € L(V}) and Ls, Ly € L(V3), and we have

d(Ls, Ly) > d(Ly, L) *d(Ls, L) in I'?
where r; = dimg V;, with equality if and only if for every v € T,
0— F'(Ly, L) — F'(La, Ly) — F(Ls, L5) — 0
is an exact sequence.

Proof. — Plainly 0 — Ly — Ly — Ly — 0 and 0 — L} — L), — L} — 0 are exact;
thus L3 and L} are finitely generated over O, in particular they are both O-lattices
in V3 and free over O; it follows that both exact sequences split, which implies that
Ly and L} are also (finite free) O-lattices in Vj. For the remaining claims, we may as
above replace L}, by xzLj for some x € K* (which replaces L by xL] for i € {1,3})
to reduce to the case where L, C mL; C L; for all ¢ € {1,2,3}. Applying Lemma 1.7
to the resulting exact sequence of finitely presented torsion O-modules

0— Ly/L} — Ly/Ly — L3/Ly — 0

we obtain the inequality d*(Lq, Ly) > d*(Lq, L} )*d*(Ls, L}) in I'2, which is equivalent
to the desired inequality d(Lq, L)) > d(Ly, L)) *d(Ls, L}). Moreover by Lemma 1.8,
equality holds in either one of them if and only if for every v € T,

0 — F(Ly, L)) = F'(La, Ly) — F7 (L3, L) — 0
is an exact sequence of k-vector spaces. This proves the lemma. 0

Remark 1.12. — When I" < R, the inequality also follows from [Cor, 5.2.10 &
6.1].

For Ly, Ly € L(V'), we denote by v(Ly, Ls) € I" the degree of d(Ly, Ls).

1.6.5. Tensor products

There are also compatible notions of tensor products, symmetric and exterior
powers for types, objects and I'-filtered objects in arbitrary quasi-tannakian cate-
gories, and O-lattices in K-vector spaces. All of these notions are fairly classical,
and their various compatibilities easily checked. For instance if L and L' are O-
lattices in V and i € N, then AL, L and A, L’ are O-lattices in A%V, F(A, L, ALL')
is the I-filtration ALF(L,L") on AL(L ®o k) which is the image of the I'-filtration
F(L,L")®" on (L ®o k)® under the projection (L ®¢ k)®" — AL(L Q¢ k), where
FL L) () = Sty F(L L)1) @ -+ @ F(L, L) (3:) i (L G0 ) for exv-
ery v € I'. The type d(A, L, AL L") = t(ALF(L, L)) = A'd(L, L') is obtained from
d(L,L') = (71,-..,7) (with r = dimg V') by reordering the elements vy = 3= ;c; ;
where [ ranges through all subsets of {1,...,r} of cardinality i.
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2. Breuil-Kisin—Fargues Modules
2.1. The rings

Let p be a prime number, E a finite extension of Q,, K a perfectoid field extension
of B, K’ the tilt of K. We denote by O, Ok and O’ the ring of integers in E, K and
K’ with maximal ideals mp, my and mz(, and perfect residue fields F, := Og/mpg
(finite with ¢ elements) and F := Og/myg = O /m’. We fix once and for all a
uniformizer 7 of E. We denote by We,(-) the Witt vector functor with values in
Op-algebras, as defined in [FF18, 1.2]. We set

A(Ok) ¥ Wo, (0%), AK)E Wo, (K°), Op%¥ Wo,(F), L% Frac(Oy).
Thus A(K) and Oy, are complete discrete valuation rings with uniformizer 7= and
residue fields respectively equal to K° and F, while our main player A := A(Og)
is a non-noetherian complete local ring with maximal ideal m and residue field
F. We denote by ¢ the Frobenius x +— 27 in characteristic p or its extension to
Op-Witt vectors. The ring homomorphisms 0% — K’ and O} — F induce ¢-
equivariant homomorphisms of Og-algebras A < A(K) and A — Op. The formula
0> s0l(zin)i]m) = X wo,m™ defines a surjective ring homomorphism 6 : A — Ok
whose kernel is a principal ideal. Here [—] is the Teichmiiller lift and (z;,,)iso € O%
foralln >0, ie. 2;, € Ok with z;,, = :Efﬂm for all 7+ > 0. We fix a generator £ of
ker(6) and set & := ¢(&). We write @ for the image of ¢ in 0% = A;, where more
generally A, := A/a"A for n € N. Thus @ is a pseudo-uniformizer of K°, i.e. a
non-zero element of m’%. For an A-module M and n € N, we define

M(K) ¥ M o4 AK), MO Y Me,0, M, %< M®yA, =M/x"M.

In particular, M; = M ®4 O%. We normalize the absolute value of K° by requiring
that ¢ |@w?| = 1. This weird normalization is meant to simplify some formulas, under
the conventions borrowed from [BMS16] for sthukas with one paw, which differ from
those of [SW17]; the latter would have lead us to the normalization ¢ || = 1. We
normalize the discrete absolute value on E and L by requiring that ¢ |r| = 1, and
we similarly normalize the discrete absolute values on the fraction fields Byr and
B!, of the completed local rings B and Bk of A at (£) and (£’) by requiring that
respectively ¢ [£| =1 and ¢ |¢'| = 1.

Remark 2.1. — 1In the sequel, we will often refer to [BMS16] or [SW17] where
E = Q,. We have carefully checked that the results we quote from either of these
references also hold when E is an arbitrary finite extension of Q,, with essentially
identical proofs.

2.2. Categories of A-modules
2.2.1.

For an A-module M, we denote by M the corresponding quasi-coherent sheaf on
X :=Spec A. Since U := X \ {m} is a quasi-compact open subscheme of the affine
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scheme X, there is an exact sequence [Gro05, II Corollaire 4] of A-modules
0= H{y(X, M) = M = H (X, M) — H'(U,M) — H{,y(X,M) =0
and for every ¢ > 1, an isomorphism of A-modules

H'(U,M) ~ H{[}(X, M).

Moreover for any sequence of parameters (a, b) spanning an ideal I with VI =m,
i 7 i 1 1 1
Hiag (6,00) = 1 ([31 > a1 [Z @ 01 ] = e [ 2]
by [Gro05, IT Proposition 5], thus Hf,, (X, M) = H=Y(U, M) = 0 for i > 3. Also,
Hiy (X, M) = lim Ext’y (A/I", M)

for any i > 0 if moreover (a,b) is regular by [Gro05, II Lemme 9]. For M = A, we
find

o Al
0 iit2 e Al
E fi=2 A[H—l—A[ﬁ
using [BMS16, 4.6] for : = 1. By [HMO07, 2.6 & 2.7] and with the definition given
there,

Hfm}(X,OX):{ } #0

p-depth 4 (M) = sup{k: >0: Hfm} (X, M) =0 for all 7 < k}

In particular p-depth,(A) = 2. We say that the A-module M is perfect if it has
a finite resolution by finite free A-modules. The Auslander—-Buchsbaum theorem
of [Nor76, Chapter 6, Theorem 2] then assert that for any such M,

proj.dim4 (M) + p-depth 4, (M) = 2.

In particular, proj.dim (M) < 1 if and only if the A-submodule

def

Mm>] & 1, (X, M)

of M = H(X, M ) is trivial, and M is finite free if and only if moreover
Hipy (X, M) = coker (M — H'(U, M))

is trivial.
2.2.2.

We denote by Mod, the abelian category of all A-modules. Let Mod, . be the
strictly full subcategory of finitely presented A-modules M such that M [%] is a
projective A[2]-module. Any such M is a perfect A-module and M[] is actually
finite and free over A[1] by [BMS16, 4.9 & 4.12]. By [BMS16, 4.13], the A-dual
MY := Homy (M, A) is finite free over A, so is the bidual M; := M"YV, the kernel
of the canonical morphism M — M; is the torsion submodule M[7>°] of M, it is a

finitely presented A-module killed by 7" for n > 0, and the cokernel of M — M; is
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a finitely presented torsion A-module M supported at m. We claim that M[m®] is

then also a finitely presented A-module (supported at m). To see this, note that
1
M[m*] = ker <M[7T°°] — M[r*] []) :

(]

Since M [W“][é] ~ M|[r*°|(K) is a finitely generated torsion module over the com-
plete discrete valuation ring A(K), there is a unique sequence of integers

v ) (M[r=)(K) < (ny > --->n, >0) in N

for some r € N such that M[7*°][-%;] is isomorphic to

[]

r r 1
4.0 = @ | 5]
Chasing denominators, we may modify any such isomorphism into one that fits in a
commutative diagram of 7*°-torsion A-modules
i=1 An, ——— M[r*]
N |
Ty An ] = M)

[=]

If 7" M [7>°] = 0, the cokernel of the top map is a finitely generated A,-module @
with Q[é] = 0, thus [@]|"Q = 0 for m > 0. Since (@;_; An,)[m>] = 0, M[m>]
embeds into @, therefore also [w]™M[m>] = 0, i.e. M[m*>] is the kernel of [ww]™
acting on the finitely presented A,-module M [7*]. It follows that M[m®] is itself
finitely presented over A, and A, since A, is a coherent ring by (the easy case of)

[BMS16, Proposition 3.24]. We finally define the subquotient
M, € M[x>®]/M[m™).

This is a finitely presented A-module killed by 7™ for n > 0.

2.2.3.

We will consider the following strictly full subcategories of Mod 4 .:
Mod 4 ¢ o {finite free A-modules},
Mod 4 ree o {finitely presented A-modules killed by 7" for n > 0}
= {M € Mody . such that M = M|[r*]},
Mod 4 meo ' {finitely presented A-modules killed by (r, [])" for n > 0}
= {M € Mody4, such that M = M[m®™]},
Mod 4, o {finitely presented A-modules with 7 nilpotent and [cw] injective}

= {M € Mody4 . such that M = M,}.
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Then any M € Mody . has a canonical and functorial dévissage

0 —> M[r™] M M; M——-0

M

with everyone in the relevant subcategory. The projective dimension of the nonzero
A-modules in Mod4 ¢, Mod4; and Mod 4 me are respectively 0, 1 and 2.

2.2.4.

For n > 0, 7" kills M[7*°] and M, thus for any m € M, 7"m is the image of
some m’ € M and 7"m’ € M only depends upon m. This defines an embedding
M; < M whose cokernel @ is a finitely presented A-module killed by 72"

0— My —M—Q—D0.

By construction, the composition M; — M — M, is multiplication by 72" and since
M([m*"] = M[r*], we obtain an exact sequence of A-modules

0— M[r™] = Q — Mo, — M — 0.
Thus if M[m>] = 0, then also Qm>] =0, i.e. ) € Mod ;.

2.2.5.

Any A-module M in Mody r~ has yet another canonical and functorial dévissage,
the finite non-decreasing filtration by the finitely presented A-submodules M [7"] of
M whose successive quotients M [r™]/M[r"~!] ~ 7""*M[r"] are finitely presented
O%-modules. If M belongs to Mod A, these subquotients are torsion free, thus finite
free over O%. If M belongs to Mod Ame, they are finitely presented torsion Oh-
modules, thus themselves non-canonically isomorphic to direct sums of modules of
the form 0% (z) := 0% /20’ with z nonzero in O%.

2.2.6.

For every A-module N and any nonzero z € O, the exact sequences
0ASA—-0, -0 and 0— 0% 5O — O%(z) =0
give Torg (N, %) = N/xN, Tor{(N,0%) = Nlx], and an exact sequence
0 — N[r]/zN[x] = Tor{(N, O%(x)) — (N/xN)[z] — 0.
It then follows from 2.2.4 and 2.2.5 that for every M € Mod 4 .,
Tor}(A(K),M) =0 and Tor{(L,M)=0
since this holds for M € {4, O, O%(x)}. If moreover M[m>] = 0, then also
Tor (O, M) =0
since this holds for M € {A, O5}.
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2.2.7.

The category Mody . is stable under extensions in Mod,4. The next proposition
implies that it inherits from Mod, the structure of a closed symmetric monoidal
category, which just says that Mod 4 . is a ®-category with internal Homs.

PROPOSITION 2.2. — For every M, and M, in Mod4 , and any i > 0,
Tor (My, My) and  Ext’ (M, M)
also belong to Mod 4 ..
Proof. — Fix a finite resolution P, of M; by finite free A-modules. Then
Ext’y(My, M) = H* (Homu(P,, My)) and  Tor? (M, My) = H (P, @4 M,)) .
Since Hom 4(P,, Ms) and P, ® 4 My are perfect complexes, their cohomology groups

are finitely presented over A. Since moreover A — A[1] is flat,
: 1 A 1 1 H (M A Mo[L]) ifi=0
Exty (M, M) 1| =Bty (3 [ 1], ag [ 1] ) = Homam ) ARED 0 =0
s G T T 0 if 1 > 0,
since M;[1] is finite free over A[1], and similarly
1 1 1 1 M, [+ M,[L] ifi=0,
Tor? (00, M) [ ] = Tor!¥ (3 [ 1] ag [ 1] ) = S Sy 2L
T s T 0 if 7 > 0.
So all of these A[]-modules are indeed finite and free. O
2.2.8.

The categories Mod 4 - and Mod g m~ are weak Serre subcategories of Mod 4: they
are stable under kernels, cokernels and extensions. In particular, they are both
abelian. The category Mod 4, is also stable by extensions and kernels in Mod 4, but
it is only quasi-abelian. In fact, the exact sequence (for M € Mod =)

0— Mm*>®] - M — M; — 0

yields a cotilting torsion theory [BvdB03] on the abelian category Mody « with
torsion class Mod 4 e and torsion-free class Mod 4 ;: any M € Mod 4 - is a quotient
of A7 € Mody,; for some n,r € N (being finitely generated over A and killed by
a power of 7), and there is no nonzero morphism from an object in Mod e to
an object in Moda;. The kernel and coimage of a morphism in Mod,, are the
corresponding kernel and coimage in the abelian category Mod r~ or Mod 4. The
image and cokernel of f : M — N in Mod,, are given by

iMmod,, (f) = f(M)™ and  cokermod, ,(f) = (N/f(M))s = N/f(M)*™
where
FM=/ f(M) S (N/ £(M))[m™] = (N/.f(M))[[]].
The morphism f is strict if and only if N/f(M) has no [w]-torsion. It is a mono-epi

if and only if f is injective and N/ f(M) is killed by [w]™ for n > 0. Finally, short
exact sequences in Mod 4 ; remain exact in Mody.
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2.2.9.

The categories Mod, r, Mod gz and Mod4 n~ are stable under the usual Ext’s
and Tor’s in Mod 4, and so they are also ®-categories with internal Homs (but only
Mod, s has a neutral object). They are also stable under symmetric and exterior
powers (of rank k£ > 1 for the torsion categories).

The category Mod 4 ; is stable under the internal Hom of Mod 4, but it is not stable
under the ®-product of Mod 4. For instance, if z # 0 belongs to m’, then

M = (m, [z])/(n?)
is a finitely generated ideal of As, so it belongs to Mod 4, but the image of 7 in
M @4 O = M/mM = (m, [a])/(x* 7))

is a nonzero element killed by [z] € m\ 7A. We can nevertheless equip Mod 4 ; with
a tensor product compatible with the usual internal Hom, given by

(My, My) — My @, My < (My @4 My), = (My @4 M) | (My @4 My) [m™]

With this definition, Mod 4; becomes yet another ®-category with internal Homs.

2.2.10.

As explained in 2.2.2 or 1.6.3, there is an invariant
inv, : sk Mod 4 zoo — N

defined as follows: for every M € Mod 4 o,

inv,(M)=(n1 >+ 2n,) < M(K)~P A, (K).
i=1
Alternatively, inv,(M) is the unique element (ny > --- > ny) of N such that
Vn>1: rank ;- (M[W"]/M[ﬂ”_lD ={i:n; > n}.
This follows from 2.2.6, which indeed implies that for every n > 1,
M (K)[x"] /M (K)[7" ] = M[r") /M[r" ] @0y K".

This invariant yields a function rank; : sk Mod 4 - — N defined by
rank, (M) = deg(inv,(M)) = Y n; = length 4 gy M (K).
i=1

Plainly, invy(M) = inv(M,), rank,(M) = rank,(M;) and

rank;(M) =0 <= invy(M)=0 <= M(K)=0
= M, =0 — M = M[m*>].

Moreover by 2.2.6 and Lemma 1.7, for every exact sequence
0> M — My — M;—0
in Mod 4 e, we have rank;(Ms) = rank,(M;) + rank,(Ms) and
invy(Msz) > inve(M) *inv,(Ms) in NI
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with equality if and only if the exact sequence
0— Mi(K)— My(K) — M3(K)—0
of finite length A(K')-modules is split. In particular, the function
rank; : sk Mod,; — N

is a rank function on Mody; in the sense of [Corl8]: it is additive on short exact
sequences, nonzero on nonzero objects, and constant on mono-epis in Mod 4 ;.

2.2.11.

For M € Mody ., let I be the image of M — Mjy. For any n > 1, recall that M,, =
M /7" M, which is a finitely presented A,-module. The dévissage of M from 2.2.3
yields exact sequences of finitely presented A,-modules

0— M[r*], = M, =1, =0 and 0— M[z"| — I, = My, — M, — 0.
It follows that I, (K) ~ My, (K) is finite free over A, (K) and
M, (K) ~ M[r*],(K) & My, (K) >~ M, ,,(K) & M, (K).
In particular, inv, M,, = inv; M, ,, * invy M, and
rank; M, = rank; M, ,, + n ranks M;

with n — rank; M, ,, non-decreasing and equal to rank, M; for n > 0.

2.2.12.

A good filtration on a module M in Mod e~ is a sequence
0=MoCM & ---C M, =M

of A-submodules such that for all i € {1,...,7}, M;/M;_ ~ O%(z;) for some
nonzero r; € (93( (thus M; € Mod 4 m for all ). We have seen in 2.2.5 that any M
in Mod g e has such a good filtration. We claim that the principal ideal

(M) of Oty ... 1,
does not depend upon the chosen good filtration on M. Indeed if
0=M; CM{C---CM, =M
is another good filtration with M]/M! | ~ O%(y;), yi # 0 in O%, set
Mij = My +M;NM; and M, = M; | + M;N M,

Then j — M;; = M;;/M;_y and i — M;; = M},/M;_, are good filtrations on
M;/M;y and M;/M;_, respectively, with
M; N0 M; _

E e VSN VAN VA VAR
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It is therefore sufficient to treat the case where M = 0% (z) for some nonzero x € O,
which follows from Lemma 1.7. We thus obtain a generalized length function,

length, . : sk Mod g mee — Ry, length o (M) & — log, [6(M)|

which is plainly additive on short exact sequences in Mody . Here |0] = |z| if
§ = Ox. Note also that length,, (M) = 0 if and only if M = 0.

2.2.13.

For every a € A\ mA, M — M/aM is an exact functor from Mod 4, to Mod 4
which maps M = O} to O%(a) = 0% /a0%, with @ = a mod 7 € 0. It follows
that for every M € Mod,,, we have the following formula:

length o (M/aM) = —log, [a| - rank,(M).
¢

Since log, |¢’| = log, |@w?| = —1, we obtain another formula for the rank on Mod

rank, (M) = length . (M/'M) in NCR,.
2.2.14.

The functor M + M|[2] extends to the isogeny categories,
1
~ || :Modar & B - Moda. ® E = Mod .
7T ks

The functor Mods s ® E — Mod 4 . ® £ is an equivalence of categories, with inverse
induced by M +— My. The functor Mody . ® E — Mod 1, is fully faithful with

essential image the full subcategory Mod 1, ; of finite free A[%]—modules.

1
T

2.3. Categories of p-A-modules
2.3.1.

Let Mod% be the category of A-modules M equipped with an A[¢~1]-linear isomor-
phism @y : (p*M)[€7 — M[¢71]. A morphism (M, p1) — (Ms, ) is an A-linear
morphism f : M; — M such that the following diagram is commutative:

(0 My)[€"] 2 (o M) (]

lm f lcpz
My[E] ———= My[¢™]

Its kernel and cokernels are given by (ker(f), ¢}) and (coker(f), ph) with

(0" ker(f))[€ 71— (9* M) €] 2L (" My)[€1] — (* coker(f))[¢"]

|+ | | |+

ker(f)[€ 1] My[eY] — L My[e] coker[€/~1]

ANNALES HENRI LEBESGUE



Harder—Narasimhan Filtrations for Breuil-Kisin—Fargues modules 433

commutative. This makes sense since M +— M[£'7!] and M +— ¢*M are exact. The
category Mod? is abelian, and it is a ®-category: using the isomorphisms

@' (My @4 Ma) [¢7'] = (7 (M) [€7]) @ugen (" (M) [€77]).
" (Symly M) [¢7] 2 Symey (97 (M) [€71])
o (NSM) 6] = Ay (7 (1) [67]),
P (A) [¢] = Alg,
the tensor product, symmetric and exterior powers, and neutral object are

(M1, 1) ® (Ma, ) o (M; ® My, 1 @ p2),

Sym ) < (Sym* (M Sym “(9))

(
=( ().

and AY (A,Id).

Hh

2.3.2.

A Breuil-Kisin—Fargues module or BKF-module is an A-module M in Mody .
equipped with an A[¢"!]-linear isomorphism ¢y @ (¢*M)[E'] — M[¢'7Y]. This
defines a strictly full subcategory Modf , of Mod%. For x € {f, 7>, m* ¢}, we denote
by Mod , the strictly full subcategory of Mod? , of all BKF-modules (M, ¢5;) whose
underlying A-module M lies in the strictly full subcategory Mod4 . of Mod,4. Note
that l\/lodf,ymoo = Mod 4 e since M[E'71] = 0 for M € Mod g e

Since M + p*M[¢'7!] is exact, the functorial dévissage of objects in Mod 4 , yields
an analogous functorial dévissage for any BKF-modules (M, py/) in Modj*,

(M[m=], armes))
{
0— (M[WOO],SOM[noo]) — (M, o) — (My, pp) — (M, ¢M) .0
J

(Mt7 gth)

with everyone in the relevant strictly full subcategory.

2.3.3.

The categories Mod ;. and Mod . are weak Serre subcategories of Mod: they
are stable under kernels, cokernels and extensions. In particular, they are both
abelian. The category Modf , is also stable under extensions and kernels in Mod%,
but it is only quasi-abelian. This last statement now requires some argument, given
below: for every M € Mod ,~, the exact sequence

0— Mm>*| - M — M, —0
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yields a torsion theory on the abelian category Mod¥ . with torsion class Mod}
and torsion-free class Mod% ;, but we do not know whether this torsion theory is
cotilting (is every object M of Mod ,~ a quotient of some N in Mod% ,?), and thus
we can not appeal to the criterion of [BvdB03, B.3| for quasi-abelian categories, as we
did for Mod 4 in 2.2.8. Plainly, kernels and coimages in Modjt are the corresponding
kernels and coimages in Mod%. The image and cokernel of a morphism f : (M, pp) —
(N, n) in Mod¥ ; are respectively equal to

(FOD™ ppanse) and  (N/F(M),, 00750,

where the Frobeniuses are induced by ¢y : ¢*(N)[€7!] — N[¢'7!] on respectively

o (FMP=) [€71] = " (F(M)) [¢"7]
and " ((N/f(M),) [€7'] = (¢ (N) /" (F(M))) [¢7].

Such a morphism is strict if and only if N/ f(M) has no m*>-torsion, or [w]-torsion.
It is a monomorphism (resp. an epimorphism) if and only if f : M — N is injective
(resp. N/f(M) is killed by [@]™ for n > 0). It is a strict monomorphism (resp. a
strict epimorphism) if and only if f : M — N is injective and N/f(M) has no
[cw]-torsion (resp. f : M — N is surjective). We have to show that these classes of
morphisms are respectively stable under arbitrary push-outs and pull-backs: this
follows from the analogous properties of the quasi-abelian category Mod 4, since the
forgetful functor Mod”; ; — Mod 4, is strongly exact (i.e. commutes with kernels and
cokernels). Finally, short exact sequences in Mod ; remain exact in Mod¥.

2.3.4.

Any BKF-module (M, ¢yr) in Mod? ; has a canonical functorial filtration by strict
subobjects (M [7"], parjan)) such that M[x"]/M[r"" '] ~ 7" ' M[x"] is a finite free
O}.-module, and conversely, any (M, ¢,,) in Mod¥ which is a successive extension
of such BKF-modules belongs to Mod?, ,

2.3.9.

The categories Mod ., Mod¥ ;, Mod . and Mod} . are stable under the tensor
product, symmetric and exterior powers of Mod%. The isomorphism

(p* (HOI’IlA(Ml, MQ)) [5,_1} =~ HOmA[gfl] ((QO*MI) [5/_1:| 7(()0*M2) {5/_1})

which is valid for any finitely presented M; also yields an internal Hom,

Hom (M, ¢1) , (Ms, ) & (HOTHA(Mh Ms), Hom 41 (@Ila @2))

on any of these categories. The subcategory l\/lodﬁyt of Mod? , is stable under this
internal Hom, but it is not stable under the tensor product. As for Mod 4, there is
a modified tensor product (M, 1) ®; (Ma, p2) := (M1 ®; Ms, ¢1 ®; o) which turns

Mod?, ; into a genuine ®-category with internal Hom'’s.
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2.3.6.

There is a Tate object A{1} = (A{l}, SDA{1}) in Modf, ;, defined in [BMS16, 4.24].
The A-module A{1} is free of rank 1, and g1y = ¢*(A{1})[¢'7] — A{1}[¢"!] maps
©*A{1} onto &1 A{1}. For any BKF-module M and n € Z we set

A{1}E ifn

0,
A{-n}V ifn<0

2
<

M{n} ¥ M ® A{n} with A{n} déf{

If M[m*>] =0, then M and ¢*M have no -torsion, thus M C M[¢'7!] and ¢*M C
©*M[€'71]. We then say that M is effective if o (¢*M) C M. Plainly,

M{—n} is effective for every n > 0.

2.4. The Fargues filtration on Mod? ,
2.4.1.

The rank function on Mod,; yields a rank function on Modjt,

rank, : sk Mod?% ; — N, rank (M, 1) & rank, (M).
In addition, the length function on Mod e yields a degree function on Modfw
deg, : sk Mod? , — R

which is defined as follows. For every (M, ¢y ) € Mod?, and n > 0, M{—n} is
effective and ¢prp—ny maps ¢*M{—n} injectively into M{—n} with cokernel

Q" (M, pnr) = M/ on (p"M) Q" (M, pu) € Mod g e

From the short exact sequences

0 — Q"(M, par) == QUL (M, opr) — M/EM — 0
and 2.2.13, we thus obtain that

deg, (M, pur) Ly rank, (M) — length, . Q" (M, )
does not depend upon n > 0. Plainly,

deg, (M, par){n} = deg,(M, o) + n rank, (M)

for every n € Z. A short exact sequence

0 — (M1a90M1> — (M27S0M2) — (M?HSOMB) — 0
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in Mod}, ; yields, for every n > 0, a commutative diagram

0 0 0

0 — ¢*Mi{—n} —— ¢*Mo{—n} —— ¢*Mz{—n} —0

0 —— Mi{—n} — My{—n} —— M3{—n} ——0

0— Qn(Mla SOM1) - Qn<MQ7 QOMQ) - Qn(Mfi) QOM;),) —0

0 0 0

with exact rows and columns, from which easily follows that

deg,(Ms, ps,) = degy(My, par,) + deg, (Ms, ).
Similarly a mono-epi f : (M, @) — (N, @) in Modf ; yields an exact sequence
0 — ker(¢"Q — Q) — Q"(M, vr) = Q" (N, on) — coker(¢p*Q — Q) — 0
in Mod g e, where @ = N/f(M) and ¢*@Q — @ is induced by {™¢py. Thus
deg,(N, pn) — deg,(M, prr) = length, ©"Q — lengthy. @
= (¢ —1) - length . @
and deg, (M, ¢p) < deg,(N, ¢pn) with equality if and only if f is an isomorphism.

2.4.2.

We may now apply the Harder—Narasimhan formalism of [And09] or [Corl8] to
the quasi-abelian category Mod? ;, equipped with the rank and degree functions that
we have just defined, for the slope function p = deg, / rank;. Specializing the general
theory to the case at hand, we obtain the following definitions and results.

A BKF-module M in Modjt is semi-stable of slope p € R if and only if for every
strict subobject N of M, deg,(N) < u rank,(N) with equality for N = M. With
this definition, the trivial BKF-module is semi-stable of slope u for all u € R.

The semi-stable BKF-modules of slope p form an abelian full subcategory of
Mod? ;, and every BKF-module M in Mod}; has a unique decreasing R-filtration
F by strict subobjects FZ7 with Grk := F>7/F>7 semi-stable of slope v for all
v € R, where F>7 := U, F>7. We call Fp(M) := F the Fargues filtration of M.
It depends functorially upon M and there is no nonzero morphism from M; to M,
if My, and M, are semi-stable of slope py and ps < puiq.

The Fargues type of M is the type tp(M) € RL of Fp(M), with r = rank,(M).
Viewed as a concave polygon over [0,r], it is the upper boundary of the convex
envelope in [0, 7] x R of {(rank;, deg,)(/V) : N C M}, where N ranges either through
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the set of all subobjects of M, or through the subset of all strict subobjects of M.
Finally, we denote by Gry.(M) the associated graded object in Mod? ,

PROPOSITION 2.3. — If My, — M, is a mono-epi in Mod , with cokernel Q in
Mod . and r = rank, M, = rank, Ms, then for every s € [0,7],

0 < tp(M2)(s) — tp(Mi)(s) < (¢ — 1) - lengthye @
with equality on the left (resp. right) for s = 0 (resp. s = r). In particular,

tmax(M2> _ tmaX(Ml)
0<< B o < (¢ —1) - length, - Q.
{ t%}m(Mg) _ t?m(Ml) (q ) ceng m Q

Proof. — Set f; = tp(M;) and (r;,d;)(y) = (rank, deg,)(FL(M;)) for v € R and
i € {1,2}. It is sufficient to show that for every v € R,
di(y) < f2(r1(7)) and da(7) < fi(r2(v)) + (¢ — 1) - length e Q.
For the first inequality, let F(M;)%** be the image of Fj(M;) in M. Then
di(v) = deg, Fji(M:) < deg, FR(M1)*™ < fa(r1(7))

since Fp(My) — FL(Mp)** is a mono-epi and FJ(M;)*" is a strict subobject of
rank r1(y) in My. For the second inequality, let F(Mz)" and Q7 be respectively the
kernel and image of F}:(My) — @ in Mod% . Then

dy(7) = deg, F-(Ms) = deg, Fir(Ma)" + (¢ — 1) - lengthye Q7
< filra(v)) + (¢ — 1) - lengthye @
since F (M)’ is a strict subobject of rank ro(y) in M; and QY C Q. O

PropPOSITION 2.4. — Let 0 — M; — M, — M3 — 0 be an exact sequence in
Mod? ;, set r; = rank, M; and view tp(M;) as a concave function f; : [0,r;] — R.
Then

fi(s) if0<s<r
Jilre) + fa(s =) ifri <s <y
with equality for s = 0 and s = ro. In particular,
e (M) < tp™(Ma) < max {t5™ (M), t5"(Ms)}
£ (My) > 7™ (My) > min {5 (M), (5™ (Ms) |,
and  tp(Ms) <tp(My)*tp(Ms) in RZ.

fux fs(s) = fa(s) 2 {

Moreover, tp(My) = tp(My) * tp(Ms) if and only if for every v € R,
0 — Fp(My) — Fp(My) — Fi(Ms) — 0
1s exact.

Proof. — These are standard properties of Harder—Narasimhan filtrations on quasi-
abelian categories, see for instance [Corl8, Proposition 21 or [And09, 4.4.4]. O
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PROPOSITION 2.5. — For every M € Mod? , of rank v € N and any n € Z,
Fr(M{n}) = Fr"(M){n}
for every v € R, hence
tp(M{n}) =tp(M) + (n,...,n) in RL.

Proof. — This is obvious: the map N +— N{n} induces a bijection between strict
subobjects of M and strict subobjects of M{n}, with u(N{n}) = u(N) + n. O

2.4.3.

For M € Mod] ,, we set tp(M) = tp(M,). An exact sequence
0> M — My — M;—0
in Mod .~ gives rise to three exact sequences:
0 — M;[m*>| = My[m™] — M;3[m>] - Q — 0
0—= My — Myy — Mg, — 0
0—=>Mi—>M —Q—0

with @ € Mod?  and My € Mod?,. Set {; = length, o M;[m>], r; = rank,(M;),
fi = tr(M;) and {g = length . Q). We thus have the following relations:

T = Ty, 7’1—|—T3:T’2, EQ:£1—£2+€3

f4(3> fOl" O < S <
Jox fo(s) =2 fa(s) > {f4(,,,1) + fa(s — 1) forr < s <.
<

fi(s) < fa(s) < fils) + (¢ = 1)l for 0<s
Set ¢; = max {|tB(M;)|, |52 (M;)|} so that f; is ¢;-Lipschitzian and

ri,

1.

o <max{cs, ca}, | —c| <(¢— L)éq.

Moreover, we have

fa(s) + c4r3 + max(fs) for 0 < s <y,
fs(s —r1) + esrp +max(fy) forr < s <y

Jax fs(s) < {

We obtain the following inequalities: for 0 < s < rq,

0< fals) = fils) < (e 4 c3)rs + (g — 1) (1 + £3)(r5 + 1)
and for ry < s < ry,

—air1 < fals) = fs(s —r1) < (e +es+ (¢ = 1) (G + b))
which also implies that for 0 < s < 73,

)= o <o {120 NG
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2.5. The Fargues type on Mod} ,
2.5.1.

For any M € Mod% and n > 1, consider the exact sequence
0 — M[x"] M= M M, 0.

Suppose that M is a BKF-module, i.e. belongs to Mod, ,. Then M,, and M[r"] both
belong to Modﬁmoo. Moreover, rank, M,, > n ranky M by 2.2.11. Viewing tp(M,,) as
a concave function on [0, rank; M, ], we may thus define

trn(M) : [0,ranky M] — R, trn(M)(s) = itF(Mn)(ns).

PROPOSITION 2.6. — There is a constant C'(M) such that the functions tg,, (M)
are C'(M)-Lipschitzian. They converge uniformly to a continuous concave function

troo(M) : [0,ranky M] — R.
If My, M5 € Modfh* become isomorphic in the isogeny category Mod? , ® E, then
troo(M1) = tpoo(Ma).

Proof. — Let r = ranky M = ranky My and set f, = f,(M) = tg,(M).
Suppose first that M is free. Then for every n,m > 1, the exact sequence

0—>Mn”—m>Mn+m—>Mm—>0
in Mod? ; gives the inequality
(M) < te(M,) x tp(My) in RIT™,
It follows that for every n,k > 1 and 0 < s <,
fre(s) < fu(s) with equality for s € {0,7}.

In particular, f,(s) < fi(s) with equality for s € {0,r}, and the slopes of the
continuous piecewise linear functions f,, are uniformly bounded by the constant

C = C(M) = max { [t (M), [t (My)|}
Fix ng,n > 1. For n = nyq, + r, with ¢, > 0 and 0 < r,, < ng, we have
tr(My,) < tp(Mngg,) * tp(M,,) < tp(My)*™" «tp(M,,)
from which we obtain that for 0 < s < r,

r r
n < 1_l n ! ir g
1) < (1= 22) funls) + 22, (57)
for some s, 5" € [0, r] with ngg,s’ 4 r,5” = ns. But then s’ — s = (s’ — s”), thus
r r T
0% (1= ) 7 (200 (1= ) o)
5l < (1= fuole) + 2 (200 (1= 2 ) s sup( )

Therefore lim sup f,,(s) < fn,(s) and this being true for all ng > 1,
limsup f,,(s) < liminf f,(s)
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i.e. fn(s) converges to some limit f,(s) € R. Since all the f,’s are C-Lipschitzian
concave, 80 iS fo = foo(M) and the convergence is uniform.

Suppose next that M is torsion free, so that 0 = M — M; — M — 0 is exact
and for n > 0 (such that 7" M = 0), we obtain an exact sequence

0—M— M, — M, —M—0
which identifies M and M,[m*>] (since M;,[m>] = 0), i.e.
0— My — My, — M —0
is exact. Our claim now follows from Proposition 2.3, with the constant
C(M)=C(My)+ (g — 1) lengthy.. M

and the limit foo(M) = foo(M).
For the general case, let I be the image of M — My, so that I is a torsion free
BKF-module. This time for n > 0, we have an exact sequence

0 — M[r*] - M, — I, — 0.

We have just seen that I,[m>] = I = M for n > 0. Our claim now follows from the
discussion of Section 2.4.3 with the constant

C(M) = max {C(I),C(M,) + (g — 1) lengthe M[m*™] @ M}
and the limit f.o(M) = foo(I) = foo(M;). Here
C(I) = max {| ™ (M )|, |65 (Mp )|} + (q — 1) lengthye M,
C(My) = max {| R (M), [E5 (M) }

It remains to establish that M ~— tp (M) is constant on isogeny classes, and we
already know that tp (M) = tpeo(My). We thus have to show that if

0= M —M,—Q—0

is an exact sequence in Mod¥ with M, M, finite free and @ torsion, then tp (M)
equals tg o (Ms). For n > 0 (such that 7"Q) = 0), we obtain exact sequences

0—Q— M, = My, —-Q—0.

Splitting them in two short exact sequences and using again the computations of
Section 2.4.3 yields the desired equality. O

PROPOSITION 2.7. — For any BKF-module M of rank r € N and any n € Z,
Vsel0,r]: tre(M{n})(s)=tpe(M)(s)+ sn.

Proof. — This follows from Proposition 2.5. U
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2.5.2.

The first part of the proof of Proposition 2.6 shows that

PROPOSITION 2.8. — For a finite free BKF-module M of rank r € N,

troo(M)(s) < tpn(M)(s) <t (M)(s)
for every n > 1 and s € [0, r| with equality for s € {0,r}.
DEFINITION 2.9. — We say that a finite free BKF-module M is of HN-type if
troo(M) = tr1(M).
Thus if M is of HN-type with rank r € N, then (M) € RL.

PROPOSITION 2.10. — Let M be a finite free BKF-module of HN-type. Then

(1) For every v € R and n,m > 1, the exact sequence

induces an exact sequence

m

0—— ]:JIY“(Mn) —— f;i(Mn-&-m) - H(Mm) —0

(2) The formula FL.(M) = @H(Mn) defines an R-filtration on M by finite free
BKF-submodules whose underlying A-submodules are direct summands: the
quotient Gri(M) = FZ(M)/Fz" (M) is a finite free BKF-module.

(3) For every v € R andn > 1,

FA(M), = Fr(M,) and Grp(M), = Grp(M,).
In particular, the type of the R-filtration Fp.(M) is given by
t (Fp(M)) = tp(My) = tp1(M) = tpe(M).

Proof. — (1) Since tpo(M) = tp1 (M), also tp,(M) = tpi (M) for every n > 1,
thus

tF(Mn+m) = tF(Mn) * tF(Mm)

for every n,m > 1, from which (1) immediately follows by Proposition 2.4.
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(2) and (3): This follows from (1) by a standard argument: consider for n,m > 1
and v € R the commutative diagram with exact rows and columns

Taking the projective limit over n, and since every one is Mittag—LefHler surjective,
we obtain a commutative diagram of A-modules with exact rows and columns

Since Fp(M) = lim F3:(M,), the first row tells us that F(M) is separated and
complete in the m-adic topology, with F3(M); ~ Fp(M,) finite free over A, = O,
say of rank s € N. Pick a morphism « : A% — FJ(M) reducing to an isomorphism
modulo 7. By the topological version of Nakayama’s lemma, « is surjective, and
FA(M) is finitely generated over A. Playing the same game with the third row, we
obtain a surjective morphism 3 : A% — GJL(M) reducing to an isomorphism modulo
7. But now the kernel N of § has to be finitely generated over A since GL(M)
is finitely presented over A by the second column. Applying Torf‘(—, O%) to the
resulting short exact sequence 0 — N — A — GL(M) — 0, we find that

N ® Oj = Tor (G(M), O ) ~ GH(M)[x],
which is trivial by the third row, thus N = 0 by the classical version of Nakayama’s

lemma. It follows that ( is an isomorphism, G}.(M) is free, the middle column is
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split (in Mody), and F.(M) is also free, being finite projective over the local ring
A. The remaining assertions of (2) and (3) easily follow. O

Remark 2.11. — For a finite free BKF-module M of HN-type and n € Z, the Tate
twist M{n} is also of HN-type and FL(M{n}) = FL "(M){n} by Proposition 2.5.

DEFINITION 2.12. — We say that a finite free BKF-module M is semi-stable (of
slope v € R) if My is semi-stable (of slope v € R).

Example 2.13. — Any finite free BKF-module M of rank 1 is semi-stable of slope
deg,(M;), thus A is semi-stable of slope 0 and A{1} is semi-stable of slope 1.

By Proposition 2.8, a finite free BKF-module M is semi-stable (of slope «) if and
only if M,, is semi-stable (of slope ) for every n > 1, in which case M is of HN-type
and tpeo(M) = tp1(M) = tp(M;) is isoclinic (of slope 7). By Proposition 2.10, a
finite free BKF-module M of HN-type has a canonical filtration Fr (M) whose graded
pieces are finite free semi-stable BKF-modules with decreasing slopes. Conversely,
any finite free BKF-module which has such a filtration is of HN-type (by uniqueness
of the Fargues filtration on Mod¥ ;) and its filtration is the canonical one.

2.5.3.

We denote by I\/lod“" the strictly full subcategory of Mod?% ‘1.7 whose objects are the
finite free BKF- modules of HN-type. The functoriality of the Fargues filtration on
Mod? ; implies that M — Fr(M) is functorial on Mod¥

PROPOSITION 2.14. — The subcategory Mod% f of ModAf is stable under ®-

products and inner Homs and the R-filtration Fr on Mod% f is compatible with
them.

Proof. — The Fargues filtrations on M, M’ € Modj’f} induce R-filtrations on M ®
M’ and Hom (M, M") whose graded pieces are the finite free BKF-modules

B G (M)®Gr(M') and @ Hom(Gr} (M), Gr}(M)).
Y1+y2=Y Y2—Y1=Y
We thus have to show that if M and M’ are semi-stable of slope v and 7/, then
P =M® M’ and H = Hom(M, M') are semi-stable of slope v + +" and 7" — ~.
Since P, = M; ® M| and H; = Hom (M, M7), we need to establish the analogous
statement for BKF-modules which are finite free over A, = 0%. This is a special
case of [Corl8, §5.3], see also Section 2.6.1 below. O

2.6. Categories of p-R-modules

For any A-algebra R equipped with a ring isomorphism ¢ : R — R compatible
with ¢ : A — A, we may analogously define the abelian ®-category Mod%, and
its full ®-subcategories Modg* and Mod}%’ s+ They come equipped with ®-functors
Mod% ; — Mody; for 7 € {0, *, f}, which are exact when A — R is flat. In this
section, we discuss the following cases:

Re {O'jK,L, 01, A(K), A H }

™
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2.6.1. R= 0%

In this case, Mod% s is the full subcategory of Modfu made of all BKF-modules

killed by 7. This is the quasi-abelian category of all finite free 0%-modules M
equipped with an isomorphism ¢y, : p* M ® K° — M ® K”, or equivalently, with a
@-semilinear isomorphism ¢y : M @ K° — M ® K. As a subcategory of Mod? ,, it
is stable under tensor products, internal Homs, symmetric and exterior powers, and
it has a neutral object of its own. Using the isomorphisms

0 (My ® My) @ K* =~ ("(My) ® K°) @5 (" (M) ® K,
" (Home, (M, My)) @ K* ~ Homp (" (My) ® K°, 9" (My) @ K”),
POk © K ~ K,
the tensor products, internal Homs and neutral object in Mod% 7 are given by
(M1, 1) ® (Mz, p2) € (M1 @ Mo, 01 ® 2)
Hom ((Mi, 1), (M, 2)) = (Homo;{(Msz)aHOHle(@fly902)),
05 & (05, 1d).

The rank and degree functions on Mod ; induce rank and degree functions on Mod ,
and the corresponding Harder—Narasimhan (Fargues) filtrations Fr are compatible
since the essential image of Mod}, ; — Modf , is stable under strict subobjects. The
rank of (M, ¢yr) € Mody, ; is the usual rank of the finite free O}-module M, and its
degree is the degree of the Hodge R-filtration

Fu(M, on) L F (M, ou (" M))

which is induced by the O% -lattice ¢ (¢* M) of M ® K’ on the residue M ® F of
M. The Hodge type of (M, ¢p) is the type tg(M, par) of Fu (M, par), so that

tu(M,on) =d (M, ou(e"M)) in RL
where r = rank M. The next proposition then follows from [Corl8, §5.3]:

[l
—n

PROPOSITION 2.15. — The restriction of the Fargues filtration to the subcategory
Modg s of Modj]t is compatible with tensor products, duals, symmetric and exterior
powers.

PROPOSITION 2.16. — The Hodge filtration Fy : Modp ; — Fils is compatible
with tensor products, duals, symmetric and exterior powers. For every exact sequence

0= (My, 1) = (My, 2) — (M3, 93) — 0
in I\/lod}‘%f with r; = rank M; (so that ro = r1 + r3), we have
ta(My, 1) * tg(Ms, p3) <tp(Ma, @) in RZ
with equality if and only if for every v € R, the complex of F-vector spaces
0 — Fp(My, 1) = Fi(Ma, p2) — Ffi(Ms, 03) — 0

is exact.
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Proof. — This follows from 1.6.5 and Lemma 1.11. [l
COROLLARY 2.17. — For every (M, ¢) in Modf, ; of rank r € N,
tr(M, ) <tu(M,p) in RL.

Proof. — Let X* = @, X" be the R-graded object of Modgf attached to the
Fargues filtration of X = (M, ¢). Then by Propositions 2.4 and 2.16,

tF(X) = tF(X.) = *fth(X’y) and tH(X) } tH(X.) = *,ytH(X’y).

We may thus assume that X is semi-stable, in which case the result is obvious since
the concave polygons tx(X) and ty(X) have the same terminal points. O

Let O%{n} = A{n} ® O% and F{n} := A{n} ®F, so that M{n} = M ® O%{n}
for every M in Mod% ;. The map X +— X{n} = X ® F{n} then induces a bijection
between F-subspaces X of M ® F and X{n} of M{n} @ F = M @ F{n}.

PROPOSITION 2.18. — For every M € Modfz’f of rank r € N and any n € Z,
Fh(M{n})=F; "(M){n} inside M{n}®TF
for every v € R, hence
tg(M{n}) =tg(M)+ (n,...,n) in RL.
Proof. — By definition, F};(M{n}) equals

M ® O%{n} N (IV o (¢*M) @ (£ mod 71')_”0?({71}) +my - M ® O%{n}
my - M ® O%{n}

where [7 = {x c K|z < q‘”}, and ¢ mod ™ = w?, i.e.

MO (D™ pp (M) + i - M

Fih(M = F
2 (M{n}) e ©F{n}
= Fi "(M){n}
since |w™?"| = ¢" by our convention in 2.1 for the normalization of the absolute
value |- | on @%. This proves the proposition. O
262. R=1L

Here, Mod7 , = Mod7 ; is the E-linear tannakian category of E-isocrystals over
the perfect field FF, i.e. finite dimensional vector spaces D over L equipped with an
isomorphism ¢p : ¢*D — D, or equivalently, with a ¢-semilinear automorphism
¢p : D — D. The Dieudonné-Manin classification [Man63, Dem86], extended from
algebraically closed to perfect fields in [Zin84] (but with coefficients in E instead of
Q, as in [Kot85] or [FF18]), gives a slope decomposition [DOR10, VIII §1]

(Da SOD) = /\G%(DM@DA)‘
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For A = % with d € Z and h € N* relatively prime, D) is the union of the finitely gen-
erated Or-submodules X of D such that ¢ (X) = 7?X. This Newton decomposition
is functorial, compatible with all tensor product constructions, thus

Gy : Modf ; — Grf, G (D, op) = Dy

is an exact ®-functor, and so are the corresponding opposed Newton Q-filtrations
Fn, Fiy : Modf , — Fil?
which are given by the usual formulas
def . def
f]i\/(Dang):@DN and f]\?(DﬂOD):@D—X'
PUS) PUS)

We denote by tny(D,¢p) and t4 (D, ¢p) the corresponding opposed types. Both
Newton filtrations are Harder—Narasimhan filtrations, for the obvious rank function
on Mod7, ; and for the opposed degree functions which are respectively given by

degn (D, ¢p) & deg Fn (D, pp) and  deghy (D, ¢p) “ deg Fiy(D, ¢p).

These degree functions are Z-valued! If the residue field F is algebraically closed,
the category Modf’ s is even semi-simple, with one simple object Dj for each slope

A€ Q. If A = ¢ as above, then rank(D3) = h and degy (DS) = d = — deg’y(D3).

Since pay(¢*A{1}) = ¢71A{1} and & maps to a uniformizer in L, we have
Gr1y(Op{1}) = 771OL{1} for the O -lattice Or{1} := A{1} ® O, in the Tate
object L{1} := A{1} ® L of Mod7 ;. It follows that

degy(L{1}) = =1 and degy(L{1}) = +1.
For D in Mod7 ; and n € Z, we set D{n} := D ® L{1}*" as usual. Then
G (D{n}) = GX""(D){n}
for every v € Q, therefore
FN(D{n}) = F™(D){n} and FY(D{n}) = Fy "(D){n}.
In particular, we have the following equalities in Q% where r = dimy D:
tn(D{n}) =tn(D) — (n,...,n) and t\(D{n}) =ty (D)+ (n,...,n).

263. R=0,

The category Modp, s is now the category of Op-crystals over F, or O-lattices
in F-isocrystals over [F, whose objects are finite free Or-modules M equipped with
an isomorphism ¢y, @ "M ® L — M ® L. It is a quasi-abelian Opg-linear rigid
®-category, with an exact faithful ®-functor — ® L : Mod{,, ; — Mod ;. Since Oy,
is a discrete valuation ring, there is also a Hodge Z-filtration, defined by

Fu(M,or) € F (M, or(p*M)),

a Z-filtration on M ® IF, whose type will be denoted by t5 (M, par), so that
tu(M,on) =d (M, ou(p™M)) in ZI

where r = rank(M). As before, we have the following proposition:
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PROPOSITION 2.19. — The Hodge filtration Fy : Mod‘fgL,f — Fil% is compatible
with tensor products, duals, symmetric and exterior powers. For every exact sequence

0 — (M, 1) = (M, p2) — (M3, p3) = 0
in ModgL,f with r; = rank M; (so that ro = ry + r3), we have

ta(My, 1) * tg(Ms, p3) <tp(Ma, ) in Z2
with equality if and only if for every v € Z, the complex of F-vector spaces
0 = F(My, 1) = Fi(Ma, 2) = Fi(Ms, 3) = 0
is exact.
COROLLARY 2.20 (Mazur’s inequality). — For every X in Mod{, ; of rank r € N,
th(X®L)<tyg(X) in QL.

Proof. — We first show that Fi (X ® L) and Fg(X) have the same degree. Since
both filtrations are compatible with exterior powers, we may assume that the rank
of X = (M, ) equals 1. Then oy (¢*M) = 7=¢M for some d € Z, thus indeed
deg Fi (X ® L) = d = deg Fy(X). Returning to the general case, both polygons
thus have the same terminal points. We now follow the proof of Corollary 2.17. Let

= @, X7 be the Q-graded object of Mod‘(@bf attached to the filtration on X
induced by F§ (X ® L). Then by exactness of F§ and the previous proposition

VX ®L)=thy(X*@L) =#+ty(X"® L) and ty(X)>ty(X®) =*tu(X7).
We may thus assume that X ® L is semi-stable (i.e. isoclinic), in which case the

result is obvious since t4 (X ® L) and ty(X) have the same terminal points. O

Remark 2.21. — For another (metric) proof of a generalization of the corollary,
see [CN16, Théoreme 7] when F is algebraically closed and [Corl9, §3.2] in the
general case.

We have already defined the Tate object Or{1} = A{l} ® Oy, giving rise to
Tate twists M{n} := M ® Op{1}*" for every M € Modj, ; and n € Z, with a
bijection X +— X{n} := X @ F{n} between F-subspaces of M ® F and M{n} QF =
M @ F{n}.

PROPOSITION 2.22. — For every M € Modp, ; of rank r € N and n € Z,
Fh(M{n}) =F, " (M){n} inside M{n}®F
for every v € Z, hence
ta(M{n}) =tg(M)+ (n,...,n) in ZI.

Proof. — This is similar to Proposition 2.18. It also follows from the compatibility
of the Hodge filtration with tensor products (Proposition 2.19), along with the
formula

pruy (e OL{1}) = 7710 {1}
which shows that Fu(Or{1}) has a single jump at 1. O

TOME 2 (2019)



448 C. CORNUT & M. PECHE IRISSARRY

2.6.4. R=A(K) = Wo,(K")

Then ModF, , is the abelian ®-category of finitely generated R-modules M equipped
with an isomorphism ¢, : ¢*M — M, or equivalently, with a (-semilinear auto-

morphism ¢y, : M — M. If K is an algebraic closure of K’ with Galois group
= Gal(Fb/Kb) and R = Wo,, (fb), the formulas

—) PMRp=1

(M, o) = (T, p) = ((M@RR ,Id®p§>

—_ I
(T, p) = (M, ou) = ((T®0E R,p® pg) ,Id®gp>

yield equivalences of ®-categories between Mod‘f}’* and the category Repy, . (I') of
continuous representations p : I' — Aute, (7)) on finitely generated Og-modules

T [Fon90, 1.2.6]. Here pg : I' = Autg ,(R) is induced by the functoriality of We,,(-).

2.6.5. R = A[Z]

The category Mod? , = Mod?, ; is the rigid E-linear ®-category of finite free A[1]-
modules M with an isomorphism ¢y : *M[&'™1] — M[¢'71]. Since &' = p(€), the
Frobenius of A induces an isomorphism ¢ : Bj, — B,k of discrete valuation rings

between the completion of the local rings of A[%] at the maximal ideals A[2]¢ =
ker(f : A[L] — K) and A[Z]¢’ = p(A[L]¢), along with the induced isomorphisms
¢: K — K" and ¢ : Bgp — B} between the residue and fraction fields of Bj and

B For (M, @) in Mody, ;, the commutative diagram

M e — O (e agy ]

| |
(0" M) [€] = Mg

extends to a commutative diagram

s0®¢J/ l%@@

(¢ M) © By — M & By

Then M ® By, is a Bjz-lattice in M ® Byg and similarly for the other three vertices.
Each line of our diagram thus yields a pair of Z-filtrations on the residue (over K or
K') of its vertices, which have opposed types in ZZ where r is the rank of M, and
the two pairs match along the ¢-equivariant isomorphisms which are induced by the
vertical maps. In particular, the Hodge Z-filtrations

Fu(M, o) F (M & Bly, (07 (o) ((07)'M) ® Bz))

and  Fyu(M, o) & F <M® By . ou ((SO*M) ® B&E))
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on respectively M ® 4 K and M ®4 K’ have opposed types
ty(M,pn) and  ty(M,py) in ZE.

PROPOSITION 2.23. — The Hodge filtration Fy : Modf,  — Fil%, is compatible
with tensor products, duals, symmetric and exterior powers. For every exact sequence

0 — (My, 1) = (Ma, p2) — (M3, p3) — 0
n I\/lodgf with r; = rank M; (so that ro = 11 + r3), we have

ta(My, 1) * tg(Ms, p3) <tp(Ma,po) in Z2
with equality if and only if for every v € R, the complex of K'-vector spaces

0— }?;(Mh 901> — ‘F}YI(M% 902> — f?I(M?n @3) —0
is exact. The Hodge filtration Fj; : Mod“’ — Fil% has analogous properties.

For the Tate object A[2[{1} := A{1}[L], ty =1 = —t};, thus again:

PROPOSITION 2.24. — For every M in Mody, ; of rank r € N and n € Z,

Fh(M{n}) = Fj"(M){n} and Fy(M{n}) = F7 ™" (M){n}
for every v € Z, therefore

to (M{n}) = t4 (M) — (n,...,n) Z5.

The ®-functor Mod% , — |\/|od9" identifies the isogeny category Mod% , ® E with
a full subcategory of Mod BRI We may thus unambiguously denote by X — X®F
or X[1] the ®@-functor from Mod?, to either Mod? , ® E or Mod, ;.

PROPOSITION 2.25. — For a finite free BKF-module M of rank r € N,
tu(M @ O ) <tg(M®E) in RL.

Proof. — Using the compatibility with Tate twists (Propositions 2.18, 2.22,
and 2.24), we may assume that M C M’ = pp(0*M) in M[¢'7Y]. Then Q = M'/M
is a perfect A-module of projective dimension < 1 which is killed by a power of £,
say £"Q = 0. For 0 < i < n, let M* be the inverse image of Q° = Q[¢"] in M,
so that

M=McM'C---CcM"=M with M'/M°=Q"
We first claim that each M? is finite free over A. By descending induction on 4, it is
sufficient to establish that the following A-module has projective dimension 1:

Xt = MZ/MZ—I ~ Qz/Qz—l ~ glz—lQ[glz] C Q[é-/] C Q
We will show that it is finite free over A(1) := A/AE". Since A(1) ~ A/A¢ ~ Ok
is a valuation ring, we just have to verify that X° is finitely generated and torsion-
free over A(1). Since @ is finitely presented over A, it is finitely presented over
A(n) := AJAE™ which is a coherent ring by [BMS16, 3.24], thus Q° = Q[¢"] is
finitely presented over A(n) and A for all 7, and so is X’ ~ Q*/Q""!. On the other
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hand, Qm*>] = 0 by 2.2.1, thus also X*[m*>| = 0, which means that X" is indeed
torsion-free as an A(1)-module. We denote by z; the rank of X* over A(1).

Let S be any one of the valuations rings B}k, O% or Or. Then Tor{ (X%, S) =0
since Tor' (A(1), S) = S[¢'] = 0. We thus obtain a sequence of S-lattices

M@S=M@ScM'®SCc--cM"®@S=M®S
inside M ® Frac(S). The triangular inequality of Lemma 1.9 then yields
dMeSMeS) <Yy dM'esM®S) in R

i=1

Since M' @ S/M™1 @S ~ X'® S ~ (5/£,5)% where &4 is the image of & in S and

since also |5 = ¢! in all three cases for the normalized absolute value on S,
d(M' @S M ®S)=(1,...,1,0,...,0) in ZL CR,

with exactly z; one’s. Now observe that by definition of our various Hodge types,

ty(M®E) for S =Bk,
d(M@S,M’@S): tH(M®OL) fOI‘SIOL,
ty(M ® 0%) for S = 0.

To establish the proposition, it is now sufficient to show that for S = B/, actually

d(M®S,M®S)=

n
1=

d(Mi®S,MZ‘—1®S) in 7L
1

Being the completion of the Noetherian local ring Ay of A, S is flat over A, thus

MZ®S 13 - /Z'_M/®S I
Tias = QEles=Qa sl = 52l

which means that M'® S = (M'® S)N& (M ® S) in M @ B, If
dM@SM®S)=Mn >--->n,) in ZL,

there exists an S-basis (ey,...,e,) of M ® S such that ({5 "'ey,...,&5 "e,) is an
S-basis of M’ ® S. Then ( gmm(nl’l)el, cee ig_mm(n“l)eT) is an S-basis of M' ® S,
r; = max{j : n; > i} and indeed n; = {i : z; > j} forall j € {1,... 7} O

Remark 2.26. — With notations as above (and for a finite free BKF-module M
such that MV is effective), the proof shows that we have equality when n = 1,
ie. &Q =0, ie ty(M ®FE) = (1,...,1,0,...0) is minuscule. More generally for
Se{0,, 0}, tg(M ® E) =tg(M ® S) if Torf(S, Q/£"Q) =0 for 1 <i < nand
g e {1,2}.

Remark 2.27. — For a finite free BKF-module M € Mod} ; of rank r € N, we
thus have
1

troo(M) < tp(M®0%) <ty(M®0%) < ty (M[ﬂ']> >ty(M®0L) > thy(MeL)

ANNALES HENRI LEBESGUE



Harder—Narasimhan Filtrations for Breuil-Kisin—Fargues modules 451

by Propositions 2.8, 2.25 and Corollaries 2.17 and 2.20. In particular,
troo(M)(r) = deg,(M © O%) = deg Fr(M ® O)
1
— deg Fy (MH)
T
=deg Fy(M ® Op) = degy (M ® L)
and this a priori real number actually belongs to Z. We call it the degree of M.

3. The functors of Fargues

Suppose from now on that K = C' is algebraically closed. In this section, we will
define and study the following commutative diagram of covariant ®-functors:

HT’ Bur
HT oY

Mod? ;

Mod?, , ® E = Modifid 12- HTZar

L

MOdifX

l\/lodfl[%]

In this diagram, the first two lines are equivalences of ®-categories, the top vertical
arrows are faithful and the bottom ones fully faithful. The construction of £ which is
given below is a covariant version of the analytic construction of [Farl5]. A slightly
twisted version of it was sketched in Scholze’s course [SW17] (for stukhas with one
paw at m = A¢). Our variant is meant to match the normalized construction of HT'
in [BMS16], where the paw was twisted from m to m’ = A¢’. Following [BMS16], we
fix a compatible system of p-power roots of unity, (,r € OF for r > 1, and set

e=(1,6,(0,...) €O, p=ld-1emcC A,
£= ):1+kwkk~+kwﬁ*ech,

5’=so(é>:gpim=1+[e]+w+[e}q1 emC A,
w=~¢tmodr =1+ 4 ... 4 (/)7 e ml, C O,
wl=¢modr=1+¢e+--- 4! Emzjc(’)g.
As suggested by the notations, £ is a generator of ker(f : A — O¢). We have

i) H CALo?u)]‘

Moreover, 0(p~! (1)) = ¢, — 1 # 0, and therefore £ { o' (u) and &' 1 p.

() | ] p(p) in A thus A[ C
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3.1. Modifications of vector bundles on the curve

3.1.1. The Fargues—Fontaine curve

Let X = X¢» p be the Fargues—Fontaine curve attached to (C”, E) [FF18]. This
is an integral noetherian regular 1-dimensional scheme over E which is a complete
curve in the sense of [FF18, 5.1.3]: the degree function on divisors factors through a
degree function on the Picard group, deg : Pic(X) — N. We denote by 7 the generic
point of X and by E(X) = Ox,, the field of rational functions on X. In addition,
there is a distinguished closed point co € |X| whose completed local ring O% , is

canonically isomorphic to the ring B} of Section 2.6.5, see also 3.4.12 below.

3.1.2. Vector bundles on the curve

Let Bunyx be the E-linear ®-category of vector bundles £ on X. Since X is a
regular curve, it is a quasi-abelian category whose short exact sequences remain
exact in the larger category of all sheaves on X, and the generic fiber £ — &, yields
an exact and faithful ®-functor

()p : Bunxy — Vectgx)

which induces an isomorphism between the poset Sub(€) of strict subobjects of £
in Buny and the poset Sub(&,) of E(X)-subspaces of &,.

3.1.3. Newton slope filtrations

The usual rank and degree functions
rank : sk Buny = N and deg:sk Buny — Z

are additive on short exact sequences in Buny, and they are respectively constant
and non-decreasing on mono-epis in Buny. More precisely, if f : & — & is a mono-
epi, then rank(€;) = rank(&;) and deg(&;) < deg(&2) with equality if and only if f
is an isomorphism. These functions yield a Harder—Narasimhan filtration on Buny,
the Newton filtration Fy with slopes u = deg/rank in Q (introduced in [FF18,
5.5]). The filtration Fy(€) on € € Buny is non-canonically split. More precisely for
every pu € Q, the full subcategory of semi-stable vector bundles of slope p is abelian,
equivalent to the category of right D,-vector spaces, where D, is the semi-simple
division E-algebra whose invariant is the class of p in Q/Z. We denote by Ox () its
unique simple object [FF18, 5.6.22]. Then for every vector bundle £ on X, there is
unique sequence fi = -+ > s in Q for which there is a (non-unique) isomorphism
P;_, Ox (i) ~ &, and any such isomorphism maps @;.,,>, Ox (1) to F (&) for
every v € Q (see [FF18, Chapter 8|, particularly its main theorem [FF18, 8.2.10]).
We denote by tx(€) € QL the type of Fn(E), where r = rank(€).

PROPOSITION 3.1. — The Newton filtration is compatible with tensor products,
duals, symmetric and exterior powers in Buny. For any exact sequence in Buny,

0—=& —=>&E =& —0
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set r; = rank &; and view ty(&;) as a concave function f; : [0,r;] — R. Then

fi(s) ifo<s<r
Ji(r) + fa(s —r1) ifry \S<7“2

with equality for s = 0 and s = ry. In particular,

N (E1) < EN(E) < max {ty™(&1),tN ()},
EN"(E3) = tAM(E2) = min {EF™ (&), th"(Es)}
and  ty(&) <ty(&) *tn(E5) in Q.
Moreover, tn (&) = tn(E1) * tn(Es) if and only if for every v € Q,

0 — FL(&) = FL(&) — Fh(&) =0

frx f3(s) = fa(s) 2 {

is exact.

Proof. — The compatibility of Fy with ®-products and duals comes from [FF18,
5.6.23]. Since Buny is an E-linear category, the compatibility of Fy with symmetric
and exterior powers follows from its additivity and compatibility with ®-products.
For the remaining assertions, see [Corl8, Proposition 21| or [And09, 4.4.4]. O

3.1.4. Modifications of vector bundles

We denote by Modif x the category of triples
E=(&,8,f)
where & and &, are vector bundles on X while f is an isomorphism
[ &lx\(soy = E2lx\(s0)-

A morphism F' : £ — £’ is a pair of morphisms F; : & — & with Fyo f = f’oFy. This
defines a quasi-abelian F-linear rigid ®-category with a Tate twist. The kernels and
cokernels are induced by those of Buny. The neutral object is the trivial modification
Ox = (0Ox,0x,1d), the tensor product and duals are given by

ERE (610,608 ff) and £ < (6,6, 7).
The Tate twist is £{i} := & ® Ox{i} where Oy {i} := O {1}*" with
0 {1} ¥ (Ox @ E(1),0x(1) ®p E(1),can ® 1d) .

Here E(1) := E ®g, Zy(1) with Z,(1) := lim - (C) and can : Ox < Ox(1) is the
canonical morphism, dual to the embedding Z(co) < Ox. There are also symmetric
and exterior powers, given by the following formulae: for every k > 0,

Sym*(€) = (Sym" €1, Sym"* &, Sym* ),
AF(E) & (AFEy, AFE, AP ).
The generic fiber £ — & ,, yields an exact faithful ®-functor
(* )1 : Modif x — Vectpg(x)
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which induces an isomorphism between the poset Sub(€) of strict subobjects of £ in
Modif x and the poset Sub(&; ,)) of E(X)-subspaces of £; ;. We say that a modification
E = (&1,&, f) iseffective if f extends to a (necessarily unique) morphism f : & — &,
which is then a mono-epi in Buny. For every £ in Modif x,

E{i} is effective for i > 0.

3.1.5. Hodge and Newton filtrations

For € = (&1, &, f) as above, we denote by

far : EFplE™ - SJdR[éil]

the Byp-isomorphism induced by f, where £ = &/, is the completed local stalk at
oo. For i € {1,2}, the Hodge filtration FH,Z(Q) is the Z-filtration induced by &, ;»
on the residue & (00) = &yp/EE r of &. Thus for every v € Z,

(&5 ar) N Ear + 8 un (7€ ar) N Ean + EE5, AR
3 £ 52 AR
These are filtrations with opposed types ty;(£) € Z%, where
r = rank(&£) = rank(&;) = rank(&,).
We denote by Fi;(£) the Newton filtration on & with type ty;(€) € QL. Thus

def de def de
‘/—.Zf,l ) "T_’}YI,Q

tna(EY) =tn1 (€)' tng (E{i}) =tna (E)

tna (EY) =tna (E)' i tna (E{i}) = tn2 (E) + (i, ..., 1)
t1 (EY) =t () tma (E{1}) = tm1 (E) + (i, 4)
tua (EY) =tha (£)' tma (E{i}) =tz (E) — (i,... 1)

The filtrations Fy; and Fp,; are compatible with tensor products, duals, symmetric
and exterior powers. In particular for every 0 < k < r,

LT (ARE) = tua(E)(k) and (T (AME) = twi(E)(K)

viewing the right hand side terms as functions on [0,7]. Also, £ is effective if and
only if the slopes of Fp 1 (resp. Fu2) are non-negative (resp. non-positive), in which
case ty1(€) is the type t(Q) of the torsion Ox-module Q = &,/ f(&;) supported at
oo, which means that if ¢y, = (n; > --- > n,) € N, then

E/f(&1) = Oxpo/MPL @ -+ ® Ox oo /mly =~ Bip/E" B @ - -+ ® B /" Bip.
ProroOSITION 3.2. — For every modification £ on X of rank r € N,
tn2(E) <tni(E) +tua(E) in QL.

Proof. — Using a Tate twist, we may assume that £ is effective. The left and
right-hand side concave polygons then already have the same terminal point, since
deg(&;) = deg(&r) + deg(Q) where Q = &/ f(&1). By the formula for the exterior
powers, it is then sufficient to establish that

B (E) < GH(E) +7(Q)
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Let & = (&],&)}, f') where &} is the first (smallest) step of Fn (&), & = fH(&)
and f' = f|€]. Set Q" = &L/ f(&]). Then & is semi-stable of slope p = t**(&,) and
deg &) = deg & + deg @', thus tn (&) < ty(E]) +t(Q') by concavity of the sum and
equality of the terminal points. Considering the first (largest) slopes, we find that
p < t(E]) + tm(Q'). But £ C & and Q' C Q, thus

(N (ED) < (E) and #(Q) < £7(Q),
This yields the desired inequality. 0

3.1.6. Admissible modifications

Let Modif% be the full subcategory of Modif x whose objects are the modifications
E = (&1,&,, f) such that & is semi-stable of slope 0, i.e. ty1(E) = ty(E1) = 0. This
is a quasi-abelian F-linear rigid ®-category with Tate twists. The kernels, cokernels,

duals, ®-products, Tate twist, symmetric and exterior powers are induced by those
of Modifx. On Modif‘}(d, we set

FnE Froy Fu = Fup, tn Etns and ty Sty
ProroOSITION 3.3. — For every admissible modification £ of rank r € N,
ty(€) <tp(E) in QL.
Proof. — This is the special case of Proposition 3.2 where ty;(€) = 0. O

The restriction of the generic fiber functor (- );, : Modifx — Vectg(x) to the full
subcategory Modif% of Modx descends to an exact E-linear faithful ®-functor

w: Modifl — Vecty,  w(&) =T(X,&)

inducing an isomorphism between the poset Sub®(€) C Sub(€) of strict subobjects
of £ in Modif% and the poset Sub(w(£)) C Sub(&;,,) of E-subspaces of w(&).

3.1.7. The Fargues filtration

The rank and degree functions
rank : sk Modifiy = N and deg : sk Modif¥ — Z

which are respectively defined by
rank (&) o rank(&;) = rank(&) = dimg w(€)
deg(€) < deg & = deg Fn(£) = deg Fu(E)

are additive on short exact sequences in l\/lodiff)”fl, and they are respectively constant
and non-decreasing on mono-epis in Modif%. More precisely if F' = (Fy, F3) is a mono-
epi F: € — &', then F) : £ — & is an isomorphism and Fy : & — &} is a mono-epi
in Buny, thus deg(€) = deg(&;) < deg(&}) = deg(E’) with equality if and only if F
is an isomorphism in Buny, which amounts to F' = (F}, F,) being an isomorphism
in Modif$!. These rank and degree functions thus induce a Harder-Narasimhan
filtration on I\/lodifg(d, the Fargues filtration Fr with slopes p = deg / rank in Q, and
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the full subcategory of Modifgg of semi-stable objects of slope p is abelian. We denote
by tr(E) the type of Fr(E).

PropPOSITION 3.4. — Let 0 — &, — &€, — €3 — 0 be an exact sequence in
Modifs?, set r; = rank &; and view tz(M;) as a concave function f; : [0,r] — R.
Then

fux fals) > fals) > {fl” rosssn
filr) + fa(s —m) ifri <s <y
with equality for s = 0 and s = ry. In particular,
g (E1) <R (E2) < max {tp™(E1), 5™ (E3)}
EN(E) > 7 (E2) > min {17(E)), 417 (E5))
and tp(&y) <tp(€)) *tp(€3) in Q2.
Moreover, tp(E5) = tp(E,) *x trp(E3) if and only if for every v € Q,
0= Fp(&1) = Fp(€s) — Fp(€s) = 0
1s exact.
Proof. — Again, see [Corl8, Proposition 21] or [And09, 4.4.4]. O
PROPOSITION 3.5. — For every admissible modification £ of rank r € N,

te(€) <tn(€) in QL.
Proof. — The breaks of the concave polygon ¢x(€) have coordinates
(rank, deg) (FE(E)2) € {0,..., 7} X Z

for v € Q, where FJ.(€), is a strict subobject of & in Buny, equal to & for v < 0.
Thus by definition of Fy (&), we find that tp(E) lies below ¢x (&) = ty(E) and both

polygons have the same terminal points, which proves the proposition. 0

3.1.8.

Let € = (&1, &, ) be an admissible modification and set V = I'(X, &), so that
Eip = Vi) and & (o0) = Vo. We view Fy = Fg(€) as an element of F(V¢),
Fr = o, (Fn(E)y) as an element of F(Vgx)) and Fj = I'(X, Fp(€)1) as an
element of F(V). For every F € F(Vp(x)), define

(&1, F) = def Z vdeg Grk (&) and (&, F) = dof Z v deg Grk (&) .
yER YER

Here Grk(&;) := F>V(&)/F>7 (&) where FZ7(&;) and F~7(E;) are the strict subob-
jects of & with generic fiber 727 and F~7 in Vg(x) = &1, if i = 1, or oy (F>7) and
a,(F77) in &, if i = 2. Thus whenever {vy, > --- > 70} C R contains

Jump(F) € {y e R: Gr} £ 0},
we have for any i € {1,2} the following equality:

(&, F) = o deg(& Z —vj-1) deg F7 (&)
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Since & is semi-stable of slope 0, (€1, F) < 0 with equality if and only if each F7 (&)
is of degree 0. We thus obtain: for every F € F(Vg(x)),

<51,f> >0 — <81,.F> =0,
< Vv eR, F'(&) is semi-stable of slope 0,
<~ FeF(V).

ProrosiTION 3.6. — With notations as above, the following conditions are equiv-
alent:

Fp=Fy <= FyeF({),
— (&, Fy) =0,
— <517f]>:7> = 07
< Vv eR, (Fy) (&) is semi-stable of slope 0.
If € = (&, &, ) is effective, (Fx)7(&1) = a Y (F(E,)) thus also
Frp=Fn <= VyER, a(F(&)) is semi-stable of slope 0.

Proof. — By [Cor18, Proposition 6:

(1) Fy is the unique element F of F(Vg(x)) such that (&, G) < (F,G) for every
G € F(Vg(x)) with equality for G = F, and;
(2) Fj is the unique element f of F(V) such that (£,9) < (f,g) for every
g € F(V) with equality for g = f.
Thus Fj. = Fy < Fx € F(V) and the proposition follows. O

3.2. Hodge—Tate modules
3.2.1.

Let HTg‘iR be the category of pairs (V,Z) where V is a finite F-vector space and
E is a Bjp-lattice in Vjp = V ®g Bgr. A morphism F : (V,Z) — (V/,Z/) is an
E-linear morphism f : V' — V' whose Bjg-linear extension fyr : Vyr — Vjp satisfies
far(Z) C Z'. The kernel and cokernel of F' are given by

ker(F) = (ker(f),ker(fsr) NE) and coker(F) = (V'/im(f),Z /im(fsr) NZ).
This defines a quasi-abelian rigid E-linear ®-category with tensor product
(Vi,E1) ® (Va, Bo) & (Vi @5 V5, 5 ®pt F2),
neutral object (E, Bjp) and duals, symmetric and exterior powers given by
(V,2)Y € (v, 2Y), Sym"(V,2) € (Sym" V,Sym* 2), AR(V,2) & (MY, ARE)

where the tensor product constructions are over E or Bjp.
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3.2.2.

There is an (exact) ®-equivalence of ®-categories [Farl5, 4.2.3]
HT : Modify! — HTZ™,  HT(E,&, f) € (DX, &), fun (E5un)) -

with inverse (V,E) — (&1, &, f) where (&, f) is the modification of & =V @ Ox
at co € X corresponding to the (0% = Bjp)-lattice Z of &) [¢7'] = V ®p Bar
under the Beauville-Laszlo correspondence of [FF18, 5.3.1] (see also Section 4.1 of
Colmez’s preface to [FF18]). Under this equivalence of categories, the Hodge filtration
Fu(V,Z) is the Z-filtration which is induced by = on the residue Vo =V ®p C of
the standard lattice V}, = V @p B, of Vyg: for every v € Z,

EVik EVa
We denote by tg(V,Z) the type of Fy(V,=Z). The rank and degree functions
rank : sk HT2® - N and  deg: sk HTE" — 7Z

are respectively given by

Fu(V,5)

rank(V, ) = dimp(V) = rank,, (2),

deg(V,E) & v(V;h, 2) = deg Fu (V, E).
We denote by Fr(V,Z) the corresponding Fargues Q-filtration, with type tg(V,Z)
in QL if r = dimg V. The Tate object is HT(Ox{1}) = (E(l),f_lE(l):{R).

PROPOSITION 3.7. — Let f : (V1,Z1) — (Va,Z3) be a mono-epi in HT 5% so that
f Vi = Vy is an isomorphism and fqr : =1 — Z9 is injective with cokernel () of
finite length. If r = dimg V; = dimg V3, then for every s € [0, 7],

0 < tp(Va, Z2)(s) — tr(V1, E1)(s) < lengthyy (Q).
with equality on the left (resp. right) for s = 0 (resp. s = r). In particular,

£ (Va, Zp) — t3™(V1, 54)
0< { t%ina/?’ EQ) _ tr}rﬁlin(‘/l? El) < 1el’lgthB;R(Q)_

Proof. — This is analogous to Proposition 2.3. 0

3.2.3.

There is also an exact and fully faithful ®-functor from the category HT%‘R to the
quasi-abelian ®@-category denoted by Normp®® in [Corl8, §5.2], which maps (V,Z)
to (V,az) where az : Vi — R, is the gauge norm of the Bjjp-lattice = C Vyx. This
functor is plainly compatible with the rank and degree functions of both categories
(for the appropriate normalization of the valuation on Byg), and its essential image is
stable under strict subobjects. It is therefore also compatible with the corresponding
Harder-Narasimhan filtrations. Since the Harder-Narasimhan filtration on Norm®7?%
is compatible with tensor products, duals, symmetric and exterior powers by [Corl8,
Proposition 28], we obtain the following proposition:
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PROPOSITION 3.8. — The Fargues filtrations Fp on HT2* and Modif% are com-
patible with tensor products, duals, symmetric and exterior powers.

3.2.4.

Fix an admissible modification £ of rank r and set HT(E) = (V,Z). Then
Fu =Fu(&) =Fu(V.E)

is the Z-filtration on Vo = &£ (00) which is denoted by loc(az) in [Corl8, 6.4], where
az is the gauge norm of the Bjg-lattice = C Vyg. For any F € F(Vi(x)), we set

def

<§7~F> = <527F>_<81v~7>'
Thus if Jump(F) C {75 > -+ > 7} C R for some s € N, then

(€, F) = o deg(E) + D (vi — 7i-1) (deg (&) — deg F(&1)) -
i=1
Suppose first that £ = (&1, &y, f) is effective. Then F7(&;) = f~1(F7(&)) and
(€, F) =0deg(Q) + D _(7i — vi-1) (deg F*(Q))
i=1

= > ydeg Grx(Q)

vER

where F7(Q) is the image of F7(&;) in the torsion sheaf @ = &/ f(&1) on X and
Grk(Q) = F77(Q)/F>7(Q). These are skyscraper sheaves supported at 0o, with

[(X,0)=Z/Vjz and T(X,F(Q)) =ENFir/Vir N Fig
where Fyr € F(Vyg) is the base change of F through E(X) < Bgg. Therefore
(E,F)y=> (Gr}_—dR Vi Gy, E) = <o—oz_5>,]:dR>

where o is the gauge norm of V,, C V;r and the right-hand side term is the Busemann
scalar product, see [Cor, 6.4.15]. This formula still holds true for a non-necessarily
effective admissible modification £, since indeed for every ¢ € 7Z,

(E{i}, F) =(E, F)+idegF and <oa545,]—"d3> = <554_5>,de> + i deg(Fyr).
Returning thus to the general case, we now obtain:
(&, F) = (502, Far) < (loc(az),loc(Far)) = (Fu, Fo) < (tu, t(F)) .

Here ty = t(Fp) is the Hodge type of £ and F¢ = loc(Fyg) is the R-filtration on
Vo = Vi /EV 5 which is induced by the R-filtration Fyg on Vg, so that

t(Fc) = t(Far) = t(F)

in RY. The last pairing is the standard scalar product on R C R", and the two
inequalities come from [Cor, 4.2 & 5.5]. For F = Ff = FX(E), we obtain

TOME 2 (2019)



460 C. CORNUT & M. PECHE IRISSARRY

where ¢ty = t(Fy) is the Newton type of £. Now we have already seen that
(E,Fx) = (&2, Fx) — (&0, Fi) = It — (&1, Fy)
with (&, F%) < 0, and we thus obtain the following inequalities:
len]l* = (tata) < (€1, Fr) <0.
PROPOSITION 3.9. — With notations as above, ||tx||* < (ty,ty) and
tn]® = (ta, tn) = (E1, Fn) =0 <= Fy = Fr.

Proof. — This now follows from Proposition 3.6. 0]

3.2.5.

Let HTngR be the category of pairs (T, =) where T is a finite free Og-module and =
is a Bjjp-lattice in Vyr = T ®0, Bar = V ®g Bar, where V =T ®¢,, E. A morphism
F:(T\2) - (T",2)) in HTgiJR is an Opg-linear morphism f : 7" — 7" whose Bgg-
linear extension fqr : Vur — Vi satisfies fqr(Z) C Z'. Any such morphism has a
kernel and a cokernel, which are respectively given by

(ker(f), ker(far) NZ)  and  (T'/£(T)*",Z'/ fan(Var) N =)

where f(T)%*/f(T) is the torsion submodule of 7"/ f(T'). This defines a quasi-abelian
rigid Og-linear ®-category with tensor product

(T1,21) @ (T3, =) dof (11 ®op, T, =1 ®BIR =),
neutral object (O, Bjr) and duals, symmetric and exterior powers given by
(T,2) € (TV,2Y), Sym"(T,2) ¥ (Sym* T,Sym* =), AMT,2) & (AFT, AFE)
where the tensor product constructions are over O or Bj. There is also a Tate

twist in HT24% | corresponding to the Tate object (Og(1), £ E(1)1,).
Or dR

3.2.6.

The exact and faithful ®-functor
HTZ" — HTE®  (T,E) — (V,E) with V =T®0, E
induces a ®-equivalence of ®-categories

HTZ" ® E — HT "
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3.3. The Bhatt—Morrow—Scholze functor
3.3.1.

Let (M, ) be a finite free BKF-module over A. Then M ® 4 A(C') is a finite free
étale p-module over A(C') = Wp,(C”), thus by 2.6.4,

Tz e M AC) : dusac) (@) =z}
is finite free over Op and T'— M ® A(C') extends to a ¢-equivariant isomorphism
T ®o, A(C) — M @4 A(C).
By [BMS16, 4.26], the latter descends to the subring A[>] C A(C), giving an iso-

1
) H
morphism

1] ~ 1
mﬁT®%A[]—+M[].
7 7
Note that since = [¢] — 1 has residue € — 1 # 0 in C°, it is indeed invertible in
A(C) = Wo,, (C*). Tensoring with A[i] — Bggr, we obtain an isomorphism
Nuar : T ®oy, Bar — M ®4 Bag.
This yields a Hodge-Tate module (7, =) over O, with
— def _
== 77M1,dR<M ®a Big)-
We have thus defined an Og-linear ®-functor
HT': Mod% ; — HTG™, M~ (T,Z).
With V =T ®e, E as usual, we also denote by
HT': Mod? ; ® E — HTZ®, M ®E + (V,E)

the induced FE-linear ®-functor.

3.3.2. Compatibility with Hodge filtrations

Since & = % is already invertible in A[ﬁ], there is a commutative diagram

whose first square is made of isomorphisms,

T @0y AlL] 2> M[L]—— M ® A(C)

Id®yp QO*M[i] PMeA(C)
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This first square induces yet another commutative diagram of isomorphisms

NM,dR

T ®0, Bir —— M ®4 Bar

l@@@

Id®p QO*M ®A Bc,lR

YM
/

with notations as in 2.6.5. Restricting to lattices, we obtain the following commutative
diagrams of isomorphisms (for the second diagram, note that pu € (Bjjg)*):

= M ®4 B V ®p Bjgr — nuar(V ®5 Bip)
lcp@w lw@w
1o "M @4 Bk and  1dop ot (M ®4 Bi)
\L‘PJVI l%ﬂlw
(Id ® ¢)(Z) = pu(p*M @4 Byp) V @p By — M @4 By
It follows that our various Hodge Z-filtrations
Fu(M®E) on M ®4C’, Fu(V,Z)=F(V ® Bz, =) on V&g,
FuMoE) on Mo,C, ™ Fy(V,2) = FEV @Bl on Sa, C

are related as follows:
Fu(M @ E) =1y c(Fu(V,E) ®c, C') on M @4,
Fu(M @ E) =nue (Fg(V,2)) on M ®yC
where ¢ : C'— (' is the residue of ¢ : Bj, — Bl and the isomorphisms
e E®Bd+R C = M®4C and 77?\/1,0 T ®0, C'— M@, C
are respectively induced by
Mar i — M ®4 Bjp and 1y 45 T ®o, Bi — M ®a Bl
3.3.3. Compatibility with Tate objects
The Tate object of Modf ; is given by

A{1} = (;A © Op(l), o ® Id) |
Thus since p is invertible in A(C),
A{1HC) = (A(C)® Og(1),p®1d) .
Since Op = A(C)?~4 and t5(A{1}) = 1, it follows that
HT' (A{1}) = (Op(1). £ E(1)R)
is the Tate object of HTngR.
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3.3.4. Fargues’s theorem

The following theorem was conjectured by Fargues in [Farl5].
THEOREM 3.10 (Fargues, Scholze). — The ®-functors
HT': Mod% ; — HTG" and HT':Mod% ; ® E — HTZ"
are equivalences of ®-categories.

The full faithfulness is established in [BMS16, 4.29]. A proof of the essential
surjectivity is sketched in Scholze’s Berkeley lectures [SW17], where it is mostly
attributed to Fargues. An expanded and referenced version of this sketch is given in
Section 3.4 below.

COROLLARY 3.11. — The categories Modf, ; and Mod, ; ® E are quasi-abelian.

In particular, any morphism in these categories has a kernel and a cokernel. But
we have no explicit and manageable formulas for them. Note also that we have two
structures of exact category on Mod% ; and Mod¥ ;® E': the canonical structure which
any quasi-abelian category has, and the naive structure inherited from the abelian
category Mod%. A three term complex which is naively exact is also canonically
exact, but the converse is not true. We will investigate this in Section 3.5.

Remark 3.12. — We have defined in 2.5.3 a strictly full subcategory Mod%’; of
Modf , as those finite free BKF-modules M such that the Fargues filtrations on the
M,,’s induces a well-behaved Fargues filtration on M. We do not know how to describe
its essential image in HTngR. We will later define a strictly full subcategory Modifg(d’*
of Modifgg, corresponding to the admissible modifications (&1, &, f¢) whose Fargues
filtration induces a well-behaved (=split) filtration on &. We hope that Fargues’s
functor restricts to an equivalence of ®@-categories £ : Mod%"; ® E — Modif%"*. This
would imply that for any M & Modfl’;, &£ maps the Fargues filtration of M to the
Fargues filtration of £(M), and thus also tp (M) = tp(E(M)) (see Proposition 3.18).

3.4. The analytic construction
3.4.1.
In a category C with duals and effective objects, let us say that an object X is anti-

effective if its dual XV is effective. We denote by C> and CS the full subcategories
of effective and anti-effective objects in C.

3.4.2.

We equip A with its (7, [@])-topology. Following [SW17, 12.2], we give names to
four special points of Spa(A) = Spa(A, A), labeled by their residue fields: yr, yes, yr
and yc, corresponding respectively to the trivial valuation on the residue field F of
A and to the fixed valuations on the A-algebras C”, L and C. Then yg is the unique
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non-analytic point of Spa(A) and the complement % = Spa(A) \ {yr} is equipped
with a continuous surjective map k : % — [—o0, +00| defined by

K(y) & log, (Ww]@)\)

log |7 ()]

where ¥ is the maximal generalization of y, see [SW17, 12.2]. We have

Alyer) = —o0.  Klye) =0,  Klys) = +oc.

The Frobenius ¢ of A induces an automorphism Spa(p) of Spa(A) and ¢, which we
still denote by ¢. It fixes yr, yc» and yr, but not yo. We set y; = ¢'(yc) for every
i € Z, so that x(y;) = ¢ since more generally x(p(y)) = ¢(k(y)) for every y € ¥/,
where the automorphism ¢ of [—oo, +00] maps x to z + 1 (and fixes +00). Thus
Yo = Yo while y_; corresponds to A — O¢» — C’. For any interval I C [—o0, +00],
we denote by %7 the interior of the pre-image of I under x. We set

-+ def %*OO;FOO}’ 8 & @[*OOA’OO[ and %° def YNy~ = g]fooﬂroo['

3.4.3.

By [SW17, 13.1.1], ¢ is an honest (or sheafy) adic space. This means that the
presheaf 0 of analytic functions on % is a sheaf on 2. Thus there is a well-defined
®-category Bung, of vector bundles on %;. A p-equivariant bundle on %} is a pair
(&, pes) where & is a vector bundle on %} and ¢g : 90*5|%71<1>m = Ely i gy, 18
an isomorphism. This defines a ®-category Buny, . By [Ked16a], the adic subspace
e of ¥ is strongly Noetherian. Thus for any interval I C ]—o0, +o0], there is also
a well-behaved abelian category Cohg, of coherent sheaves on #7. A modification
of vector bundles on %7 is a monomorphism f : & < & of vector bundles on %;
whose cokernel is a coherent sheaf supported at {y; : ¢ € Z} N %;. Similarly, there is
a notion of p-equivariant modification of p-equivariant vector bundles on ;.

3.4.4.

By [Ked16b, 3.9], the global section functor yields an equivalence of ®-categories
I'(#,—) : Bung — Mody s with inverse M +— M ®4 Oy». In particular, every vector
bundle & over % is actually finite and free. Let Modif}, be the ®-category of pairs
(&,1¢) where & is a vector bundle on % and ¢g : & — ¢*& is a modification
supported at {y_1}, i.e. ¢¢ is an isomorphism over 2 \ {y_;}. Then plainly

Mod?

/A

Modif},
(M, pp) ——— (gp&l M — go*M) Rup Oy
(F(g7@@)’r<@7w(§)il> I (Cgudjop)

are mutually inverse equivalences of ®-categories.
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3.4.5.

Let Modifg%ﬂ,+ be the ®-category of triples (6,&T, f¢) where &~ and &7 are
p-equivariant bundles over respectively %~ and #* while fg: & g0 — E1|g0 is a
p-equivariant modification between their restriction to #° = #Z+ N % ~. We claim
that there are mutually inverse equivalences of ®-categories

Modif’, <— Modif,~ .

(571/}5’) = (éa_vé“—?féa)

Starting on the left hand side, set & (i) = (¢')*& and define 6; : &(i) — &(i + 1) by
0; = (p")*(0y) for i € Z with 0y = e : £(0) — &(1). Note that 0y is a modification
supported at {y_1}, thus 6; is a modification supported at {y_;_} for all i € Z. As
in [Farl5, §4.4], the following commutative diagram of vector bundles on %

01 b 0, 0 05
= 8 (=2) —= 0 E(—1) —= ¢ E(0) —= p*E(1) —= P E(2) —= -

N

0 2 0 1 090 091 £(2)

= E(-2) ——=&(-1) ——=&(0) ——=&(1) b

defines two p-equivariant sheaves on %', namely

£(—00) = limyzé (—i) = Nizoé'(—i)

& (+00) = 1imizo8 (+i) = Upzo8 (+i)
whose inverse Frobenius mappings
Pit o) P E(—00) = " E(—00) and g, E(+00) = ¢*E(+00)
are induced by the vertical maps of the above diagram. Moreover,
E(—o00) = &) and E(i) — E(+0)
are respectively isomorphisms outside {y; : j > —i} and {y; : j < —i}, thus
& Y E(—0)ly- and &Y &(+0)

are p-equivariant vector bundles over respectively '~ and #*, and

o+

(e = 6 1we = E¥ae) & (E(~00)lae = E(0)]we — E(+00)]a)
is a p-equivariant modification as desired.

Conversely, starting from (67, &%, f¢) on the right hand side, we define a vector
bundle & on # by gluing & _’gy[iooyo[ and & +|g]711 o &long the isomorphism induced
by the restriction of fe to #_;o. Thus & |zo is the subsheaf of &*|y. made of
those sections whose restriction to #{_, o; belong to the image of fs. Since f¢ is a
p-equivariant modification, it follows that there is a commutative diagram

éai goc—>6g7+

@o%g

g/o
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We extend 1g to % by setting e := gp; on &_so—1| and g = gogi on #_y 4o
Therefore g : & — ©*& is an isomorphism away from £~ '(—=1) N {y;} = {y_1},
i.e. Y is indeed a modification supported at y_;.

One checks easily that these constructions yield mutually inverse ®-functors.

3.4.6.

Starting with Modi[l] p» We may analogously define ®-functors

<
MOdA[l]

; — Modif}, . <— Modif$Z

o+
<N7 QON) — (®@7¢£) S (g_aéa+7fcf)

with the obvious definitions for the ®-categories Modif},, and Modifgf?ﬁ, where

(&,15) = (N, o3") a1y O+

and &~ € Bunj., & € Bunj,.. While Modif},; « Modif};?ger are still mutu-

ally inverse equivalences of ®-categories, it is not clear that the first functor is an
equivalence. Indeed, the functor Mod AjL),s — Bung+ is already not full.

3.4.7.

As in [SW17, 12.3.4] and [KL15, 8.5.3|, there are equivalences of ®-categories

Bunj,_ — Bun;,i:,t — Bunﬁ(c) — Bung,,
— > | AN A \pe=1
& gycb ' gycb ’ (gycb)

where 2™ = lim,, o I'(#_s,), Ox) is the local ring of &% at ye»; this is the
integral Robba ring, a Henselian discrete valuation ring with uniformizer 7, residue
field C* and completion A(C) = Wo,(C®) [FF18, 1.8.2]. The objects of the middle
two categories are the finite free étale p-modules (N, ¢ ) over the indicated local
rings, and the functor between them is the base change map (or m-adic completion)
with respect to 2™ — A(C'). We have already encountered the last functor in 2.6.4:
it maps (N, py) to T = N?V=1 The inverse ®-functor maps the finite free Op-
module 7" to the “constant” p-bundle (£, ps-) = (T ®o, Oz-,1d ® @) over ¥~
In particular, every p-bundle over %~ is actually finite free.

3.4.8.

There is also a commutative diagram of ®-categories [FF18, §11.4]

(g e A
1 , - -
Bun®,.. < Bun,’, Buny. —— " Buny
,+ - *
™
@B -MW{ Lr(@t-) -M@OT lm%) (»an‘ l(»‘”g
V P
-®B / -®B &
Bunf <—————Bunj, —————— Buny ——————Buny
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in which all solid arrows are equivalences of ®-categories. In the first line,
int def 4.
'%+ - TEE_HOO F(@[T,-FOOM ﬁ@)
is the analog of the integral Robba ring Z™™ with y» replaced by vy, and
7
is the adic version of the Fargues—Fontaine curve X, a strongly noetherian analytic
space. There is a morphism of locally ringed space 2~ — X which induces pull-back
®-functors (-)* : Cohx — Cohy and (-)*" : Buny — Bungy. The equivalence of
®-categories Bunf,. <> Buny maps a vector bundle on 2" to its pull-back through
the ¢-invariant morphism 7 : #° — 2, and maps a p-bundle & on #° to the
sheaf & /ps of pg-invariant sections of m.&. We denote by & +— &(d) the Tate

twists on Bungy and Bunj,. corresponding to the Tate objects Oy (1) = Ox(1)*
and Oyo(1) = 09 (1). In the second line, the A[-]-algebras

1
B+~ B"—»B
are defined in [FF18, 1.10]. They are related to the adic space % by
BT =T(#*,0y) and B=T(%° 0y).

Moreover, B is a local domain with residue field L which is also a quotient of Z'*.
The Fargues-Fontaine curve X equals Proj(P) where P := @45 Py with

Py Y T(X,0x(d) =T(Z, 0y (d)) = B~ = (B*)#=""

The ®-functor £ : Bun — Buny maps a finite projective étale p-module (N, px) to
the quasi-coherent sheaf on X associated with the graded P-module @,-¢ NV =,
The ®-functor ()% : Buny — Buny maps an adic vector bundle & on 2" to the
quasi-coherent sheaf on X associated with the graded P-module @4, I'(2Z", £(d)).
In the second column of our diagram, the primes refer to the full ®-subcategories of
finite free objects in the relevant ®-categories of p-bundles. Thus plainly,

D@+, ). Bun"JJr +— Bunf 1 (- ® Oy+)
are mutually inverse equivalences of ®-categories. The ®-functor

/7
(*)y, : Buny’ — Bunf;-rt

maps a p-bundle (&, ¢s) on Z* to the p-bundle (&, s, ) over Z" defined by

def ;. . def ;.
gyL = lim F(g/[rﬂroo]»éa) with Pey, = Lim (’05|@["+°°]

r——+00 r—-+00

and the ®-functors labelled — ® B or — ® B are induced by tensorisation with the
relevant p—equivariant morphisms of B <= BT — %™ — B. The ®-functors

%) 1.7 1, 1.9 3.1 © 2.2 %)
Bunz <— Bunp, — Buny — Buny and Bunj. = Bung

are equivalence of ®-categories by the indicated references in [FF18, §11], and so
are therefore also all of the above solid arrow functors. In particular, every ¢-bundle
on %/° is finite free and extends uniquely to a finite free ¢-bundle on #'*.
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3.4.9.

This is in sharp contrast with what happens at yq»: not every ¢-bundle on %°
extends to %, and those who do have many extensions. This is related to semi-
stability as follows. Let (-)* : Bunj. — Bunj’ be a chosen ®-inverse of the
restriction ®-functor Bunj?, — Bun%.. We then have three ®-functors

Bun%,_  givenby  lim T'(% ), ) =T(#°,) 05 %

e

Bunj. — Bunyx  given by (/o) = € o T(D°,-)

PN

Bunj?, — Buny  given by (), Rgpine L = L@, ()7 ®p+ L

where Z_ = limy oo I'(#-oc ), O ) is the Robba ring; this is a Bézout ring
by [FF18, 3.5.8] or [Ked05, 2.9.6]. The first ®-functor is an equivalence of cate-
gories by [FF18, 11.2.22], and we have already seen that so is the second. The third
one is not: Bun? is abelian semi-simple while Bunx (along with Buny,. and Bunf, )
is only quasi-abelian, and not at all semi-simple. The three target categories are
quasi-abelian ®-categories, with a Harder—Narasimhan formalism compatible with
®-products: this is due respectively to Kedlaya [Ked05], Fargues and Fontaine [FF18]
(see 3.1.3), and to the Dieudonné-Manin classification of isocrystals, which actually
gives rise to a pair of opposed Newton slope filtrations Fy and F4 (see 2.6.2). These
formalisms are compatible, provided that we pick the opposed Newton filtration Fj,
on Bun?.

The compatibility of the slope filtrations along Buny ~ Bunf,. ~ Bun?, is build
up in the proof of [FF18, 11.2.22]. Their compatibility along Buny ~ Bun,. — Bun}
can be seen as follows. Starting with a p-bundle (&, pg) on #°, set

(M, ou) =T (7, (8,00)").

This is a finite free étale p-module over Bt and (N, pn) = (M, py) ®p+ L is the
image of (&, p¢) in Bun?. Fix a section s : F < O of the quotient map Og» — F.
This gives rise to sections of A — Oy and A[L] — BT — %™ — B — L, which we
still denote by s. Then (M, ¢y,) is non-canonically isomorphic to (N, ¢n) @1 s Bt
by [FF18, §11.1], thus (& /ps)® ~ E((M, pa) @+ B) is non-canonically isomorphic
to E°(N, pn) == E((N, pn)®L s B). Our claim now follows from [FF18, §8.2.4], where
this ®-functor £° : Bun? — Buny is denoted by £.
Now by Kedlaya’s theory, we have equivalences of ®-categories

— Q%

Vectp Bun%’

B u nfg;int ® E

where Bunf%’? is the full ®-subcategory of slope 0 semi-stable objects in Bun?, . The
composite ®@-functor Vecty — Bun%’ maps V to (V @p Z_,1d ® @) with inverse
(N, ¢n) — N¢v=L Tt follows that we have equivalences of ®-categories

o
iy o
BunZs

Vectp Bunj,_ ® E
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where Bung;g is the full ®-subcategory of slope 0 semi-stable objects in Bun¥,.. The
composite functor Vectp — Bung}g maps V to (V ®p Ozo,1d ® ) with inverse
(&, ¢s) — T(#°,&)?¢=1. In other words, a p-bundle (&, ps) over #° extends to
a p-bundle over ¢~ if and only if it is semi-stable of slope 0 and then, there is a
functorial bijective correspondence between the set of all such extensions and the
set of all Op-lattices T in V =T(#°,&)¢¢=! given by T+ (T ® Oy-,1d @ ).

3.4.10.

We shall now compute the equivalence of ®-categories
Mod%5 — Modif’, —— Modiff~ .
(Ma SOM) S (éa:¢69) IS (g_ag—i_afé")
Starting with the anti-effective finite free BKF-module (M, /) over A, set
T= (M4 AC)?**=1 and (M, ¢5;) = (M, oum) @4 B.
Thus T is a finite free Op-module and (M, ¢57) is a finite free étale p-module
over B (since ¢ is invertible in B). By [BMS16, 4.26] and its proof, the canonical
isomorphism
(T @0, A(C),Id® ¢) ~ (M @4 A(C), o ® )
descends to an isomorphism over the subring A[i] C A(C),
_ |1 1 ~ 1
”MH T @0, AH =, M@AAH
T 1 1
which is induced by a ¢!

-invariant Og-linear morphism
Ny 2 T — M.
The latter gives a morphism of modifications of vector bundles on %,
M ® Ow - (T® Oy, 1d@ 97") = (&, 1)
whose restriction to %~ factors through a morphism of p-bundles over %~
far (T ® Oy-,1d® ) = (67, ps-) .

Since p is invertible on %f_ o[, both 1y, ® O and f}; are isomorphisms over %{_. o
In particular, the localization of f;; at y-» is an isomorphism, and so is therefore f,,
itself by 3.4.7.

On the other hand, pick any finite free étale p-module (DT, ¢p+) over B reducing
to (M, pg7) over B. By [Farlb, 4.26] applied to the effective dual BKF-module
(M, on)Y = (MY, 31, there is a unique ¢~ '-equivariant morphism

i (M50 B 0 67) = (07,65

reducing to the given isomorphism (M, go_Ml) ~ (Dﬂgpf)ﬁ) ®p+ B. As above, the
latter yields a morphism of modifications of vector bundles over %',

T]]—\t[ ® ﬁgy : (g7¢(§) |?3/+ — (D+7QOB}&-) B+ ﬁ@*
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which induces a morphism of p-bundles over %',
f]\—i/_[ : ((g)+,(pg+) — <D+,QDD+) QB+ ﬁger.

By [Farl5, 4.31], nj; ® Oy restricts to an isomorphism over %, ;. for r > 0. Since
also &|g+ — & is an isomorphism over % o, it follows that {37 is an isomorphism
over %, o). But then (o")*(f{;) = fi; is an isomorphism over &, _; ) for all i > 0,
thus f;; is an isomorphism over the whole of Z'*.

Finally, let fy; : T ®p, Ozo — DT Qp+ Ozo be the p-equivariant morphism

77]T4®ﬁ?3/° 77M® o

T@@E Oyo M @4 Oyo Dt Qp+ Oy

We thus have shown that f;; and f5; induce an isomorphism
(67,67, fe) ~ (T 0, On-,D* @p+ On+, fur).
In particular, &7 ~ DT @p+ Oy+ is finite free (we did not know this so far) and
N @ Ons+ - M @4 Oyv — DT @p+ Oy

is an isomorphism over #{_; ;). The freeness of &* also yields a canonical choice
for the finite free lift Dt of M = M ®4 B: we may take DT = ['(# ™, &%) with the
isomorphism M ~ B g+ = ET.

3.4.11.

The discussion above shows that the ®-functor

Mod% 5, , — Modif. — Modif57 ;..

induces an equivalence of ®-categories
I ad,>
Mod‘P ; ® E——= Modif{s%
where Modif?fdg;r is the full ®—subcategory of objects (67,87, fs) in I\/lodifgfng

such that &~ € Bunj,. belongs to Bunf.. Moreover for any such object, & is
actually finite free, and - |go : Bung),,+ = Bun@o thus induces an equivalence

Modif£4%7

Modif£e%7,

(5_7 @@—‘r’ féa) — (5_7 éa+|@°7 féa)
of ®-categories. Finally, the equivalence of ®-categories

. J)alg @,
( Buny. e, Bung- O Buny ) < BunZ. QAR Bun% % . Buny )

induces equivalences of ®-categories

Modif%Z yo —= Modify  and  Modif$2%% —— Modif{"” .
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Putting everything together, we obtain an equivalence of ®-categories
£ : Mod?5 ® E —— Modify"”
This is of course the restriction of the ®-functor
£ : Modf3; — Modif§ . — Modif§)Z . — Modif

but the first two components of the latter may not be equivalences.

3.4.12. Compatibility with Hodge filtrations

The morphisms of locally ringed space
e -2 —- X and %° — Spa(A) — Spec(A)
map y; € |#°| to respectively co € |X| and m; = Ap () € |Spec(A)|. Moreover,
they induce isomorphism between the corresponding completed local rings ﬁ@,yu
O% o and A} = Bjp .. For i = 0, the latter is just Bjz. For (N, py) in Modi’é]
mapping to (&, 1) in Modif},. and £ = (£ — &) in Modif5;, we thus find
(Eﬁoo — SQOO) ~ (5(—00)20 — @@(—i-oo)go)
= (6(-1)), = &€(0);,)
~ (™) (¢x") s (¢ )"’ N ® Bfp = N ® Bjy).
It follows that
Frp(E) = Fy(N,on)  on &E(oc0) =N @4 C
.FHJ(&) ®C’¢ C/:fHUV,(pN) on 51(00) ®C C/:N®A C/

3.4.13. Compatibility with Tate objects
The Tate object over A is anti-effective,
A{1} = (;A © Op(1),p® Id) |
The corresponding sequence - -- — &(i) — &(i + 1) — - - is obtained from

A A e A A

©=2(p) @ w2 (p

by tensoring with - ®4 (0 ® Og(1)). Thus by [BMS16, 3.23],
(67 1we = EFae) = (O @ E(1) = Ouo(1) @ E(1))
where Oyo — Oyo(1) maps to Ox — Ox(1), therefore
£ (4 m {(1}) = (Ox & B(1) = Ox(1) & B(1)) = O {1}
The ®-functor constructed in 3.4.11 thus extends to a ®-functor

& Modj[l] ;= Modif x
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mapping N to E(N{i}){—i} for i > 0. The latter is still compatible with Hodge
filtrations by 3.1.5 and Proposition 2.24, and it induces an equivalence of ®-categories

& : Mod? ; ® E — Modif¥".
3.4.14. Compatibility with Newton types
For (N, ¢y) in Mod} ; ® E of rank r € N mapping to £ = (€1,&, f) in Modif3¢
and to (D, ¢p) = (M, pn) @4 L in Buny,
tn(€) =tn(&2) equals ty(D,pp) in QL.
Indeed, we may assume that (N, on) = (M, @) ® E for an anti-effective finite free

BKF-module (M, ¢y) over A by 2.6.2 and 3.1.5. If (M, ¢p) maps to (&,1s) and
(&T,87, f¢) as above, then & is the image of (&7, pg+) under

Eol'(#°,-) : Bunj,, — Bunx
thus ty(&2) =t (D', opr) by 3.4.9 where (D', pp/) is the image of (&7, pg+) under
(+ )y ®gme L Buny,. — Bunf.
Since (&, 1s)|a+ = (6T, @51 ) is an isomorphism over %_; oy, it induces
(M, p3)) ®a R = (8,0)y, — (1,053 )y
therefore also (D, ¢p) = (M, pn) ®a L ~ (D', ppr), which proves our claim.

3.4.15. Compatibility with Bhatt—-Morrow—Scholze

We now claim that the ®-functor
HT of : Mod?, ; ® E — Modif§ — HT ;%
is canonically isomorphic to the Bhatt—Morrow—Scholze ®@-functor
HT' : Mod?, ; ® E — HT 5%

of Section 3.3. Since both functors are compatible with Tate twists, it is sufficient to
establish that they have canonically isomorphic restrictions to the full ®-subcategory
of anti-effective objects in Mod% ; ® E, and this immediately follows from the com-
putations in Section 3.4.10 and 3.4.12.

3.4.16. Proof of Theorem 3.10

It remains to establish that the ®@-functor
B
HT': Mod? ; — HT %"
is an equivalence of ®-categories. Consider the (2—)commutative diagram

HT'

Mod? , HTZn Buno,,
-®El -®El l-@E
Mod? ; @ E 2o HTHam Yo Vecty,
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Since the second square is cartesian, it is sufficient to establish that the outer
rectangle is cartesian, for then so will be the first square, and its top row will thus
be an equivalence of categories since so is the second row. We may again restrict our
attention to anti-effective objects. The outer rectangle then factors as

& -
< & 0> &
Mod?s Modif2> . 5~ Bun%,_ — Bune,
'®El '@Ol '|@0l i@E
©,< £ .coad,> 67 0,0
Mod%S ® E Modif£% <~ Bun%? — Vecty,

In this commutative diagram, the first square is cartesian since the two &’s are
equivalences of ®-categories, the second square is obviously cartesian, and the third
square is cartesian by Kedlaya’s theory as explained in 3.4.9. So the outer rectangle
is indeed cartesian. This finishes the proof of Theorem 3.10.

3.4.17. Final questions

Is it true that every ¢-bundle over #* is finite and free? Is there an integral
version of the Fargues—Fontaine curve X corresponding to &~ /p%? And is it true

that &£ : Modﬁ[l] s — Modif x is an equivalence of ®-categories?

3.5. Exactness
3.5.1.

Recall that Theorem 3.10 implies that Modf , is a quasi-abelian category. In
particular, any morphism f in Mode s has a kernel and a cokernel, whose underlying
A-modules may however not be the kernel and cokernel of a as computed in the
abelian category of all A-modules. Accordingly, we say that a three term complex

0= (M, 1) =55 (My, 03) =25 (M3, 03) — 0

in ModY ; is canonically (resp. naively) exact if f = ker(g) and g = coker(f) in
Mod? ; (resp. in Mod4). We want to investigate the difference between canonical
and naive short exact sequences in Modi f

3.5.2.

Plainly, a naive short exact sequence is also canonically exact. Conversely, let us
start with a fixed canonical short exact sequence in Mod ¢,

0 = (M, 1) = (Ma, p2) — (M3, p3) — 0.
The corresponding complex of Hodge—Tate module is a short exact sequence

0— (Tl,El) — (TQ,EQ) — (Tg,Eg,) —0
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and we now know what it means: the underlying complexes of Op and Bjz-modules

are both exact. Since Mz[i} ~T, & A[i], it follows that
1 1 1

0—>M1l] —>M2[] — Mgl] — 0
1 1 1

is exact. In particular, M; — M, is injective.

3.5.3.

Let (Q, ) be the cokernel of (M, ¢1) < (Ma, ¢2) in the abelian category Mod%.
Then @ is the cokernel of M; < M; in Mod 4, therefore ) is a perfect A-module of
projective dimension < 1 with Q[;;] =~ Ms|[. ] finite free over A[}].

LEMMA 3.13. — If Q7] is finitely presented over A, then Q[m*°] = 0.

Proof. — Suppose that Q[7*°] is finitely presented over A. Its inverse image M,
in M, is then a finitely presented A-module with M{[1] ~ M;[1] free over A[L],
so Mj is a torsion-free BKF-module. Then M; C M} C M}, C M, with Mj /M,
killed by " for n > 0, so Mj ; is contained in the kernel of (Ma, p2) — (M3, ¢3)
in |\/|odjf7 ie. M{,f — M, factors through M; < M,, which means that actually

M, = My = Mj ;, and indeed Q[7>°] = M| /M, = 0. O
3.5.4.
Recall that B, = Acrys[%] where A, is the m-adic completion of the A-
subalgebra of A[1] generated by & for all m > 0.
PRrROPOSITION 3.14. — The following conditions are equivalent:

(1) Our complex induces an exact sequence of B} _-modules

crys
0> M ®s4BY  — My®saB: — Ms®4 B —0.

crys crys crys

(2) Our complex induces an exact sequence of B _-modules

crys
My ®sB" — My®s Bl — My®4Bf —0.

crys crys crys
[1] is free over A[%].

(4) Q[2] is projective over A[%].

(5) Our complex induces an exact sequence of A-modules
0— M, — My — Ms—Q —0

with Q supported at {m}, i.e. Q € Mod  moo.
(6) Our complex induces an exact sequence
O—>]\71—>]\72—>]\73—>0

of quasi-coherent sheaves on U = Spec(A) \ {m}.
(7) Our complex induces an exact sequence of A[X]-modules

1 1 1
O%Ml[} —>M2[] —>M3|::| —0
™ ™ ™
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(8) Our complex is isogeneous to a complex which is naively exact.

Proof. — (1) = (2) is obvious. (2) = (3) follows from [BMS16, 4.19]. (3) < (4)
is [BMS16, 4.12].

(3) = (5) The assumption says that @ is a BKF-module. Then @[] is finitely
presented, hence trivial by the previous lemma. It is then obvious that

My - Q — Qy
is a cokernel of M; — Mj in ModY, ;, which proves (5) with Mz = Q.
(5) = (6) = (7) = (1) and (8) = (7) are obvious.
(5) = (8): if 7"Q) = 0, the pull-back through multiplication by 7" on M3 yields an
exact sequence

0—= M, —= M}, —> My —=0
|

.

0— M, — My —> My —Q —0

of the desired form, i.e. isogeneous to the initial sequence and naively exact. ([l

3.5.9.

Suppose that our BKF-modules are anti-effective and let
0 — (&1,91) = (62,1) — (&3,103) — 0
0= (& = &) = (& —=E&)—= (& — &) =0
be the corresponding complexes in Modif}, and Modiffy’?@+. Note that
0=>8 =& —& —0
is a (split) short exact sequence of sheaves on %~ since &, =T, ®p, Oy-.

PROPOSITION 3.15. — The conditions of Proposition 3.14 are equivalent to:

(1) Anyone of the following complexes is exact:
(a) 0 = & — & — &3 — 0 in Bung.
(b) 0— £1|g+ — &g+ — E3|la+ — 0 in Bung+.
() 0= & — & — & — 0 in Bung+.
(d) 0— M1 X e@ft — MQ X e@ft — M3 X %ft — 0 in Mod%?t.
(e) 0—>M1 ®§—)MQ®§—)M3®§—>01H MOdE
(2) Anyone of the following complexes is split exact.
(a) 0 = & — & — & — 0 in Bun,..
(b) 0= &F oo — E oo — & e — 0 in Bun..
() 0= M ®B— My®B — M3® B — 0 in Bun%.

Proof. — In (1), plainly (la) = (1b), moreover (1b) = (1lc) by construction
of & — &7, (1c) = (1d) by localization at y; and (1d) = (1le) by base change
along Z'™ — B (using that Mj; is free over A). Moreover, (1c) = (la) since &; =
& on #_o and & = &T on X1 4o Since Bun% ~ Bun;f+ ~ Bun},., the
three conditions of (2) are equivalent. Obviously (2a) = (1c), and (le) = (2¢)
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by [FF18, §11.1]. Condition (7) of Proposition 3.14 implies (1e). Finally (1a) implies
condition (5) of Proposition 3.14 by the next proposition (since indeed M; = I'(#, &;)
and & = My ®4 Oy ~ 0y with ry = ranky M). O

PROPOSITION 3.16. — We have H' (%", 04) =0= HY(% ~, 0Oy) and

HYY, 0) m _ H\W,0,) ll]l — 0.

[
Proof. — The following proof was indicated to us by Fargues. First since
W =UH s and Z =UY 1o,
we have exact sequences of A-modules

0 = RNmH (¥ o, On) = H' (#7,65) = imH" (s, O ) =

0 = R'imH® (%m],m) — H! (@+ m) — limH ( o tocls ﬁ@) —0
By [KL15, 2.7.7], H' (@_mvsl, m/) =0=H! (%,m], @,), thus

A" (Hoco, O ) = 0= S (S, O )

On the other hand the images of the restriction maps
H(#7,0y) = H (¥ s, 00) and H (7", 05) » H (Y100, O )
are dense in their complete codomain, hence by the Mittag—Leffler lemma,
RYMH (o), O ) = 0 = RUmMH® (Y, 400, O )
Thus indeed H'(#*,0y) =0 = H (% ~, Oy). The Mayer—Vietoris sequence gives
H (%, 0y) = coker (HO (@—, ﬁ,@) & HO (@h ﬁg) — HY (@, @,)) :
One checks that this cokernel is indeed annihilated by —[7] and —[]. O

3.5.6.

Returning to the general case, let
0= (&15.E10, F1) = (Ea5, 2ty f2) = (E5,5,E54, f3) = 0
be the image of our canonical short exact sequence in Modif%. Then
0=&s—Es—=E:s—0 and 0—=&,;, =&, —+E,;—0
are short exact sequences in Buny, and the first one is even split.

PROPOSITION 3.17. — The conditions of Proposition 3.14 are equivalent to:
The exact sequence 0 — &4 — Ea4 — E34 — 0 is split.

Proof. — Using the compatibility of £ : Mod?% FOFE = Modif% with Tate twists,
we may assume that our BKF-modules are anti- effectlve Our claim then follows from
the criterion (2b) of Proposition 3.15 since &, = (- /@) (& |»-) with the local
notations, and (- /¢)% : Bun¥,, — Buny is an exact equivalence of categories. [
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3.5.7. Application

Let Modifg(d’* be the strictly full subcategory of I\/lodif‘j(d whose objects are the
admissible modifications (€1, &, fe) such that the Q-filtration on & induced by the
Fargues Q-filtration of (&1, &, fe) is split. Recall from 2.5.3 that Modj’:} is the strictly
full subcategory of Modj s whose objects are the finite free BKF-modules of HN-type
(Definition 2.9).

PROPOSITION 3.18. — Fix (M, py) € Modf ; ® E with image (&1,&, fe) €

Modifs! and rank r € N. Then tg.(M,ou)(r) = tr(&E1,E, fe)(r) and for every
s € [0,7],

(M, o) € Mod%} @ E == troo(M, our)(s) < tr(E1, &2, fe)(s),
(1, f£) € Modifsd™ — t1(E1, &, fe)(5) < troe(M, onr)(s).

If both condition holds, then £ maps the Fargues filtration Fr on (M, ¢y ) (from
Proposition 2.10) to the Fargues filtration Fr on (€1, s, fe) (defined in Section 3.1.7).

Proof. — The first claim follows from 3.4.14.

(1) Suppose that (M, ) belongs to Modﬁ’:}, so that tpeo (M, orn) = tr(M, par)
by Proposition 2.10. The graph of tz(M, ¢p) (resp. tr(€1, &, fe)) is the concave
upper bound of the convex hull of A (resp. B) where

A = {(rank, deg) (F£(M, pur)) - v € R},
B= {(rank, deg) (&) : £ strict subobject of (£, &, fe) in Modifg}d} :
Now for every v € R, the naively exact sequence
0— FpM — M — M/FLM — 0
in Modj} s induces a canonically exact sequence
0— E(FEM) — (&1,E, fe) = E(M/FEM) — 0

in Modif%’. Thus A C B and our claim easily follows.

(2) Suppose that (£, &, f¢) belongs to Modif$™*. We need to show that for all
v € R, d < f(s) where f = tpo(M,pn) and (s,d) = (rank,deg) (FL(&E1, &, fe)).
By assumption, Propositions 3.17 and 2.6, we may assume that the exact sequence

(517827 fg)

0 = Fp(&1, &, fe) = (€1, &, fe) = Fi(E1,Es, f2)

—0

in Modif! arises from a naively exact sequence
0—=M—->M-—>M —0
in Modﬁ, > which gives rise to exact sequences
0— M, — M, — M —0
in Mod ; for all n > 0. Then by definition of f’ = tp(M') and f = tpe(M),

d = deg(M') = f'(s) = lim ~tp(M!)(ns) < lim ~tp(M,)(ns) = £(s)

n—oo n, n—oo n,

TOME 2 (2019)



478

C. CORNUT & M. PECHE IRISSARRY

using Proposition 2.4 for the middle inequality.
(3) Suppose now that both conditions hold. For v € R, consider the image of the
(naively) exact sequence

0— FM—M— M/FLM — 0

from Proposition 2.10, which is an exact sequence in Modif_‘%fl,

0= E(FEAM) — (E1,&, fe) = EM/FLM) — 0.

Set (7, d,) = (rank, deg)(FLM), so that f(r,) = d, where f =tp(M). By (1) and (2),
we know that f = tp(&1, &, fe), thus also (r,,d,) = (rank, deg)(F (&1, &, fe)). Tt
then follows from Proposition 3.4 that E(FAM) = FLE(FLM). By functoriality
of Fp on Modify, we find that E(FEM) — (&1, E,, fe) induces a monomorphism
E(FEM) — Fih(&r, &, fe). Since its domain and codomain have the same rank and

degree, this monomorphism is indeed an isomorphism. 0J
BIBLIOGRAPHY

[And09] Yves André, Slope filtrations, Confluentes Math. 1 (2009), no. 1, 1-85. 1418, 436, 437,
453, 456

[BMS16] Bhargav Bhatt, Matthew Morrow, and Peter Scholze, Integral p-adic Hodge theory,
preprint, 2016. 1416, 418, 425, 426, 427, 435, 449, 451, 461, 463, 469, 471, 475

[Bou64] Nicolas Bourbaki, Eléments de mathématique. Fasc. XXX. Algébre commutative. Chapitre
5: Entiers. Chapitre 6: Valuations, Actualités Scientifiques et Industrielles, vol. 1308,
Hermann, 1964. 1423

[BvdB03] Alexey Bondal and Michel van den Bergh, Generators and representability of functors in
commutative and noncommautative geometry, Mosc. Math. J. 3 (2003), no. 1, 1-36. 1418,
429, 434

[CN16]  Christophe Cornut and Marc-Hubert Nicole, Cristaux et immeubles, Bull. Soc. Math. Fr.
144 (2016), no. 1, 125-143. 1447

[Cor] Christophe Cornut, Filtrations and buildings, to appear in Mem. Am. Math. Soc. 1418,
419, 423, 424, 459

[Corl8] , On Harder—Narasimhan filtrations and their compatibility with tensor products,
Confluentes Math. 10 (2018), no. 2, 3-49. 1418, 419, 431, 436, 437, 443, 444, 453, 456,
457, 458, 459

[Corl19] , Mazur’s Inequality and Laffaille’s theorem, Math. Ann. 374 (2019), no. 3-4,
1657-1679. 1447

[Dem86] Michel Demazure, Lectures on p-divisible groups, Lecture Notes in Mathematics, vol. 302,
Springer, 1986, Reprint of the 1972 original. 1445

[DOR10] Jean-Francois Dat, Sascha Orlik, and Michael Rapoport, Period domains over finite and
p-adic fields, Cambridge Tracts in Mathematics, vol. 183, Cambridge University Press,
2010. 1445

[Far10]  Laurent Fargues, La filtration de Harder—Narasimhan des schémas en groupes finis et
plats, J. Reine Angew. Math. 645 (2010), 1-39. 1418

[Farl5) , Quelques résultats et conjectures concernant la courbe, De la géométrie algébrique
aux formes automorphes (I), Astérisque, no. 369, Société Mathématique de France, 2015,
pp. 325-374. 1416, 418, 451, 458, 463, 465, 469, 470

[Far16] , Geometrization of the local Langlands correspondence: an overview, preprint,

2016. 1416

ANNALES HENRI LEBESGUE



[Far19]

[FF18]

[Fon90]

[GRO3]

[Gro05]

[HMO7]
[[ril6]
[Kap49]

[Ked05]
[Ked16a]

[Ked16b)
[KL15]

[Kot85]
[LWE16]
[Man63]
[Nor76]
[Sch17)

[SW17]

[Zin84]

Harder—Narasimhan Filtrations for Breuil-Kisin—Fargues modules 479

, Théorie de la réduction pour les groupes p-divisibles, preprint, 2019. 1416, 417,

418

Laurent Fargues and Jean-Marc Fontaine, Courbes et fibrés vectoriels en théorie de Hodge
p-adique, Astérisque, Société Mathématique de France, 2018. 1418, 425, 445, 452, 453,
458, 466, 467, 468, 476

Jean-Marc Fontaine, Représentations p-adiques des corps locauzx. I, The Grothendieck
Festschrift, Vol. II, Progress in Mathematics, vol. 87, Birkh&duser, 1990, pp. 249-309.
1448

Ofer Gabber and Lorenzo Ramero, Almost ring theory, Lecture Notes in Mathematics,
vol. 1800, Springer, 2003. 1421, 422

Alexander Grothendieck, Cohomologie locale des faisceaux cohérents et théoremes de
Lefschetz locaux et globaux (SGA 2), Documents Mathématiques, vol. 4, Société Math-
ématique de France, 2005, Séminaire de Géométrie Algébrique du Bois Marie, 1962,
Augmenté d’un exposé de Michele Raynaud. 1426

Tracy Dawn Hamilton and Thomas Marley, Non-Noetherian Cohen—Macaulay rings, J.
Algebra 307 (2007), no. 1, 343-360. 1426

Macarena Peche Irissarry, The reduction of G-ordinary crystalline representations with
G-structures, preprint, 2016. 1416, 417, 418

Irving Kaplansky, Elementary divisors and modules, Trans. Am. Math. Soc. 66 (1949),
464-491. 1423

Kiran S. Kedlaya, Slope filtrations revisited, Doc. Math. 10 (2005), 447-525. 1468

, Noetherian properties of Fargues—Fontaine curves, Int. Math. Res. Not. (2016),
no. 8, 2544-2567. 1464

, Some ring-theoretic properties of Ay, preprint, 2016. 1464

Kiran S. Kedlaya and Ruochuan Liu, Relative p-adic Hodge theory: foundations,
Astérisque, vol. 371, Société Mathématique de France, 2015. 1466, 476

Robert E. Kottwitz, Isocrystals with additional structure, Compos. Math. 56 (1985),
no. 2, 201-220. 1445

Brandon Levin and Carl Wang-Erickson, A Harder—Narasimhan theory for Kisin modules,
preprint, 2016. 1416, 418

Yuri I. Manin, Theory of commutative formal groups over fields of finite characteristic,
Usp. Mat. Nauk 18 (1963), no. 6(114), 3-90. 1445

D. G. Northcott, Finite free resolutions, Cambridge Tracts in Mathematics, vol. 71,
Cambridge University Press, 1976. 1426

Peter Scholze, p-adic Geometry, preprint, 2017. 1416

Peter Scholze and Jared Weinstein, Peter Scholze’s lectures on p-adic geometry, Notes

by J. Weinstein, to appear in Annals of Mathematics Studies, 2017. 1416, 418, 425, 451,
463, 464, 466

Thomas Zink, Cartiertheorie kommutativer formaler Gruppen, Teubner-Texte zur Math-
ematik, vol. 68, Teubner Verlagsgesellschaft, 1984. 1445

Manuscript received on 26th January 2018,
revised on 12th November 2018,
accepted on 22nd February 2019.

Recommended by Editor X. Caruso.
Published under license CC BY 4.0.

TOME 2 (2019)


https://creativecommons.org/licenses/by/4.0/

430

ANNALES HENRI LEBESGUE

C. CORNUT & M. PECHE IRISSARRY

This journal is a member of Centre Mersenne.

<
>

CENTRE

MERSENNE

Christophe CORNUT

CNRS, Sorbonne Université, Université Paris Diderot,
Institut de Mathématiques de Jussieu-Paris Rive
Gauche, IMJ-PRG

75005 Paris (France)

christophe.cornut@imj-prg.fr
Macarena PECHE IRISSARRY

C/Divino Redentor 7, 3A
41005 Sevilla (Spain)

mapeciris@gmail.com


http://www.cedram.org/
http://ahl.cedram.org/item/AHL_2019__2__415_0
mailto:christophe.cornut@imj-prg.fr
mailto:mapeciris@gmail.com

	1. Introduction
	1.1. Context
	1.2. Overview
	1.3. Results
	1.4. Thanks
	1.5. References
	1.6. Notations
	1.6.1. Types
	1.6.2. Filtrations
	1.6.3. Invariants
	1.6.4. Lattices
	1.6.5. Tensor products


	2. Breuil–Kisin–Fargues Modules
	2.1. The rings
	2.2. Categories of A-modules
	2.2.1. 
	2.2.2. 
	2.2.3. 
	2.2.4. 
	2.2.5. 
	2.2.6. 
	2.2.7. 
	2.2.8. 
	2.2.9. 
	2.2.10. 
	2.2.11. 
	2.2.12. 
	2.2.13. 
	2.2.14. 

	2.3. Categories of phi-A-modules
	2.3.1. 
	2.3.2. 
	2.3.3. 
	2.3.4. 
	2.3.5. 
	2.3.6. 

	2.4. The Fargues filtration on ModA,tphi
	2.4.1. 
	2.4.2. 
	2.4.3. 

	2.5. The Fargues type on ModA, astphi
	2.5.1. 
	2.5.2. 
	2.5.3. 

	2.6. Categories of phi-R-modules
	2.6.1. R=OK flat
	2.6.2. R=L
	2.6.3. R=OL
	2.6.4. R=A(K)=WOE(K flat)
	2.6.5. R=A[1/pi]


	3. The functors of Fargues
	3.1. Modifications of vector bundles on the curve
	3.1.1. The Fargues–Fontaine curve
	3.1.2. Vector bundles on the curve
	3.1.3. Newton slope filtrations
	3.1.4. Modifications of vector bundles
	3.1.5. Hodge and Newton filtrations
	3.1.6. Admissible modifications
	3.1.7. The Fargues filtration
	3.1.8. 

	3.2. Hodge–Tate modules
	3.2.1. 
	3.2.2. 
	3.2.3. 
	3.2.4. 
	3.2.5. 
	3.2.6. 

	3.3. The Bhatt–Morrow–Scholze functor
	3.3.1. 
	3.3.2. Compatibility with Hodge filtrations
	3.3.3. Compatibility with Tate objects
	3.3.4. Fargues's theorem

	3.4. The analytic construction
	3.4.1. 
	3.4.2. 
	3.4.3. 
	3.4.4. 
	3.4.5. 
	3.4.6. 
	3.4.7. 
	3.4.8. 
	3.4.9. 
	3.4.10. 
	3.4.11. 
	3.4.12. Compatibility with Hodge filtrations
	3.4.13. Compatibility with Tate objects
	3.4.14. Compatibility with Newton types
	3.4.15. Compatibility with Bhatt–Morrow–Scholze
	3.4.16. Proof of Theorem 3.10
	3.4.17. Final questions

	3.5. Exactness
	3.5.1. 
	3.5.2. 
	3.5.3. 
	3.5.4. 
	3.5.5. 
	3.5.6. 
	3.5.7. Application


	Bibliography

