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This paper proposes an improved subdomain model of squirrel cage induction machines with imposed stator currents. This new model 

enables to accurately compute electromagnetic quantities such as air gap flux density, instantaneous torque and forces, electromotive 

force including all harmonic content. The first improvement is to explicitly account for rotor motion with time-stepping technique. The 

second improvement consists in modelling the skin effect in rotor bars by considering each space harmonic of the stator magnetomotive 

force separately. Eddy-currents in rotor bars are therefore “skin-limited” and not “resistance-limited”. The results are then validated 

with linear transient finite element analysis for both no-load and load cases, taking a topology of squirrel cage machine already used in 

previous references. The time and spatial harmonic content of all electromagnetic quantities is also validated by comparison with 

analytical expressions. The computation time is a hundred times lower than finite element as it does not require achieving a numerical 

transient first and the resolution for a time step is shorter. Thanks to its computational efficiency and intrinsic mesh insensitivity, this 

method is particularly suited to magnetic forces computation and vibroacoustic analysis of squirrel cage induction machines. 

Index Terms—Magnetic field, Electrical machines, Analytical model, Harmonic analysis.  

 

I. INTRODUCTION 

HE SubDomain Method (SDM), also called Fourier-based 

Model or Harmonic Model, is a semi-analytical method 

which has been recently developed to compute the two-

dimensional air gap flux density in electrical machines as well 

as other machine characteristics, such as electromagnetic 

torque, electromotive force, magnetic losses, Maxwell forces 

for noise and vibrations analysis. The method is based on the 

analytical resolution of the Maxwell equations in the air gap, 

stator and rotor slots using Fourier series expansion under 

several assumptions [1], such as the infinite permeability of iron 

cores. For the same modeling assumptions, SDM is as accurate 

as Finite Element Method (FEM) and much faster, which makes 

it interesting during the first design steps of electrical machines 

[2] or to quickly estimate magnetic forces involved in magnetic 

noise generation [3], [4]. 

SDM has been first dedicated to the modelling of various 

Permanent Magnet Synchronous Machines (PMSM), for which 

many references can be found in the literature [5], [6], [7]. As 

shown in [2], there are fewer references concerning Squirrel 

Cage Induction Machines (SCIM) [8], [9], [10], due to the 

difficulty of estimating eddy-currents in rotor bars and resulting 

rotor reaction field. 

In [8], the authors developed a subdomain model to compute 

eddy-currents in rotor bars generated with a current sheet 

located at the slotless stator bore. There is actually one current 

sheet for each space harmonic of the stator magnetomotive force 

(mmf). In the rotor referential, each space harmonics rotates at 

a different speed and so induces eddy-currents in bars at a 

specific frequency. These bar currents are computed by solving 

the Helmholtz equation - diffusion equation at a single 

frequency - in the rotor slots subdomains. The total 

electromagnetic quantities (such as flux density) are obtained by 

solving independently the problem in the rotor referential for 

each space harmonics and summing all the contributions. This 

enables to get the rotor reaction field directly in the air gap flux 

density and to take into account the proper skin effect for each 

space harmonic, meaning that eddy-currents are “skin-limited”. 

The SCIM subdomain model presented in [9] computes the 

global performances of the SCIM, with both current and voltage 

inputs by using a single phase Electric Equivalent Circuit 

(EEC). Furthermore, this model enables to account for space 

harmonics due to both stator slotting and mmf, by including 

stator slots subdomains with current density as it has been done 

for subdomain model PMSM [7]. As in [8], rotor bar currents 

are obtained by solving the Helmholtz equation. In the stator 

subdomains and in the air gap, the electromagnetic quantities 

are assumed to vary at the supply frequency, while they vary at 

the slip frequency in the rotor subdomains. Current harmonics 

in rotor bars due to the space harmonics of the stator mmf are 

therefore neglected. Besides, the method to account for rotor 

motion and especially to get the time harmonics in the air gap 

flux density due to rotor slotting is not specified. Concerning the 

computation time, the authors say that it is almost as long as 

FEA (3.24 minutes for their SDM against 3.58 minutes for FEA 

with a very fine mesh). Furthermore, the spatial flux densities 

results are quite inaccurate compared with those obtained using 

FEA. This model has been extended in [11] for the study of 

multi-phases SCIM under fault conditions but the subdomain 

modelling technique in itself is still the same as in [9]. 

In [10], the subdomain model also includes both rotor and 

stator slots subdomains. The problem is first solved without 
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considering that the rotor bars are conductive. This enables to 

deduce the flux linkage in the rotor slots due to the stator mmf 

and the synchronous inductance of each rotor bar by dividing 

the flux linkage by the stator input current. The induced voltage 

in each rotor bar is obtained by derivation of the flux linkage. 

The bar resistance due to skin effect at the slip frequency is then 

approximated using analytical expressions [12]. Eddy-currents 

are finally deduced by dividing the induced voltage by the rotor 

bar impedance. These eddy-currents are called “resistance-

limited” because the bar resistance does not depend on the rotor 

reaction field, which is included afterwards in the air gap flux 

density. Therefore, the skin effect is the same for the 

fundamental and for the harmonics of current. This subdomain 

model is extended in [13] where subdomains equations and EEC 

equations are solved simultaneously with a transient time-

stepping method to directly get the rotor reaction field in the air 

gap. This second method gives accurate results regarding torque 

ripple and harmonics of induced rotor currents, even if no 

comparative illustrations are given. The authors say that the 

computation time for 2500 time steps is less than 5 minutes 

whereas a linear transient FEA lasts around 105 minutes. 

However, this SDM requires computing a numerical transient 

first to reach steady state and the skin effect is still the same for 

all the space harmonics.  

In this paper, a new subdomain model of SCIM is developed 

for the computation of “skin-limited” eddy-currents in rotor bars 

by solving Helmholtz’s equation and using time-stepping 

technique to account for rotor motion. Contrary to [9], [10], 

[11], [13], the problem is solved for each space harmonic of the 

stator mmf using current sheet approach which enables to model 

the proper skin effect in the rotor bars. It includes both stator 

and rotor slotting harmonics in the time and space flux density 

distribution while only rotor ones are accounted in [8]. Finally 

the problem is directly solved at steady-state and does not 

require any numerical transient unlike [10], [13]. 

The first part presents the modeling assumptions and the 

physical problem. Then, the Magnetic Vector Potential (MVP) 

solution and the interface conditions are given for each 

subdomain. The next section derives the MVP to obtain rotor 

bar currents, instantaneous torque and electromotive force 

(EMF). The results are finally validated by a linear transient 

Finite Element Analysis (FEA) performed on ANSYS Maxwell 

2D [14], giving similar results for every electromagnetic 

quantity. 

II. SUBDOMAIN MODEL AND ASSUMPTIONS 

A. General Modeling Assumptions 

The topology of the SCIM subdomain model is illustrated on 

Fig. 1. In the following, 𝑍𝑠 is the number of stator teeth, 𝑍𝑟 is 

the number of rotor teeth and 𝑝 is the number of pole pairs. 

The following assumptions are made: 

 The problem is steady-state and solved using time-

stepping to account for rotor motion for each instant 𝑡; 

 The problem is 2-D: end effects are neglected. The 

problem is solved using MVP formulation such as 𝑨 =
𝐴𝑧(𝑟, 𝜃, 𝑡)𝒛 (= 𝐴𝑋(𝑟, 𝜃, 𝑡)𝒛  in each subdomain 𝑋); 

 
Fig. 1 Subdomain model of an SCIM with current sheet at stator bore 

accounting for windings in stator slots 

 
Fig. 2 Subdomain model with geometrical parameters and current sheet 

 Geometry is polar: slots and teeth sides are radial 

segments, slots bottom and teeth top are circular arcs; 

 Stator and rotor iron cores are infinitely permeable; 

 Rotor angular speed 𝛺 is constant, with 𝛺 =
(1−𝑠)𝑓𝑠

𝑝
, 𝑠 

the fundamental slip and 𝑓𝑠 the fundamental frequency; 

 Rotor bars have a uniform electrical conductivity 𝜎; 

In order to account for the proper skin effect for each space 

harmonic of the stator mmf, the stator windings are replaced by 

a superposition of current sheets 𝐽𝑠
𝜆 located at the stator inner 

bore, as shown on Fig. 1 and where 𝜆 is a specific space 

harmonic. The expression of 𝐽𝑠
𝜆 is given in sub-section II.C. This 

assumption can be applied to any type of multi-phases windings 

including double-layer distributed or fractional slot winding. 

B.  Subdomains Definition 

The subdomain model is presented on Fig. 2. It contains five  

different types of subdomains:  

 𝑍𝑟 rotor slots (1𝑗), 𝑗 ∈ ⟦1, 𝑍𝑟 ⟧, 

 𝑍𝑟 rotor slot openings (2𝑗),  

 the air gap (3),  

 𝑍𝑠 stator slot openings (4𝑖), 𝑖 ∈ ⟦1, 𝑍𝑠 ⟧, 

 𝑍𝑠 stator slots (5𝑖). 
The geometrical parameters are the bottom radius of the rotor 

slots 𝑅1, the top radius of the rotor slots 𝑅2, the rotor bore radius 

𝑅3, the stator bore radius 𝑅4, the top radius of the stator slots 
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𝑅5, the bottom radius of the stator slots 𝑅6, the rotor slots 

angular width 𝛼, the rotor slots opening angular width 𝛽, the 

stator slots opening angular width 𝛾 and the stator slots angular 

width 𝛿. As rotor and stator subdomains are symmetrical with 

respect to the air gap subdomain, this model is also suited to 

external rotor topologies. 

In the stator reference frame, the angular position 𝜃𝑖 of the 𝑖𝑡ℎ 

stator slots and stator slots opening is: 

𝜃𝑖 =
2𝜋

𝑍𝑠
(𝑖 − 1) + 𝜃𝑖0   

where 𝜃𝑖0 is the initial angular position of the first stator slot. 

The angular position 𝜃𝑗 of the 𝑗𝑡ℎ rotor slot and slot opening at 

the instant 𝑡 is: 

𝜃𝑗(𝑡) =
2𝜋

𝑍𝑟
(𝑗 − 1) + 𝛺𝑡 + 𝜃𝑗0   

where 𝜃𝑗0 is the initial angular position of the first rotor slot. 

C. Current Sheet Modeling of Stator Windings 

The stator windings are composed of 𝑁 conductors per slots 

and supplied with a balanced three-phase current of magnitude 

𝐼𝑚. The current 𝐼𝑖  flowing at 𝑡 in the 𝑖𝑡ℎ stator slot is given by: 

𝐼𝑖(𝑡) = 𝑁𝐼𝑚 ∗[1… 𝑒
𝑗
(𝑞−1)2𝜋

𝑞𝑠 …𝑒
𝑗
(𝑞𝑠−1)2𝜋

𝑞𝑠 ] ∗ 𝑒𝑗𝜔𝑠𝑡   

where  is the connection matrix of size [𝑍𝑠, 𝑞𝑠] which 

represents the winding distribution of the machine, 𝑞𝑠 is the 

number of phases with 𝑞 ∈ ⟦2, 𝑞𝑠⟧, 𝑗 = √−1 and 𝜔𝑠 = 2𝜋𝑓𝑠. 
The resulting current sheet distribution 𝐽𝑠(𝑡, 𝜃) in Ampere per 

meter (𝐴/𝑚) along the stator bore is stepwise. For a distributed 

winding with integer number of slot per pole and per phase, it 

can be expressed in Fourier series as: 

𝐽𝑠(𝑡, 𝜃) = ∑𝐽𝑠
𝜆(𝑡, 𝜃)

𝜆

 

=∑𝐽𝑠,𝑠𝑖𝑛
𝜆 (𝑡) sin(𝜆𝑝𝜃) + 𝐽𝑠,𝑐𝑜𝑠

𝜆 (𝑡) cos(𝜆𝑝𝜃)

𝜆

 

  

where 𝜃 is the mechanical angle in the stator reference, 𝜆 is the 

space harmonic order whose values are: 

𝜆 = 1 ± 6𝜂 where 𝜂 ∈ ℕ   

𝐽𝑠,𝑠𝑖𝑛
𝜆  and 𝐽𝑠,𝑐𝑜𝑠

𝜆  are the complex magnitude of the 𝜆𝑡ℎ component 

of the current sheet. They are obtained using the classical 

Fourier expansion: 

𝐽𝑠,𝑠𝑖𝑛
𝜆 (𝑡) =

1

𝜋
∑ ∫

𝐼𝑖(𝑡)

𝑙𝑠
sin(𝜆𝑝𝜃) 𝑑𝜃

𝜃𝑖+
𝛾
2

𝜃𝑖−
𝛾
2

𝑍𝑠

𝑖=1

   

𝐽𝑠,𝑐𝑜𝑠
𝜆 (𝑡) =

1

𝜋
∑ ∫

𝐼𝑖(𝑡)

𝑙𝑠
cos(𝜆𝑝𝜃) 𝑑𝜃

𝜃𝑖+
𝛾
2

𝜃𝑖−
𝛾
2

𝑍𝑠

𝑖=1

   

where 𝑙𝑠 = 𝛾𝑅4 is the stator slot opening length. Therefore 
𝐼𝑖(𝑡)

𝑙𝑠
 

is the equivalent linear current density accounting for the 𝑖𝑡ℎ slot 

current. For a fractional slot winding, the values taken by 𝜆 are 

given by the “star of slots” method [15]. In case of unbalanced 

current distribution, 𝜆 can reach any integer value. 

For voltage input, the fundamental of the stator phase current 

(including magnitude 𝐼𝑉 and phase 𝜙) can be computed using 

the EEC presented in [9]. Then, the phase current is integrated 

in this SDM by replacing 𝐼𝑚 with 𝐼𝑉𝑒
𝑗𝜙 in the equation (3) 

giving 𝐼𝑖(𝑡). Furthermore, a direct-current (DC) component can 

be introduced by putting 𝜔𝑠 = 0 in this same equation (3). 

D. Eddy-currents Modeling in Rotor Bars 

Each space harmonic of the current sheet 𝐽𝑠
𝜆 produces either 

a forward (𝜆 = 1,7,13… ) or a backward magnetic field (𝜆 =
−5,−11,−17… ) which induces eddy-current in the 

conductive rotor bars at the specific pulsation 𝜔𝑟
𝜆 [8]: 

𝜔𝑟
𝜆 = (1 − 𝜆(1 − 𝑠)) 𝜔𝑠   

By considering each single space harmonic of the stator mmf 

– meaning a single rotor bar pulsation – at once, the quasi-static 

Maxwell’s equations in the rotor slots subdomains (1𝑗) 
simplifies into the complex Helmholtz equation [8], [9]: 

𝜕2𝐴1𝑗
𝜆

𝜕𝑟2
+
1

𝑟

𝜕𝐴1𝑗
𝜆

𝜕𝑟
+
1

𝑟2
𝜕2𝐴1𝑗

𝜆

𝜕𝜃2
= 𝑗𝜔𝑟

𝜆𝜎𝜇0𝜇𝑟𝐴1𝑗
𝜆    

with 𝜇𝑟 the relative magnetic permeability of the rotor bar. 

Therefore, the diffusion coefficient 𝛼𝜆 = √𝑗𝜔𝑟
𝜆𝜎𝜇0𝜇𝑟  accounts 

for the skin effect which is stronger for higher ranks of space 

harmonics. Resulting eddy-currents are “skin-limited”. 

III. POTENTIAL VECTOR COMPUTATION 

A. Introduction 

Except for the rotor slot subdomain for which the complex 

Helmholtz equation (9) is considered, the complex Laplace 

equation (10) has to be solved in the other subdomains for every 

instant 𝑡 and space harmonics 𝜆: 

𝜕2𝐴𝑋
𝜆

𝜕𝑟2
+
1

𝑟

𝜕𝐴𝑋
𝜆

𝜕𝑟
+
1

𝑟2
𝜕2𝐴𝑋

𝜆

𝜕𝜃2
= 0   

where 𝑋 ∈ {(2𝑗); (3); (4𝑖); (5𝑖)}. In the next part, Equations (9) 

and (10) are analytically solved by using the separation of 

variables technique, giving an analytical solution of the MVP in 

Fourier series for each subdomain with the formulation adopted 

in [7], [8]. This formulation enables to significantly simplify the 

expressions of the continuity conditions at the interface between 

subdomains. It also includes the boundary conditions with the 

infinitely permeable iron cores. The definition of the iron 

boundary conditions are not detailed in this article and can be 

entirely found in [9]. 

In the next sections, radial and tangential flux densities are 

computed from the MVP: 

𝐵𝑟𝑋
𝜆 (𝑟, 𝜃, 𝑡) =

1

𝑟

𝜕𝐴𝑋
𝜆

𝜕𝜃
   ;   𝐵𝜃𝑋

𝜆 (𝑟, 𝜃, 𝑡) = −
𝜕𝐴𝑋
𝜆

𝜕𝑟
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Assuming uniform magnetic permeability within subdomains, 

the magnetic field 𝑯 is obtained from the flux density 𝑩: 

𝑩𝑿
𝝀 (𝑟, 𝜃, 𝑡) =  𝜇𝑋𝑯𝑿

𝝀 (𝑟, 𝜃, 𝑡)   

The continuity conditions at an interface between two 

subdomains concern the MVP and the tangential field such as: 

𝐴𝑋
𝜆 − 𝐴𝑌

𝜆 = 0    

𝐻𝜃𝑋
𝜆 −𝐻𝜃𝑌

𝜆 = 𝐽𝑠   

where 𝑌 is adjacent to 𝑋 and 𝐽𝑠 is the interface current sheet (in 

𝐴/𝑚), here only present at the interface 𝑟 = 𝑅4. 

B. Notations 

The formulation used in this paper requires the introduction 

of the following mathematical functions: 

𝑃(𝑥, 𝑦, 𝑧) = (
𝑦

𝑧
)
𝑥

+ (
𝑦

𝑧
)
−𝑥

   

𝐸(𝑥, 𝑦, 𝑧) = (
𝑦

𝑧
)
𝑥

− (
𝑦

𝑧
)
−𝑥

   

𝑄(𝑣, 𝑤, 𝑥, 𝑦, 𝑧) = 𝐼𝑤(𝑣𝑦)𝐾𝑥(𝑣𝑧) + 𝐼𝑥(𝑣𝑧)𝐾𝑤(𝑣𝑦)   

𝐻(𝑣, 𝑤, 𝑥, 𝑦, 𝑧) = 𝐼𝑤(𝑣𝑦)𝐾𝑥(𝑣𝑧) − 𝐼𝑥(𝑣𝑧)𝐾𝑤(𝑣𝑦)   

with 𝐼 and 𝐾 the modified Bessel functions. 

C. MVP in Rotor Slots Subdomains 

The MVP solution in the rotor slot subdomain is: 

𝐴1𝑗
𝜆 (𝑟, 𝜃, 𝑡) = −

𝐴1𝑗0
𝜆

𝛼𝜆

𝑄(𝛼𝜆, 0,1, 𝑟, 𝑅1)

𝐻(𝛼𝜆, 1,1, 𝑅1, 𝑅2)
 

+∑𝐴1𝑗𝑚
𝜆

E𝜎(𝑟)

E𝜎
′ (𝑅2)

cos(
𝜋𝑚

𝛼
(𝜃 − 𝜃𝑗(𝑡) +

𝛼

2
))

∞

𝑚=1

 

  

where 𝑚 is a positive integer, 𝐴1𝑗0
𝜆  and 𝐴1𝑗𝑚

𝜆  are complex 

integration constants depending on time. They are determined 

by applying the tangential field continuity with the rotor slot 

opening: 

𝐴1𝑗0
𝜆  = −

1

𝛼
∫ 𝐻𝜃2𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

 (𝑅2, 𝜃, 𝑡)𝑑𝜃   

𝐴1𝑗𝑚
𝜆 = −

2

𝛼
∫ 𝐻𝜃2𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅2, 𝜃, 𝑡) 

∗ cos (
𝜋𝑚

𝛼
(θ − 𝜃𝑗(𝑡) +

𝛼

2
))𝑑𝜃 

  

E𝜎 and E𝜎
′ =

𝑑E𝜎

𝑑𝑟
 depends on 𝑄 and 𝐻 functions such as: 

E𝜎(𝑟) = 𝑄 (𝛼𝜆,
𝜋𝑚

𝛼
-1,
𝜋𝑚

𝛼
, 𝑅1, 𝑟) + 𝑄 (𝛼𝜆,

𝜋𝑚

𝛼
+1,

𝜋𝑚

𝛼
, 𝑅1, 𝑟)   

E𝜎
′ (𝑅2)=

-2

𝛼𝜆
[𝑄 (𝛼𝜆,

𝜋𝑚

𝛼
-1,
𝜋𝑚

𝛼
, 𝑅1, 𝑅2)+𝑄 (𝛼𝜆,

𝜋𝑚

𝛼
+1,

𝜋𝑚

𝛼
, 𝑅1, 𝑅2)] 

/ [𝐻 (𝛼𝜆 ,
𝜋𝑚

𝛼
-1,
𝜋𝑚

𝛼
-1, 𝑅1, 𝑅2)+𝐻 (𝛼𝜆 ,

𝜋𝑚

𝛼
-1,
𝜋𝑚

𝛼
+1, 𝑅1, 𝑅2)

+𝐻(𝛼𝜆 ,
𝜋𝑚

𝛼
+1,

𝜋𝑚

𝛼
-1, 𝑅1, 𝑅2)+𝐻 (𝛼𝜆 ,

𝜋𝑚

𝛼
+1,

𝜋𝑚

𝛼
+1,𝑅1, 𝑅2)]

 

  

D. MVP in Rotor Slot Openings Subdomains 

The MVP solution in the rotor slot opening subdomain is: 

𝐴2𝑗
𝜆 (𝑟, 𝜃, 𝑡) = 𝐴2𝑗0

𝜆 + 𝐵2𝑗0
𝜆 ln(𝑟) 

+∑[𝐴2𝑗𝑘
𝜆

𝐸 (
𝜋𝑘
𝛽
, 𝑟, 𝑅3)

𝐸 (
𝜋𝑘
𝛽
, 𝑅2, 𝑅3)

+ 𝐵2𝑗𝑘
𝜆
𝐸 (
𝜋𝑘
𝛽
, 𝑅2, 𝑟)

𝐸 (
𝜋𝑘
𝛽
, 𝑅2, 𝑅3)

]

∞ 

𝑘=1

 

∗ cos(
𝜋𝑘

𝛽
(𝜃 − 𝜃𝑗(𝑡) +

𝛽

2
)) 

  

where 𝑘 is a positive integer, 𝐴2𝑗0
𝜆 , 𝐵2𝑗0

𝜆 , 𝐴2𝑗𝑘
𝜆 , and 𝐵2𝑗𝑘

𝜆  are 

complex integration constants depending on time. They are 

determined by applying the potential continuity with the 

adjacent rotor slot subdomain: 

𝐴2𝑗0
𝜆 + 𝐵2𝑗0

𝜆 ln(𝑅2) =
1

𝛽
∫ 𝐴1𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅2, 𝜃, 𝑡)𝑑𝜃   

𝐴2𝑗𝑘
𝜆 =

2

𝛽
∫ 𝐴1𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅2, 𝜃, 𝑡) 

∗ cos(
𝜋𝑘

𝛽
(𝜃 − 𝜃𝑗(𝑡) +

𝛽

2
))𝑑𝜃 

  

and with the air gap subdomain: 

𝐴2𝑗0
𝜆 + 𝐵2𝑗0

𝜆 ln(𝑅3) =
1

𝛽
∫ 𝐴3

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅3, 𝜃, 𝑡)𝑑𝜃   

𝐵2𝑗𝑘
𝜆 =

2

𝛽
∫ 𝐴3

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅3, 𝜃, 𝑡) 

∗ cos(
𝜋𝑘

𝛽
(𝜃 − 𝜃𝑗(𝑡) +

𝛽

2
))𝑑𝜃 

  

E. MVP in the Air Gap Subdomain 

The MVP solution in the air gap subdomain is: 

𝐴3
𝜆(𝑟, 𝜃, 𝑡) = 𝐴30

𝜆 + 𝐵30
𝜆 ln(𝑟) + 

∑

[𝐴3𝑛
𝜆
𝑅3𝑃(𝑛, 𝑟, 𝑅4)

𝑛𝐸(𝑛, 𝑅3, 𝑅4)
− 𝐵3𝑛

𝜆
𝑅4𝑃(𝑛, 𝑅3, 𝑟)

𝑛𝐸(𝑛, 𝑅3, 𝑅4)
] cos (𝑛𝜃)

+ [𝐶3𝑛
𝜆
𝑅3𝑃(𝑛, 𝑟, 𝑅4)

𝑛𝐸(𝑛, 𝑅3, 𝑅4)
− 𝐷3𝑛

𝜆
𝑅4𝑃(𝑛, 𝑅3, 𝑟)

𝑛𝐸(𝑛, 𝑅3, 𝑅4)
] sin(𝑛𝜃)

∞

𝑛=1

 
  

where 𝑛 is a positive integer, 𝐴30
𝜆 , 𝐵30

𝜆 , 𝐴3𝑛
𝜆 , 𝐵3𝑛

𝜆 , 𝐶3𝑛
𝜆  and 𝐷3𝑛

𝜆  are 

complex integration constants depending on time. They are 
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determined by applying the tangential field continuity with all 

rotor slot opening subdomains: 

𝐵30
𝜆 = −

1

2𝜋
∑∫ 𝐻𝜃2𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅3, 𝜃, 𝑡)𝑑𝜃

𝑍𝑟

𝑗=1

   

𝐴3𝑛
𝜆 = −

1

𝜋
∑∫ 𝐻𝜃2𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅3, 𝜃, 𝑡)cos(𝑛𝜃)𝑑𝜃

𝑍𝑟

𝑗=1

   

𝐶3𝑛
𝜆 = −

1

𝜋
∑∫ 𝐻𝜃2𝑗

𝜆
𝜃𝑗(𝑡)+

𝛽
2

𝜃𝑗(𝑡)−
𝛽
2

(𝑅3, 𝜃, 𝑡)sin(𝑛𝜃)𝑑𝜃

𝑍𝑟

𝑗=1

   

and with all stator slot opening subdomains: 

𝐵30
𝜆 = −

1

2𝜋
∑∫ 𝐻𝜃4𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅4, 𝜃, 𝑡)𝑑𝜃

𝑍𝑠

𝑖=1

   

𝐵3𝑛
𝜆 = 𝐽𝑠,𝑐𝑜𝑠

𝑛 (𝑡) −
1

𝜋
∑∫ 𝐻𝜃4𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅4, 𝜃, 𝑡)cos(𝑛𝜃)𝑑𝜃

𝑍𝑠

𝑖=1

   

𝐷3𝑛
𝜆 = 𝐽𝑠,𝑠𝑖𝑛

𝑛 (𝑡) −
1

𝜋
∑∫ 𝐻𝜃4𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅4, 𝜃, 𝑡)sin(𝑛𝜃)𝑑𝜃

𝑍𝑠

𝑖=1

   

where: 

        𝐽𝑠,𝑐𝑜𝑠
𝑛 (𝑡) = 𝐽𝑠,𝑐𝑜𝑠

𝜆 (𝑡)           for  𝑛 = |𝜆𝑝| 

        𝐽𝑠,𝑠𝑖𝑛
𝑛 (𝑡) = 𝐽𝑠,𝑠𝑖𝑛

𝜆 (𝑡)           for  𝑛 = |𝜆𝑝| 

        𝐽𝑠,𝑐𝑜𝑠
𝑛 (𝑡) = 𝐽𝑠,𝑠𝑖𝑛

𝑛 (𝑡) = 0   else 

  

F. MVP in Stator Slot Openings Subdomains 

As for the rotor slot openings, the MVP solution in the stator 

slot subdomain is: 

𝐴4𝑖
𝜆 (𝑟, 𝜃, 𝑡) = 𝐴4𝑖0

𝜆 + 𝐵4𝑖0
𝜆 ln(𝑟) 

+∑[𝐴4𝑖𝑣
𝜆
𝐸 (
𝜋𝑣
𝛿
, 𝑟, 𝑅5)

𝐸 (
𝜋𝑣
𝛿
, 𝑅4, 𝑅5)

+ 𝐵4𝑖𝑣
𝜆
𝐸 (
𝜋𝑣
𝛿
, 𝑅4, 𝑟)

𝐸 (
𝜋𝑣
𝛿
, 𝑅4, 𝑅5)

]

∞

𝑣=1

 

∗ cos(
𝜋𝑣

𝛿
(𝜃 − 𝜃𝑖 +

𝛿

2
)) 

  

where 𝑣 is a positive integer, 𝐴4𝑖0
𝜆 , 𝐵4𝑖0

𝜆 , 𝐴4𝑖𝑣
𝜆  and 𝐵4𝑖𝑣

𝜆  are 

complex integration constants depending on time. They are 

determined by applying the potential continuity with the air gap 

subdomain: 

𝐴4𝑖0
𝜆 + 𝐵4𝑖0

𝜆 ln(𝑅4) =
1

𝛿
∫ 𝐴3

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅4, 𝜃, 𝑡)𝑑𝜃   

𝐴4𝑖𝑣
𝜆 =

2

𝛿
∫ 𝐴3

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅4, 𝜃, 𝑡)cos(
𝜋𝑣

𝛿
(𝜃 − 𝜃𝑖 +

𝛿

2
))𝑑𝜃   

and with the adjacent stator slot subdomain: 

𝐴4𝑖0
𝜆 + 𝐵4𝑖0

𝜆 ln(𝑅5) =
1

𝛿
∫ 𝐴5𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅5, 𝜃, 𝑡)𝑑𝜃   

𝐵4𝑖𝑣
𝜆 =

2

𝛿
∫ 𝐴5𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅5, 𝜃, 𝑡)cos(
𝜋𝑣

𝛿
(𝜃 − 𝜃𝑖 +

𝛿

2
))𝑑𝜃   

G. MVP in Stator Slots Subdomains 

The MVP solution in the stator slot subdomain is: 

𝐴5𝑖
𝜆 (𝑟, 𝜃, 𝑡) = 𝐴5𝑖0

𝜆  

+∑𝐴5𝑖𝑙
𝜆
𝑅5𝛾𝑃 (

𝜋𝑙
𝛾
, 𝑟, 𝑅6)

𝜋𝑙𝐸 (
𝜋𝑙
𝛾
, 𝑅5, 𝑅6)

cos(
𝜋𝑙

𝛾
(𝜃 − 𝜃𝑖 +

𝛾

2
))

∞

𝑙=1

 

  

where 𝑙 is a positive integer, 𝐴5𝑖0
𝜆  and 𝐴5𝑖𝑙

𝜆  are complex 

integration constants depending on time. They are determined 

by applying the tangential field continuity with the adjacent 

stator slot opening subdomain: 

−
𝑑𝐴5𝑖0

𝜆

𝑑𝑟
= 0 = −

1

𝛾
∫ 𝐻𝜃4𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

 (𝑅5, 𝜃, 𝑡)𝑑𝜃   

𝐴5𝑖𝑙
𝜆 = −

2

𝛾
∫ 𝐻𝜃4𝑖

𝜆
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅5, 𝜃, 𝑡)cos(
𝜋𝑙

𝛾
(𝜃-𝜃𝑖 +

𝛾

2
))𝑑𝜃   

H. Matrix Resolution 

In the resolution process, the time dependency concerns: 

 the continuity equations between air gap (3) and rotor 

slot openings (2𝑗), which account for rotor motion; 

 the continuity equations between air gap (3) and stator 

slot openings (4𝑖) which include the rotation of the 

current sheet 𝐽𝑠
𝜆(𝑡, 𝜃). 

For the numerical resolution, only a finite number 𝑁𝜆 of space 

harmonics is considered. The Fourier series of each MVP 

solution is truncated as well to a finite number of harmonics 

{𝑀, 𝐾, 𝑁, 𝑉, 𝐿} corresponding to the integers {𝑚, 𝑘, 𝑛, 𝑣, 𝑙}. 
Therefore, the total number of equations 𝑁𝑒𝑞  is equal to the 

number of integration constants such as 𝑁𝑒𝑞 = (𝑀 + 2𝐾 +

3)𝑍𝑟 + 4𝑁 + 2 + (2𝑉 + 𝐿 + 3)𝑍𝑠. However, once the 

continuity equations are developed, some of the integration 

constants are equal to zero. Moreover, the number of equations 

can be reduced by introducing the periodicity coefficient 𝑐 =
gcd(𝑝, 𝑍𝑟 , 𝑍𝑠) and only accounting for 𝑍𝑟/𝑐 rotor subdomains 

and 𝑍𝑠/𝑐 stator subdomains [6]. The resulting set of equations 

is written in matrix form: 
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(𝜆, 𝑡) × 𝑪(𝜆, 𝑡) = 𝑺(𝑡)   

where  is the topological matrix of size 𝑁𝑒𝑞
2, 𝑪 is the vector 

of integration constants and 𝑺 is the source vector including the 

current sheet. The total number of system resolutions (45) is 

𝑁𝜆 ∗ 𝑁∆𝑡, where 𝑁∆𝑡 is the number of time steps and ∆𝑡 is the 

time step value. 

For every instant 𝑡, the total MVP solution is obtained by 

summing the contribution of each 𝜆 by mean of superposition 

principle. For example, the total air gap integration constants are 

obtained with the following equations: 

𝑋3𝑛 = ℜ [∑ 𝑋3𝑛
𝜆

𝜆 ] with 𝑋 ∈ {𝐴, 𝐵, 𝐶, 𝐷}   

IV. ELECTROMAGNETIC QUANTITIES COMPUTATION 

A. Current in the jth rotor bar 

The current density in the jth rotor bar at 𝑡 is given by: 

𝐽𝑗(𝑟, 𝜃, 𝑡) = ∑−𝑗𝜔𝑟
𝜆𝜎𝐴1𝑗

𝜆 (𝑟, 𝜃, 𝑡)

𝜆

   

The total current 𝐼𝑗 flowing in the jth rotor bar is therefore 

obtained by integrating the current density over the bar surface: 

𝐼𝑗(𝑡) = ℜ [∫ ∫ 𝐽𝑗(𝑟, 𝜃, 𝑡)𝑟𝑑𝜃𝑑𝑟
𝑅2

𝑅1

𝜃𝑗(𝑡)+
𝛼
2

𝜃𝑗(𝑡)−
𝛼
2

]   

where ℜ[. ] is the real part operator. Considering equations (19) 

and (47), knowing that 𝛼𝜆 = √𝜄𝜔𝑟
𝜆𝜎𝜇0𝜇𝑟 and noticing that: 

∫ 𝑟𝑄(𝛼𝜆, 0,1, 𝑟, 𝑅1)𝑑𝑟
𝑅2

𝑅1

= −
𝑅2
𝛼𝜆
𝐻(𝛼𝜆, 1,1, 𝑅1, 𝑅2)   

the current 𝐼𝑗 in the jth rotor bar can be simply expressed as: 

𝐼𝑗(𝑡) = −
𝛼𝑅2
𝜇0𝜇𝑟

ℜ[∑𝐴1𝑗0
𝜆

𝜆

]   

B. Instantaneous torque 

The instantaneous torque 𝑇(𝑡) is computed by integrating the 

tangential component of the Maxwell stress tensor along a 

circular path inside the air gap subdomain: 

𝑇(𝑡) =
𝐿𝑅𝑔

2

𝜇0
∑∫

1

2
ℜ[(𝐵𝑟3

𝜆
2𝜋

0

𝐵𝜃3
𝜆
∗

)(𝑅𝑔, 𝜃, 𝑡)]𝑑𝜃

𝜆

   

where 𝐿 is the axial length of the machine, 𝑅𝑔 is a radius 

between 𝑅3 and 𝑅4 and [. ]∗ is the complex conjugate operator. 

C. Electromotive force 

The electromotive force 𝑬 is obtained by derivating the flux 

linkage 𝝋 within each stator coil: 

𝑬(𝑡) = 𝑁 𝑻
𝝋(𝑡 + ∆𝑡) − 𝝋(𝑡)

∆𝑡
   

where 𝝋 = [𝜑1…𝜑𝑖 …𝜑𝑍𝑠]. Each 𝜑𝑖 is computed by 

integrating the potential over the 𝑖𝑡ℎ stator slot surface: 

𝜑𝑖(𝑡) =
𝐿

𝑆𝑖
∫ ∫ 𝐴5𝑖(𝑟, 𝜃, 𝑡)𝑟𝑑𝜃𝑑𝑟

𝑅6

𝑅5

𝜃𝑖+
𝛾
2

𝜃𝑖−
𝛾
2

   

where 𝑆𝑖 =
𝛾

2
(𝑅6

2 − 𝑅5
2) is the stator slot surface. 

However, the potential 𝐴5𝑖(𝑟, 𝜃, 𝑡) used in equation (53) must 

be different from the computed stator slot potential 𝐴5𝑖
𝜆 (𝑟, 𝜃, 𝑡) 

(defined in equation (42)) because this latter is due to the virtual 

current sheet 𝐽𝑠
𝜆(𝑡, 𝜃) and not to the actual current density in the 

stator slots. The stator slot potential 𝐴5𝑖(𝑟, 𝜃, 𝑡) accounting for 

the actual current density in stator slots can be reconstructed by 

solving an additional smaller subdomain problem. This latter 

represents only the stator subdomains (slots and slot openings) 

whose boundary conditions with the air gap are given thanks to 

the knowledge of the air gap integration constants previously 

computed (from the matrix resolution in the Section III.H).  

The expression of the MVP in the stator slot opening is the 

same as in equation (37) but without the 𝜆–dependency. The 

analytical solution of the stator slot MVP  with inner current 

density is given by [7]: 

𝐴5𝑖(𝑟, 𝜃, 𝑡) = 𝐴5𝑖0 + (𝑅6
2 ln(𝑟) −

𝑟2

2
) 𝜇0𝐽𝑖(𝑡) 

+∑𝐴5𝑖𝑙

𝑅5𝛾𝑃 (
𝜋𝑙
𝛾
, 𝑟, 𝑅6)

𝜋𝑙𝐸 (
𝜋𝑙
𝛾
, 𝑅5, 𝑅6)

cos(
𝜋𝑙

𝛾
(𝜃 − 𝜃𝑖 +

𝛾

2
))

𝐿

𝑙=1

 

  

where 𝑙 is a positive integer, 𝐽𝑖(𝑡) is the current density in the 

𝑖𝑡ℎ stator slot given by: 

𝐽𝑖(𝑡) = ℜ [
𝐼𝑖(𝑡)

𝑆𝑖
]   

and 𝐴5𝑖0 and 𝐴5𝑖𝑙 are real integration constants depending on 

time. 𝐴5𝑖0 is determined thanks to the new tangential field 

continuity (replacing equation (43)) with the stator slot opening: 

(𝑅5 −
𝑅6
2

𝑅5
) 𝐽𝑖(𝑡) = −

1

𝛾
∫ 𝐻𝜃4𝑖
𝜃𝑖+

𝛿
2

𝜃𝑖−
𝛿
2

(𝑅5, 𝜃, 𝑡)𝑑𝜃   

Hence, the new set of six integration constants in stator slot 

openings and stator slots {𝐴4𝑖0, 𝐵4𝑖0, 𝐴4𝑖𝑣, 𝐵4𝑖𝑣 , 𝐴5𝑖0, 𝐵5𝑖𝑙} is 

obtained by solving again the six continuity equations {(38), 

(39), (40), (41), (56), (44)}. Here, the system resolution is 

simultaneously done for all time steps because the topological 

matrix does not depend on time. The size of the topological 

matrix is [(2𝑉 + 𝐿 + 3)𝑍𝑠]
2 and the size of the source vector is 

(2𝑉 + 𝐿 + 3)𝑍𝑠 × 𝑁∆𝑡. 
By substituting (54) in (53), flux linkage 𝜑𝑖 becomes: 

𝜑𝑖(𝑡) = 𝐿𝐴5𝑖0 +
𝛾𝐿𝑅6

4𝜇0𝐽𝑖(𝑡)

16𝑆𝑖
 

∗ [(
𝑅5
𝑅6
)
4

+(
𝑅5
𝑅6
)
2

(2 − 4 ln(𝑅5)) + 4ln(𝑅6) − 3] 
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TABLE I LIST OF GEOMETRICAL PARAMETERS 
Machine parameters Symbol Value [Unit] 

Nominal supply frequency 𝑓𝑠 50 [𝐻𝑧] 

Stator phase current magnitude 𝐼𝑚 20 [𝐴] 
Number of turns per slot 𝑁 15 

Number of rotor bars 𝑍𝑟 28 

Number of stator slots 𝑍𝑠 36 

Number of pole pairs 𝑝 2 

Axial length 𝐿 200 [𝑚𝑚] 
Rotor slot bottom radius 𝑅1 38 [𝑚𝑚] 

Rotor slot top radius 𝑅2 58 [𝑚𝑚] 
Rotor bore radius 𝑅3 60 [𝑚𝑚] 
Stator bore radius 𝑅4 61 [𝑚𝑚] 

Stator slot top radius 𝑅5 63 [𝑚𝑚] 
Stator slot bottom radius 𝑅6 85 [𝑚𝑚] 
Rotor slot angular width 𝛼 0.1122 [𝑟𝑎𝑑] 

Rotor slot opening angular width 𝛽 0.0674 [𝑟𝑎𝑑] 
Stator slot opening angular width 𝛿 0.0524 [𝑟𝑎𝑑] 
Stator slot angular width 𝛾 0.0873 [𝑟𝑎𝑑] 

Rotor bar electrical conductivity 𝜎 58𝑒6 [𝑆] 
Rotor bar relative permeability 𝜇𝑟 1 

V. COMPARISON AND VALIDATION WITH FEA 

A. Study Cases 

1) Topology of the Studied Machine 

The studied machine is the same as in [9]: it is a SCIM with 

2 poles pairs, 36 stator teeth and 28 rotor bars. The parameters 

are given in TABLE I. The stator winding is a single layer 

distributed winding whose connection matrix  for one pole is: 

 

  

2) Choice of Harmonic Numbers 

For both cases, the number of harmonics in each subdomain 

is chosen as: 

 𝑁 = 400 > 10𝑍𝑠 in the air gap, to account for at 

least 10 ranks of stator and rotor slotting harmonics; 

 𝑀 = 𝑉 = 2 in the rotor slots and stator slot 

openings; 

 𝐾 = 𝐿 = 4 in rotor slot openings and stator slots. 

The number of harmonics in the slots subdomains are very small 

because only the first space harmonics have an impact on the 

radial and tangential flux densities. However, for a better 

estimation of the flux density inside the slots, 𝐾, 𝑉 & 𝐿 can be 

increased up to 10, whereas 𝑀 must be inferior to 5 so the 

Bessel functions can be numerically estimated. 

Due to periodicity, the number of rotor and stator subdomains 

are divided by gcd(𝑝, 𝑍𝑟 , 𝑍𝑠) = 2. Moreover, odd harmonics of 

rank 𝑛 in the air gap are null. Consequently, a time step takes 

less than 50𝑚𝑠 of computation time (less than 25 𝑚𝑠 if no 

induced currents are computed because the numerical system is 

real), multiplied by the number of space harmonics 𝑁𝜆. 

Therefore, it can be very time-consuming to account for the 

right diffusion coefficient associated to each space harmonic. It 

is proposed to only consider the first 𝑁𝜆 harmonics of the stator 

mmf independently as “skin-limited” (for 𝜂 ≤ 𝑁𝜆 in equation 

(5)) while the higher space harmonics (for 𝜂 > 𝑁𝜆) are 

considered as “resistance-limited” with the same diffusion 

coefficient 𝛼𝜆 = 𝛼|1±6𝑁𝜆| as the last “skin-limited” space 

harmonic (for 𝜂 = 𝑁𝜆). These higher space harmonics (for 𝜂 >
𝑁𝜆) are all included in the current sheet of the last “skin-limited” 

harmonic by modifying equation (36) such as: 

𝐽𝑠,𝑐𝑜𝑠
𝑛 (𝑡) = 𝐽𝑠,𝑐𝑜𝑠

𝜆 (𝑡) for 𝑛 ∈ {|1 ± 6𝑁𝜆|𝑝 ≤ |𝜆𝑝| ≤ 𝑁} 

𝐽𝑠,𝑠𝑖𝑛
𝑛 (𝑡) = 𝐽𝑠,𝑠𝑖𝑛

𝜆 (𝑡) for 𝑛 ∈ {|1 ± 6𝑁𝜆|𝑝 ≤ |𝜆𝑝| ≤ 𝑁} 

𝐽𝑠,𝑐𝑜𝑠
𝑛 (𝑡) = 𝐽𝑠,𝑠𝑖𝑛

𝑛 (𝑡) = 0 else 

  

Therefore, the eddy-currents induced by the higher space 

harmonics have the proper frequency 𝜔𝑟
𝜆 but their skin effect is 

underestimated because the diffusion coefficient is 𝛼𝜆 =
𝛼|1±6𝑁𝜆| for > 𝑁𝜆. The error generated by this simplification is 

insignificant if 𝑁𝜆 is chosen such as the skin effect is already 

very strong for 𝛼|1±6𝑁𝜆| and so the model is quasi “skin-limited”. 

For this particular machine, 𝑁𝜆 = 5 is a good compromise 

between accuracy and computation time. If 𝑁𝜆 = 1 is chosen, 

the model reduces to the classical “resistance-limited” approach 

used in previous works, as the skin effect and so the rotor bar 

resistance are the same for the fundamental and for every space 

harmonics.  

3) Simulation setup 

The machine is simulated at both no-load and heavy load 

condition. At no-load state, slip is strictly null as if the rotor 

would be driven by an external machine at synchronous speed. 

The simulation duration is equal to a rotor mechanical period 

𝑝 ((1 − 𝑠)𝑓𝑠)⁄ = 0.04𝑠 and time step value is ∆𝑡 = 0.0001𝑠. 
Under heavy load condition, slip is equal to 10% which is quite 

high in reality but this value enables to reduce the FEA 

computation time and limit spectral leakage. The simulation 

duration is equal to a rotor electrical period 1 (𝑠𝑓𝑠)⁄ = 0.2𝑠 and 

time step value is still ∆𝑡 = 0.0001𝑠. In both cases, the time 

step value is very small in order to catch high frequencies in the 

flux density and to compute accurately the magnetic forces. 

In the following, the subdomain model is validated by 

Maxwell 2D transient simulations with sinusoidal input phase 

current. Due to periodicity and antisymmetry, only a fourth of 

the machine is modelled. Most of the computation time is 

dedicated to achieve the numerical transient and reach steady 

state, which amounts to around 1200 time steps (0.12𝑠) at no-

load case and 28000 time steps (2.8𝑠) for the load case. The 

computation time per time step is around 6𝑠 during the 

numerical transient and is a bit longer when recording the steady 

state due to data storage. 

The overall computation times are compared in TABLE II. 

The model shows very good performances as it reduces the 

computation time up to a factor 350 for the load case between 

Maxwell 2D (including transient) and SDM (𝑁𝜆 = 5). 
 

TABLE II COMPUTATION TIME COMPARISON 

Method 
Transient Steady State Total 

NL Load NL Load NL Load 

Maxwell 2D 2ℎ 46ℎ 40𝑚 3ℎ20 2ℎ40𝑚 49ℎ 

SDM (𝑁𝜆 = 5) − − 1𝑚30𝑠 8𝑚20𝑠 1𝑚30𝑠 8𝑚20𝑠 

SDM (𝑁𝜆 = 1) − − 10𝑠 1𝑚40𝑠 10𝑠 1𝑚40𝑠 
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Fig. 3 Radial flux density over space (1st time step) at no-load and FFT. 

For SDM, the computation time required to compute the 

electromagnetic quantities from the integration constants is 

negligible compared with the resolution time in itself (only a 

few seconds). 

B. Results at No-load Case (𝑠 = 0) 

1) Radial and tangential air gap flux densities 

The resulting radial and tangential flux densities at no-load 

are shown on Fig. 3 to Fig. 5. The developed SDM (with 𝑁𝜆 =
5) is in great accordance with the linear FEA while the 

“resistance-limited” SDM shows slight discrepancies due to the 

fact that rotor mmf is neglected. 

For the time plot on Fig. 4, only a fourth of the rotor 

mechanical period is represented. At no-load, the radial 

component is much greater than the tangential one. The highest 

peak in the flux density FFT is naturally the fundamental of the 

radial flux density at (𝑓, 𝑟) = (50 𝐻𝑧, 2) = (𝑓𝑠, 𝑝), where 𝑟 is 

the spatial frequency (also called wavenumber) and 𝑓 is the time 

frequency. The spatial harmonics at 𝑟 = {34; 38} = 𝑍𝑠  ± 𝑝 are 

due to the stator mmf stepwise distribution and slotting effect. 

Spatial harmonics at 𝑟 = {26; 30} = 𝑍𝑟  ± 𝑝 are mainly due to 

rotor slotting as the rotor mmf is very small at no-load. 

Besides, rotor slotting induces harmonics in the flux density 

time spectrum, named Principal Slotting Harmonics (PSH) (also 

visible in stator currents) at the following frequencies [16]: 

𝑓𝑝𝑠ℎ
𝑘 = (𝑘

𝑍𝑟

𝑝
(1 − 𝑠) ± 1)𝑓𝑠;    𝑘 = 1,2,3…   

The first rotor slotting harmonics are for 𝑘 = 1, at 𝑓𝑝𝑠ℎ
1 =

{650 𝐻𝑧; 750 𝐻𝑧} as shown on Fig. 4. 

2) Bar currents, torque and Electromotive Force (EMF) 

Rotor bar currents at no-load are shown on Fig. 6 and Fig. 7. 

They are induced at the frequencies given by equation (8) in the

 

 
Fig. 4 Radial flux density over time at 𝜃 = 0 𝑟𝑎𝑑 at no-load and FFT. 

 
Fig. 5 Tangential flux density over space (1st time step) at no-load. 

rotor referential. Results given by the “skin-limited” approach 

(𝑁𝜆 = 5) are very close to the FEA. The fundamental of the 

rotor current is null because the fundamental of the stator mmf 

and the rotor are synchronous. The first rotor current harmonics 

are at 𝑓𝑟
𝜆=−5 = 300 𝐻𝑧 and 𝑓𝑟

𝜆=7 = −300 𝐻𝑧 in the rotor 

referential, which are actually overlapped on the FFT figure. 

Naturally, the SDM with “resistance-limited” assumption 

(𝑁𝜆 = 1) finds null rotor bar currents because the diffusion 

coefficient is the same for the fundamental of the stator mmf 

and for all the space harmonics, meaning 𝛼𝜆 = 𝛼1 = 0 (as 𝑠 =
0 due to synchronism) for every 𝜆. 

The instantaneous torque is shown on Fig. 8. On the FFT, 

both SDM models in black and red curves seems to be 

overlapped but the time plot illustrates the harmonic 

discrepancies in terms of phase and magnitude. It is shown that 

the rotor mmf (only accounted for by the “skin-limited” 

approach) does not add new frequency content compared with 

the case without rotor mmf (for 𝑁𝜆 = 1). Only phase and 

magnitude differ. 

At no-load, the average torque – meaning the average value 

of the tangential force for (𝑓, 𝑟) = (0 𝐻𝑧, 0) – is null. Torque 
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Fig. 6 Current distribution in rotor bars (1st time step) at no-load 

 

 
Fig. 7 Current flowing in the 1st rotor bar over time at no-load and FFT. 

ripple harmonics are in fact pulsating harmonics of tangential 

force whose orders are (𝑓 > 0, 𝑟 = 0). Using the convolution 

product theorem, each harmonic of force can be decomposed 

into a product of two flux density harmonics [17]. In this 

particular case, the first torque ripple harmonic (600 𝐻𝑧, 0) 

comes from the combination of two flux density harmonics ℎ1 

and ℎ2 due to rotor slotting and mmf at:  

ℎ1: (−𝑓𝑠, −𝑍𝑟 + 𝑝 )              

ℎ2 : ((
𝑍𝑟
𝑝
(1-𝑠)-1)𝑓𝑠 , 𝑍𝑟-𝑝)

}
ℎ1∗ℎ2
⇒   ((

𝑍𝑟
𝑝
(1-𝑠)-2) 𝑓𝑠 , 0) 

= (600 𝐻𝑧,               0) 

  

The EMF is shown on Fig. 9. Time harmonics induced in the 

stator windings are due to the RSH given by equation (60). The 

EMF fundamental is well estimated by the three methods but 

the harmonic content is more accurate with the new SDM (𝑁𝜆 =
5) in terms of magnitude and phase. 

3) Conclusions for no-load condition (𝑠 = 0) 

For this particular machine, the SDM with 𝑁𝜆 = 5 is in very 

good agreement with the transient FEA. It verifies the 

assumption of constant skin effect for space harmonics higher 

 

 
Fig. 8 Instantaneous torque over time at no-load and FFT. 

 

 
Fig. 9 EMF induced in the 1st stator phase at no-load and FFT. 

than the fifth one (𝜆 > 13, after equation (59)). For each 

electromagnetic quantity, both SDM with 𝑁𝜆 = 5 (“skin-

limited”) and 𝑁𝜆 = 1 (“resistance-limited”) predict the same 

frequency content. In fact, the frequency values only depend on 

the rotor motion and the current sheet frequency, which are 

identical whether 𝑁𝜆 = 5 or 𝑁𝜆 = 1. However, SDM with 𝑁𝜆 =
5 gives better results than the one with 𝑁𝜆 = 1 in terms of 

magnitude and phase, because it enables to include the rotor 

mmf due to the space harmonics of the stator mmf. Besides, 

using the SDM with 𝑁𝜆 = 5 increases the computation time by 

almost 5 as shown on TABLE II. 
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On every time FFT, the FEA spectrum contains other small 

harmonics which are not predicted by the SDM and may not 

seem physical regarding the theoretical analyses found in the 

literature. These might be numerical artifacts introduced by 

mesh or during the estimation of the induced current. Besides, 

the peak harmonic are much sharper in the spectra given by 

SDM than the ones given by FEA. For the same simulation 

parameters, FEA introduces much more spectral leakage and 

numerical noise which may compromise the accuracy of the 

local magnetic forces computation. 

C. Results at Load Case (𝑠 = 10%) 

1) Radial and tangential air gap flux densities 

The resulting radial and tangential flux density distributions 

over space and time at load are shown on Fig. 10 to Fig. 12. 

Only a fourth of the rotor electrical period is shown on the time 

plots. The air gap flux density has considerably decreased due 

to the induced rotor mmf which almost cancels the fundamental 

of the stator mmf at this high slip value. 

The spatial FFT on Fig. 10 shows that the harmonic of order 

𝑟 = 𝑍𝑠 − (𝑍𝑟 − 𝑝) = 10 is wrongly estimated by the 

“resistance-limited” approach (𝑁𝜆 = 1). In fact, this harmonic 

is due to the interaction of the harmonic of rotor mmf at 𝑟 =
𝑍𝑟 − 𝑝 with the first harmonic of stator slotting at 𝑟 = 𝑍𝑠. 
Because of the “resistance-limited” approach, an error is made 

on the rotor bar currents computation and consequently on the 

rotor mmf. This directly affects the 10𝑡ℎ spatial harmonic of the 

flux density and furthermore the harmonics of magnetic forces 

produced by this flux harmonic. 

2) Bar currents, torque and Electromotive Force (EMF) 

Rotor bar currents under load operation are shown on Fig. 13 

and Fig. 14. The fundamental of the rotor currents is given by 

𝑓𝑟
𝜆=1 = 𝑠𝑓𝑠 = 5𝐻𝑧 (𝜆 = 1 is obtained for 𝜂 = 0 in equation (5)) 

and the first rotor current harmonics are at 𝑓𝑟
𝜆=−5 = 275 𝐻𝑧 and 

𝑓𝑟
𝜆=7 = −265 𝐻𝑧 in the rotor referential, from equation (8). In 

the stator referential, the frequency of these two rotor current 

harmonics are the same of the first PSH [18], at 𝑓𝑝𝑠ℎ
1 =

{580 𝐻𝑧; 680 𝐻𝑧}. In fact, rotor slotting and rotor mmf produce 

harmonics with the same time frequencies. From Fig. 14, it is 

shown that the fundamental of the rotor bar current is well 

estimated by the three methods but once again the harmonic 

content is more accurate with the new SDM for 𝑁𝜆 = 5. 

The same observations can be noted for both torque and EMF 

results at load state, respectively represented on Fig. 15 and Fig. 

16. Furthermore, the obtained frequencies are matching with the 

theoretical equations. 

 

 
Fig. 10 Radial flux density over space (1st time step) at load and FFT. 

 

 
Fig. 11 Radial flux density over time at 𝜃 = 0 𝑟𝑎𝑑 at load and FFT. 

 
Fig. 12 Tangential flux density over space (first time step) at load. 
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Fig. 13 Current distribution in rotor bars (first time step) at load 

 

 
Fig. 14 Current flowing in the 1st rotor bar over time at load 

3) Conclusions for load case (𝑠 = 10%) 

As for the no-load case, the SDM with 𝑁𝜆 = 5 is in very good 

agreement with the transient FEA under load operation. Despite 

a longer computation process, it is more accurate than the 

“resistance-limited” approach (𝑁𝜆 = 1) to predict the harmonic 

content of every electromagnetic quantity in terms of phase and 

magnitude. 

Besides, this simulation under load operation confirms the 

conclusions made previously on spectral leakage and numerical 

noise introduced by FEA. 

VI. CONCLUSION 

In this paper, a new subdomain model is proposed for the 

simulation of squirrel cage induction machines at no-load and 

load state. This new model enables to accurately compute 

electromagnetic quantities such as air gap flux density, 

instantaneous torque and forces, electromotive force including 

slotting and mmf harmonic content. Compared with previous 

works, rotor slotting effects due to rotor motion is explicitly 

taken into account. Moreover, the skin effect in rotor bars is 

accurately modelled by considering each space harmonic of the 

stator magnetomotive force separately using current sheet 

 

 
Fig. 15 Instantaneous torque (torque ripple) over time at load 

 

 
Fig. 16 EMF induced in the 1st stator phase over time at load 

approach. Finally, the model directly gives the results at steady-

state and so avoid numerical transient computation. The method 

have been validated with linear transient FEA and compared 

with the classical “resistance-limited” approach, showing better 

computational efficiency than FEA and better accuracy than the 

“resistance-limited” approach. 

Therefore, the presented model is suited to magnetic force 

computation for vibroacoustic purposes. It has been integrated 

in MANATEE software [19] to study the effect of radial and 

tangential forces on a particular SCIM [4]. As a future work, it 

would be interesting to improve this SDM by adopting a 2D 

Fourier formulation in order to include the rotor slotting 
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harmonics without using time-stepping technique. Another 

perspective could be using this model as an input to FEA to 

reduce the numerical transient computation time and further 

include magnetic saturation. 
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