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Abstract

Stochastic gradient algorithms are more and more studied since they can deal ef-
ficiently and online with large samples in high dimensional spaces. In this paper, we
first establish a Central Limit Theorem for these estimates as well as for their averaged
version in general Hilbert spaces. Moreover, since having the asymptotic normality of
estimates is often unusable without an estimation of the asymptotic variance, we intro-
duce a new recursive algorithm for estimating this last one, and we establish its almost
sure rate of convergence as well as its rate of convergence in quadratic mean. Finally,
two examples consisting in estimating the parameters of the logistic regression and es-

timating geometric quantiles are given.

Keywords: Stochastic Gradient Algorithm, Averaging, Central Limit Theorem, Asymp-
totic Variance.

1 Introduction

High Dimensional and Functional Data Analysis are interesting domains which do not have
stopped growing for many years. To consider these kinds of data, it is more and more im-
portant to think about methods which take into account the high dimension as well as the
possibility of having large samples. In this paper, we focus on an usual stochastic optimiza-

tion problem which consists in estimating

m:= argrhrél;ll]E g (X, h)],
where X is a random variable taking values in a space X and g : X x H — R, where
H is a separable Hilbert space. In order to build an estimator of m, an usual method was
to consider the solver of the problem generated by the sample, i.e to consider M-estimates
(see Huber and Ronchetti (2009) and Maronna et al. (2006) among others). In order to build
these estimates, deterministic convex optimization algorithms (see Boyd and Vandenberghe
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(2004)) are often used (see Vardi and Zhang (2000), Oja and Niinimaa (1985) in the case of
the median), and these methods are really efficient in small dimensional spaces.

Nevertheless, in a context of high dimensional spaces, this kind of method can en-
counter many computational problems. The main ones are that it needs to store all the
data, which can be expensive in term of memory and that they cannot deal online with the
data. In order to overcome this, stochastic gradient algorithms (Robbins and Monro (1951))
are efficient candidates since they do not need to store the data into memory, and they can
be easily updated, which is crucial if the data arrive sequentially (see Duflo (1996), Duflo
(1997), Kushner and Yin (2003a) or Nemirovski et al. (2009) among others). In order to
improve the convergence, Ruppert (1988) and Polyak and Juditsky (1992) introduced its av-
eraged version (see also Dippon and Renz (1997) for a weighted version). These algorithms
have become crucial to statistics and modern machine learning (Bach and Moulines (2013),
Bach (2014), Juditsky et al. (2014)). There are already many results on these algorithms in
the literature, that we can split into two parts: asymptotic results, such as almost sure rates
of convergence (Schwabe and Walk, 1996; Duflo, 1997; Walk, 1992; Pelletier, 1998, 2000), and
non asymptotic ones, such as rates of convergence in quadratic mean (Cardot et al., 2017;
Godichon-Baggioni, 2016a; Bach and Moulines, 2013; Bach, 2014; Nemirovski et al., 2009).

In a recent work, Godichon-Baggioni (2016b) introduces a new framework, with only
locally strongly convexity assumptions, in general Hilbert spaces, which allows to obtain
almost sure and L? rates of convergence. In keeping with it, and in order to have a deeper
study of the stochastic gradient algorithm as well as of its averaged version (up to a new
assumption), we first give the asymptotic normality of the estimates. In a second time,
since a Central Limit Theorem is often unusable without an estimation of the variance, we
introduce a recursive algorithm, inspired by Gahbiche and Pelletier (2000), to estimate the
asymptotic variance of the averaged estimator and we establish its rates of convergence.
As far as we know, there was not yet an efficient and recursive estimate of the asymptotic
variance in the literature. Finally, two examples of application are given. The first usual one
consists in estimating the parameters of the logistic regression (Bach, 2014) while the second
one consists in estimating geometric quantiles (see Chaudhuri (1996) and Chakraborty and
Chaudhuri (2014)), which are useful robust indicators in statistics. Indeed, they are often
used in data depth and outliers detection (Serfling (2006), Hallin and Paindaveine (2006)),
as well as for robust estimation of the mean and variance (see Minsker et al. (2014)), or for
Robust Principal Component Analysis (Gervini (2008), Kraus and Panaretos (2012), Cardot
and Godichon-Baggioni (2017)).

The paper is organized as follows: Section 2 recalls the framework introduced by Godichon-
Baggioni (2016b) before giving two new assumptions which allow to get the rate of conver-
gence of the estimators of the asymptotic variance. In section 3, the stochastic gradient
algorithm as well as its averaged version are introduced and their asymptotic normality are
given. The recursive estimator of the asymptotic variance is given in Section 4 and its al-
most sure as well as its quadratic mean rates of convergence are established. Applications,

consisting in estimating the logistic regression parameters and in the recursive estimation
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of geometric quantiles, are given in Section 5 as well as a short simulation study. Finally,
the proofs are postponed in Section 6 and in a Supplementary file.

2 Assumptions

Let H be a separable Hilbert space such as R? or L?(I) (for some closed interval I C R),
we denote by (.,.) its inner product and by ||.|| the associated norm. Let X be a random
variable taking values in a space X, and let G : H — RR be the function we would like to
minimize, defined for all € H by

G(h) == E[g(X,h)], @)

where ¢ : X x H — R. Moreover, let us suppose that the functional G is convex. Finally,
let us introduce the space of linear operators on H, denoted by S(H), equipped with the
Frobenius (or Hilbert-Schmidt) inner product, which is defined by

<A, B>F = Z <A(€]), B(€])> , VA,Be€ S(H),

i€l
where (ej)].el
S(H) is then a separable Hilbert space. Let us recall the framework introduced by Godichon-

Baggioni (2016b):

is an orthonormal basis of H. We denote by ||.||; the associated norm, and

(A1) The functional g is Frechet-differentiable for the second variable almost everywhere.
Moreover, G is differentiable and there exists m € H such that

VG(m) = 0.

(A2) The functional G is twice continuously differentiable almost everywhere and for all
positive constant A, there is a positive constant C4 such that forallh € B (m, A),

||thop < Ca,

where I’y is the Hessian of the functional G at h and |.[|,,, is the usual spectral norm
for linear operators.

(A3) There exists a positive constant € such that for all i € B (m, €), there is an orthonormal
basis of H composed of eigenvectors of I',. Moreover, let us denote by Anin the limit
inf of the eigenvalues of I'y,, then Ay, is positive. Finally, for all 1 € B (m, €), and for
all eigenvalue Ay, of ', we have Aj, > A‘gi“ > 0.

(A4) There are positive constants €, Ce such that for all h € B (m, €),

IVG(h) = Tun(l = m)|| < Ce [|h—m|.



(A5) (a) There is a positive constant L; such that forallh € H,
E [[Vig X)) < Ly (1+ 1 =m]*)
(@’) There is a positive constant L, such that forallh € H,
E |[Vig (X 0)|I*] < Lo (14 [l —m]*).
(b) For all integer g, there is a positive constant L, such that for all 1 € H,

E [[|Vig (X,1)I7| < Ly (14 1 —m[*T).

Let us now make some comments on assumptions. First, Assumption (A1) ensures the ex-
istence of a solution and enables to use a stochastic gradient descent, while (A2) gives some
smoothness properties on the objective function. Assumption (A3) ensures the uniqueness
of the minimizer of G, and (A4),(A5) give bounds of the gradient and of the remainder
term of its Taylor’s expansion. The main difference between this framework and the usual
one for strongly convex objective is that we just assume the local strong convexity of the
objective function, and in return, p-th moments of the gradient of the functional g have to
be bounded. Note also that the Hessian of the functional G is not supposed to be com-
pact, so that its smallest eigenvalue does not necessarily converge to 0 when the dimension
tends to infinity (a counter example is given in Section 5). Remark that assumptions (A1) to
(A5b) are deeply discussed in Godichon-Baggioni (2016b). Let us now introduce two new

assumptions.

(A6) Let ¢ : H — S(H) be the functional defined for all h € H by
¢ (h) :==E[Vig (X, h) @ Vig (X, h)].
(@) The functional ¢ is continuous at m with respect to the Frobenius norm:

lim ([ [V (X, 1) @ Vg (X, m)] — B [Vag (X,) & Vg (X, )] = 0.

(b) The functional ¢ is locally lipschitz on a neighborhood of m: there are positive
constants €, C., such that for all 1 € B (m,¢),

[E [Vag (X, m) @ Vig (X,m) = Vig (X,h) @ Vig (X, h)][|p < C¢ ||k —m]|.

Assumption (A6a) enables to establish the asymptotic normality of the stochastic gradi-
ent descent as well as of its averaged version. Note that under (A5a), the functional ¢ is
bounded, and more precisely

1 (Vg (X, h) @ Vg (X, )] < E [ V08 (X, W)I7] < Ly (1+ 10— m|P?) .



Assumption (A6b) can be verified by giving a bound, on a neighborhood of m, of the deriva-
tive of the functional ¢. This last assumption allows to give the rate of convergence of the
estimators of the asymptotic variance. An example is given for the special case of the geo-
metric median in a supplementary file.

Remark 2.1. Forallh € Hand A > 0,
B(hA)y={WeH |h-H|<A}.

Remark 2.2. Let h,h' € H, the linear operator h ® h' : H — H is defined for all h" € H by
h@h (0') = (h, W) K. Moreover,

I B[ = l1R ||} b))

3 The stochastic gradient algorithm and its averaged version

3.1 The Robbins-Monro algorithm

In what follows, let Xj, ..., X, be independent random variables with the same law as X.

The stochastic gradient algorithm is defined recursively for all n > 1 by

Mpyy+1 = My — ’)’nvhg (Xn+1/ mn) ’ (3)

with m; bounded and (7,) is a step sequence of the form v, := c,n™*, with ¢, > 0 and
a € (3,1). Moreover, let (Fn),>1 be the sequence of o-algebras defined for all n > 1
by F, = 0 (Xj,..., Xu). Then, the algorithm can be considered as a noisy (or stochastic)

gradient algorithm since it can be written as

Mpy1 = My — Y P (M) + YnCut1, 4)

where ® (m,) := VG (my),and (), defined foralln > 1by &1 := ® (m,) — V3,8 (Xys1, M),
is a martingale differences sequence adapted to the filtration (). Finally, note that under
assumptions (A1) to (A5a), it was proven in Godichon-Baggioni (2016b) that for all positive

5
|my —m|)* = o ((hm)) a.s. @)

na

constant ¢,

Moreover, assuming that (A5b) is also fulfilled, for all positive integer p, there is a constant
Cp such that foralln > 1,

E [Jmy — ] < 2.

(6)

In order to get a deeper study of this estimate, we now give its asymptotic normality.

Theorem 3.1. Suppose assumptions (A1) to (A5a’) and (A6a) hold. Then, we have the convergence



in law

1
lim (my —m) ~ N (0,Zrm),
n—oo ’)/n

with
—+o0
YRM = / e Stnyle~stnds,  and L :=E[V,g(X,m)® V,g(X,m)].
0

The proof is given in a Supplementary file. Note that the variance Xz)s does not depend on
the step sequence (7, ), but Theorem 3.1 could be written as

Tim 7%/2 (my —m) ~ N (0, ¢ %Ru)

Remark 3.1. Let M be a squared matrix, e™ is defined by (see Horn and Johnson (2012) among
others)

| —

eM = Z M-,
k=0 "
Thanks to assumptions (A2),(A3), 0 < Amin (Tn) < Amax (I'm) < oo, while under (A5a) and by

dominated convergence,

=

/ Ly
Epds < 57—,

min

2 +o0
s < [ et

+o0
Zraalls < [ e

and L.gm is so well defined.

Remark 3.2. Note that analogous results are given by (Fabian, 1968; Pelletier, 1998) in the partic-
ular case of finite dimensional spaces while, for analogous results in Banach and Hilbert spaces, one
can also see Walk (1992), Ljung et al. (2012), Kushner and Yin (2003b).

Remark 3.3. Note that taking a step sequence of the form vy, = | with c > ﬁ is possible, and
one can obtain the following asymptotic normality (see Pelletier (2000) among others for the case of

finite dimensional spaces)

lim v/n (m, —m) ~ N (0,cZ').

n—oo
Nevertheless, it does not only necessitate to have some information on the Hessian T, but c¥/ is
also not the optimal variance (see Duflo (1997) and Pelletier (2000) for instance).

3.2 The averaged algorithm

As mentioned in Remark 3.3, having the parametric rate of convergence (O (1)) with the
Robbins-Monro algorithm is possible taking a good choice of step sequence (). Never-
theless, this choice is often complicated and the asymptotic variance which is obtained is
not optimal. Then, in order to improve the convergence, let us now introduce the averaged
algorithm (see Ruppert (1988) and Polyak and Juditsky (1992)) defined for all n > 1 by

mn:

S| =

n
2 my.
k=1

o)



This can be written recursively for all n > 1 as

Myt1 = My + (M1 —1My). ()

n+1

It was proven in Godichon-Baggioni (2016b) that under assumptions (A1) to (A5a), for all

5>0, )
1 1+
771, — m||> = o <(“’;)> 0.5, )

Suppose assumption (A5b) is also fulfilled, for all positive integer p, there is a positive
constant C;, such that forall n > 1,

C/
E (||, —m|*] < 2. ©)
Finally, in order to have a deeper study of this estimate, we now give its asymptotic nor-

mality.

Theorem 3.2. Suppose assumptions (A1) to (A5a’) and (A6a) are verified. Then, we have the
convergence in law

lim v/n (7, —m) ~ N (0,%),

n—o0

with L :=T,'2T,  and &' .= E[V,,g (X, m) ® Vg (X, m)].

The proof is given in Section 6. For analogous results, one can also see Schwabe and
Walk (1996), Pelletier (2000), Dippon and Walk (2006).

4 Recursive estimation of the asymptotic variance

4.1 Some existing estimators

A first naive method to estimate the asymptotic variance could be to estimate the Hessian

I',, and the variance Y/ as follows

n+1 1 —
r$n+ ) :ri(i?)+n+1 (vig(XnJrl/mn) _1—‘5:11)>/

1 _ _
:H-l = 21,1 + m (vhg (XnJrl/mﬂ) ® vhg (XnJrl/mﬂ) - le’l) ’

but the main problem is that under assumptions (A2), (A3) and (A5a), if H is an infinite
dimensional space, then

L
[Tl = oo, while HT#ZT;}HF < /\2—1

min
Another problem is that, in order to get a recursive estimator of the asymptotic variance, it
needs to invert a matrix at each iteration, which costs much calculus time in high dimen-

sional spaces. A second estimator of the asymptotic variance was introduced in Pelletier



(2000), defined for all n > 1 by

Sp=—— ) (my— ) @ (my — i), (10)

E (2 -=[] =0 (7))

Thus, this estimator faces two main problems: it is not recursive and it converges very

and under (A1) to (A6b),

slowly. Finally, in order to solve the second problem, a faster algorithm was introduced by
Gahbiche and Pelletier (2000), defined for all n > 1 by

1—s k —s k s

Y= 1711 5 Z k¢5+15+u exp <_1k—s) (g]w%z 5) (mj —mn)) ® (;]erz 5) (mj —mn)) ,
(11)

with (1+a)/2 <s <1,y >0ands/2 < § < (1+5s)/2. This algorithm is first based

on an usual decomposition of the stochastic gradient algorithm (see equation (18)) which

enables to make appear a martingale term which carries the convergence rate (see equation

(27)). In a second time, the objective is to find step sequences which enable to improve the

rate of convergence of the variance estimate (see Gahbiche and Pelletier (2000) for technical

details on assumptions on the step sequences). In the case of finite dimensional spaces, the

following convergence in probability is given (under some assumptions)

q1/2-5/2
HZn M| RN

(Inlnn) P n—oo

with ¢ > 0. A first technical problem is that only the convergence in probability is given, in
the case of finite dimensional spaces, and for the usual spectral norm. A second one is that

it is not recursive and it cannot be easily updated.

4.2 A recursive and fast estimate

We now give a recursive version of the algorithm defined by (11) to estimate the asymptotic
variance in separable Hilbert spaces, before establishing its rates of convergence (almost
sure and in quadratic mean). This algorithm is defined by

1—s k —s k 1-s
Y= 111 3 Z k5+15+14 exp <_1k—s> (Z]H/Z 305 (m]- —m]-)> ® (;]}1/252 ) (m]- —m]-)> ,
J J (12)
with
(14a)/2<s<1, >0, and  s/2<d<(1+5s)/2. (13)



The difference with previous algorithm is the replacement of 71, by 71;, which enables the

estimates to be written recursively for all n > 1 as

7’1+1 1-s o
Vusr = Vit (410 2exp (G ED D) (s =),

1-6 _
n 1-6 (n+1)t=
Tl = <n n 1> =0 G )eren P <—1_s Vit1 ® Va1,

with Vi = X; = 0. Then, contrary to previous algorithms, this one does not need to store
all the estimations into memory and can be easily updated. Finally, the following theorem
ensures that it is quite fast.

Theorem 4.1. Suppose assumptions (A1) to (A5a’) and (A6b) hold. Then, the sequence (¥X,)
defined by (12) verifies for all positive constant vy,

Y
IZ0 —Z)% =0 <(1“”> ) 0.5,

nlfs

Moreover, suppose (A5b) holds too, there is a positive constant C such that for alln > 1,

The proof is given in Section 6.

Corollary 4.1. Suppose assumptions (A1) to (A5a’) and (A6b) hold. Then, for all positive constant

Y,
- 2 Inn)?
|, —Z|z=0 <(n1—2 > a.s.

Moreover, suppose (A5b) holds too, there is a positive constant C such that for alln > 1,

C

E[I% -2l < o

Remark 4.1. The constant C in Theorem 4.1 depends on the constants introduced in assumptions,
on the initialization of the stochastic gradient descent, and on «, 6,1, s, c.

Remark 4.2. Estimating recursively the asymptotic variance coupled with Theorem 3.2 can be use-
ful to build online asymptotic confidence balls. Moreover, in the recent literature, non asymptotic
convergence rates are often given under the form

E |7, — m|[*] <

where Ry, is a rest term. Then, using the recursive variance estimates could enable to have, in
practice, a precise bound of the quadratic mean error, and in the short term, it could allow to get
precise non asymptotic confidence balls.

Remark 4.3. In order to get a faster algorithm (in term of computational time), one can consider a
parallelized version of previous estimates. This consists in splitting the sample into p parts, and to
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run the algorithm on each subsample to get p estimates %, ,, ;, before taking the mean of these p last

ones.

5 Applications

5.1 Application to the logistic regression

Let d be a positive integer, and let Y € {—1,1} and X € R? be random variables. In order to
get the parameter m! € RY of the logistic regression, the aim is to minimize the functional
G, defined for all i € R? by

Gi(h) :=E[log (1 +exp (=Y (X,h)))]. (14)

Under usual assumptions (see Bach (2014) among others), the functional G; is locally strongly
convex and twice Fréchet differentiable with for all 1 € RY,

B exp (=Y (X, h))
1+exp (=Y (X, h))

exp (=Y (X, 1))

VGi(h) = (1+exp (—Y (X, h)))

YX|, V2G/(h)=E X®X]|.

Then, the parameters of the logistic regression and the asymptotic variance can be estimated

simultaneously as:

exp (—Yus1 (Xps1,ml,))
1+ exp (= Y1 (Xpg1, ml,

! 1
mn+1 =my + Tn

>> Yn+1xn+1/

1 1 I 1
mn+1_mn+n+1 mn+1_mn s

(n _|_ 1)1*5 L
VVlH-l = Vrlz + (n+ 1)H/2 exp < 2(1—s) (mln+1 - m51+1) ,
1-4 1-s
[ n I 1-¢6 (n+1) I 1
Zni1 = <n - 1) Zn + (n 4 1)0+stn exp <_ 1—s Vi © Vi

5.2 Application to the geometric median and geometric quantiles

Let H be a separable Hilbert space and let X be a random variable taking values in H. Let
v € H such that ||v]| < 1, the geometric quantile m” corresponding to the direction v (see
Chaudhuri (1996)) is defined by

= argmin B [|[X — | - |X|] - (h,0), 15)
eH

and in a particular case, the geometric median m (see Haldane (1948)) corresponds to the
case where v = 0. Under usual assumptions (see Kemperman (1987) and Cardot et al. (2013)
among others), the functional G, is locally strongly convex and twice Fréchet-differentiable

10



with forallh € H,

X—h
1X = Al

VG (h) = —E { + v} , V2G'(h) =E

1 (X=meX-h
IX=n \"" x—n? '

Then, it is possible to estimate simultaneously and recursively the geometric quantile m® as

well as the asymptotic variance of the averaged estimator as follows:

X
Tl

||Xn+1
M, = 1, + +1( h1 —my)
= VP (1) ”/Zexp( ) My —TL),

n (n+1)-
ZZ+1:<H+1) 2"+(71_|_1)5+S+Mexp<_1_5>vvl®v

Note that under usual assumptions, the asymptotic variance obtained is the same as the one

obtained with non-recursive estimates (Maronna et al., 2006; Gervini, 2008) in the special

case of the geometric median.

5.3 A short simulation study

We focus here on the estimation of the geometric median. We consider from now that X is a
random variable taking values in R?, with d > 3, and following a uniform law on the unit
sphere S°. Then, the geometric median m is equal to 0 and the Hessian of the functional G
at m verifies

1 X X d—1
I, =FE I ®)} I —EX®X|= I;.
" [HXH(d X7 & ] X®X] =1

Note that assumptions (A1) and (A6b) are then verified (see Section 3 in Godichon-Baggioni
(2016b), Lemma A.1 in Godichon-Baggioni et al. (2017) and the supplementary file to be
convinced). Finally, the asymptotic variance of the stochastic gradient estimate and of its
averaged version verify

c X X 1
ZRM = / eisr”’IE { X :| efsr'”ds =—1
0 111Xl 2(d—-1)
X X d

Y= FllE[ ]F‘lzld.

X1 X T @1
First, let us consider a stepsequence 7, = n~%/3 and let us study the quality of the Gaussian
approximation of Q,, Q;,, where

d—1

Qn = Z(d—l)nl/B (my, —m), and Q= \/ﬁW

(1, —m).
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Figure 1 (respectively Figure 2) seems to confirm Theorem 3.1 (respectively Theorem 3.2)
since we can see that the estimated density of a component of Q, (respectively Q) is close
to the density of A (0,1), and so, even for small sample sizes (n = 200), which is also

confirmed by a Kolmogorov-Smirnov test.

0.5
0.5

Density
Density

Figure 1: Estimated density of a component of Q,, (in blue) compared to the standard gaus-
sian density (in red), with n = 200 (on the left) and n = 5000 (on the right).

0.5

Density
Density

Figure 2: Estimated density of a component of Q), (in blue) compared to the standard gaus-
sian density (in red), with n = 200 (on the left) and n = 5000 (on the right).

In Figure 3, we consider the evolution of the quadratic mean error, with respect to the
Frobenius norm, of the estimates (X,) of X defined by (12), with regard to the sample size.
For this, we generate 100 samples, and use the parallelized version of the algorithms. Fig-

ure 3 tends to confirm that for small dimensional spaces (d = 10), the estimates of the
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asymptotic variance converge quite quickly and that it is still the case for moderate dimen-
sional spaces (d = 5000).

0.035 0.040
I
5e-04

0.030
I
4e-04

Quadratic mean error
0.025
|
Quadratic mean error
3e-04

0.020
1

0.015
I
2e-04

0.010
I
1le-04

T T T T T T T
100 200 500 1000 2000 5000 10000 1000 2000 5000 10000

Sample size Sample size

Figure 3: Evolution of the quadratic mean error of the estimation of the asymptotic variance
Y. with respect to the Frobenius norm for 4 = 10 (on the left) and d = 5000 (on the right).

6 Proofs

6.1 Some decompositions of the algorithms

In order to simplify the proofs, let us now give some decompositions of the algorithms.

6.1.1 The Robbins-Monro algorithm

Let us recall that the stochastic gradient algorithm can be written as
My —m =y —m — Y P (M) + YnGni1-
Linearizing the gradient, it comes
M1 = m = (Ig = YnTm) (M = 1) +YuGat1 = Yndn, (16)

where 9, := T, (m, —m) — ® (m,) is the remainder term in the Taylor’s expansion of the
gradient. Thanks to previous decomposition and with the help of an induction (see Duflo
(1996) or Duflo (1997) for instance), one can check that for all n > 1,

n—1 n—1
My —m = Bu_g (my —m) — Bu1 Y 1B Ok + Bu1 Y_ 1B ' Cur1, (17)
k=1 k=1

with B, := [T{_1 (In — vkI'm) for all n > 1 and By := Iy. Finally, the asymptotic variance
can be seen as the almost sure limit of the sequence of random variables (r,,;lgn ® anlgn)n

13



(see the proof of Theorem 3.2). Then, in order to prove the convergence of the estimates, we

need to exhibit this sequence. In this aim, one can rewrite equation (16) as

_ E . Tn+1

+ Ep1 — Ay, 18
Y Vi n+1 n ( )

with
Tw:=T," (my—m),  Epp1:=T,"Ens1),  Dn:=T," (on).
6.1.2 The averaged algorithm

Summing equalities (18) and dividing by 7, we obtain the following decomposition of the

averaged estimator

1 & /T T
mn_m:nz<k k+1>_ZAk—}—nZuk+1 (19)
k=1

Tk Yk k

Finally, by linearity and applying an Abel’s transform to the first term on the right-hand
side of previous equality (see Delyon and Juditsky (1992) or Delyon and Juditsky (1993) for

instance),
— — 14 /1 1
ny1 nYn 5\ Tk-1
1 n
+=) (20)
=

6.1.3 The recursive estimator of the asymptotic variance

In order to simplify the proof of Theorem 4.1, we will introduce a new estimator of the
variance. In this aim, let us now introduce the sequences (a,),~, and (b,),~, defined for

alln > 1bya, :=exp ( > and by, := Y}_, a2. Then, thanks to decomposition (18), let

n
\/FZﬂk mp —m
n k=
1 Zak(T T, )+iaA —l—ia”
= — Uk = Lk+1 KDk kk+1
Vb Tk e k=1 !
1

(Al,n + AZ,n + Mn+1) . (21)

In order to simplify several proofs, we now give L¥ upper bounds of the terms on the right-

hand side of previous equality.

14



Lemma 6.1. Suppose assumptions (A1) to (A5b) hold. Then, for all positive integer p,

1—s
=0 <exp (Ii”_ . ) n””‘) ,

2p
n

ag
E ||} Py (T — Tis1)

i n 2p pnl—s

E Z apNg =0 <exp < ) np(s"‘) ,
= 1-—s
i n 2p pnl—s

E k;akakH =0 <exp (1 p > nps>

The proof of this lemma as well as an analogous lemma which gives the asymptotic al-
most sure behavior of these terms are given in a Supplementary file. We can now introduce

the following estimator
1

Y= T Tk, 22
and one can decompose X, as follows:
1—-90 1 kl—s k s k s
Zn — XY= Zn - n1_5 Z k‘5+5 exp <— 1— S) (Z e2(1-s) (m] — m)) X (Z e2(1-s) (m] — m)
k=1 j=1 j=1
y T | kl—s ks ks o
s B () (B o ) o (e o om)) -2,
k=1 j=1 j=1
+¥,—-X

6.2 Proof of Theorem 3.2

Proof of Theorem 3.2. Let us recall that the averaged algorithm can be written as

(st i

Ye o Yk-1

My m Mg Z 1 i
ny1 nYn n =

1 n
+= ) G
Ly

Ty (M, —m) =

It is proven in Godichon-Baggioni (2016b) that

[[1m1 — m]]
——=0(1) as,
Vvnm M
|11 — m||
——— =0(1) as,
Vi ®
1 Z(l—l)(mk—m) =0(1) as,
n= \ Tk Yk—1
)
— | =0(1) as
Vi S

15



In order get the asymptotic normality of the martingale term (1 Y/, &;1), let us check that
assumptions of Theorem 5.1 in Jakubowski (1988) are fulfilled, i.e let (¢;),.; be an orthonor-
mal basis of H and ¢;; := (Xe;,¢;) for all i, j € I, we have to verify

1
V>0, lmP| sup — > =0, (23)
1 lim <1§k}§)n T 1€kl 17)
1 & ..

lim = Y (G, e) (Ckrre) = ¥ij as, Vijel, (24)

n—eo 11 =
(o] 2 B
Ve > 0, Al}lg;hr;lj:jpll’ ( ; ; <§k+1,e]> > e) =0. (25)

Proof of (23) Let 7 > 0, applying Markov’s inequality,

n

P(lggnjﬁ|\ck+l||>n> yr ( \F||Ck+1||>’7)
<Ly '
2yt L E [l

Then, applying Lemma H.1, there is a positive constant C such that

1 1 ¢
]P(sup ﬁ|’§k+1||>’7> TZ

1<k<n

Proof of (24). First, note that

S|

n 1 n 1 n
Y Gki1 @8 == Y B [Gi1 @G| Fl + = Y €t
k=1 3 3

with €41 1= Cry1 ® Ckr1 — E [Ckr1 ® Cry1|Fk)- Remark that (e,,) is a sequence of martingale
differences adapted to the filtration (), and one can check that

1 n
lim = ) €1 =0 as.
k=1

n—co y e

Let us now prove that the sequence of operators (E [{r11 ® k11| Fk]) converges almost
surely to >/ with respect to the Frobenius norm. Note that

|E [Zks1 @ Ces1 | Fi] = Z'|| = || E [Vag (Xies1, 1) @ Vg (i1, m) | Fie] = £ — @ (mye) @ D (my) ||
< 1B [Vig (Xir1,mx) @ Vig (Xir1, i) [ Fi] = ' ||z + [|© () © D (mye) || -

Then, thanks to assumption (A6a), since || ®(my )| < C ||my — m|| and since (my) converges

16



to m almost surely (see Godichon-Baggioni (2016b)),

lim HIE Vg (Xk—i-l/ mk) ® Vg (Xk+1,mk) |fk Z‘/HF =0 as,

k—o0
tim ([ () &P ()| = lim [0(m)]> =0 a5

In a particular case, for alli,j € I,
klg{olo <]E [§k+1 ® §k+1‘Fk] (€j),e]‘> = 1,’)1‘,]‘ = <Z'(ei),ej> a.s.

Thus, applying Toeplitz’s lemma,

1 ¢
lim — ) (I [Zi1 ® Sei1 | il (&), ) = iy as.
noee 5y

Finally, for all7,j € I,

n

lim Y (Ckiasei) (Grers€j) = lim = Z (Ck1 © Crs(ei) ef)

n—oo 1 n—oo 11

= l/Jl‘,j a.s.
Proof of (25). Let € > 0, applying Markov’s inequality,

e

k=1j

(Crr1,e) > €> < E [<f§k+1,€j>2]

gt

,r
Il

—_
<

2
A
0= I0]=

Il
_
.

E []E [<‘§k+1r€j>2 |]:kH :

In1e 1

Since for all j € I, <§k+1,ej>2 = (k1 @ &r41(ej, ¢j), and by linearity

(31 i Z <€k+1,€] > € ) < ;—2 E *1 En E []E |:<€k 1 gk 1<ej),€]’> ’ k]]
k=1j=N = n = + (24 =
jsz :l kZZI [< [Ck 1@ §k+1| k] (E]),€]>] :

Since E k41 ® Ck+1|Fk] converges almost surely to X' and by dominated convergence,
. n e} 1 e} ,
lim sup P Z Y (Crrrei) >e ] < =) () e).
n k=1j=N €=~
Moreover, since &' = E [V;¢ (X, m) ® Vg (X, m)], thanks to assumption (A5a),

Y (= (e = IE[Vig (X,m) @ Vig (X, m)] | < E [||Vsg (X,m)|| <Ly,
=

17



Thus, since for all j € I, (¥/(ej), ;) >0,

lim Z(Z e;) e]> 0,

N—ro0 =N
which concludes the proof. O

6.3 Proof of Theorem 4.1

For the sake of simplicity, the proof is given for mu = 0 (the case where y > 0 is strictly
analogous). Let us recall that equation (12) can be written as

1-6 & 1 k'
Zn_Z:Zn_nlfskzlkéJrSexp< 1_5) (Zez

+5, - % (26)

In order to prove Theorem 4.1, we just have to give the rates of convergence of the terms
on the right-hand side of previous equality. The following lemma gives the almost sure
and the rate of convergence in quadratic mean of the first term on the right-hand side of

previous equality.

Lemma 6.2. Suppose assumptions (A1) to (A5a’) and (A6b) hold. Then, for all v > 0,

_ e AL Inn)7
>, — L 175 (51+Se_k1T (EeZ](15> (mj—m ) (Ze“ o (mj— m)) =0 ((nln—g> a.s.
ni—° =k =1 "

Moreover, suppose assumption (A5b) holds too. Then,

d

The proof is given in a Supplementary file. The following lemma gives the almost sure

=

— n s k il—s
mo et B (S e ) o (e - m)
nl =k =1

| -oG)

F

and the rate of convergence in quadratic mean of the second term on the right-hand side of
equality (26).

Lemma 6.3. Suppose assumptions (A1) to (A5a’) and (A6b) hold. Then, for all v > 0,

n s k 1—s .
\z 1t (Zewm—m) (z m—m>)—zn
k=1 ]

—

18



Moreover, suppose assumption (A5b) holds too. Then

1
E{ o(h).

The proof is given in a Supplementary file. Finally, the following Proposition gives the

1-90 1 ’

nool g & koo _
= k; FEa j;@z‘“) (mj—m) | @ ];EZ“S) (mj—m) | = Zn

F

almost sure and the rate of convergence in quadratic mean of the last term on the right-hand

side of equality (26).

Proposition 6.1. Suppose assumptions (A1) to (A5a’) and (A6b) hold. Then, there is a positive

I, -2 =0 (520)

Suppose assumption (A5b) holds too. Then, there is a positive constant C such that foralln > 1,

constant <y such that

C

E[l5 -2 <

Proof of Proposition 6.1. Applying equality (2), one can check that

_ 1 nooq ) 1 "] )
HZ” o ZHF S Zzzl k=9 k:zl koby HAl,kH + Zzzl k=9 kzl kob; HAZ"‘H

1 ! 1 o1

1
+2 ; Avgll [ Azl +2 Avgll M
217{1:1 k=9 k; k&bk || LkH || 2,k|| ZZ:] k—o kzl k‘sbk || 1,k“ || k+1”

1 U |
2 - A M
+ ZZ:1 k9 k:zl k‘sbk || Z,k” || k-‘rl” +

4

F

RN N TPV
2];;121 [ & K0 bk k+1 k+1
(27)

where Ajk, Ay, Mi41 are defined in (21). The following Lemma gives the rate of conver-
gence in quadratic mean of the first terms on the right-hand side of previous inequality.

Lemma 6.4. Suppose Assumptions (A1) to (A6b) hold. Then, for all i,j € {1,2},

o 1
=0 nl—s |’

1 LI | ? 1
E <2Z_1 o k; Zi | Al HMk+1||> =0 <n15> :

B 2
1 "1
. (273_1 s & o, 14 ”Af""”>

=1

The proof of this lemma as well as its "almost sure version" are given in a Supplementary
file.

Then, we just have to bound the last term on the right-hand side of inequality (27). First
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let us decompose M1 ® My1 as
k , k k
Miy1 @ Myy1 = Zﬂj B ®8j+ Y a8 @ Mj+ Y a8 @ (M1 — Mjjq)
=1 j=1 j=1

k k
+Y M @B + Y aj (Mg — Mjy1) @ Zjaq.
j=1 j=1

Note that for all j, M is Fj-measurable and E [E]-H ® Mj|.7:]-} = 0. Moreover,

1 L | | k
Zgzlk—a Z K <b Mpy1 @ Myy1 — ) Zk k Ig—(sb—; Ej+1®51+1_2)
1 11 "1
Zk Yro k=° Zst* Z%a]uﬁl@M +Zn—1k ;FZT ;”J‘§]+1®(Mk+1—Mj+1)
n k
Zk 1k 0 17121 ®“]“+Zk 11{ ;1(5191; (M1 — Mjy1) @ Ejpg.

The end of the proof consists in giving a bound of the quadratic mean of each term on the
right-hand side of previous equality. Note that the almost sure rates of convergence are not
proven since it is quite analogous.

2
Bounding E “ S Yiq %bi Z};l ajEi ® MjHF] . First, note that

11 1 = (e 11 -
Y 1k = ; TslT Zaj‘—‘]+1 ®M; = Y k_51§1 (]Zk k‘5bk> Ak Zyey1 @ My.

Moreover, with the help of an integral test for convergence, one can check that there is a
positive constant C such that for all positive integers k < n,

11 C kl=s
Lin < wor (i) )

Furthermore, since (Zj;1 ® M,; )] is a sequence of martingale differences adapted to the fil-
tration (F;), let

2
1 11 &
(*) ::]E — — =l 1®M
Yrok 6k71 k(sbk; j+ .
2
E L vyl gaom
= N 15 571 k—k+1 k
IR j:kk(sbk F
1 20 (g 1\ )
2 —_
== — 7 | aE |[[Ery1 @ M|
(&) z(zkb) 2E (1500 & M)



Then, applying equality (2) and Cauchy-Schwarz’s inequality,

2
1 2on o fnqq ) )
<*>s(n ) LY 2B [z P 1M
Yo k= L ].;kkobk k [’ i }

k=1

2
1 2 n no11 5 - 4 4
“(z7) 4 (Zkb> o (12 1]

Finally, applying Lemmas 6.1 and H.1 as well as inequality (28),

(*):O<<Zk = 5) zk% ) o ().

With analogous calculus, one can check

2

Bounding [E U T

=1
k
=) ) ajapEj1 © .

Note that (ZJ _1 ajapEi 1 @ & +1>] is a sequence of martingale differences adapted to the

filtration (Fj ). Furthermore,

S SR L= )|
o s 2 o 2 8 ®@ (Mg — M
ZZ:lk ‘Sk:lkébkjl ] ] .
1 2111 kjl ’
- (2:1 k—5> Z kﬁﬁ]‘z 2 ) a0 Ej @ Ej
k=1 k =2 j=1 F
1 2 LI 10
" <Z”k‘5> E|) ) bk 2 Z apajrBj i @ Ejriq, E Z AirinEir g @ Ejriq
k=1 k=2 j=1 j'=2j'= i"=2i'=

Then end of the proof consists in bounding the two terms on the right-hand side of previ-

. . . i—1 - - . . .
ous equality. First, since <Z;.:1 ajapBi ® aj/H)/ is a sequence of martingale differences
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adapted to the filtration (-7:]")/ let
2 n
11
(x) = <Zk Lk (s> Zkzabz

- () Lon ke

Z Z ajapEi @ Ep

j=2j=1

‘"
Z aja;iEj 11 ® By
=

F

Then, applying equality (2) and Cauchy-Schwarz’s inequality,

2
!Ej'+1|2]

1 2nq ] & — =
=< () Y mg o \E [H%’/HW E { Y 45
k=1 k j'=2 j=1

Vi k0

n -1
() = <Zk 1k 5) Zkza 7 Z”’]E [ Jg Bj=j+1

k=1

4]
Finally, applying Lemma H.1, H.2 and 6.1,
_ 45\ __ 1 2y 11 4 2s | __ 1
(x) =0 <<2k k- 5> Z kz& b2 Z ayf' > ((2;(1_1 o ; 12 b2 k™ | =0 min{2-25,1} | °

Then, since § < (1+5s)/2,

1 2 i 11
Z}Clzl k—é = k25 b2
In the same way, by linearity, let

n k=1 i i j-1
Z Z bk—lk—ob 1:-6 < Z Z ﬂ]/ﬂ]//u] 1R B, Z Z A q ®ul//+l>]
k=2 j=1

b — 2 ] Z// 2 1/

kK j-1

)3 Z ajay&j+1 ® Ej1

j=2j=1

]-G=)

1
= (gre)
LN D . LI |
<Z 1k ‘5> kZZZ%b Ko TE Z E apap i @ B, ZZ Z Ay Zi g1 @ B
= ] l// l/ F

// 2]

: ]'//_1

2 n k-1 ] kK i'-1
17.—63,—1:—6 = = o =
(grrs) B E (L L awsaesa ¥ Daasaosa) |
k=1 k=2 j=1 j i"=j+1i'=1 F

=2 j'=1
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Since (E;#) is a sequence of martingale differences adapted to the filtration (Fj»),

n k—1 s 1 j j’-1 koi’—1
Y LB (X X apepEra @8, Y L antnBr ©8n
k=2j=1 F

j=2 =1 =41 =1
n k—1 s 1 s e S |
=) 2 b kb0 Y Y Y, Y arapapapE [<‘—'] 41 @ Ejry1, Birg ®“1”+1>F}
k=2 j=1 j'=2j'=1i"=j+1i'=1
n k-1 s 1 s I T A
— —0 —
= bk k b Z Z Z Z apa //a]/a]u]E |:<u] 11 @ u]//_i_l,h_q 11 ®E [ul//+1|]‘_~]> }
k=2 j=1 j'=2j=1i"=j+1i=
=0.

. i =1 = = . . .
Furthermore, since (Zj,,:2 Zj,:1 apamZEi 1 @ B yq j” is a sequence of martingale differ-

ences adapted to the filtration (Fj») and applying equality (2),

j 2
n k
(**) <Z o 5) ZZb 1k 5b 1]_(51E 2 2 a]/tZ]//._‘] +1®._,//

k=1 =1 =1 7= F
-1 2

(Z T ()) EZb 1k 5b 1_5 Z E E aj/ajuE]vH ®E]'N+1
k=1 =1 F

2

~(ges) BEw o Lk || Dodra) Izl

Applying Cauchy-Schwarz’s inequality as well as Lemmas H.1 and 6.1,

// 1

1= (grs) SEari L B[ osm | E[lEan]

// 1

:o<<2k1k5> iiblk °b;1 Za‘% ”S).

k=1j=1 j"=1

Finally, applying Lemma H.2,

2 n k
(**) -0 <<Zz 1k_(5> Zb lk (Sb 1]—(5a4]25>
= k

o((gw) Eore)

Thus,




Moreover, with analogous calculus, one can check

[ (L),

1 1 vk = = .
Bounding T Yiq R Y1 a? (Eg41 ® Egy1 — X). First, note that

2

11 -
Yo kb Z Kb Z“; (Micya = Mjs1) @ Eja

F

n k n
1
2 (= = - -
) ) g (Bgs1 @ Bgq — X) = § Y a; (E [Brs1 @ B[ Fi] = %)
Zk 1 k0 K bk =1 Zk k=0 3 kb

The end of the proof consists in bounding the quadratic mean of the terms on the right-hand
side of previous equality. First, applying Lemma H.4, let

(x):=E [

BB |
_ a5 (E [Egyq @ g1 | Fk] — 2)
Yk 5k:1 kb j= ! F

2

2
F]
1 2 noo1 k ) ’ 2
= <W> (2,(%2”; \/IE [H]E[Ek—l-l(g)ak—i-l’fk] —ZHFD
= k=1 '
Then, applying inequality (6) and Corollary H.1,
2
1 2 1 & 5
(x)=0 <n> ( Wb az\/lE [ — m| >
k=1 k™ k:zlk%k = I [ }
1 2 ! 1 k 2:—wn/2 ’
:O <ZZ_1k5> k:zlkakZa]] .

Furthermore, thanks to Lemma H.2,

(x) =0 ((Z’ﬁik‘s)z (1121 kélbkaiks—“ﬂ) 2) =0 ((Z”‘1k5>2”2_z‘s_“> -0 (1> .

k=1

Thus, since a« > 1/2,

2
1 noo1 kK 1
E Y a? (B [Ex1 @ By | Fi] — Z :O( )
|:er{llk5k1k(5bk]‘1 (B[S +1[Fk = %)
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Moreover, applying Lemma H.4, let

(Jk) 1= [

1 >2 noo
< |- -
N <Zz’?:1k‘5 k;k

Furthermore, since (E [Ef;1 ® Egy1|Fk] — Ek11 ® Ey1) is a sequence of martingale differ-

1

k
Z a5 (Bxr1 ® Egr1 — E [Erpr @ Exra] Fr])

k 2

Y07 (Bt ® Exr — E [Bipr © Egerr | Fi])

F

ences adapted to the filtration (F;) and applying Lemma H.1,

Then, applying Lemma H.2,

=0 (i) (Bww) ) =o((iee) (Br7) ) =o ()

Finally,

[l

which concludes the proof. O

n k
Z Z (Brr1 ® Bi1 — E [Brir ® Erpa| Fi])
Vi k=0 3 kb (S
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