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Controllability of the Navier-Stokes equation in a rectangle
with a little help of a distributed phantom force

Jean-Michel Coron*! Frédéric Marbach! Franck Sueur Ping Zhang1

October 29, 2019

Abstract

We consider the 2D incompressible Navier-Stokes equation in a rectangle with the
usual no-slip boundary condition prescribed on the upper and lower boundaries. We
prove that for any positive time, for any finite energy initial data, there exist controls
on the left and right boundaries and a distributed force, which can be chosen arbitrarily
small in any Sobolev norm in space, such that the corresponding solution is at rest at
the given final time.

Our work improves earlier results in [22, 23| where the distributed force is small only
in a negative Sobolev space. It is a further step towards an answer to Jacques-Louis
Lions’ question in [29] about the small-time global exact boundary controllability of the
Navier-Stokes equation with the no-slip boundary condition, for which no distributed
force is allowed.

Our analysis relies on the well-prepared dissipation method already used in [34]
for Burgers and in [13] for Navier-Stokes in the case of the Navier slip-with-friction
boundary condition. In order to handle the larger boundary layers associated with
the no-slip boundary condition, we perform a preliminary regularization into ana-
lytic functions with arbitrarily large analytic radius and prove a long-time nonlin-
ear Cauchy-Kovalevskaya estimate relying only on horizontal analyticity, in the spirit
of [6, 41].
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1 Introduction and statement of the main result

1.1 Historical context

In the late 1980’s, Jacques-Louis Lions introduced in [29] (see also [30, 31, 32]) the question
of the controllability of fluid flows in the sense of how the Navier-Stokes system can be
driven by a control of the flow on a part of the boundary to a wished plausible state, say a
vanishing velocity. Jacques-Louis Lions’ problem has been solved in [13] by the first three
authors in the particular case of the Navier slip-with-friction boundary condition (see also
[14] for a gentle introduction to this result). In its original statement with the no-slip
Dirichlet boundary condition, it is still an important open problem in fluid controllability.

1.2 Statement of the main result

In this paper we consider the case where the flow occupies a rectangle, where controls are
applied to the lateral boundaries and the no-slip condition is prescribed on the upper and
lower boundaries. We thus consider a rectangular domain

Q:=(0,L) x (—1,1),

where L > 0 is the length of the domain. We will use (x,y) as coordinates. Inside this
domain, a fluid evolves under the Navier-Stokes equation. We will name u = (u1,ug) the
two components of its velocity. Hence, u satisfies:

{8tu+(u-V)u+Vp—Au:fg, (1)

divu =0,

in Q, where p denotes the fluid pressure and f,; a force term (to be detailed below). We
think of this domain as a river or a tube and we assume that we are able to act on the
fluid flow at both end boundaries:

Ip:={0} x (—1,1) and I'p, := {L} x (—1,1).
On the remaining parts of the boundary,
'y :=(0,L) x {£1},

we assume that we cannot control the fluid flow and that it satisfies null Dirichlet boundary

conditions:
u=0 on Ii. (1.2)

We will consider initial data in the space L3, () of divergence free vector fields, tangent
to the boundaries I'.. The main result of this paper is the following.

Theorem 1. Let T > 0 and u, in L%, (). For any k € N and for any n > 0, there erists
a force f, € LY((0,T); H*(Q)) satisfying
‘|ngL1((07T);H’€(Q)) <n (1.3)

and an associated weak Leray solution u € CO([0,T]; L3, (Q2)) N L2((0,T); HY(Q)) to (1.1)
and (1.2) satisfying u(0) = u, and u(T) = 0.



Since the notion of weak Leray solution is classically defined in the case where the null
Dirichlet boundary condition is prescribed on the whole boundary, let us detail that we say
that w € CY([0,T]; L3, (2)) N L3((0,T); H'()) is a weak Leray solution to (1.1) and (1.2)
satisfying u(0,-) = uy and u(7T,-) = 0 when it satisfies the weak formulation

_/OT/QU.at<p+/0T/Q(ro)u'g0+2/oT/QD(U)3D(80)
:/Qu*-<p(0,-)+/0T/Qu'fg,

for any test function ¢ € C*°([0, T] x Q) which is divergence free, tangent to I'y, vanishes at
t = T and vanishes on the controlled parts of the boundary I'g and T';,. Thus, (1.4) encodes
the no-slip condition on the upper and lower boundaries only. This under-determination
encodes that one has control over the remaining part of the boundary, that is on the
lateral boundaries. The controls on the lateral boundaries are therefore not explicit in
the statement of Theorem 1. Still the proof below will provide some more insights on the
nature of possible controls to the interested reader. Once a trajectory is known, one can
indeed deduce that the associated controls are the traces on I'g and I';, of the solution.
Hence, elementary trace theorems and the regularity of weak Leray solutions imply that
such controls are at least in L2((0,T); H%(Fo ul'r)).

(1.4)

1.3 Comments and references

Remark 1.1 (Relation to the open problem). We view Theorem 1 as an intermediate step
towards an answer to Jacques-Louis Lions’ problem, which requires to prove that the theo-
rem is still true with a vanishing distributed force f, = 0. Here, we need a non-vanishing
force but we can choose it very small even in strong topologies. Qur result therefore sug-
gests that the answer to Jacques-Louis Lions’ question s very likely positive, at least for
this geometry. Nevertheless, new ideas are probably necessary to “eliminate” the unwanted
distributed force we use.

Remark 1.2 (Local vs. global null controllability and Reynolds numbers). The fact that,
for any T > 0, one can drive to the null equilibrium state w = 0 in time T without any
distributed force (fy = 0) was already known when the initial data u, is small enough in
L2(Q) (with a mazimal size depending on T). In this case, one may think of the bilinear
term in Navier-Stokes system as a small perturbation term of the Stokes equation so that
the controllability can be obtained by means of Carleman estimates and fixed point theorems.
Loosely speaking, such an approach corresponds to low Reynolds controllability.

More generally, local null controllability is a particular case of local controllability to
trajectories. For Dirichlet boundary conditions, the first results have been obtained by
Imanuvilov who proved local controllability in 2D and 3D provided that the initial state are
close in H' norm, with interior controls, first towards steady-states in [27] then towards
strong trajectories in [28]. Fursikov and Imanuvilov proved large time global null control-
lability in 2D for a control supported on the full boundary of the domain in [18]. Still in
2D, they also proved local controllability to strong trajectories for a control acting on a
part of the boundary and initial states close in H' norm in [19]. Eventually, in [20] they
proved in 2D and 3D local controllability to strong trajectories with controls acting on the



full boundary, still for initial states close in H' norm. More recently, these works have
been improved in [15], where the authors proved local controllability towards less reqular
trajectories with interior controls and for initial states close in L? norm in 2D and L*
norm n 3D.

In contrast, in Theorem 1, the initial data u. can be arbitrarily large (and T arbitrarily
small). This corresponds to controllability of Navier-Stokes system at large Reynolds num-
bers. In this regime, the first author and Fursikov proved global null controllability for the
Navier-Stokes system in a 2D manifold without boundary in [11].

Remark 1.3 (Comparison with earlier results). For the large Reynolds regime, let us
mention the earlier references [22, 23] where a related result is obtained in a similar setting.
In this earlier result, the distributed force can be chosen small in LP((0,T); H=1(Q)), where
1 < p < 4/3. The fact that, in Theorem 1, our phantom force can be chosen arbitrarily
small in the space L'((0,T), H*(Q)) for any k > 0, is the major improvement of this work.

Remark 1.4 (Geometric setting). Theorem 1 remains true for any rectangular domain
(0, L1)x (0, L2) and any positive viscosity v, thanks to a straightforward change of variables.
On the other hand, we consider the case of a rectangle because it provides many crucial
simplifications. This is not for the sake of clarity of the exposition; we suspect that the
case of a general domain requires different arquments. A key point is that this geometric
setting and the use of well-chosen controls enable us to guarantee that the boundary layer
equations we consider will remain linear and well-posed (see (3.14) and Remark 3.5). As
we use a flushing strategy in the horizontal direction, we make use of controls on the two
lateral sides, and on the two components of the velocity fields, on the contrary to [12, 16]
where the case of a small initial data is considered.

Moreover there is a very good chance that the result of Theorem 1 also holds in the case
where the domain Q is the parallelepiped (0, L1) x (0, Lo) x (—=1,1), where Ly, Ly > 0, with
only two opposite uncontrolled faces on which the no-slip condition is imposed. Yet another
highly likely extension is the case where the domain S is the circular duct D x (0, L), where
D is the unit disk and L > 0, with controls on the lateral sides D x {0} and D x {L} and
with the no-slip condition on T x (0, L).

Remark 1.5 (Additional properties of the phantom force). During the proof, we will check
that the phantom force fy we use has C™ regularity by parts with respect to time and C°
reqularity with respect to space for each time. Moreover, we will check that, during the
most important step of our strategy (the global approximate control phase, which involves
passing through intermediate states of very large size), there exists 6 > 0 such that

supp f4(t) C [0, L] x [-1 44,1 —4]. (1.5)

In the case where the initial data us is smooth, the smoothness of the phantom force guar-
antees the existence of a smooth controlled solution satisfying the conclusion of Theorem 1.
Moreover, we think that this also holds true for the two particular 3D settings mentioned
above, ruling out the possibility of o blow up in these cases.

Remark 1.6 (Comparison with results on wild solutions). Let us highlight that the solution
mentioned in Theorem 1 is not a « wild » solution. Indeed, let us recall that, in 2D, without



control, weak Leray solutions are unique and reqular for positive times. The controlled
solution that is considered in Theorem 1 benefits from the same reqularity than the one
in the classical Leray theory. This solution vanishes at some positive time thanks to the
action of a well chosen regular source term. This has to be distinguished from the recent
results [3, 4, 5] where wild weak solutions (with a regularity less that the one considered by
Leray) of the 3D Navier-Stokes equations are constructed, and these solutions may vanish
at some positive finite time too, without any control.

Finally let us foreshadow that the proof of Theorem 1 will make great use of analyticity
technics. Let us therefore refer to [24] for a glimpse of classical and recent analyticity results
on the Navier-Stokes equations without control.

1.4 Strategy of the proof and plan of the paper

We explain the strategy of the proof of Theorem 1, which is divided into three steps. First,
we prove that the initial data can be regularized into an analytic function with arbitrary
analyticity radius. Then, we prove that a large analytic initial data with a sufficient
analyticity radius can be driven approximately to the null equilibrium. Last, we know
that small enough states can be driven exactly to the rest state. These three steps are
implemented in the three propositions below, where we set the Navier-Stokes equations in
the horizontal band

B:=R x[-1,1], (1.6)

with a control supported in the extended region, outside of 2. Therefore, we look for

solutions to
Ou+ (u-Vu+Vp—Au=f.+ f; in (0,T) x B,

divu =0 in (0,7T) x ‘B, (1.7)
u=0 on (0,7) x 0B,
where the force f, is a control supported in B \ © and the force f; is the phantom (ghost)

force supported in 2. Restricting such solutions of Navier-Stokes in the band to the physical
domain € will prove Theorem 1. We also introduce a domain

G :=[-2L,—L] x [-1,1] (see Fig. 1). (1.8)
We will denote by e, and e, the unit vectors of the canonical basis of R2.

Proposition 1.7 (Analytic regularization of the initial data). Let T'> 0 and pp > 0. Let
Uy € Lfliv(ﬁ) with uy - e, = 0 on I'g and I'r. For any k € N and n, > 0, there exists an
extension u, € L2 (B) of ux to the band B, a control force f. € C=([0,T] x (B\ Q)), a
phantom force f, € C>([0,T] x Q) satisfying

1fgll L o,m);0% () < s (1.9)

a weak Leray solution u € C°([0,T); L2, (8B)) N L2((0,T); H(B)) to (1.7) associated with



the initial data u,, Cp > 0 and Ty, < T such that up, := u(Ty) € de(’B) satisfies

lusicll e @) + llupjmellL2@\o) + lusjo — wllL2@@) < b, (1.10)
!

Vm >0, (07wl s m) < —=Ch, (1.11)
b

Z HagafulaHL;(L;) < Gy, (1.12)

0<a+B<3

Proposition 1.8 (Global approximate null controllability from any analytic initial data).
Let T > 0. There exists py, > 0 such that, for every o > 0 and each uy € de( ) for which
there exists Cp > 0 such that (1.11) and (1.12) hold, for every k € N and 6 € (0, 3), there
ezist two forces f. € C([0,T] x (B \ Q)) and f; € C>([0,T] x Q) satisfying

[ foll zr 0.1y E% (00)) < (1.13)

supp fy  (0,T) x [0, L] x [—1 +9, 1 -4, (1.14)

supp f. C (0,T) x B\ Q (1.15)

and a weak solution u € C°([0,T7; L12OC 4iv(B) N L2((0,7); HL .(B)) to (1.7) associated

with the initial data wy, such that there exists T, < T such that u. := u(T,) € LloC aiv (B)
satisfies

[uciallzz) < o + [lup|(y>1-261 [ 22(8) (1.16)

Moreover, the constant Cy s only depends on k and 0.

Proposition 1.9 (Local null controllability). Let T > 0. There exists o > 0 such that,
for any u. € L2 (Q) which satisfies

[ueill L2y < 30, (1.17)

there exists a weak solution v € CY([0,T]; L, () N L2((0,T); HY(Q)) to (1.1) with the
initial data u. and fq =0, which satisfies u(T') = 0.

Let us prove that the combination of these three propositions implies Theorem 1. First,
thanks to standard arguments, it is sufficient to prove Theorem 1 for initial data satisfying
Uy - €z = 0 on I'g and I'y. Indeed, applying vanishing boundary controls on the original
system for any positive time guarantees that the state gains this property. Therefore, we
assume that the initial data already satisfies this property. We fix the quantities step by
step in the following manner.

e Let T"> 0 and u, € L?hv(Q) satisfying u, - e, = 0 on I'g and T'f.

Let pp > 0 be given by Proposition 1.8 for a time interval of length T'/3.

Let o > 0 be given by Proposition 1.9 for a time interval of length T'/3.

Let 61 € (0, 3) small enough such that (i) 1y > 1-20,3 l22(0) < 0

Let k € Nand n > 0.

Let M == min{n/Qv g, 77/(2Ck,51)}'



e We apply Proposition 1.7 with a time interval of length T'/3, pp, k and n,. Hence,
there exists 7, < T'/3 and a solution u defined on [0, Ty] with u(0)q = us and such
that wup := u(Tp) satisfies (1.10), (1.11) and (1.12).

e We apply Proposition 1.8 with a time interval of length T'/3, pp, 01, k and o. This
yields a solution u defined on [Ty, T,| with T, < T,+7/3 < 2T'/3 such that u. = u(1¢)
satisfies (1.16).

e By triangular inequality, [|up|jy>1-25,1(22(8) < [uspsrallrzs) + [lupjo — wllr20) +
[ (ws) gy 1>1-2513 I L2 ()~ Since mp < o, (1.10) and (1.16) imply that (1.17) holds.

e Finally, we apply Proposition 1.9. This yields a solution u defined on [T, T3] with
T3 :=T.+7T/3 <T such that u(T3) = 0.

e The concatenated forces f. and f, are C° by parts in time with C°° regularity in
space.

e This concludes the proof of Theorem 1 up to extending the solution and the forces

by 0 on [T3,T].
- y Q B=Rx[-1,1]
_________ o )
Flushing of 2L
S — v '
supp fy
| | | | | |
| I | | | |
—3L —2L —L 0 L 2L 3L

Figure 1: The horizontal band B = R x [—1, 1], the physical domain Q = [0, L] x [-1,1]
and the domain G = [-2L, —L] x [-1,1].

Remark 1.10. The fact that, starting from a finite energy initial data, the solution to
the Navier-Stokes equation instantly becomes analytic is well-known. However, in the un-
controlled setting, the analytic radius only grows like \/t. In Proposition 1.7, we use the
phantom force to enhance the reqularization in short time.

It would be desirable to know if Proposition 1.7 holds with a phantom force f, satisfying
a support condition such as (1.14) of Proposition 1.8, since it would imply that Theorem 1
holds with a phantom force whose support never touches the boundary I'y.

Remark 1.11. The small-time global approximate null controllability result of Proposi-
tion 1.8 will be proved thanks to a return-method arqgument (see Section 3). A base flow
will shift the whole band B of a distance 2L towards the right. Roughly speaking, the main



part of the initial data upiq will then be outside of the physical domain and killed by a
control force. However, since we need to work in an analytic setting (to establish estimates
for a PDE with a derivative loss, see Section &), this action cannot be exactly localized
outside of the physical domain. Its leakage inside the physical domain will be related to the
values of up in G and lead to the unwanted phantom force. This explains estimate (1.13).
Of course, since up s analytic in the tangential direction x, it cannot satisfy upg = 0.

Remark 1.12. Proposition 1.9 is a direct consequence of known results concerning the
small-time local null controllability of the Navier-Stokes equation (see Remark 1.2 refer-
ences). In our context involving phantom forces, one can avoid the use of these technical
local results relying on Carleman estimates thanks to the following alternative statement,
leveraging the phantom force to drive a small data u. exactly to zero: “Let T)n > 0
and k € N. There exists 0 > 0 such that, for any u. € L3 (Q) satisfying (1.17),
there exists a phantom force f; € C°°([0,T] x Q) satisfying (1.3) and a weak solution
u € CO[0,T); L3, (2)) N L2((0,T); HY(SY)) to (1.1) with the initial data u., which satisfies
u(T) = 0.” The sketch of proof of this result would be as follows. Let @ be the solution to
the free Navier-Stokes equation on [0,T] starting from u(0) = u.. One constructs explic-
itly w as u(t) == a(t) for t < L and u(t) == B(t)a(%), where B € C([Z,T);[0,1]) with
6(%) =1 and B(T) = 0. Plugging this explicit formula in (1.1) gives a definition of the
phantom force f, that one needs to use. Hence, there exists Cy g > 0 such that, if u. is
small enough, then || foll L1 (0,117 @) < Ckngﬂ(%)HHHz(Q). Moreover, thanks to classical
reqularization result for the 2D Navier-Stokes equation, there exists Cy(T) > 0 such that
H’EL(%)HH}@+2(Q) < Cu(D)uell L2y Hence, choosing 30Cy(T)Cy 3 < 1 concludes the proof.

Proposition 1.7 is proved in Section 2. Proposition 1.8 is the main contribution of this
paper. We explain our strategy to prove this small-time global approximate null control-
lability result in Section 3. It is based on the construction of approximate trajectories and
the well-prepared dissipation method. We give estimates concerning the boundary layer in
Section 4, estimates concerning the remainder in Section 5 and finally analytic estimates
on the approximate trajectories themselves as an appendix in Section 6.

2 Regularization enhancement

This section is devoted to the proof of Proposition 1.7.

2.1 Fourier analysis in the tangential direction

We introduce a few notations that will be used throughout this paper.

Tangential Fourier transform. To perform analytic estimates in the tangential direc-
tion, we use Fourier analysis in the tangential direction. For a € L?(8), we will denote its
Fourier transform with respect to the tangential variable by Fa and define it as

Fa(&,y) ::/ a(z,y)e ¢ dx. (2.1)

T

We define similarly the reciprocal Fourier transform F~!, which obviously also acts only
on the tangential variable.



Band-limited functions. Let N > 0. We will sometimes need to consider functions
in L2(®8) whose Fourier transform is supported within the set of tangential frequencies &
satisfying |£| < N. Therefore, we introduce the Fourier multiplier

Py (€)== 1_n,n(§) (2.2)
and the associated functional space
Ly (B) :={a € L*(B); a=Pya}. (2.3)
For any k € N and a € H*(B), it is clear that

[Pna—al g — 0 as N — +oo. (2.4)

2.2 Regularization enhancement using the phantom and the control

We start with the following lemma concerning the possibility to remove high tangential
frequencies from a smooth initial data. We denote by P the usual Leray projector on
divergence free vector fields, tangent to 0°B.

Lemma 2.1. There exists a geometric constant Cy > 0 such that the following result
holds. Let u, € L?ﬁv(‘B) and Ty, > 0. We denote by u, the solution of the free Navier-
Stokes equation at time T}, starting from u,. There exists a family indexed by N > 0 of
vector fields uny € C°([0,Ty); L3, (8B)) N L2((0,Ty); H'(B)) associated with forces fn €
CO([0, Ty); H*(8)), which are weak Leray solutions to

ouny — Auy + Pl(uy - V)un] =Pfy, un(0) = u, (2.5)
and satisfy, for any k € N and py > 0,

1Nl L o,my): %) ot O (2.6)
fv € C™(]0,Tp] x B), (2.7)
I(un (To) = Ta)illzz9) =7, 0 (2.8)
ICn (Tl 2O (29)
[(un (Th))m\all 20y < Coll(Ua)m\all 2oy + N—>0+oo(1)’ (2.10)
!
30N >0, sup |07 un(Ty) || s (m) < —=Chy, (2.11)
m>0 I
IOn >0, > 11050 un(Th)l 1 z2) < Cn- (2.12)
0<a+p<3
Proof. Let u, € L%, (B). Let T, > 0. Let v be the weak Leray solution to
Ov—Av+Pl(v-V)v] =0, v(0) = uq. (2.13)

Hence, by definition, u, = v(T}). It is classical to prove that v € C°°((0,T3] x B) (see
e.g. [40]). Let 5 € C*°([0,T3];[0,1]) with 5 =1 on [0,7;/3] and 5 = 0 on [21}/3,T3]. Let
0 € C>*(B;[0,1]) with # =1 for z € [0, L] and § =0 for z < —L or x > 2L. Let

y

U (t, z,y) = —/ v(t,x,y) - ey dy. (2.14)

-1
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We introduce
wi= VT (BY° + (1 - B)8y°). (2.15)
Hence divu = 0. Moreover, since 8 does not depend on the space variables, one has
u= P+ (1—pB)0v+ (1—B)YV>e. (2.16)
Then, u is the weak Leray solution to
Ou — Au~+Pl(u-V)u] =Pg, u(0) = ug, (2.17)
where we set
g:=B(1—0)v— BY*V 0+ (1 — o Vo
— 21— B)(VO- Vv — (1 - B)Abu — (1 — B)A (wwe)

=B = B)(v- V(1= 0)v) = (1= B)*(Ov- V)((1 - 0)v)
+(1=B) B+ (1 =B)0)(v- V)(¥'V0) + (1= By (V=0 - V)u.

(2.18)

Since each term involves, on the one hand § or 1 — 8 and, on the other hand, 1 — 6 or a
derivative of 0, supp g C [T/3,Ty] x (B \ Q) and g € C*([0, T3] x B). We define

un (t) := B@)u(t) + (1 = B(1))Pyu(t), (2.19)

where Py is defined in (2.2). In particular, (2.16) implies (2.5), provided that one sets

Fxn = Blu—Pyu) + (1—p) ((PNu V)Prxu— Py((u- V)u)>
+8(1— ) ((u V) (Pyu — ) — (Pyu- V)(Pyu— u)) (2:20)
+ B9+ (1 - B)Pny.

Let k¥ € N. Thanks to definition (2.17), there holds (2.6) and (2.7). Indeed, u belongs
to CO([Ty/3, Ty); H**1(Q)) and the family P yu converges towards u in this space. From
(2.16), at the final time, one has

un(Ty) = Pyu(Ty) = Py (Gv(Tb) n w(Tb)vLe) =Py (eaa + MavLa) . (221

where 1% is defined from %, similarly as 9" is from v in (??). In particular, we deduce
from (2.18) that ux(7}) is entire in x so that, for any p, > 0, there exists Cj, > 0 such that
(2.11) holds. We also deduce from (2.18) that ux(T}) — 0tg-+% VL0 in HF(B), which
implies (2.8), (2.9) and (2.10) with Cy = 20| 1,00 (a3)-

To obtain (2.12), we change slightly the definition (2.2) of P . Instead of a rectangular
window filter, we define Py as the Fourier multiplier Wy, where W € C*(R;[0,1]) is
such that Wy (§) = 1for £ € [-N+1, N—1] and Wx(§) = 0 when |[¢| > N. This preserves
the property (2.4) but has a better behavior with respect to L! norms in space. Indeed, if
¢ € S(R,R), one checks that Wy¢ € LY(R). This property implies (2.12) because u(T})
has a compact support. O
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2.3 Proof of the regularization proposition

We turn to the proof of Proposition 1.7.

Let T, pp,mp > 0 and k € N. Let u, € Lﬁiv(Q) satisfying uy - e, = 0 on I'g and T'f.
Let u, be the extension by 0 of u, to 9B. Since uy - e, = 0 on I'g and I'y, u, € L?hV(SB).
For T, € (0,T') small enough, the free solution starting from u, at time 7}, say u, satisfies
(@) \all 2m\) < m/2Ch and |[(da) o — wl|L2(0) < m/5-

We choose N large enough such that (2.8), (2.9) and (2.10) imply that up := un(T3),
where the family (un, fy) is given by Lemma 2.1, satisfies (1.10) and such that (2.6)
ensures (1.9). Estimates (2.11) and (2.12) prove (1.11) and (1.12). This concludes the
proof of Proposition 1.7, provided that we define f; := (fn)q and f. := (fv)m\q, each
being smooth within its support.

3 Strategy for global approximate controllability

We explain our strategy to prove Proposition 1.8. Let T > 0, u, € L, (%B), ¢ € (0, %) and
k € N. We intend to construct a family of approximate trajectories depending on a small
parameter 0 < € < 1 and driving u; approximately to zero. We detail the construction
of this family in the following paragraphs. Then, we prove estimates on boundary layer
terms for these approximate trajectories in Section 4. We prove estimates on the remainder
in Section 5 and postpone analytic-type estimates for these approximate trajectories to
Section 6.

3.1 Small-time to small-viscosity scaling

Let k € (0,1). Although it might seem like a further complication, our strategy is based
on trying to control the system (1.7) at an even shorter time scale, e!=*T', passing through
intermediate states (velocities) of order 1/e. For € € (0, 1), we introduce the trajectories

Us(t,z,y) :==u(t/e,x,y) /e, P(t,x,y):= pe(t/e,x,y)/52, (3.1)
Fo(t,x,y) = fgg(t/e’;‘,l’,y)/82 and  FS(t,x,y) = f(t/e, x,y) /2. (3.2)

The tuples (U%, P¢, F¢, Fy) define solutions to (1.7) with initial data wu; if and only if the
new unknowns (u®, p°, f¢, Ie ) are solutions to the rescaled system

o + (u° - V)us + Vp* —elAu® = fo+ fo in (0,7/e%) x B,

divu® =0 in (0,7/e") x B, (3.3)
u® =0 on (0,7T/e") x 0B, '
U= = euy in B.

Observe the three differences between (3.3) and the original system (1.7):

e the Laplace term has a small factor ¢ in front of it rather than 1,
e the system is set on the long time interval (0,7'/¢") rather than (0,7T),
e the initial data is eup rather than uy.

We construct approximate solutions to (3.3) in the following paragraph.

12



3.2 Return method ansatz

We introduce the following explicit approximate solution to (3.3):

Uspp(t, 2, y) = u’ (1) + x(W)0° (¢, 0(y) /VE) + eu (t, z,y)+ w (t,y), (3.4)
Papp (2, ) := PO (t, ), (3.5)
c(tx,y) = effmalt, 2, y), (3.6)
5tz y) = 5f‘19(t, x,y). (3.7)

In the following lines, we define each of the terms involved in this approximate solution.
We refer to Section 3.4 for comments on the choice of these profiles.

Base Euler flow profile. Let n € N satisfying n > 3 and

3 /1
-l——1]. .
n> g (ﬂ ) (3.8)
Let h in C*°(R4,R) be such that
supp h C (0,7/3]U[2T/3,T), (3.9)
T/3
/ h(t)dt = 2L, (3.10)
0
T
/ t*h(t)dt =0 for 0<k <n. (3.11)
0
We define .
uO(t) == h(t)e, and p°(t,z) := —h(t)z. (3.12)

For a function a € L?(B), we will denote its translation along the base flow h by
t
(tha)(t,z,y) :=a (a; —/ h(s) ds,y) : (3.13)
0

Boundary layer profile. TLet p € C°([—1,1],[0,1]) such that ¢(£1) = 0 and |¢'(y)| =
1 for |y| > 1/4. Let x € C*°([—1,1],[0, 1]) such that x(y) = 1 for |y| > 2/3, and x(y) =0
for |y| < 1/3. Let V (¢, z) be the solution to

(%V — 8ZZV =0 n R+ X R+,
V(t,0) = h(t) on Ry, (3.14)
V(0,2) =0 in Ry,
We define
VO(t, 2) = =V (t, 2)e,. (3.15)

In the sequel, for any function V(t, z), depending on the fast variable, we will denote its
evaluation at z = p(y)/+/€ by

O =v (1 22). .10
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Linearized Euler flow profile. Let g € C*°(R,[0,1]) non-increasing such that g(t) =
1 for t <T/3 and B(t) = 0 for t > 27'/3. Let x5 € C>([—1,1],[0, 1]) such that xs(y) =1
for |y] <1 —20 and xs(y) = 0 for |y| > 1 — . We define the stream function associated
with wuyp, then u!' and eventually the force f1:

)
Up(z,y) == —/ up(2,7) - ep Ay, (3.17)
~1
ul(t,2,y) = BE)TV T [Xsvs) + V(1 — xs)W), (3.18)
it a,y) = Bt) (xs)us(z — 2L,y) — x5()ve(z — 2L, y)es) - (3.19)

Technical profile. For ¢t € R, and y € [—1, 1], we define the source
X// X/
f&r = —?{zQV} — 2$¢’{z38ZV}. (3.20)

Let We(t,y) : R4 x [—1,1] — R be the solution to

OWE — 8, W = fi,  in Ry x [—1, 1],

We(t,£1) =0 on Ry, (3.21)
We(0,y) =0 in [-1,1].
Finally, we let
we(t,y) := We(t,y)e,. (3.22)
Equation satisfied by the approximate trajectories. Then (ug,,,p5,,) are solutions
to
Oy, + (ugpp : V) Ugpp — EAULS + VPans = fo + 3 + € fapp in (0,7/e") x B,
divug,, =0 in (0,7/e") x B,
Ugpp = 0 on (0,7/e") x 0B,
Ugnpplt=0 = €Uy in B,
(3.23)

where we define

fapp == — eAu! +e(ut - V)u +2Weout + 2 (ut - ey)Oyuw®
Le, (3.24)

—x{V}out — u (Vex'{zV} + x¢'{20:V}) e,

3.3 Estimates and proof of approximate controllability

By construction, the approximate trajectory will be small at the final time.

Proposition 3.1. There exists a constant Cypp > 0 such that, for € > 0 small enough,

1 g K
g”uapp(T/g )\QHLQ(%) (3 25)
< Capp (é?i =i G 1n€!"+%> + lluvigy1>1-261 | 22(w)-
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Moreover, the approximate trajectory can be arbitrarily close to a true trajectory.
Indeed, we can construct a remainder which is small, provided that the initial data wuy is
sufficiently regular (its tangential analytic radius is large enough).

Proposition 3.2. There exists pp > 0, depending only on T such that, if up satisfies (1.11)
and (1.12) for some Cy, > 0, there exists C,. > 0 such that, for € > 0 small enough, there
exists a weak Leray solution r® € C°([0,T/e"], L2, (B)) N L*((0,T/e~), H'(B)) to

O + (ugpp - V) ¥ e (r - V)1 + (1° - V) ugy,
—eAr® + V= —fo, in (0,T/e") x B,
divr® =0 in (0,T/e") x B,
=0 on (0,T/e") x 0B,
\ 7%l4=0 = 0 n B,
(3.26)
which moreover satisfies
1 —K
171 oo (0.7 /2m): 2 () < Cr(eT +€'77). (3.27)

It is straightforward to check that Proposition 3.1 and Proposition 3.2 imply Proposi-
tion 1.8. Indeed, let p;, be given by Proposition 3.2 and assume that u satisfies (1.11) and
(1.12) for some Cp > 0. We choose £ > 0 small enough such that the conclusions of both
propositions hold. We construct an exact trajectory by setting

uf = ugy, +er® and  pti=pLo, +em. (3.28)

Combining (3.28) with the equation (3.23) satisfied by ug,, and the equation (3.26) satisfied
by r¢ proves that u® is a weak solution to (3.3).

Let o0 > 0. Choosing € > 0 small enough, summing estimates (3.25) and (3.27) and
recalling the definition (3.28) of u®, the assumption (3.8) on n and the scaling (3.1) proves
that (1.16) holds at the time T, := e~ *T < T.

Since uy satisfies (1.11), up € C*°(B). Thus, thanks to (3.2), (3.6), (3.7) and (3.19),
F, € C([0,T.] x Q), F. € C>([0,T.] x B\ ) and moreover

supp Fy C (0,T¢) x [0,L] x [-1+6,1 — 4], (3.29)
supp F. C (0,T.) x B\ Q, (3.30)

Moreover, using (3.2), (3.7) and (3.19), one has

1 1 £
1E5 Ol L1 jo,1.0, 1% (0) = ?Hfg (/) L (0,1~ r)HE ()

1 g
= IOl qoryemyar ) (3.31)
= | il r o7y gs ()
<lIxsus + X5¥0ll e ().

where we recall that the set G is defined in (1.8). This proves the estimate (1.13) concerning
the size of the phantom force, for a constant Cj s which only depends on the norm of x;
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in H*1(—1,1), and thus concludes the proof of the approximate controllability result
Proposition 1.8.

We prove Proposition 3.1 in Section 4 (thanks to the well-prepared dissipation method)
and Proposition 3.2 in Section 5 (using a long-time nonlinear Cauchy-Kovalevskaya esti-
mate).

3.4 Comments and insights on the proposed expansion

Remark 3.3 (Return method and base Euler flow). Since system (3.3) can be seen as a
perturbation of the Euler equations a natural idea is to follow the return method introduced
by Coron in [8] (see also [10, Chapter 6]) to prove the controllability of the Euler equations
in the 2D case (see also [9], and [21] for the 3D case). Loosely speaking the idea is to
overcome that the linearized problem around zero is not controllable by introducing, thanks
to the boundary control, a velocity u® of order O(1) (whereas the initial velocity is only of
order O(g)) solution to the Euler equation satisfying u°|i—o = u°|=7 = 0 and such that the
corresponding flow flushes all the domain out during the time interval (0,7T). In the present
case of a rectangle this step is pretty easy and explicit: it corresponds to the introduction
of a flow which flushes out the initial data. From (3.12), we get that (u®, p°) indeed solves
the incompressible Euler equation:

o + (uo . V) u’ = —vpY, m Ry x B,
divu® =0 in Ry x B, (3.32)
u’ e, =0 on Ry x 0B,

with initial data u®(0) = 0 and u®(t) =0 fort > T.

Remark 3.4 (Transport of the initial data). The term u® takes into account the initial
data uy, which is transported by the flow u°. Using (3.12), (3.18) and (3.19), we obtain
that u' solves
o' +h(t)ou' = f1 in Ry x B,
divu! =0 in Ry x B,
ut =0 on Ry x 0B,
u'(0) = up in B.

Thanks to assumption (3.10), it is clear that the initial data will be flushed outside of the
domain at time T/3. During the time interval [T'/3,2T/3], the initial data up has been
shifted towards the right of a distance 2L. This is the time interval during which the force
f1 kills most of the initial data (for |y| <1 —6).

The key point is that, outside of the physical domain, this force is merely a control.
However, since we need this force to be analytic, it also acts a little bit within the physical
domain. This gives rise to an unwanted phantom force.

(3.33)

Remark 3.5 (Boundary layer correction). A major difficulty is linked to the discrepancy
between the Euler and the Navier-Stokes equations in the vanishing viscosity limit. Indeed,
although inertial forces prevail inside the domain, viscous forces play a crucial role near
the uncontrolled boundary, and give rise to a boundary layer of order O(1) associated with
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the velocity u® which does not satisfy the tangential part of the Dirichlet condition on the
top and bottom boundaries.

The purpose of the second term v° is to recover the Dirichlet boundary condition by
introducing the boundary layer generated by u®. Thanks to our previous choice of u® we will
avoid the difficulty usually associated with the Prandtl equation. Indeed the boundary layer
will also be fully horizontal (tangential) and will not depend on x so that the equation for
vV will deplete into a linear heal equation with non-homogeneous Dirichlet data depending
on u®. The quantity ©(y)/\/€ reflects quick variations within the boundary layer, where

©(y) is the distance to the boundary.

4 Well-prepared dissipation method for the boundary layer

The key argument of the well-prepared dissipation method is that the normal dissipation
involved in fluid mechanics boundary layer equations can dissipate most of their energy,
provided that the created boundary layers are “well-prepared” in some sense. Roughly
speaking, this preparation amounts to ensure that they do not contain energy at low
frequencies.

4.1 Large time decay of the boundary layer profile

In the work [13] concerning the case of the Navier slip-with-friction boundary condition, we
used boundary controls to import enough vanishing moments thanks to the transport by
the Euler flow within the boundary layer. In this work, we cannot use this strategy because
we do not want the boundary layer profile to depend on the slow tangential variable, see
Remark 3.5. Instead we rely on the assumptions (3.11) on the base Euler flow. We prove
below that these conditions entail a good decay for the boundary layer profile. This decay
will be used both to prove that the source terms generated by v in equation (3.26) for the
remainder are integrable with respect to time and that the boundary profile at the final
time is small enough to apply a local controllability result. For s,m € N and I an interval
of R, we introduce the following weighted Sobolev spaces:

HS™(I) := {f € H°(I), Z/[ (1+ zz)m ‘f(a)(z)‘de < —i—oo} , (4.1)
a=0

which we endow with their natural norm. We will use this definition with I = Ror I = R,.

Lemma 4.1. Let T > 0, s,n € N and h € C*°(R,R) satisfying (3.9) and (3.11). We
consider V' the solution to (3.14). For any 0 < m < 2n+ 1, there exists a constant C such
that the following estimate holds:

1,2n4+1_m
4+ 2 2

In(2 +1t)

2+t (4.2)

V() gomm,) <C

Proof. Estimate (4.2) is straightforward up to time T because its right-hand side is bounded
from below for ¢ € [0,7]. Thus, we focus on large time estimates. We start by explicit
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computations in the frequency domain using Fourier transform. We consider the auxiliary
system
{atf — 0. f = (h(t) — h(t)) -sgn(z)e™ ) >0, zeR, (43)

f(0,2) =0, t=0, zeR.

Since the source term in (4.3) is odd, its unique solution f satisfies f(¢,0) = 0 for all
t € R;. Hence, thanks to the uniqueness property for the heat equation on the half-line,
there holds V (¢, 2) = f(t,z) + h(t)e™* for t, z > 0 because both sides of this equality solve
the same heat equation. Therefore, proving estimates on f will provide estimates on V.
After Fourier transform and solving the ODE, we obtain the formula:

Ft0) = /R F(t, 2)eids = —lifccg /0 e (h(s) () ds. (1)

Since h vanishes after T (see (3.9)), the behavior of f (and thus V') after time T is en-
tirely determined by the “initial” data fr(z) := f(7,z). Thanks to [13, Lemma 6|, to
establish (4.2), it suffices to check that, for 0 < j < 2n,

o fr(0) =0. (4.5)

Thanks to (4.4) and to the Leibniz rule, for j € N, one has:

20 Fr(¢) = —ZZ% @) o { 1 _2&2 } /O " (e - i) ok {0 a )

First, since ¢ — 2¢/(1 + ¢?) is an odd function, only its odd derivatives don’t vanish at
zero. Second, thanks to the Arbogast rule for the iterated differentiation of composite
functions (also known as Faa di Bruno’s formula), one has:

2 k! —2¢(T —t T — O\ e
of {0} = 3 ml!m2'< a )> <(2! )> T (47

mi+2mo=k )

Hence, this derivative is non null at zero only if k is even, say k = 2k’ and the only non-
vanishing term in the right-hand side of (4.7) is the one corresponding to (my, ms) = (0, k')
and is proportional to (7' — ¢)*. From (4.6) and (4.7) we deduce that 82]}(0) is a linear
combination of the moments

/0 ' (h(t) . h(t)) (T — ) dt, (4.8)

where 0 < 2k’ < j—1. Thanks to (3.9) and (3.11), the integrals (4.8) vanish for 0 < k' < n.
So (4.5) holds for j < 2n — 1. Last, (4.5) also holds for j = 2n because, when j is even, all
the terms vanish. Indeed, in (4.6), either k is odd or j —k = 2n — k is even. This concludes
the proof of the lemma. O
4.2 Fast variable scaling and Lebesgue norms

Let us prove the following lemma, which is a simpler version of [25, Lemma 3, page 150].
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Lemma 4.2. Let v € C%([-1,1]) withy =0 on (—3%,3). ForV € L*(Ry) and € > 0:

1
H”V{V}HL?(_M) < 2e4 |1yl VIl 2Ry (4.9)

< —7, we assumed ¢’ = 1. Thus, ¢(y) = 1 +y. Recalling the fast
16) and performing an affine change of variables gives

Proof. For —1 < y
variable notation (3.
ey

1
3 sf
[ v (22 ay = ve [ 20E - 0V as < VERIRIVIE g, - (410
Proceeding likewise for <y < 1 and bounding v/2 by 2 yields (4.9), O

4.3 Estimates for the technical profile

Lemma 4.3. Assume that (3.11) holds for some n > 3. There exists Cy such that, for
every € € (0,1), the solution W¢ to (3.21) satisfies, for every t >0,
_3

IWE @)l Lo (—1,1) + 10 WE (@) | oo (—1,1) < €71 Cw. (4.11)
Proof. Differentiating (3.21) with respect to time, multiplying by 9;W*¢ and integrating by
parts, we obtain the energy estimate

1OWE | oo v sz2(—-1,1)) < 200 fiv |l myr2(-1,1))- (4.12)
Plugging this estimate in the equation (3.21) yields

1
[0yy WELoo ;L2 (~1,1)) < = (HfWHLoo ®er2(—1,0) T 20 vl wysrzc1y) - (413)

Thanks to estimate (4.9) from Lemma 4.2 applied to the definition (3.20) of ff,, we obtain,
for t > 0,

1 _

£ (Dll2-1.0) < 26 X" 2 [looll2?V (E, 2) [l L2y
1
+ 262X "0 | ool2°0:V (. 2) | L2 ey (4.14)
1
< Cet |Vl sy,

where C'is a finite constant because, by construction, x’ and x” vanish for |y| > %, so that

the division by ¢ which vanishes at y = &1 is not singular. Proceeding similarly and using
the equation (3.14) on V, we obtain

1
10cfiv (D)l L2(—1,1) < CeF|V (D) 33 () - (4.15)
Combining (4.14) with Lemma 4.1 applied to m = 3, n = 3, s = 1, we obtain

1

9
LChul)) PeR (4.16)

2+t

1

[ fow Dl L2(-1,1) < Ced

Combining (4.15) with Lemma 4.1 applied to m = 3, n = 3, s = 3, we obtain

/+OO
0

Eventually, plugging (4.16) and (4.17) into (4.13) proves (4.11) thanks to the boundary
conditions W¢(t,£1) = 0 and the Poincaré-Wirtinger inequality for 0,W*¢. O

N

9
(2 + 6|1
n;”)r dt < 20¢i. (4.17)

10cfiv L mys2(—1,1)) < Ce
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4.4 Proof of the decay of approximate trajectories

We prove Proposition 3.1. Recalling the definition (3.4) of ug,, we estimate the size of
each term at the time 7'/¢".

e Thanks to (3.9) and (3.12), u®(T'/e") = 0.
e Thanks to (4.9) from Lemma 4.2 and (4.2) from Lemma 4.1, there holds
1
IX{*(T/e") e < 26 Ixlloo IV (T/") | 2

3
itn

< 9cho |2 T/ET) (4.18)
24T/er
< C~«€1+n(n—%(%—1))‘ lme‘nJr%7
for some constant C' > 0.
e Thanks to (3.18),
u' (T /") = V(1 = xs)t]. (4.19)

Moreover, since uy, satisfies (1.12), up € L' (). In particular, since u, is divergence-
free, this implies that, for all z € R,

+1
/ un(2,9) - €0 dy =0, (4.20)
—1

so that v, which was defined as (3.17) can equivalently be written as

1
V(2. y) =/ up - € dy. (4.21)
Y

Thanks to (4.19), this implies that there exists a constant Cs > 0 which only depends
on the norm of x5 in H'(—1,1) such that

ellut (T/e") | r2(m) < €Csllus)f1y)>1-261 ] L2(8)- (4.22)
e Thanks to estimate (4.11) from Lemma 4.3,
e|w (T/e") |l < M+ Cw. (4.23)

Gathering these estimates concludes the proof of estimate (3.25) of Proposition 3.1.

5 Estimates on the remainder

This section is devoted to the proof of Proposition 3.2. An important difficulty to obtain
some uniform energy estimates of r° from system (3.26) is that the term (r° - V)ug,,
contains a term with a factor 1/4/¢ due to the fast variation of the boundary layer term in
the normal variable (see the expansion (3.4) of ug,;). To deal with this difficulty we use a
reformulation of this term where the singular factor is traded against a loss of derivative on
r¢ in the tangential direction x (see Section 5.1). Then, we establish a long-time nonlinear
Cauchy-Kovalevskaya estimate (see Section 5.3) thanks to some tools from Littlewood-

Paley theory which are recalled in Section 5.2.
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Remark 5.1. The well-posedness of the Prandtl equations as well as the convergence of
the Navier-Stokes equations to the Prandtl equations in the analytic setting dates back to
[38, 39, 33]. The seminal results of Caflisch and Sammartino require analyticity in both
spatial directions, and only imply well-posedness of the Prandtl equations on a small time
interval. Analylic techniques have been later used in [26, 41] to obtain large-time well-
posedness for Prandtl equations by requiring analyticity only in the tangential direction.

5.1 Singular amplification to loss of derivative

On the one hand, we use the expansion (3.4) of ugpp t0 expand

1
(r° - V) ugy, = %w’xrg{ﬁzvo} + 15 ({0 He20,u°) + e (rf - V) ul. (5.1)

Let M be the operator which associates with any function a € L?(—1,1), the function
M a] defined for y in (—1,1) by

1
(Mfa)(w) == ~x(0) [ a1 7 517 5) ds, 5.2
0
where the signs are chosen depending on whether £y > 0. Using the null boundary
condition and the divergence-free condition in (3.26) and the fact that |¢'| = 1 where
X # 0, we obtain that the first term in the right-hand side of (5.1) can be recast as
1
\f@'XTE{@zUO} = (M[0:75)){=0:0°}. (5-3)

On the other hand we decompose the term (ug,, - V)r< of (3.26), thanks to (3.4), into

(upp - V) 7 = (h = X{V3I+e2We)9,re + ¢ (u' - V) 7= (5.4)

Thus, using (5.3) and (5.4), the system (3.26) now reads
O + (h — x{V}+*W)0,r® —eAr® +Va® = f5 in (0,T/e") x B,
divr® =0 in (0,7/e") x B,

5.5
r® =0 on (0,7/e") x 0B, (5:5)
7¢l4=0 =0 on ‘B,
where we introduce
—fr = fapp T (M vi“ﬂ){zazvo} + T;(X/{UO}"i‘gQang) (5.6)

+6(T‘E'V)u1—|—€(u1-V)T6+6(T6~V)T‘€.

5.2 A few tools from Littlewood-Paley theory

To perform analytic estimates, we use Fourier analysis and Littlewood-Paley decomposi-
tion. We refer to [1, Chapter 2| for a detailed course on Littlewood-Paley theory. Although
all the functions we consider in this section are defined on the band B = R, x [—1,1],,
we only perform Fourier analysis and Littlewood-Paley decomposition in the tangential
direction x € R,. When a confusion is possible, we will use the subscripts x or y to stress
the variable involved in the functional spaces.
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Dyadic partition of unity. We recall that, for a € L?(B), we defined its Fourier
transform Fa in the tangential direction as (2.1). We fix x1p, @1, € C*(R, [0,1]) such that

3 8
supp @i C {T e R; 1 <7l < 3}, (5.7)
4
supp x1p C {T eR; |7 < 3}, (5.8)
V1 € RY, nglp@*jﬁ') =1, (5.9)
JEZ
VreR, xip(r)+ Y e =1, (5.10)
JEN
* 1 —7
¥reR', o< > b (279r) <1, (5.11)
JEZ

The existence of such a dyadic partition of unity is proved in |1, Proposition 2.10]. For
k € Z, we introduce the Fourier multipliers Ay and Sy by defining, for any a € L?(B),

Ara = F 7 (pp27F) Fale.w)) (5.12)
Spa = F~ (xip(2 ) Fal&)) (5.13)

The operators Ay, and Sj, are with respect to the horizontal variable only. For a € L?(B),
one has, thanks to (5.9) and (5.10),

Sra= Y Aja. (5.14)

j<k—1

Homogeneous Besov spaces. For a € L?(%8), we will use for s = 0 and s = % the
following quantity corresponding to a homogeneous Besov norm

lall s ==Y 2" | Agall L2 (sm).- (5.15)
KeZ

Since we will use such norms for functions whose Fourier transforms in = are compactly
supported, we do not provide more details on the definition of the corresponding functional
spaces, referring for more to [1].

Classical estimates. We recall the following classical estimates, for which we track the
constants. First, we will use the following Bernstein type lemma from [1, Lemma 2.1].

Lemma 5.2. There exists a universal constant Cg > 2 such that the following properties
hold. Let 1 <p < q<+oo, a €{0,1}, k € Z and a € L*(B).

o If the support of Fa is included in {(&,y); 27%|¢| < 100}, then
o Ela+(i-1
102allz3z2) < Co2* =)l p . (5.16)
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o If the support of Fa is included in {(£,y); 155 < 27"|¢| < 100}, then

lallz(zz) < CBQ_MH@?@HL’;(L@- (5.17)
Lemma 5.3. Let a € H}([-1,1],). Then
1 1
lallzg < llallZ; 19yall . (5.18)

Proof. This is a classical Gagliardo-Nirenberg interpolation inequality (see [36]). The fact
that (5.18) holds with a unit constant for this particular choice of exponents is proved for
example in |35, Corollary 5.12| (which in fact yields a constant 2_%). O

As a consequence of Lemma 5.2, we have the following embedding. Indeed this is the
main motivation for considering the ¢! norm rather than the ¢2 norm in the definition of
the homogeneous Besov norms B?.

Lemma 5.4. Let a € H}(SB). There holds,

ko o
> 22| Agal g2y < CBlIVall 5o, (5.19)
keZ
D Il Agall () < CalIVall zo- (5.20)
kEZ

Proof. Let a € H}(B). Hence, for almost every x € Ry, a(z,-) € Hi([-1,1],) and we can
apply Lemma 5.3. Using (5.18), Cauchy-Schwarz then (5.17) yields

LA k. 1 . 1
27 [|Arall 21y < 27 || Aal 2.l Akdyal .
1, Lo, 1
< CEl|AkOal|3, || Adyall 2, (5.21)
1
§ C§||AkVa||Lz,

Hence, since Cg > 1, (5.21) proves (5.19) by the definition (5.15) of the norm B°. Moreover,
thanks to (5.16),

. & .
[AkallLee(ree) < OB22 (| Apall 2 (ree)- (5.22)
Gathering (5.19) and (5.22) proves (5.20). O
Lemma 5.5. Let a € H}(B) such that diva = 0. For each k € Z,
. ko .
[Arazllzz(ree) < CB22 ([ ArallL2(s), (5.23)

Proof. Let a € H}(B). Hence, for almost every x € Ry, a(z,-) € Hi([-1,1],) and we can
apply Lemma 5.3. Using (5.18) and Cauchy-Schwarz, we obtain

1Arazlzzze) < I ArazlZ I Ardyazll2.. (5:24)

Then, using that diva = 0 and Lemma 5.2, we observe that
|ADyasll 2 = [Akdear 2 < Ce2%||Agar| 2. (5.25)
Gathering (5.24) and (5.25) proves (5.23) since Cg > 1. O
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Paraproduct decomposition. We shall use the Bony’s decomposition (see [2]) for the
horizontal variable:

fg="Trg+Tyef +R(f,9g), (5.26)
where

Trg:=> Se-1fAkg, (5.27)

%
R(f,9) =) ArfArg (5.28)

%
gkg = Z Ak/g. (529)

h—k|<1

Thanks to the support properties (5.7) of ¢y, and (5.8) of xp, the following lemma holds.
Lemma 5.6. For any f, g and h in L?*(B),

(Trg,Akh) = > {(Sw-1H)(Awg), Axh), (5.30)
K'eZ) |k —k|<4

R(f,9),Auh) = > (Ap/)(Awg), Ah). (5.31)
kK'€z) k' >k—3

Analyticity by Fourier multipliers. Let |0,| denote the Fourier multiplier with sym-
bol |£]. We associate with any positive C! function of time p, the operator e?!%| mapping
any reasonable function f(¢,z,y) (say such that f € L (L (B)), for some N € N), to

loc

(eP19:] £Y(t, 2, y) == f—l(ep(t)\ﬁl}"f(t’g’y))(z). (5.32)

Recall that F denotes the Fourier transform with respect to the tangential variable x,
see (2.1). The function p describes the evolution of the radius of analyticity of the consid-
ered function. Below we establish a long-time Cauchy-Kovalevskaya estimate, for which
the function p decays in time but not linearly.

Product estimates for analytic functions. TFor a € L?(8), we introduce the notation

at = FFal. (5.33)
Lemma 5.7. Let N € N* and a,b,c € LA,(B). There holds
la™lz2 = llal 2, (5.34)

)(epwz‘ Py(ab),c)

< ’<(eﬂ\8zl a*)(er%: pt), c+>| . (5.35)

Proof. Equality (5.34) is an immediate consequence of the definition (5.33) and Plancherel’s
theorem. Moreover, by Plancherel’s theorem, the normalization (2.1), the triangle inequal-
ity and Plancherel’s theorem once more, we have that

1
(e Py (ab), )| = o

/ / Fe(&)erle / Fa(€ —n)Fbln) dydé dy
y J[§ISN ]

i pl&—nl _ pln| (5.36)
= zw/y/geRWf)l/e [Fa(& = n)le?™| Fb(n)| dn dg dy

— ((e”'a*" a+)(6p\8x| b+; ).

24



This scalar product is positive and this concludes the proof of (5.35). O

5.3 Long-time weakly nonlinear Cauchy-Kovalevskaya estimate

In this paragraph, we explain how we will prove a long-time weakly nonlinear Cauchy-
Kovalevskaya estimate on the remainder. We start by defining quantities that will enable
us to define the expected profile of analyticity p(t). Then, we close the estimate relying
on a Gronwall-type argument. In the following paragraphs, we will prove the required
estimates.

Remark 5.8. The idea of closing an estimate on a nonlinear function of the solution to
control the loss of analyticity dates back to Chemin in [6]. It was later used in the context of
anisotropic Navier-Stokes equations in [7] and, more recently, for Prandtl equations in [41],
using only analyticity in the tangential direction.

5.3.1 Friedrichs’ regularization scheme

In order for our manipulations to make sense, we will restrict (5.5) to a bounded range of
frequencies. Then, we establish estimates which are independent on the considered range
and we pass to the limit. This process was introduced by Friedrichs in [17] (see also [37]
for a recent example of the passage to the limit). Let N € N. Instead of (5.5), we consider
the modified equation

orsy + (h — x{VI+2We) oy — eArsy + Vs = f5 in (0,T/e%) x B,
divry =0 in (0,7/e") x B,

5.37
ry =0 on (0,7/e") x 0B, (5:37)
=0 =0 on ‘B,
where we introduce
S 1= P Sy + (M5 {000} + 155 ({00} +£0,0°) 538

+ePn (15 - V)u! + Py (ut - V) ry + Py (- V) 7y

In the sequel, to lighten the notations, we will write r instead of r§, and we will omit the
projections Py . It will be clear from our proof that we perform a priori estimates which
are independent of N. Therefore, using usual compactness arguments, our proof will also
yield the same energy estimate for the initial equation (5.5). Since this argument is quite
classical, we will only detail the a prior: estimates. Even though this regularization process
is transparent in the proof, it is necessary to ensure that all the quantities are well defined.

5.3.2 Definition of the analyticity profile

We start by defining the analyticity radius that we will require on the coefficients and the
source terms of the equation for the remainder

“+oo
po =2+ IOQCB/ | 20,2°(t, 2) || oo (r, ) dt- (5.39)
0
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Recalling the definition (4.1) of the space H*2(R, ), one has, for t > 0,
20V (t,2) o) < 20V (Olioge, - (540

Hence, since n > 2, thanks to the decay estimate (4.2) from Lemma 4.1, py < +oo. Up to
a normalization constant due to Bernstein-type estimates, this radius corresponds to the
total amount of the loss of derivative that we expect. Then, we set, for t > 0,

ae(t) ="+ (1 +13)71, (5.41)
0(t) = (e Apvul (8)]] 12 (5.42)
keZ

These quantities will help us to control the (non singular but long-time) amplification
terms in the evolution of the remainder. We set

t
B(t) = / (51 {03420, oy + 10°CReS + 100 ). (5.43)
0

Proposition 5.9 (Proof in Section 6.2). If w, satisfies (1.11) for a constant C, > 0 and
pp > po, there exists By > 0 such that, for e,k € (0,1),

sup  [(t) = B(T/e") < pa. (5.44)

te0,T/e"]

We consider the local solution py(t) to the following nonlinear ODE:

(5.45)

{,O'N(t) = —10%Cp||20:0° (¢, 2) || Lo () — 107Cipee || PN DII=BO TS (1) | g,
pn(0) = po.

Since, for almost every t, r5(t) € L% (B), the right-hand side is Lipschitz continuous
with respect to py (with constants that may depend on N). Hence, we can apply the
Cauchy-Lipschitz theorem and consider the maximal solution of (5.45). We set

Ty ==sup {t €[0,T/e"]; pn(t) =1} (5.46)

and consider for ¢t < Ty,
t = ePNI0sl=Bye (5.47)

In the sequel, we simply write p instead of p and T™ instead of Ty, and we prove estimates
which are uniform with respect to N.

5.3.3 Gronwall-type energy estimate

We start with deducing from (5.37) that:

ot — pldg|t + Br + (h — x{VI+e2W®)d, ¢

T
—eAt + Vel =B — ePlOal=B pc - on (0, E—H) x ‘B,
T
dive=10 on (0, —) x B, (5.48)
€
T
t=0 on (O,E)Xri,

t|t:0 =0 on ‘B.
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We apply the dyadic operator Ay to (5.48) and take the L?(8) inner product of the
resulting equation with Azr. We observe, by integration by parts, that the contributions
due to the fourth and sixth terms vanish, so that

1d

5 I AR (O — 5 (06l Are, Ae) + B AR (O + <V Ages

— <Akep\azlfﬁf]€v7 Akt>.

(5.49)

Above and below we simply denote by L? the space L?(8). Using the definition (5.12) of
Ay and the support property (5.7) of ¢y, we know that

. . 1 .
(|04 Apr, Agr) > §2k||AktH%2. (5.50)

Then, integrating over [0, t], we obtain

1 . 1 L ., t .
LAl + 22t / 1ol 1 Awel2s + / Bl A2, +e / IV A2
2 2 Jo 0 0
; (5.51)
S/ |[(Aer1P=1=8 15 Agr).
0

We take the square roots and sum the resulting inequalities for k € Z to deduce that

> (ol + X2 ([ 19 HAkruLz) +vay ([ mmm)

kEZ keZ keZ (5.52)
3
sy ([ ||Akwm) <2va Y ([ b7 g5 )
keZ keZ
Proposition 5.10 (Proof in Section 5.4). Fort € [0,T*], there holds
22 (/\ (Aper%1=8 15 Age)| ) <222 </ K ”Ak/tHL2>
keZ keZ
~ey ([ ﬁuAktan) e ([ mkwm) (5.59
keZ keZ
3
+ \[Z </ |epo|8 IA appHL2>
keZ

The proof of Proposition 5.10 is given in Section 5.4. Let us admit Proposition 5.10
for the time being and see how to conclude the proof of Proposition 3.2. Combining (5.52)
and (5.53) we deduce that

> 18wl +vE Y ([ HAkVtI!m)

keZ kEZ (5.54)

< VB ([ Dherdgili:)

keZ
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Proposition 5.11 (Proof in Section 6.3). If w, satisfies (1.11) and (1.12) for a constant

Cy > 0 and py > po, there exists Cy > 0 such that, for e,r € (0,1),

1
t 1
§ : 1 . 5 . i
sup </ a‘|€ﬂoaz|gxkfa€pp’22> <Cf<€4 +€1 /-c)‘
te[0.T/e"] ey, 0 e L =

Aslong as t < T%, (5.54) holds and, thanks to Proposition 5.11, we obtain

S 18wxlia +vE Y ([ 180elRs)” < vaCy et e,

kEZ keZ

Moreover,

t “+o00 t
/ 1] < 102C / 120:0°(t, 2)l| g ) + 107Clee / 197¢l] o
0 0 0

and, for t < T'/e",

t t
e /O Vel =<3 /0 TR

kEZ
1
t 3
< v vE Y ([ 18w )
kez N0

< V2T Cy(ei + 7).
Combining these estimates yields
p(T/e") > 2 — 107CReP VoTCy(3 + &%),
Thus, for e small enough, p(7'/e*) > 1 and thus T3 = T'/e" and one has

1 —K
Ir§ oo (2w + Vel VI leees)) < \/ieﬁ*Cf(gzl +el7m).

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

This estimate being uniform with respect to N, one can pass to the limit (for fixed ¢)

towards r¢, and then take € small enough to conclude the proof of Proposition 3.2.

5.4 Proof of Proposition 5.10

To prove Proposition 5.10 we estimate separately the terms corresponding to the different
terms of the decomposition of the source term f5 in (5.38). Let us start with the term

corresponding to a loss of derivative.

Lemma 5.12. Fort € [0,T*], there holds

N[

> ( / (AP0, 1) {200, Am!) <

kEZ

1
) t . 2
>t ([ acull0.0lex ol
0

keZ
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Proof. Since {20,v°} and the operator M do not depend on the x variable,
Ape? OB (M [0,11])){20:0°} = (M[A0y11]){20:0°}. (5.61)

Moreover, using the definition of M in (5.2), Hardy’s inequality, and the fact that |x| < 1,
we get that, for any a € Lg(—l, 1),

|Ma)lzz < 2lalls- (5.62)

Hence, using (5.16) from Lemma 5.2, we obtain
|(ApePP =B (M[0,71]){20.0°}, Agr)| < 2510|2000 oo || Akt 2. (5.63)
The result follows by integration in time and summation over k € Z of the square roots. [

Lemma 5.13. Fort € [0,T*], there holds

5 ([ e ot 20,0, A

hez (5.64)

t 0 2 A 2 %
/ £
sZ( [ ey \Lw)mkrup) .

keZ

Proof. Since x'{v°}+&29,w® does not depend on =,
ApeP% =8 (ry (' {0} +€20,u°) ) = (X' {v°}+e28,w) Apra, (5.65)
and therefore the result readily follows by the Cauchy-Schwarz inequality. O

Lemma 5.14 (Proof in Section 5.5). Fort € [0,T*], there holds

S ([ a5 [yt + - 9) o) Au])

keZ

1 1

¢ . 2 to 2

<Y ([ st ) g ([ 1awei)
kEZ

kEZ

(5.66)

Lemma 5.15 (Proof in Section 5.6). For t € [0,T*], there holds

t % ’ t .
S ([ e vy, Al ) < o00cg Y- 2% ([ e I9el g ldeel
0 0

kEZ k'€Z

NI

Proposition 5.10 follows from the definition (5.38) of f5,, Lemma 5.12, Lemma 5.13,
Lemma 5.14 and Lemma 5.15. Observe in particular that the sum of the right hand sides
of Lemma 5.12 and of Lemma 5.15 can be bounded by the first term in the right hand
sides of the estimate in Proposition 5.10 thanks to (5.45). On the other hand the sum of
the right hand sides of Lemma 5.13 and Lemma 5.14 can be bounded by the other terms
in the right hand sides of the estimate in Proposition 5.10 thanks to (5.43).
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5.5 Estimate of (r- V)u! + (u' - V)r. Proof of Lemma 5.14
Due to divr = 0, we get, integrating by parts, that

2
(Ape%I=0 (1. V) ul Ay = = Y (Ape!P 70 (), Agie;). (5.67)
i,j=1
Due to divu! = 0, we get, integrating by parts, that

2
<Ak€plaz‘_’8 (ul . V) T, Akt> = — Z <Ak€p\8z\—5 (U%Tj) ,Akaitj>. (5.68)
ij=1

This yields a total of 8 scalar terms, which we estimate separately using the same method
for each set of indexes. We explain the proof only for the terms in (5.67) (the terms of
(5.68) are handled similarly). By Bony’s decomposition (5.26), we expand the products as

We explain the three estimates for each term in the right-hand side of (5.69).

5.5.1 First estimate

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we write

(ApePP (T ug), Agdiny) = > (ApeP% 1 (Sp_1ri) (Apuj), Apdye;). (5.70)
|k'—k|<4

Thanks to the product estimate (5.35) from Lemma 5.7, the embedding estimate (5.21)
from Lemma 5.4, the decomposition (5.14) of Sp/_; and estimate (5.16) from Lemma 5.2,
and the definition (5.42) of ¢;, we obtain

[(AePP=1=8 (S _yri) (Apud), Ardiej)|

< ||5kf—1ti+!\Lgo(L§)||Akf6p‘am‘ (W) 2 sy | Akdivjll 2

, ) , (5.71)
<CRO2 7AWV D 2% Apne.
B <k/—2
Thanks to the Peter-Paul inequality, we deduce that
[(Ape? P17 (S _yri) (Apul), Apdye))|
1 : 2 1 2 ~3 ok’ —k' H (5'72)
< mHAkaLQ +7(9-8-60)°CE2 > G| Agr| e

k" <k'—2
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Summing these estimates and applying Minkowsky’s inequality leads to

(/ (Age? %125 (T, uj), Akarj>|>é

kEZ
P 3
< 216003 ([ #18emz:)
ke \k'>k"—2 [k—k'|<4 0 (5.73)
mas > ([ HAkVth)
kezw k<4
1

§2-1060§,Z</0 £§||Akt|yig> +m (/ IIAkVtHL2>

keZ

5.5.2 Second estimate

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we write

(ApePP (T uri), Apdies) = Y (Ape?O! (Sp_yu)) (Aprs), Agdivy).
J
|k —k|<4

It follows from the decomposition (5.14) of Sy_1, the estimate (5.20) from Lemma 5.4 and
the definition (5.42) of ¢; that

P91 Sy 1 (ul)F|| e < O34 (5.74)
Hence, with the product estimate (5.35) from Lemma 5.7, we infer
|(Are” 10 (S yu)) (Arrs), Ardies))|
< (e Sy (uh) oo A | 22 | A Ve 2 (5.75)
< CR0| At 2 | A Ve 2.

Summing these estimates and using the Peter-Paul inequality yields

(/ (e (T, 1), Ay, c]>y>2

k€eZ
) (5.76)

1 : 2
<2 105CB (/ EQHAkt”m) + 360 Z ( ||AkVtH%2>
kEZ 0

5.5.3 Third estimate

By using the support properties of the paraproduct decomposition as in Lemma 5.6, equal-
ity (5.31), and the definition (5.29), we obtain

<Ak€p|8’”| R(ri,u}-), Akazt]> = Z <Ak€p‘8 2| (Ak/T'Z)(Ak/u ) Aka tj>
k'>k—3

Z Z Akepla‘"‘” Ak’Tz)(Ak;"U ) Aka t]>

K >k—3 |k —k'|<1
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Thanks to the product estimate (5.35) from Lemma 5.7, the embedding estimate (5.21)
from Lemma 5.4, estimate (5.16) from Lemma 5.2, and the definition (5.42) of ¢;, we infer

[(Ape? 1B (Apry) (Aprul), Apdies)|
< ||Ak’t2_HLg°(L§)”6plaz‘ Apor(uj)* |2 (z20) 1 ARV 2 (5.77)
g 3 . .
2% O | Awe] 2| ALV 2.

Using the Peter-Paul inequality and summing the resulting estimates, we find

%
( / (A eI BR (1, ub). Akarm)
hez (5.78)

cwes Y ([ A1)+ s 3 ([ 1awaz)

keZ
Eventually, summing estimates (5.73), (5.76) and (5.78) for the 8 pairs of indexes
concludes the proof of Lemma 5.14 with the claimed constants.

kGZ

5.6 Estimate of (r - V)r. Proof of Lemma 5.15

We prove Lemma 5.15, concerning the estimate of the trilinear term. First, using Bony’s
paraproduct decomposition (5.26) and the divergence free condition in (3.26), we write the
quadratic term as

(r-V)r =Ty 0 4 To,pr1 + 0R(r1,7) + Ty Oyr + To 12 + Oy R(12, 7). (5.79)

As a shorthand, we set

. 2
E=Y 2% ( / ﬂ*|rVr||BouAm||%2) | (5.80)

k'€Z
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which appears in the right hand side of the estimate given in Lemma 5.15. The proof of
Lemma 5.15 is obtained by summation of the six following estimates:

1
o . 2
Z(/ }(Ake”'a”'_ﬂ(Th@xr),Akt)o < 10°C3E, (5.81)
kez N0
o . 2
Z( / \<Akeﬂlazlﬁ(Taz,,rl),Ako\) < 10%C3E, (5.82)
kez /0
to, . 2
Z( / }<Akeplawl—ﬁamR(m,r),Akt>\> < 10°CEE, (5.83)
kez N0
o . 2
Z( / ’(Akemaﬂ”l5(Tr28yr),Akt)‘> < 10%C3E, (5.84)
kez N0
to . 2
Z(/ ‘(Ake”a“”_5(Tayrr2),Akt>‘> < 10°CEE, (5.85)
kez 70
o . 2
Z( / ’(Akepwﬂ”'68yR(r2,r),Akt>‘> < 10%C3E. (5.86)
0

keZ

5.6.1 Proof of (5.81)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we expand

(Aper1Pl (T 0pr), Age)y = Y (2% (Sp_ym1) (Apar), Age). (5.87)
|k’ —k| <4

Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
(0P (S _171) (A ), Age)| < € (|So1e] |l oo | A 0t ™| 2 [ Ae | 2. (5.88)
Thanks to estimate (5.16) from Lemma 5.2,
AR 8.t 2 < Cp2% || Apre| 2. (5.89)
Using estimate (5.20) from Lemma 5.4, we obtain that
1Sk —1e] (|20 < CRIIVES | go < CRIIVE] o (5.90)
Gathering our estimates, we obtain

> </ot [{Aee (T, ), Akr>\> %

kEZ

1
3 K t . . 3
<CGRy, D, 2 ( /0 eﬁ*HVt”BOHAk/tHL?||Ak'fHL2) (5.91)

kEZ |k —k|<4

s .
<102 30 o ([ e 1wl ldee:
0

k'€Z
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This concludes the proof of (5.81).

5.6.2 Proof of (5.82)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we expand

(AperlP%1 (To,r), Age)y = Y (/% (Sp_10um) (Apra), Age). (5.92)
|k —k|<4
Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
|<€p|ax|_ﬂ(sk/,18x’l“)(Ak/rl), AktH

. . . (5.93)
< || Sp 102 | oo (2) | AwrT N 22 ey 1 AR | 2
Thanks to estimate (5.19) from Lemma 5.4, we get
A _K

At 20y < Cu2 5[V 5. (599

Gathering our estimates and using the Peter-Paul inequality,

([ 18000 g IVl ol dar ) < 2% ([ 106l ol B2

0 0 (5.95)

1
3k t . 2
r2 ([Tl $0a05 )

we obtain

1
t . 2
> < /O [(Aperl?=1=8(Ty, ), Akr>|)
kEZ

3 k Bk K : 2
<opY 2t Y 2 ( / eﬁ*uwugonmtu%z) (5.96)

keZ  |k'—k|<4
3 —k e (Y g : 12 :
+C§Z2 Z 21 (/ e | Ve[| go [l Skr—10a¢ ’L;o(L%))
keZ |k —k|<4 0

The first term is bounded by 10Cg E. Using Minkowski’s inequality and (5.14), we estimate
the second term as

1
_ bk ! ] ’
Yootk 3 2 (/0 eﬁ*HVt!BoHSk/1awt+‘%g°<L§))

keZ k' —k|<4

. (5.97)
_ k=K' t . p
SSIELID VLD D § IR
k€Z |k —k|<4 j<k'—2 N0
Now we deduce from Bernstein’s Lemma 5.2, estimate (5.16), that
1200t | 2o 12) < CB2Y | At 2. (5.98)

We deduce from these estimates that the second term of (5.96) is bounded by 80CZE.
This concludes the proof of (5.82).
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5.6.3 Proof of (5.83)

First, using integration by parts in the horizontal direction, we get
(Ape”P:l 9 R(r1, 1), Apr) = —(Ape?%I R(ry, 1), Apdpr). (5.99)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.31), and the definition (5.29) we expand the term as

(A Ry, 1), 0,800 = 3 (2] (Apry)(Apr), Ardyr)
k'>k—3

(5.100)
= 3 > (P (Apr)(Apr), Avdrr).
k' >k—3 |k —k'|<1
Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
(P11 7B (Aprr1) (Aprr), Ayd,r)] (5.10)
< | A |l L2 (o) [ Arre 12 22) | AkDat™ || Lo (12) '
Thanks to estimate (5.19) from Lemma 5.4, we have
A _K
1At i) < C27 5 [ go. (5.102)
Thanks to estimate (5.16) from Lemma 5.2, we have
. 3k .
[AkDet || Lgo(r2) < CB22 [| Akt 2. (5.103)
Gathering our estimates, we obtain
%
</ [(Are?P% =P o, R (ry, 1), Akt>|>
keZ
<Y ¥ 2 ([ vl el
kEZ k' >k—3 |k —k|<1
(5.104)

1
3k _ K . 2
<Y Y 2 ([ vt )

kEZ K >k—3 |k —k|<1

1
+CBZ Z Z 2% (/ ﬁ*\VtHBOHAkutH%Q)Z

keZ k' >k—3 |k —k|<1

Up to reordering the sums, one gets that the first term is bounded by 32C E and that the
second term is bounded by 51CgE. This concludes the proof of (5.83).
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5.6.4 Proof of (5.84)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we expand

(AperlP (T, 0,r), Agr) = Y (P11 (Sp_1ma) (Apdyr), Agr). (5.105)
|k —k|<4

Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
(PO (Spo1r2) (Apdyr), Age)| < € | Sp—1e [l | Ap et 2| A 2. (5.106)
From the definition (5.15) of BY,
1Ak Dyt 2 < [Vl go- (5.107)
Summing over k € Z and using Young’s inequality, we obtain

> ( /0 t [(Age!l=1=8(T,,8,r), Akt>|>

1
2

kEZ
1
_k ! . 2
< 5 ([ vt ) (5108
kEZ |k —k|<4 0
k t . 2
£33 25 ([ vl ol Bl
kEZ k' —k|<4 0

Using Minkowski’s inequality and (5.14), the first sum is bounded as

k t . 2
DN ( /0 e5*||w||30usk/1r;||%oo)

kEZ |k’ —k|<4
. (5.109)
k t , 2
SV IESI O R\ PV
kEZ |k'—k|<4 j<k/—2 \/O
Thanks to estimates (5.23) from Lemma 5.5 and (5.16) from Lemma 5.2, we get
1A e2llzee < CR2 | Ajel| 2. (5.110)

Gathering these two estimates and reordering the sums we conclude that the first term in
the right hand side of (5.109) is bounded by 36CZE. Since the second term is bounded by
9F this concludes the proof of (5.84).

5.6.5 Proof of (5.85)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.30), we expand

(Ape?%! (Toora), Age) = D (P11 (Sp_10,7) (Apra), Agr). (5.111)
|k —k| <4
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Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
(P12 (Spr10yr) (Do), Ae)| < €| Spo—10y e | 2 [ Apres [l poe [ Age ™| 2. (5.112)

On the one hand, thanks to estimate (5.23) from Lemma 5.5 and estimate (5.16) from
Lemma 5.2, we have ' '
1Akes ||z < CR2% | Apr]| 2. (5.113)

On the other hand, from the definition (5.15) of B,
1Sk 10yt 2 < [|VE]| go- (5.114)

Gathering our estimates, we obtain

1
2
</ | Akep‘a’:| 6 Ta TT‘Q) Aktﬂ)
keZ

1
K’ t . . 2
<y X 28 ([ e Ioelldvdieldul .19
kEZ |k —k|<4 0

W t . 2
< 102Cg Z 27 </0 eﬁ*HVtHBomk'tH%Z)

k'€Z

This concludes the proof of (5.85).

5.6.6 Proof of (5.86)

First, using integration by parts in the vertical direction, and the null boundary condition
n (5.48), we get

(AreP%=l 9 R (1, 1), Apr) = —(AgeP% R(ry, 1), Ardyr) (5.116)

Using the support properties of the paraproduct decomposition as in Lemma 5.6, equality
(5.31), and the definition (5.29) we expand the term as

(AgerP R(ra,r), Adye) = S (%] (Agra)(Apr), Agdyr)
k'>k—3

(5.117)
= > > (N Apra)(Apr), Agdyr)
K >k—3 [k —k'|<1
Thanks to the product estimate (5.35) from Lemma 5.7, we obtain
6p\81|—ﬁ Ak’TQ AkNT ,Aka T
( (Apra) (Aprr), Apdyv)] (5.118)

< M| Awes |22 (o) Akt |2 22) | Ayt | Lo (12).
Thanks to estimates (5.23) from Lemma 5.5 and (5.16) from Lemma 5.2, we get
(e (Agr) (Apr), Apdye)| < e CR22 7 | Al | A2 | Ayl e (5.129)
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We use the following crude estimate, which follows from definition (5.15).

1Ayt 2 < 1Vl go- (5.120)

Gathering our estimates, we obtain

>( / (A9, Ry, >Akr>|)é

kEZ

k K . . 2
3D D DTSN § (| Py

kEZ k' >k—3 |k —k'|<1

1
K . 2
<6caY. Y ot ([ Tl lduniis) 5121

keEZ k'>k—3

K k—k' t A 2
<o Y28 [ T 2 < / eﬂ*nwngomkwniz)
0

k'€Z k<k'+3
L 1
% . 2
<10 3 2% ( [ vl ol Bl
= 0

This concludes the proof of (5.86).

6 Analytic estimates for the approximate trajectories

6.1 Preliminary estimates

We introduce notations and prove preliminary estimates that will be used in the sequel.
In this paragraph, a denotes a function in L?(8) for which all the norms and sums that
we manipulate are finite.

e For se N, p>0and p € {2,400}, we introduce the tangential analytic-type norm
P (a):= P” omacal 6.1
gs,p(a) = Z sup WH x Yz ya||L?v(L5)' (6.1)

0<atp<s M= '

In particular, thanks to condition (1.11), one has G%(up) < Cs.

e We introduce the notations u} = V*[xstp] and ul := VL[(1 — xs)1]. Hence,
recalling the translation notation (3.13), the definition (3.18) of u' can be recast as

ut = Brau} 4 Thul. (6.2)

From the definition (3.17) of v, the smoothness of x5 and the conditions (1.11) we
deduce that there exists C'; such that,

G5 (ui) + G (up) < C1. (6.3)
Thus, using the relation (6.2), for any ¢ > 0,
Gt (u'(1)) < C1. (6.4)
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e Let p € {2,400}. Thanks to the Peter-Paul inequality, then using the property
(5.11) and the support property (5.7) for the operator Ay,

S el Agall 12 1) (22?)%(Zz?’€p°'az'Ak“|’iz<L5>)é

kEZ kEZ kEZ (6.5)

3 1 1 1
(el + iy a3, ac)

= 272

For low frequencies, using a uniform bound for the Fourier transform yields

IN

1 _1 16
/I£ PRGN )| Fa(€)l17y g < - e™lallZ pp). (6.6)
For high frequencies, using the elementary inequality e® < 2 cosh z,
1 “1 olé] 2 2 (2p0)2m m 2
o, U812+ T2 Fa@) 7 d6 < 16w Z>O Gy 18 Oallizayy (67)
Hence, for any p > po, there exists C, > 0 such that,
S el Agall 2 1) < € (Hau%(@ n gfp(a)) : (6.8)

keZ
6.2 Estimates for the amplification terms

We prove Proposition 5.9. Recalling the definition (5.43) of 3, we proceed term by term.

e Recalling the definition (4.1) of the space H'! (R, ) and using the decay estimate (4.2)
for the boundary layer from Lemma 4.1 with n = 1, we get
+00 +00
/0 X' {0° ()} Lo () ds < ||><'||Lo<>(_1,1)/0 IV ()l oo (ry) ds
+oo
< 2”X’HL°°(71,1) ) HV(S)HHM(RJr) ds

(6.9)

o n(2 + s) i
< 20|l 1= / (2 +5)
> X[z (=1,1) o 2+ s

< 52C||X,||L°°(—1,1)-

e Recalling the definition (3.22) of w® and using estimate (4.11) from Lemma 4.3,
T/e" 1
82/0 Haywe(t)HLoo(%) dt < TEQiEHayWS"Loo(R+;Loo(%)) < CwT€17’{+Z. (6.10)

e Recalling the definition (5.42) of ¢; and applying estimate (6.8) to a = Vu!(t) and
(6.4), there holds for any t > 0,
0(t) < Gy, (190 (03 a3) + L5V (1))
< Cp, <||Vu%||L;(L§) + V|l L1 2y + 01) (6.11)
<C, 2C,+ 1),
thanks to estimate (1.12).
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e Recalling the definition (5.41) of a,

™

T/e"
/ a(t)dt < T +
0 2

(6.12)

Gathering these four estimates concludes the proof of Proposition 5.9.

6.3 Estimates for the source terms

We prove Proposition 5.11. We will use the two following inequalities. First, for g €
L?((0,T/e") x B), thanks to the first part of the definition (5.41) of a.

D=

T/e" 1 . .
Z(/ Hem'af'Ak@g)Hia(%)) < R sup e Agg (1) 2wy (6.13)

(0]
keZ € kez 120

For g € L?((0,T/e*)x®B) and V € L?(Ry xR, ), thanks to the second part of the definition
(5.41) of @ and estimate (4.9) from Lemma 4.2,

T/e" 1 .
S ( / %|eﬂo'aw'Au{V}g)H%z(%))

kEZ

[N

(6.14)

N

1
2 .
<2et ([ PNV, ar) S supllen™ Ag0lzz
+

keZ "=

Recalling the definition (3.24) of f, we proceed slightly differently for the first four terms
(using (6.13)), and for the last three terms (using (6.14)).

app ‘= eAu! +e(ul - V)ul +e2Weout + % (u' - ey) 9yt
Le, (6.15)

XVt = L (Ve {2V 4 X9 (20.V)) e

o First term. We apply (6.13) to g := —Au'. For t > 0, thanks to (6.2),

012l Ay Aut (8) 2oy = [[e” P AR AB(E) (Thud ) (E) + (Thus) (E) | 12 (m)
= [le™%= I A A(B(tYu; + ud)ll 2w (6.16)

< [le”l% ApAuf]| oy + ([P A Aul | 2 (m)

Thanks to (6.8), (6.3) and (1.12), we deduce that

Z ||€p0‘8w‘AkAui1||L2(%) + H@polax‘AkAuian(sB) < +o00. (6.17)
keN
Hence,
> " sup [|e”P AL AL (1) 2wy < +o0. (6.18)
kez 120
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e Second term. We apply (6.13) to g := (u!-V)u!. Similarly, we decompose u! thanks
to (6.2) to get an estimate which is uniform with respect to time. We get four terms.
As an example, let us bound using (6.8), for some p € (po, pp),

> ller e Ay (ut-V)ub llpzm) < Cp (If - V)ublraaz) + GFa((ud - V)ud) ) . (6.19)
kEZ

The first term is finite thanks to (1.12). The second term requires an analytic es-
timate for this quadratic term. For m > 0, and a,b € L?(B), thanks the Leibniz
differentiation rule,

%Haﬁ‘[(a )|y <D <m> ﬁu(@ga) V) (@7I0) || 11 sm)

!
= 7 /) m!
<3 (M) E Zam ™ e
T \d ) mly] LA pmeg TR (6.20)

for some C' > 0 independent of m because p < p. Hence,

> " sup [|e Ay (ul () - V)u' (8)]| 2wy < +oo. (6.21)
keZ t20

e Third and fourth terms. We apply (6.13) to g :== eWd,ul + e(u! - e,)d,we. Since
W¢ does not depend on x, we use the estimate

”ep()|693|Akg(t)||L2(%) < e([[Weloo + [|0yw®]oo) X
(el Ay ()] 2y + ™% Agu ()] 2(m))
< &3 O (|19 Ayt (8) ey + €702 At ()] 2
(6.22)

thanks to estimate (4.11) from Lemma 4.3. We proceed as above using (6.2) to get
uniform bounds on the sums.

o Fifth term. We apply (6.14) to g := x0,u' and V := V. The integral in time of the
boundary layer is finite thanks to (4.2) from Lemma 4.1 because n > 3. The sum in
k is also finite using the same techniques as above.

e Sizth term. We apply (6.14) to g := x/(u' - ¢,)/¢ and V := 2V. The integral in time
of the boundary layer is finite thanks to (4.2) from Lemma 4.1 because n > 3. The
sum in k is also finite using the same techniques as above.

e Seventh term. We apply (6.14) to g := x¢'(u'-e,) /¢ and V := 20,V . The integral in
time of the boundary layer is finite thanks to (4.2) from Lemma 4.1 because n > 3.
The sum in k is also finite using the same techniques as above.
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