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REGULARITY AND HOLOMORPHIC BISECTIONNAL CURVATURES OF
THE KAHLER-EINSTEIN METRIC AT STRICTLY PSEUDOCONVEX
BOUNDARY POINTS

SEBASTIEN GONTARD

ABSTRACT. We prove a local boundary regularity result for the complete Kéhler-Einstein metrics of
negative Ricci curvature near strictly pseudoconvex boundary point. We also study the asymptotic
behaviour of their holomorphic bisectionnal curvatures near such points.

INTRODUCTION

In 1980, S.-Y. Cheng and S.-T. Yau proved that every bounded strictly pseudoconvex domain
Q C C", n > 2, with boundary of class C”, admits a complete Kihler-Einstein metric of negative

Ricci curvature (for convenience, we will only work with Ricci curvature = —(n+1)). Namely, they
proved that there exists a (unique) solution g € C¥ (2) to the Monge-Ampere equation
(1) Det (91’3) =9 on Q,

satisfying the following boundary condition:

(2) g=+oo on ON.

By comparing this solution to the approximate solutions constructed by C. Fefferman in [4], they
proved that if © is bounded, strictly pseudoconvex with boundary of class C™ax(2n+9,3n+6) thep

_ 1
e 9 ¢ Cntlitd (Q) for every § € [O, 3 [, and the holomorphic sectional curvatures of this metric

tend to -2, which are the curvatures of the unit ball equipped with its Bergman-Einstein metric, at
any boundary point. Note that if the boundary is of class C*, J. Lee and R. Melrose proved that
e=9 € C"H1H9 (Q) for every & € [0,1[ (see [6]), and this regularity is optimal in general.

We prove a local version of the result of S.-Y. Cheng and S.-T. Yau. Namely, we prove the following
theorem:

Theorem 1. Let Q C C*, n > 2, and q € I). Assume that there exists a neighborhood of q on
which 09 is strictly pseudoconvex and of class C* with k > max(2n +9,3n 4 6). Moreover, assume
that 2 carries a complete Kahler-FEinstein metric induced by a function g that satisfies conditions

1
(1) and (2). Then there exists an open set U C C™ containing q such that for every § € [O, 3 [, we

have:
e et (QNT).

Note that J. Bland already obtained this result in the case of “nice” strictly pseudoconvex
boundary points, and also obtained that e~9 € C2+° (2N U) in the general case (see [1]). Regarding
the curvature behavior, we prove the following:
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Theorem 2. Let Q C C", n > 2, and q € 0N). Assume that there exists a neighborhood of q on
which O is strictly pseudoconvex and of class C* with k > max (2n + 9, 3n + 6). Moreover, assume
that Q carries a complete Kahler-FEinstein metric induced by a function g that satisfies conditions

(1) and (2). Then,
Cw)2

(3) sup Bisg . (v,w) + [ 1+ (5w - — 0.

v,weS(0,1) < > g,z > z—=q

(w;

Here and from now on, Bis, . (v, w) (respectively (v;w), ») stands for the holomorphic bisectional
curvature (respectively the Hermitian scalar product) of the Ké&hler metric induced by the potential
g, at point z, between the directions v and w (a more precise definition is given in Section 1).

Especially, using the results on the existence of Kahler-Einstein metrics of N. Mok and S.-T. Yau
in the case of bounded pseudoconvex domains (see [7]), and of A. Isaev in the case of pseudoconvex
tube domains with unbounded base (see [5]), we directly deduce:

<

Corollary 3. Let n > 2. Let Q C C™ be either a bounded pseudoconvexr domain with boundary
of class C?, or a tube domain whose base is convex and does not contain any straight line. Let
g € C¥(Q) be the Kdhler-Einstein potential on € that satisfies conditions (1) and (2). Let q € 0N).
Assume that there exists a neighborhood of ¢ on which 0 is strictly pseudoconvex and of class C*
with k > max(2n + 9,3n 4+ 6). Then there exists an open set U C C™ containing q such that we
have:

Vs € {o;[ e 9 e " (QND).

Moreover, we have the following curvature behaviour:

. (v;w)2
sup Bisg.(v,w) + | 14+ —5—""5 — 0.
v,weS(0,1) <’U, v>g,z <w7 w>g,z =

This paper is organized as follows. In Section 1, we introduce some notations and formulas that
will be used in the other sections. In Section 2, we recall the construction of asymptotically Kéhler-
Einstein metrics developped by C. Fefferman in [4]. We provide details about the regularity of the
functions involved in the construction and on their defining set. In Section 3, we first estimate the
norm of the gradient of the difference between the potential of the Kahler-Einstein metric and the
potential of an asymptotically Kéhler-Einstein metric constructed in Section 2. Then we use these
estimates to improve the CY estimate. We also derive the higher order estimates, and we use these
to prove Theorems 1 and 2 at the end of the Section.

Acknowledgements. I would like to thank Professor S. Fu and Professor J. Bland for their kind
hospitality during my visit in their institutions and the fruitful discussions we had.

1. PRELIMINARIES AND NOTATIONS
Throughout the paper, we use Einstein summation notation.

1.1. Algebra. We denote by M,, (C) the set of square matrices of size n, with complex coefficients.
In this set, we denote by 0 the null matrix and by I the identity matrix.

Let A= (A;;),B = (B;;) € My (C), v = (v;) € C", w = (w;) € C".

If A is invertible, we note (Aﬁ ) A~ Tt is characterized by the relations A’kAk* = AzkAkj =1

if ¢ = j, 0 otherwise. Especially, T'r (A B) Al Bj;, where T'r denotes the trace function. We

denote by Det (A) the determinant of A. We denote by ‘A = (Aﬁ) the transpose matrix of A, and

by A= (AU) its conjugate.

We denote by H,, := {A € M,, (C) /A = A} the space of Hermitian matrices of order n. If A € H,,,
2



we note (v;w) 4 := A viw;. Recall that (v;v)4 € R.
If A, B € H,, we define the following relations:

B> A < YoeC"\ {0}, (v;v)p>(v;v)a, B>A < YoeC"\{0}, (v;v)p> (v;v)a.
We note H} := {M € H,/M > 0} and H}t := {M € H,/M > 0}. If A € H}, we note
1

[v]4 = (v30) 3.
We will need the following facts that we do not prove:

Proposition 1.1. (1) Let A € H; . Then there exists R € H} such that R?> = A. The matriz R is
called a square root of A.

(2) Let A€ Hi. Then 0 < A< Tr(A)I.

(3) Let A € HT. Then there exist 0 < A < A such that \ < A < Al

1.2. Functions and Kéihler geometry in open sets of C". We work with the usual topology
on C", induced by the usual Euclidean norm, that we note |-|. For p € C" and r > 0, we note
S(p,r), respectively B(p,r) the Euclidean sphere, respectively the Euclidean open ball, of center p
and radius r.

Let U C C™ be a non-empty open set, and let z € U. Let k € N, and let € € [0, 1].

1.2.1. Functions. We denote by C**¢(U) the set of real valued functions having derivatives up to

order k and such that all these derivatives are Holder of exponent €, and by C¥ (U) the set of

analytic functions in U. We simply note C* (U) := C*+0 (U).

A function f € CF+<(U) is in CF+¢ (U) if all its derivatives up to order k extend continuously to

the closure U of U.

If f € CFeU) and (i1,j1,--,in,jn) € N?" satisfies s := > (i, + ji) < k, we denote by
68

Jidrindn = ———. In particular, this notation is consistent with the notation of
02, 0z17" ... 0z 07

complex matrices introduced above. Also, observe that if f € C' (U), then for every 1 < j < n, we

have f; = f;.

A function f € C2?(U) is plurisubharmonic at z, respectively strictly plurisubharmonic at z, if

( fl-i(z)) > 0, respectively ( fl-j(z)) > 0. A function f € C?(U) is (strictly) plurisubharmonic in U if

it is (strictly) plurisubharmonic at every point of U.

We will need the following fact that we do not prove:

Proposition 1.2. Let U C C" be an open bounded set and let f € C? (U) be a strictly plurisub-
harmonic function. Then there exist constants 0 < A < A such that A\I < (f;) <Al onU.

)

1.2.2. Kdhler metrics. A Kahler metric in U is an element of C (U, H,}"), that is, a matrix (gij)
with continuous coefficients in U and such that for every z € U, (gij (z)) e HIT.

We say that a Kahler metric (gﬁ) is induced by a function u € C? (U), called a (Kihler) potential
for (gﬁ), if (uli) = (Qij) inU.

If v = (v;) € C", w = (w;) € C", f,g € C*>(U) and g is a Kahler potential in U, we define the
following quantities:

o (Vyw)y = (v; w>(gi3) = g;;viw;: the scalar product of v and w, for the metric (gij).

o |v], = <v;v>§: the norm of v for (gﬁ).
e Ric(g) :== —Log (Det (gij)): the Ricci form of (gﬁ).

1

° |Vf], = |(fl)|(gﬁ) = (gﬁfifj) ?: the norm of the complex gradient of f for (gﬁ).

o Ayf:=Tr (<gi3> (fz§)> = gﬁ ji+ the Laplacian of f for (gij).
3



Moreover, if g € C*(U) and v,w # 0, we also define:
o V1 <i,jkl<n, Rgu(g):=—g;5a+ Z gikﬁgmgqﬁ: the curvature coefficients of (gij).
1<p,g<n

Rz1i(g)vivjwiwy
”kl( Uity : the holomorphic bisectional curvature of (gij), between direc-

e Bisy(v,w) := e
gl%Wlg

tions v and w.

e Hgy(v) := Bisy(v,v): the holomorphic sectional curvature of (g;5), in the direction v.

If needed, we will specify the point z at which these quantities are computed by using the following
notations: (v;w),z, Ric(g)(2), [V fl, .. Agf(2), Rigri(9)(2), Bisg.(v,w), etc.

In the special case of the usual metric on C, that is to say § = |-|? (or, equivalently, (f]ﬁ) =1), we
simply note (v;w), respectively |V f|, instead of (v;w)g, respectively |V f| 5 We proceed likewise
with the other notations.

Recall that the metric induces a distance function, that we denote by d,. We say that the metric
is complete if the space (U, dy) is complete.

We say that a Kihler metric induced by a potential g € C* (U) is Kihler-Einstein if there exists
A € R such that (Ric(g)ij) = A (gij). We point out that in this paper, all the involved Kéhler-
Einstein metrics satisfy (Ric(g);;) = —(n+1) (g;5)-

Note that by definition every strictly plurisubharmonic function in U induces a Kéahler potential
in U. There is another way to construct Kéhler potentials from strictly plurisubharmonic negative
functions in U:

Proposition 1.3. Let 1 € C?(U) be a negative strictly plurisubharmonic function. Set g :=
—Log (—). Then g is a Kdhler potential in U, and the following formulas hold in U :

(4) (=) (97) = (w7) + (252).
(5) (67) = () () — (- 00e)00),

Proof of Proposition 1.3. The function g is well defined and of class C? in U by construction, and
formula (4) directly comes from the chain rule.
Let R be a square root of (@Z’ij)- Then R is invertible because Det (R)? = Det (%3) # 0. Set

B:=R! (%) R 'and A := (—¢)R™! (gﬁ) R™' = I + B. Since the rank of B is 1, we have

(G
\VTIE i
B? =Tr(B) B. Since Tr (B) = | _Z:/Jw = v _d}w% > 0 > —1, we can do the following computation:
B -1 Tr(B)
All—————— | =1 —+1-——+ - |B=1
( 1—|—Tr(B)> +(1+T7~(B)+ 1—1—Tr(B)> !
B
and likewise we have (I — ——— | A = I. Hence A is invertible, and its inverse is A~! =
1+Tr(B)
B (Vi)
I——— ) =T—-R'—""% __R~! Therefore we obtain the formula (5):
() 0+ Vil ®)

w7 (i) (47)

(97) = ()R AT R = (=) () - <—w>( S



Let Q C C™ be a domain, let k > 1 be an integer, and let ¢ € 9. We say that 99 is of class C* in
a neighborhood of ¢ if there exists a defining function of class C* of 2 in a neighborhood of ¢, that
is, an open set V C C" containing ¢, and a function ¢ € C* (V) satisfying Q NV = {1 < 0} and
V2 e 00NNV = {¢y =0}, VY|, #0. If k > 2 and 99 is of class C* in a neighborhood of ¢, we say
that 99 is strictly pseudoconvex in a neighborhood of ¢ if there exists a bounded open set V C C"
containing ¢, and a function ¢ € C* (V) satisfying QNV = {¢ < 0}, V2 € 90NV = {¢ = 0},
V|, # 0 and (1/11-3) > 0 in V. The function v is a strictly plurisubharmonic defining function for
oNNv.
The two following results will be needed in Sections 2 and 3:

Proposition 1.4. Let Q C C" be a domain, let n > 2 be an integer, and let ¢ € 02. Assume that
there exists a neighborhood of g on which 0K is of class CL. Let V-C C" be an open set containing q,
let ¢ € CL(V) be a defining function for 9QNV. Let U C U C V be a bounded open set containing

q. Then, there exists a constant € > 0 such that  inf |Vi| > 0.
Un{l|<e}

. _— : =N
Proof of Proposition 1.4. We argue by contradiction. Then there exists a sequence (2;),cy € U
such that lim (z;) = lim |V|,, = 0. Since U is compact, we can assume, up to extracting
1——+00 1——+00

a subsequence, that (z;);en converges in U. Denote by z its limit. By continuity of v at z, the
condition .ligl ¥ (%) = 0 implies ¢ (2) = 0, which means that z € 9QNU C 92N V. On the
1—+00

one hand, it implies that |V|, > 0 because v is a defining function for 9Q N'V. One the other
hand, the continuity of the function |V1)| at z implies that |V|, = .hfrn |V, = 0. Hence the
1—r+00

contradiction. O

Proposition 1.5. Let Q) C C" be a domain, and q € 0S2. Assume that there exists a neighborhood of
q on which 0N is strictly pseudoconvex and of class C*. Let V. C C™ be a bounded domain containing
q, ¥ € C*(V) be a strictly plurisubharmonic defining function for 9Q NV . Let g := —Log (—1).
Then for every bounded open set U C U C V there exist 0 < X < A such that the following
inequalities hold on QN U :

1/}2

6 A——»-——1T
© —1p + |V

< (gﬁ) <A(=y) I

Proof of Proposition 1.5. We use formula (5) and notations of Proposition 1.3 with U replaced with
QNU. We also use the notations introduced in the proof of Proposition 1.3.

B B Tr(B
According to Proposition 1.1, we have TT‘(B) € H;', hence 0 < 15 Tr(B) < ] —f—ZE’I“()B) .
: _ 1 Tr(B) _ )
S At =T —— ded — I =(1-———_)I<Al<I S
ince l—i—Tr(B)’We educe ) < 1—|—Tr(B)> < < ince
—1 > 0, we deduce the following:
) 1

— L I< R
—+ VY[, T Y

2 = = -
M (1/1”) < (9”) < (—v) (1?1]) :
5



Moreover, since <¢’3 ) is continuous on the compact set U, there exist 0 < A < A such that

M < (1%5) < AT on U. Hence:

wQ

p R A ) < A (=) 1.
T S(g)é (=¢)

2. CONSTRUCTION OF LOCAL ASYMPTOTICALLY KAHLER-EINSTEIN METRICS

Let V be an open set. Let k> 2 be an integer. If ¢» € C*(V), its Fefferman functional is defined
by

J() = (=1)"Det < t(ii) ((zfjj))> '

Then J(¢)) € Ck=2(V'). We observe that

J(¥) = ¢" " Det ((~Log(y);3)) on { > 0},

and that the function

F = Log (J(¥)) = —Ric(=Log(¢)) — (—(n + 1) Log(¢))

is well defined on {¢) > 0} N {Det (—Log();;) > 0}. Especially, if (—Log(¢¥);;) > 0, F is well
defined and measures the defect of (—Log(1))) to be the potential of a Kéhler-Einstein metric: the
metric (—Log(1));3) is Kéhler-Einstein if and only if J (¢) = 1.

Let Q C C™ be a domain and ¢ € 9€2. Assume that there exists a neighborhood V of ¢ such that
0Q NV is strictly pseudoconvex and of class C¥ with k& > 2n + 4. Without loss of generality, we
may assume that V is a bounded domain. We describe Fefferman’s iterating process in V.

Let ¢ € C*(V) be a strictly plurisubharmonic defining function for 9QNV. Let Uy := {J(—¢) > 0}.
Since ¢ € C? (V) and J(—¢p) > 0 on 92NV, the set Uy contains Q2 NV and is open. Consider the
following constructions on Up:

— J(=pU-1)
Lp(l) = Ll and, for 2 <1 <n+1, <p(l) = 80(1—1) 1+ 1=J=v ) J(=p ) )
J(—p) it

Then, for every 1 < I < n+ 1, o) is well defined on Uy and o e C*2(U;). Moreover,

according to the computations done by C. Fefferman in [4], we have

1
This ensures that for every integer 1 < [ < n + 1, the sets U; := {‘1 — J(—cp(l))‘ < 2} are

open and contain 92 N'V. Consequently, there exist positive constants r and R such that the set
U:= (ﬂ?;’olUl) N((B(gq, R) N02) + B(0,)) is open, contains ¢, satisfies U C V', and on which every
cp(l) is a C*~2! defining function for 9Q N U. Then according to Proposition 1.4, we can assume (by

taking smaller r and R if necessary) that min inf [Vo®|, > 0 and also inf Ve[, > 0.
I<i<n+1 €U zeU

Since 02NV is strictly pseudoconvex, we can (by changing go(l) to go(l) (1 + tcp(l)) with ¢ > 0 small

and taking smaller r and R if necessary) assume that each ¢ is strictly plurisubharmonic on U.
6



Finally, the above construction gives, for every 1 <[ <n + 1:

Log (J (=¢V)) _ Log (14 (J (=¢") — 1))
(=) (=)’

_J(=) -1 ~— ()™ m o e
—ew(”n;mﬂ@(-w‘”)—l) €t (D).

Let us summarize all these facts:

Proposition 2.1. Let Q) C C" be a domain and let ¢ € 2. Assume that there exists a neighborhood
V of q such that 9QNV s strictly pseudoconvex and of class C* with k > 2n+4. Then there exists
a bounded domain U containing q, and a collection of functions (go(l)) satisfying, for every
1<i<n+1:

(1) ()0(!) e Ck—2l (U),
(2) QNTU = {e¥W <0} NT,
(3) nf|Vel)]. >0,

zeU

1<i<n+1

(4) <p(l) is strictly plurisubharmonic on U,
(5) [1=J(=¢Y)[ <3 onT,
J _@(l) —1 919 ;==
(6) % e ch-2-2 (7)),
(7) % e k2 (U) and is positive on U,

) L) s )

Moreover, we have inf [Vyl|, > 0.

zeU
Remark 2.2. e Especially, conditions (1) to (4) imply that for every integer 1 <1 < n+ 1, the
function o is a strictly plurisubharmonic defining function of 92N U of class CF—2.

J(=o®) =1 O Loqg (J (—o®
e If k > 3n + 5, then all the functions go(l), ((SO))Z, LA °9 (( ( );,0 ))
—¥ 2 —¥

cntl (U) Ifk > 3n+6, then all the aforementionned functions belong to C"2 (U) C 00§5§1C”+1+5 (ﬁ)

belong to

o The metrics (—Log (—(p@)) are called “asymptotically Kihler-Einstein” on 0QNU, since they

ij

satisfy the condition J (—go(l)) (z) — 1 (recall that (—Log (—gof?)) is Kdhler-FEinstein on
z—00NU

QNU if and only if J (—go(l)) =1onQnNU).

3. LOCAL BOUNDARY REGULARITY

In this Section, we fix an integer n > 2, a domain {2 C C" and a point ¢ € 0§2. We assume that
() satisfies the hypothesis of Theorem 1. Namely, there exists a complete Kahler-Einstein metric
induced by a potential w’ € C¥ () that satisfies conditions (1) and (2), and there exists a neighbor-
hood V of ¢ such that 9QNV is strictly pseudoconvex and of class C* with k& > max (2n + 9, 3n + 6).
Thus, we can apply Proposition 2.1, and use the same notations introduced therein.

One of the main ideas to prove Theorem 1 is to compare the complete Kahler-Einstein metric <w;3)

to the aymptotically Kéahler-Einstein metrics induced by the strictly plurisubharmonic defining
7



functions (¢(l))1<l<n+1 as follows.

Let 1 <1 <n+1, and set

0
7= %, wi=~Log (") = ~Log (~n¢), F:=Log (J (~¢")) = Log (J (~n¢)).
Then, according to points (5), (6), (7), (8) of Proposition 2.1, n € C¥=2 (U), w € C¥=2(QnU),

F e ch-2-2 (U), (_};)l € k22 (ﬁ) and w and F' are related on 2 N U by the condition

(7) Det (wij) = e(twel
Let u := w’ — w. Then, on QN U, u solves the Monge-Ampere equation
(8) Det (wg; +ug;) = et Du=F Dt (w;5) -

Since w’ is real analytic in Q and w € C*~2/ (Q N U), then u € Ck~2(QNU).

So, for each integer 1 <1 < n 4+ 1, we have an asymptotically Kahler-Einstein metric (wij) on
00N U, for which the defect of being Kéhler-Einstein is encoded in the function F', and we study
the difference between this metric and the Kéhler-Einstein metric (w%) on QN U. More precisely,

we study the boundary regularity of the difference of their potentials, namely the function wu.

3.1. C! estimate and consequences. Whether global (see [3]) or local (see [1]), the study of the
boundary behavior of u relies on its gradient estimate, which relies on the comparison between

the metrics (w%) and (wij) (see condition (10)). The gradient estimate enables to deduce the

boundary behavior of u, and then the boundary behavior of the higher order derivatives of u by
F

use of Schauder theory. All these estimates depend on the regularity of the gradient of ——, for

(=)
which we have the following result:
Proposition 3.1. Under the hypothesis of Theorem 1, and with the notations introduced at the
| F|2 k—21-3
a1 €€

constant cy, such that the following holds on QN U:
(9) IVF[3, < ev(—¢)* .

Proof of Proposition 3.1. Let 1 < 4,7 < n. Then, according to point (8) of Proposition 2.1,
F; Fo; L ( F

e s (—<P)l>i
(7) of Proposition 2.1,

beginning of Section 3, we have (Q NnU ) In particular, there exists a positive

c ck—21-3 (U) , and according to equation (5) as well as point

v VN
—p ey oy —¥ + VY[ ’
where ¢ := go(l).
2 ij ) )
Hence AVFl, I L ech2s QnU). O

(=)=t = (=)t (m) !
We improve the gradient estimate obtained in [1] by using the computations of [3] in a different
way. Then we proceed exactly as in [1] to obtain the estimates of the other derivatives of w.

Proposition 3.2. Under the hypothesis of Theorem 1, and with the notations indroduced at the
beginning of Section 3 and in Proposition 3.1, for every v €]0;min(2n + 1,20 — 1)[, there exist
positive constants ¢ and € such that |Vul?, < c(—¢)” on QNU N {|p| < €}.

8



Remark 3.3. e Proposition 3.2 improves the results obtained in [1] in the sense that 9QNU is not
required to be “nice”.

e Proposition 3.2 is a local version of Proposition 6.4 in [3].

e The proof of Proposition 3.2 will use the fact that ]Vu\i) € C2(QNU) and is bounded from above,
which is true as long as k > 2n + 5 (see page 297 of [1] for further details).

o It will also use the fact that Lemma II in [1] actually works for C* functions that are bounded
below (see Lemma 3.4 for a version that fits to our situation).

Proof of Proposition 3.2. The strategy of the proof of Proposition 6.4 in [3] is first to show that
there exists dg > 0 such that for every 0 < a < n, 0 < g <n+1and 0 < § < g satisfying
a+ B4+ 6 <21 —1, there exist positive constants € and ¢ such that the following inequality holds
on QN {|g| <e}:

[Vuls, o) L ntl+nB—pB% (|Vuly, a
e (s et ) > G (T et

and then to apply the generalized maximum principle and choose suitable constants a and 3 to get

the conclusion.

In our case, we wish to follow the same strategy when we restrict our considerations to 2N U.

We focus our attention on explaining the necessary modifications in the proof of Proposition 6.4

in [3], keeping in mind that we look for local estimates in a neighborhood of 9Q N U. For that

purpose, we first explain the dependence of the constants ci, ..., cg with respect to the local data

in order to obtain conditions (15) and (16). Then we use formulas (15) and (16) to complete the

proof. For each constant, we refer precisely to the condition in [3] where it is defined.

In the sequel, 0 < a<nand 0 < g <n+ 1.

e We apply the first Proposition of page 297 in [1] to derive the existence of positive constants e

and Jy such that we have the following on QN U N {|p| < €}:

(10) (w) = (1+0((=9)")) (wy).

which means that there exists a positive constant ¢} such that:

(1= d (=0)™) (wg) < (w) < (14 (=9)°) (wy)

Hence by inverting it we obtain:

(14 (—sO)(SO)_1 (w7) < (7)< (14 (—s0)5°>_1 (w?).
1

xT

1
Si =1 <1+2zifze[0,1], weh <1+ 2¢, (—¢)% on the set
ince ——— +1_$_ +2z if x € [0,5], we avel—c’l(—np)60_ + 2¢; (=) on the se

1
QNUN{|p| < e} whenever e < (i) %0

/
2c)

1
>1—x > 1—2x for every = € [O,%], we also have R
+z 14+ (=)™
1—2¢ (=) on QN U N {|g| < €}. Thus, there exist positive constants ¢ and ¢; such that we

have, on QNU N {|p| < e}:

(1= 1-51%) (05) < () < (10 ) (o).

We also take € < 1 so that for every 6 > 0 we have |p|° < 1. Consequently, we deduce the
existence of constants € €]0, 1], dp, c1 > 0 such that for every 0 < ¢ < dp, we have the following on
9
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QNnUN{|p| <e}:

my (1) (u7) = () = (1 1 1) ()

This is the same as condition (6.18) in [3], except that it holds in a neighborhood of QN U in our
situation (in [3], due to the global assumption of strict pseudoconvexity of 92, the inequalities in
(11) are valid in a neighborhood of 092).

From now on, we let 6 €]0, do].

e The constant ¢y (see condition (6.19)) depends only on ¢;.

e The constant cz (see conditions (6.22) and (6.23)) depends only on ¢;. Especially we have the
following on QN U N {|p| < €}:

V|2,
| ;2“’ <14es(—p).

1-c3(—¢) <

o=

In our situation we also assume that € < (ﬁ) , so0 that we have the following on QNUN{|p| < €}:

v 2/
Vels, §1+03(_¢)5.

<1—c3(—¢)’ <

(12) <=5

o Set ¢4 := 2nc3 (see condition (6.24)). B
e According to inequality (6.25), we have, on QN U N {|p| < €}:

2
A > o) [(u -8 ey

1

If we assume that € < (%;4“)3, then we derive the inequality @|Vgp\i}, —c4(—¢)**% > 0 on

QNUN{|p| < e}, which leads to the following:

a(” — Oé) |VQP‘121]’ «
9 4,02 (_90) :

This is the same as inequality (6.26) in [3], but with ¢5 = 0.

e Set cg := fey + 2 (see condition (6.28)).

e The constant ¢; depends only on cg (see condition (6.29)).

e The constant cg depends only on c3 and ¢7 (see condition (6.30)).

1
elfe< (%ﬁfﬁﬁz)é, then we have, on QN U N {|¢| < €}:

(13) — Ay (=p)* >

n+1+np— B
2

so that in our case inequality (6.31) becomes the following:

rw\a> n+1+nf— B |Vul?,
Ay _
<(—<P)5 ~ 2 (—p)?

Combining (13) and (14), we obtain, on QN U N {|p| < €} and for every ¢ > 0:

)

—cg(—¢)° >0,

(14) VP, (—p)~@+0).

[Vl ) n+14np— 3 |Vul; 2 ), aln—a) Vel

Ay [ 2 — (=) ) > v |VF)(— te w (),

((_@ﬁ (=) 5 o) IVE[, (=) 5 2 (=)
10



This is exactly the same as inequality (6.31) in [3], but with ¢ = 0.
e Using condition (9) (Proposition 3.1), we observe that |VF|2, < cy(—¢)*H9+8 whenever |¢] <1
and o+ + 8 < 2] — 1. Therefore, according to (12), the following holds on QN U N {|p| < €}:

a(n - Oé) ‘VQDEU’ e o a(n - Ot) |V()0‘12u’ @
= 2 (—p)* > —cv(—p)* +c 5 2 (—¢)

(—Cv + ca(n;@)> (—p)®.

the right-hand side is non-negative. This is exactly what is

VPP (—) ) 4

v

dey
aln—oa
derived from relation (6.32) in ([3] ()See the explanation below relation (6.33) in [3]), except that in
our case it holds on QN U N {|p| < €}.
For short, we have proved that there exists dp > 0 such that for every 0 < a <n,0< 8 <n+1
and 0 < § < dp satisfying o+ 5+ 0 < 20 — 1, there exist € €]0,1] and ¢ > 0 such that the following
inequalities hold on Q N U N {|¢| < €}:

In particular if we take ¢ >

(15) Ay (K;‘f}; - c(—gp)o‘> >0,
(16) B (T — gy > LRI T (T e,

_ |Vuli,

Inequality (15) implies that the function f := o c(—¢)

QNUN{|p| <€}, provided it is bounded from above on the set D, := QN U N{|p| < €}. Hence we
can find a sequence (z;);cy € DY such that lim f (2]) = sup f and dy (2, D) == +oo. Note
D, z o

i——+00

@ cannot achieve its maximum on

that this implies that there exists a positive number R and an integer ig € N such that for every
i > i9 we have dy (z;,0D.) > R.

The last step to conclude is to apply the local maximum principle due to J. Bland (see Lemma I in
[1]) and use inequation (16). For completeness, we recall the local maximum principle in a version
that fits our situation:

Lemma 3.4. Let Q C C" be a domain. Assume that there exists a Kdihler-Finstein metric induced

by a potential w' on Q. Let D C Q be a domain. Let f € C? (D) bounded from above. If there exists

a sequence (z;);cy € DN such that lim f (z;) = sup f and there exists R > 0 such that for every
D

i—+00
integer i, dyy (2i,0D) > R, then there exists an other sequence (2}),.y € D" such that
lim f(zj) =sup f, limsup A, f(z;) <O0.
t—+oo D i—+00
|[Vuls,
(—¢)?
a, 3,0 to conclude. We may argue as follows.
(1) If 2n 4+ 1 < 2] — 1, we first apply Lemma 3.4 with 8 =0, a =n — g and ¢ € ]0, min (dp, 4n)[ to
deduce the existence of constants ¢ €]0,1] and ¢ > 0 for which we have |Vul|? — c(—go)"fg <0 on
QN D,. Since (—p) < € <1 on QN D, this directly implies: |Vu|? — c(—go)"_g <0on QNDk.
(2) Hence we may apply Lemma 3.4 with a = =n — g and ¢ € |0, min (4o, 2n)[ to deduce the
|[Vuls,

[
n—3

We apply Lemma 3.4 to f =

— ¢(—¢)* with D = D, and choose the suitable constants

existence of constants e €]0,1] and ¢ > 0 for which o) - c(—gp)"‘g < 0on QN D, Again,

-

since (—p) < € < 1 on QN D, this directly implies: |Vul|?, — c(—go)”“_g <0on QN D,
11



(3) Hence we may apply once more Lemma 3.4 with 8 = a+1=n+1-$ and § € ]0, min (do, 2n)|
|Vl

(—p)"t1=2
directly deduce that |Vu|?, < c¢(—¢)?"*1=% on QN D..

1 )
(4) If 21 — 1 < 2n + 1, we can proceed likewise: first taking f = 0, = min <n,l — ) - =

to deduce the existence of ¢,e > 0 for which — c(—gp)”_g < 0 on QN D,. Finally, we

2 8
1 1)
with § € ]O,min (50,8min (n,l — %)) [, then considering o = f = min (n,l — 2> ~ 1 with § €
1 9
}O,min ((50,4min (n,l — %)) [, and finally taking a = =1 — 573 with 0 € |0, min (dg, 20 — 1)][.
In both cases, we obtain the desired conclusion by letting § tend to 0. Hence the result. O

In the rest of Subsection 3.1, we use Proposition 3.2 first to derive the estimates of u of order 0
(Proposition 3.5), second to derive estimates of higher order (Proposition 3.7), and finally to obtain
a regularity result for pe ™" (Proposition 3.8).

Proposition 3.5. Under the hypothesis and notations of Proposition 3.2, we have:
(1) For every~y €]0,min (2n + 1,21 — 1) [, there exist positive constants € and ¢ such that |Vu| <
c(—go)%_l on the set QNU N{|¢| < €}. In particular, if v > 2, one hasu € C' (ANT).
(2) For every z € 00NU, Ve_w,‘ # 0.
(8) For every v €]0, min(2n + 1,2lz— 1)[ there exist positive constants ¢ and € such that |u| <
c(—=)2 on QNUN{|p| < e}

Remark 3.6. e Observe that relation (10) already gives a control on u. Indeed, by applying Log o
Det on both sides, using equation (8), and simplifying both sides, we may successively obtain, on
QNUNA{lep| <e}:

6(7L+1)U—FD€t (wzj) = (1 +0 (|(p‘50)>n Det (wzj) s

n S F
- L (1 0( 0)) -
u=———Log(1+ [ +

Thus, part (3) of Proposition 3.5 only improves the exponent dy.

e Part (3) of Proposition 3.5 is exactly as in [1], the only difference being that we have it for
every v € |0,min (2n + 1,20 — 1)[. We prove it a slightly different way by first proving part (1) of
Proposition 3.5.

Proof of Proposition 3.5. (1) We apply Proposition 3.2, and use Proposition 1.5 with ¢ = nep,
g = w and U replaced with U N {|p| < €¢}. With notations of Propositions 3.2 and 1.5, we have

2 _
$ > 0. Moreover we know that — + |V1,!)|12p, <%) € C (U) and are positive functions. Hence they
are bounded from above, so that there exist positive constants M, Ms such that — + \Vw@ < M,

2 _ _
and (%) < M>s on U. Thus, we have the following on QN U:

1—% + VY| 2 _
v < 3 < S cp e wuid) (£) (o,
1 2
= Swr v (7)) o,
< ;Mle (=) 2.

12



Therefore we obtain the conclusion by setting ¢/ = /SMiM,. Especially, if v > 2, then all
the derivatives of u of order 1 extend continuously to Q@ NU (and equal 0 on 92 N U), hence
weC(QNU).
(2) To prove part (2) of Proposition 3.5, we let I = n+1. Then by construction e = — !
Moreover, according to point (1) of Proposition 2.1 and to point (1) of Proposition 3.5, we have
et 4y e 1 (Q N U). Thus e~*" € C! (Q N U) so that we can differenciate in Q N U and let z
tend to any point in 9Q N U to deduce
lim ‘Ve_w
z—00NU

w’ n+l)o—u.

/

#0,

z

= lim ’ch(nﬂ)
z 2—00QNU

because of points (2), (3) of Proposition 2.1.
(3) Fix v € ]0,min (2n + 1,20 — 1)[.
Let z € UN{|p| < €}. Let zgp € 02NU N {|p| < €} such that d(z,00) = |z — 29| =: 5. Set
:= 2z — 29. Define the following function:
f:[0,1] — R
t — u(z+tv).

According to point (1) of Proposition 3.5 we have f € C! ([0, s]). Moreover, by the Cauchy-Schwarz
inequality we have |f'(t)] < |Vul, ;= V| =s |Vul, - From point (1) of Remark 3.6 we also
have u(zp) = 0. Using the fundamental theorem of calculus we deduce:

1
u(2)] = |£(1) - £(0)] = /0 £t dt

1
S SA |vu’z0+t? dt’

)

<cs /1 (—p (20 + t?))%_l dt,
0

CS

! / I-1
Sinfm]h’(t)/o R(t) (h(t))27 dt,

2cs Loy
 yinfl h/(t)/o (h ) (t) dt,

2cs 2
= (—9(2)2,
’}/lnf[ovl] h,<t) ( ( >)
2cs
S
7 infjo 1 7' (2)
where h := —p (20 + - 7') € C* ([0,1]). According to point (3) of Proposition 2.1 we have [10nlf] h' > 0.
Hence the result. ’
t

Proposition 3.7 is exactly as in [1], the only difference being that we have the estimates for every
v €10, min (2n + 1,20 — 1)].

Proposition 3.7. Under the hypothesis and notations of Proposition 3.2, we have: for every v €
10; min(2n+1,20—1)[, there exist positive constants e and ¢ such that for every integer 0 < p < k—2l,
the following holds on QN U N {|p| < €}:

X
| DPul,, < elel?,

where |DPul,, is the length of the p-th covariant derivative of u with respect to (wﬁ).
13



Proof of Proposition 3.7. We fix v € ]0, min (2n + 1,20 — 1)[ and follow line by line the proof at the
beginning of page 300 in [1], the only thing that changes being the range in which 7 can be choosen.
Namely, we apply Log o Det to equation (8) to obtain the following partial differential equation of
second order:

(17) (n+Du— F = hug,

1 .
where (h;;) = </ (w + tu)” dt> e CFA2(QNUN{|g| < e}, 1) . We use equation (11)
0

with 6 = 0 to deduce the existence of constants €, ¢ > 0 such that we have, on QN U N {|¢| < €}:

% (wﬁ) < (hﬁ) <c (wﬁ) .

Moreover u € CF21(QNUN{|¢| < €}), and according to Proposition 2.1 we have F, L

(—¢)'
ch—2=2 (Q NUN{lg| < 6}) We conclude by applying Schauder theory. ]

S

In particular, we deduce the following, exactly as was done in [1]:

Proposition 3.8. Under the notations and hypothesis of Proposition 3.2, for every number v €
]0,min (2n + 1,20 — 1) [ and for every 0 <6 < 3 — |2 | (where || denotes the integral part of %),

we have: u,e " € cl3]+s (Q N U). Moreover, if v > 2, we have: pe™ € cl3]+1+s (Q N U).

Proof of Proposition 3.8. This is exactly as in [1] (or [3] for a global version). Observe that since

k—20>3n+6—-2(n+1)>n+2>2 uel"?(QNU) and ¢ € C"*2 (U) (see Proposition 2.1),

it is enough to prove the existence of a positive constant e such that for every 0 < § < % — L%J,

one has u € cL3]+9 (Q NUN{le| < e}) and pe " € clz] i+ (Q NUN{]e| < e})

Let v €]0, min (2n + 1,20 — 1) [. According to Proposition 3.7, there exist positive constants € and
¢ such that for every integer 0 < p < k — 2I, the following holds on QNU N {|p| < €}:

X
| DPul,, < ele]?

Moreover, according to Proposition 1.5, there exist positive constants A < A such that the following

holds on QN U: .
/\<_¢> (™ §A<_¢>I.
—0) —ip+ |V — —
P

Since (:—W) eC (U) is a positive function (see Proposition 2.1) and U is a compact set, we deduce

that there exist positive constants M and M’ such that the following holds on Q N U:

— ij
Y 1< (") <anr
—1 + VY| —

Together with the expression of [DPul, in terms of the derivatives of v and of w, this implies the
existence of positive constants € and ¢ such that for every integer 0 < p < k — 2/ and every multi-
index (i1, 1, ,in, jn) € N?" satisfying > p_, (ix+jx) < p, the following holds on QNUN{|¢| < €}:

577

<cly

JR— R _u JR— —_
Uir J1-ingn | ° (e )z‘ljl---injn

e Let p = |2]|. Then the derivatives of u of order p extend continuously to QN U N {|¢| < €} (and

are equal to 0 on 9QNT), and these extensions are Hélder of exponent § for every 0 < § < 1— L%J

This gives the desired regularity of v and e™".

14



u

e According to the chain rule and the regularity of ¢ and e™, we have the existence of a constant

¢ > 0 such that the following holds on QN U N {|p| < €}:

< c]g0|%_(p_1).

—u o U
’(W )irindn ™ PirFieinTn®

—e7t ¢ (! (smUm{m <e}) C Nos<iC (mUn{m < e}) be-

Moreover, we have ¢; = ; =

cause we assume that 3 > 1. Let p = L%J + 1. Then the derivatives of we™ of order p ex-

tend continuously to Q@ N U N {|¢| < €} and these extensions are Holder of exponent 0 for every
0<6<3—|2] This gives the desired regularity of e . O

3.2. Proof of Theorems 1 and 2. We deduce Theorem 1 by using Proposition 3.8:

Proof of Theorem 1. We take I = n + 1. Then, according to Proposition 3.1, the range of v is
10,2n+1[. Let o € 0, 1] and take v := 2n+ « so that [%J = n. We apply Proposition 3.8 to obtain

(n+1)
et € C"TIH(QNT) for every 0 < 6 < %. Since k —2(n+1) > n+ 2, then

e ™ (D))

¥
crntito (Q N U). This holds for every 0 <4 < § < %, hence the result. O

(n+1)
by point (7) of Proposition 2.1. We directly deduce that —w' = " De " = (gp ) pe " €

We can also prove Theorem 2:

Proof of Theorem 2. By definition,

Zlgz’,j,k:,lgn Rijk[(g)vifjwkﬁl
372 ’

Bisg (v, w) = W2 w
g?z

where the curvature coefficients satisfy the following formula which follows from the definition by
direct calculations:

Rizii(9) = — (95591 + 9:19k;)
(18) 1 1 _ )
+_7w Risp(v¥) — W (Vik — YirgP10q) (V57 — %Wq%ﬁ)l

Y k= Y sp=
Therefore, if v,w € S(0, 1), we have the following on QN U:

)2
Bisg(v,w) = — (1 + ; >g>

v[3lwlZ

=T} (v,w)
LL’iMJU@BZ'%(U,w)
—¢ Jof5|wl?

=T (v,w)
1 1 ViKY 50w
GVIE - ¢ ol
= T3 (v,w)

15



Using the proof of Proposition 3.8 with 3 =n 4§ > 24 § for some fixed 0 < ¢ < % we have the
existence of positive constants ¢, e > 0 such that the following holds on QN U N {|p| < €} for every
1<, j,k1<n:
—1+06
‘wzjki‘ §C|(p‘ * )

and we also have ¢ € C3 (Qﬂ Und{lel < e})

The rest of the proof consists of estimating |T>(v, w)| and |T3(v, w)|. This will directly follow from
formulas (19) and (20).
e Using the notations of Proposition 1.3 and of the proof of Proposition 1.3, we have 0 < B, hence
I < A, hence (1) =: R* < RAR = (—¢)(g;3)-

This means that for every v € C”, the following holds on QN U:

(19) [0ff < (=)l

e Since QN U{|¢| < €} is compact and 1 € C? (Q NUNA{|e] < e}), we also have the existence of
a positive constant 0 < A_ such that the following inequality holds on QN U N {|p| < €}:
(20) AT < ().

We complete the proof as follows. According to inequality (19), we have the following on Q N U
for every vectors v,w € S(0,1):

1 Bl
0 Tol2lu?

Moreover, there exists a constant ¢ > 0 such that for all 1 < ¢,5,k,l < n we have !Rﬁk; (v,/;)‘ <

< (~v) = (~p)e ™.

|’ on QNUN{|¢| < €}. Hence there exists a positive constant ¢ > 0 such that |T5(v, w)| < c|e|®

on QNUN{|g| < €}.
Likewise, using inequalities (19) and (20) we obtain, on 2NU and for every vectors v, w € S(0,1):

11 L ) 1 (o) e
— |Vy[5, — g [oglwly T Vel -9 A2 [yl -y A2

Note that (up to taking a smaller positive €) |V¢\i —-Yel (Q NUNA{|p] < e}) and is a positive

function thanks to point (2) of Proposition 3.5. Moreover, there exists a constant ¢ > 0 such that
for all 1 <4,75,k,1 <n we have ‘1/1’%1/)5[-’ <con QNUN{|g| < e}. Hence there exists a positive
constant ¢ > 0 such that |T3(v,w)| < ¢|p] on QNU N {|p| < €}.

Using the triangle inequality, we deduce the existence of positive constants €, ¢ > 0 such that the
following inequality holds on QN U N {|¢| < €}:

sup | Bisy (v, w) + T (v, w)| < c|p|°.
v,weS(0,1)

We obtain the result since liin ¢(z) =0 and § > 0. O
Z=q

Remark 3.9. Regardless that n > 2, the asymptotic curvature behavior (3) does not persist if we
remove the hypothesis of strict pseudoconvezity.

For instance, if m € N*, in the “egg domain” {(z1,22) € C?/|z1|? + |22|*™ < 1}, we can easily
deduce from the computations done in [2] that, at ¢ = (1,0):

o 3
o1 = Bisg (v, w) < -5 =
16

Yo,w e S(0,1), -3+



This differs from (3) if m > 2. We also notice that the same approach as in [2] may be adapted to
obtain the same estimates in tube domains {(21, z2) € C?/Re(21) + Re(22)?™ < 1} at ¢ = (1,0) for
m € N*.
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