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Estimation of local anisotropy based on level sets

Corinne Berzin*

Abstract

Consider an affine field X : R? — R, that is a process equal in law to Z(A.t), where Z
is isotropic and A : R? — R? is a linear self-adjoint transformation. The field X and
transformation A will be supposed to be respectively Gaussian and definite positive.
Denote 0 < A\ := f\‘—f < 1 the ratio of the eigenvalues of A, let A1, A2 with Aa < A;. This
paper is aimed at testing the null hypothesis “X is isotropic” versus the alternative
“X is affine”. Roughly speaking, this amounts to testing “\ = 1” versus “A < 1”. By
setting level « in R, this is implemented by the partial observations of process X
through some particular level functionals viewed over a square 7,, which grows to
RZ. This leads us to provide estimators for the affinity parameters that are shown to
be almost surely consistent. Their asymptotic normality results provide confidence
intervals for parameters.

This paper offered an important opportunity to study general level functionals
near the level v and for a fixed bounded rectangle T of R?, part of the difficulties
arises from the fact that the topology of level set Cr x (u) = {t € T : X(¢) = u} can be
irregular, even if the trajectories of X are regular. A significant part of the paper is
dedicated to show the L?-continuity in the level u of these general functionals.

Keywords: affine processes; isotropic processes; level sets; Rice formulas for random fields;
test of isotropy; Gaussian fields.
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1 Introduction

The aim of the present paper is to test the null hypothesis that a given real Gaussian
process X indexed in R? and living in the class of affine processes is isotropic. Recall
that a process {X(t),t € R?} is said to be an affine process when it is equal in law to
{Z(A.t),t € R?}, where Z is isotropic (see definition in Section 2.1, page 15) and A :
R? — R? is a linear self-adjoint matrix. We assume that X is partially observed through
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some level functionals of its level curve Cr, x(u) for a fixed level v, say Crp, x(u) :=
{t e T, : X(t) = u}. The set T, is a bounded square of R?, having the following shape
|—n, n[z, with n a positive integer. We are interested in the asymptotic as the square T,
tends to R2. The eigenvector directions v, v, forming an orthonormal basis of R? and
the associated eigenvalues Ay, Ay (0 < Ay < Ay) specify the affinity A. Also 0 < A <1
is defined as the quotient of the eigenvalues, A := A2/)\;. Saying that the process X is
isotropic means that A = 1 (see Adler and Taylor [2, Section 5.7]). A fixed unitary vector
of R? being fixed, say v*, it can always be written in the previous basis as:

v* = cos(f)vy + sin(f)ve.

It is always possible to choose —7 < < 7 (see Figure 1, page 40). We use Wschebor
estimators [32] of the affinity parameters, defined as A and 6, based on the shape of the
level curve Cr, x(u) corresponding to a given level u. Also, a lot of papers have been
devoted to the study of two-dimensional deformed fields, these later naturally model
spatial and physical phenomena neither isotropic nor stationary. They are obtained by
deforming a fixed isotropic field, say Z : R2 — R, thanks to a deterministic function,
say T : R> — R?, that transforms bijectively the index set. This model of deformed
fields, say X~ := Z o Y, was introduced by Sampson and Guttorp in [29] but with only a
stationary assumption on Z. Among the papers that focus on the study of these fields, let
us quote Allard et al. [3], Anderes et al. [4], Anderes and Stein [5], Fouedjio et al. [16],
Fournier [17] and Perrin and Senoussi [27]. For example, in [27] the authors studied
the models through the covariance function. In this vein a large number of authors was
interested in estimate deformation T thanks to the observation of the deformed field
Xy. As precursors, Sampson and Guttorp in [29] used several observations on a sparse
grid. Another approach was then to use only one observation of X+ on a dense grid, we
can cite for example the relevant research of [4], [5] and [16]. Notice that in [3], the
authors focus on the case where the deformation 7T is linear which will also be our aim.
The matrix representation of this deformation being the product of a diagonal and a
rotation matrix, the authors call the produced effect, “geometric anisotropy”. However,
as far as we know, very little research is based on the use of level sets of the observed
process Xy and except for [32] those quoted previously are not an exception to the
rule. In some cases, we may be interested in the use of the information given by some
functional of level sets of the process rather than given by a simple realization of the
process itself. This is done for example in [17] where the author chose as particular
functional the Euler characteristic of some of excursion sets of the deformed field. The
covariance function of the underlying field Z and the deformation Y are unknown. The
problem consists in identifying T using sparse data, that is through observations of some
excursion sets of Xy above fixed levels by focusing on the mean Euler characteristic of
the excursion sets for multiple windows of observation. For this doing some assumptions
on Z are required, among others a Gaussian property is asked. The ambition of Fournier
was to identify the deformation Y. However, it had proved impossible to distinguish
between T and another deformation Y if the random fields X r and X5 have the same
law. Indeed and because of the property of isotropy for process Z, this case occurs when
T = po Y + x, where p is a rotation of R? and z a vector of R2. Thus, the author almost
entirely identifies T by proposing an identification of the matrix parameter T up to
composition with an unknown rotation and with a translation. Also, in a Note [9], Berzin
and Iribarren proposed estimators for the spectral matrix ¥ of the second order moments
for a stationary and centred Gaussian bi-parametric random field. The estimators are
defined as functionals over the level curves of the field and are inspired from those given
by Cabafia [12] to estimate the affinity parameters previously defined. Making so, the

used techniques could allow to estimate the ratio ,/’A\f, where 0 < A_ < Ay are the
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eigenvalues of Y. This last ratio being nothing else that A = j\\—f when X = Zo Ais an
affine process. We see here a posteriori that inference based on one level set by the
pioneering work of Cabaifia could already have been useful at this time to estimate the
affinity parameter \.

Concerning the tests for the hypotheses of isotropy of general random fields, many

methods have been provided. An overview of methods available to test the isotropy
have been very well summarized in Weller et al. [31] but as previously explained, to
my knowledge except the one given by Cabaia [12], none used the observation of the
level curves. The author’s basic idea was to induce a distortion in the domain that
breaks isotropy. This deformation becoming apparent in the length of the level sets.
This last quoted work has deeply inspired the present paper. In [12], according to his
own words, the author defines the class of affine processes as a reasonable alternative
to test the null hypothesis that a given almost surely differentiable stationary real
process with parameter in R? is isotropic. More precisely Cabafia, considers an affine
process {X (t),t € R?} that is equal in law to {Z(A.t),t € R?}, where Z is isotropic (no
necessarily Gaussian) and A4 : R? — R? is a linear self-adjoint transformation. The angle
0y defining the eigenvector directions (cos(fy),sin(fy)) and (—sin(fy), cos(6p)) and the
respective eigenvalues A\, A specify the affinity A. As explained by the author there
is no loss of generality in assuming A\; > Ay > 0 and A\ Ay = 1. The statistics used are
based on the size and shape of the random surface X, corresponding to a fixed level
u. The regions where X is observed are the indefinitely increasing family of rectangles
R, :={ot:t € R}, o € R" obtained from a fixed rectangle R C R?. In order that the level
sets Cr, x(u) := {s € R, : X(s) = u} are curves, some restrictions had to be imposed to
the process X, (see Proposition 2.1 for the discussion about the topic). So, the paths
of X are required to be of class C? on R?. Also the pair (X(0), VX(0)) is supposed to
have a joint density px (o), vx(0)(¢,2’) in R x R?, bounded for 2’ varying in a compact
subset of R? and z in some neighbourhood of u, VX standing for the gradient of X.
The stationary random fields © and ||VX|, are defining the polar representation of VX,
that is for ¢t € R?, VX(t) = [|[VX(t)]|, (cos(O(t)),sin(O(t))), where |||, stands for the
Euclidean norm in R2.
In the first part of his paper, Cabafia proposes estimators of the affinity parameters
defined as k := (1 — A\2)2 with \ := ’A\—f and 6y, based on the u level curve of X in the
following way. First, he defines for f : |—m, 7] — R, a bounded and measurable function,
the general line integral

FUR) =R [ f©() o),
Crx(w)
where |R| denotes the area of R that is 02(R), and for d = 1,2, o4 denotes the Lebesgue
measure on R%. (Note that the assumptions made on X ensure that these line integrals
are well defined, see the beginning of the paragraph General level functionals in Section
2.1 page 11 for a commentary about this topic).
Then he defines three statistics obtained as particular line integrals, let

L(R) := \er/ 1doy (1),

CR,x(u)

C(R) = |R|"! / cos(20(1)) do (¢),

CR,x(u)

S(R) = |R|! / $in(20(t)) do (1),

CR,x(u)

The author states that assumptions made on process X imply that these functionals have
first and second moments, that is, Rice formulas of orders one and two are ensured. Thus,
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he proves that the affinity parameters previously defined as k and 6y can be obtained via
the straightforward computations of E[L(R)], E[C(R)] and of E[S(R)]. In this way, the
author highlights the fact that

tan(20p) = E[S(R)]/E[C(R)] and g(k) := v/(E[C(R)])? + (E[S(R)])?/E[L(R)],

where ¢ is a known continuously increasing function on [0, 1], such that g(0) = 0.

In view of studying the asymptotic properties of future estimators of £ and 6, that will
naturally result of the two above equalities, the author adds a condition of uniform mixing
for process X that we recall here. The field X is said to be uniformly mixing, when there
exists a decreasing function ¢ : R* — R™, lim,_, 1 6(y) = 0, such that if S, S’ are two
Borel sets in R?, d := distance(S, S’), o(9) is the o-fields generated by {X(¢) : t € S},
then for any events A € o(S5), B € ¢(5’), the inequality |P(A/B) — P(A)| < §(d) holds.
Under the uniform mixing condition for X, Iribarren [19] has shown that the asymptotic
distribution of o |R|% (F(f,oR) —E[F(f,R)]) (as o goes to infinity) is Gaussian with mean
zero and variance 0]20.

This leads Cabafia to conclude that the estimators 5079 of 0y and EQ of k defined as
50,9 = (1/2) arg(S(oR)/C(0R)) and EQ = g7 1(y/C2(oR) + S2(oR)/L(¢R)) are consistent
in probability.

In the second part of his work, by pointing out that an isotropic field X has k = 0 (see
[2, Section 5.7]) and the farther is X from isotropy, the greater is k, then he motivates
two isotropy tests for the null hypotheses “X is isotropic” versus the alternative “X
is affine”, as follows. For the first test that will be truthfully our main focus, he first
establishes that under the null hypothesis, the random variables C(¢R), S(¢R) and L(oR)
are asymptotically independent and also that E[C(R)] = E[S(R)] = 0. He deduces from
this result that ¢? |R| (C?(oR) + S?(oR)) is asymptotically distributed as 033, where o3
denotes the common value of a? when f(0) is cos(26) or sin(26). This last result suggests
using the test variable '

*(oR) + S*(eR)

L2(oR)
to define the rejection region as A,(R) >  for the null hypothesis “k = 0”. Under k =0,
the asymptotic distribution of A,(R) is 02 (E[£(R)]) 2 x3, since L(gR) converges in prob-
ability to E[£(R)]. Furthermore when k # 0, o2 |R|"" A,(R) converges in probability to
g*(k) > 0, and then A, (R) is stochastically unbounded for ¢ tending to infinity. Thus, the
proposed critical region provides a consistent test for any positive constant ~.
Nevertheless, as previously announced, the author develops a second isotropy test, an F-
test, to remedy the imperfections of the first proposed test. This second test is still based
on the level sets of X and ensues from the following argumentation. In the case where the
null hypothesis completely specifies the distribution of the process, then o} and E[L(R)]
can be evaluated since they only depend on the distribution of the subjacent process Z
and on \; that worth 1 since £ = 0 and A\ \; = 1. Thus, in this case, all the ingredients
are gathered to perform the asymptotic test. But this is rarely actually the case, since
before deciding if the isotropic model is suitable, an estimation of joint distribution of the
process is necessary beforehand. Thus Cabafia developed a one-way analysis of variance
test in the following manner. The rectangle R is still fixed and is cut into n rectangles of
equal area, forming a partition F := {R1, Ro, ..., R,}. Under the same uniform mixing
condition as supposed in the first part of his paper, the previous cited work [19] also
allows to establish that since Ry, Ro, ..., R, are disjoint then p \Ri|é (C(oR;) — E[C(R;))),
0 \Ri\% (S(oR;) — E[S(R;)]), @ = 1,2,...,n are asymptotically independent. Thus, the
analysis of the model

c
Ay(R) := ¢* |R]|

C(oR;) = E[C(R;)] + error, S(oR;) = E[S(R;)] + error (i =1,2,...,n)
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suggested the test variable

n (i CleR:)® +n (301, S(eRi))®
D1 C2oRi) + 3201, S*(eRi) — n (3211, CeR:))? — n (3271, S(eRi))?
_ n(C*(eR) + §?(oR))
> i1 (C2(oR:) + S (eR;)) — n(C3(oR) + S*(eR))
Under the hypothesis “k = 0”, the law of B,(F) tends to that of a F5 5,2 distribution as
o goes to infinity. When £ # 0, that is when X is an affine process but not isotropic, the
limit law is a noncentral F-distribution. The critical region is then B,(F) > Fb 2,—2(c),
where F5 5, o(c) is the (1 — a)-quantile of the F; o, o distribution.
As ultimate remark Cabafa specifies that the size of the rectangles R; has to be large
enough to ensure a fair approximation to the limit distribution. Doing so necessarily
limits the value of the number n of rectangles of the partition.

Bo(F) =

Bearing in mind to estimate the affinity parameters A and 6 defined at the beginning
of this Introduction, by using the level sets of the process X~ and in the case where the
deformation T := A is a linear self-adjoint and definite positive one, our starting point
was an example from [32, Chap 3.6, Paragraph F, page 79].

In this example Wschebor, proposes estimators of the affinity parameters of a process
X indexed in R? based on the shape of its level curve, corresponding to a given level
u. The author explains as preamble that his work was largely based on Cabaiia [12],
although his estimators were different. More precisely, Wschebor considers {X (¢),t €
R?} a C?-affine process (not necessarily Gaussian) and fixes u a level in R supposed to
be a regular value of X, (see Proposition 2.1 for much details on sufficient hypothesis
ensuring such a property). Moreover, the process X is supposed to be sufficiently regular
in order to verify the one and second order Rice formula. Chapter 3 of the book gives
many details about the topic and on particular hypotheses H; » and Hj ». Furthermore the
process X is supposed satisfying a condition of n-dependence. We recall here this notion.
The process (X, VX) is said to be 7-dependent if |[t; — ||, > n >0G = 1,...,k, j =
1,...,4, k¢ =1,2,...), then the random vectors ((X(t1), VX (t1)),..., (X (tx), VX (tx))),
(X)), VX(t)),....(X(t)), VX (t;))) are independent. Notice that the condition of 7-
dependence for X implies that of uniformly mixing required by Cabafa in [12]. The
regions where X is observed are the indefinitely increasing family of rectangles R, :=
{(o1t1, 02t2) : (t1,t2) € R}, if 0 := (01, 02), 01,02 € RT obtained from a fixed rectangle
R C R2. By defining the following general functional 7 (f, R) of the fixed level u by:

R V(1)

JuR =10 [ ) 0
for f: S' — Ror f: S' — R?, a bounded function where S! is the boundary of the
unit ball of R?, the author considers two particulars functionals of the level set u. The
first one where f = 1 corresponds to the particular functional being the measure of
dimensional area of the level set by unit of volume, say J(1, R). The second one, say
J (?, R), corresponds to the function F taking values in R?, that will be evaluated in
the value of the normalized gradient of X and being its value if this one lives in the
same half-plane as that of v*, a fixed unitary vector in R?, and minus this value if not,
that is f*(w) := w X (Twv)>0) — L{(w,er)<0}) if w lives in S1. Remark that function
F is continuous except on points (—v3,v}) and (v}, —v}), where v}, i = 1,2, are the
coordinates of the vector v*. Note that with the notations of Cabafia, this functional can
be expressed as

I(FR) = IR\_l/ (cos(O(t)),sin(O(t))) sign(cos(O(t) — 01)) dou (t),

Cr,x(u)
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if v* = (cos(#4),sin(61)).
Under the hypotheses that inf(¢1, 02) — +00, Wschebor showed that the ratio Q(R,) :=

J(F*\R,) BT (7, R)]
T Ry) (7 (L,R)]

pose probability consistent estimators of direction 6, say 59 and also of ), say XQ, based
on the observation of the quotient Q(R,). More precisely by using the one order Rice

formula, he proves that the ratio W can be written in the fixed direct orthonor-

mal basis (v*,v**) (see Figure 1 page 40) as F;(\, 0)v* + F5(A, 8)v**, while functions F;,
1 = 1,2 are explicitly known (see equation (5.5) page 41). Thus, his idea was to observe
the ratio Q(R,) in the fixed basis (v*,v**), say (X,,Y,). Following this way Wschebor
has shown that the system of equations

X, =Fi()\0)
Y, =Fy(\0)

tends in probability towards . This convergence enabled him to pro-

(1.1)

admits one and only one solution, say (XQ, 59) € ]0,1[x]-%, 5] aslong as (X,,Y,) is such
that X, # % or Y, # 0 (see Figure 2 page 42 and Figure 3 page 43). It is important
to note that such an approach furnished estimators (XQ, 9\9) of the affinity parameters
(A, 0) in an implicitly manner which is not the case for those provided by Cabaiia, the
latter not being linked together and can therefore be calculated independently of each
other. Then the author claims that the derived estimators are consistent in probability.
Note that this consistence property is valid under the hypothesis that 0 < A < 1 and that
—% < 6 < %, that is for (), ) belonging to an open set. Nothing is suggested by the
author in case where the parameters (), §) belong to the boundary of the set; neither
for the convergence rate of these estimators, nor concerning those of Cabana’s paper.
Moreover, Wschebor does not suggest any isotropic test since in fact his example was
part of those intended to illustrate the Rice formula and was not there intended to be
dealt with in details.

Thus, our goal was to revisit Wschebor example in [32] by showing among other
things the almost sure convergence of the estimators (XQ, 59) towards the true parameters
(A, 0), by exhibiting their rate of convergence via a central limit theorem, and also by
paying particular attention to the case where the parameters live on the border of their
definition domain. That naturally leads to propose an isotropic test by considering the
ideas developed in Cabafia [12].

Main contribution of the paper In the present work following the way opened by
Cabafia in [12], we still work with a C2-affine process, say {X (¢),t € R?}, that is equal
in law to {Z(A.t),t € R?}, where Z is isotropic and A : R? — R? is a linear self-adjoint
transformation, additionally supposed to be a positive definite one. We get rid of the
n-dependence hypothesis for the process X requested by Wschebor in [32] and we add
the hypothesis that the subjacent process Z is Gaussian and some technical assumptions
on its covariance. We consider his proposed estimators of the affinity parameters A
and 60 by considering the particular following situation. We select the fixed rectangle
R :=]-1,1[x] — 1, 1], the sequence o = (01, 02) := (n,n) with n positive integer, and we
consider the observation windows 7T, := R, = |—n, n[2 with n tending towards infinity.
For these observation windows and as previously explained in the second part of the
Introduction we define the following general functional of the fixed level u € R

() () e VXD 4o
T = G /cm,xmf Gexwr,) 47

for f in By, k € IN*, the class of functions f such that: f : S' — R, is measurable,
bounded, continuous except maybe on a finite number of points of the sphere S'. We
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7 ()

observe the ratio Q(7),) := ]{T() in the fixed basis (v*, v**), say (X, Y,). Considering
Jq u

the system of equations (1.1), in the same way as proposed by Wschebor we construct in
an implicit manner the estimators (\,,6,,) (see Proposition 5.10).

Our main contribution consists, in the one hand, to establish the almost sure consis-
tence of these estimators (Theorem 5.11) in case where 0 < A < 1 and —g <0< g We
need to prove Theorem 4.1 stated below using an ergodic theorem (Adler [1, §6.5]) and
Rice formula (see the seminal work of Rice [28]).

Theorem 4.1 For f: S' — R a function belonging to B;,

I () —=2— BIJM (w)].

n—-+oo

7*

This theorem applied to the particular functions
R and identically equal to one implies that,

T ()

T (u)

and to the function 1 taking values in

B (u)]

a.s.

= Xnv* + an** (1)
n—-+oo E[Jl (u)]

= F1(\, 0)v" + Fo(\, 0)v™,

where the functions F, F5 are defined by equation (5.5) page 41 (Proposition 5.2). By
noting F' := (Fy, F») and by using the fact that ? is a C2-diffeomorphism (Proposition
5.5), we deduce from this theorem the almost sure convergence of (X,,Y,,) = ?()\n, 0)

towards ?(A,G) and then of that of (Xn,@l) towards (\,6) provided that these last
parameters live in an open set.

In the second hand our contribution was to propose a Central Limit Theorem (CLT)
(Theorem 5.17) for those estimators and some confidence intervals (Corollary 5.18),
still in case where 0 < A < 1and —3 < § < 7. For proving the asymptotic normality

of the estimators, we use a CLT for general functionals J J(c") (u), that was the subject of
Theorem 4.7 stated here.

Theorem 4.7 For f : S! — R a function belonging to B;, we have the following
convergence,

£ () =20 (5 () ~ BT ()] ) =22 N(0; 51,5 (w),

n—-+oo

where Y ¢ (u) is defined by (4.2).
We deduce from Theorems 4.1 and 4.7 the following proposition.

Proposition 5.12

T (y JD (4
f—z( ) E[ f—z( )] Law_, \r(0s 5 (a).

2n - s
T () wI ()] ] morree

And writing this last convergence result in the basis (v*, v**), gives that

2 (Fl(Xn,é;) - Fl(/\,9)> vt + 2n (FQ(Xn,én) —Fg(/\,e)) v B A0 5 (),

n——+0o
so that
M (?(Xm 0,) — P 9)) (O
n—-+4oo
EJP 26 (2021), paper 152. https://www.imstat.org/ejp
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where X7 (u) := Q x £*(u) x Q" and Q is the change of basis matrix from the canonical
basis (i, j) to the basis (v*,v**).
Once again l)y using the fact that 7 is a C?-diffeomorphism, we deduce a CLT for

estimators (A, 6,,), as soon as the affinity parameters A and 6 do not belong to the edges
of the parameter space.

Remark: this method for estimating the parameters (\,6) is available only when
the space parameters for X is R%2. Indeed, when this space is R¢ (d > 2), we deal
with a function F taking values from R??~2 into R?. The arguments of F would be
(12, .oy thay 01, ...,04-1), p; being the ratio of the decreasing eigenvalues )\; of A4, let
Wi == Ai/A1, i = 2,d, and 6, the angles involved in the parametrization in spherical
coordinates of vector v*, j = 1,d — 1. The arrival space of function ? is R¢ since the
gradient VX lives into R?. Thus, if we want the function ? to be an isomorphism we
must require the following condition on d, that is 2d — 2 = d, which is only satisfied when
d=2.

The tools for proving the CLT in Theorem 4.7 is the use of the CLT technique for
functionals belonging to the Wiener-It6 chaos. This method has been developed by
Nourdin et al. [24], Nualart et al. [25] and Peccati and Tudor [26] among others. The
idea for proving such a CLT is inspired by the precursor work of Kratz and Leé6n [20].
In the case where the process X is a stationary Gaussian isotropic process indexed by
R? and the observation window is a fixed bounded rectangle T, the authors propose a
way to approximate o1(Crx(u))/o2(T), say J1(u) := J(1,T), by other functionals J; (u, o)
(o — 0) with the help of a kernel K, tending to the delta-Dirac function in u. This is done
in such a way that the approximating functional can be expressed as stochastic integrals
with respect to Hermite polynomials. It consists in using the coarea formula (see Federer
[15, Theorem 3.2.12 p 249] and also Berzin et al. [10, Corollary 2.1.1]), for J; (u,0),
transforming then this functional initially expressed on the level curve as a temporal
functional on the rectangle 7' and getting then its Hermite expansion in H(X) the space
of real square integral functionals of the field X. Using this technique in the case where
the observation window is still a fixed bounded rectangle T, as ¢ — 0 we were able to
express in turn a general functional on the level curve Crx(u) as stochastic integral with
respect to Hermite polynomials, let J¢(u) := J(f,T), f being a general function that
belongs to the class of functions B; (Theorem 3.5). Applying this result to the squares
T,, as n — oo, we obtain the asymptotic variance X ;(u) of the centred and suitably
rescaled general functionals J}(cn)(u), say f}n) (u), with (Proposition 4.3). Finally, applying

the Peccati-Tudor method [26] and expressing the functionals f}”)(u) into the Wiener-Ito
chaos, we obtain the CLT in Theorem 4.7. The way of proceeding is completely based on
the methods developed into the paper Estrade and Ledn [14] itself inspired by the article
[20]. In this work the authors show a CLT for the Euler characteristic of the excursions
above u of the field X on T as T grows to R?, X being a stationary Gaussian isotropic
process indexed in R%.

Our real contribution for proving the CLT, apart from showing the non-degeneration
of the asymptotic limit matrix variance Y*(u) (Remark 5.14), was to rely on the two
functionals J¢(u) and J¢(u, o) its approximation via the kernel K, that is to show
that J;(u, o) is an L?-convergent approximation of J(u) (Proposition 3.7). It was the
opportunity to obtain as a first bonus the L?-continuity in the level u of the random
variable J;(u) (Theorem 3.1), which is a very nice interesting result in itself. We did not
find it in the literature and we believe that this result deserves consideration. The proof
is far from obvious and implements a number of ideas developed in Berzin et al. [10],
from which a local parametrization of the level set Cp x (v + J) near the level u (see [10,
Theorem 3.1.2]). The second bonus was brought by obtaining the one order Rice formula
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for Jy(u), that is the exact computation of E[J(u)] (Proposition 3.10).

Having a closer look at how the estimators were obtained, we finally show apart in the
final section the almost sure convergence of estimators Xn (Theorem 6.1) and also their
rate of convergence (Theorem 6.2) in case where the true parameters (), ) belong to
the boundary of the set ]0,1[ x |-7, 7.

By supposing that the covariance function of the subjacent process Z is known, this
leads us also to propose as in Section 2.1 of Cabafa’s paper, statistical tests for the null
hypothesis “X is isotropic” versus the alternative “X is affine” (Theorem 6.10). Those
ones are suggested by the convergence result previously stated in Proposition 5.12. As
explained in the first part of the Introduction testing the isotropy means to test the null
hypothesis Hy : A =1 against H; : A < 1. Because

E[JY ()]

[y

2
T R OL 00 + BN 00 £ 2o A<1),
ELD ()] 1(A, 0)v* + Fa (A, 0)v #WU = (A<1)

Proposition 5.12 ensures that under the hypothesis Hy,

J(—?)(“) 2 L
T (u) = 2n [ -L5— = Zo* | =2 N(0; T'(u, 7)),
7 Jl (u) T n——+oo

(see Corollary 6.7), where the asymptotic matrix variance I'(u,7) depends only on u
and 7 the common value of the eigenvalues of matrix A. Since E[Jfl)(u)] = Cr7 under
hypothesis Hy, with C a computable constant, we estimate the parameter 7 by an almost
sure convergence estimator 7,, obtained by the application of Theorem 4.1 in the case
where function f is identically equal to 1. Thus, under the hypothesis of isotropy

(1]

(n) . (qn) t q(n) Law 2
7 (u) == (57 (u)) SF (u) T X

where S%L)(u) = I~% (u,7y) -T%n) (u).
As in [12], the last convergence result naturally suggests using the test variable E%) (u).

We built a consistent test with rejection region E;") (u) > v, since the previous equiva-

lence ensures that ﬁE(_?(u) converges in probability to b > 0 in case of anisotropy

(see Remark 6.11).

We end with a remark pinpointing the fact that such an isotropy test cannot be
implemented in this way in the case where the X process parameters are not in R2.
In fact, Proposition 5.12 could be generalized without difficulty to the case where the
parameter space is R% (d > 3). Nevertheless, it is not enough for considering the idea
of adapting the isotropy test proof to the new situation. If we refer to the previous
remark made on page 8, using the same notations, under the isotropy hypothesis the
ratio E[JJE_? (u)}/E[J§1)(u)} is not characterized by equalities s = --- = g = 1. Roughly

speaking the isotropy hypothesis implies that ]E[JJ%) (u)]/]E[JF) (w)] = c(d)v* (¢(d) being
a constant depending only of d and computed under hypothesis of isotropy), but the
converse is not always true. Such a test would not be then consistent.

Outline of the paper Section 2.1 contains some notations, among others definitions,
affine process and isotropic process. It gives explicitly the type of general functionals on
the level set u we are looking for, say J}") (u), where the observation window 7T,, grows
to R? when n goes to infinity. It is also an opportunity in this part to introduce some
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concepts, when the observation window is a fixed rectangle T of R?. They deal with
regularity properties of level sets and Rice formulas, that are closed formulas for the
first and second moments for functionals defined on the level set, say J(u). Section 2.2
gives the assumptions on the interest model and some examples of processes satisfying
these assumptions.

In Section 3 the observation window is fixed by taking an open bounded rectangle
T of R?. We begin by showing in Section 3.1 the L?-continuity in the level u for J(u),
f being a general function that belongs to B;. In Section 3.2, first by using the coarea
formula for an approximation of the functional, say J;(u,o)(c — 0), we express this
last one as stochastic integral with respect to Hermite polynomials. Then by using the
L?-continuity in the level for J(u) we establish the L?-convergence of .J;(u, o) towards
J¢(u), from which we deduce an Hermite expansion for the initial functional J;(u). As
a derived product of the L?-continuity in the level previously obtained we deduce in
Section 3.3 a one order Rice formula for such functionals, in other words we compute

E[Jf (w)]-
In Section 4, the observation windows (7},),, is a sequence of open bounded squares
of R2, with the following form 7,, := ]—n,n[* with n € N* := {z € Z,z > 0}, and n

tends to infinity. We focus on convergence results for J J(c”)(u). Section 4.1 is devoted
to establish the almost sure convergence of J )(c") (u) for general function f. In Section

4.2, by using the Hermite expansion of J }”)(u) derived from Section 3.2, we give the
rate of this convergence. First the asymptotic variance as the squares T}, grow to R? is
expressed as a series and we give an explicit lower bound. We then proved the asymptotic
normality for the centred and suitably rescaled general functionals J}”)(u) through the
Peccati-Tudor Theorem. The results obtained in Section 4 enable us, by considering
in Section 5 the particular function F to give rise to a first result, the definition of
the estimators Xn and @1 of the affinity parameters A and 6. Secondly, we prove their
almost sure consistency and also their rate of convergence in law in case where the
true parameters live in an open set. Also, the coefficients of the asymptotic matrix
variance are computed in Appendix A and a lower bound is given for its determinant.
This law convergence result gives rise to confidence intervals for parameters A and 6 in
the specific special case where the covariance r, of the underlying isotropic process is
known.

In Section 6 some complementary convergence results for Xn are proposed when
the affinity parameters )\ and 0 belong to the edges of the parameter space, including
the particular case where A = 1. Finally, supposing that the covariance r, is known, we
conclude by proposing an isotropy test.

This paper is complemented with Appendix A giving technical proofs of some lemmas.

2 Notations and hypotheses

2.1 Notations

Let us give some definitions, notations and some propositions and theorems related
to properties of level sets and Rice formulas.

In the following 7T is an open bounded rectangle of R2.
Let (Q, A, P) be a probability space and X : Q x T'C Q x R? — R a process continuously
differentiable on T, that is X € C*(T).

Level sets We denote Dy the following set

Dy:={teT:VX(t)isofrank 1} ={t € T : [[VX(t)|, # 0},
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where |-||, denotes the Euclidean norm in R?, while VX stands for the Jacobian of X.
For u € R we define the level set at u as:

Crx(u):={teT: X(t)=u}.

This set can be very irregular, but its intersection with D, let C?Tx(u) :=Crx(u)NDyisa
C'-manifold of dimension one. Indeed, at each point ¢ € C]TDTX(u) the Jacobian matrix of X
is of full rank one. Thus, an application of the implicit theorem in a neighbourhood of
each point ¢ provides a local parametrization of the level set CTD;((u). For more details
concerning the proof of the construction of an atlas of C]Tyx(u) the reader can look at the
beginning of the proof of [10, Theorem 3.1.2].

The following proposition (see Azais and Wschebor [8, Proposition 6.12]) gives a
sufficient condition to ensure that the level is a regular value of X.

Proposition 2.1. Let u € R?. We assume the following:

« The paths of X are of class C* onT.

 Foreacht € T, the pair (X(t), VX (t)) has a joint density px ), vx ) (7, 2") in R x R?,
which is bounded for (t,z’') varying in a compact subset of T x R? and z in some
neighbourhood of u.

Then
Plwe,3teT X(t)(w) =u,|[|[VX(t)(w)|, =0) =0,
that is almost surely
CPx(u) = Crx(w). 2.1)

Remark 2.2. Note that if X is a Gaussian process twice continuously differentiable on 7',
that is X € C*(T), such that for each ¢ € T, the vector (X(t), VX (t)) has a joint density,
then the last proposition hypotheses are verified and equality (2.1) holds. In that case
the reader can also be referred to [10, Proposition 3.3.2].

General level functionals S' is the boundary of the unit ball of R? and for d = 1,2,
o4 denotes the Lebesgue measure on R4, Recall that we defined By, k € IN*, the class of
functions f such that: f: S' — R¥, is measurable, bounded, continuous except maybe
on a finite number of points of the sphere S*.

For f: S' — R belonging to B;, we define the following general functional J;(u) of the

fixed level u by:
1
Jy(u) :== o2(T) /C’T’,rx(u) f(vx(t))doi(t),

. _VX(@®)
TAIVX®IL -

Remark 2.3. Note that for general process X, the finiteness of this integral is not
necessarily guaranteed. However, this integral makes sense, for example, under as-
sumptions of Proposition 2.1. More precisely, we substitute hypotheses concerning the
process X on T in the last proposition by those on O, where O is any open set such that
T c T C O, where T stands for the closure of T. In that case we deduce that almost
surely C]%X(u) = Csx(u). Then we construct a partition of unity for the compact manifold

C]TQ;(u) of R?, almost surely included in D x := {t € O : [VX(t)||, # 0}. In that way as

mentioned above, by using a local parametrization of the level set C]TD’rX(u), we prove that

where vx(t)

almost surely, al(C]TD_’rX(u)) < 400 (see also Remark 2.9). Since function f is bounded, this
construction guarantees the existence of functional J;(u). We also refer the reader to
[10, Theorem 3.1.2] for such a partition of unity construction.
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Note that in this article, T will increase to R2. In this regard, we will consider T;, :=
]—-n, n[2, open squares of R2, with n € IN*, a positive integer, and let n tends to infinity.
In this case, and with the comment made in Remark 2.3, the corresponding functional
on the set u will be denoted by J}")(u), that is

0 = g [, Tex O

Rice formulas The following results give Rice formulas for the first and second mo-
ments for general functionals defined on the level set of the process X (see [8] or [10]
for references).

By applying the coarea formula, for which a statement is expressed later in this text
in Corollary 3.4, to general functionals defined on the level sets C?rx(u) and taking
expectation afterwards, one obtains the well-known Kac-Rice formula. This formula
gives a computation of the expectation of these general functionals for almost any level
u. A proof of this formula is given for example in [10, Proposition 2.2.1]. Let us recall it
here by adapting its statement to our context.

LetY : Q x T C Q x R2 — R a process defined on 7' and continuous on Dy. Let us
consider the following assumptions:

* Hy: For almost any ¢ € T, the density of X (t),px)(-) exists.

L, |?<t>|dal<t>] ,
C?,X(“)

is a continuous function of the variable u.

* H,: The function

u+—

e Hj: The function
w—s /T Do WE[T (1) [VX (1)1, X (8) = o] dt,

is a continuous function of the variable w.

Proposition 2.2.1 of [10] implies the following proposition.

Proposition 2.4 (Kac-Rice formula). If X and Y satisfy the assumption H; and (Hz or
H3), then for almost any u € R one has

J

However, in applications the interest is focused on a fixed level u. So, we add the two
following assumptions to ensure the validity of the Kac-Rice formula for all level.

E

?(t)dm(t)] = [ Pro@ET O VX, X0 =@t @2)
(u) T

DI'
T,X

e Hy4: The function

ur— Ik

/ (1) dol<t>] ,
CTD,rx(u)

is a continuous function of the variable u.
e Hj5: The function

U / Px (o (WEY (1) [VX (@), |1 X (1) = u] dt,
T

is a continuous function of the variable u.
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Adding the two previous assumptions, the two sides of equality (2.2) become now
continuous as function of the level. Thus, we enunciate the following formula of Rice, for
which a proof is given in [10, Theorem 3.1.1].

Theorem 2.5 (One order Rice formula). If X and Y satisfy the assumption Hy, (H; or
H3), H4 and Hjy then for any u € R one has

E

L ?(wdal(t)] = [ @B VX1, 1X(0) = ar.
C?X(u) T

Remark 2.6. Note that Rice formula only requires for Y to be continuous on Dy, that
will be the case for the process Y := f (Vx)]l])g( defined in the paragraph General level
functionals, page 11, in case where f is a continuous function on S'.

Now we give conditions under which a two-order Rice formula will be valid. The
reader is referred to [10, Theorem 3.3.3] adapted to the future situation.
Let us consider the following assumptions:

s Ho: X : QO xT C QxR2 = Ris a centred Gaussian random field twice continuously
differentiable on 7, that is X € C*(T).

* Hy,: Forall ¢t € T, the vector (X (t), VX(t)) has a density.

* H,. For all t1,t, € T, such that ¢t; # to, the vector (X (1), X (t2)) has a density, say

DX (41),X (t2) (5 7)-
d Hd:

E[sup HVQX(t)HiS;]4 < 400, (2.3)
teT ’
where V2X stands for the 2 x 2 Hessian matrix of X and ||||§§% stands for the norm

in £2(R? R), the vectorial space of symmetric linear continuous functions from R?
to R.

* He: Y : QxT C QxR? — R is a continuous process defined on T as Y (t) :=
G(t,VX(t)), where

G:TxR>?—R
(t,2) = G(t, 2),

is a bounded continuous function on T' x R2.
Let us now state the following assumption Hg.

e Hg: Forallu € R,
/T BV ()] Y ()] VX (1) [V (1), 1X (1) = X(t2) =
X
X DX (t1),X (t2) (Ws ) dt1 dtz < +o0.

Let us express the following two-order Rice formula.

Theorem 2.7 (Two-order Rice formula). If X and Y satisfy the assumptions H,, Hy,, H,
Hy, He and Hg, then for any u € R one has

E[ /C L0 (2.4)
= [ B Y @) 19X 96 X 01) = X(t2) = ] %
DX (1), X (t2) (U, ) dt1 dts.
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From this theorem we deduce the following corollary.

Corollary 2.8. Let X : Q2 x R2 — R be a centred stationary Gaussian random field twice
continuously differentiable on R?, that is X € C*(R?), with covariance r, (belonging
necessarily to C*(R?)) satisfying the following hypotheses:

e V2r,(0) is a non-degenerate matrix, where Vr, stands for the 2 x 2 Hessian matrix
of ry.
e r2(0) —r2(t) #0, for all t # 0.

Then assumptions H,, Hy,, H. and Hq4 are checked so that for all w € R, almost surely
CPx(w) = Crx(u).

Furthermore if X and Y satisfy the assumption H. then they satisfy also assumptions
Hg. Thus, for any u € R the two-order Rice formula (2.4) is valid.

The proof of this corollary provides from the following argumentation.

Hypotheses made on X, ensure that X is a Gaussian process twice continuously differ-
entiable on 7', such that for each ¢t € T' the vector (X (¢), VX (¢)) has a joint density, since
X(t) and VX (t) are independent random variables. Thus Remark 2.2 gives equality
(2.1). Furthermore, these hypotheses ensure that assumption H. is obviously checked.
By using the Borel-TIS inequality given in Adler and Taylor [2, Theorem 2.1.1], one can
show that assumption Hy is also checked.

Now let X and Y satisfying the assumption He. The fact that GG is a bounded function on
T x R?, implies that Y is a bounded process on T'. Thus, to check assumption Hg, it is
enough to establish that for all u € R, one has

/ E[[VX(t1)lly VX (E2)ll5 [ X (t1) = X (E2) = ] X px (1), x(22) (u, w) dty diz < +o0.
TxT

The proof of this finiteness can be found for example in Berzin and Wschebor [11,
Proposition 2].
Thus X and Y satisfy assumptions given in Theorem 2.7 and the two-order Rice formula
ensues from it.

Remark 2.9. One can observe that under the hypotheses of Corollary 2.8 for X, by
taking Y =1, one has proved that for any u € R,

Elo1 (CPx(u))]* =

/ E[IVX(t)lly VX (t2)lly [ X (T1) = X(t2) = u] X px(e1),x(ts) (s w) Aty dtz < +00.
TxT

Note that in that case we proved that almost surely CTDrX(u) < 400 (resp. for all n € IN*,
CY x(u) < 400). Thus, for f : S* — R a measurable and bounded function, the functional

J¢(u) (resp. J (n) (u)) is almost surely well defined.

Also note that under the hypotheses of Corollary 2.8 for X, those slightly modified
of Proposition 2.1 are also checked (see Remark 2.3). If we proceed as indicated in the
previous remark, we then obtain another way to establish the almost sure finiteness of
C‘TD;(u) and also that of C?TX(u) This explicit way provides another manner for proving

the almost sure existence of functional J;(u) (resp. J ](c”) (w)).

Remark 2.10. Note that process Y = f(uX)]ID;( defined in the paragraph General level
functionals is such that processes X and Y do not verify hypothesis H,, since Y is in the
best way continuous on D and a priori not continuous on 7". So, to compute E[J¢(u)]?
we will have to play close to the vest and be creative by generalizing the two order Rice
formula to our purpose (see forthcoming Lemma 3.2).
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Isotropic process A process {Z(t),t € R?} is said to be isotropic if it is a stationary
process and if for any isometry J in R?, k € N := {z € Z,z > 0} and ¢y, ...,t; € R?, the
joint laws of (Z(t1),...,Z(tx)) and (Z(J.t1),..., Z(J.t;)) are the same.

Affine process A process {X(t),t € R?} is said to be an affine process when it is equal
in law to {Z(A.t),t € R?}, where Z is isotropic and A : R? — R? is a linear self-adjoint
transformation.

If the eigenvalues of A are denoted by \q, A, saying that the process X is isotropic
means that \; = A\, (see Adler and Taylor [2, Section 5.7]).

Hermite polynomials We use the Hermite polynomials (H,)sen defined by

49
dad

Hy(2) = (~1)797 (1)~ (6(2)),
where ¢ denotes the standard Gaussian density on R.
They provide an orthogonal basis of L?(R, ¢(x) dz). We also denote by ¢,, the standard
Gaussian density on R™, for m = 2 or 3.

For k := (kl,k‘zik‘g,) € IN3 and Yy = yl,yg,yzg) S Rg, we set ‘k| = k1 + ko + ks,
k! .= k‘l'kglkg' and Hk(y) = ngng ij (yj)

Asymptotic equivalence symbol ~ For a set of random variables X,,, the notation
X, = op(1l) means that X, converges to zero in probability when n goes to infinity.
Furthermore, if Y,, is a set of random variables such that X,, =Y,, + op(1), we will note
X, ~Y,.

We denote by (-, -) the canonical scalar product in R?.
C is a generic constant that could change value while developing a proof.

2.2 Hypotheses

Let (2, A, P) be a probability space and X : Q x R? — R an affine process, equal
in law to {Z(A.t),t € R?}, where Z : Q x R? — R is isotropic and 4 : R? — R? is a
linear self-adjoint transformation. We additionally suppose that A is a positive definite
transformation.
We also assume that Z is a centred Gaussian process twice continuously differentiable in
R?, that is Z € C*(R?).
The eigenvalues of A are denoted by A;, A2, 0 < Ay < A\1. Let 0 < A < 1 be the quotient of
the eigenvalues, ) := A\2/)\;. The process X is isotropic means that A = 1 (see Adler and
Taylor [2, Section 5.7]).

Let 7, and r, be the covariance function of Z and X respectively. The regularity
assumption on Z implies that 7, € C*(R?).

Let T be an open bounded rectangle of R?. Let also (7},),, be open bounded squares
with the following form 7;, := |—n, n[2 with n € IN*, and let n tends to infinity.

Assumptions on the covariance For any multidimensional index m := (i1, ...,i)

with 1 < & < 2 and 1 < i; < 2, we write 432 (t) = 5255 (1). Let

a™r,
ot™

)], m e {1,2}*1 <k<2}.

U(t) := max {|7"z(t)| ,

We make the following assumption.
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* Hy: ¥(t) — 0 when ||t||, — 400, ¥ € L'(R?) and [, r.(t)dt > 0.

Remark 2.11. Note that r, € L'(R?) implies that 7, € LY(IR?) for all ¢ > 1 and hence
that Z (resp. X) admits a spectral density f. (resp. f,) that is continuous and such that
f2(0) > 0. We wish to emphasize that this fact implies that the following assumption H,
is always fulfilled

e H,: r2(0) — r2(t) # 0, for all t # 0.
Remark 2.12. Note also that [, f.(t ) 1E)12 dt < +oc.

Comments on assumptions made Having the property that f,(0) > 0 ensures that

2
V?r,(0) is a non-degenerate matrix. Indeed —V?2r,(0) = uA2%, where u = —881;2 0) =

5 Jge J=(0) ) |Itl12 dt, for any i = 1,2. Thus x> 0.

Hypothesis H, being fulfilled ensures that the assumptions of Corollary 2.8 are verified,
so that its conclusions are also verified. That is for all © € R, equality (2.1) is almost
surely valid (for T or T,). Furthermore if f : S — R is a measurable and bounded
function, functionals J¢(u) and J ](c") (u) (n € IN*) are almost surely well defined (see
Remark 2.9). Also if X and Y satisfies the assumption H, with T or 7,, then the two-
order Rice formula (2.4) is valid for T or T,.

Remark 2.13. By using Proposition 6.11 in Azais and Wschebor [8], one can also show
that for all u € R and for any fixed point = belonging to the sphere S?,

PlweN,JteT X(t)(w) =u,vx(t)(w) =2)=0.

Last equality still remains valid for 7;,.

A sufficient element of proving is establishing that the result is true for the isotropic
process Z. This result follows from the fact that the vector vz(0) := % and Z(0)
are independent and that the distribution of vz(0) is uniform on S! (see proposition

given in Wschebor [32], page 79).

The assumption Hg will be useful to prove Proposition 4.3 in which we exhibit the
asymptotic variance of the centred and suitably rescaled general functionals JJ(C") (u) as
n tends to infinity. The fact that f,(0) > 0 ensures that this limit variance is not trivial.

These comments lead us to adopt the following new notations.

Notations We shall omit in the future the symbol D'. Furthermore for writing conve-
nience if u is a fixed level belonging to R, we will note C(u) in place of CIT)fX(u) and Cy, (u)
in place of C]T):L x(u). Also, for B a rectangle set included in 7},, we will note Cp(u) in place
of ngx(u).

Particular isotropic processes Here we give three examples of isotropic processes
satisfying assumption Hy.

Since 7 is a stationary Gaussian process, Z will be isotropic if, and only if, its covariance
r, will only depend on the norm. Furthermore Z must have a spectral density f., so this
last condition is equivalent to the one that f, will depend only on the norm.

Powered exponential covariance The first example is given by a covariance function
belonging to the class of powered exponential family (see Yaglom [33, Chap. 4.22.2,
example 3, p. 364]), that is: r,(¢) := C exp(—a||t||§), t € R% C > 0, @ > 0 being
a scale parameter. One has, fw r.(t)dt = % > 0. Here the spectral density f, is
£2(N) = ;& exp(—5 ||)\||§) A € R2. The covariance r, satisfies assumption Hyg.
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Generalized Cauchy covariance The second example of covariance function is given
by the one belonging to the Cauchy family (see [33, Chap. 4.22.2, example 5, p. 365],
see also Anderson [6] and Lim and Teo [21, equality (2.1) p. 1326]), that is r.(¢) :=
C (4 |t]|3)7", t € R% C > 0, a > 0 being a scale parameter and v > 0 a smoothness
parameter controlling the long range dependence of the process Z. The spectral density
is
1—v v—1

£ = Sk @)
(see Yaglom [34, Chap. 4, equality (4.12’), p. 129], see also Lim and Teo [22, p. 3]). Here
K, is the modified Bessel function of the third kind (see Gradshteyn and Ryzhik [18,
8.432 p. 917] for definition) and I' is the Gamma function defined in Appendix (A.5).
If we add the condition v > 1, then f]R? r(t)dt = C“}f‘:zy > 0, and covariance r, satisfies
assumption Hy.
Whittle-Matérn covariance The third example of covariance function is given by the
one belonging to the Matérn class (see [33, Chap. 4.22.2, example 2, p. 363], see also
[22, equality (1) p. 2]). The covariance function is given by . (t) := C(a||t||5)" K, (o ||t]|5),
t € R%, C > 0, a > 0 being a scale parameter controlling the spatial range of the
covariance and v > 0 is the smoothness parameter governing the level of smoothness

of Z(t). The spectral density is f,()) := W (see [33, equality (4.131) p. 364,
Chap. 4.22.2, example 2] and also [21, Propositfon 3.1 p. 1333]). Since v > —1, using
the spectral density representation of the covariance in zero in the second example one
can prove that [, r.(t)dt = Cra=22""'I'(v + 1) > 0. In addition, if we suppose that
v > 2, one can easily show that [, ||)\||;1 f(A)dA < +0o0, so that the covariance function
r, € C4(IR2) (one can also refer to [22, (33) and (34), p. 91). By using [18, equalities
10 and 11 of 8.486(1) p. 929] we obtain the expression of the derivatives of function
r,. In [18], equalities 8.485 p. 928 and 8.445 and 8. 446 p. 919 give the asymptotic
behaviour of K, (z) when z — 0 and 6. of 8.451 p. 920 the one when z — +oco. With these
properties one can establish in case where v > 2 that ¥(¢) — 0 when ||t||, = 400 and
that ¥ € L!'(R?). In conclusion we deduce that when v > 2 the covariance r, satisfies
assumption Hy.

Commentaries about these examples In the two first examples we remark that
covariance r, is strictly decreasing as function of the distance from the origin. If the
linear transformation A is not an isometry, this property vanishes since points living in a
circle centred at the origin with same covariance r, will be transformed by A into points
over an ellipse and thus with different covariances r,. In other words and in a general
way, meaning not just for the two previous examples, circles are deformed by stretching
via the transformation A. A point ¢ € R? such that ||¢|, = 1, that is living in the unity
circle, will be such that A - ¢ will belong to the centred ellipse at the origin defined by the
A-eigenvectors directions (v1,v2) as axis and by the eigenvalues Ay, A2 the magnitude of
the axis. Measuring the range of this stretching will be part of the matter of the paper,
through the construction of estimators of the ratio of the eigenvalues, say A = A\2/)\;, and
of 6, the angle rotation between the eigenvectors (v1,v2) and a fixed direct orthonormal
basis (v*,v**) (see Figure 1 page 40).

3 Hermite expansion for level functionals

In this section 7" will be a fixed open bounded rectangle of R2. Assumptions on X are
the same as in Section 2.2.
For a function f : S' — R, that belongs to B;, recall that we have defined in Section 2.1
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the following general functional Jy(u) of the level u as:
1
o2(T) Jew)

Jr(u) = flvx(t))do(t),

where vx(t) := %.

Our objective is for u a fixed level to give an Hermite expansion of the random variable
Jr(u).

In this aim the idea consists in approaching functionals J;(u) by other functionals, say
Js(u,0) (0 — 0), in such a way that the last ones can be expressed as stochastic integrals
with respect to Hermite polynomials. This is possible through the use of a kernel K, and
via the coarea formula. Then the idea will consist in proving that J;(u, o) tends in L?(12)
towards Jy(u) as o — 0.

We emphasize that the convergence is not an obvious purpose since the difficulty is to
prove the continuity of function (ui,us) — E[J¢(u1) Jf(us2)] that will be the aim of the
next paragraph. This fact is far from being trivial and requires a number of results stated
in Section 2.1, as the second order Rice formula, and also studied in next section, as a
in-depth study of the level curve C(u + ¢) in a neighbourhood of the level w.

By using the L?-continuity in the level u of functional J¢(u), we will obtain as by product
an expression for its first moment, that is a first order Rice formula for all level.

3.1 L?-continuity in the level
We prove the following theorem.
Theorem 3.1. Let f : S' — R be a function that belongs to B;,. Then the function

(w1, uz) = E[Jy(u1) Iy (uz)],
is continuous. In particular the same holds for function,
u s B (u))?

Proof of Theorem 3.1. As explained in Remark 2.10, process Y := f(vx)lp is not con-
tinuous on 7, so we can not apply Corollary 2.8 to compute E[J;(u)]?. We need to be a
little careful. In fact the following lemma will prove as by product that such computation
holds for E[J;(u)]? and that function u — E[J;(u)]? is continuous.

Let us state this lemma proved in Appendix and for which the proof is based on the
application of Corollary 2.8.

Let H : T x (R?)* x S! be a measurable bounded continuous function of its arguments
except maybe on T x (R?)* x U{_,{x;}, where x;, i = 1,/, are a finite number of fixed
points of the sphere S'. We have noted (R?)* := {v € R?, ||v||, # 0}.

Lemma 3.2. Let F': T x (R?)* — R defined by F(t,z) := H(t, z, 7)., then

u s [ 5 )F(t,VX(t))]lD;(t) do ()]?

is a continuous function.
Furthermore, for any u € R one has

E[ / F(t, VX ()1 (t) doy ()]
Clw) X
- / B |F(ty, VX (1) 1o (1) Flt2, VX (t2)) g (t2)
JTXT
x VX ()5 VX (£l [ X (t1) = X (t2) = u| Px (1), x (1) (w0, w) dty dia,

where px (1), x(t,)(u,u) stands for the density of (X (t1), X (t2)) in point (u,u).
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Let u be ﬁxed in R and (uk)kE]N be a real sequence tending to u.
Let us note If(u) := [, () f(x (#)) dos (2).
Since f € By, let {xl, -+ g}, £ € IN*, the finite set of the points of the sphere S*, where
f is discontinuous. By Remark 2.13, almost surely

Iy(u) = flox(t Hﬂ{ux(t £z} Ao (t).
C(u) i=1
Proving Theorem 3.1 is equivalent to show that ||I;(ux) — I (u)||L2(Q) tends to zero as k

goes to infinity, where ||-[| (o, stands for the L?(Q)-norm.
Thus we try to apply the Scheffé’s lemma but it is not so direct.
Indeed Lemma 3.2 applied to function F : T' x (R?)* — R, such that

¢
F(t,2) = f(z/ 121) [ [ Vi) 200y
=1

implies that ||7f(ug)| (o) tends to [[If(u)[ ;2o as k goes to infinity. But we need the
missing following convergence, that is, almost surely I;(uy) tends to Iy (u), with k.

Our goal is now to tempt to apply the following theorem stated and proved as [10,
Theorem 3.1.2]. Note that in its statement the functions of interest are deterministic,
that is they are not random functions.

Theorem 3.3. Let g : T C R?> — R be a function belonging to C*(T) such that Vg
is Lipschitz on T. Let h : T C R? — R be a continuous function on T such that
supp(h) C Dy := {t € T : [|[Vg(t)|, # 0}, supp(h) being the support of function h. Then
the function

u— h(t) do (t)
cr ()

is continous with respect to the variable u.
We have noted CP (u) := {t € T : g(t) = u, |[Vg(t)[|, # 0}.

Remark that process X is such that VX is almost surely Lipschitz on 7. Indeed we
have already mentioned after the statement of Corollary 2.8 that assumption Hg4 remains
checked. Thus equality (2.3) is valid, that is E[sup,cp || V2X (¢ H1 < +00. So we can
conclude that almost surely Lx := sup,cr | V2X(1)]|], ) 40, Furthermore the Taylor

formula applied to X belonging to C*(T") ensures that almost surely VX is Lipschitz with
Lipschitz constant Lx. B
As already mentioned in Section 2.1 process Y := f(z/X)]lD; is not continuous on 7" and

there is no reason for why supp(Y) C D.

In view of applying the Scheffé’s lemma the idea consists in approximating the functional
It (u) by the following one. It will check hypotheses of Theorem 3.3 and also that of
Lemma 3.2. For m € IN*, let

L) i= [ Ya()don(o)
C(u)
where we define fort € T'

Yin(t) = Fn(t, VX (1)1 (2),
with function F,, : T x (R?)* — R, defined by

1
F, = 1 .
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where ¢ is a continuous decreasing function on R*, such that

and (g, )men- is a sequence of functions defined on R? to [0, 1] in the following manner

d(z, T*™)
d(z, T?™) + d(z, T(™)’

gm(x) ==

where d(z, B) stands for the distance between the point = and the set B C R?. The
closed sets 72™ and 7™ are defined by

T = {r e R*d(z,T°) < 5} and 7™ := {z € R?,d(2,T°) > L},

T¢ denoting the complement of 7' on R?.

We have shown in [10, Lemmas 3.2.1 and 3.2.2] that the functions (g, )men+ are well
defined, continuous. Thus using the crucial central term in ¢ defining Y,,, m € IN*, one
can prove that the r.v. Y,, is continuous on 7. Furthermore we established that the
support of function g,, restricted to the set T is contained in 7" for each m € IN*. This
fact implies that supp(Y;,) C Dy.

At last this sequence (¢, )men+ is bounded by one and tends to one when m goes to
infinity. This implies that theusequence (Y;)men~ is bounded on T and that almost surely
forallt € T, Yiu(t) ——— Y(t) := fvx (1)) lng (1) ITict Liox ey

By summarizing, we have

1. g := X and h :=Y,, verifies assumptions of Theorem 3.3
2. F,, and F — F,, verify assumptions of Lemma 3.2
3. Almost surely for all t € T, Y,,(t) — Y (t)

m——+o0

Assertion 1. implies that for all m € IN*, almost surely
It —— I (w).
fon (k) S Tpm (u)

Note that this almost sure convergence is what we need to move forward. Furthermore,
assertion 2. implies that for all m € IN*,

||If77”(uk)||L2(Q) m ||If7m(u)HL2(Q)7
so that Scheffé’s lemma allows to conclude that for all m € IN*,

lm || Ifm (ur) — If’m(u)HL?(Q) =0. (3.1)

k— 400

Now, assertion 2. also implies that for all m € IN*,

lm [Ty (ur) — Ifmt(“k)||L2(Q) = |15 (u) — If,m(u)Hm(Q) ‘ (3.2)

k——+o0

An upper bound is

(27 (ur) — If(u)”m(g) < g (uk) — If,m(uk)”Lz(Q) +
[12f,m (ur) — If,m(u)”m(g) + [ pm (u) — If(u)”Lz(Q) :
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Applying convergence obtained in (3.1) and (3.2), it yields, for all m € IN*,

Hm [Ty (u) — If(u)||L2(Q) <2|Ig(u) - If,m(u)HLz(Q) : (3.3)

k——+oo

Let us set,

1)~ L) = [ Vol dn(o)
C(u)
where Y, (t) := Y (t) — Yy ().
By using convergence given in point 3., we obtain that almost surely for all ¢ € Dy,
lim,, 400 Yin () = 0.
Furthermore for all ¢t € D, one has ‘?m(t)‘ < C. Moreover by applying Remark 2.9, one
has

E[o1(C(u))]* < +oo0, (3.4)

and then almost surely 01(C(u)) < +oo. The Lebesgue convergence theorem induces
that

* Almost surely, lim;, oo (If(w) — I m(u)) = 0. Furthermore
e Almost surely, |I¢(u) — If.m(u)| < Coi(C(u)) € L*(dP), last belonging providing

from (3.4).

Applying once again the Lebesgue convergence theorem, one has finally proved that
im0 [ f,m (w) — If(u)||L2(Q) = 0. Thus by using inequality (3.3), one concludes that

Hm [Ty (ur) = I ()] 20y = O,

k—4o00

yielding Theorem 3.1. O

We are now ready to define a L?({2)-expansion for J¢(u).

3.2 Hermite expansion for general functionals

Let f: S' — R be in B; and u a fixed level in R. We define an approximation of J¢(u).

For o > 0, we define
1 [t

J¢(u,0) = K(*=%) J¢(v) dw,

(o2
— 00

where K is a continuous density function with a compact support in [—1,1]. In view of
applying the coarea formula to J¢(u, o) we recall a statement of this formula, adapted to
our situation and that can be found in Federer [15, Theorem 3.2.12] and also in Berzin
et al. [10, Corollary 2.1.1].

Corollary 3.4. (Coarea formula) Let h a measurable function, h : R2 xR — R and
g:T C R? = R be a function belonging to C'(T). We have

T,g Y

—+o0

/Th(t,g(t))HVg(t)Hz dt:/

— 00

provided that one of the two integrals is finite.

By applying last corollary to the measurable function h : R? x R — R defined as:

ht,) = — e fox () Lgoxcoy - K(52),

1
O'Q(T)
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to the C!-function g := X : T C R? — R, we get:

1 |
I(u,0) = /T Fox () Lwx oy — K(=5) VX (0)]y dt < +oo.

Let A := ()\1 0 ) a matrix that factorizes A such that A = PAP?, where P is a unitary

0 Ao
matrix and ! stands for the transpose symbol.
The matrix I'X stands for the covariance matrix of the 3-dimensional Gaussian vector
X (t) == (VX(t), X(1))".
2

Tz

o2

We recall that since Z is isotropic, E[VZ(0)VZ(0)!] = u I, where u := (0) for any

i = 1,2 and I stands for the identity matrix in R2.

PA
We denote A for the 3 x 3 matrix, A := (Wjo 1"0(0))' It is such that AAt = ['X.

We have seen in Section 2.2 (see Remark 2.11) that Z admits a spectral density f, and
then the same fact occurs for X. We have noted f, the spectral density for X.
We obtain the following spectral representations: for ¢t € R?,

X = [ eI VERaw ).

where W stands for the standard Brownian motion.
Thus, for any \ := ()\;)1<i<2 in R?, we let

V()\) = (i)\l,i)\g, 1)t,
so that for any t € R?,
U(t) = (Ui(t)i<icz = ATLX(t) = / e ENVF N AT (A AW ().
RQ
We can write for any t € R?, X (t) = A.U(t), where U(t) is a 3-dimensional standard

Gaussian vector.
With these notations, one obtains:

Ty = M [

O'Q(T) o IL{U1(t);"50 or Us(t)#0}
T

VXU + UE(0)

K ( - @U?’(t)> VRURO) 1 3030 .

We define for o > 0 and y = (v;)1<i<3 € R?, the map g, as:

9o (y) = AYT + A543 Ly 2£00r yorz0}-

PA. <y1>
\/ﬁK u—/7.(0)y3 Y2
-— /

o o ATyt + A3
Since the map belongs to L?(R?, ¢3(y) dy), the following expansion converges in this
space:
+oo

ga(y) = Z Z aﬁa(kau) ﬁk(y)a
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while taking k := (k;)1<i<3 € IN?,

(lf,g(k,u) = af(kth) G/g—(k;g,u), (35)

PA. <y1>
Y2

Myt + A3y3

where for (ki, k2) € IN?,

Ayt + A3us Hi, (v1) 6(y1)

Hy, (y2) ¢(y2) dyr1 dy2  (3.6)

and

+oo
ool =y [ Lx (“— Vr(0)y ) Hiy(y) 6(y) dy.

— 00

In this way, we obtain the expansion of the functional J(u, o) in L?*(Q), that is:

2 foo ~
Tp(u,0) UzzT) SN ap otk /THk(U(t)) dt. (3.7)

=0 N3
|k|=q

Now observe that as o tends to zero, a,(ks,u) — a(ks,u), where coefficient a(ks, u) is
defined as

aks0) = A (\/rfm)) ‘b(%ﬁ(m) WOk G

This remark will yield via the forthcoming theorem the following expansion in L?() of
Jf (u) .

Theorem 3.5. For f : S' — R in B; and u a fixed level in R, one has the following
expansion in L*(Q2),

T = = > Y aslen) [ Buw)

=0 geN?
|k|=q

where coefficients a;(k,u) are defined by
ar(k,u) :=az(k, ko) a(ks,u), (3.9

with ay(kq1, ko) and a(ks,u) previously respectively defined by (3.6) and (3.8).

Remark 3.6. This equality has nothing obvious because we do not know a priori that
the right member in the last equality really belongs to L2(f2). This fact comes from the
way we obtained this expansion, the series Zz_;’io a®(ks,u)ks! being equal to +oo as the
Hermite development in L?(R, ¢(z) dz) of delta’s Dirac function in point u.

Proof of Theorem 3.5. The proof of this theorem strongly leans on that given in Estrade
and Leon [14] and extensively uses the orthogonality of the various chaos.
We demonstrate Proposition 3.7.
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Proposition 3.7. For f : S'! — R in B, and u a fixed level in R, one has the following
convergence,

L2(Q)
Jy(u,0) g—%> Jy(u).

Proof of Proposition 3.7. One can easily see that the proof of this proposition follows
immediately from that of Theorem 3.1. O

As in the proof of [14, Proposition 1.3], let us define formally

1 =X ~
WT) = > 3 aglhon) /THk(U(t)) dt,

9=0 keN®
|kl=q
and prove the following lemma.
Lemma 3.8. 5(T) € L*(Q).

Proof of Lemma 3.8. First, remark that if k, m € IN® are such that |k| # |m/, then for all
s,t €T x T, E[H(U(t))Hm (U(s))] = 0 and the above expression, n(T') turns out to be a
sum of orthogonal terms in L?(12).

Indeed, to prove this we need a generalization of Mehler’s formula given in Azais
and Wschebor [8, Lemma 10.7, part (b), page 269] via the following lemma proved in
Appendix A.

Lemma 3.9. Let X = (X,);=1,2,3 and Y = (Y;),=1,2,3 be two centred standard Gaussian
vectors in R® such that for 1 < i,j < 3, E[X;Y;] = p;j, then for k,m € IN3, one has

dij

E[ﬁuxﬁm(m( > kml ] f;.j.!)ﬂk—|m|-

di; >0 1<iy <3 Y

As in [14], let us fix Q € IN and let us denote by 7% the projection onto the first Q
chaos in L?(2) and by ¢, the projection onto the remaining one. With these notations
one has

Q
7@ = ! a U
) = 22 3 ) | B
|kl=q

and mq(1(T)) = n(T) — 72 (n(T)).
By the precedent remark, we have

Q

Er ) = Y Bl Y arlkon) [ FlU) dif
N3 T

=0 o2(T) ke
|k|

Q

Remember that coefficients a ,(k, u) have been defined by (3.5).
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Applying the Fatou’s lemma, since lim,_,o ay,(k, u) = as(k,u), we obtain

7TQ 2 1m 1 a u H 2

Bl D) < iy DB 3 ol | w) a
|k|=q

. = 1 ad 2

<13 Bl k§3afa<k7u> | nwe) a
|k|=q

1 i )

— %E[UQ(T) ;kg ayq(k,u) THk(U(t)) dt]
|k|=q

= %E[Jf(u,a)] =E[J;(u)]* < +o0,

the two last equalities providing from equality (3.7) and from Proposition 3.7 and the
third last equality from the expansion in L?*(Q) of J¢(u,0) (see (3.7)) and precedent
remark. The finiteness of E[J(u)]? comes from Lemma 3.2.

Thus the random variable n(T) € L*(Q) and

+o0 2
1 ~
E[n(T)]2 = ZE[ > ag(k,u) / Hy(U(t)) dt} . (3.10)
| oa(T) 2, T
q= keN
[k|=q
This achieves proof of Lemma 3.8. O

It remains to prove that J¢(u) = n(T) in L*(Q2).
As in the proof of Theorem 3.1, we write [|-[| 2, for the L?(Q)-norm.
For fixed () € IN and o > 0, one has the following inequalities

17 ) = 0(T) 2y < lm (T () = (T ey
7@ () = Tpw,0))| oy + 17T 0) =0T ey
< lmo(Tr ) gy + 7T 2y + 1p(0) = T (0. 0)]| 2 gy
#1723 00) = 1T e

Now by Lemma 3.2 and Lemma 3.8, J¢(u) and n(T") belong to L?(2), thus

limQ—>+<><> ||7TQ(Jf(u))”L2(Q) = th—>+oo ||7TQ(77(T))||L2(Q) =0.

Furthermore due to Proposition 3.7, lim, o ||J¢(u) — Jf(u,0)]| 2oy = 0 and for fixed
Q € N and since limg 0 ay,o(k, u) = ay(k, u), limg_o ||79(Jf(u,0) — n(T))||L2(Q) = 0.
Hence, for fixed Q € IN and taking limit as ¢ tends to zero one obtains,

([ (u) — 77(T)||L2(Q) < ||7TQ(‘]f(u))||L2(Q) + HWQ(W(T))”LZ(Q) :

Then, taking limit as @ tends to infinity one finally gets

175 (6) = 0(T) |2 gy = 0.

Theorem 3.5 ensues. O
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3.3 One order Rice formula

As by product of Theorem 3.1, we obtain the one order Rice formula for the general
functional Js(u), v being a fixed level in R. More precisely we have the following
proposition.
Proposition 3.10. For f : S' — R in B; and u a fixed level in R, one has

ELs ()] = pxo () ELS (oo ) VX O]

where px (o)(-) stands for the density of X (0).

Proof of Proposition 3.10. First let us suppose that f : S' — R is a continuous and
bounded function. We refer to Remark 2.6 following Theorem 2.5 stated in Section 2.1
and we check that processes X and Y = f (Vx)]lD)r( verify assumptions given in this
theorem, that is assumptions Hy, Ho, H4 and Hs.

Theorem 3.1 implies that assumptions H, and H, are satisfied, assumption H; being
fulfilled.

Thus we just check if the hypothesis Hy is verified. In this context, let us compute the
following integral:

[ @ B [FOIVX O 1x0) = o] at =
02(T) px (o) (W) ELf (5509 ) IVX O]l

Since function u — px(0)(u) is continuous, hypothesis Hj is satisfied. All conditions are
met to apply the Rice formula, and one gets,

B ] = 5 | oo E[f (565 19X @), 1X(0) = u] ar

= pxo @ Elf (mRgr ) VX))

Now let us suppose that function f belongs to B;. Let us note {z1,--- ,z¢}, £ € IN*, the

finite set of the points of the sphere S, where f is discontinuous. By Remark 2.13,
¢

almost surely Jy(u) = [o(,) [ (vx (8) [Tiz) L )0:3 doa (2).

As in the proof of Theorem 3.1 (and Lemma 3.2), let us consider the following approxi-
mation.
For m € IN*, let

1

where we define for w € S?,
¢
Jm( @ (> Lwres
H mlw =z, ) "7

and ¢ has been defined in the proof of Theorem 3.1. Since f,, : S* — R is a bounded
and continuous function, the first part of this proof entails that

ELn(w)] = px(0)() Elfm (1500 ) 19X O)15]

On the one hand, we observe that for all w € S!, f,,(w) — f(w )]_[f:1 Tiwsta,)-

m——+o0
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On the other hand, by using that function f,, is bounded and that E[o; (C(u))] < +oo, we
deduce by applying the Lebesgue convergence theorem that

4
EL; ()] = pxo (@ Bl (R ) T11,_vxo IVX ()]
i=1

Uoxor, 7
= px0)(@) Elf (5o ) IVX )]

The proof is completed. O

4 Convergence of general level functionals

In this section (T},), will be open bounded squares of R?, with the following form
T, :=]—n,n[* with n € IN*, and n tends to infinity. Also let u be a fixed level in R.
Remember that for a function f, f : S' — R, f € By, we have defined in Section 2.1 the
following general functional J ](c”) (u) of the level u as:

. 1
KW = g [, Sex®)don),

VX
where vx(t) = 7\IVX((tt))H2'

Our objective consists now to establish the almost sure convergence of such functionals
and also their asymptotic normality, when the observation window T, tends to R? as n
tends to infinity. To this end we will use the results established in previous Section 3,
that is the Hermite expansion of the random variables J}") (u) and also the one order
Rice formula in order to compute their expectation.

4.1 Almost sure convergence for J (")( )

By applying an ergodic theorem for stationary processes (Adler [1, §6.5)]), we shall
show the following general almost sure convergence theorem.

Theorem 4.1. For f : S' — R a function belonging to Bi,

T (w) === B[ (w)].

n——+oo

Proof of Theorem 4.1. Let f : S' — R a function that belongs to B;. As a first step we
suppose that function f is non-negative and that the square 7}, has the following shape:
T, :=]0,n[ x ]0,n[. Lemma 4.2 is proved in Appendix A.

Lemma 4.2. Let f : S' — R be a non-negative function belonging to 3;. One has

/O"_l /O"‘l / fvx(x)) doy(x) dtds
Cle, t41(x[s, s+1(()
///Ot o f(vx(z))doy(x) dtds

do
< [, fextenan)
n+1 n+1
/+/+/ flvx(z))doi(z) dtds
Cle—1,¢[x[s—1, s[ ()
Let us note H (¢, s) fc]m OS[(u)f(Vx( z)) doy (z).
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On the one hand, since function f is bounded, we have the convergence that follows

C a.s.
@n)2 / / At s)dtds < oss o1 (Goap() 7250,

last convergence providing from Remark 2.9. Indeed, since
E[oy (C]071[2 (u))]2 < 400, we deduce that oy (6]071[2 (u)) is almost surely finite. On the
other hand, noting by

£t s) = / f(ox (@) doy (2),
C[t Jt+1[x[s, s+1[(u)

one has

oy / / [ rxe) ) aas -

C[t,t,+1[><[s,s+1[(u)
_ 1 n—1
n &(t, s)dtds.
2n (n—1)2

Since process X is a centred stationary Gaussian process with continuous trajectories
such that 7, (¢) tends to zero as ||t||, tends to +oco, we deduce from [1, Theorem 6.5.4] that
process X is ergodic. Now since process X is strictly stationary and ergodic, we deduce
from [1, Theorem 6.5.2], that process £(t, s) is a strictly stationary ergodic process. Note
that the set [t,t + 1[x[s, s + 1] is not an open set of R?. However Proposition 3.10 still
remains valid. That is the closure of this rectangle does not play role in the expression of
the one order Rice formula. Thus from Proposition 3.10 we know that E[|{(¢, s)|] < +o0.
By [1, Theorem 6.5.1], we deduce that

(”2—”1) TR /nl/ £(t,s)dtds —% iE[«E(O,O)] = E]E[J}D(“ﬂ'

n——+oo

In the same way, one obtains

n+1)2 1 /”H/”H/
flvx(x))doy(z) dtds
( 2n (n+1)2 0 0 Cle—1, t[x[s—1, s[ (1)

Finally, by using Lemma 4.2, one proved that

/ Frx () do (2) =22 L EIO ()

n—-+oo 4

0n2(u

Now, working in a similar way succesively with T;, :=]—n, 0] x]0, n[ or T;, :=]—n, 0] x]—n, 0]
or still with 7,, = ]0,n[x] — n, 0], one should prove the same convergence result for each
square T}, even if T}, is not an open set of R2. Finally, if f is a non-negative function, by
using the linearity of the interest functional one have proved that

(n) (1) (1)
Jy ()m4x4 E[J; " (u)] = E[J} 7 (u)).
To conclude the proof of Theorem 4.1, we decompose function f into its negative part
and into its positive part, that is under the shape, f = f — f~, and we apply the previous
result to each of the interest functionals Jj(.ﬁ) (u) and J}(ff)(u). O
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4.2 Convergence in law for ¢ (")( )

We establish a CLT for a centred and suitably rescalled general functional .J; (n )( ),
function f : S — R being any function in B; and u a fixed level in R. Roughly speaklng
we decided to give the rate of convergence in Theorem 4.1. In this aim we define the
random variable f}")(u) by

& (w) = 2n (1" (w) — BT (w)]) (4.1)

First we compute the asymptotic variance of 5;")(u) as n goes to infinity, which is
the object of the following proposition. The proof as well as the following remark very
closely follow the ones given in [14, Proposition 2.1].

4.2.1 Asymptotic variance for 5}” ) (u)

The functionals 5;") (u) are also a sum of orthogonal terms in L?((2). This is a crucial fact
for computing its variance. Using the Arcones inequality (see [7, Lemma 1, p. 2245]),
we deduce the asymptotic variance of 5}") (u) as T, grows to R?, this variance depending
on the level u as follows.

Proposition 4.3. For f : S' — R a function in B;, we have the following convergence,

lim Var[f}n) (w)] = Xy ¢(u),

n—-+oo

X4 ¢(u) being defined by

Lp.s(u Z Y as(k,u)ar(m,u) R(k,m), (4.2)
9=1 k,meN®
|[k|=|m|=q

where coefficients as(k,u) have been defined by equality (3.9), while R(k, m) is defined
as

Rk, m) /R B[H(U(0)) Hn (U (0))] 4.3)

Remark 4.4. If f is a function with constant sign, then X ;(u) > 0.

Proof of Proposition 4.3. One has the following expansion in L?(2),

£ (u) = (k Hi
oS g |
|k|=q

Indeed by using Theorem 3.5 it remains to establish that E[J }”)( )] = a¢(0,u), where

1
= (0,0,0) € IN3. Thus it is enough to remark that a(0,u) = ¢< Y > =

px(0)(u) and that a;(0,0) = E[f <| VX(0)

VX(0)|> IVX (0)]],], since

vi | (2260

IVX ()], = WHPA' (glggi) -

2

Proposition 3.10 gives the result.
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Since the random variable f;")(u) is a centred one, using equality given in (3.10) and
Mehler’s formula (see Lemma 3.9 of Section 3.2), we obtain

+oo
Varl¢f ()| =Bl )2 =" > ap(ku)as(mu) Rulkm)  (4.4)

g=1 k:,mE]N3
|k|=|m|=q

with
1 ~ ~
R (kom) = s /}_W /}_MF B{Hx (U (s)) Ho (U (£))] dss dt.

Thus and since U is a stationary process, we have

Bk, m) = / 2n

]—2n,2n[?

BlA OO En@)] (1-52) (1-52) av.

Now by applying Lemma 3.9 to X := U(0) and Y := U(v), one has for |k| = |m

’

o (15 ()"
BHk(UO)Hm(U@)] = > km! [[ ———,
dij =0 1<4,5<3 L
Z;’ dij:k)i
3, dij=m;
where
IH(v) = E[U;(0)U;(v)]. (4.5)
Since
rvw) = (I (v)i<ij<s
1, 0, 1 . 0T
—— A. ijo P ————=P A. i
(P Gy A P s PG (i
o 1 or, r(A.w) ’
- (=2 (Aw))i e, P
,LLTZ(O) ( avl( U))l<z<2 T’Z(O)
we have for any v € R?,
sup ‘Fg(vﬂ < LY(Aw), (4.6)
1<4,5<3

where the function ¥ has been introduced in Section 2.2 and L is some positive constant.
Hence, for |k| = |m| = ¢, with ¢ € IN*,

B[k (U (0)) Hyn (U (0)]| < L 9(A.0),

where L’ is some constant depending on q.

By the covariance assumption Hyg previously stated in Section 2.2, ¥ € L!(IR?) and since
¥ is bounded then W9(A-) € L'(RR?). We can apply the Lebesgue convergence theorem
and obtain, for k,m € (IN®)*,

dim Ry, (k,m) = R(k,m) := /]R E[Hy (U(0))Hpn (U (v))] dv.

Now turning back to (4.4), we write

+oo
Var ¢ (u)] = >V,
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and according to what we have just seen, for all ¢ € IN*,

V,(u) ::ngrfoo%@(u): > ap(k,u)ap(m,u) R(k,m). (4.7)
k,meN?
|k|=|m|=q

Note that for any ¢, V" (1) > 0 and so V,(u).
+oo
q=Q+1

limg 400 Z;;"EHI Vy(u) = 0. Thus (Zqul V4(u))g is an upper bounded increasing se-

Thus, if we prove that limg_, 4 o sup,, Vq(")(u) = 0, Fatou’s lemma implies that
quence and consequently a converging sequence, that is the series X ¢(u) := Z;j Vg (u)

will be convergent. Also the first convergence will imply that Var {fj(c")(u)} tends to

X4 ¢(u). The proof of Proposition 4.3 will be completed. Thus let us prove this conver-
gence via a lemma.

Lemma 4.5. For ¢q,n € IN*, let

Vi) = Y ag(k,u) ap(m,u) Ra(k,m),

k,meN3
|k|=|m|=q

with f : S' = R a function in B;. One has the following convergence

“+o0
; (n) —
Qgr-rklooilirl) Z v, (u) =0. (4.8)
7 g=Q+1

Proof of Lemma 4.5. First, let us remark that the convergence in (4.8) is equivalent to
the following one:

Sl Var|mo(€f" ()] =0,

uniformly with respect to n, where mg stands for the projection onto the chaos of strictly
upper order in Q.
For the sake of simplicity of writing, let us note V,, ¢ := Var [wQ (5;")(11))} .

Let s € R? and 6, be the shift operator associated with the field X, that is, §, X = X, ..
Let us also introduce the set of indices I,, := [—n, n[?> NZ?, clearly we have

ro(€f () = 5 3 Ou(ma(Era(w)
sel,

where the random variable £y, (u) is

+o0
Eralw) =" > ay(k,u) H(U(t)) dt.

a=1 kN3 10,12
|k|=q

The stationarity of X leads to

Vig = ( ! ) S aa(m)Blro (e (u))6s (m(Er ()],

2n
s€lay

where a4(n) :=card{t € I,, t —s € I,,}.
Obviously, one has a4 (n) < (2n)2.
Now, on the one hand, by the covariance assumption Hy made in Section 2.2,
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Lmy g, 400 ¥(x) = 0, and since the eigenvalues of A are strictly positive one also has
llm‘laj”2*>+oc \I/(Ax) =0
On the other hand, let 0 < p < 1 such that

2

pA(u) < 1 where A(u) :=2—— +1, 4.9)
r,(0)
and a > 0 such that ||z||, > « implies
3LY(Az) < p < 1, (4.10)

where L is defined by (4.6).
We split V,, g into V,, ¢ = Vn(lc)2 + Vé%, where in Vrflc)g the sum runs over the indices

sin {s € Iy, ||s]lo < a+ 3} andin V,%) over sin {s € Iy, ||s]| . > _ standing
for the supremum norm. By Schwarz inequality and since a,(n) < (2n)?, using the
stationarity of X one has the following upper bound,

V| < (2(a+3)* EBlrg (€ ()P,

which goes to zero as () goes to infinity uniformly with respect to n, since adapting
equality (3.10) to the present situation one can proved that limg_, 1 E[mg(¢f,1(u))]? = 0.

. 1
We proved that limg_, o sup,, Vn(q); =0.

Now, let us consider the term Vn(%

W (3) X auElmalen )b (ro(eratu))]
s€lay
sl o >a+3

For ¢ € IN*, let us define function F by

Fy(z) =Y ap(k,u) He(x), © € R>.
keN?
|k|=q

For s € I, such that ||s|| , > a+ 3,
Elrq(&r1(u)bs(mq(€ra(u)))] =

/ / E[F,(Ut))F,(U(s+v))] dtdv.
=041710 112 J]0,1[2

At this step of the proof we want to propose a bound for E[F,(U(t))F,(U(s +v))], t,v €
o, 1%
Note that if Z,Ickelms afc(k:7 u)k! = 0, then F,(z) = 0 for all z € R3 and a trivial bound is
=q
zero. So let us suppose that } , s a?(kz, u)k! # 0.
|kl=¢
We are going to apply Arcones inequality (see [7, Lemma 1 p. 2245]). By using no-

tations of this lemma, we apply it to f := F, and to X = (XU);¢;<3 := U(t) and
Y = (Y®)1crgs := U(s + v), with d = 3, such that 7% = XDy ®] .= Il (s —t +v),
I'V being defined in (4.5).

Now by using inequalities given in (4.6) and (4.10),

S E N E S

1<5<K3 1<k<3

<3LY(A(s—t+v)<p<Ll (4.11)
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It remains to verify that F}, function on R? has finite second moment and rank q.
In the first place by Lemma 3.9 given in Section 3.2 one has

E[F,(X)P? = B[F,(U®)* = Y aj(k,u)k! < +oo.
keN?
|k|=q
In the second place and since ), s afc(k:,u)k! # 0, this last equality ensures that
|k|=q ~
rank F, < ¢q. Furthermore let m € IN? such that E[F,(X)H,,(X)] # 0. By Lemma 3.9,
E[F(X)Hm(X)] = > pen® af(k, u)k!1 k= |m|, which implies |[m| = ¢ and rank F, = q.
|k|=q

Thus we have all the ingredients to apply Arcones inequality. For ¢ > 1, using inequality
given in (4.11) we get the bound

E[F, (U (1) Fy(U(s +v))] < ¥ E[F,(U(1))]”
THBL)U(A(s —t+0) (Y af(k,u)k!).

kEN?

|kl=q
As already pointed out in Remark 3.6, the series », s afc(k,u)k! = 400, so that we
have to tread carefully in what follows.
Finally and since a4(n) < (2n)?, one has

‘ C Z qu af (k,u)k! 2/01[2/01[2 A(s —t+w)) dt dv.

q=Q+1 cIN3 s€lan,
|kl=q

Using that

/ / A(s—t+w)) dt dvg/ U(Aw) dv
0,1[2 J]0,1[? R2

<C U(v) dv < +o0,
RZ

last finiteness providing from assumption Hg made in Section 2.2, one has

+oo
2 —
VA< SN st dkukl

q=Q+1 keN3
|kl=q

To conclude the proof of this lemma we just have to check that

Zqul (k,u)k! < +oc0.

Now remember that for k = (k;)1<i<3 € IN,
(lf(k, u) = af(kla k2) a(k3a u)»

with af(k1, k2) and a(ks, u) respectively defined by equalities (3.6) and (3.8).
On the one hand, since the function

A. Y1
vt o ) 0
191
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is such that h € L(R?, ¢2(y) dy), we deduce that,
D af(kr ka)ki k! < +oo. (4.12)
kl,kQE]N

On the other hand by using the expression of Hermite’s polynomials given in Appendix A
by (A.3) and (A.4), for all k¥ € IN and for all x € R we get the bound

Hi(z) < (k+1)! (222 + 1),

so that for all k € IN® such that |k| = ¢ and remembering that A (u) has been defined in
(4.9), one has

ks!a®(ks,u) < C (ks +1) AP (u) < C(g+ 1) A(u).
Thus by inequality (4.12), finally one obtains

> Y kR < C Y a4 1P AT < o,

=1 geN® q=1
|k|=q

last finiteness providing from inequality (4.9).
This yields Lemma 4.5. O

Proposition 4.3 ensues. O

Proof of Remark 4.4. Remark ensues from the following argumentation.
We have seen in the proof of Proposition 4.3 that Xy ;(u) = Z;L:OT V,(u), with

Vy(u) = Z a¢(k,u)ag(m,u) R(k,m) >0,

k,meN3
|k|=|m|=q

for all ¢ > 1. Thus
Lp () = Vi(u) + Va(u).

By using Lemma 3.9 and the inversion formula, a computation gives that for |k| = |m| =1,
R(k,m) = 0 except when k = m = (0,0, 1) and in this case one has

RO0.0.1,0.0.0) = 5 [ (o) do = 2np A0

Thus

B 'LL2 u fz(o)
Vi(u) = a?((), 0) r2(0) ¢2< TZ(O))(QW)z A1Aar.(0) -0

if u # 0, since f is supposed to have constant sign and f,(0) > 0 (see Remark 2.11 given
in Section 2.2).

Using arguments similar to the previous ones, the fact that [, f.(t) 1#]13 dt < 400 (see
Remark 2.12) and Parseval equality, straightforward calculations provide that

Va(u) = 2 x (27) /f2 [ ((1,1,0),u)(dy1do1 13

+(di1dag + diadar )tits + diadaats) +ap((1,0,1),u)

0 (di1t1 + diat2)

(dorty + daat2) +ayp((2,0,0),u)(dit: + diat2)?

+as((0,1,1),u) 0

+a((0,2,0),u)(d21ts + daat2)® + ar((0,0,2), u)

EJP 26 (2021), paper 152. https://www.imstat.org/ejp
Page 34/72


https://doi.org/10.1214/21-EJP721
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Estimation of local anisotropy based on level sets

where (dij)1<i7j<2 =D := ﬁ/\ilpt.

Remark 4.6. Note that in the case where the process X is isotropic our result contains
that of Kratz and Ledn [20, Theorem 3].

Since det(D) # 0, one gets the following equivalence:
(Va(u) =0) <= (as(k,u) =0, forall k€ IN* such that |k| = 2)

In particular, since f has a constant sign, af(0,0) # 0 so that a;((0,0,2),0) # 0 and
V2(0) > 0.

Finally we proved that for u # 0, Xy ¢(u) > Vi(u) + Va(u) > Vi(u) > 0 and for v = 0,
Z5.£(0) = V1(0) 4 V2(0) = V2(0) > 0.

The proof of Remark 4.4 is completed. O

Now, we have got all the tools to prove that the random variable f}")(u) converges
in law as n tends to infinity to a centred Gaussian variable with finite variance X ;(u)
given by (4.2), see Theorem 4.7. The proof we give for this theorem, is inspired by the
one presented in [14, Proposition 2.4].

4.2.2 General level functionals viewed into the Wiener-Ito chaos
Using the Peccati and Tudor theorem (see [26]), we obtain the following theorem.
Theorem 4.7. For f : S' — R a function in B, we have the following convergence,
& () == N(0; ¢ (w)).
f L —+ 00 B

Remark 4.8. For example if f = 1, we find that the normalized centred curve length
converges in law to a non degenerate Gaussian random variable.

Note that for all real numbers a and b and for all functions, f; and f, : S' — R,
belonging to B;, one has §$3+bf2 (u) = aﬁj(ff) (u) + bfj(f;) (u).
By generalizing the definition given in (4.1), we define the following functional. For
k € IN* and ? = (f1, fo, -+, fr) : S' — RF function belonging to By, let

€9 () = 2n (14 (w) - B (u)])
where
I ()~ B )] = (107 (w) ~ B @)]) (4.13)
We define
+o00
Efiyfj(“’) ::Z Z afi(k’u) afj(m’u) R(k,m),

q=1 g meN®
|k|=|m|=q

where R(k,m) is defined by (4.3), and
() = (Zrp, (W) 1<y - (4.14)

By Cramer-Wold device we readily get Corollary 4.9.
Corollary 4.9. For all k € IN* and all function ? = (f1, -, fr) : St = RF belonging to

B;., one has
(n) Law .
& (u) —=——= N(0; 2 (u)).
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Proof of Theorem 4.7. First, let () a fixed integer in IN* and let us consider the projection
of the random variable §J(£") (u) onto the first Q chaos in L?(Q) that is

Q
P W) = - S aglhw) [ EWU()

We will show the asymptotic normality of this sequence as n tends to infinity. For this
purpose and in order to apply the Peccati and Tudor theorem (see [26, Theorem 1]), we
will give an expansion of this random variable into the Wiener-It6 chaos of order less or
equal to Q.

To this end, remember that in Section 3.2 for any ¢ € R? one has defined the 3-dimensional
standard Gaussian vector U(¢) as

Ut) = / e ENVF ) AT (A) AW (N) = (Ui(t))1<iss,
]RZ
where W stands for the standard Brownian motion and for any A = (\;)1<ig2 in R2,

V(/\) = (i)\l, i/\g, 1)t.

In what follows, for any ¢ € R? and j = 1,2, 3, we denote by ¢t,; the square integrable
map on R? such that,

U0 = [ oA,

Since (¢1.j)1<j<3 is an orthonormal system in L?(IR?), using It6’s formula (see Major [23,
Theorem 4.2 p. 30]), for fixed k = (k;)1<i<3 € IN? such that |k| = g,

3
Hy(U(t)) = [ H, (U;#))

Pt @ Es @O (A, Ag) AW (A1) -+ AW (X))

k
q(‘P?l

Il
~

k k
L ® ey ® 0rs?),

where I, stands for the Wiener-It6 integral of order g.
We shall use notations introduced in Slud [30].
For each ¢ > 1, let consider L2 ((R?)?) the complex Hilbert-space

sym

L2, (R*)) := {f, € L*((R*)?), such that for all z € (R?)?,

Ja(@) = fo(=2), fo(x1,. .. 2q) = fo(Tr(r), s Tr(q)), VT € Sy},

where S, denotes the symmetric group of permutations of {1,...,¢}.
For f, € L*((R?)7), we denote by sym(f,) the symmetrization of f,, thatis for zy,...,z, €
R?,

1
sym(fo)(1,...,2q) 1= a Z Ja@rys - Tr(q)-

TES,

Observe that for f, € L?((R?)?) such that for all = € (R?)?, f,(z) = f,(—x), one has

I4(fq) = I4(sym(fq)). (4.15)
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Forq>1, f, € L2

Zm((R?)Y) andp =1,...,q, we will write f, ®, f, for the p-th contraction
of f, defined as

fq ®pfq(/\1,...7)\2q,2p) = /]Rz) fq()\l,...,)\q,p,ajl,...,l'p)

fq()\quJrla ey )\qugp, L1y, —.’ﬂp) dxl cee diCp.

Using the property of I, given in (4.15), the random variable of interest can be written
as

Q
=3
q=1

where for n,q € IN*

f = Z ag(k,u / sym(pPrt @ 5? @ ) dt.
ke]Nd Tn
|kl=q
We symmetrized the function fé") with the aim of applying [26, Theorem 1].
Symmetrizing the function complicates a lot the calculations in the study of the contrac-
tions. So we are going to write function fé”) in another way.
For k = (k;)1<i<3 such that |k| = ¢, we define

q
A = {m = (mq,...,mg) € {1,2,3}9,Vi=1,2,3, ) L;y(m;) = k;},
j=1
one has card{Ax} = k!/q!. Let us remark that the sets (Ax)rens,|k|—, Provide a partition
of {1,2,3}9.
With these notations one has

- ap(k,u) sym(ofi @ o3 © o5?) =

kEN?
|k|=q

s (% 2D o, ).

kcIN3 meA
[k|=q

Since (Ak)rens,|k|—q Provides a partition of {1,2,3}9, then for all m € {1,2,3}9,3k ¢ N3

such that |k| = g and m € Ay. So for fixed m € {1,2,3}4, let bg(m,u) := C‘;fé’;f:). Thus
> ap(k,u) sym(pf}! @ 952 @ pfs?)
kEN?
[kl=q
= sym ( Z bf (m, U)(ptﬂnl e wt,mq>
me{1,2,3}4
= Z bf (mv U’)‘)Ot,ml e (pt,an
me{1,2,3}9
since m — by(m,u) is symmetric on {1, 2, 3}9.
Finally the random variable WQ(S}”) (u)) can be written as
Q
= Z Iq(fén))
q=1
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where for n,q € IN*

n 1
fim) = o / . > bpmw)prm,  Prm, At
I=nnl® 12,3}

that ends our first objective.

To obtain convergence of 7% (fj(c”)(u)), we use [26, Theorem 1]. Convergence in Proposi-
tion 4.3 gives the required conditions appearing at the beginning of this latter theorem.
So we just verify condition (i) in proving the following lemma.

Lemma 4.10. For fixed integers q and p such thatq > 2 andp=1,...,q—1,

lim
n—=+00 J(R2)2(a—p)

fén) ®p fq(n)()‘la"'7)‘q7pa,u'17"'7,uq7p)

dAp ... dhg_pdps ... dpg_p = 0.

‘ 2

Proof of Lemma 4.10. Let

Cn = /
(R2)2(a—p)

Straightforwards calculations show that
1\*
Cn = (m) / > > bk u)bs(m,u)
(81782)[‘{] (t1751)~~-><

— 2\4
J=nnl®)* kmef1,2,3)¢ K,Me{1,2,3}4
U U
le,Ml (Sl - 52) e qu,p,M kq—p+1,Mg—p+1

by (K, u)bp(M,u) I g (ty —t2) ... T
Flg,,mq (tl — 81) F%q—p+17Mq—p+l (t2 — 32) cee F%(p]\/lq (tz — 52) dtl d81 dtz dSQ s

2

fén) ®p fén)(Alr"aAq—paul)"' 7:“’(1—1))

d)\l cee d)\qu d,ul ce d,uq,p.

iq—pKq—p (tl o tQ) X

where 'V has been defined in (4.5).
Using inequality (4.6), we get the bound

C < <2In>4L24< 3 \bf(m,u)|)4/ DIP (A (1 — t2)) X

me{1,2,3} (I=n,n[?)*
‘I/q_p(A.(sl — Sg))‘l’p(A.(tl — 81))‘1’p(A.(t2 — 82)) dtl dSl dtQ dSQ.

Moreover, we have
\I/qip(A.(tl — tQ))\I/p(A(tQ — 82)) < \I/q(A(tl — tg)) + \I/q(A(tz — 82))

Furthermore for r € N* and v €] — n,n[?, one has

/ U (A.(u—v))du < C/ U (u) du < +o0.
]—n,n[? R2
Applying the penultimate and last inequalitiestop > 1, ¢ > 1 and ¢ — p > 1, one obtains

Ch < Cq (21n>2 (/}R W (1) du)(/w WP () du)(/}Rz WP(u) du),

thus we proved that lim,,_, o, C,, = 0, this achieves proof of Lemma 4.10. O
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Hence we proved that,

o forall@Q > 1, WQ(fj(cn)( ) T N(0; Z Vg4 (u)), where V,(u) has been defined
n oo
by (4.7).
On the other hand we proved in Lemma 4.5 that

- foralln > 1, 72(¢™(a ) 5o L (“ — 6 (),

and that
* limgovoo gy Va(u) = S g ().
Finally and by Proposition 4.3 we also have

o limg_s 400 limy 400 H’/TQ 5(" (u)) — 5(")( )‘ =0.

L2(Q)

Applying Dynkin [13, Lemma 1.1], we can conclude that 5} (u) _faw N(0; Zy p(w)),

n—-+oo

that achieves proof of Theorem 4.7. O

5 The affinity estimators

In this section (7},),, will be still open bounded squares of R?, with the following form
T, :=]—n,n[* with n € IN*, and n tends to infinity. Also u will be a fixed level in R.
We propose estimators of the affinity parameters defined as A\ and 6, by considering the
particular functional of the level set u proposed by Wschebor [32, chap. 3.6 F, pages
82-85]. In this aim we reproduce in Sections 5.1, 5.2 and 5.3 all the computations
made by Wschebor including the three forthcoming attached pictures. By using the
general convergence results established in previous Section 4 we point out convergence
properties of these estimators.

5.1 The functional of interest

Let J%L)(u) this particular functional (see notations given in (4.13) for the definition

of a general vector-functional of the level u), where the vector-function ]ﬁ is defined as

follows. Let v* € S! a fixed vector and consider
St — st
— (5.1)
wi= Y (W) = w X (Tweyzo0y = L{we)<o})-

Remark 5.1. Note that function F is continuous except on the line given by equation
(w,v*) = 0. That is, function f* is continuous except on points (—v3,v}) and (v}, —v}),
where v}, ¢ = 1,2, are the coordinates of the vector v*. Thus f* belongs to 5.

Remember that in Section 2.2 we have denoted the eigenvalues of A by A, Ao,
0 < A2 < A1. Also 0 < A < 1 has been defined as the quotient of the eigenvalues, A := i—f

Let P := (v1,v2) be an orthonormal basis of eigenvectors of matrix A, such that \,
and )\, are their respectives eigenvalues. The vector v* can always be written in this
basis:

v* = cos(f)vy + sin(6)vs.

It is always possible to choose —3 < 0 < 3

Indeed, 0 could be the angle between v* and the eigenvector corresponding to the
highest eigenvalue, because of the symmetry with respect to the point (0,0) and the fact
that the mapping transforms X into % and 0 into 7 — 6 has this effect.
By defining v** := cos(f + §) vy +sin(0 + §) v2 = —sin(6) v1 + cos(f) v2, we thus defined a
direct orthonormal basis (v*, v**), see Figure 1.
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Figure 1: Eigenvector directions

7*

Theorem 4.1 applied to the particular functions
in R and identically equal to one implies that,

and to the function 1 taking values

~—

T () BLJY (u)]
! @5 ! i (5.2)

~—

I () motee Bl (u

e

Applying the Rice formula for this particular function f* and for the function 1, we show

the following proposition.
Proposition 5.2.

JJ(T?)(U) sin(6) cos(0)(\% — 1) -

(cos2(0) + A2sin?())2

)

a.s. 1 . 1
(cos?(0) + A?sin?(0)) 2 v* +
Ji”) (U) n—-+o0o I()\) |:

where I()) is the elliptic integral

IO = /05(0052(9:) + N2 sin?(2)} da. (5.3)

Remark 5.3. Note that Jl(") (u) = 22 ) This functional is nothing but the measure-

oo(Ty)
ment of the dimensional length of thé level set by unit of surface.

Proof of Proposition 5.2. We use a lemma for which a proof is given in Appendix.
Lemma 5.4.

BTG W] 5 g2 .

E[Jil)(u)] oo ”A'U*HQ fsl ||A.a||2 do’

where da denotes the normalized area measure on S*.
B[ (w)]

Using last equality we show that can be expressed in the orthonormal basis

;
B3 (w)
(v*,v**) as follows. One has:

A%v* = ] [cos(0) v1 + A?sin(0) vs]

and

Nl=

[ Av* |y = A1 [cos®(0) + A?sin®(0)] 2.
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Also

2m 1
/ |A.al, da=X\ / [cos®(z) + A% sin®(z)] * 5 I(N),
st 0

where I()) is the elliptic integral defined by (5.3).
Thus by using Lemma 5.4 we proved that

B2 1 cos(8) vy + A2 sin(6) vs

B @] T [cos2(6) + A2sin?(0)]F

At this stage of the proof we are going to change the basis, that is expressing last identity
in the orthonormal basis (v*, v**), getting

EY @) 2(6) cos(@)( — 1)
! = cos? 2 sin? siy) cos o '
]E[Jfl)(u)} T IV ( (0) + A (9)) (cos2(6) + A2 SmQ(e))% (5.4)

Proposition 5.2 ensues from convergence given in (5.2). O

1

2'U*+

We consider function ? being defined by:

F 10,1 x]-2,2] — {(X,Y) € R%L, X > 0, X2 + V2 < 1} 55
(\,8) = E(\0) = (F1 (A 0), Fa(),6)), '
where .
Fi(\0) = ™ (cos?(6) 4 A\?sin?(0))?

1 sin(f)cos(9)(A* — 1)
IV (cos?(0) + A2sin®(9))%

Fy(A,0)

I (w)
SE LSS BN 0) vt + Fa(N, 0) vt

J}")(u) n—+4o0
In order to define estimators for parameters A and 6 we need to look more closely at the

properties of function ? To this end we are going to follow step by step Wschebor’s
method given in [32, pages 82 to 85]. That is the object of next section.

Proposition 5.2 says that

5.2 The F-diffeomorphism
We prove the following proposition.

Proposition 5.5. Function F is a one to one function from 10, 1[x]-7%,
R? X >0,X?2+Y?<1and (X # 2 orY #0)}.

Furthermore F is a C?-diffeomorphism from the open set O :=0,1[x] — %, %[ onto the
openset O':= {(X,Y)€R?, X >0,X?+Y? <1 and (X > 2 orY #0)}.

Z]onto {(X,Y) €

Proof of Proposition 5.5. We reproduce here all the computations given by Wschebor in
[32] and also attach his two forthcoming pictures.

Let (X,Y) € R? be fixed such that X > 0, X?+Y? <land X # 2 orY #0.

We consider the following system of equations

{X = Fi(\0)

(5.6)
Y =R(\0)

If the system admits a solution A, this solution ought to verify the following equation in
A

X2 (X2 +YH) - X2 PPN (W 4+ 1)+ A% =0. (5.7)
At this step, two cases appear: the case where (X?+Y?)(3)? —1 < 0 and the case where
(X?+Y?)(5)> — 1> 0. Let us consider the first one.
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L (X2+Y?3)(5)*-1<0.
Since forall = € [0, 1], I(x) < %, the following inequality holds, (X?+Y?) I?(A\)—1 <
0.

Now dividing (5.7) by I?(\)X?2, one gets

)\2
2 2 2 2 —
FO)(X2+Y7) = (A +1)+W—0,
that is, since (X2 +Y?)I?(\) -1 <0,
i) = f2(A), (5.8)

where

A = X2 <I<;>>

X212(\) -1
)

Y=y py -1

Equation (5.8) admits a unique solution in the interval 0 < A < 1. Let us argue this
last assertion.

Since X > 0, function f; is strictly decreasing, while f5 is such that f}(\) =

2I(N) I (M .
((X2+Y(2))IZE)\§_1)2 Y2 >0,if Y 7& 0.

Let us consider the case where Y # 0. In this case function fs is strictly increasing.

By summarizing the situation we know that f; — f, is continuous on |0, 1], strictly
decreasing and such that (f; — f2)(07) = 400 and

212 (w4 2 (m\2_ 132
(fi = f2)(1) = X Y(;flytg)((i)(f_)l D < 0. Thus there exists a unique 0 < A < 1,
2

such that f;(\) = fa(\), see Figure 2.

Figure 2: A-solution, first case

Now, in the case where Y := 0, f2(\) = 1. We define g by g(\) := @ Since X < 2,
A = g~*(5) is the unique solution in ]0, 1 of (5.8).

Let us consider now the second case.
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2. (X24+Y?)(3)2-120.
Since X2 +Y? > 0, function h : A — (X2 + Y?) I?()\) — 1 is strictly increasing and
continuous on |0, 1].
Moreover, h(0) = X?+Y? —1 < 0and h(1) = (X* +Y?)(3)? — 1 > 0. Thus there
exists a unique 0 < \¢ < 1 such that h(\g) = (X? + Y2)I?()\¢) — 1 = 0 and then for
A < Ao, one has (X? +Y?2)I?(\) — 1 < 0and for A > )\, (X2+Y?)I?(\)—1>0.
Arguing as in first part, we can deduce that if (5.6) admits a solution A # Ay, this
solution ought to verify f1(\) = fa(N).

Function f; is strictly decreasing, while function fs is strictly increasing if Y # 0.
In this case f; — f2 is continuous on ]0, 1], strictly decreasing and such that (f; —

f2)(07) = +oc and (f1 — f2)(Ny) = —o0, since Y # 0. Thus there exists a unique
0 < A < Xg <1, such that fi(A) = fa(N).

On the other side, still if Y # 0 and if Ay < 1, we have (f1 — f2)(A\d) = +oo and
(fi — f2)(17) > 0. Then there is no more solution to (5.8) into interval |\, 1].

Thus we have proved that in the case where Y # 0, if (5.6) admits a solution A # )\,
this solution is the unique solution in ]0, 1] of (5.8) and this solution belongs to the
interval |0, \o[ see Figure 3.

f2

Figure 3: A-solution, second case

Now we are going to prove that in the case where Y = 0, there is no solution to
(5.6) different from ).
2
In fact, if A is such a solution, that is different from )\, then f;()\) = X? (LA’\)) =
f2(A) =1, that is no possible. Indeed, since X?(3)? —1 > 0 then we would have
2
= I\

1< X232 < x2 (1)) =1

To finish the proof of this part of proposition, we look for conditions on A = \; to
be solution of (5.6). If such a solution exists necessarily it has to verify (5.7), and

then since (X2 + Y?) I?(\g) — 1 = 0, we would have \3(1 — X2 I2%()\g)) = 0, so that
Y =0and \g = I7(%).

Thus, since X%(3)? > 1,then0 <A=Xo=1"'(%) < L.
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If we combine all results we get the following: if (5.6) admits a solution A then, this
solution is unique, satisfies 0 < A < 1 and is such that:

« Or (X2+Y?)(%)?—1 <0, and this solution verifies equation fi()) = f2(\).
Furthermore in the case where Y = 0 then A = g~!(<-), where we recall that
\) = I
. Or (x2 4 Y?)(5)?> =1 > 0 and Y # 0, and this solution verifies equation
f1(A) = fo(A).
Or XQ(g)22 > 1and Y =0, and this solution is A = 17! ().
Remark 5.6. Note that in all cases A verifies (5.7).

Remark 5.7. Note that in all cases (X2 + Y?2) I?(\) — 1 < 0.

Now by continuing the reasoning by necessary condition, if we want that A < 1 verifies
the first equation of (5.6), we have to resolve the following equation:

X21%(\) = (A2 — 1) sin?(0) + 1,

that is

1
. 1—X21%()) ﬁ*fl@\)
sin“(9) = T2 -1 .
ﬁ_l

le)—fl(A)

1
beint

Let us see that 0 < < 1. We have the following equivalence:

1
x — iV
(*21 <1) <= (AN =1).

-1
In the case where X%(2)? > 1and Y =0, we have A = I"(4). Thus fi(\) = & > 1,
since 0 < A < 1.

In the other cases, f1(\) = f2()\) and since f, is an increasing function, fi(\) > fo(07) =
Now (ﬁ:fl (N)

Remark 5.7 gives the result.

If we look at the sign of expression Fy(\, ), we have to set:

sy > 1, since Y2 > 0and X2 + Y2 —1 <0.
A () s (X220 - 120),
kvl
_ 1— X2712()
0 := arcsin ( 1_)\2()> (]l{Ygo} - ]1{Y>0}) :

In this way, we always have —g <<
remark that

5 and in fact 6 > —7. To verify last inequality,

(0=-3) < (v >0and X21*(x) = 2?)
= (Y >0and fi(A\)=fo(\)=1)= (Y >0and Y =0),

which is impossible.
Let us see now that we can go backward. That is let us verify that these proposed A(< 1)
and 6 are actually solutions of (5.6).

<sin2(6) - 11X_2§(A)> — ( v cos2(9)l+2(A;; sin2(9)>

 (cos?(0) + A2sin?(0))z
— <X— o) —Fl(w)),
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last equivalence provides from the fact that X > 0.

Let us consider the second equation of (5.6). In the case where Y = 0 and X > %
one has A = I7!(+) so that § = arcsin(0) = 0 and Y = 0 = F5(),0). In the other cases,
one has fi(\) = fg( ), and since X2 I%(\) = cos?() + A\?sin?(#) one has

(fl()‘) = f2()\))
X212()\) X212(\) -1
= ( ¥ <X2+Y2>12<A>—1>

1 sin(6 cos(@)()\2 -1) 2
= ( I(X) (cos?() + A\2sin?(6))2 } >

1 sm(@) cos(0)(A\2 — 1) -
- <Y ©I(N) (cos?(0) 4 A2sin®(0)): FQ(A,9)> ,

last equivalence providing from the fact thatif Y < 0,0 <0 < §andifY >0, -5 <0 <0.
We thus proved that function F is a one to one function from |0, 1[x]—7, 5] onto {(X Y)e
R? X >0,X?+Y? <1 and (X # 2 orY # 0)}. This yields the first part of proposition.
Remark 5.8. Note that (?(A,@) = (2,0) = (A=1,-5<0<3).

Now the following equivalence
us 2
</\<1,9:§) — (Y:Oand X<),
™

leads to the conclusion that ? is a one to one function from the open set O :=
]0,1[x]—%, 5[ onto the open set O’ := {(X,Y) € R®, X > 0,X?+Y? < 1 and (X >
% orY # 0)}. The second part of proposition follows from Lemma A.3 proved in Ap-

pendix which ensures that the Jacobian of the tranformation ? is different from zero
since 0 < A < 1. 0

We are now listen to give the definitions of the estimators of parameters A and 6.

5.3 Definition of the affinity parameters Xn and §n

J(")(u)
As in [32, chap. 3.6 F] we write the observed ratio of functionals (m( ) as
)
o) = X, v + Y, v (5.9)
Jy 7 (u)

As a first step we use a lemma proved in Appendix A.

Lemma 5.9. The random variables X,, and Y,, defined in (5.9) are such that for n € IN*,
a.s. X, >0and X2 +Y? < 1.

The first part of Proposition 5.5, Lemma 5.9 and Remark 5.8 provide the following
estimators )\, and #,, of parameters A and ¢ via the following proposition.

Proposition 5.10. Let consider the following system of equations

X, =Fi(\0)
Y, =Fy(\0),

where ? = (F1, Fy) has been defined by (5.5).
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1. In the case where Y,, # 0 or X,, # % it admits a unique solution (Xn, §n) such that
0<Xn<1and—g<§n<g.

e The estimator 0 < Xn < 1 is solution of

(1@))2 X212(\) — 1

X2 =
A (X2 +Y2)12(\) -1’

n

- except for Y,, = 0 and X,, > 2, where \, := (5.
e The estimator 0,, is defined as

0,, := arcsin . X% ) (Liv, <oy — Ly, >o0}) -

2. In the case where Y,, = 0 and X,, = % it admits a unique solution Xn =1, §,L being

any number belonging to | — %, 7].

Now we will apply the result of almost sure convergence highlighted in Proposition
5.2 and the fact that function is a diffeomorphism. We will deduce the almost
sure convergence of the estimators of affinity parameters. Then we will use the law

convergence result established for general functionals in Corollary 4.9 in the aim to
J(n) (u)
. = .. .
establish a law convergence result for J{T() Once this is done we will deduce some
1 u
law convergence results for the estimators A\, and 6,, and also propose some confidence
intervals for the parameters A and 6.

5.4 Convergence for the affinity estimators

5.4.1 Consistency for the estimators

We are rAeady to state the following results of consistency for the two proposed estimators
An and 6,, of parameters \ and 6.

Theorem 5.11. For0 < A <1 and —3 < 0 < 7, one has

—+0o0 n——+00

Proof of Theorem 5.11. By the second part of Proposition 5.5 we know that F is a C?-
diffeomorphism from the open set O = |0, 1[x] — 7, [ onto the open set O’ = {(X,Y) €
R?, X >0,X?2+Y?<1,(Y#0or X > 2)}.

7 (u)
Furthermore by using the result convergence given for J{%() in Proposition 5.2, decom-
position of this last random variable given in (5.9), we obtain the following convergence
result: forall0 <A< land -5 <6< 3,

(X, Ya) =255 (X,Y) := F(\,0). (5.10)

n—-+o0o

If we reduce the definition domain of (), #), that is if we suppose that 0 < A < 1 and
—Z < 0 < Z, then (X,Y) belongs to the open set O'. If F~1 denotes the inverse

2 7
function of ?2 thus since ?‘1 is continuous from O’ to O, one deduces that almost surely
?_1(XmYn) = (An,0,) converges to ?_1(X7Y) = (), 0). This yields Theorem 5.11. [

We have all the elements to prove a limit theorem about the distributions of estimators
A, and #,,. Consequently, confidence intervals for the estimated parameters A and # can
be proposed.
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5.4.2 Convergence in law for the estimators

First, we apply results of Section 4.2.2.

Recalling that JT‘z = (f¥, f3) has been defined in (5.1). We define f: = (f7, 5, %), with
f¥ := 1. Remark that function ﬁ} belongs to Bs. By Theorem 4.1 and Corollary 4.9 one
can show the following proposition.

Proposition 5.12.
n 1
T () EL ()]

on [ L - Law o N(0; 5% (w)),
0w )] | e )

where X*(u) = X*(u, A\, A2, P) := BE?(U) B! and

, 1 o0 W (0,u)

B:= al(oa u)
al(O,u) 0 1 _afz* (O,U) ’

CL1<01 u)

where Eﬁ(u) being defined by (4.14).

Remark 5.13. The expression of coefficients ay:(-,u) for i = 1,2 and of ay(-,u) are
respectively given in Lemma A.4 and Lemma A.6 of Appendix A.

Remark 5.14. The asymptotic variance matrix ~*(u) is a non-degenerate matrix.

Proof of Proposition 5.12. Let f : S' — R be a function belonging to B;. Since ]E[J;n)(u)]
= as(0,u) the following decomposition ensues

TP BUM@N 1 (wy ap(00w)
2n <J1(")(u) - E[Ji”ku)]) = a1(0,u) <ff (u) — a1(0,u) 51 (U>>
11 () () — 4 (0,%) c(m)
+<J;"><u> a1<ﬂvu>> (670~ )

n ar(0,u) (n
al((ll,u) (51(‘ () - % { )(U)> .

the last asymptotic law equivalence providing from Theorem 4.1 and from Theorem 4.7
(remember that the asymptotic equivalence symbol ~ has been defined in Section 2.1).
Applying this reasoning again successively to f := f; and f := fJ, and using Corollary
4.9 by taking f1 := f{, fo := f3 and f3 := 1, we get Proposition 5.12. O

Remark 5.15. Note that this proof highlights the fact that the asymptotic behavior of

T @) IS (w)]
2n S - S
T () EIY (u)]

Oy =12

a?(0u) 7

is the same as that of 5(_}’) (u), where ? = (f1, f2), with f; := al(fg,u) -

Proof of Remark 5.14. It remains to prove that the matrix Y*(u) is positive definite. In

this aim, for fi, f» : S — R functions belonging to B, let us note 7 := (f1, f2) and for
q € IN*,

(Eflyfz(u))q = Z af, (k,u) af2(mvu) R(k,m),
k,meN3
|k|=|m|=q
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and

(27’(u)>q . ((Efi’ff (“))4)1@3‘@’

The proof of Lemma 5.16 is given in Appendix A.

Lemma 5.16. For all fi, f» : S — R functions belonging to 3; and for all ¢ € N*, one
has

det (2’7(u)) > +i:.odet (Z?(u))q > det (27(u))q.
q=1

Thus applying this lemma to functions f; previously defined in Remark 5.15 by
a0y
fl T a1(0,u) a%(O,u)

1, fori = 1,2, we obtain

det (Z*(u)) > det (27(u))

.

Note that det (4‘77(u)) = 0 and this is why we let ¢ = 2 in Lemma 5.16. Using arguments
: 1

similar to those given in the proof of Remark 4.4, simple calculations give

det (57*(u)) > 4 x (2)” /R PO (e s0) — g5 09(t,)} ds dt >0,

where
g(s,t) := s¥t2a + s3tita b — s189t5 cC,
with
a := [(d11daz + di2d21) A+ di1dia B — daydaz C]det(D)
b:= [2d11do1 A+ d3, B — d3; C] det(D)
¢:= [~2diadas A — diy B + d3, C] det(D),
while

A= af1((27070)vu) a’fz((ov 2, O)v u) - af1((07 2, O)a u) afz((za 0, 0)7”)
B afl((27070)7u) a’fQ((]‘? 1, O)v u) - a’fl((lv L O)a u) afz((2’ 0, 0)7“)
C:= a‘fl((ov 270)7u) an((]-v 1, O)a 'LL) - a’fl((]‘7 1, O)a 'LL) a’f2((07 2, 0)?“)7

and D is defined as in the end of the proof of Remark 4.4 as D = (d;;)1<i j<2 := ﬁ S =
The positivity of the last integral provides from an application of Holder inequality.

Let us remark on the one hand that the nullity of the integral is equivalent to the equality
in Holder inequality and thus to a = b = ¢ = 0. On the other hand since det(D) # 0,
A, B, C is solution of a Cramer linear system. We deduce that X*(u) will be strictly
positive if (4, B,C) # (0,0,0).

Let us see that C' # 0.

By using Lemmas A.4 and A.6, straightforward computations show that,

det(P) )\1)\2/1,

C:— )\2 *\2 2)\2 *2_)\2 *QW
a2(0,0) " 72 (w2 + N(w3)?) [N3(w3)? + 2(Af (wi)? = AS(w3)*)W] |
where
T e L EolEn+ )
W .= ——re while forn € N, V,, := W(l — A2,
n=0"n

By using that 0 < W < 1, one easily gets that A3(w3)? + 2(A}(wi)? — A3(w3)?)W > 0, thus
C 0.
This yields proof of remark. O
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We translate the convergence result expressed in the above Proposition 5.12 in the
basis (v*,v**), recalling that function F' has been defined in (5.5).
The decomposition given in (5.9), Proposition 5.10 and equality (5.4) imply that for
0<A<land -5 <0<73,

TP W) EBIY (W) -
o Ji(vn)(u) - E[Jjn) (u)] = (Fl()\n’ On) = 2 (A, 9)> v

3

+ 20 (B3, 8) = Fa(A, 6) ) 0™ 22 N (0: 2 (w).

n—-+oo

Thuswe getforO0 < A< land -5 <0< g
(?(/\n,e X 6)) =2 N (05 (), (5.11)
)

where Y5 (u) = X5 (u, A1, A, P) := Q x X*(u
from the canonical basis (7, j) to the basis (v*, v**).

By using last result convergence and the fact that ? is a C2-diffeomorphism, we get the
following theorem.

Theorem 5.17. For0 < A < 1 and —§ < ¢ < 7, one has

X Qt and @ is the change of basis matrix

2n(Xn—A; §n—9) U N(05 Dy 0(u)),

n—-+oo

where X g(u) := C(),0) x Y5 (u) x C*(, ) and

OF, oF,
oy | T
,0) = J?()\,H) aF2 A6 oF, OF )
EN (%,6) o\ )

where the Jacobian J3 has been defined in Appendix (A.2).

Proof of Theorem 5.17. We supposed that (\,6) € O =0, 1[x] — %, Z[. On the one hand,

by Proposition 5.5, we know that ? is a C2-diffeomorphism from the open set O onto
the open set O’ = F'(0).
On the other hand, by Theorem 5.11, we know that

(s ) =25 (1,0).

Thus for n large enough, almost surely ?(Xn, 01,) and ?(/\, 0) belong to O’. Using a
second order Taylor-Young expansion of F'~! about F'()\,6), we get

2 (X = A 80— 0) =

Fj(A,0)) % (Fi(An, 0n) = Fi (X, 0))
+o(2n H?(Xma?n) - ?(A,a)Hz)

Law convergence result expressed in (5.11) gives Theorem 5.17. O
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Now we are in position to propose confidence intervals for (A, §) when the covariance
r, of Z is known.

5.4.3 Confidence intervals for the affinity parameters

In this section, we suppose that parameters A and ¢ are such that 0 < A <1, -5 <0 < 7.
We will also assume that the covariance function r, is a known function.
One can build confidence intervals for parameters (A, ). We will show that

1
2*(U):2*(U7A1’)\2,P): Y%E*(ua)ﬁp)v (512)
where Y, is a continuous matrix as function of (A, P) and is computable provided that
(A, P) are given.

We then consider )\ ,, and P, two estimators of respectively A\; and matrix P obtained
as follows. We propose P, := (U1 ,,0s,,) as estimator of P = (v1,v2), the orthonormal
basis of eigenvectors of matrix A, with:

D1 = cos(B )v* — sin(B,, )v**
Vg p = sin(f,)v* + cos(@n)v**
By Theorem 5.11, ]3n is a consistent estimator of P.

Now for len, first, we apply Theorem 4.1 to the particular function f = 1 and then, we
use the result of Proposition 3.10.

We deduce that if A()) := ((1) ?\) one has
I () = X (o) (1) E[HT\(A) Pt.VZ(O)HQ] — A1 ®(u, \, P), (5.13)

where ® is a continuous function of its arguments.
Once again by applying Theorem 5.11 one gets a consistent estimator for \; by taking:

I (w)

le ===
q)(ua )‘nypn)

and finally a consistent estimator of X'*(u) is given by

—~ 1 ~ o~
Eﬁ(u) = T2 2*(“7 >\na Pn)
1,n

The matrix f‘;(u) is computable and can be factorized as: E\g(u) = R, ['*R!, where R,
is an unitary matrix and I’} is a diagonal matrix.
Remark that I is invertible since X*(u) is non-degenerate (see Remark 5.14). Thus let:

Da(u) := (C7 (An, 00))' QR (I}) "% RY,.

Theorem 5.17 implies Corollary 5.18.
Corollary 5.18. For0 < A <1l and -3 < 0 < 5, one has

on (Xn V- 9) Dy () —225 N(0; I2).

n—-+oo
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Proof of Corollary 5.18. First, let us prove that X*(u) = X*(u, A1, A2, P) = /\%
where Y, is a computable and a continuous matrix as function of (A, P).

On the one hand, this fact provides from the form of the ratio of coefficients
afs(k,u)/a1(0,u), i = 1,2, 3, these latter coefficients being defined in Lemmas A.4
and A.6 of Appendix A. Indeed these ratios only depend on the ratio A = A\y/A\; and P
and they are computable as function of A and P. They do not depend on x. On the other
hand by Lemma 3.9 given in Section 3.2 one can see that the term R(k, m) only depends
on the covariance function of U through the following form. By defining W (v) as the

. (u, A\, P),

3-dimensional vector W (v) := (%~VZ(U)7 ZT(;()O))t, one has
R(k,m) = [ EUR(U(0) (U (0))]do
R2
_ %A /R E[ (W (0)) Fm (W (1)) do = )\%G(A,P,k,m),

and since r, is supposed to be known, ( is computable as function of A and P. Thus
2 (u) = A% Y. (u, \, P), and %, is computable.

It remains to prove that Y, is a continuous matrix as function of A and P. In this
aim, let us compute Yy, ¢, (u), similar arguments would be raised for Y, ¢, (u) and for

£ “fi*(o’“)l = 1.2 R k 5.15
a(Ou) — afow ' h (see Remark 5.15).

Applying Proposition 4.3 to f := fi, the one order Rice formula for E[J}?) (u)] (see

X4, . .(u), where we recall that f; =

Proposition 3.10) and the second order Rice formula for ]E[J}?) (u)]? (see second part of
Lemma 3.2), it is easy to see that another expression for Xy, ¢ (u) is

&mﬂw=/kﬂﬁ@ﬂmh@ﬂ®HWX@WNVX®M|X®FRHﬂ=M
R2

xpx (0),x (1) (U, u) = (E[f1(vx(0)) IIVX(O)IIQ])2P§<<0)(U)} dt.

Denoting by B(\, P) := PJNX()\)Pt and letting v := A.t, one gets

S B\, P).VZ(v) B\, P).VZ(0)
Hrn) fﬁWJOAIW{E[Q<W%MFWVZ@Nb>m<1ﬂxf»vzmnb)

B, P).VZ(v)lly 1B, P).VZ(0)ly /2(0) = Z(v) = u] pz(0).2() (1, 1)

B(\, P).VZ(0) 2
- (Bl (P 18O PV Z0)1,) pé(o)m)} av,

asx(0,u . . . .
where gy := f — % := f¥ — b(u, A\, P), while b is a continuous function of A and P.

We conclude the argument noticing that a4 (0,u) = A; ¢(u, ) with ¢ a strictly positive
continuous function of A.

Now to prove Corollary 5.18, we have Lemma 5.19 proved in Appendix A.
Lemma 5.19. Let ¥ := RI'R! a definite positive matrix such that R is an unitary
matrix, while I' is a diagonal one. Let also (%,,),, be an approximation of matrix ¥, i.e.
lim, 1o X, = X, such that ,, := R, I, R}, with R, an unitary matrix and I, a diagonal

1

one. Consider B,, a square root of ¥,,, that is B, := R, I} R!. Then lim,,_, ,, B, = B :=
RIZ R

Turning back to the proof of Corollary 5.18, we apply Lemma 5.19 to X := X (u) =
RI'*RY, %, := Y*(u) = R,I}R!. Since X*(u) is a consistent estimator of X*(u), we
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deduce that lim, >, = ¥. Using Lemma 5.19 and Theorem 5.11, we obtain that
almost surely
1
lim Dy (u) = D(u) := (C7'(\, 0))!QR(I'™) "2 R".
n—-+0oo
Using Theorem 5.17 and the fact that D*(u) X g(u)D(u) = I, one finally proved corollary.
O

We deal in previous Section 5.4 with the convergence for parameters A and § when
they are such that 0 < A <1 and —3 < 6 < 7. In next section we will complete these
convergence results by focusing on the case where A = 1 that will lead naturally to an
isotropy test.

6 Towards a test of isotropy

6.1 Complementary results for estimating the parameter \

6.1.1 Almost sure convergence for Xn

We emphasize that convergence result in Theorem 5.11 is valid under the assumption
that 0 < A < land —§ < ¢ < 3. However, we can better elaborate what is happening
to Xn in the isotropic case, when A =1 (and —g <0< g) and also when 0 < A < 1 and
0= g via the following theorem.

Theorem 6.1. For A =1 and -3 < 0 < g orfor 0 <A<1 and 0 = 5, one has

~

Ay —=3 A,

n—-+oo
Proof of Theorem 6.1. First let us consider the isotropic case, that is the case where
A =1 and 0 being any parameter belonging to | — 7, 5]. By Remark 5.6 stated at the end
of Proposition 5.5 proof, the estimator \,, has to verify the following equation

X200 (X2 +Y2) = X212(0) O2 +1) + A2 = 0.

(X2 = (202) [I*() (X2 4 Y2) + (22 1) = () (B2 + 1)

200 47y 2 204 (T2 2% 27 T2732) _
+ PRI Y- O (51 -200) (200 - (5)2R2) = 0. 6.1)
We define the function h for 0 < A < 1, by
h(\) == (g - I()\)) (I()\) - gx) : (6.2)

By using convergence given in (5.10), we establish that

(Xnvyn) L> (%a O) ’

n——+o0o
and since 0 < Xn <land1l< I(Xn) < 5, we finally showed that

h(Ap) —225 0.
n—-+oo

Since h is a strictly decreasing continuous function on ]0, 1] and (1) = 0, we obtain that

)\n a.s. 1’

n—-+oo
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that is the required convergence.
Let us look now at the case where 0 < A <1landf = 7.
Convergence established in (5.10) now gives that

(X, Yy) ﬁ,—gj (X,Y) = <I(’\)\) o) :

In the same way as before and using Remark 5.6, one gets the following equality.

n

(X2 = X2) [1'(h) (X2 +Y2) + X2 1 (R) = () (2 +1)] + X213, V2

— ()’ (12()\) Py 12(Xn)) ()\ I0W) +I(N) Xn) A (N) — I Xn) =0. (6.3)

For fixed 0 < A < 1, let us define function f by

f(z) =M (x) —I(A\)z, for 0 <z < 1. (6.4)

Previous almost sure convergence and the fact that 0 < Xn <1, 1<1 (Xn) < 5 and for

~

A< 1, I(A) = AI(A,) > I(A) — T > 0, imply that

FOn) 5000
A straightforward calculation shows that function f is a strictly decreasing continuous
function on [0, 1] such that f(\) = 0. We deduce that

~

)\n a.s. )\,
n—-+oo

that yields Theorem 6.1. O

We thus set up a first approach to detect if the process X is isotropic or not.

6.1.2 Convergence in law for Xn

In case where 0 < A < 1and —F < ¢ < 7, Theorem 5.17 gives as corollary a convergence

law result for 2n(Xn — \). Here we complete the statement of this convergence under the
assumption that A =1 (and —3 <0 < 7) or when 0 < A <1 and ¢ = 7 via the following
theorem.

Theorem 6.2. 1. ForO0< A< 1andf = Z, one has

jus
2

2

on (Xn - A) L N0 (Z (W) ),

where (E/\%(u))u stands for the first row and first column element located in

matrix X\ z (u) defined in Theorem 5.17.
2. For A\ =1and -5 <0 < 3, one has

~

2n (1 — Ap) —2 5 VV,

n—-+4oo

where the density fy (t) of the positive random variable V' is given by:

X R (cos(0) — asin(6))? _tsin2 0) (1 +a?)
g 2 2 ~2
frt):= o102 | 47 Jo ‘ on(tra) e 2% df | Lie>oy
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where the coefficients a and g9 are defined by:

2 2 2
_ 012 ~9 0110292 — 072
2 O29 = 2 ’
011 011

while coefficients 011, 022 and o5 are

s s s

> 2 (x%) 2 % (x%) (x%)
o1 =4 (5) X (u), 039 := (5) 22 (u), 012 := 2 (5) DI (u),
with

209 (y) = (E-(-**) (u)

P *
i )ngz = 55 (u, 7,7, L) (w),

where 7 is the common value of the eigenvalues of matrix A under the isotropic
hypothesis.

Remark 6.3. If A # 1, by part one of Theorem 6.2, we readily get that 2n (1 — Xn)
converges in law to Gaussian random variable with positive infinite mean when n tends
to infinity. Thus one gets a one more way to detect if the process is isotropic or not.

Remark 6.4. By Remark 5.14, the matrix Z'(**)(u) is non-degenerate, ensuring that the
coefficient 052 appearing in the expression of the density fy, does not vanish.

Remark 6.5. We suppose that the covariance function r, of Z is known. We can
estimate the density fy by fy (t) := fu(72t)72, where 7, is a consistent estimator of ,
the common value of the eigenvalues of matrix A under the isotropic case and where V'
has the same law as that of V, where we replaced £ (u) by Q ¥, (u, 1, I,) Qt, where X,
being defined in equality (5.12) is computable. By using convergence in (5.13) we can
take for 7,

A= 2070 [ exp( ), (6.5)
0%r,

where we recall that y = — 8t2

~(0), for any i = 1, 2.

Proof of Theorem 6.2. Let us look first at the case where 0 < A <1 and ¢ = 7, then we
will treat the case where A = 1 (and —g <6< g).
In the first case, by decomposition obtained in (6.3) in the proof of Theorem 6.1, we have

n(Xn — X) (X + X) [I*O0) (X2 +Y2) + X214 (N,) — I2(N )(A2+1)}

+2nY 24 () X2 — 21 (A I0w) — I A )

141)\)( (\) — X212\ )()\ )+I(A)Xn)=

where

(X, Yy) 22— (X,Y) = (\I(N), 0).
n——+oo
Now by using this almost sure convergence result and the one given in (5.11) plus
Theorem 6.1, one obtains the following probability equivalence

2

n (X — X)2XIT(N) (X2 = 1) ~ 2n (A I) —I(N) Xn) I(A)(

1-2\?),
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and since 0 < X\ < 1, one finally gets
on ()\ 1) — I(N) Xn) ~ —2n (X, — X) I2(N).
Now refering to function f defined by (6.4) in the proof of Theorem 6.1, let
flx)=M(z)—I(A\)z, for 0 <z <1

One has f(A) =0and f'(A\) = AI'(A\) — I()) < 0. R
So with the first order Taylor expansion of f about A evaluated at \,,, one gets

oM ()\ I0w) — I(\) Xn) = 2nf(\)
~2nf (N (Ap — A)
~ —2n (X, — X)I*(\),
and then one proved that

(X - X) P
20 =A) = =Ty

and by convergence given in (5.11),

Mm (Xn _ )\) Lew A0 2),

n—-+oo
I*(\
Where X = W (Zé(u))ll
To end the first part of this proof we just have to check that (X z (u))11 = X In this
aim, remember that X = (u) = C()\, §) x Z%(u) x C*(\, §) with

OF: s OF s
1 T;(Aaf) 73791()55)

Using Lemma A.3, one obtains that J3 (), 5) = A2-D) o (’\1/(’\)71(’\)) and

AI(XN) I2(\)
1-)\2 0
T 1 AL(X)
CA =)=

In this way, one proved that (X z (u))11 = X, yielding the first part of theorem. Now we
consider the second part taking A = 1 (and —g <0< g).

The decomposition obtained in (6.1) gives
2n (X, — 2) (Xn + 2) x
2n [1 () (X2 + Y2) + (272 1) = 2(0) (2 + 1)
+ (271 (2nY,)?
=) (5 -10w) (16w = 33.) (2 (5 +1G0) (1G) + 3%)  66)

where
a.s. o 2
(X, Yn) P——— (X,Y)=(%,0). (6.7)
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Note that we can not hold the same reasoning as in the first part of the proof. Indeed, by
the first part of Theorem 6.1 and the latter almost sure convergence result, we deduce
that
N 2 ~ SNEVE s.
Zn =T\ (X2 4+Y2) + (2)2 I O\) — P(On) (A2 4+ 1) —+> 0,
s n—+o0
thus we have to normalize the studied expression by (2n)2.

However, if in a first time we do not normalize this expression by (2n)? but rather by
(2n), we get

2 2 2 ~
2n (Xn - ) (Xn + ) Zn 4+ (5)? T*(\n) 20Y2
i ™ i

~ 2 m

= 2mh(N,) (2)1 (f
nh(da) (-)° (5
remembering that the function h (see (6.2)) has been defined in the proof of Theorem

6.1 by

+100)) (10 + 3 )

for0 < A< 1.
Now by using the almost sure convergence to 0 for Z,, and those given in (5.11) and
(6.7) and in the first part of Theorem 6.1, we get

2n () —— 0,
n—-+4oo
the convergence taking place in probability.
Since h(1) = h/(1) = 0, one obtains by using a second order Taylor expansion of h about

1 evaluated at point A,

7r2/\ ~

) = 75 On = D2+ o((A — 1)?). (6.8)

Thus as a bonus we proved that in probability
2n (A, — 1)2 = o(1). (6.9)
This last equality will help us to study the normalized expression 2n Z,, and show that in
probability
2n Z, ~ 2n (X, — %)%3.
Indeed

M Zy, = 12(An) {271 (X2 = (2)2) I2(\,) + 20 I2(X,) Y2
+2n (2120 (2)2 - (R +1))].

Using an order two Taylor expansion of the elliptic integral I (see (5.3) for definition) in
A about A = 1, one gets
A — 1) +0((A\n — 1)?),

I() =+ +

N

™
2
in such a way that

on (2 2(3,) (2)2 — (Xi + 1)) = —n(h, —1)2 4 0@2n (N, — 1)?).
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By equality (6.9) this expression converges in probability to zero.
Part one of Theorem 6.1, convergences in (5.11) and (6.7) give the required result
2 Z, ~2n (X, — ).
Back to expression (6.6), using once again the convergence obtained in part one of
Theorem 6.1 and equality (6.8), one finally proved that in probability

? ~ (2n (N, — 1))2.

72 (20 (X, — 2))° + 20 Y)? (5)° ~ (20)2 h(A,) 28
By using convergence given in (5.11), we get the required convergence. This ends the
proof of this theorem. O

Proof of Remark 6.5. The density fy of the positive random variable V' can be expressed
as fv(t) = fy:(t7?)72, where 7 is the common eigenvalue of matrix A under the isotropic
case and V' is defined as V, substituting Q X, (u, 1, I5)Q! to X*(u, 7,7, I3). The matrix X,
is computable and is defined by (5.12). So, it is enough to estimate 7 by a consistent
estimator, say 7,,. Using convergence given in (5.13) we propose a consistent estimator
of A1 = 7 in the isotropic case by taking

(n) 9
~ Ji o (u) (n) r.(0) 1w
Tn ‘= ] =2J. (u) —— L ex <7 ) ,
" pzo)(WEIVZ0), ! 27.(0)
that is computable since p and r,(0) are supposed to be known. 0

In the next section, statistical tests are proposed for the null hypothesis “X is
isotropic” against “X is affine”.

6.2 Testing the isotropy
We test
Hy:A=1 against Hp:A<1.

We still obtain a way to detect the possible isotropy of the process via the following
corollaries.

Corollary 6.6. Under the hypothesis H, the following convergence holds:

J(”)
7 (u)

a.s. 2 *
(n) n—-+oo ;’U
Ji 7 (w)

Corollary 6.7. Under the hypothesis Hy, we have the following convergence:

(n) F () 2 Law
T (u) =20 | —— = —o™ | = N0 57 (u, 7,7, o)),
f Ji(w) T noheo

where 7 is the common value of the eigenvalues of matrix A.

Remark 6.8. By Remark 5.14 we can observe that the matrix Y*(u, 7,7, I5) is non-
degenerate.

Remark 6.9. Under the alternative hypothesis H;, the test statistic TJE") (u) converges

in law towards a Gaussian random variable, the mean of which tends to infinity. Indeed
by using equality (5.4) one can easily show that

B W) 5

M:;v — (A=1).
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Proof of Corollaries 6.6 and 6.7. Using the almost sure convergence given in Proposition
5.2, convergence in law of Proposition 5.12, equality (5.4) and taking A = 1 one obviously
gets Corollaries 6.6 and 6.7. O

Proof of Remark 6.9. Appling Proposition 5.12, under H;, the test statistic T]E_? ) (u) con-

verges in law to a Gaussian random variable with asymptotically mean equivalent to

E[7Y) (u)]
n J(ﬁf) - %v* .
E[J1 (u)]

BlJE (w)]
Since ﬁ — ;v* does not depend on n and is equal to zero if and if A = 1, this
1 u
argument ends the proof of the remark. O

In the case where covariance function r, is known, Corollary 6.7 suggests another
test statistic. More precisely, let R an unitary matrix obtained by diagonalizing the
computable matrix X, (u, 1, I5) defined in (5.12). That is X, (u,1,15) = RI', R’

We consider the following test statistic S%’) (u):

_1
5%” (u) =7, I 2 Rt.Tf(_?)(u),

where 7, is given by (6.5).
We can state the following theorem.

Theorem 6.10. Under the hypothesis Hy, we have the following convergence:

[1]

n n n Law
) = (ST W) $Tw) =

f n— 400

Remark 6.11. The rejection region is then E%)(u) > ~. This critical region provides a

—_
—

consistent test for any positive constant v, because _(lfz)(u) is stochastically unbounded,
f

for n — +oo, except under the null hypothesis. In fact when A < 1, ﬁE%) (u)

converges in probability to b > 0, and this implies that E;")(u) converges in probability
to +oo.

Proof of Theorem 6.10 and Remark 6.11. As we have already pointed out in Remark 6.8,
the matrix X*(u, 7, 7, I2) is invertible and we can factorize X, (u, 1, I1) into X, (u,1,I5) =
R T, R, where R is an unitary matrix. Let

_1
2

sjﬁ”)(u) =7 Iy Rt.TJg{)(u).
Since T, is a consistent estimator of 7 under hypothesis Hy, by Corollary 6.7, asymptoti-
cally this random vector is a standard Gaussian one and Theorem 6.10 ensues.

To achieve the proof of Remark 6.11, let us check that ﬁ E(_"z) (u) converges in proba-

bility to b > 0 under the alternative hypothesis H; that is when \ < 1.
In this aim, let us note

S ) =7, Ff%Rt.T%)(u),
where
n 1
o I w) BTG (u)]
T (u) == 2n o @
! Ji(w) B[ (u)]
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We have the following decomposition

1

(2n)2 \"7 7 I
2 )t (o) (n)

+ o BP0 (8% - 39w)
L am), ¢ (g

SCTE (S5 ()" (53 (w)

Let us look at the third term (3).

) ~2 et L & P
using Proposition 5.12 and the fact that 7,, almost surely converges to , /W—QHIE[HVX (0)]]5]
(see Theorem 4.1 and Proposition 3.10).
For the second term (2).

B W)

(2) == (1 (T(_f{)(u))t> .(F2RT'R). B —ot .

and this term tends in probability towards zero as for the third term (3).
Finally, the first term (1) gives

1
L (B @]
(1) := |7 Ix *R". — o —v* X
ElJ; (W) 7
1
L (B @]
WL R — g — vt | | = b,
ElJ; " (w)] 7
and
(1) ¢
2 _1 E[Jf—z (u)] 92
lim b, =b:= —(E[|VX(0)|,)* | I *R". —a v X
e TH ElJ; " (w)] 7
1
L (B W)
IR s o] =0
E[J; (W] 7
Since FI%Rt is invertible, one has
1
BT W)
(b>0) T—fv* £0| < (A<1).

ElJ; (w)] 7
That ends the proof of remark. O
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A Appendix
Proof of Lemma 3.2. Let F : T x (R?)* — R be a function defined by F(t,z) := H(t,z,

ﬁ), where H : T x (R?)* x S! is a measurable bounded continuous function of its
2

arguments except maybe on 7' x (R?)* x U‘_,{x;}, where z;, i = 1,--- ¢, are a finite
number of fixed points of the sphere S'. We want to prove that v — E[I(u)]? is a continu-

ous function, where for u € R, we have noted I (u) := Ft, VX(t)1p:(t)doy(t). By
C(u) X

Remark 2.13, almost surely I(u) = fcm) F(t, VX (t))lp () Hle Ly (1) 22} doi (2).

Also we would like to show a second order Rice formula for the functionnal I(u).

Due to the presence of the indicator, function ¢ — F(¢, VX (t))1p (t) Hle Ly (02, 18
not continuous on 7, so we can not apply the two-order Rice formula (2.4) given in
Corollary 2.8.

Thus we consider the following approximation. For m € IN*, let

In(u) == » )Gm(t,VX(t))dal(t),

where function G,, : T x R2 = R, is defined by

¢
1 1
Gm(tvz) = F(tvz)]l{z;ﬁo} I | ® ]]-{(Z/Hsz);éaci}v
m |zl Pl

ml|z/|zlly = @il

where ¢ has been defined in the proof of Theorem 3.1.

As in the proof of last cited theorem we can prove that function G,, is a bounded
continuous function on 7' x R2.

The two order Rice formula ensues by applying Corollary 2.8 to the functional I, (u).
That is for all © € R, one has

Bl (u)]* =
/TxT E G (t1, VX (t1))Gm(t2, VX (t2)) [VX ()] [VX (E2)ll5 [ X (81) = X (E2) = u]

X pX(tl))X(tz)(u,u) dty dts < +o0.
We observe that the following convergence holds. Forallt € T and z € R,
¢ .
G (t, 2) m F(t, 2) 120y [Ti=1 L{(z/)2|l,)#x:}- Then we point out that Remark 2.9
following Corollary 2.8 ensures that

E[o1(C(u))]” = / E{[VX (), [VX ()l [X (1) = X(t2) = u]

TxT
X pX(t1)7X(t2)(u,u) dty dty < +o0.

Thus by using the fact that function G,, is bounded, an application of the Lebesgue
convergence theorem induces that

E[I(u)]? = /TXTE

IVX (@)l VX (E2)]l [X (1) = X (t2) = U] X DX (12),X (1) (1, u) dby

k
F(t1, VX (1) Ipg (t1) [ | Lu (ta) s (b2) 2} F (t2, VX (£2)) Tt (£2)

i=1

= / E |:F(t1, VX(tl))]lD§( (tl)F(tQ, vX(tQ))]lD;‘((tQ)X
TxT

||VX(t1)||2 HVX(tQ)Hz |X(t1) = X(tg) = u] X pX(t1)7X(t2)(u, U) dtl dtz < +00.
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We have therefore established the second order Rice formula for I(u).
We are going to prove that function u + IE[I(u)]? is continuous. This would achieve the
proof of Lemma 3.2.

In this aim, we use the decomposition given in Wschebor [32, p. 60], that is, for 7 :=t—s,
where t,s € T

VX(0) = ¢+ (X0)a+X(1)p)
VX(r) = & —(X(r)a+X(0)5),
where ¢ and ¢* are centred Gaussian vectors taking values in R?, with joint Gaussian

distribution, each of them independent of (X (0), X (7)), such that, if Vr, stands for the
Jacobian of the X covariance function,

o 2OV g e (O)Vre(r)
s 20 -2’ T r2(0) — 2 (r)
Var(§) = Var(€) = V21, (0) — 720 T (7) (T (7))

r2(0) = rZ(7)

Con(6,€) = ~ralr) = 5 s V() (Vs ()

x

Thus with these notations one has

E[I(u)]zz/Tds/TL(u,&t—s)dt,

where for 7 :=t—s

U2

)5
r2(0) +72(7) ) 27 (42(0) — r2(7))

L(u,s,7) := exp (—

Nl=

u

x IE |:F(8,f — mvrx“—))ﬂ{f—mv%(ﬂ?fo}

u
B8t Dot e+ ot Vrei#o)

u

- r2(0) + 75 (7) Vra(T)

2

£+

Vre(T)

J

Since r2(0) —r2(t) # 0 for all ¢ # 0, this implies in force that r,(0) +r,(t) # 0 for all ¢ # 0,
thus by using that function F' is bounded one obtains that

72(0) + 72(7)

* u— L(u,s,t—s)is continuous for almost (s,¢) € T x T

Now let us enunciate a lemma for which a proof can be founded for example in Berzin
and Wschebor [11, Lemma 1 (b)].

Lemma A.1. 3M > 0, Vt,s € T, (||t —slly < M = r2(0) —12(t —5) > M ||t — 5||§)

Now let us choose B > 0 small enough such that for all 7 := s — ¢, with s,¢ € T such
that ||7||, < B, one has the following inequalities,

© (1) r5(0) + 74(7) = 2 7,(0)
* () 73(0) —r3(r) = B7;3
* Q) [[Vra(7)lly < C7lly
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Note that these three inequalities are always possible to implement. Indeed the first
inequality just translates the fact that covariance function r, is continuous in zero, the
second one comes from Lemma A.1 and the third one from a first order Taylor expansion
of Vr,(-) about zero.

These inequalities allow showing the following bound on |L(u, s, 7)|.

* 3D > 0O such that forall (s,t) e T'x T and 7 := s — t,

IL(u,s,T)I<D(1+u2){1{nﬂ|2>3}+ | ]l{HTHgéB}}-

Il

Before explaining the last inequality, let us remark that since [, .. ﬁ
2

< 400, an
application of Lebesgue’s convergence theorem yields that function u — E[I(u)]? is
continuous.

Indeed, two cases occur: ||7||, > B and ||7||, < B. If ||7]|, > B, we consider the compact
set K := {s —t,(s,t) € T x T with ||s—t|, > B} where we have noted T for the
closure of T'. Since 7, is continuous on K and 72(0) — r2(v) # 0 for v € K, thus there
exists £ > 0 such for all v € K, r2(0) — r2(v) > FE and r,(0) + r.(v) > E, so that
|L(u,s,7)| < D(1+ u?). If ||7||, < B, inequalities (2) and (3) give that E[||¢|,] < C and
E[|[¢*]],] < C and inequalities (1) and (2) give that |L(u,s,7)| < D(1 + uQ)W.

That completes the proof of Lemma 3.2. O

Remark A.2. The approach chosen to prove Lemma 3.2 does not work for showing that
(w1, uz) = E[Jg(u1) Iy (uz)],

is continuous. In fact if we try to reproduce the previous proof, we realize that we have
to check that for all uy,us € R,

H(uy,ug) :=

/ E[IVX (1), VX (t2)llo [ X (1) = w1, X (t2) = ua] Xpx(4,), x (t2) (U1, u2) dt1 dta < 4-00.
TxT

As before, performing a regression, the expectation appearing in the expression of
H(ul, UQ) is

ro(T)Vry (1) ra(0)Vrg(r) "
EH‘S TR0 20" T 20 -2m ",
e+ :5(((%>V7;”§((1))u1 B :;((OT))VZZ((TT))“? ]

and the principal difficulty results in bounding % when |||, < B. That is why

we developped a little more sophisticated approach to prove Theorem 3.1.

Proof of Lemma 3.9. Let X = (X;)i=1,2,3 and Y = (Y;),=1,2, 3 be two centred standard
Gaussian vectors in R? such that for 1 < 4,5 < 3, E[X;Y;] = pij.

Let k := (ky, k2, k3) and m := (m1,mz,m3) be two vectors of IN>. We want to give an
explicit formula for E[Hg(X)H, (Y)].

For ease of notations let us set Y; := X; 3 for j =1, 2, 3.
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As in Azais and Wschebor [8, p. 269], a straightforward calculation on Gaussian
characteristic functions gives

6 3
E[[Texo(t: X — 362 = exp (323 pitityis)
=1 3

i=1 j=1
+oo 1 3 3 r +oo 3 1 p
=2_ (ZZPU titj+3> = 11 71 Wi titia)™
r=0 i=1 j=1 r=03%", diy=rij=1 v
+00 3 dij 3
Pij >3 _.d 3 di
= > | 1I 45 (Ht ] Ht]+31 B EGRY
r=0%, diy=r \ij=1 v i=1

Now, by definition

thus

6
]E[H eXp(tiXi — %t?)]
=1
+oo0 400 +00 400 +0o 400 Lk t22 t33 tTl tgnz t 6 _ _
SIPIDIPID IS B AT N

kl Okz 0k3 0Omi= O’I‘I’Lz 07713

Identifying this last equality with (A.1), it follows that ]E[I;Tk(X)ﬁm(Y)] = 0if |k| # |m]|.
In the case where |k| =

dij
Bl Em()] = Y kml J] 22
di; >0 1<i,i<3
225 dig=k;
22 dij=m;
yielding the lemma. O

Proof of Lemma 4.2. Let f : S' — R be a non-negative function that belongs to ;. For
n € IN*, let T,, := ]0,n[ x ]0,n[. One has

_ /On_l /0"_1 / F(ox (@) don () dt ds

C[t,t+1[><[s,s+1[(u)

1 1
_/ / / fvx(x))doi(x) dtds
0 JO JCo,ex]0,s1(w)

:/" 1/n CH 4+ 15 1)~ Bt s+ 1) H(t+1,8) + Hit,s)) dids

1ol
7/ / H(t,s)dtds,
o Jo

where we recall that we have noted

H(t,s) = /C]Otmo y )f(z/x(x)) doq ().
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Thus by making change of variable in the first integral, one obtains

n n 1 n n 1
1):/ H(t,s)dtds—/ / H(t,s)dtds—/ / H(t,s)dtds.
n—1Jn—-1 0 n—1 n—1J0

Since f is a non-negative function then H (¢, s) > 0 and we get the following upper bound
1) g/ H(t,s)dtds

1J/n—1
< / / / flvx(z))doi(x) dtds :/ flvx(z))doi(x).
n—1Jn—1 C]O,n[x]o,n[(u) C]O,n[X]O,n[(u)

The first inequality of lemma is then achieved. To obtain the second inequality, arguing
as previously we obtain the following lower bound

n+1 n+1 n+1 n+1
- / / / Fox () doy (x) dt ds / / H(t,s)dtds
0 0 Cre—1, ¢[x[s—1,s[(®) n n
0 n+1 n+1 0 0 0
—/ H(t,s)dtds—/ / H(t,s)dtds+/ / H(t,s)dtds
—1Jn n —1 —-1J-1

n+1 n+1
= fox () don(z) drds > [ Frx (@) dos (),
n n Co,¢[x]0,s[ (%) C1o,nx10,n[ ()

this yields Lemma 4.2. O
Proof of Lemma 5.4. Since Z is an isotropic process, its density pyz(o)(v) depends only

on ||v||,. We denote it by g(||v|],).
Thus if f : S' — R? is a function that belongs to B,

E[f (vx (0)) 19X O),) = B[f (25550 ) 14.92(0)],
= [ 7 (v5) 1l allol) ao

Letting v := ra, a € S!, one gets

E[f (vx (0)) VX (0)]l,]

—oy(8Y) (/0 ) dr) (/ 7 ( s ) | A.all, da)
vz ol ([, 7 (piter) 1ol do).

In a similar way taking f = 1, one gets

BIVX O] = EIVZO] ( [ 14.al, o).

Finally by using Proposition 3.10, one obtains

[J(??)( )] [ T (Hf'o‘f‘”J [A.ally da
B ()] Jor Al da
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Now choosing ? = F defined by (5.1) and since A is a self-adjoint matrix, one has

= ( A« B
/Slf (||Aa||2> HAOé”Q da =2 /S1 Au]l{(A.a,v*) 2 0} da

=2 Aal * doz:QA./ a da,
g1 {<a,A.v > = 0} St {<a7w*> > 0}

_ _Av*
[Av]l,"

If R denotes the change of basis matrix from the canonical orthonormal basis e := (Z, j)
to an orthonormal basis choosen as w := (w},w*) and making the change of variable
B := R'.« in the last integral, one obtains

(/ « da)
Slﬁ{<a,w*)e20} o

B </s A {{ (0. )w > 0} da>w ) (0’ (/5 M{az >0} da>>w
()= (] )=

Thus we have proved that

j A.OZ ) A d :gA *:g AQ'U*
/slf (|A.a||2 lA-aly dor=ZAw = T T,

that yields Lemma 5.4. O

where we have noted w* :

Lemma A.3. The Jacobian J? of transformation ? (see (5.5)) is given by

A1 —\2)
J= (A 0) =
PN = B os(0) 7 A2sin2 ()
1 /1 — 42
sin?(0) L—u
1—(1—A2)u?
! 2 du
© cos2(6 / Y 0, (A2
cos”(6) 0 VI-(1-2)u2 V1—u? * (A-2)
for0 < A < 1.
Proof of Lemma A.3. For0 < A <1 and —g <6< g one has
OF, (A6) = 1 [Asin®(0)I(A) — (cos?(0) + A?sin®(0))I'(N)]
oN T PN (cos2(0) + A2 sin?(6))2
OF, 1 (A% —1)sin(f) cos(6)
7()\, 0) = 2 1
90 I(N) (cos?(6) + A2 sin®(6))z
and
(AI(N) = (X =1)I'(V))
x (cos?(0) + A% sin’(0))
%()\ 0) sin(#) cos(f) \ +M(N)
oA I2()) (cos2(0) + A2 sin?(6))2
OF, (A2—=1) [cos*(0) — A?sin*(0)]
7()\7 9) = 2 3
20 I(A)  (cos2(f) + A2sin®(6))3
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From straightforward calculations we deduce that the Jacobian J3 of the transformation
? can be written as
(1 =A%) [Asin®(0)I(A) + (cos?(0) — A2 sin(0))I"(N)]

I3(N) (cos?(#) 4+ AZsin’(6))

Jz(\0) =

Now I(\) = fog (cos?(x) + A2sin?(x))? dz, and the change of variable: sin(z) = u gives

_ [l a=a=x)ut)s O = A [ u? du
I(}\) = Jo U_Tdu and / (A) =\ fo (1_(1_)\2)’“2)% V"

This yields

Asin?(0)I(N) + (cos?(0) — A sin?(0))I'(\) =
A [sinQ(H) 1 s

1—(1—A2)u?

9 ! u? du
+ cos (9)/0 JI— (0 wa Vi UZ] .

and lemma ensues from the fact that (Jz(),0) =0) < (A =1). O

Proof of Lemma 5.9. First let us see that for n € N*, a.s. X2+ Y2 < 1.

X2 2 chn(u)?(VX(t))dal(t)Hz _ Jew ‘?(Vx(t))szgl(t) -
n T Y, = 02(Cpn(u)) = 01(Cn(w)) = 1,

last equality coming from the fact that ? takes its values into S'. But the strict inequality
is true, otherwise we would have equality in Holder inequality that remains impossible.
Now let us see that, a.s. X,, > 0.

T (w) |
— fi 'U* __ - v ’U* o1 >0,
%o = () = ) o X O 020

and in a manner similar to that previously used it is proved that, a.s. X, > 0. This yields
lemma. m

Lemma A.4. The coefficients ay; are given by: for m,{ € IN

ap(2m,20) ap(2m+1,204+1) ap(2m,20+1) ap(2m+1,20)\
ags(2m,20) agp (2m+1,20+1) ap(2m,204+1) ap(2m+1,20)

P x A()\l,)\g,wf,wg,m,é,u) B(Ala)‘Q;wvagamagvﬂ) 0 0
A(A27A1aw§7wf7£7mau) B(AQaAlawgaMTaevm7M) 0 0/’

where w* = (w},w3) :=v*.P and

A()\la AQ,WI,WS, m,ﬁ, ,U) =

),y LD zp: 2"p! <A2w5>2<p—’f> )
T M "

= (2p)!(m —p)! = (0= K)! \ ]
L

o ( Mt )2(n+pk)+lx
=)\ (w2 + (w2

(2(n+p—k))!
ontp—Fk(n +p— k)’

EJP 26 (2021), paper 152. https://www.imstat.org/ejp
Page 66/72


https://doi.org/10.1214/21-EJP721
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Estimation of local anisotropy based on level sets

and

B()\17 A27wf7w§7m7£7ﬂ) =

[y 5o 2t s 2 (Alwf)z(”"“’x
™ 1P:O 2p+ DI —p)! &= (0 —F)! \ Nows

0

2(p—k+n+1)+1
) y

U (=2)n—™ AW
nz:% (2n + 1)!(m —n)! ([()\1(«0{)2 + ()\Zwa»)Q]%

QCp—k+n+1))
2p—ktntl(p — k +n+ 1)

Proof of Lemma A.4. Recall that for f : S — R a function that belongs to 3; and for all
u fixed level in R, the coefficients as(-, u) are defined by as(k,u) = as(k1, k2) a(ks,u), for
k= (k‘1, ko, /453) € IN3, with

ko) = Zw))d’( ri<0>) ~1

So for giving an expression of the coefficients ay; (-, u) for i = 1,2 and of a1 (-, u) just give
one of a (K1, k2) and of that of aq (k1, k2).

First, let us compute ay; (k1, k2), for k1, ks € IN. Let P := (a; ;)1<i j<2- By definition of
coefficient ay: (k1, k2), we have

ags(k1, ko) = k:!//i! /1112 (@11 A1 91 + a1z A2 yo) X
1 _1 ' "
( {<<i;§;>v(w*)t>>0} {<(;;Z;)7(W*)t><0}>

Hp, (y1) ¢(y1) Hi, (y2) ¢(y2) dy1 dya.

By using the fact that H,, is even when n is even and odd if not (see (A.3) and (A.4)), the
coefficients k; and k, ought to be of the same parity, otherwise the coefficients ay: (k1, k2)
would be null. Therefore let us suppose first that k& = 2m and ks = 2¢, m, ¢ € IN. In that
way and using that polynomial Hs,, is even, one has

afs (2m,26) = % /]R2(a11 AL y1 + a1z A2 y2) X

]1{<(A1 y1>7(w*)t>>o} X Hom(y1) (y1) Hae(y2) (y2) dyr dys.

A2 Y2

Let us compute

A2 Y2

E .= - Y1 X ]l{<()\1y1>,(w*)t>20} X Hap (y1) d(y1) Hae(y2) #(y2) dyr dys.

(similar computations would be done for the second integral on y,, the arguments
w3, wt, A2, A1, £, m, in this order, playing the role of wi, w3, A1, A2, m, £ in last integral).
At this step of the proof Lemma A.5 is required.

Lemma A.5. Let p € IN, a € R and Fy(a) := [,"™ 2%*1¢(2) dz. Then

a) = ¢(a p 72kp! a*(P=F)
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Proof of Lemma A.5. Integration by parts and straightforward calculations give the
lemma. m

Three cases occur: wj > 0, wj < 0 and wj = 0.
Let us consider the first one. If wy > 0, E' can be written as

+oo
E:/Hze(y2)¢(yz) /Aw* y1 Hom (y1) o(y1) dy1 | dys.
R 2

- * Y2
XL @)

For real z and m € IN, the polynomial form of Ha,, () is
Hom(x) = (2m)!1y _ED e (A.3)

Using Lemma A.5, one gets

B m (—2)p—m P okl Aaw? 2(p—k)
E_(Qm)!Z@p)!(m_p)!Z (p—k)! (MW*) g

p=0 k=0
4
(=2)* Agw3
20)! _
7;0( ) 2n)! (€ —n)! Crp—i | 3 wr )
where for ¢ € IN and x € R, we defined
oo 1 1 (2¢)!
— 2q —

Gate) = [ v o) o)y = o ey Gl

If wi < 0, using that for m € IN, polynomial Hs,, is even, one obtains that

Aopwd
_22%2
Xiwr Y2

EZ/RHze(yzW(yz) /_OO

+oo
:_Agﬂwwwtﬁwémmmmwmwlw%

* Y2
o)

Y1 Hom (Y1) (y1)dy1 | dy2

and in a same way, when wj =0,

E= (/R Hae(y2) (y2) Liypws >0 dyz) (/RZA Hap (y1) #(y1) dy1) =0.

Finally, knowing that |w}| x sign(w}) = wj, one gets the expression of coefficient
agr(2m,20).

For coefficient ay; (2m + 1,2¢ + 1), similar arguments would be developed using the
previous way and the polynomial form of Hyy1(z), that is

14

—9)p—¢
Hopr(z) = (20 +1)1) (QPJ(FS')(EP)' a?P L (A.4)

p=0
To conclude the proof of Lemma A.4, just remark that a s (2m+1,2() = ay; (2m,2(+1) =0
and that ay; (2m, 2() (resp. ays; (2m + 1,2¢ + 1)) would be computed replacing ai1 by a2
and a2 by a; in the expression of ay; (2m, 2¢) (resp. agy (2m + 1,2¢ + 1)). O
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In order to give the coefficients a; we introduce the following functions.
The § function is defined by:

I'(x)I(y)
y) = oy >0,
Blz;y) Taty) Y
while the I' function is defined by:
I'(x) ::/ ettt dt. (A.5)
0

Lemma A.6. The coefficients a; are given by: for m,{ € IN

(a1(2m,20) a1(2m+1,2041) a1(2m,20+1) a1(2m+1,20)) =
(C(A17A27m7£7u) 0 0 O) )

where

C()‘17 )‘2, m, ga :u) =

VR S S () (M) e ()

p=0 q=0
+ q+n\ (2q9+2n
i:.o( q >(q+n) (l)2n ]- <1 ()\2)2)’”‘
= (9 2 Blp+a+nt i) .
Remark A.7. Note that in the case where A = 1, that is when the process is isotropic
our result contains that of the authors expressed in Kratz and Ledn [20, Theorem 2].

Proof of Lemma A.6. Let us compute aq(k1, k2), for ki, ko € IN. We have

ar (k1. k) = |/ ATyt + A3y He, (y1) Hi, (y2) ¢(y1) ¢(y2) dyr dys.

Similar arguments as those given in Lemma A.4 show that a1 (k1, k2) = 0 except when &,
and k, are even.

So let us compute aq (2m, 2¢) for m, ¢ € IN.

The change of variable y; := Arsin(f) and ys := r cos(6) in last integral and expression of
Hyy given in (A.3) yield

2 —2)p—m(—2)4—¢
al(zm,%):%ﬁzz 2] 2) S A% X

A £ e (2p)!(2)! (m — p)(L — q)
Lor 2 202
— -7 |cos”(0) + A” sin“ (0
/ / r2P 2012 00524 (0) sin’? (f) e 2 [cos™(®) @) drdé.
Now making the change of variable r? := m and w := sin(f), one gets

A2 & ¢ -9 pfm(_g)qff 1
2m, 2() RV/TR 2P oPtaty
ax( X ZZ @) 2 )im — P —q)]

F(p+q+3) Fp+a+3ip+5p+a+11-2%,
where the hypergeometric function F' is defined by
1
F(a;b;c;2) := / w1 —w)* (1 — w2) T du
0
for|z| <1,0<b<canda > 0.

The proof of lemma ensues from the following one.
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Lemma A.8. For |z| < 1,0 < b < cand a > 0, one has

Ile—b) X Ta+n)lb+n) o,
Fla;byc;2) = g“(a) )nz_:o FEchn))F((nJrlg S

Proof of Lemma A.8. The proof consists in a serial development of function f(z) :
(1—wuz)" " O

Proof of Lemma 5.16. Let fi, f» : S' — R functions that belong to B; and set ? =
(f1, f2). We have the following decomposition of det (Z?(u))

det (27(u))
= Zp. 1 (W) g, 5, (1) = (g, (w)?
+o00 +o0 +oo 2
= Z /Z Efl f1 EJ‘2 f2( )) - (Z (Efl,f2(u))q>
= +z_o:odet (Z’?(u))q
+ 3 (), fEnn )y = )y [ re),)
+2) i @)\ Eraors @) /B @) /(B (),

~ (T W)y (Sppa(w),] -

To conclude the proof of lemma, we just have to verify that for all ¢ € IN*,

()| < Ehn @), |/ Crn@), (A.6)

So, let ¢ € IN*, and let define

(g(")( ))q Z ar(k,u / Hk
ﬁﬁ“f;

Corollary 4.9 implies that,

((w), : (2w),) S22 N0 (57 0) ),

and in force (E?(u)) is a semi-definite positive matrix. This argument yields inequality
q
(A.6) and Lemma 5.16. O

Proof of Lemma 5.19. Using that B> = %, lim, ¥, = ¥ = B? and that lim,, tr(B,) =
tr(B) > 0, we obviously deduce that lim,, B,, = B.
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