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Estimation of Local Anisotropy Based on Level Sets

Corinne Berzin*

Consider an affine Gaussian field X : R?> — R, that is a process equal in law to Z(At),
where Z is isotropic and A : R? — R is a self-adjoint definite positive matrix. Denote
0< A= i—f < 1 the ratio of the eigenvalues of A. This paper is aimed at testing
the null hypothesis “X is isotropic" versus the alternative “X is affine". Roughly
speaking, this amounts to testing “\ = 1” versus “A < 1”. By setting level u in R,
this is implemented by the partial observations of process X through some particular
level functionals viewed over a square T, which grows to R2. This leads us to provide
estimators for the affinity parameters that are shown to be almost surely consistent.
Their asymptotic normality results in confidence intervals for parameters.

This paper offered an important opportunity to study general level functionals
near the level u, part of the difficulties arises from the fact that the topology of level
set Cr,x(u) = {t € T: X(t) = u} can be irregular, even if the trajectories of X are
regular. A significant part of the paper is dedicated to show the L?-continuity in the

level u of these general functionals.

Keywords: Affine processes; isotropic processes; level sets; Rice formulas for random fields;
test of isotropy; Gaussian fields..
AMS MSC 2010: Primary 62G10; 53C65; 62F12; 60G60, Secondary 60G10; 60G15.

1 Introduction

The aim of the present paper is to test the null hypothesis that a given Gaussian
process X indexed in R? and living in the class of affine processes is isotropic. We
assume that X is partially observed through some level functionals of its level curve
Cr x(u) for a fixed level u, say Cp x(u) = {t € T: X(t) = u}. The set T is a bounded
square of R?, having the following shape | —n,n[? and we are interested in the asymptotic
as the square 7T tends to R?. Many methods have been provided to test such an isotropy.
An overview of methods have been very well summarized in Weller et al. [24]. Also a lot
of papers have been devoted to propose estimators of 6, the field deformation parameter,
modelled as Xy = Z o 6, where 7 is isotropic. Among them, we can cite Allard et al. [2],
Anderes et al. [3], Anderes and Stein [4], Fouedjio et al. [13], Perrin and Senoussi [20]
and Sampson and Guttorp [22].

Note that in [2], the authors focus on the case where the deformation is linear which
will also be our aim. However, as far as we know, very little research are based on the
use of level sets of the observed process Xy and those quoted previously are not an
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exception to the rule. In some cases, we may be interested in the use of the information
given by some functional of level sets of the process rather than given by a simple
realization of the process itself. This is done for example in Fournier [14] where the
author chose as particular functional the Euler characteristic of some of excursion sets
of the field. In doing so, she proposes an identification of the matrix parameter # which
is a determination of this matrix up to an unknown rotation with two alternative angles.
Having in mind to estimate the affinity parameters by using the level sets of the process
Xp and in the case where the deformation is a linear one, our starting point was an
example extract from the Lecture Notes [25].

In this example Wschebor proposes estimators of local anisotropy of a process X
indexed in R? based on the shape of its level curve, corresponding to a given level u. The
author explains as preamble that his work was largely based on Cabaifia [8], although his
estimators were differents. In [8], according to his own words, the author defines the
class of affine processes as a reasonable alternative to test the null hypothesis that a
given stationary process is isotropic. Estimators for the affinity parameters based on
particulary functionals of the level set of the observed process are provided and they are
shown to be consistent under uniform mixing conditions. These particular functionals
being the measure of dimensional area of the level set by unit of volume, say Jl(") (u)
and also the integrals on the level set of the cosinus and of the sinus of the angle of
the gradient process, these estimates lead to a test of isotropy. Wschebor proposed
probability consistent estimators of anisotropy directions 6, say 50 » and also of its value

), say A,, based on the observation of the ratio of functionals .J (")( ) and Jln) (u) where

J ;T)(u) is the integral on the level set of a chosen particular function f*, taking values
in R?, evaluated in the value of the normalized gradient of X and being its value if this
one lives in the same half-plane as that of v*, a fixed unitary vector in R?, and minus
this value if not. Here a condition of n-dependence was required to obtain consistent
estimators.

Our purpose consists in revisiting the example of Wschebor [25] by taking into
account the ideas developed in Cabana [8].

Main contribution of the paper In the present work following the way opened by
Wschebor, we consider his proposed estimators (/\n, 0,, ). Our main contribution has
consisted in the one hand, by using the Birkhoff- Kintchine ergodic therorem of Cramér
and Leadbetter [9] and Rice formula (see the seminal work of Rice [21]) to establish
the almost surely consistence of those estimators (Theorem 3.12). In the second hand
our contribution was to propose a Central Limit Theorem (CLT) (Theorem 5.5) for those
estimators and some confidence intervals (Corollary 5.6). This was done by breaking
loose of the hypothesis of n-dependence of process X. This leads us also and as in Section
2.1 of [8] to propose statistical tests for the null hypothesis " X is isotropic " versus
the alternative " X is affine ", those one suggesting by the properties of the estimators
(Theorem 5.16). The tools for proving the asymptotic normality of the estimators is the
use of the technique of the CLT for functionals ./ l(c") (u), u being a fixed level in R and f
being a general function belonging to L?, taking values in R, evaluated in the value of the
normalized gradient of X, these functionals belonging to the Wiener chaos. This method
has been developed by Nourdin et al. [17], Nualart et al. [18] and Peccati and Tudor
[19] among others. The idea for proving such a TCL is inspired by a precursor work of
Kratz and Leén [15]. In this one and in the case where the process X is a stationary
Gaussian isotropic process indexed by R?, the authors propose a way to approximate the
lengh of the level curve J\™ (u) by other functionals J\™ (u, o) (¢ — 0) with the help of a
kernel K tending to the delta-Dirac function in u. This is done in such a way that the
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approximating functional can be expressed into the Wiener chaos. It consists in using
the coarea formula (see Theorem 3.2.5 p 244 of Federer [12]) for J f") (u, o), transforming
then this functional initially expressed on the level curve as a temporal functional on
the square T and getting then its Hermite expansion in H(X) the space of real square
integral functionals of the field X. By using this technic we were enabled by taking
o — 0 to express in turn the initial functional J }”) (u) into the Wiener chaos (Proposition
4.9) and then to explicit its asymptotic variance (Proposition 4.12) and finally by applying
the Peccati-Tudor method [19] to obtain the CLT (Theorem 4.14). The way of proceeding
is completely based on the methods developed into the paper Estrade and Leén [11]
itself inspired by the article [15]. In this work the authors show a CLT for the Euler
characteristic of the excursions above u of the field X on T as T grows to R¢, X being a
stationary Gaussian isotropic process indexed in R<.

Our real contribution for proving the CLT, apart from showing the non degeneration
of the asymptotic limit matrix variance (Remark 5.3), was to rely on the two functionals
J](c")(u) and J](c") (u,0) (Proposition 4.2), that is to show that J}") (u,0) is an L?-convergent

approximation of J ](c")(u). It was the opportunity to obtain as a bonus the L2-continuity

in the level u of function E [J J(c") (u)} (Therorem 4.3), that is a very nice interesting result
in itself. We did not find it in the literature and we believe that this result deserves
consideration. The proof is far from obvious and implements a number of ideas developed
in Berzin et al. [7], from which a local parametrization of the level set Cr, x(u+ 9) near
the level u (see Theorem 3.1.2 of [7]).

Outline of the paper Section 2 contains some definitions, assumptions and notations,
among others definitions of an affine process, of an isotropic process and explicit the
type of general functionals on the level set u, say J )(c") (u), we are looking for.

Section 3 is devoted to establish a Rice formula for such functionals, in other words
to compute E[J }")(u)] and to show the almost sure convergence of these ones. Also this
is to enable us by choosing a particular function f* to define the affinity estimators A,
and go,n of the process and to prove their almost sure consistency.

In Section 4, we focus on the convergence in law of J}”) (u) for general function
f. First by using the coarea formula for an approximation of the functional, say
J J(c”)(u, c)(c — 0), we express this last one into the It6-Wiener chaos from which we
deduce an Hermite expansion for the initial functional. It is made by establishing the L?2-
convergence of .J JS")(u, o) towards J ](C")(u), thereby showing the L?-continuity in the level

u for J }n) (u). Then the asymptotic variance as the square T grows to R? is expressed as
a series and we give an explicit lower bound. We then proved the asymptotic normality
for J{" (u) through the Peccati-Tudor theorem.

The results obtained in Section 4 are used in Section 5 by considering the particular
function f*, giving rise to a first result, the convergence in law for the estimators of
affinity parameters. Also the coefficients of the asymptotic matrix variance are computed
in Appendix A and here a lower bound is given for its determinant. Secondly this law
convergence result gives rise to confidence intervals for parameters A and 6, in the
specific special case where the covariance r, of the underlying isotropic process is
known. Some complementary convergence results for Xn are proposed when the affinity
parameters A and 6, belong to the edges of the parameter space, including the particular
case where A = 1. Finally, supposing that the covariance r, is known, we conclude by
proposing an isotropy test.

This paper is complemented with Appendix A giving technical proofs of some lemmas.
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2 Hypothesis and notations

Let us give some definitions, assumptions and notations.

A process (Z(t),t € R?) is said to be isotropic if it is a stationnary process and if for
any isometry U in R?, k € N and ¢y,...,t; € R?, the joint laws of (Z(¢1),..., Z(tx)) and
(Z(U(t1)),...,Z(U(ty))) are the same.

In what follows (X (¢),¢ € R?) is an affine process, that is equal in law to (Z(A(t)),t €
R?), where Z is isotropic and A : R? — R? is a linear self-adjoint and positive definite
transformation. The eigenvalues of A are denoted by A1, A2, 0 < Ay < A\1. Let0< A <1

A
be the quotient of the eigenvalues, A = 22 The process X is isotropic means that A =1

(Adler and Taylor [1], Section 5.7). M

The process X : Q x R?2 — R is a centered Gaussian process twice continuously
differentiable in R?, that is Z € C*(R?).

Denoting by r, (resp. r,) the covariance function for Z (resp. for X), the regularity
assumption on Z implies that r, € C*(RR?).

Assumptions on the covariance For any multidimensional index m = (i1, ...,ix)
o™mr oFr,

aem ) = Oty - O, ®)-

(t)‘ ,m e {1,2}F 0<k < 2}. We make the assumption that

with 0 <k <2and 1 <i; <2, we write

Tz

0
Let ¥(t) = max{‘ Sm

W(t) — 0 when [/t]|, = +oo, ¥ € L'(R?) and g, r-(t)dt > 0, where |||, denotes the
Euclidean norm in R2. We denote by (-,-) the canonical scalar product in R?.

Note that r, € L'(RR?) implies that r, € L(R?) for all ¢ > 1 and hence that Z (resp.
X) admits a spectral density f. (resp. f.) that is continuous and such that f,(0) > 0.

We suppose that [, f.(t) [t]12 dt < +oc.

Let T be an open bounded square of R2, with the following form T = ]—n, n[* with
n € N* = {x € Z,x > 0}, a positive integer, and let n tend to infinity. We suppose that
r2(0) —r2(t) #£0, forallt £0and t € A x (T —T), where T is the closure of 7.

z

Level set For u € R we define the level set at u as:
Crx(u)={teT: X(t) =u}
and we denote Dy the following set
Dy ={teR*: VX(t)isofrank 1} = {t € R*: |[VX(t), #0}.
Also C%TX(u) denotes the level set, CTD{X (u) = Cp x (u) N Dk.
General level functionals S' is the boundary of the unit ball of R and for d = 1,2, o4
denotes the Lebesgue measure on R?.

For f : S' — R? a continuous and bounded function, we define the following general
functional J f")(u) of the fixed level u by:

" () = ! v o
K= [ sex@)an,

where vx(t) = %, while VX stands for the Jacobian of X.
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Hermite polynomials We use the Hermite polynomials (H,,),cn defined by

Ho(x) = (~1)e /2L

—22/2
o (e ).

They provide an orthogonal basis of L?(R, ¢(x) dn) where ¢ denotes the standard Gaus-
sian density on R. We also denote by ¢,,, the standard Gaussian density on R™, for m = 2
or 3.

For k = (k‘l, k%lkg) S IN3 and Yy = (yl,yg, yg) € RS, we note ‘k| = ki1 + ko + kg,
k! = kl'k’g'k‘g,' and Hk(y) = ngjé?» ij (yj)

C is a generic constant that could change of value in the interior of a proof.

3 Rice formula

Let u a fixed level in R.

3.1 Almost sure convergence for J J(c”)(u)

For f : S' — R a continuous and bounded function, we show that process X and
f(vx) verify the assumptions of Theorem 3.3.1 of Berzin et al. [7]. Then the one order

Rice formula for the general functional Jj(c") (u) is valid. More precisely we have the

Proposition 3.1. E [J/” (u)} = px(0) (1) E[ f (%) HVX(O)HQ]
Proof of Proposition 3.1. Let us show that process X verifies assumptions of Remark
3.3.1 of Theorem 3.3.1 of [7].

First X/T : Q x T — R is a stationary Gaussian field belonging to C?(T) and T is a
bounded convex open set of R2.

Furthermore by using results given in Section 4.3 of Azais and Wschebor [6], one can
show that

2
E sup||v2X(x)||§s;] < +oo, 3.1)
xeT ’

where V2X stands for the 2 x 2 Hessian matrix of X and H||§S% stands for the norm in
£2(R?,R), the vectorial space of symmetric linear continuous functions from R? x R? to
R.

NowletY : Q2 x T — R defined as Y (t) = f(vx(t)) = f (%).

Process Y verifies condition (3.18) of [7] since Y (t) = G(VX(t)), where

G:gR*R) — R

A GA) = 1 (=)
is a bounded continuous function on £(R? R), the vectorial space of linear functions
from R? to R with the norm ||-||, ,.

Y is thus a continuous pro/cess on 7. Furthermore, for all ¢ € T, the vector
(X(t),VX(t)) has a density. Indeed, this vector has the same law as that of (Z(0), A x
VZ(0)). And since process Z is an isotropic process, it is such that the random variable
Z(0), g—tZl(O) and g—i(O) are mutually independent.

The non-degeneration of processes Z(0) and VZ(0) provides from the assumptions
made on the covariance r,, more precisely from the fact that the spectral density f, of
process Z is continuous with f.(0) > 0 and that [, f.(t) ||t||§ dt < 4o00.

Finally, we check if the hypothesis Hg is verified. In this context, let us compute the
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following integral:

/ o ) B IV () VX0, 1X(2) = o] =
o2(T) px Hf(”;f(gw” )\ VX ( )HQ} < o0,

where for all t € T, px4)(-) stands for the density of X (¢). All conditions are met to apply
the Rice formula, and one gets,

B[70(w)] = %/Tpx(t)(u)E 7 (o ) IV X @), 1X (@) = u] at
= pxo (W E[f (15259 ) 19X 0)1l,]

The proof is completed. a

In order to propose estimators of the directions of anisotropy and also to estimate its
value, we consider a particular functional of the level set u, that is J}T) (u), where the
function f* is defined as follows. Let v* € S! a fixed vector and consider

St — st

- (3.2)
0= f(0) =6 x (Lgp,0r)=01 — Lito,0)<0})-

Applying the Rice formula for this particular function f* and for the function 1 taking
values in R and identically equal to one, we show the following corollary.

Corollary 3.2.
(n)
E[Jf* (’LL)] B 2 AZ(U*) 1
E[/@w)] — 7 TAW, [s Tdal do”

where da denotes the normalized area measure on S*.

Remark 3.3. Note that J{”)(u) = %;)(“)) This functional is nothing but the measure-

ment of the dimensional surface of the level set by unit of volume.

Proof of Corollary 3.2. Since Z is an isotropic process, its density py z(o)(v) depends
only on [jv||,. We denote it by g(||v]|,).
Thus if f: ST — RR? is a continuous and bounded function,

Elf(vx (0)) VX 0)]1,] = B[/ (rasza ) 1AV Z(0)],]

:/R f(HAvu ) [Avlly g(lv]ly) dv.

Letting v = ra, a € S*, one gets

E[f(vx (0)) [VX(0)],]

o8 ([ a0 ar) ([ 7 (i) 1, aa)
— v zo)l,) ( [ 7 () 14al, da).

In a similar way taking f = 1, one gets

B{IVX©)]L] = B2l ([ 140l da).
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Finally by using Proposition 3.1, one obtains

E[J](f”)(u)} B ISIf(‘Aa‘b) |Ac]|, da
E[JYL)(”)} B S [[Aa, da :

Now choosing f = f* defined by (3.2) and since A is a self-adjoint matrix, one has

/ f* (”A || > ||Aa||2 a=2 Al Aa]l{(Aa,v*)}O} da

=2 / Aaly g, avryz0y da = 2A/ a da,
st ’ STNn{{a,w*)>0}
Av*

= T4,

If R denotes the change of basis matrix from the canonical orthonormal basis e = (3, j)
to an orthonormal basis choosen as w = (w},w*) and making the change of variable
B8 = R'«a in the last integral (* stands for the transpose symbol), one obtains

/ a da
SIN{{a,w*)e=0} e

= / o do =10, / s dav
S1n{{a,(0,1))w>0} w S1N{a2>0} w
1
= / as da < ) w* = = w*.
S1n{as>0} ™

Thus we have proved that

where we have noted w*

2 A%y*
* A = A e M
/ f (HAall ) | a||2 da = w o ||A'U*H2’

that yields Corollary 3.2. a
Now by applying an ergodic theorem for stationnary processes (Cramér and Leadbetter
[9], §7.11), we shall show the following general almost sure convergence theorem.

Theorem 3.4. For f : S' — R a continuous and bounded function,
T () 2y E[J(”(u)} .

n—+4o0o f

Proof of Theorem 3.4. Let f : S' — R a bounded and continuous fonction. As a first step
we suppose that function f is positive and that the square T has the following shape:
T =]0,n[ x ]0,n][. Lemma 3.5 is proved in Appendix A.

Lemma 3.5.

/O"‘l /0”‘1 / fvx(z))doy (z) dtds

Gt t41[x]s, s+1[, x (u)
1 1
—/// flvx(x))doy(z) dtds
0 JO JCo,¢[x]0,s[, x(w)

< / ERICOICE

n+l  pn+l
/ / / f(vx(x))doy(x) dtds
0 0 Cle—1,¢[x]s—1,s[, x (v)
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Let us note H(t,s) = fC]O‘t[x]O o x () flvx(x))doy(z).
On the one hand, since function f is bounded, we have the convergence that follows

1 1 1 C os
— H(t,s)dtds < ——= C — 0,
(27’L)2 /O /O ( 78) S (2”)2 g1 ( ]0,1[2,X(u)) st oo
last convergence providing from Proposition 3.1. Indeed, since
E[o1 (Cjo,1p2, x(u))] < +00, we deduce that oy (Cj1p2, x (u)) is almost surely finite. On
the other hand, noting by
= [ fex)dne).

Cpe, t41[x]s, s+1[, x (u)

(2rlz)2 /Onlfonl / fvx(x))doy(x) dtds =

Cle, t41[x]s, s+1[, x ()
n—1 n—1
&(t,s)ded
(2n> (n—1)2 / / s) >

Since process X is strictly stationary, 7, € L'(IR?) and the spectral density £, is such that
Jge fo(t HﬁH2 dt < 400, we deduce from [9], that process £(¢, s) is an ergodic process.
Furthermore from Proposition 3.1 we know that E[|£(¢,5)|]] < 4+o00. By the Birkhoff-
Kintchine ergodic Theorem (Cramér and Leadbetter [9]) and last proposition, we deduce
that

(n2_n1) 1 /n 1/ £(t, s) dtds—> 4E[€(070)]

In the same way, one obtains

(n;r;l)z (ni 1)2 /OnJrl /OnJrl / f(vx(z))doy(x) dtds

Cle—1, ¢[x]s—1, s, x (w)

_1 E[J}”(u)} .

_as fE[J(l)( )} .

n—+oo 4

Finally, by using Lemma 3.5, one proved that

o[ Sx@)dn 22 L[ w)].

n—4oo 4

C]O‘n[2 ,x(“)

Now, working in a similar way succesively with T = |—n, 0[x]0,n[ or T = |—n, 0] x |—n,0[
or still with 7' = ]0,n[ x |]—n, 0], one should prove the same convergence result for
each square 7. Finally, if f is a positive function, by using the linearity of the interest
functional one have proved that
1
T (u )n—>4>< ZE @] = B[P ).
To conclude the proof of Theorem 3.4, we decompose function f into its negative and
into its positive part, that is under the shape, f = f* — f~, and we apply the previous
result to each of the interest functionals J}Z) (u) and J}Tf)(u).
O

This last theorem provides consistent estimators for the directions of anisotropy.

Page 8/55



Estimation of Local Anisotropy Based on Level Sets

3.2 Estimation of anisotropy directions

3.2.1 The affinity parameters Xn and @\o,n
Theorem 3.4 applied to the particular functions f* and 1 and the result of convergence
of Corollary 3.2 imply that,
g E[JY (w) 2, %
f* (’LL) a.s. f* - 2 A v 1

= . (3.3)
JPw) =+ B[] 7140 [ [ 4a, do

Let P = (v1,v2) be an orthonormal basis of eigenvectors of matrix A, with \; and )\, their
A2

IV 0 < A < 1. The vector v* can always be written in
1

respectives eigenvalues and A =

this basis:
v* = cos(f,)v1 + sin(f,)va.

It is always possible to choose —3 < 0, < 3.
Indeed, 6, could be the angle between v* and the eigenvector corresponding to the
highest eigenvalue, because of the symmetry with respect to the point (0,0) and the fact
that the mapping transforms X into % and 0, into 7 — 0, has this effect.
Our aim is now to provide some estimators of parameters A and 6.
(1)
Using last decomposition we show that m can be expressed in the direct orthonor-

mal basis (v*,v**) as follows.

Corollary 3.6.
E[7{" ()]
- L cos? % sin? 3% sin(6,) cos(6,) (\* — 1) -
= I()\) |:( (90) + A (90)) + (COSZ(GO) + )\2 sinz(eo))% 9

where I()) is the elliptic integral
) = / " (cos2(8) + A2 sin?(0))* do. (3.4)
0

Proof of Corollary 3.6. One has:
A%p* = 22 [cos(6o) v1 + M sin(6,) v

and

=

| Av*]ly = A1 [cos?(6,) + A sin®(6,)]
Also
27 1
/ |Aall, da = /\1/ [cos®(8) + N2sin?(8)]* 2 = 221 7y,
St 0

where I()\) is the elliptic integral defined by (3.4).
Thus by using Corollary 3.2 we proved that

(1)
E[‘]f* (u)] 1 cos(6,) v1 + A?sin(6,) v

E [Jil)(u)] I(A) [cos?(0,) + A2 sinQ(Qo)] ;

1= Do

|
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At this stage of the proof we are going to change the basis, that is expressing last identity
in the direct orthonormal basis (v*,v**), where v** = cos(f, + §)v1 +sin(0, + §) v2 =
—sin(6,) v1 + cos(6,) va, getting

E [J](cp (u)]
B[ )]

F = (F, F») being defined by:

= F1(\, 0,) v* + Fy(A, 0,) 0™,

F:]0,1]x]-2,2] — {(X,)Y) € R>, X >0, X*+Y?> < 1}

(3.5)
(A, 00) = F(X,00) = (F1(X, 05), F2(A, 6o)),
where )
Fi(\6,) = ™ (cos?(6,) + A%sin(6,))?
1 sin(6,) cos(6,)(\2 — 1
B0, = (05) cos( )fz );-
I(N\) (cos2(6,) + A\2sin?(6,))=
That yields Corollary 3.6. a
™y
Writting the observed ratio of functionals % as
1 u
T (4
](cn)( ) = X’rbv* + anv**v (3.6)
Ji 7 (u)

we shall show the following proposition.

Proposition 3.7. Let consider the following system of equations

Xn = Fl()\aeo)
Y, =FR(\0),

where F = (Fy, F>) has been defined by (3.5).

1. In the case where Y,, # 0 or X,, # % it admits a unique solution (Xn, @,n) such that
0<)\n<1and—g<§07n<g.

e The estimator 0 < Xn < 1 is solution of

o (I X2\ -1
X< ) ) S Xy 1

- except forY, = 0 and X, > 2, where A = I_l(x%l)-
e The estimator (z)\o_,n is defined as
) (l—ﬁp®)

0, = arcsin . X% ) (]l{yngo} — ]l{yn>0}) .

2. In the case where Y,, = 0 and X,, = % it admits a unique solution Xn =1, @\Om being
any number belonging to | — %, T].
Proof of Proposition 3.7. As a first step we use a lemma proved in Appendix A.

Lemma 3.8. The random variables X,, and Y,, defined in (3.6) are such that for n € IN*,
a.s. X, >0and X2 +Y? < 1.
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Let us consider the following system of equations

(3.7)
Yn - FQ(A)HO)

{Xn = F1(\, 00)

If the system admits a solution Xn this solution ought to verify the following equation in
A:

X2 (X2 +Y25) = X2 PPN (W + 1)+ X2 =0. (3.8)

At this step, two cases appear: the case where (X2 +Y,2)(3)? —1 < 0 and the case where
(X2+Y2)(5)*—1>0. Let us consider the first one.

L (X2+Y2)(5)*—-1<0.
Since forall A € [0, 1], I(\) < %, the following inequality holds, (X2 +Y,?) I*(\)—1 <
0.
Now dividing (3.8) by I?(\) X2, (# 0 by Lemma 3.8), one gets

n’

/\2

2 2 2 2 —
FO)(X;+Y ) - (A +1)+ X2 =0,
that is, since (X2 +Y,?) I?(A\) —1 <0,
fi(A) = f2(A), (3.9)

where

aoy = xz (1)

X212(\) -1

_ (
2\ = (X24+Y2)I2(\) -1

Equation (3.9) admits a unique solution in the interval 0 < A < 1. Let us argue this
last assertion.
Since X,, > 0, function f; is strictly decreasing, while f, is such that fj(\) =
2I(N)I'(N) 9 .
Y2>0,ifY, #0.
(2 + gy -1 7 W E 7
Let us consider the case where Y,, # 0. In this case function f; is strictly increasing.

By summarizing the situation we know that f; — f> is continuous on 0, 1], strictly de-
X2Y2 14_|_X2 52_12
creasing and such that (f1—f2)(07) = +ocoand (f1—f2)(1) = ——~ (5)"+ (X0 (3) )

(X2 +Y2)(5)2 -1
0. Thus there exists 0 < A < 1, such that f1(\) = f2(A).
I\

Now, in the case where Y,, = 0, f>(\) = 1. We define g by g(\) = =. Since

X, < 2, X =g '(5) is the unique solution in ]0, 1] of (3.9).

Let us consider now the second case.
2. (X24+Y2)(5)?—120.

By Lemma 3.8 we know that X2 +Y,2 > 0,and h: A — (X2 +Y,2) I?()\) — 1 is strictly
increasing and continuous on |0, 1].

Morever, again thanks to Lemma 3.8, h(0) = X2+ Y2 —1 < 0 and h(1) = (X2 +
Y?)(5)? —1 > 0. Thus there exists a unique 0 < Ao < 1 such that h()\g) =
(X2 +Y2)I?(N\o) — 1 =0 and then for A < \g, one has (X2 +Y,?) I?(A\) — 1 < 0 and
for A > X, (X2 +Y2)I?*(\) —1>0.

Arguing as in first part, we can deduce that if (3.7) admits a solution Xn # Ao, this
solution ought to verify fi(A\) = fa(N).
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Function f; is strictly decreasing, while function f5 is strictly increasing if Y,, # 0.
In this case f; — f» is continuous on ]0, 1], strictly decreasing and such that (f; —
f2)(07) = +o0 and (f1 — f2)(A\g) = —oc, since Y,, # 0. Thus there exists 0 < A <
Ao € 1, such that f1(\) = fa(N).

On the other side, still if Y, # 0 and if Ay < 1, we have (f; — f2)(\{) = +oc and
(fi — f2)(17) > 0. Then there is no more solution of (3.9) into interval |\J, 1].
Thus we have proved that in the case where Y,, # 0, if (3.7) admits a solution
Xn # Mo, this solution is the unique solution in ]0,1] of (3.9) and this solution
belongs to the interval ]0, Ag|.

Now we are going to prove that in the case where Y,, = 0, there is no solution to
(3.7) different from ).

2
In fact, if \ is such a solution then f;()\) = X2 (@) = fo(A\) = 1, that is no possi-

2
ble. Indeed, X2(3)? — 1 > 0 and then we would have 1 < X2(%3)? < X?2 (@) =1,

or X2(2)2—1=0= X212(\g) — 1, and since X,, # 0, this would imply that /) = =
and \o = 1 and then A = )y = 1.

To finish the proof of this part of proposition, we look for conditions on A = )\g to
be solution of (3.7). If such a solution exists necessarily it has to verify (3.8), and
then since (X2 +Y,2) I?(A\o) — 1 = 0, we would have \3(1 — X2 I%(\g)) = 0, so that
Y, =0and \g = I‘l(Xln).

Thus, or X;(3)? > 1 and then 0 < A = Ao = I '(¢-) < 1, or X2(5)* = 1 and then
0 < A= )y = 1. If we combine all results we get the following: if (3.7) admits a
solution Xn then,

« (X2 +Y2)(%)?—1 <0, and this solution 0 < A, < 1 verifies equation f;(\) =
f2(A). -
Furthermore in the case where ¥,, = 0 then \,, = g‘l(X%L).

« Or (X2+Y2)(5)>—12>0andY, # 0, and this solution 0 < A, < 1 verifies

equation fi(A\) = fo(\). ~ N
« Or X2(5)*>1and Y, =0, and this solution 0 < A, < 1is A, = 171()%”)'

« Or X2(2)>=1and Y, =0, and \, = 1.
Remark 3.9. Note that in all cases Xn verifies (3.8).
Remark 3.10. Note that in all cases (X2 + Y,2) I2(\,) — 1 < 0.

Now by continuing the reasoning by necessary condition, if we want that Xn < 1 verifies
the first equation of (3.7), we have to resolve the following equation:

X212(N) = (A2 — 1) sin®(0,.,,) + 1,

n

that is
~ 1 3
o 1-X2P2(N,) 32 1)
sin(0,,n) = = = T .
1-2 Frl
+H-H(n)

Let us see that 0 < A"L

A

—— < 1. We have the following equivalence:

<] = (G =1).
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In the case where X2(Z)2 > 1and Y, =0, A, = I }(

0< X” < 1.
In the other cases, fi(\,) = f2(\,) and since f5 is an increasing function, f;(\,) >

F2(0%) = Xﬁ% 1, since Y2 > 0 and X2 + Y2 — 1 < 0.

)\2 fl( )

L1
=
Remark 3.10 gives the result.

If we look at the sign of expression Fy(\,6,), we have to set:

Xln ), we have f; (Xn) = X > 1, since

Now >0| = (Xg POy) —1< 0).

~ 1—X212(\,
0, = arcsin ﬁ
1—X2

) (Lgvu<or = Lyvasop) -

~

In this way, we always have —7 < 0, ,, < 7 and in fact 90 n > —%. To verify last inequality,
remark that

(é\o’” - _g) = (Yn > 0and X2I2(\,) = Xi)
= (Y“ >0and fi(\) = fa(hn) = 1) — (Y, >0and Y, = 0),

which is impossible.
Let us see now that we can go backward. That is let us verify that these proposed
estimators A, (< 1) and 6, ,, are actually solutions of (3.7).

<Sin2(§o,n) = ]'_)(721{\2()\71)> — <X’I2L _ C052<907n) +/)\\% sinQ(Go_’n)>

1- A2 2(An)
207 32 . 2/0 1 PR
— (x, - (cos*(0o,n) +in sin®(0o,n)) 2 = Fi (0, 000) |
I(\)

last equivalence provides from Lemma 3.8 which insures that X,, > 0.
Let us consider the second equation of (3.7). In the case where Y,, = 0 and X,, > %

one has \, = I‘l(X%L) so that §O7n = arcsin(0) =0and Y,, =0 = FQ(XT“O). In the other
cases, one has f1(A\,) = f2(An), and since X2 I2(),)) = cos?(8,.,) + AZ sin®(8,.,,) one has

(fl( n fQ(Xn))
X21°(\n) X21°(\,) — 1 )
<~ = = =

— (zzn: 1 i), D03 -1
I(An) (c082(00,n) + A2 sin®(0,,n)) 2

last equivalence providing from the fact that if ¥;, < 0, 0 < 0,, < 5 and if ¥, > 0,
~2 < 0o <0

To conclude this proof, we just have to check the case where Xn = 1. In this case
X, =2 =F(1,0,) and Y,, =0 = F(1,6,), forall -3 <0, < %

This yields the proposition.
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Remark 3.11. We have proved that F is a one to one function from |0, 1{x]—7, 7] onto
{(X.Y) R X >0,X +¥2 <1 and (X # 2 or ¥ #0)}.
Furthermore and since (6, =%) < (Y =0and X < 2), Fisa one to one function
from ]0,1[x] — %, Z[ onto {(X,Y) € R*, X > 0,X?>+Y? <1 and (X > 2 orY #0)}.

O

3.2.2 Consistency for the parameters Xn and go’n

Now we are ready to state the following results of consistency for the two proposed
estimators \,, and 0, .

Theorem 3.12. 1. ForO < A <1and -3 <0, < 7, one has

Ap —2 5 A
n—-+oo

2. For0 < A< 1and -3 <0, <3, one has

Proof of Theorem 3.12. We prove in Lemma A.1 that the Jacobian of the transformation
F is different from zero when 0 < A < 1.

Thus by Remark 3.11 and the last lemma we now know that F is a C2-diffeomorphism
from the open set U =]0,1[x] — %, [ onto the open set V = {(X,Y) € R?, X > 0,X? +
Y2 <1,(Y#0or X > 2)}

Furthermore by using the result convergence given in (3.3), decomposition of

17 ()] T (u)
E[quik)} in the basis (v*,v**) given in Corollary 3.6 and of that of <n>( )
1 u

(3.6), we obtain the following convergence result: forall0 < A < 1land -3 <0, < 7,

given in

(X, Y3) :—+> F(\0,) = (X,Y). (3.10)

If we reduce the definition domain of (A, 6,), that is if we suppose that 0 < A < 1
and - < 0, < 7, then (X,Y) belongs to the open set V. If F~1 denotes the inverse
function of F, thus since F~! is continuous from V to U, one deduces that almost surely
F~Y(X,,Y) = (A, 0,,,) converges to F~1(X,Y) = (A, 6,).

It remains to consider two cases, case where A = 1 and —5 < ¢, < § and case where
0O<A<landf,=7Z

First let us consider the isotropic case, that is the case where A = 1 and 6, being any
parameter belonglng to] — 7, 5]. By Remark 3.9 stated at the end of Proposition 3.7
proof, the estimator /\n has to verify the following equation

X2I'N) (X2 4Y2) = X2 (N) (A2 +1) + 22 =0
Thus

(X2 = (2)?) [PPRa) (X2 4+ ¥2) + (22 T () = 200) (2 + 1)
+ GG ve - %4(g — 2\, )) (IQ(X,L)—(%)ZE) 0. (3.11)

™

We define the function h for 0 < A < 1, by

=3~

) ( (A) = gA) : (3.12)

l\D\>l
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By using convergence given in (3.10), we establish that

(X, Yy) —7— (2,0),

T
n——+oo ™

and since 0 < Xn <land1l< I(Xn) < 5, we finally showed that

>)

h‘( TL) L> 0.

n——+oo

Since h is a strictly decreasing function on ]0,1] and k(1) = 0, we obtain that

Ay —— 1,

n——+o0o

that is the required convergence.
Let us look now at the case where 0 < A < 1and ¢, = 7.
Convergence established in (3.10) now gives that

(X0 T) 2220 (61) = (755.0)

In the same way as before and using Remark 3.9, one gets the following equality.
(X2 = x2) [11(0) (X2 +¥2) + X2 1 () = POw) (2 + )] + X2 1) ¥
— () (PO =22 200)) (M) + T A) (ATR0) = I A ) = 0. (3.13)
For fixed 0 < A < 1, let us define f by
fl@x)=M(z)—I(N\)z, for 0<z<1. (3.14)

Previous almost sure convergence and the fact that 0 < Xn <1l,1<1I (Xn) < Z and for

~

A< I(A) = AI(A,) > I(A) = § >0, imply that

jus
2

fOn) 25
A straightforward calculation shows that function f is a strictly decreasing function on
[0, 1] such that f(\) = 0. We deduce that

~

)\n a.s. )\7
n—-+oo

this yields Theorem 3.12. a

We thus set up a first approach to detect if the process X is isotropic or not.

4 Convergence in law for J }") (u)

We built consistent estimators, Xn and @m for parameters A and 6,, by using Theorem
3.4 applied in the particular cases where f = f* and f = 1. In other words, we used the
almost sure convergence of .J ;T) (u) and of J{")(u). In order to propose a CLT for these

estimators, we believe it would be appropriate to propose a CLT for J )(ff)(u).

Without really having to do extra work, we can establish a CLT for a general functional
J J(c")(u) function f : S' — R being any continuous and bounded function. Roughly
speaking we decided to give the rate of convergence in Theorem 3.4. In this aim, for v a
fixed level in R, we define the random variable 5}7’) (u) by

€ ) = 2n (I (w) — B[ (w)] ).
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4.1 Hermite expansion for J }”)(u)

Our objective is to decompose the random variable f}") (u) as a sum of multiple It6
integrals. In this aim, the idea consists in approaching functionals J f”) (u) by other

functionals, say J](c")(u, o) (6 — 0), in such a way that the last ones be expressed into
the It6-Wiener chaos. This is possible through the use of a kernel K and via the coarea
formula.

4.1.1 Coarea formula

For ¢ > 0, we define an approximation of J ](c”) (u) given by

n L[t
JJ(‘ )(U»U)ZE K(

o

L) an) (v) dv,

— 00

where K is a continuous density function with a compact support in [—1, 1].
By applying Corollary 2.1.1. of [7] to the function h : R? x R — R defined as :

(e.y) = Fox () - K(%52),

to the C''-function G = X : D = R? — R and to the borel set B = T, we get:

T (u,0) = ~ K20y v x @), dt.

Let A = ()E)l f ) a matrix that factorizes A such that A = PAP?, where P is a unitary
2
matrix.

The matrix I'X stands for the covariance matrix of the 3-dimensional Gaussian vector

X(t) = (VX (1), X(t)".
2

We recall that since Z is isotropic, E[VZ(0)VZ(0)!] = p I, where p = —%Z;

(0) for any
i = 1,2 and I, stands for the identity matrix in R2.

PA
We denote A for the 3 x 3 matrix, A = (\/ﬁ() 0 )
r2\U),
We can write, for any fixed t € R?, X (t) = AY (¢), where Y (¢) is a 3-dimensional standard
Gaussian vector.

With these notations and if Y (¢) = (Y;(¢))1<i<3, one obtains:

) It is such that AAt = X,

()
1) = 82 " (120)
I VAIY2(1) + A3Y2(1)

‘K ( ) @m)) JRYE) + ABYE () e

We define for o > 0 and y = (vi)1<i<3 € R?, the map g, as:

PA Y1
VB (u—/12(0) ys <y2> [\2
9o(y) = pe K ( pe ) / >\1y1 T )\2y2 >\1y1 + >‘292
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Since the map belongs to L?(R?, ¢3(y) dy), the following expansion converges in this
space:

0@ =33 ap ok, u) Huly),
=0 g
|k|=q
while taking k = (k;)] ;<5 € IN?,
ay, o (k,u) = ar(ki, k2) ag(ks, u), (4.1)

where for (ki, ko) € IN?,

A(30)

P
VI
ag(ky, k) = oy Voo /f NeC T ESYT: VAT + Ay3Hi, (1) (1)

Hy, (y2) #(y2) dyr dyo

and

o (ks 1) = —— 7 Lk (m) Hiy (4) 6(y) dy.

k‘3! g
— 00

In this way, we obtain the expansion of the functional J (")(u, o) in L%(Q), that is:

J(n)(u o) «

(k. u / F(Y (4.2)

q 0 keN®
|k|=q

Now observe that as o tends to zero, a,(ks,u) — a(ks,u), where coefficient a(ks, u) is

defined as
1
kg, ) = — Hy, | — . =0l
a (ks,u) k3! ks <\/r2(0)) ¢<\/Tz(0)) \/r-(0)

This remark yields the following expansion in L?(Q) of Jj(c") (u) as a sum of multiple
Wiener-Ito integrals of order ¢, that is
k u /Hk,

J(”)

q 0 geN®
|k|=q

where coefficients ay(k,u) are defined by
as(k,u) = ayr(ky, k2) a(ks, u). (4.3)

Remark 4.1. This equality has nothing obvious because we do not know a priori that
the right member in the last equality really belongs to L?(f2). This fact comes from the
way we obtained this expansion, the series

> m—o @ (k3, u)ks! being equal to +oo as the Hermite development in

L?(R, ¢(z) dn) of delta’s Dirac function in point u.

So now the idea consists in proving that J ](c )(u o) tends in L?(Q) towards J (")( ) as
o — 0. We emphasize that this convergence is not an obvious purpose since the dlfﬁculty
is to prove the continuity of function (z,y) — E {J ](c")( )J }")( )} This fact is far from

being trivial and require a number of results expressed and demonstrated in [7], of
which the second order Rice formula and a in-depth study of the level curve Cp x (u + 9)
in a neighborhood of the level u.
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4.1.2 [’-convergence of J](c")(u, o)

We demonstrate Proposition 4.2.
Proposition 4.2. One has the following convergence,
n L*(Q)  (n
T (u, 0) — T ().

—0

Proof of Proposition 4.2. One can easily see that the proof of this proposition follows
immediately from that of Theorem 4.3.
O

Theorem 4.3. The function
(z,9) = B[ (@) 1 w)]

is continuous. In particular the same holds for function,
E J(n) 2
Y= f )| -

Proof of Theorem 4.3. Let us note I](cn)(u) = fCT () flvx (t)) doy(t).
We are going to need several lemmas among which here is the first one. This one is a
little more general that one of part 2. given in theorem.

Lemma 4.4. Let Y : T C R? — R a process such that forallt € T, Y (t) = G(t,VX(t))
where G : R? x R? — R is a bounded continuous function of its arguments, then

ys E UCT,X@) Y(t) dal(t)]

is a continuous function.

Proof of Lemma 4.4. In order to apply the second order Rice formula to the random
variable fCT‘ <) Y (t) doy(¢) for all y € R, let us show that process X verifies assumptions
of Remark 3.3.5 of Theorem 3.3.3 of [7].
As in the proof of Proposition 3.1, X/T : Q@ x T — R is a stationary Gaussian field
belonging to C*(T") and T is a bounded convex open set of R?.
Furthermore as for inequflity (3.1) one can prove that
E {supxeT \|V2(X(x))||gsé} < +oo. Now Y verifies condition (3.18) of [7] since Y () =
G(t,VX(t)), where

G:R?x £(R*R) - R

(t, A) — G(t, A),

is a bounded continuous function of its arguments. Y is thus a continuous process on T’
and we already saw that for all ¢ € T, the vector (X (¢), VX (¢)) has a density. Furthermore
for all (t1,t2) € T x T, t; # to, the vector (X(t1), X(t2)) has a density px (), x@.) (")
since we made the hypothesis that 72(0) —r2(¢) # 0 for all ¢ # 0 such that t € A x (T —T).
To apply Rice formula, we just have to check hypothesis H; that for all y € R,

H(y) = /T><TE[|Y(t1)| Y (t2) [ VX ()l [[VX ()l [ X (81) = X(t2) = 9]

X DX (1), X (t2) (¥, y) dt1 dtz < 4-o00.
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Then we have

E /C o Y(t) dal(t)]

:AWTEW@OY@waunMHVX@maXan:x@g=y]x

DX (t1),X (t2) (> y) Aty dita.

To check hypothesis Hy, we are going to prove that function y — H(y) is continuous.
Then applying the second order Rice formula and using similar arguments, working with

2

Y instead of |Y|, we can prove that y — E UCT <) Y(t) dal(t)} is still continuous. This
would achieve the proof of Lemma 4.4. '

In this aim, we use the decomposition given in ([25], p. 60) thatis, forTr € T — T

VX(0) = &+ (X(0)a+ X(7)p)
VX(r) = & —(X(r)a+X(0)5),
where ¢ and £* are centered Gaussian vectors taking values in R?, with joint Gaussian

distribution, each of them independent of (X (0), X (7)), such that if r, stands for the X
covariance function,

oo 7o (T)Vre(T) 5= r2(0)Vr, (1)
r2(0) — r2(7)’ r2(0) — r2(7)
Var(¢) = Var(¢*) = —V?r,(0) — r2(()r)w(22() Vry (T )(er(r))t
Cov(, €) = —V2ry(r) — —2T0 G () (Vra ()"

r2(0) = r3(7)

Thus with these notations one has
= / du / F(y,u,7)dr
T T—u

2

~ex Y 1 1
Fly,u) = p( 2(0) + 72 (7 )) T (r2(0) — r2(7))?

where

7)
A _# e (r
<B|jotwe - i v o] e~ e ),
* y y
X G(T"‘U,g +mv’f'x(’r)) WV%(T} 2:| .

Since 72(0) — r2(t) # 0 for all t # 0 such that t € A x (T —T), this implies in force that
r2(0) —r2(7) # 0and r,(0) + r.(r) #0 forall 7 € T — T, 7 # 0, thus

* y— F(y,u,7) is continuous for almost (u,7) € T'x (T —T).
Now let us enunciate the second lemma proved in Appendix A.
Lemma4.5.34>0,V7reT - T, (||T|\2 A= 12(0)—12(r) > A ||T|\§)

Now let us choose A > 0 small enough such that for all 7 € T'— T with ||7]|, < A4, one
has the following inequalities,

(1) 7(0) + r4(1) = 2 7,(0)
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« (2)72(0) —r2(1) = A7
* 3) [Vrz(T)|l, < CJ7l,

Note that these three inequalities are always possible to realize. Indeed the first
inequality just translate the fact that covariance function r, is continuous in zero, the
second one comes from Lemma 4.5 and the third one from a first order Taylor expansion
of Vr,(-) about zero.

These inequalities allow showing the following bound on |F'(y, u, 7)|

* 3D > 0suchthat forall (u,7) €T xT —T,
1P (y,0,7)| < DO +32) {Lgiri, 4y + 21 Lty )

Il

Before explaining the last inequality, let us remark that since foTfu (ﬁﬁl““ < +00, an
2

application of Lebesgue’s convergence theorem yields that H is continuous. Indeed, two
cases occur: ||7||, > A and ||7]|, < A. If ||7||, > A, since r, is continuous on the compact
set K =T —Tn{|r|l, > A} and r2(0) —r2(7) # 0 for 7 € K, thus there exists E > 0 such
forall |7, > A, r2(0)—7r2(7) > E and r;(0)+7,(7) = E, so that |F(y,u,7)| < D(1+y?). If
7|, < A, inequalities (2) and (3) give that E[||{||,] < C and E[||{*]|,] < C and inequalities
(1) and (2) give that [F(y, u,7)| < D(1+y°) -

That completes the proof of Lemma 4.4. |

Remark 4.6. Note that forally € R, a.s. Cpr x(y) = C]%:'X(y). To convince oneself of this
equality, it suffices to remark that the hypotheses of Theorem 3.3.1 of [7] are satisfied so
that one has, for all y € R,

P(we 3t e T, X(t)(w) =1, [[VX(t)(w)], = 0) = 0.

Remark 4.7. The approach chosen to prove Lemma 4.4 does not work for showing that

(/ Y(tl)dal(t1)> X (/ Y(tg)dm(tz))] )
Cr, x(y1) Cr, x (y2)

is continuous. In fact if we try to reproduce the previous proof, we realize that the
previous hypothesis H7 changes in the following checking. For all y1,y> € R,

(y1,y2) = E

H(ylayZ) =
/TXT E[[Y ()Y ()] IVX ()]l [VX ()]l [ X (81) = y1, X (t2) = v2]

X DX (11),X (t2) (Y1, Y2) dt1 dta < +o00.

As before, performing a regression, the expectation appearing in the expression of H(y)
is replaced by

e |otwe+ H G a0~ Foy e
S+ ET Ao e,
e+ i~ )
e+ o o ],
Vry(7)

and the principal difficulty results in bounding — when |||, < A. That is why
T$

(0) —r(7)

we developped a little more sophisticated approach to prove Lemma 4.8.
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Lemma 4.8. Let y be fixed in R and (yx)rew be a real sequence tending to y. Then for
alln € IN*%,

|17 w0~ 1 w) 0,

_
L2(Q) k—4oo

where |- ;2(q, stands for the L*(Q)-norm.

Note that Lemma 4.8 imply Theorem 4.3.
Proof of Lemma 4.8. Let us give an outline of the proof.
Let Y be the process defined by Y (¢) = f(vx(t)) = G(VX(t)), t € T. The idea consists,
for fixed n € IN*, in approximating the functional I](cn)(y) by I ("%(y) the following one.
For m € IN*, let

1 (y) = / Yo (£) oy (1),
Cr, x(y)

where Y,,, defined on 7' is such that

Y, verifies assumptions of Lemma 4.4 and then
Y., is continuous on T’
Almost surely for all t € T, Y, (t) ———— Y (¢)1py, (?)

m——+oo
supp(Yy,) C D%,

B W N -

where for any continuous function f, supp(f) is its support.
Assertions (2) and (4) imply (see [7], Theorem 3.1.2) that almost surely

x%/ t)doy(t)
ar ($)

is continuous and applying Remark 4.6 we have, for all m € IN* that, almost surely

If0 ) > I (w).

m

Note that this almost sure convergence is what we need to move forward. Furthermore,
assertion (1) implies that for all m € IN*,

|75

so that Scheffé’s lemma allows to conclude that for all m € IN*,

L2(Q) k—4oo L2(Q)

I HI( ™ () — I ’ - 4.4
koo ran(¥) L2(Q) @4
An upper bound is
|57 ) = 17|, o < 17 w0 = 2500,
(n) (rL) ’ H (rL) () ’
1 1 . (4.5
|2 = 180w =10, @9

Applying Lemma 4.4 to Y — Y,,, and using the convergence assumption given in point (3),
we show that

lim  tim |7 ) = 10 ()|
im  lim 11 (ye) — 1, (yie) L)

m—+00 k—+o0

tim |10 ) ~ 10.(0)|

m——+oo

= 0’
L2()
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ending the proof of Lemma 4.8.
Thus let us build such a random variable Y;,, by defining form € N* and ¢t € T*:

1
Yo (t) = gm(t) (m VX Livx@20y + 2]1{VX(t)—0}> Y (t),
2

where ¢ is an even continuous function on R, decreasing on R* such that

and (g, )men- is a sequence of functions defined on R? to [0, 1] in the following manner

d(a:, T27n)
d(z, T?™) + d(z, T(™)’

gm(l‘) =

where d(z, A) stands for the distance between the point = and the set A C R?. The
closed sets 72™ and 7™ are defined by

T27n — {.’L’ c R27d($,TC) < ﬁ} and T("L) = {fl' S Rgud(quc) 2 %}7

T¢ denoting the complement of 7' on R2.

We have shown in ([7], Lemmas 3.2.1 and 3.2.2) that the functions (g, )men+ are well
defined, continuous and such that the support of g,, /7" is contained in T for each m € IN*.
Furthermore this sequence is bounded by one and tends to one when m goes to infinity.
Thus to check that Y,,, verifies assertions (1) to (4) we proceed as in [7].

Indeed, one can write Y,,(t) = G, (t, VX (t)), where for t € T and z € R?, G,,,(t,2) =

gm () (% Tioroy + 2]1{Z:0}) G(z). Using the crucial central term in ¢, the fact that

mz]|
the support ;f gm/T is contained in T and that the sequence (g,,)., tends to one, one
establishes assertions (1) to (4). As explained before convergence (4.4) ensues. Now
going back to the upper bound given in (4.5), let us look closer at its first and third
terms.
By using assertion (1) one proves that Z,, =Y —Y,, verifies assumptions of Lemma 4.4
and then, one has

tim |70 () = 17 ()| (4.6)

k—+oo

= e - 1w

L2(Q L2(Q)

By using Remark 4.6 almost surely for all m € IN*, one has
1w - 10w = [ Zat)dn).
CT, X (y)

Now by using convergence given in point (3), we obtain that almost surely for all t € DY,
limyy, 00 Zm () = 0.

Furthermore for all ¢t € D%, one has |Z,,(t)| < C. Morever by applying Lemma 4.4 to
function G = 1, one gets that

- 2
E[ou(CE x )] < +o0, 7

and then almost surely al(C]%j' x(¥)) < +oo. The Lebesgue convergence theorem induces
that

* Almost surely, lim;,, oo IJ((-”) (y) — IJE"n)l(y) = 0. Furthermore
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1{0(y) — 100, ()| < Cor(CR. x () € L2(aP),
last belonging providing from (4.7).

¢ Almost surely,

Applying once again the Lebesgue convergence theorem, one has finally proved that
1im,, 400 HI}"TZL(y) - I](,")(y)‘ ) 0. Thus by using inequality (4.5) and convergences
obtained in (4.4) and (4.6), one concludes that

|17 ) = 17 )

k——+oo

)

Q)

yielding Lemma 4.8. O
Theorem 4.3 follows from last lemma. O

We are now ready to propose a L?(2)-expansion for §f")(u).

4.1.3 The functional J J(c”)(u) viewed into the Wiener chaos

Proposition 4.9. One has the following expansion in L?(2),

(n = 71 3 a u H
=== 3 aslhw | v o

=1 pecN®
|k|=q

where coefficients as(k,u) have been defined by (4.3).

Proof of Proposition 4.9. The proof of this proposition strongly leans on that given in
[11] and extensively uses the orthogonality of the various chaos.
As in the proof of ([11], Proposition 1.3) let us define formally

and prove the following lemma.

Lemma 4.10. (T) € L*(9).

Proof of Lemma 4.10. First, remark that if k,m € IN% are such that |k| # |m/, then for
alls,t e TxT,E [f[k(Y(t))fIm(Y(s))] = 0 and the above expression, n(7") turns out to
be a sum of orthogonal terms in L?((2).

Indeed, to prove this we need a generalization of Mehler’s formula given in Azais and
Wschebor ([6], Lemma 10.7, part b, page 269) via the following lemma for proved in
Appendix A.

Lemma 4.11. Let X = (X)i=1,2,3 and Y = (Y}),=1, 2,3 be two centered standard Gaus-
sian vectors in R? such that for 1 < i,j < 3, E[X;Y;] = p;;, then for k,m € IN3, one
has

di]‘

E Hk(X)Hm(Y)] = ( >, kml [T =% >11|k|=m.
dij >0 1<i,5<3 W7
Zj di]‘:ki
> dij=m;

As in [11], let us fix Q € IN and let us denote by 7€ the projection onto the first Q
chaos in L?(2) and by ¢, the projection onto the remaining one. With these notations
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one has

Q

") = >, 3 ) | A at
|k|=q

and 7q(n(T)) = n(T) — 7°(n(T)).
By the precedent remark, we have

Q

e 2 _ S ik [ B
0] = 28| s 3 arlh [ Ao ar

q=0
|k|=q

Remember that coefficients a ,(k, u) have been defined by (4.1).
Applying the Fatou’s lemma, since lim,_,¢ ay,(k,u) = as(k,u), we obtain

q92

Q
1 ~
E[xn((T)]> < lim S E a[,k,u/HYt dt
[P < lim > B s 2 arolkiu) [ (Y ()
9= kelN
lk|=q i
- 12
oo 1 .
< lim E agk7u/HkYt dt
> B\ %;s rolkow) | He(Y (1)
L lkl=q J
q92
1 oo
= lim B agolk.u) | Hy(Y () dt
o0 | 02(T) q_o,gl; ! T
lk|=q J

= lim E [J(n)(u, a)}
o—0

the last equality providing from equality (4.2) and from Proposition 4.2 and the third last

equality from the expansion in L?(f2) of J}”) (u,0) (see (4.2)) and precedent remark.

Thus the random variable n(T) € L*(Q) and

) 1 _ 2
E[n(T))? = ZE[ > ap(k,u) / Hi (Y (1)) dt] . (4.8)
— o2(T) 5 T
q=0 ke
|k|=q
This achieves proof of Lemma 4.10. |

It remains to prove that J}")(u) =n(T) in L*(Q).
As in the proof of Theorem 4.3, we write ||| ;2 (g, for the L?(©2)-norm.
For fixed Q € IN and o > 0, one has the following inequalities

|77 @) =n@)|, <[ty @) —n(@)

+{|r e ) = Y (w,0))|

L2(Q)
e o) =)

L2(Q L2(Q)

< re@? @] , o + ImeTNzay + |77 ) = 77 w,0)

+ [+ . 0) = (1))

L2(Q L2(Q)

L2(Q)
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Now by Lemma 4.4 and Lemma 4.10, J{"™ (u) and n(T’) belong to L2(2), thus limg_, 4 o Hﬂ'Q (Jj(c") (u))‘ o

limg_ 4o ||7TQ(77(T))HL2(Q) =0.

Furthermore due to Proposition 4.2, lim HJ}H)(U) — J}") (u, a)‘ = 0 and for fixed
o—

L2(Q)

Q@ € N and since lim, o ay,,(k,u) = af(k,u),
|0 o i, -
tim |79 (73 (w,0) = (D)), =0
Hence, for fixed @ € N and taking limit as o tends to zero one obtains,

|75 () = ()|

(n) ‘
< J
oy < [T @)

T .
R SCTC) oS

Then, taking limit as () tends to infinity one finally gets

=0.

|75 () = (1| .

Now to complete the proof of Proposition 4.9 it remains to establish that E {J}") (u)} =
af(0,u), where 0 = (0,0,0) € IN3. Indeed it is enough to remark that a(0,u) =

¢< ::(0)> rlz(()):px(o)(“) and that a; (0,0) =

5|7 (e ) VX)), since

IVX(0)]], = \/EHPA (2%)

= i)

Proposition 3.1 gives the result. a

2

Now we are ready to compute the asymptotic variance of S;n)(u) as n goes to infinity,
which is the object of the following proposition. The proof very closely follows the one
given in ([11], Proposition 2.1).

4.2 Asymptotic variance for 5;") (u)

The functionals 5}") (u) are also orthogonal in L?((2). This is a crucial fact for comput-
ing its variance. Using the Arcones inequality (see [5], Lemma 1, p. 2245), we deduce
the asymptotic variance of £ 7 (u) as T grows to R?, this variance depending on the level
u as follows.

Proposition 4.12. We have the following convergence,

lim Var[gj(c") (u)] = Xy 5 (u),

n—-+oo

Yt #(u) being defined by

Zrpw) =Y > as(k,u)ar(m,u)R(k,m), (4.9)

¢=1 k meN3
|k|=|m|=¢

while R(k, m) is defined as

Rk, m) — /R B[ Hi(Y (0) Ho (¥ ()] o, (4.10)
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Proof of Proposition 4.12. 5}7’) (u) =2n (J](c")(u) -E [J(n) (u)} )

Since the random variable 5}")(u) is a centered one, using equality given in (4.8), we
obtain

Var [ﬁfr") (U)} = E[&}") (u)}2 = i > ap(k,u)ag(m,u) R, (k,m) (4.11)

=1 k meN®
|k|=|m|=q

with
1 ~ ~
Ry(k,m) = —— E[HY Hth]d dt.
o) = oz [ B[RO ) )]
Thus and since Y is a stationary process, we have

R, (k,m) :/ E[ﬁk(y(o»ffm(y(u))] (1 - Z’;L') (1 - |§Z> do.

[—2n,2n]?

Now by applying Lemma 4.11 of Section 4.1.3 to X = Y(0) and Y = Y (v), one has for
k| = [m

’

(Y (O (I ()"
B[H(YO) En(Y ()] = 3 kmt [ L5
d;; >0 1<4,5<3 K
>, dij=k;
> dij=m;
where
Y (v) = E[Y;(0)Y;(v)]. (4.12)
Since
'Y (v) = (Y (v)1<ij<s
1 0%r 1 or
_*Pt z A i P _71315 z A ;
_ m (81)181)]( U))lg ,J<2 ,u/rz(o) (8’[)1( 'U))lg <2
B 1 Jr r,(Av) ¢
- 7,2 A’U t . P z
/M"Z(O)(avi (Av))ici<o 7.(0)
we have for any v € R?,
sup |1} (v)| < L¥(Av), (4.13)
1<i,5<3

where the function ¥ has been introduced in Section 2 and L is some positive constant.
Hence, for |k| = |m| = ¢, with ¢ € IN*,

B[ Hi (v (0) o (Y ()] | < L/ w9 (A0),
where L/ is some constant depending on k and m.

By the covariance assumptions previously stated, ¥ € L!(IR?) and then W9(A-) € L}(R?).
We can apply the Lebesgue convergence theorem and obtain, for k,m € (IN3)*,

lim Rn(k,m):R(k:7m):/]R2E[ffk(Y(0))fIm(Y(v)) dv.

n—-+oo
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Now turning back to (4.11), we write

oo

Var ¢ ()] = D" Vi (w),

q=1

and according to what we have just seen, for all ¢ € IN*,

Jim VIR w) =Vo(w) = D ap(ku) ag(m,u) Rk, m). (4.14)
k,meN?
|k|=|m|=q

Note that for any ¢, V" (u) > 0 and so V,(u).

Thus, if we prove that limg o0 SUp, >0~ 041 Vq(") (u) = 0, Fatou’s lemma implies
that limg 4+ Z;X;QH Vg(u) = 0. Thus (Zqul Vy(u))q is an upper bounded increasing
sequence and consequently a converging sequence, that is the series 220:1 Vy(u) =
Yt #(u) will be convergent. Also the first convergence will imply that Var {g}") (u)} tends

to X¢ ¢(u). The proof of Proposition 4.12 will be completed. Thus let us prove this
convergence via a lemma.

Lemma 4.13.

~ (M) (1) =
Qlirfooi‘iﬁ’ > v (u) =o. (4.15)
7 g=Q+1

Proof of Lemma 4.13. First, let us remark that the convergence in (4.15) is equivalent
to the following one:

iVl ] <o

uniformly with respect to n, where 7 stands for the projection onto the chaos of strictly
upper order in Q.
For the sake of simplicity of writing, let us note V,, o = Var [WQ@;”) (u))} .

Let s € R? and 6, be the shift operator associated with the field X, that is, 0, X = X, ..
Let us also introduce the set of indices I,, = [-n, n[> N Z?2, clearly we have

rol(€f(w) = 5 3 Oulma(Era(w)
sel,

where the random variable & ; (u) is

§ra(u) = Z Z ay(k,u) / zflk(Y(t)) dt.
4=1 keN? [0,1]
|kl=q

The stationarity of X leads to
1\2
Vi = (zn) > au(m)Blrg(€ra()0s(ro(€ra(w)],
s€lan

where a,(n) = card{t € I,,, t — s € I,,}.

Obviously, one has a,(n) < (2n)2.

Now, on the one hand, by the assumptions made of Section 2, lim;, 1 U(z) =0, and
since the eigenvalues of A are strictly positive one also has
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On the other hand, let 0 < p < 1 such that

2

pL(u) < 1 where L(u) = 2—— + 1, (4.16)
r2(0)
and a > 0 such that |[z||, > a implies
3LU(Az) < p <1, (4.17)

where L defined by (4.13).
We split V,, g into V,, g = Vn(q)? V,%, where in Vélgg the sum runs over the indices

sin {s € I, s, < a+3} and in VTE’Q over s in {s € Io,, |||/, = + Standing
for the supremum norm. By Schwarz inequality and since a,(n) < (2n)?, using the
stationarity of X one has the following upper bound,

VS| < (e +3))? Blrq (€ (),

which goes to zero as () goes to infinity uniformly with respect to n, since as in Proposition
4.9 one can proved that limg_, ; E[wQ(,gf,l(u))]2 = 0.

. 1
We proved that limg_, o sup,, V,E 22 = 0.

Now, let us consider the term V( )

V= (5) X el )bl )],
s€lan
5]l oo =a+3

For ¢ € IN*, let us define function F by

Fy(x) =Y as(k,u) He(z), = € R®.
keN?
|k|=q

For s € I, such that ||s|| > a+3,
Elrq(§5,1(w)0s(mq(Er.1(w)))] =

/ / E[F, (Y (1)) F, (Y (s +v))] dt do.
q=0+17 0,12 J[0,1)?

At this step of the proof we want to propose a bound for E[F, (Y (¢))F,(Y (s +v))],
t,ve o, 1]%
Note that if ), s a7 (k,u)k! = 0, then F,(z) = 0 for all € R? and a trivial bound is
|kl=q
zero. So let us suppose that E,‘cke‘ma a7 (k,u)k! # 0.
=q
We are going to apply Arcones inequality (see [5], Lemma 1 p. 2245). By using no-

tations of this lemma, we apply it to f = F, and to X = (XW);¢;<3 = Y(¢) and
Y = (Y®)1ches = Y (s +v), with d = 3, such that r0F) = E[XWY W] = ¥ (s —t +v),
I'Y having defined in (4.12).

Now by using inequalities given in (4.13) and (4.17),

— ( sup Z‘ (m)’) sup Z‘ w)‘

1<5<3 1<k<3

<3LY(A(s—t+v) <p<l. (4.18)
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It remains to verify that F;, function on R? has finite second moment and rank q.
In the first place by Lemma 4.11 given in Section 4.1.3 one has

E[F,(X)] =E[F,(Y(®))* = ) a}(k,u)k! < +oc.
kN3
|kl=q

In the second place and since ), -3 afc(k, u)k! # 0, this last equality ensures that rank
lk|=q

F, < g. Furthermore let m € IN3 such that E{Fq(X)I?m(X)} # 0. By Lemma 4.11,
E|F,(X)Hpm(X )} = S pen @7 (K, k! —jm, which implies [m| = ¢ and rank F, = .
k|=

Thus we have all the ingredients to apply Arcones inequality. For ¢ > 2, using inequality
given in (4.18) we get the bound

E[F, (Y (1)) Fy(Y (s +v))] < 99 B[F,(Y (1))
<p"2 (BLP WA (A(s — t+v)) (Y aj(k,u)k!).

keN®
|k|=q

As already pointed out in Remark 4.1, the series », s afc(k,u)k! = 400, so that we
have to tread carefully in what follows.
Finally and since a,(n) < (2n)?, one has

V(i}?]gc oY " ad(k,u)k! Z/ / A(s — t +v)) dt do.
01 01

=Q+1 geN? s€ly,
|k|=q

Using that

/ / A(s —t +v)) dtdvg/ U2 (Av) dv
[0,1]2 /[0, 1]? R2

s€lap

< C/ T2 (v) dv < 400,
R2

last finiteness providing from hypotheses given in Section 2, one has

‘ CZ S 02k (k, u)kl.

q=Q+1 gcN?
|k|=q

To conclude the proof of this lemma we just have to check that

ZZP‘ZQ a%(k, u)k! < +oo.

=2 keN®
|k|=q

Now remember that for k = (k;)1<;<3 € IN?,
af(k,u) = ayp(ki, k2) a(ks,u),

with

a(kg,U)— Hks(\/ ) (\/rz )\/le(o)'
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On the one hand, since the function

PA(2)

_— \/)\ Y +>\2
)‘13/1 )‘23/2) e

h:(ylayQ)Hf(

is such that h € L(R?, ¢2(y) dy), we deduce that,

D af(kr ka)ki k! < +oo. (4.19)
k}l,kQE]N

On the other hand by using the expression of Hermite’s polinomials given in Appendix A
by (A.4) and (A.5), for all k¥ € IN and for all x € R we get the bound

HE(z) < (k+1)! (222 + 1)*,

so that for all k € N3 such that |k| = ¢ and remembering that L(u) has been defined in
(4.16), one has

ks!a®(ks,u) < C (ks +1)L* (u) < C (g + 1) LI(u).

Thus by inequality (4.19), finally one obtains

DY Pk € C D 0+ )P < o,
9=2 keN® q=2
\ke\:q

last finiteness providing from inequality (4.16).
This yields Lemma 4.13. a
Proposition 4.12 ensues. O

Now, we have got all the tools to prove that the random variable fj(p")(u) converges
in law as n tends to infinity to a centered Gaussian variable with finite variance X ;(u)
given by (4.9), see Theorem 4.14. The proof we give for this theorem and the following
remark, are inspired by the one presented in ([11], Proposition 2.4).

4.3 Convergence in law of f}n) (u)
Using the Peccati and Tudor theorem (see [19]), we obtain the following theorem.
Theorem 4.14.

€ () 22 N(0; S g(w).

Remark 4.15. If f is a function with constant sign, then X ¢(u) > 0.
For example if f = 1, we find that the curve length converges in law to a non
degenerate Gaussian random variable.

Note that for all real numbers a and b and for all continuous and bounded functions,
fiand fy : S* — R, one has §£?z+bf2( ) = ag(")( )+ bg}:) (u).
Thus if we define

S =" > ap(ku)ag,(m,u) R(k,m), (4.20)

9=1 k meN?
|k|=|m|=q

where R(k,m) is defined by (4.10), we readily get Corollary 4.16.
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Corollary 4.16. Forall f = (f1, f2) : S* — R? continuous and bounded function, one has

€9 (u) =" N(0; 5, 1 (w),

n——+oo

where Xy, 1) (u) = (Efivfj (u))1gi,jg2'
Proofs of Theorem 4.14 and of Remark 4.15. First, let ) a fixed integer in IN* and let us
consider the random variable

We will show the asymptotic normality of this sequence as n tends to infinity. For this
purpose and in order to apply the Peccati and Tudor theorem (see [19], Theorem 1), we
will give an expansion of this random variable into the Wiener-It6 chaos of order less or
equal to Q.

To this end, remember that for any ¢ € R? one has defined

X(t) = (VX(1), X(1)",
and Y(f,) = A_lX(t) = (Y;:(t))i:17 2, 3.
We have seen in Section 2 that Z admits a spectral density f, and then the same fact

occurs for X. We have noted f, the spectral density for X.
We obtain the following spectral representations: for ¢t € R?,

X = [ N VED A

where W stands for the standard Brownian motion.
Thus, for any A = (\;)1<i<2 in R?, we let

V()\) = (i)\l,i)\g, 1)t7
so that for any ¢ € R?,

V() = ATX() = [ IR AT W),

In what follows, for any ¢t € R? and j = 1,2, 3, we denote by ©¢,; the square integrable
map on R? such that,

V0 = [ euaw.

Now, since (¢ j)1< <3 is an orthonormal system in L?(RR?), using Itd’s formula, see ([16],
Theorem 4.2 p. 30), for fixed k = (k;){ ;<3 € IN? such that |k| =g,

o = [T

e

PP @ Pk @ OPE (A, A AW () -+ AW (Xg)

(PP ® o282 ® P49,
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where I, stands for the It6-Wiener integral of order q.
We shall use notations introduced in Slud (see [23]).
For each ¢ > 1, let consider LZ,,,((IR*)?) the complex Hilbert-space

L%, (R*)) = {f, € L*((R?)Y), such that for all = € (R?)?,

sym
fq( ) fq( ) fq(fﬂl,.-.,xq):fq(xw(1),...,$w(q)),V7T€Sq},
where S, denotes the symmetric group of permutations of {1,...,¢}.

For f, € L?((R?)7), we denote by sym(f,) the symmetrization of f,, thatis for z1,...,x, €
R2,

sym(fq)(z1,..., 24 Z Ja(@r1)s s Tr(q))-

TrES
Observe that for f, € L?((IR?)9) such that for all z € (R?)Y, f,(z) = f,(—x), one has
I4(fq) = Io(sym(fq)). (4.21)

Forq>1, fy € L},,((R*)?) and p = 1,...,q, we will write f, ®, f, for the p-th contraction
of f, defined as

fq ®p fq()\1>~'~7/\2q72p) = /(]Rg) fq()\h...,)\q,p,xl,...,xp)

fq()\q_p+1, ey )\2q_2p, L1y, 7{Ep) dml s dl’p.

Using the property of I, given in (4.21), the random variable of interest can be written
as

Q
q(
q=1
where

" 1
f =5 aglk,u) / sym(pPf! © ¢fh? © o) dt.
n 3 T

ECN

|kl=q
We symmetrized the function f; (n) with the aim of applying ([19], Theorem 1).
Symmetrizing the function complicates a lot the calculations in the study of the contrac-
tions. So we are going to write function fq") in another way.
For k = (ki){<,<3 such that |k| = ¢, we define

q
A ={m = (ma,...,mg) € {1,2,3}9,¥i =1,2,3, Y " 1Lyy(m;) = ki},
j=1

one has card{Ax} = k!/q!. Let us remark that the sets (Ag)recns,|k|=, Provide a partition
of {1,2,3}.
With these notations one has

> ap(k,u) sym(pf)" @ of5® @ of5°) =

keN®
|k|=q

ay(k,u)
sym(Z Z card(Ag) %ml'”%’m")'

kcIN3 meAg
[k|=q
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Since (Ag)rens,|k|=q Provides a partition of {1, 2,3}, then for all m € {1,2,3}9,3'k € N3
ay(k,u)

such that |k| = ¢ and m € Ag. So for fixed m € {1,2,3}9, let by(m,u) = m

Thus

S aglk,u) sym(pPl @ o5 © oPh)

keN®
|k|=q

= sym ( Z bf(m7 u)@t,ml ce Lpt,mq)
me{1,2,3}¢

= Z by(m, w)ptm, « Ptm,
me{1,2,3}49
since m +— by(m,u) is symmetric on {1,2,3}.
Finally the random variable nQ(g (n) (u)) can be written as

where

fén) = % 2 meg;g}q bf(m7 u)wt,m1 T Ptmg dt,
that ends our first objective.
To obtain convergence of wQ(g}’” (u)), we use ([19], Theorem 1). Convergence in Proposi-
tion 4.12 gives the required conditions appearing at the beginning of this latter theorem.
So we just verify condition (i) in proving the following lemma.

Lemma 4.17. For fixed integers q and p such thatq >2andp=1,...,q—1,

lim
N+ J(R2)2(a-»)

.f(;n) ®p f(ﬁn)(Alr"aAq—paHl)' "a:uq—l))

dAy ... dAg—pdpr ... dpg—p =0.

‘ 2

Proof of Lemma 4.17. Let

Cn = /
(R2)2(a—p)

Straightforwards calculations show that

cn=(m) / S bkubm)

)t g ne{1,.2,3}9 K,Meq1,2,3}4
bf(K,U)bf(M,U)FIELKl(tl7152) Fk}; p,Kq,p(t17t2)X
F7¥1,M1(51_52)"'FY M,_ (Sl—Sg)qu b1 Mg p+1(t1—51)"'><

Mq—p,
Flz;mq(tl - 81) F}(/ to — 32) ce FKwaq(tQ - 82) dtl d81 dtg ng 5

a—p+1,Mg—pt1 (

‘ 2

fq(n) ®p fqn)(A17 ey )\q—p7l~Ll7 .. muq—p)

dAq ..o dAg—pdpr .. dpg—p.

where I'Y has been defined in (4.12).
Using inequality (4.13), we get the bound

Cp < <21n>4L2‘1< 3 \bf(m,u)|)4/ VI P(A(t) — t2))x

me{1,2,3}4 (J—n,n[?)*
WIP(A(sy — 59)) WP (A(ty — 51))UP(A(ts — s2)) dt; ds dt dso.
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Morever, we have
\I’qip(A(tl — tg))\I/p(A(tQ — 82)) < \I/q(A(tl — tQ)) —+ \I/q(A(tQ — 82))

Furthermore for r € IN*, one has

/ U (A(u —v))dudv < C U (u) du < 4o0.
|=n,n[? R2

Applying the penultimate and last inequalitiestop > 1, ¢ > 1 and ¢ — p > 1, one obtains

Cn < Cq (;n>2 (/}R W9 () d@(/ﬁz PIP (1) du)(/}R? \I/p(u)du),

thus we proved that lim,,_, 1, C,, = 0, this achieves proof of Lemma 4.17. |

Hence we proved that for all Q > 1

. WQ(EJ(:L)(“)) ~Li:’—+ N(0; Zqul Vq(u)), where V,(u) has been defined by (4.14).
n—-+0o0

On the other hand we proved in Lemma 4.13 that
L? (Q

e foralln >1, WQ(f(n)(U)) f(n)( ),
and that
. QET ZV( ) = 25 (u).

Flnally and by Proposition 4.12 we also have
- tim i |79 () - € (w)

Q—+oo n—+00

L2(9)

Applying ([10], Lemma 1.1), we can conclude that §§cn)(u) _faw N(0; Xt #(u)), that

n—-+oo
achieves proof of Theorem 4.14.

Proof of Remark 4.15. Remark ensues from the following argumentation.
We have seen in the proof of Proposition 4.12 that Xy ¢(u) = >°.° | V,(u), with

Vy(u) = Z a¢(k,u)ag(m,u) R(k,m) >0,

k,meN3
|k|=|m|=q

for all ¢ > 1. Thus

Lp.p(u) = Vi(u) + Va(u).

By using Lemma 4.11 and the inversion formula, a computation gives that for |k| =
|m| =1, R(k,m) = 0 except when k = m = (0,0, 1) and in this case one has

R((0,0,1),(0,0,1)) = Tmto)(/;273xtq dv = (2 )v;§22110).

Thus

) U2 9 u 2 ZO
Vilw) = a3(0,0) 55 w@Q@ﬂ Mii@)>a

if u £ 0, since f is supposed to have constant sign and f,(0) > 0 (see observation given
in Section 2).
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Using arguments similar to the previous ones, the fact that [, f.(t) [¢]|2 dt < +o0 and
Parseval equality, straightforward calculations provide that

Vg(u) =2 X (27‘()2 /IR? fﬁ(t) X {af((l, 1,0),u)(d11d21t%

/ 1

r,(0)

(darty + daota) + as((2,0,0),u)(diits + diata)?

+(dy1dag + diadar )tits + diadaats) + ar((1,0,1),u) (di1ty + diat2)

1
r,(0)

+as((0,1,1),u)

+af((0a 2,0),u)(da1ty + d22t2)2 + af(((), 0,2),u)

1
where (di‘)lgi, <2 = D=— A_lpt.
J J \/ﬁ
Remark 4.18. Note that in the case where the process X is isotropic our result contains
that of ([15], Theorem 3).

Since det(D) # 0, one gets the following equivalence:
(Va(u) =0) <= (as(k,u) =0, forall k€ IN* such that |k| = 2)

In particular, since f has a constant sign, a¢(0,0) # 0 so that af((0,0,2),0) # 0 and

V2(0) > 0.

Finally we proved that for u # 0, Xy (u) > Vi(u) + Va(u) > Vi(uw) > 0 and for u = 0,

Z5.£(0) = Vi(0) 4 V2(0) > V2(0) > 0.

The proof of Remark 4.15 is completed. |
O

Now we have all the elements to prove a limit theorem about the distributions of
estimators )\, and 60, ,. Consequently, confidence intervals for the estimated parameters
A and 6, can be proposed and an isotropy test will follow.

5 Towards a test of isotropy

Let u be a fixed level in R.

5.1 Convergence in law for the affinity parameters

First, we apply results of Section 4.3.
Recalling that f* = (ff, f5) has been defined in (3.2), by Theorems 3.4 and 4.14 one can
show the following proposition.

Proposition 5.1.

Wy B[I(u w
2n <Jf* ( ) o [ f ( )}) Lau N(O, 2*(,“))’

Jyl')(u) E[Jim (u)} n—+00

where E*(U) = Z*(u,)\l,)\g,P) = BE(fl*,f,;,l)(u) B! and

arx (0,u)

_ 1 (10 T
- 0 apx(O,u) |

a1(0,u) \o 1 -

where X+ 1+ 1)(u) = (Efi*’fj* (u)) with f§ =1, the covariance Yy ;- being defined

by (4.20).

1<4,5<3
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Remark 5.2. The expression of coefficients ay:(-,u) for i = 1,2 and of a1(-,u) are
respectively given in Lemma A.3 and Lemma A.5 of Appendix A.

Remark 5.3. The asymptotic variance matrix X*(u) is a non-degenerate matrix.

Proof of Proposition 5.1. Let f : S' — R be a continuous and bounded function. Since
E {J}”) (u)} = as(0,u) the following decomposition ensues

I ) [ ()] ) (0w ()
L - = _ ag\v,u)
2n<J§”)(u) E[Ji"’(u,)} - a1(0 u) (5 (u) @1(0,u) S1 (u ))
1 (n) _af (0,u) #(n)
+ <J](_n)(u) Ou)) (f (w) — Som &1 (u ))
= (n) ar(0,u) +(n)
= o (670 — G &V w)).

the last law equivalence providing from Theorem 3.4 and from Theorem 4.14.

Applying this reasoning again successively to f = f; and f = fJ, and using Corollary
a 0,u arx (0,0

4.16 by taking f1 = f; — afll (0 u>) 1, fo=f3— affTu)) 1, we get Proposition 5.1.

The calculus of coefficients ay: (-,u) for i = 1,2 and of a; (-, u) are respectively given in

Lemma A.3 and Lemma A.5 of Appendix A. O

Proof of Remark 5.3. It remains to prove that the matrix Y*(u) is positive definite. In
this aim, for fi, fo : S' — R continuous and bounded functions, let us note for ¢ € IN*,

Znp@), = > ap(ku)ag(m,u) R(k,m),
k,meN?3
|k|=|m|=q

and
(Ztrpn @), = (Zrs,(),)

The proof of Lemma 5.4 is given in Appendix A.

1<i,§<2

Lemma 5.4. For all ¢ € IN*, one has

det (E(fl f2) Zdet E(fl fz)( )) > det (E(fhfz)(u))q'
q=1
* arx(0,u *
Thus applying this lemma to functions f; = al(f(l) i ;21((0 u)) 1 and f, = % —
, 2(0, )
% 1, we obtain

det (X*(u)) > det (E(fl,fz)(u))2~

Note that det (X, f,)(u)), = 0 and this is why we let ¢ = 2 in Lemma 5.4. Using
arguments similar to those given in the proof of Remark 4.15, simple calculations give

det (27(u) 2 4 () [ £ {6*(60) gl D0t 5)} ds e >0,
where

g(s,t) = s3t2a + s3tita b — 5150t C,
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with
a = [(d11d22 + d12d21) A + di1d12 B — da1das C det(D)
b= [2d11d21A + d%l B — d%l C} det(D)
¢ = [~2di1ada2 A — d3y B + d3, C] det(D),

while

A= afl((2707 O)a 'LL) af2((07 2, O),U) - a’fl((ov 2, O)’u) af2((2a 070)7u)
B = a‘f1((2707 0),u) an((L 1,0),u) — af1((17 1,0),u) af2<(2= 0,0),u)
C= a’.fl((07 2, 0)7 u) afz((la L, 0),“’) - af1((1’ 1, 0)7u) a’fz((oa 2,0),’&),

and D is defined as in the proof of Remark 4.15 as D = (d;;)1<i,j<2 = Lu A™'P'. The
positivity of the last integral provides from an application of Holder inequality.

Let us remark on the one hand that the nullity of the integral is equivalent to the equality
in Holder inequality and thus to a = b = ¢ = 0. On the other hand since det(D) # 0,
A, B,C is solution of a Cramer linear system. We deduce that Y*(u) will be strictly
positive if (A4, B,C) # (0,0,0).

Let us see that C' # 0.

By using Lemmas A.3 and A.5, straightforward computations show that,

det(P) )\1 )\2/1,

C=— )\2 *\2 2)\2 *2_)\2 *QW
a3(0,0) 8 T(A2(w})? + A3 (w3)?) x A5 (w3)? + 2\ (wr) Fwi)HW],
where
Yot Coen D,
W:W, whlleforne]N,Vn:W(l_)\ ).

By using that 0 < W < 1, one easily gets that A3(w3)? + 2(A}(wi)? — A3(w3)?)W > 0, thus
C 0.
This yields proof of remark. a

If we translate the convergence result expressed in the above Proposition 5.1 in the
basis (v*,v**), recalling that function F has been defined in (3.5), we get for 0 < A < 1
and -3 < 0, < 3

o~

20 (F (s Bom) = F(0,00)) =22 N(0; 0 (w)),

where 2 (u) = X (u, A1, A2, P) = Q x ¥*(u) x Q' and @ is the change of basis matrix
from the canonical basis (7, j) to the basis (v*, v**).

By using last proposition and the fact that F is a C2-diffeomorphism, we get the following
theorem.

Theorem 5.5. For0 < A < 1 and —§ < 0, < 7, one has

2n (Xn - )\7 é\o,n - 90) i} N(O7 Z)\-,Go (’LL)),

n—-+oo

where %) g, (u) = C(\, 0,) x £ (u) x C*()\,6,) and

oF, o
o ) 5.790()\790) —8790(/\790)
MOo) = ——+——
( ) JF()\,GO) 8F2 0 aFl 0
Toa N )

where the Jacobian Jr has been defined in (A.1).
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Proof of Theorem 5.5. The decomposition given in (3.6), Proposition 3.7, Corollary 3.6
and Proposition 5.1 imply that

— (F1 Oons Oyn) — FL(, 90)) ot

+on (Fz(Xn, 0,0) — Fa(), 90)) vt

L N(0; 5% (u)).
n—-+oo
Thus if we express last convergence in the canonical basis (;, ;) and if @ is the change of
basis matrix from the canonical basis (i, j) to the basis (v*,v**), one has proved that

~

2n (F(Ana é\o,n) - F()\,QO)) =2n (Xn - X, Y, - Y)

L N(0; 29 (w)),  (5.1)
n—-+o0o
where X (u) = Q x ¥*(u) x Q.
Now we suppose that (), 0,) € U =]0,1[x] — Z, Z[. On the one hand, by Remark 3.11, we
know that F is a C?-diffeomorphism from the open set U onto the open set V = f(U).
On the other hand, by Theorem 3.12, we know that

~

O Oom) —225 (X, 6,).

n—-+oo

Thus for n large enough, almost surely F(Xn, éo,n) and F(\, 6,) belong to V. Using a
second order Taylor-Young expansion of F'~! about F (), 6,), we get

S 2 (R0 6.)) % 20(F; s Bon) — Fy (M 6)+

~

2

1 O?F~! ~

§ Z . (F()\790)) X Qn(Fj()\nveom)_
k=

jh=1 8:5J8xk
Fj(\0,)) X (Fe(Any o) — Fr(X, 0,))
o o~ 2
+o(2n ]F(An,eo,n) — F(00)]).
Law convergence result expressed in (5.1) gives Theorem 5.5. O

Now we are in position to propose confidence intervals for (), 6,) when the covariance
r, of Z is known.

5.2 Confidence intervals for (), 0,)

In this section, we suppose that parameters A and 6, are such that 0 < \ < 1,
-3 <0, < 5. We will also assume that the covariance function r, is a known function.
One can build confidence intervals for parameters (A, 6,). We will show that

1
2 (u) = X*(u, A1, Ag, P) = bV Ye(u, A, P), (5.2)
1
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where Y, is a continuous matrix as function of (A, P) and is computable provided that
(A, P) are given.

We then consider Xl,n and ]3n two estimators of respectively A\; and matrix P obtained
as follows. We propose P, = (V1,n,02,,) as estimator of P = (v1,v;), the orthonormal
basis of eigenvectors of matrix A, with:

D1 n = €08(Bn)0* — sin(B,., ) 0™

Byn = 8i(0p0 ) 0* + €080 )0**
By Theorgm 3.12-(2), ﬁn is a consistent estimator of P.
Now for Ay ,, first, we apply Theorem 3.4 to the particular function f = 1 and then, we
use the result of Proposition 3.1.

We deduce that if A(\) = ((1) S\) one has
n) t
I () =22 A pzo)(u [HA \) PtV Z(0 H } ®(u, \, P), (5.3)

where ® is a continuous function.
A consistent estimator for \; is then obtained as:
S )

1,n =

7 (D(’LL, /A\nv ﬁn) ’
and finally a consistent estimator of X*(u) is given by

~ 1 ~ A~
1,n

The matrix *(u) is computable and can be factorized as: X*(u) = R,I'*R%, where R,
is an unitary matrix and I’} is a diagonal matrix.
Remark that I} is invertible since X*(u) is non-degenerate (see Remark 5.3). Thus let:

D (u) = (C_I(Xm ao,n))tQRn(F;)_%Rfr

Theorem 5.5 implies Corollary 5.6.
Corollary 5.6. For0 < A <1 and -3 < 0, < 5, one has

m (Xn—A; §o,n—eo) x Dy (u) —=2 5 N(0; I).

n—-+oo

Proof of Corollary 5.6. First, let us prove that X*(u) = X*(u, A1, A2, P) = % Yo(u, A, P),
where Y, is a computable and a continuous matrix as function of (A, P). '

On the one hand, this fact provides from the form of the ratio of coefficients
afs(k,u)/a1(0,u), i = 1,2, 3, these latter coefficients being defined in Lemmas A.3
and A.5 of Appendix A. Indeed these ratios only depend on the ratio A = A\y/A; and P and
they are computable as function of A and P. They do not depend on . On the other hand
by Lemma 4.11 given in Section 4.1.3 one can see that the term R(k, m) only depends

on the covariance function of Y through the following form. By defining W (v) as the

3-dimensional vector defined as W (v) = (%VZ(U)7 ZT(U()O)

t
) , one has

1

R(k,m):/ﬂ{zE[ﬁk(Y( )Hon (Y (v }
- A/ B E (W (0)) Hon (W (0)) ] o= Z GO Pokm)
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and since r, is supposed to be known, GG is computable as function of A and P. Thus
I*(u) = 37 Xu(u, A, P), and X, is computable.

It remaiins to prove that Y, is a continuous matrix as function of A and P. In this aim,
let us compute Xy, r , similar arguments would be raised for X, s, and for Xy, r,, where

_ i e Ow L
fi T a1(0,u) ~ a?(0,u) Li=12

Applying Proposition 4.12 to f = f; and the second order Rice formula for E [5 (")( )} ,
it is easy to see that another expression for Xy, ¢ is

Lhon = /E[fl(Vx(t))f1(Vx(0)) IVX@l; [VX ), [ X(0) = X(#) = u]

R2
x px(0),x (1) (U, w) = (Blf1(vx (0)) VX (0)]],])*pX (o) (w) dt.

Denoting by B(\, P) = P A(\)P" and letting At = v, one gets

A, (v) A, P)VZ(0)
Lhon = ag(o,u)/l\/ﬂz {E [91(”3(& ;)VVZZ(U HQ) (||B(()\ JIDD)VVZZ( )Hz)

)
1B P)VZ(0)lly [ B, P)VZ(0)]l, /2(

—_

0)) = Z(v) = u] pz(0),2(v) (u, 1)

— (E[g (|B((;§VVZZ Ol } IB(\, P)VZ(0 )||2)2p2z(0)(u)} dv,

arx(0,u
where g; = f; — afll(o u)) = f¥ — b(u, A, P), while b is a continuous function of A and P.

We conclude the argument noticing that a4 (0,u) = A; ¢(u, ) with ¢ a strictly positive
continuous function of A.

Now to prove Corollary 5.6, we have Lemma 5.7 proved in Appendix A.
Lemma 5.7. Let A = RI'R! a definite positive matrix such that R is an unitary matrix,
while I' is a diagonal one. Let also (A,,),, be an approximation of matrix A, i.e. lim,, A,, =
A, such that A,, = R, ', R, with R,, an unitary matrix and I, a diagonal one. Consider

1
B, a square root of A, that is B,, = R,, I} R,. Then lirf B, = B= RI':R.
n——+00

Turning back to the proof of Corollary 5.6, we apply Lemma 5.7 to A = X*(u) :=
RI*R!, A, = Xx(u) = R,[*R!,. Since Y*(u) is a consistent estimator of X*(u), we
deduce that lim, , ., A, = A. Using Lemma 5.7 and Theorem 3.12, we obtain that
almost surely

lim Dy (u) = (C~Y(A, 00)'QR(I'*) "2 R = D(u).

n—-+oo

Using Theorem 5.5 and the fact that D*(u)X) g, (u)D(u) = I, one finally proved corollary.
O

5.3 Complementary results for estimating the parameter )\

We emphasize that convergence result in Theorem 5.5 is valid under the assumption
that 0 <A <land -3 <0, < 5. However, we can better elaborate what is happening

to Xn in the isotropic case, when A = 1 (and —g <0, < g) and also when 0 < A < 1 and
f, = 5, via the following theorem.

Theorem 5.8. For -5 < 0, < Z, one has

1. ForO0< A <1,

2 (R = A) =22 N(0; (Zn0, (0)y)-

n—-+oo
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2. For \ =1,
2n (1 —A,) —2 VU,

n—+4oo
where the density fi (t) of the positive random variable U is given by:

1 27 t(cos(@) asin(0))? slnz(e)(1+a2)
fU(t) = E/ e 208 (a®) o 255, do 1{t>0},
0

where the coefficients a and o5 are defined by:

2 2 2

_ 012 52 — 011022 — 012

a = 02 O22 = 2 )
011 011

while coefficients 011, 099 and o9 are

T\ 2 T\ 2 T\ 2
0%1 =4 (5) 21(;*)(“)’ ng = (5) 22(;*)(’“)7 o102 =2 (§> 21(5*)(11),
with

2(**) (2(**) ) — E(*) I
w=(27w),_, =20,
where T is the common value of the eigenvalues of matrix A under the isotropic
hypothesis.

Remark 5.9. If A # 1, by part one of Theorem 5.8, we readily get that 2n (1 — Xn)
converges in law to Gaussian random variable with positive infinite mean when n tends
to infinity. Thus one gets a one more way to detect if the process is isotropic or not.

Remark 5.10. By Remark 5.3, the matrix £**)(u) is non-degenerate, ensuring that the
coefficient 042 appearing in the expression of the density fy does not vanish.

Remark 5.11. We suppose that the covariance function r, of Z is known. We can
estimate the density fy by fU(t) = fv(Tant), where 7, is a consistent estimator of 7, the
common value of the eigenvalues of matrix A under the isotropic case and where V has
the same law as that of U, where we replaced X% (u) by Q X, (u, 1, I5) Q*, where X,
being defined in equality (5.2) is computable. By using convergence in (5.3) we can take
for 7,,,

1 u?

exp(irz(o)).

7= 2w [0 .0

Proof of Theorem 5.8. By Theorem 5.5 we already know that if 0 < A < 1 and
-5 <0, <3
2 o~ 3

20 (X = A5 o = ) =225 N(0; D g, ().

n—-+oo

So let us look first at the case where 0 < A < 1 and 6, = 7, then we will be treat the case
where A = 1 (and —g <6, < g).

In the first case, by decomposition obtained in (3.13) in the proof of Theorem 3.12, we
have

0 (Xn = X) (Xo + X) [I(0) (X2 4+ Y2) + X2 T () = I2(R) (02 +1)]

+ 2021 (M) X2 = 20 (M () = I A0 ) %
1

m(ﬂu) A2 12\ )(A )+I(A)Xn)=0,
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where

(XmYn) R (X, Y) = (/\/I()‘) ’ O)'

n——+oo

Now by using this almost sure convergence result and those given in (5.1) and part 1 of
Theorem 3.12, one obtains the following probability equivalence

2 (X, — X) 20 I(\)(A2 — 1) = 2n ()\ I0w) — I(V) Xn) %(1 —22),

and since 0 < A < 1, one finally gets
on ()\ I0w) — I(\) Xn) = o0 (X, — X)I2(\).
Now refering to function f defined by (3.14) in the proof of Theorem 3.12, let
flz)=M(x)—I(AN)z, for 0 <z <1

One has f(A) =0and f'(A\) = AI'(A\) — I()\) < 0. R
So with the first order Taylor expansion of f about A evaluated at \,,, one gets

on ()\ I0w) — I(\) Xn) = 2nf(\)

=2nf' (AN (A\n — N
= —2n (X, — X)I*(\),

and then one proved that

- (X, — X) I2(N)
20 =N ==y

and by convergence given in (5.1),

m (Xn _ A) Lew A0 2),
n—-+oo
4
where ¥ = m (20 (u))11.
To end the first part of this proof we just have to check that (X z (u))11 = 2. In this
aim, remember that X = (u) = C(}, §) x 2 (u) x Ct(A, ) with

OF: T OF T
1 aoj ()\7 §> - aei ()‘7 5)

Using Lemma A.1, one obtains that Jr(\, %) = ES=2V Y (MI(A)_I(A)) and

)’ 2 XT(N) 2(\)
1-\2
A 0
T 1 AI(N)
C\ =)= —
( 2) Jr(A 5)

In this way, one proved that (X z (u))11 = X, yielding the first part of theorem. Now we
consider the second part taking A = 1 (and —g <6, < g).
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The decomposition obtained in (3.11) gives

2n (Xn — 2) (Xn + 2) x
20 [10) (X24+Y2) + (22 1 () = P(h) 02 + 1))
+

%)2 14(//\\n) (QnYn)Q
2n)? (5 - 10w) (I0W) - 3 %) (2)* (3 +1(

Xn)) (I(Xn) ¥ gin) (5.5)

where
(Xn,Yn) —— (X,Y) = (2,0). (5.6)

n—-+oo

Note that we can not hold the same reasoning as in the first part of the proof. Indeed, by
the first part of Theorem 3.12 and the latter almost sure convergence result, we deduce

that
N 2 N N N a.s
Zn =T*O0) (X2 4+ Y2+ (22T ) — IP(\) (02 +1) —=0,

™ n—4o0o

thus we have to renormalize this expression by (2n)2.
However, if in a first time we do not normalize this expression by (2n)? but rather by

(2n), we get
2 2 2 ~

omn (Xn - ) <Xn + ) Zn 4+ (2)2 T (\n) 2nY,2
Vi i T

= 20() ()" (5 +16w) (1) + 5 3).

remembering that the function A (see (3.12)) has been defined in the proof of Theorem

3.12 by

forO0 < A < 1.
Now by using the almost sure convergence to 0 and those given in (5.1) and (5.6) and in
the first part of Theorem 3.12, we get

2 h(Nn) —=—s 0.

n—+oo

Since (1) = h'(1) = 0, one obtains by using a second order Taylor expansion of h about

1 evaluated at point A,
h(An) = T6(An - 1)2 +o((An — 1)2)- (5.7)
Thus as a bonus we proved that in probability
(5.8)

2n (A, — 1)2 = o(1).
This last equality will help us to study the normalized expression 2n Z,, and show that in

probability
3

2n Zy, =2n (X, — 2) T
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Indeed
o Z, = I*(\) [2n (X2 = (2)2) I2(\,) + 20 T2(A\,) Y2
+on (2 2(3,) (2)2 — (Xi + 1))} .
IAJsing an order two Taylor expansion of the elliptic integral I (see (3.4) for definition) in

A, about A = 1, one gets

O =1+ 0 — 1)2),

~ ™
I0n) =5+

in such a way that
2n (20700 (277 = (W +1)) = =0 =17+ 02 (o~ 1)

By equality (5.8) this expression converges in probability to zero.
Part 1 of Theorem 3.12, convergences in (5.1) and (5.6) give the required result
2nZ, =2n (X, — %)%3
Back to expression (5.5), using once again the convergence obtained in part 1 of Theorem
3.12 and equality (5.7), one finally proved that in probability

2 (2n (X, — %))2 + (2n Yn)2 (%)2 = (2n)? h(/):n) B =(n (Xn — 1)~

By using convergence given in (5.1), we get the required convergence. This ends the
proof of this theorem. a

Proof of Remark 5.11. The density fi; of the positive random variable U can be expressed
as fu(t) = fv(tr?), where 7 is the common eigenvalue of matrix A under the isotropic
case and V is defined as U, substituting Q %, (u, 1, [5)Q* to X*(u, 7,7, I>). The matrix X,
is computable and is defined by (5.2). So, it is enough to estimate 7 by a consistent
estimator, say 7,,. Using convergence given in (5.3) we propose a consistent estimator of
A1 = 7 in the isotropic case by taking

. Jl(n)(u) _ n) r,(0) 1 u?
P ez =20 @Y e e G

that is computable since p and r,(0) are supposed to be known. O

In the next section, statistical tests are proposed for the null hypothesis “X is
isotropic” against “X is affine”.

5.4 Testing the isotropy
We test

Hy:A=1 against Hy: A< 1
We still obtain a way to detect the possible isotropy of the process via the following

corollaries.

Corollary 5.12. For —5 < 0, < 7, under the hypothesis Hy, the following convergence
holds:

TP a2

J{”)(u) n—4oo T

*
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Corollary 5.13. For —3 < 0, < 3, under the hypothesis Hy, we have the following
convergence:

Tf(?) (u) =2n <

where T is the common value of the eigenvalues of matrix A.

N(O’ E*(’U,,T7 T, IQ));

n——+oo

J](”T) (U’) 2 * Law
@y 7l | e
Ji(w) T

Remark 5.14. We can observe that the matrix Y*(u, 7, 7, I3) is non-degenerate, as in
Remark 5.10.

Remark 5.15. Under the alternative hypothesis H;, the test statistic T}T)(u) converges
in law toward a Gaussian random variable, the mean of which will be tend to infinity.
Indeed by using Corollary 3.6 one can easily show that

Bl @] o )
W—;v —= (A=1).

Proof of Corollaries 5.12 and 5.13. Using the almost sure convergence (3.3), convergence
in law of Proposition 5.1, and taking A = 1 in Corollary 3.6 one obviously gets Corollaries
5.12 and 5.13. g

Proof of Remark 5.15. Appling Proposition 5.1, under Hj, the test statistic T}’f) (u)
converges in law to a Gaussian random variable with asymptotically mean equivalent to

— = — — U
Bl w] 7
Since | ————= — —v* | does not depend on n and is equal to zero if and if A = 1,
(n) T
E [J 1 (U)}
this argument ends the proof of the remark. O

*

In the case where covariance function r, is known, Corollary 5.13 suggests another
test statistic. More precisely, let R an unitary matrix obtained by diagonalizing the
computable matrix X, (u, 1, I3) defined in (5.2). That is 2, (u, 1, 5) = R, Rt
We consider the following test statistic S}T) (u):

S (u) = 7, I 2 RITE (w),

where 7, is given by (5.4).
We can state the following theorem.

Theorem 5.16. For —3 < 0, < 3, under the hypothesis Hy, we have the following
convergence:

—~(n n n Law
=0 (u) = (857 ()8 (u) —"— 3.

—fr n——+o0o
Remark 5.17. The rejection region is then ngf)(u) > ~. This critical region provides a

consistent test for any positive constant ~, because ngf)(u) is stochastically unbounded,

for n — 400, except under the null hypothesis. In fact when A < 1, ﬁEgﬁ) (u) converges

=(n)

in probability to b > 0, and this implies that = o (u) converges in probability to +oo.
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Proof of Theorem 5.16 and Remark 5.17. As we have already pointed out in Remark
5.14, the matrix X*(u, 7,7, I2) is invertible, so that we can factorize X, (u,Is,1) into
Yo(u,1,15) = RT, R, where R is an unitary matrix. Let

SPV(w) = 7 I P RITYY ().

Since 7, is a consistent estimator of 7 under hypothesis H, by Corollary 5.13, asymptot-
ically this random vector is a standard Gaussian one and Theorem 5.16 ensues.

To achieve the proof of Remark 5.17, let us check that & )2 Hgﬁ)( ) converges in proba-
bility to b > 0 under the alternative hypothesis H; that is when \ < 1.

In this aim, let us note

S0 (w) =7 1P R (),

where
n (1)
T () E{J p (U)}

7 () = 2n —
Tp(u) =2 Jin)(u) E{Al)(u)}

f*

We have the following decomposition

L =00 = L (80 () S$ (u)

(2n)2~ 7" (2n)2
= (2711)2 (5 () ~ 52 (w)" (S5 (w) — 5 (w)
+ o G (5170 - 37)
+ e B3 ) (51 (w)

~ 2
by using Proposition 5.1 and the fact that 7,, almost surely converges to / —E[||VX (0)]|,]
V mp

(see Theorem 3.4 and Proposition 3.1).
For the second term (2).

(1),
(2) = (i <f}?><u>>f) (R RIIR) w )

and this term tends in probability toward zero as for the third term (3).
Finally, the first term (1) gives

t

7 I PR [ } = b,
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and
1) ¢
Jr (u

2 -1 2
lim b, = — (B[|VX(0)[,)* [ 72 R! {fl] — Sy X

n——+oo T E |:J:E )(u):| T

(1)

F*_éRt E{Jf* (u)} _gv* s o

_1
Since I', ? R is invertible, one has

E {J}p (u)} 9
(b>0) < m -

That ends the proof of remark. O

A Appendix

Proof of Lemma 3.5. We have

_ /0"_1 /On_l / Fox () dos (x) dt ds

Cn,t+1pqs,s+1[,x(“)

1 1
_ / / / Flvx(2)) doy(z) dt ds
0 JO JCo,¢x]0, [, x(w)

:/" 1/n CH( 415+ 1)~ Hits 1) — H(+ 1s) + H(,5)) deds

1ol
7/ / H(t,s)dtds.
o Jo

Thus by making change of variable in the first integral, one obtains

n n 1 n n 1
1):/ H(t,s)dtds—/ / H(t,s)dtds—/ / H(t,s)dt ds.
n—1Jn—-1 0 n—1 n—1J0

Since f is a positive function then H(¢, s) > 0 and we get the following upper bound
1) g/ H(t,s)dtds
n—1Jn—

1Jn-1
= d dtds = dz.
</"1/711/C]o,n[x]0,n[,x(u) f(vx(x))doy(x) dtds »/CT7X(u)f(VX(x)) T

The first inequality of lemma is then achieved. To obtain the second inequality, arguing
as previously we obtain the following lower bound

n+1 n+1
/ / / Flox(x)) doy (z) dtds
Cre—1,t[x]s—1, s[, x (u)
n+1 0 n+1
/ / Htsdtds—// Htsdtds—/ /Htsdtds

n+1 n+1
2/ / / flvx(z))doy(z) dtds 2/ flvx(z))dz,
n n Cio, ¢[x]0, s[, x (u) Cr, x(u)
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this yields Lemma 3.5. |

Proof of Lemma 3.8. First let us see that forn € N*, a.s. X2 +Y? < 1.

[Jer o £ @) den ()]

03(Cr, x(u))

X24+Y?2=

_ Jerin I X @DIE don(®)

h 01(Cr, x (u)) -

last equality coming from the fact that f* takes its values into S'. But the strict inequality
is true otherwise, we would have equality in Holder inequality that remains impossible.
Now let us see that, a.s. X,, > 0.

(n)

I (u) 1

Xo= (00 o) = / (wx(£),v)| dot (£) > 0,
Jyi o (u) Ji 7 (u) Jer, x(u)

and in a manner similar to that previously used it is proved that, a.s. X,, > 0. This yields
lemma. 0

The Jacobian Jr of transformation F' (see (3.5)) is given by Lemma A.1.

Lemma A.l1.

- A1 —\?%)
Tr(A,00) = I3(A)(cos?(6,) + A2 sin?(6,)) "
1 2
Sin2(90) m
I— (1= A%)u?
1 2 du
) 90 / u O7 Al
+ cos™( )0 \/1—(1—)\2)u2\/1—u2 # (A1)
for0 < A < 1.

Proof of Lemma A.1. For0 <A< land -3 < 0, < 5, one has

@()\ 0,) = 1 [Asin®(66)I(N) — (cos®(0,) + A% sin®(0,))1'(N)]
22N £10Y (cos2(0,) + A2 sin?(6,))2
OF (\.0,) = 1 (A2 —1)sin(b,) cos(6,)
80,7 I(N) (cos?(8,) + A2sin®(6,))2
and
(AI(N) = (A = DI'(N))
x (cos?(6,) + A% sin’(6,))
%()\ 0,) - sin(6,) cos(6,) \ +A(A)
ox e I2(\) (cos2(0,) 4+ A2 sin(6,)) 2
%(A 6,) — (A2 =1) [cos*(0,) — A?sin*(6,)]
90, 7" I(A)  (cos?(6,) + A2sin?(6,))2

From straightforward calculations we deduce that the Jacobian Jr of the transformation
F' can be written as
(1 =A%) [Asin®(0,)I(A) + (cos?(0,) — A2 sin®(6,))1'(N)]

I3()) (cos2(8,) + A2sin?(6,))

JF(Aa 90) =
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Now I()\) = fog (cos?(0) + A2sin?(6))= d6, and the change of variable:
1—+v1—u2 L= (1 =222 1 1
tfm(g) _lovice gives I(\) = 1-{-x )1“ )? qu, and I'(\) = )\/
2 u 0 (1—u?)2 o (1-(1
This yields

u? du

_Az)uz)é V1—u2

Asin?(0,)I(\) + (cos?(0,) — A2 sin?(6,))I'(\) =

o ! V1—u?
A [sm (90)/0 (o0

1 2
U du
+ cos?(6, / )
(6o) 0o V1—(1—22)u? ¢1u21
and lemma ensues from the fact that (Jp(\,6,) =0) < (A =1). O

Proof of Lemma 4.5. Note that since the process Z admits a spectral density f, so does
the process X. Its spectral density is denoted by f, .
To prove Lemma 4.5 we need to prove another lemma.

Lemma A.2.3C >0,3B >0, 7Jiensfl f\|t|\2<3<t7“>2 f=(t)dt = C.

Proof of Lemma A.2. Let us prove it by contradiction supposing that for all B > 0,
inﬁf1 Jien p{t,v)? fz(t)dt = 0. Thus, for all n € IN*, there exists v, € S' such that
IS 2

1
Je,<n(tvn)? f2(t) dE < 5.
Since S' is a compact set, there exists (vy, )ren+ @ subsequence of (vy)nen+ such that

lim v,, = v,, with v, € S*.
k——+o00

Now the hypothesis [, f.(t) [|t||s dt < +oo implies that [¢, f.(t) [|t]7 dt < +oo and
the Lebesgue convergence theorem gives that [.(t,v,)?f2(t) dt = 0, this leads to a
contradiction since the fact that f, is a continuous function and f,(0) > 0 implies that f,
is also a continuous function and that f;(0) > 0. Lemma A.2 is proved. a
Back to the proof of Lemma 4.5, by using Lemma A.2, let us choose B > 0 and C' > 0
such that

inf / (t,v)? f.(t)dt > C, (A.2)
vest Jytl,<B

and let 7 € T — T, such that ||7], < %. Now by using the following inequality, 3D > 0,
such that if |y| < 1, then 1 — cos(y) > Dy? and (A.2), we get the serie of inequalities

7o (0) — ra (7) = /}Rz(l ~ cos(t ) fu(t) dt > /|t|2<3(1 ~ cos(t ) fu(t) dt

>D/ (t,7)2f,(t) dt > DC ||73.
litl,<B
To end the proof of this lemma, just notice that the covariance r, is continuous in zero. O

Proof of Lemma 4.11. Let X = (X;)i=1,2.3 and Y = (Y}),=1,2, 3 be two centered standard
Gaussian vectors in R? such that for 1 < 4,5 < 3, E[X;Y;] = pij.

Let k = (ki, ko, k3) and m = (my, ma, m3) be two vectors of N3, We want to give an
explicit formula for E [ﬁk(X)fIm(Y)} .

For ease of notations let us set Y; = X, for j =1, 2, 3.
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As in ([6], p. 269) a straightforward calculation on Gaussian characteristic functions
gives

o1
di;
[ 77 (Pij tityes)™”
?

I
M8
2| e
ey
Mw
:9
N—
g
I
M8
]

r=0 ' i=1j=1 r=0Y, dij=rij=1 J:
S 3 dij 3 3
— j=1""7 i=1 %ij
=> > |1 25 ) (11 11475 (A.3)
r=0%,  dig=r \ig=1 " i—1 j=1

Now, by definition

thus

6
i=1

ki tk2 tks gmi yma pme _ ~
P RSB Ib L L

k1! ko! k3! mq! mo! mg!
K1 =0 ky =0 kg—0 m1 =0 mz—=0 ma—0 L 27 M3 1101 11627 16

Identifying this last equality with (A.3), it follows that E| Hx(X) Hm(Y)| = 0if [k| # |ml.
In the case where |k| = |m/, one gets

dij
E[Hk(X)Hm(Y)} = > em J] 2
dij >0 1<i, <3 0
Zj d”:k}L
> dij=m;
yielding the lemma. |

Recall that for f : S' — R a continuous and bounded functions and for all u fixed
level in R the coefficients af(-,u) are defined by as(k,u) = ay(ki, k2) a(ks,u), for k =
(kl, ko, kg) S ]NS, with

olho) = :w))d’( ::(m) ~1

So for giving an expression of the coefficients ay: (-, u) for i = 1,2 and of a4 (-, u) just give
one of as«(k1, k2) and of that of ay (K1, k2).

Lemma A.3. The coefficients ay; are given by: form,{ € IN

agr(2m,20) ag; (2m+ 1,204 1) ag(2m, 204+ 1) ag(2m+1,20)\ _
agr(2m,20) aps(2m+1,204+1) apr(2m,20+1) azp(2m+1,2¢

P x A(A17A27wf7w§7m7£aﬂ) B(A17A27Wfaw§7maévﬂ) 0 0
A(A27>\1,W§awf7€»m;ﬂ) B(A%)‘lawgawiamaﬂ) 0 0/’
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where w* = (w},w}) = v* x P and

A()\la )\27(*}1(7"‘};1 m, ( :u)

' /\1(.L)ir

5 ( =
i (—Q)TL_[ ( Awi )2("+p o %
= @) =)t \ [(Aw)? + ()\2w5)2}%

2(n+p—k))
2ntp=k(n 4+ p— k)

and
B()‘lv AQawI7w§7m7€,/‘L)

_ ﬁki (—2)»~ Z 2kpl (Alwff“"“x
Vo M @+ D)) = (0 — k) \Dawd

p=

X

) 2(p—k+n+1)+1

— (=2)n—m Aoaws
nz:% (2n + D)!(m — n)! ({(Ale)Q + ()\QW*)Q]%
2(p—k+n+1))!
210—k'+n+1(p —k+n+ 1)] :

Proof of Lemma A.3. First, let us compute ay: (k1, k2), for k1, ko € IN. Let P = (a; ;) 1<i,j<2-
By definition of coefficient ay; (k1, k2), we have

VA

agi(k1, k) = V]

(all Ay + a2 A2 y2) X
(]l ) 10 )
{<<)\;z;>,(w*)t>>o} {<(,\;Zl) wht)<o}
Hy, (y1) ¢(y1) H, (y2) #(y2) dy1 dyz.
By using the fact that H,, is even when n is even and odd if not (see (A.4) and (A.5)), the
coefficients k; and k; ought to be of the same parity, otherwise the coefficients a I (k1, k2)

would be null. Therefore let us suppose first that £y = 2m and ks = 2¢, m, ¢ € IN. In that
way and using that polynomial Hs, is even, one has

afs (2m,20) = W\@z)' /]R2(a11 ALy1 + a2 A2 y2) X
]1{<<;1y1)’(w),,>>0} X Hap (y1) #(y1) Hae(y2) ¢(y2) dyr dye.
2 Y2

Let us compute

A= ./11{2 Y1 X ]1{<<,\1y1>’(w*)t>20} X Hom(y1) #(y1) Hae(y2) ¢(y2) dyr dye.

A2 Y2

(similar computations would be done for the second integral on y,, the arguments
w3, w7, A2, A1, £, m, in this order, playing the role of wj, w3, A1, A2, m, ¢ in last integral).
At this step of the proof Lemma A.4 is required.

Lemma A.4. Let p € IN, a € R and Fy(a) = [/ 22"*1¢(2) dz. Then

k
2t 2k
— (p—k)!
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Proof of Lemma A.4. Integration by parts and straightforward calculations give the
lemma. ]
Three cases occur: wj > 0, wi < 0 and wj = 0.

Let us consider the first one. If wj > 0, A can be written as

+oo
A= [ Ha) o) | [ i o) 6(n) don | due.
R 2

- * Y2
XL @)

For real x and m € IN, the polynomial form of Ha,,(x) is

Hop(z) = (2m)! ; M % (A.4)

Using Lemma A.4, one gets

B m (—2)p_m p 2kp| NowX 2(p—k)
A= @D i = )l 2= (= ! (Afﬁ) .

=0 =0

AW
> (20! (2n)! (€ — n)! G (AL;) ’

where for ¢ € IN and x € R, we defined

/+°° 1 1 (2¢)!

Gy(x) = y* o (y) p(ay) dy =

e  Vor (14 22)atz 29g!°
If wi < 0, using that for m € IN, polynomial Hs,, is even, one obtains that

Apwl
2
Apwy Y2

A= /}R o)) | [

+oo
:—/]RH2£(y2)¢(y2) /Awg Y1 Ham (y1)0(y1)dy1 | dyz,

* Y2
1

Y1 Hom (y1)o(y1)dyr | dyo

o

and in a same way, when wj =0,

A= ([ ) 9002) L ncssor ) ([ o0 Ham(n) o) i ) =o.

Finally, knowing that |wi| x sign(w}) = wi, one gets the expression of coefficient
Qafx (2m, 2£).

For coefficient ay; (2m + 1,2¢ + 1), similar arguments would be developed using the
previous way and the polynomial form of Hyy1(z), that is

L

_ | (=27~ 2p+1
Hyopa(z) = (20+ 1)) A (A.5)

= p+ I —p)!

To conclude the proof of Lemma A.3, just remark that a s (2m+1,2() = ayg; (2m,2(+1) =0
and that ay; (2m, 2¢) (resp. ay; (2m + 1,2¢ + 1)) would be computed replacing a1 by as:
and a;3 by az. in the expression of ay; (2m, 2¢) (resp. ag+(2m + 1,20+ 1)). O
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In order to give the coefficients a; we introduce the following functions.
The § function is defined by:
Blz;y) = z,y >0,

while the I' function is defined by:

(oo}
I'(z) :/ ettt dt.
0
Lemma A.5. The coefficients a; are given by: for m,{ € IN

(a1(2m,20) a1(2m+1,2041) a1(2m,20+1) a1(2m+1,20)) =
(c()\l,)\g,m7€,u) 0 0 0),

where

C(Ala )‘27 m, f’ :U‘)

= Va3 S () (M) ()

p=0 gq=0
0o (QJ;”)(QZJLFZH) Lon 1 \ o\ "
n; (%) ) Bp+a+n+1ig) (1_ (%) ) '

Remark A.6. Note that in the case where A = 1, that is when the process is isotropic
our result contains that of the authors expressed in Theorem 2 of [15].

Proof of Lemma A.5. Let us compute aj (k1, k2), for k1, ko € IN. We have

(ks ko) = s [ VN0 0308 B () Hi(02) 9(0n) 0() s e

Similar arguments as those given in Lemma A.3 show that a1 (k1, k2) = 0 except when &,
and k» are even.

So let us compute aq (2m, 2¢) for m, ¢ € IN.

The change of variable y; = Arsin(6) and yo = 7 cos(f) in last integral and expression of
Hyy given in (A.4) yield

m L —m —
a(2m, 20) = ifzz (270
T m —p)( - q)!

/ / 22442 ¢05%4(9) sin? (9)8_%r2 [cos?(8)+A%sin®(0)] . 4.

Now making the change of variable r? = m and tan(%) = 1= \Fvvlﬂ —%, one gets

m ¢ —m —£
Vi g (72)1) (72)(1 2 + +l
oo )= SIS I

Fp+q+3)Fp+ag+3ip+3:p+q+11-)2),

p=0¢=0

where the hypergeometric function F' is defined by
1
F(a;b;c;2) = / w1 — ) TN — wz) T du
0

for|z|] <1,0<b<canda > 0.
The proof of lemma ensues from the following one.
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Lemma A.7. For |z| < 1,0 < b < c and a > 0, one has

e s — L(e=b I'(a+n)L(b+n) n
F(a b c Z) B I(‘(a)) F(C+7L))F(TL+1)Z :
n=0

Proof of Lemma A.7. The proof consists in a serial development of function f(z)

(1 —uz)"o O
O
Proof of Lemma 5.4. We have the following decomposition of det (X, 1,)(u)).
det (Z'(fhf,z)(u))
= thfl (U)Efzafz (u) - (thfz (u))2
0o 2
:ZZ Efl f1 Ef2 f2 (Z Efl f2 )
q=1q'=1 q=1
o0
= Zd t (E(fl:f2)(u))q
q=1
2
+ 30 (VO @)y [ Crga )y = s () o))
q<q
+23 [0 )y [ o) [ 1@ /a0,
q<q
~ (1), (Bpp)y] .
To conclude the proof of lemma, we just have to verify that for all ¢ € IN*,
(S ), | </ @), /(B (), (4.6)

So, let ¢ € IN*,
(n) =1 E k Hy(Y dt.
(gf (’LL)) q o2(T) et af( ,u) / k(Y (1)) dt

|k|=q

Corollary 4.16 implies that,

(), (62), ) 22 N0 (S,

n—-+4oo

and in force (E(fh fz)(u))q is a semi-definite positive matrix. This argument yields
inequality (A.6) and Lemma 5.4. O

Proof of Lemma 5.7. Using that B2 = A, lim, A, = A = B? and that lim,, tr(B,,) =
tr(B) > 0, we obviously deduce that lim,, B,, = B. O
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