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EQUIVARIANT MAPS INTO ANTI-DE SITTER SPACE AND THE
SYMPLECTIC GEOMETRY OF H? x H?

FRANCESCO BONSANTE AND ANDREA SEPPI

ABSTRACT. Given two Fuchsian representations p; and p, of the fundamental group of
a closed oriented surface S of genus > 2, we study the relation between Lagrangian
submanifolds of M, = (H?/p;(71(S))) x (H?/pr(71(S))) and p-equivariant embeddings
o of S into Anti-de Sitter space, where p = (p, pr) is the corresponding representation
into PSLoR x PSLaR. It is known that, if o is a maximal embedding, then its Gauss
map takes values in the unique minimal Lagrangian submanifold Ay, of M,.

We show that, given any p-equivariant embedding o, its Gauss map gives a Lagrangian
submanifold Hamiltonian isotopic to Apyp,. Conversely, any Lagrangian submanifold
Hamiltonian isotopic to Ay, is associated to some equivariant embedding into the future
unit tangent bundle of the universal cover of Anti-de Sitter space.

1. INTRODUCTION

Anti-de Sitter space of dimension three, denoted AdS?, is the Lie group PSLoR endowed
with (a multiple of) the Killing form. It is a Lorentzian manifold of constant negative
sectional curvature, and the identity component of its isometry group is naturally isomorphic
to PSLoR x PSLoR. Its study, from the purely mathematical viewpoint, was initiated by
the work of Mess [Mes07], and has remarkably spread since then. One of the reasons for this
interest, which is the main motivation behind this paper, is the relation between equivariant
embedded surfaces in Anti-de Sitter space and hyperbolic geometry in dimension 2.

Let S be a closed oriented surface of negative Euler characteristic. We will consider p-
equivariant spacelike (i.e. having Riemannian induced metric) embeddings of the universal
cover S of S into AdS3, where p = (pi, pr) : T1(S) — PSLaR x PSLsR is a representation
of the fundamental group of S. Mess proved that in this case, p; and p, are Fuchsian
representations. Hence (identifying PSLoR with the isometry group of the hyperbolic plane)
H2/py(71(S)) and H?/p,.(71(S)) are closed hyperbolic surfaces, which we identify with (.S, h;)
and (S, h,.), for h; and h, hyperbolic metrics on S.

Mess considered the case of pleated immersions o : S — AdS3. In this case, there is a
well-defined hyperbolic metric g on S induced by o, and by a rather explicit geometric
construction, Mess defined two maps €} : (S, ho) — (S, ;) and €% : (S, ho) — (S, h,) which
turn out to be left and right earthquake maps, where the the bending lamination A of o
coincides with the earthquake lamination. This construction gave a new interpretation to
Thurston’s proof of the existence of earthquake maps between two fixed closed hyperbolic
surfaces homeomorphic to S. N

Later, Krasnov and Schlenker in [KS07] studied p-equivariant embeddings o : S — AdS?
under the condition that the induced metric has negative curvature. In this case, one can
define two diffeomorphisms ¢! : S — (S, h;) and ¢” : S — (S, h,), which are somehow the
smooth analogues of the earthquake maps above. The composition ¢ := ¢ o (¢!)~! turns
out to be an area-preserving diffeomorphism between (.S, h;) and (S, h,.). In other words, the
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graph of ¢ is a Lagrangian submanifold of (S x S,€Q,), where Q, is the natural symplectic
form:

Qp =p/U — Py
if ©; and €, are the area forms of the hyperbolic metric h; and h,..

A remarkable application of this construction comes from the particular case of mazimal
equivariant embeddings (i.e. of vanishing mean curvature). This case is characterized by the
fact that the associated area-preserving diffeomorphism ¢ is minimal Lagrangian ([KS07,
see also [BS10] and [Tor(07]). This means that the Lagrangian submanifold graph(y) is
minimal in (S x S, h; @ h,.), see also [Lab92] and [Sch93).

Other applications were given in [BBZ07, [BST17, [KS07] for the case of closed surfaces,

[BS10, [BST6! Sep16bl [SK13] for generalizations to maps from the hyperbolic plane
H? to itself in the context of universal Teichmiiller space, and [BMSI3, [BMS15} [BS16] for a

more general class of maps called landslides.

The above characterization of minimal Lagrangian maps highlights the fact, which is
behind the main ideas of this paper, that the most relevant object to associate to o is a
Lagrangian submanifold of (S x S, (2,), rather than the diffecomorphism ¢. The construction
of the diffeomorphism ¢ can be generalized to any p-equivariant spacelike embedding o :
S — AdS? (without any assumption on the curvature), thus providing a smooth Lagrangian
submanifold of the symplectic manifold (S x S, ,), which we will denote A,. This has been
observed in [Barl6]. In this paper, we provide an independent proof in a framework which
is better adapted for our aims.

The problem we address in this paper is to what extent this construction can be reversed,
that is: is it possible to associate to a Lagrangian submanifold a p-equivariant spacelike
embedding? In [Barl6l §3] it was showed that the unique local obstruction to inverting the
construction is given by the condition of being a Lagrangian submanifold. Hence it remains
to understand the global problem, and we will give an obstruction purely in terms of the
symplectic geometry of (S x 5,€,). This will be the content of Corollary [L1 Corollary
[[Tis actually a consequence of our main result (Theorem [[2)), which also shows that this
obstruction is complete in a slightly more general context.

Statement of the main result. The aforementioned obstruction will be given in terms of
Hamiltonian submanifolds and Hamiltonian symplectomorphisms. Let us briefly recall these
notions. If we fix a representation p = (p;, pr) : m1(S) — PSLaR x PSLyR with p; and p,
Fuchsian, let @, : (S x S,Q,) = (5 x 5,8,) be a smooth path of symplectomorphisms with
®y = id. The path ®; is called Hamiltonian if there exists a smooth family of functions
H;: S xS — R such that the generating vector field of ®; is the symplectic gradient of H;.
Then a symplectomorphism ® : (S x S,Q,) = (S x 5,9Q,) is Hamiltonian if there exists a
Hamiltonian path ®; such that &, = id and ®; = ®. It turns out that Hamiltonian sym-
plectomorphisms form a normal subgroup Ham(S x S, Q) of Symp (S x S, Q,) (the identity
component of Symp(S x 5,2,)). See also the discussion below on the flux homomorphism.

The group Symp, (S x5, €2,) clearly acts on the space of smooth Lagrangian submanifolds
of (S x 5,9,) isotopic to the diagonal. A consequence of the main result in this paper
— namely Theorem — is that the submanifolds A, associated to smooth p-equivariant
spacelike embeddings o : S — AdS? lie in a single orbit of the action of Ham(S5x .S, §2,). Since
we already know that the unique minimal Lagrangian submanifold Ay, of (Sx.S, €2,) isotopic
to the diagonal is the submanifold associated to the maximal p-equivariant embedding, we
obtain:

Corollary 1.1. Let p = (pi, pr) : m1(S) — PSLaR x PSLoR, where p; and p, are Fuchsian
representations. Then for every p-equivariant spacelike embedding o : S — AdS®, A, is
Hamiltonian isotopic to the unique minimal Lagrangian submanifold Ay, isotopic to the
diagonal.
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Two Lagrangian submanifolds Ag, A1 are called Hamiltonian isotopic if there exists a
Hamiltonian symplectomorphism ® € Ham(S x S,€2,) such that ®(Ag) = A;.

Before actually stating the main theorem of the paper (Theorem [[2)), of which Corollary
[CT will be a consequence, let us explain a geometric interpretation of the submanifold A,
associated to o : S — AdS?. -

The basic observation is that there is a natural projection 7 : T!AdS3 — H? x H?,
where Tj&a_S/?’ is the bundle of future-directed unit timelike vectors in the tangent bundle
of the universal cover AdS3 of AdS3. This projection 7 has the important property that its
fibers are the orbits of the geodesic flow on Tj&c\l@ Now, given a p-equivariant spacelike
embedding o : § — AdS?, we can consider the normal section oy : S — Tj@ of any lift
5:S — AdSS. Tt turns out that the composition m o oy does not depend on the chosen
lift & and provides a p-equivariant Lagrangian embedding of S into H2 x H2. Thus 7 o 5y
induces an embedding of S into (S x S,(,), whose image is the Lagrangian submanifold A,
we have already mentioned. If the curvature of the metric induced by the embedding o is
negative, then A, is transverse to the product structure of S x S and thus it is globally a
graph, hence recovering the construction of Krasnov and Schlenker.

It turns out that the normal section oy is orthogonal to the orbits of the geodesic flow for
the Sasaki metric of Tj&c\lS/?’ and is equivariant for a uniquely determined lift p : m1(S) —
Isomo(zgzi\S/?’), which we will call standard lift. Such a lift p only depends on p, and not on
o or on the choice of its lift. Conversely, a p-equivariant embedding o : S = T}z@S/?’ is the
normal section of some embedding o : S — AdS? if and only if:

(1) & is orthogonal to the orbits of the geodesic flow for the Sasaki metric on Tj&c\lJS?’;
(2) & is transverse to the fibers of the projection T} AdS? — AdS?.

Our main theorem is a complete characterization of the Lagrangian submanifolds
Az = image(m o) /p(m1(S)) C (S x S,9Q,)
induced by the p-equivariant embedding & satisfying condition (1) above.

Theorem 1.2. Let p = (pi, pr) : m1(S) = PSLaR x PSLoR, where p; and p, are Fuchsian
representations, and let p : w1 (S) — Isomg(AdS?) be its standard lift. Then

o is a p-equivariant embedding orthogonal Ham(S x S0 A

~ — X .

{ 7" to the orbits of the geodesic flow } am( $p) - A

where A, is the unique minimal Lagrangian submanifold of (S x S,8,) isotopic to the
diagonal.

Corollary [[T] follows from one of the two inclusions of Theorem [[.2] by taking the normal
section oy of a p-equivariant embedding o, and observing that by construction Az = A,.

Organization and techniques involved. Let us now highlight the main tools which are
used in the proof of Theorem [[L2] and how they are organized in the paper.

In Section 2] we introduce Anti-de Sitter space, its universal cover, its future unit tangent
bundle, and their geometric properties. The proof of Theorem will then be based on a
translation of the problem into the language of principal R-bundles over (S x S,€,), and in
studying the symplectic geometry of the base (S x S5,,).

Hence the main purpose of Section [3lis the construction of a principal R-bundle P, over
(S x S,9Q,), and the study of its geometry. This is simply obtained as the quotient of the
principal R-bundle

7 TIAdS? — H? x H?



4 FRANCESCO BONSANTE AND ANDREA SEPPI

where the R-action on Tj&c\l/S3 is given by geodesic flow. The actions of p(m1(S)) on Tj&a_S/?’
and of p(m1(S)) on H? x H? are free and properly discontinous, and 7 is equivariant with
respect to these actions. Hence, taking the quotient, we have a principal R-bundle

i Py — (S, hy) x (S, hy) .

The key observation here is that there is a natural principal R-connection w, on P,, for
which parallel (local) sections are precisely sections orthogonal to the orbits of the geodesic

flow. Hence p-equivariant embeddings o : S — T!AdS? correspond precisely to parallel
sections of 7, over Az C (S x S,9Q,).

The main result of Section Blis then Proposition 3.9, which shows that the curvature of
(P,,w,) — which is a R-valued 2-form R, € Q*(P,,R) — is:

1 *
Rp == §7TpQP .

Hereafter, let us denote by A : S — (S x S,Q,) an embedding, rather than the embedded
surface as above. Hence we deduce that A is a Lagrangian embedding if and only if the
bundle A*P, is a flat R-bundle, for the connection induced by w,. In particular we recover
the fact that, when the embedding A, associated to o : S — AdS? is the graph of some dif-
feomorphism ¢ : (S, h;) — (S, h,-) (that happens when the metric induced by o has negative
curvature), then ¢ is a symplectomorphism (i.e. it is area-preserving).

As a consequence, we are interested in a characterization of those Lagrangian embeddings
A such that the flat R-bundle A*P, admits a global parallel section. Equivalently, we need
to characterize the condition that the holonomy of A*P, is trivial. In Section H] we solve this
step by studying the symplectic geometry of (S x S, Q).

The main tool we use here is an adaptation (given in [SolT3]) to the context of Lagrangian
submanifolds of the fluz homomorphism introduced by Calabi in [Cal70], see also [BanT§]
and [MS98, Chapter 6]. The latter is a surjective group homomorphism

Flux : Sympy (S x S,Q,) — Hin(S x S,R)

whose kernel is Ham(S x S, Q,). Then in [Sol13], a generalization was given, as a map Flux
which associates to a smooth path of Lagrangian embeddings A; an element in Hom(m (5), R).
In our case, this only depends on the endpoints Ay and Ay, and if Ay = ®1(Ag) for some
path @, € Symp,(S x S,9,) with &, = id, then Flux([A,]) coincides with A;Flux([®,])
under the usual identification HJ (S, R) = Hom(m (5),R).

The most important step of Section Ml is Proposition It shows that, if holp denotes
the holonomy representation of a flat R-bundle F over S, then

hOlATpp = hOlA[*)Pp + FluX([A.]) .

Hence the flat subbundles A*P, which have the same holonomy form precisely an orbit of
the action of Ham(S x S,Q,) on the space of Lagrangian embeddings of S into (S x .S, €2,).

Section [{] then puts together the above ingredients to prove Theorem [[L2l In particular,
since we already know that the minimal Lagrangian embedding Ay, is associated to the
p-equivariant maximal embedding, A}y P, is a trivial flat R-bundle (i.e. it admits a parallel
global section). Hence by the above results, for an embedding A : S — (S x S,9Q,), A*P, is
a trivial flat bundle is and only if A is Lagrangian and the map Flux vanishes on the class
of a path A; such that Ag = Ayg, and Ay = A. This is equivalent to the fact that A is in the
Ham(S x S,Q,)-orbit of An..
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2. ANTI-DE SITTER GEOMETRY

In this section nggtroduce the geometry of Anti-de Sitter space of diglggsion three, of
its universal cover AdS3, and of its future unit timelike tangent bundle T!AdS3. We prove a
simple — though essential in the following — lifting statement (Lemma ) which defines
the standard lift of a representation p = (pi, pr) : m1(S) = PSLaR x PSLoR, with p; and p,
Fuchsian.

2.1. Anti-de Sitter space. Let us consider the Killing form s on the Lie group PSLaR,
which is a bi-invariant bilinear form on the Lie algebra slsR of signature (2, 1). The bilinear
form k induces a Lorentzian metric on PSLsR, which we denote by g,. Then we define
Anti-de Sitter space of dimension 3 as:

1
AdS? = (PSLQR, gg,g) .

Hence AdS? is a Lorentzian manifold, orientable and time-orientable, topologically a solid
torus, of constant sectional curvature. Due to the normalization factor 1/8, the sectional
curvature is —1 ([BSI6, Lemma 2.1]). By construction, the identity component of the
isometry group of AdS? is:

Isomg(AdS?) = PSLyR x PSLoR |
where a pair (a, 3) € PSLaR x PSLaR acts on AdS? by

(,8) v =aoyof™t. (1)
Recall that PSLyR is identified to the group of orientation-preserving isometries of the
hyperbolic plane, in the upper-half plane model:

H? = ({z €C | 3(z)> 0} "W)
(22 )
The identification of Isomg(H?) with PSLoR is defined by associating to an isometry of H?
its extension to the visual boundary d,,H? = RP!, which is a projective transformation.

A differentiable curve v : I — AdS? is timelike if g.(%,7) < 0 at every point y(t), spacelike
if g..(¥,%) > 0, and lightlike if g.(%,%) = 0. We claim that every timelike geodesic in AdS?
has the form:

Lyy = {7y € PSLaR | 1(y) =z} , (2)
for x,y € H?. Indeed, Ly, ., is a closed timelike geodesic for every zo € H?, since it is
a maximal compact subgroup, hence the induced bilinear form is negative definite. It is
a geodesic since it is a 1-parameter group, and the Riemannian exponential map coincides
with the Lie group exponential map as g, is a bi-invariant metric. It also turns out that it
has length 7, the arclength parameter being 1/2 the angle of rotation of elliptic elements
fixing xg.

It can be easily checked that

(o, ) - Lyy = La(l)”@(y) ) (3)

and this also shows that every timelike geodesic of AdS? is of the form L, , for some z,y,
since it is the image of L, ., under some isometry (a,3) of AdS®. Hence there is a 1-1
correspondence

H? x H? « {timelike geodesics in AdS®} , (4)
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defined by (z,y) — L, . As a consequence of Equation (B), the bijection of Equation (@) is
equivariant with respect to the action of PSLsR x PSLyR on H? x H? by isometries of H?
on each factor, and on the set of timelike geodesics induced by isometries of AdS?.

Anti-de Sitter space is naturally endowed with a boundary, which is defined in the fol-
lowing way:

O0soAdS? := RP! x RP! |

where a sequence 7, € PSLyR converges to a pair (p,q) € RP? x RP! if and only if there
exists a point 2 € H? such that:

Yot (@) = q

It is a classical fact that, if Equation (G]) holds for some z € H2, then it holds for every
x € H2. Naturality of the boundary means that every isometry of AdS?, of the form
(ar, B) € PSLaR x PSLyR, extends to the boundary by means of the obvious action of («, )
on RP! x RP!.

{%(w) -p (5)

2.2. Equivariant embeddings for closed surfaces. In this paper, S will be a closed,
oriented surface of negative Euler characteristic. We will be particularly interested in p-
equivariant spacelike immersions o : S — AdS?, where S is the universal cover of S , and
p:m(S) = PSLaR x PSLyR is a representation of the fundamental group of S. This means
that o satisfies

ogoT = p(T) oo,

for every 7 € m1(S), where the action of 7 on S is by deck transformation. In [Mes07], Mess
proved that:

e If 0 is a p-equivariant immersion, then it is a proper embedding (Lemma 6).

e In this case, p = (pi, pr) where py, p,- : m1(S) — PSLoR are Fuchsian representations
(Proposition 19).

e Moreover, o extends to the visual boundary 8OO§, and a(@oog) is the graph in
050AdS? = RP! x RP! of the unique orientation-preserving homeomorphism which
conjugates p; to p, (Proposition 20).

Hence in this paper we will always consider representations
o= (p1,pr) : T1(S) — Isomg(AdS?) = PSLyR x PSLoR

with py, pr Fuchsian. As mentioned in the introduction, we will consider equivariant em-
beddings in the universal cover of AdS3, rather than in AdS?® itself. The motivation for
this is the fact that, if o is a spacelike embedding in AdS? equivariant for a representation

p = (p1, pr), then o lifts to an embedding & in AdS3, invariant by a standard lift of p to a

representation of 71(S) in the isometry group of AdS3. This will be explained in the next
subsections.

2.3. The universal cover of AdS?. We will denote 1@8/3 the metric universal cover of
AdS?: if
p: SLQ]R — PSLQR

is the universal covering map of PSLsR, then
— — 1
AdS3 = (SLQR, gp*g,g) .

Namely, we endow m with the Lorentzian metric induced by the Killing form on the Lie

—_—

algebra, which is also the metric which makes p a local isometry. Let us observe that SLoR
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is a central extension of PSLyR. More precisely, if we denote Z := Z(SLaR) the center of

the Lie group m, the following is a short exact sequence of groups:

1 z SLyR —2> PSLyR —> 1 .
The fundamental group m1(AdS?) 2 Z is thus identified to Z, and left multiplication by an
element ¢ of Z (which is the same as right multiplication, since ¢ is in the center) corresponds

to the action on SLsR by deck transformations.
Hence it turns out that the identity component of the isometry group of AdS? is:

Tsomo(AdS?) = (SLR x SLoR)/Az (6)
where Az denotes the diagonal of Z:
Az :={(£,€) | €€ Z} < SLoR x SL,R .
Observe that a generator of the fundamental group 71 (PSLoR) = Z is represented by

loops whose image is a closed timelike geodesic of the form L, (recall Equation ().
Hence timelike geodesics of AdS3 are the preimages of timelike geodesics of AdS?, and are
copies of R (with the negative metric).
Therefore we have a 1-1 correspondence
H? x H? < {timelike geodesics in 1@8/3} , (7)
which is defined by associating to (z,y) € H? x H? the timelike geodesic p~(L,.,). This
correspondence is again equivariant, with respect to the action of (SLoR x SLoR)/Az on

the set of timelike geodesics induced by isometries of 1@8/3, and the action on H? x H?:

(o, B) - (2,9) = (p(a)(2),p(B)(y)) - (8)

In fact, (§) is well-defined since elements in the center Z = Ker(p) act trivially on H?Z.

Finally, AdS3 is naturally endowed with a boundary 800&21\8/3, which is the covering of
5o AdS? corresponding to the cyclic subgroup of (- AdS?) generated by a meridian. We

will thus extend p : SLoR — PSLsR to the universal covering map:
Pt (AdS? U 0o AdS3) — (AdS? U 0o AdS?) | (9)
which we still denote p by a small abuse of notation.

2.4. Lifting representations. We can now prove the following lemma, which will also
serve to define the aforementioned standard lift of a representation p.

Lemma 2.1. Let py, pr : m1(S) — PSLaR be Fuchsian representations. Then there exists a
unique lift

p:m(S) — Isomg(AdS3)
of the representation

p = (p1,pr) : m1(S) — Isomg(AdS?)

with the following property. Given any spacelike p-equivariant embedding o : S — AdS3,
every lift o; : S — AdS3 of o (where i € Z) is p-equivariant.

Remark 2.2. The existence of some lift of p to Isomo(&zi\S/?’) can be easily proved by some
topological argument, which we now sketch. Recall that we can associate every representa-
tion p: w1 (S) — G, for any Lie group G, with an obstruction class

e(p) € H2(S’ ﬂ-l(G)) )
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such that e(p) = 0 if and only if p is liftable to a representation of 71 (.S) into the universal

cover GG. More generally, given a covering map q : H — G, the representation p is liftable
to p:m(S) — H if and only if e(p) is in the image of

¢ : H*(S, 71 (H)) — H?*(S,m(Q)) .

In our case, G = Isomg(AdS?) = PSLyoR x PSLoR and H = Isomo(&d\/S3) = (S/L\QH/R X
SLoR)/Az. Hence e(p) = (e(pi1),e(pr)), where e(p;) and e(p,) are the usual Euler classes
of the representations py, p, : m1(S) — PSLoR. On the other hand the image of 71 (H) in
7m1(G) is the diagonal subgroup in Z x Z. So p is liftable to Isomg(AdS?) if and only if
e(pi) = e(pr).

In particular, in the case considered in this paper, the Euler class of both representations
p1 and p,. is maximal and thus p is always liftable as in Lemma 2.l However, the statement
of Lemma 2.1l provides a favourite lifting p, which will be indeed called standard, satisfying
a geometric property necessary for our construction.

Proof of LemmalZdl Let I be the curve in 0,,AdS? = RP! x RP! which is the graph of the
unique orientation-preserving homeomorphism of RP! which conjugates p; to p,, and let T';
be the preimages of I' by the covering map p : (AdS? U0 AdS?) — (AdS? U0, AdS?). That
is,
pH(I) = |_| Li,
=

where we recall from (@) that we use the letter p to denote the extended projection map,
by a small abuse of notation. As I' is homotopic to p.(co), where the loop ¢ represents the

generator of 71 (0,,AdS3), it turns out that p|r, : I'; — ' is 1-to-1 and Z acts freely and
transitively on {I'; : i € Z}.

Now, fix a lift T';,. Then, for every element 7 of the fundamental group m; (AdS?), there
exists a unique lift of p(7) to Isomg(AdS?) which preserves I';,. Define p(7) this element.
(In fact, it suffices to pick any lift, which will send T';, to some I';,; and then compose with
an element of the center.) It is easy to check that p defined in this way is a representation.

Actually, p does preserve every lift I';. In fact, if 6; = £ 0 g9 where £ € Z, the unique
representation which preserves I'; is £ o po €71, But since ¢ is in the center, this coincides
with p.

Let us now show that the representation p defined in this way satisfies the claimed prop-
erty. If ¢ is an equivariant embedding as in the hypothesis, as explained in Subsection
(see [Mes(OT, Proposition 20]), the embedding o extends to the visual boundary 00 S, With
Dos0(S) =T.

For each 7 there exists a unique lift o; of o such that 8005¢(§ ) =T';. Since every curve I'; is
left invariant by j(7), for every T € 1 (S), the same holds for o;(5). Hence the embeddings
0; are p-equivariant, for every ¢ € Z. This concludes the proof. (|

We will call standard lift of p the representation p constructed in Lemma 2.1t

Definition 2.3. Let p;, p, : m1(S) — PSLaR be Fuchsian representations. We call standard
lift of p = (pi, pr) : ™1 (S) — Isomg(AdS?) the representation

—

p 1 (S) — Isomg(AdS3)

which leaves every connected component of p~1(I") invariant, where I' C 0,,AdS® = RP! x
RP! is the graph of the the unique orientation-preserving homeomorphism of RP! which
conjugates p; with p,.
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Remark 2.4. Observe that, given a representation p = (p;, p,-) into Isomg(AdS?), any other
lift p’ into Isomg(AdS?) is of the form

p(r)=¢&(m)p(r) (10)
where £ : m1(S) — Z is a representation in the center Z. In fact, we know that the kernel

of p : SLyR — PSLyR is Z, hence the form (I0). Moreover, the condition that p’' is a
representation coincides exactly with the condition that & is a representation with values in
Z, which is thus identified to an element of Hom(m(S),Z) = H'(S,Z).

2.5. Unit future timelike tangent bundle. We will consider embeddings of surfaces in
the unit future timelike tangent bundle of AdS3. Let us fix a time-orientation on AdS?, and
thus on AdS®. This is the subbundle

I1: T!AdS? — AdS3
of the tangent bundle TAdS3 whose fiber over the point v € AdS3 is
O '(y) = {(y,u) € TAdS? (u,u) = —1 and wu is positively time-oriented} ,

where (-, ) denotes the metric we defined on AdS3. Given a point (v, u), we will denote by
V the vertical bundle, namely the subbundle of TTAdS? defined by:

Viyu) = Ker (H* : T(%u)TjA/E/S3 — Twm) .

That is, V(4 is the vector subspace tangent to the fiber (which has dimension 2). This is
identified to the subspace of T(%u)&;i\S/?’ tangent to the set of unit positive timelike vectors,
namely, to the orthogonal complement u' in T.Y&c\l/S?

On the other hand, given a vector w € T.Y1§c\1/S37 we define its horizontal lift at the point

(7, u) in the following way. Let v(t) be a curve in AdS3 such that ~7(0) = v and 4/(0) = w. Let
u(t) be the parallel transport of u(0) along ~(¢) with respect to the Levi-Civita connection V

o e

of AdS3: that is, u(t) satisfies V. (;yu(t) = 0. Observe that, by compatibility of the metric,
(v(t),u(t)) is in TLAdS?. Then
wh = (7, u)'(0)
is the horizontal lift of w at (7, u). Observe that the map
w e TW&ES/?’ — wh
is linear and injective. Hence the horizontal subspace is the (3-dimensional) vector subspace
Hiyu) = {wh :we T.YA/E/S3} .
We can now define a natural metric on Tj&d\/@, known as the Sasaki metric:

Definition 2.5. The Sasaki metric is the pseudo-Riemannian metric gg on sz&i\S/?’ defined,
for X1, X5 € T(,Y’u)T*lAng, by:

(wi,we) if X1, X5 € Hyuy, X1 = wl, Xo =wh ;
9s(X1,X2) = ¢ (v1,v9)  if Xp, X5 € V(y.u) and they correspond to vy, v € ut
0 it X1 € Hyuy, X2 € V() or viceversa .

The isometry group Isomg (@/83) induces an obvious action on Tj&c\lJS?’, by means of:

0« (7, u) := (0(7), 04 (u)) , (11)
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for any o € Isomo(&c\lS/?’). This action on ij preserves the horizontal and vertical
subspaces, in the sense that
oM (y,u) = Hou(v.w) and 0:V(yu) = Vo (v.u) »

and acts by isometries for the Sasaki metric.

3. PRINCIPAL R-BUNDLES AND THEIR CURVATURE
In this section we introduce the principal R-bundle 7, : P, — (S, hi) x (S, hy.), its connec-
tion form W, and study some of its properties, in relation Wlth equivariant embeddings of

S into TlAdS3 Most remarkably, in Proposition [[6] we give an expression for the curvature
form of P, only in terms of a natural symplectic form €2, on the base S x S.

3.1. R-action by geodesic flow. Let us consider agam the unit future timelike tangent
bundle TlAdS3 There is a natural R-action on TlAdS3 given by the geodesic flow. Namely,
given t € R and (v, u) € T}Ang’, we define

(v u) = (v(8),7' () , (12)
where 7(t) is the unique geodesic of AdS? such that ~v(0) = v and +/(0) = w. That is,
7(t) satisfies V.,/(17'(t) = 0, where V is the Levi-Civita connection of AdS?. In particular,
(' (t),7'(t)) = —1 for all ¢, and thus ([[2) is well-defined on T1AdS3.

Recalling the bijection in () between the space of timelike geodesics of AdS? and H? x H?,
which is given by
(z,y) € H? x H? v p~ ! (Lay) ,
we can define a projection

7 TIAAS3 — H? x H?
by mapping (v, u) to the pair (z,y) € H? x H? such that, if v(¢) : R — AdS3 is the geodesic
of AdS3 with v(0) = v and 7/(0) = u, then

p({r(t) s teR}) = Lay .
The key point for our construction is that = provides T}z@S/?' with a principal R-bundle
structure.
Lemma 3.1. The bundle 7 : Tj&i\@ — H? xH? is a R-principal bundle, where the R-action
on TIAAS? is given by the geodesic flow.
Proof. By construction, the R-action preserves every fiber 7= !(z,y). Moreover, as each

geodesic of AdS? is a real line, the R-action on each geodesic is free and transitive. g

Recall that the group Isomg (AdSS) (SLQR X SLQR)/AZ acts on TlAdS3 by isometries,
and on H? x H? by

(., B) - (@, y) = (p(a)(x), p(B)(¥))
where «, 8 € m and p is the covering map p : S/L\ﬁ/R — PSLsR. With these definitions,
we have:
Lemma 3.2. The pmjection T Tl&i\/S3 — H? x H? is equivariant for the natural action
of IsomO(AdS3) (SLQR X SLQR )/Az. That is, if 7(y,u) = (x,y), then for every (o, B) €
SLQR X SLQR
7 ((a, B)« (7, ) = (p(a)(x), P(B)(y)) -

Proof. The proof is direct consequence of the definitions and of Equation (B). O
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We will now derive an alternative expression for the projection m, which will be useful in
the following. Before that, observe that there is a natural embedding
f:H? = sLR .

To define f, for every point z € H? let us denote Ry € PSLoR the elliptic isometry of H?
which fixes x and is a counterclockwise rotation around x of angle §. Then define

d
flz)= — Rop.» € sbR . (13)
af |y, ’

By the arguments of [BS16, Section 2], f is an isometric embedding, for the hyperbolic metric
of H? and the Lorentzian metric on slaR (which is 1/8 times the Killing form). Moreover,

f is equivariant with respect to the action of PSLoR (or of m) on H?, and the adjoint
action on slyR:

d _
Rap ) = @‘ (70 Ranz 07") = Ad(1)f(a)

Lemma 3.3. Given any (v,u) € T*lga_S/?’,

(fs fom(y,u) = (Ry-1)wu, (Ly-1)au) (14)
where f is defined in Equation (I3).
Proof. We need to show that, if the timelike geodesic with initial data (v, u) is the geodesic
Ly, then f(z) = (Ry-1).u and f(y) = (Ly-1)su.
Let us first prove Equation ([[4) when v = id. In this case, w(id,ug) = (20, x0) for
some o € H?, since the timelike geodesics through the identity all have the form L, ,
with = gy, as a consequence of Equation (2). Hence we need to check that for every

ug € Tidzgzi\S/?’ = s[R, if the 1-parameter group generated by u is the geodesic Ly, »,, then
f(xo) = up. This is exactly the definition of f in Equation (3.

Now, let us prove the general case. Given any v € m and any u € Tv&\s/g, if we pick
ug such that u = (L)« (uo), then

(v,id)*(id,uo) = (’Yau) :

(Here we think of (v,id) € ﬁ\g_]l/% X m as an isometry of &:18/3, by means of Equation (@]).)
According to Lemma [3.2]

Tr(FYa u) - (75 1d> ’ ﬂ(id, UO) - (75 1d> ’ (zO; 1'0) - (7(560)7:60) )

On the other hand, since by the previous case f(z¢) = ug,

((Ry=1)st, (Ly-1)wu) = (Ad(7)uo, uo) = (Ad(7) f(20), f(x0)) = (f(v(x0)), f(20))

by using the equivariance of f. This concludes the proof. 0

3.2. A principal R-connection. We will define a connection form on the principal bundle
7 TIAdS? — H? x H2. For this purpose, we need to use the following result:

Theorem 3.4 ([BCES82]). The R-action on T*llg(i/S?’ by the geodesic flow is an action by
isometries of the Sasaki metric.

Theorem [B.4] is equivalent to saying that the generator of the geodesic flow action is a
Killing field. This generator is the vector field x € IT°°(TT}AdS?) of the form

x(v,u) = uh e Hyu) C T(%u)ij , (15)

under the identification T(AY,U)T*lA&c\l/S3 2~ Hyu) @ V(y,u) explained in Subsection 251

Let us now define the connection form of the principal bundle 7 : sz&i\S/?’ — H2 x H2:
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Definition 3.5. The connection form of 7 : Tj&a_S/?’ — H? x H? is the 1-form w €
QY(T!AdS?, R) defined by:
w=—gs(x,") ;

where y is the generator of the geodesic flow and gg is the Sasaki metric.

It is easy to check that w indeed defines a principal connection. For this purpose, first
observe that in this case the tangent line to any fiber of 7 is naturally identified to R (which
is of course the Lie algebra of the group R). Given a vector X tangent to the fiber, X is of
the form ay for some a € R, and then our identification maps X to a. To check that w is a
principal connection, we need to show:

(1) w is R-invariant. Since the adjoint action of R is trivial, this reduces to check that,
for any ¢ € R, ¢fw = w. This is indeed true since x is ¢;-invariant and ¢; is an
isometry of gs by Theorem [3.4

prw = w((®r)«()) = =gs(x: (p)« (1)) = =gs(x, ) =w ,
(2) If X = ay is tangent to the fiber, then w(X) = a. In fact, in this case

w(X) = —gs(x,ax) = —ags(x,x) =a,
by using the expression x(v,u) = u" of Equation ([H) and the fact that  is a unit
vector, so that gs(x, x) = (u,u) = —1.
In terms of Ehresmann connections, Definition means that the horizontal distribution

of the principal bundle 7 : ij — H? x H? is given by the subspaces orthogonal to the
orbits of the geodesic flow.

3.3. Principal bundles over S x S. Let us now fix a representation
p = (p1,pr) : m1(S) = PSLaR x PSLoR

with p;, p, Fuchsian, and consider the standard lift p : w1 (S) — Isomg (1&21\8/3) as in Definition
Then for every 7 € m1(S5), p(7) € Isomg(AdS?) induces an isometry of TIAdS? as in
Equation ([IJ). It turns out easily that the action of p(m(.5)):

e commutes with the R-action of the geodesic flow;
e induces the action of p;(m1(S)) X p,(m1(S)) on H? x H?;

A

e is free and properly discontinuous on T} AdS3.

In fact, the first point is direct consequence of p acting by isometries; the second follows
from Lemma B2} the third point follows from the second point and the fact that p;(m1(S5))
and p,(m1(9)) act freely and properly discontinuously on H?Z.

Therefore, the quotient Tj&i\@ /p(m1(S)) has a structure of principal R-bundle over the
base

(H?/pu(m1(S8))) x (H?/pr(m1(S))) = (S, ha) x (S, hyr)

where we are identifying the quotient of H? by a Fuchsian group with a hyperbolic structure

on S. Moreover, since Isomg(AdS?) acts on T} AdS? by isometries of the Sasaki metric, the
quotient bundle is also endowed with a connection form, induced by the connection form w
of Definition Let us summarize this in a definition:

Definition 3.6. Given a representation p = (py, p) : m1(S) = PSLoR x PSLoR, we define
7, Py — (S, hy) x (S, hy)

as the principal R-bundle induced by 7 : ij — H? x H?, endowed with the connection
form w, induced by w, where H?/p;(71(S)) = (S, ;) and H?/p,(71(S)) = (S, hy,).
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Recall from Lemma 2Tl that a p- equivariant spacelike embedding S into . AdS? can be lifted
to a p-equivariant embedding into AdS3, where p : m(S) — Isomg (AdS3) is the standard

lift. We will now observe that it also induces an equivariant embedding into TlAdS3 which
is orthogonal to the generator x of the geodesic flow, and thus parallel for the connection
form w,.

Lemma 3.7. Given a spacelike p-equivariant embedding o : S = @/53, let
Gn S T*lm ,
be the map defined by
on(z) = (0(z),N(z)) , N
where N(x) is the future-directed unit vector orthogonal to do(T,S). Then
e oy is an embedding, equivariant for the action of m (S) on Tf&i\/@ induced by p,

tangent to the horizontal distribution defined by the conmection form w;
e mooy is an embedding into H? x H?, equivariant for the action induced on H? x H?

by p.

Proof. The equivariance of oy and 7 o oy is a direct consequence of the definitions. It
remains to check that for every point x € S, the image of the differential of o at z is in
the kernel of w, or in other words, is orthogonal to . Recall that, in the decomposition

TN @) Te AdS? = He ) N ) © Vo) M) -
we have X (@ (z),N(z)) = N(:C)h, while
don (%) = do(i)" & Vg N
Hence from the form of the Sasaki metric (Definition ZH), we have
9s(x, don (&) = (N(z),do (&) = 0

since N (x) is the normal vector of the image of & at x. This concludes the proof of the first
point.

For the second point, mogy is an immersion as a consequence of the first point. Moreover,

by [Mes07, Lemma 6] 5(§ ) intersects the orbits of the geodesic flow only in one point, and
thus 7 o o is globally injective. O

Hence every p-equivariant spacelike embedding o : S — AdS? gives rise to an embedding
of A: S — S x S isotopic to the diagonal, and to a parallel section of P,[5(s). We now
provide an example of parallel equivariant embeddings into T} AdS3, giving rise to a section
of P, over the diagonal in S x S, which is not obtained in this way.

Ezample 3.8. Let pg : m1(S) — PSLaR be a Fuchsian representation, and let

p = (po,po) : m1(S) = PSLaR x PSLyR .
Then p(7) fixes the identity of PSLoR for every 7, by (). Now let us consider f : H? —
s[LR = TigAdS3, which was defined in Equation (I3]), and define:

o(x) == (id, f(x)) -
By the equivariance of f, o gives a p-equ1var1ant embeddlng of H? into TlAdS3 such that

its composition with the projection II : TlAdS3 — AdS? gives a constant map IToog(x) = id.

It is straightforward from the definition of the Sasaki metric, that & is orthogonal to the
generator x of the geodesic flow. Moreover for every x, (x) belongs to the orbit of the
geodesic flow which corresponds to the geodesic L, ,. Hence

moo(z) = (v,x) € H> x H? .



14 FRANCESCO BONSANTE AND ANDREA SEPPI

Therefore o induces a parallel section of the restriction of the bundle P, over the diagonal
in§xS.
However, let us remark that, for every t € (—m, 7),

T o g 00(x) = exp(tf(z)) .
We observe that the section ¢o; o & is still orthogonal to x and thus parallel. (In general,
applying ¢; to a surface of the form oy (.S) corresponds essentially to acting by the normal

flow.) Hence ¢; o is an embedding into T} AdS3, such that ITo ¢, 0 7 is also an embedding

P e

into AdS3. In particular, for t = £7/2, ¢/, 07 is an isometric embedding of H2, with
image a totally geodesic plane.

3.4. Relation between curvature and symplectic form. Let us now consider the local
geometry of the principal bundle 7, : P, — (S, hy) x (S, hy). The main result of this section
is an expression of the curvature of this bundle, which is a R-valued 2-form, in terms of a
natural symplectic form on the base.

The curvature of the principal bundle 7, : P, — S x S is a real-valued 2-form R, €
Q?(P,,R). Given a vector X € T,P,, let us denote its horizontal-vertical decomposition,
according to the connection form w,, as

X =h(X)+v(X),
where w,(h(X)) = 0 and w,(v(X)) = v(X). Then by the structure equation for principal
bundles, the curvature 17, can be expressed as
R, =dw, , (16)
since the term w, A w, vanishes in this case. On the other hand, using Lemma 32} the base
S x S of P, is naturally endowed with:

e The Riemannian metric h; @ h,., which is induced by the metric of H? x H?.
e The symplectic form €, = p; — p;Q,., where p;,p, : S x S — § are the left and
right projections, and €; and 2, are the area forms of h; and h.., respectively.

Proposition 3.9. Given any representation p = (pi, pr) : m1(S) = PSLaR x PSLoR with
pi, pr Fuchsian, the curvature of m, : P, — S x S is:

1 *
Rp = §7TPQP 5
where Q, = p; QY —py),. and ,Q, are the area forms induced on S by the area form of H2.

For the proof of Proposition [3.9], we will use two foliations of T}&c\lS/?’ whose leafs are three-
dimensional, namely the left-invariant foliation F* = {FL : u € f(H?)} and right-invariant
foliation F2 = {FI : u € f(H?)}, with leaves parameterized by the image of the isometric
embedding f : H? — slbR. Let us define the left-invariant foliation. Consider, for any fixed
future unit vector u € slhR, the section 3L : AdS3 — T AdS? of the bundle IT : TIAdS? —
AdS3: o
9 € AdS® = T{(g) := (g, (Lg)«(w)
where Lg is the left multiplication for the Lie group structure of AdS?. Then define
FL = $L(AdS?) .

Observe that (id,u) € FL and that the submanifolds FL foliate T!AdS? as u varies in H?,
identified to the subset of future normal vectors in sloR by the usual isometric embedding
f:H? — sLR (see Equation (I3)).

Analogously, we define X% (g) := (g, (Ry)«(u)) and

FI = (A5
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Let us moreover denote D(L,Y w) and D@ w) the tangent distributions of the foliations 7% and

FE respectively, through the point (v, u).

Lemma 3.10. The intersection of two leaves FL and FIt is an orbit of the geodesic flow
on TIAAS3. In particular, given any (v,u) € TLAdS3,

D(,uy NDE 4y = Span(x(v,u))
and therefore
Ty, Te AAS® = DL, 4y + Dy -

Proof. First of all, we show that it suffices to prove the first claim when u = «’. In fact, it
can be easily checked that, for any isometry of the form (e, 5) € SLaR x SLoR,

(o, B)+ X1 (9) = Zﬁdﬂ(u)(agﬁil) ;

and therefore (o, B).FL = ‘Flid,@(u)' Similarly, (a, 8).F = }"fjda(u). Hence, by applying

the action of an element of Isomg (7} AdS?), which clearly maps orbits of the geodesic flow
to orbits of the geodesic flow, we can reduce to the case u = u’.

Now, observe that (g,v) € FL N FL if and only if v = (L,)«(u) = (Ry).(u). Hence
Adg(u) = wu, and therefore g commutes with the l-parameter elliptic subgroup g; :=
{exp(tu) : t € R}. Thus g = g; for some t. This shows that FZ N FL consists precisely of
the orbit of the geodesic flow through (id, u).

Since the orbits of the geodesic flow are generated by ¥, it follows that in terms of tangent
distributions,

D¢,uy N DE ) = Span(x(v,u))

and in particular the planes D(LV w) and D(R; u) generate the tangent space of Tj&a_S/?’ at the

point (y,u). O
Proof of Proposition[3.9. As the statement has a local nature, we can work with the bundle
T Tj&a\/@ — H? x H? in a neighborhood of a point (v,u). Moreover, using Lemma
and the fact that the action of Isomg (@/83) preserves the connection w, and the action of
PSLoR x PSLoR preserves the symplectic form Q = pj(dApz) — pi(dAg2), we can assume
that v = id.

Let R € Q2(T!AdS3,R). Since DF

Gau and DE
B0, it suffices to check that

(id,u) &enerate T(idyu)T}&;i\S/?’ by Lemma

2R(X,Y) = Q(dr(X),dn(Y))

when X, Y are both in D(Iid,u)’ both in ngm, or X € D(Lid,u) and Y € ng,u).

Case 1. Let us first suppose X,Y € Déd u)- Hence X = (dXL)ia(v) and Y = (dXL)1q(w) for

some v, w € slpR. Observe that, if we extend v and w to left-invariants vector fields o', w!,

then for every g € &:18/3,
w((dE0)g(v")) = gs(xsiz(g), (A87)g(v)) = ((Lg)«(u), (Lg)«(v)) ,

since, in the horizontal-vertical decomposition of Tj&d\/@, X(v,u) = u”, the horizontal compo-
nent of (d¥L);q(v') equals the horizontal lift of v! = (L,).(v), and we applied the definition
of the Sasaki metric (Definition 2H). By left-invariance of the Killing form, it follows that:

w((dE)g(v)) = (u,0) .

In particular, w((dXE)4(v!)) is a constant function of g € AdS3.
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Let us decompose v = vy + Au and w = wo + pu with vy, wg € u®. Then we have, using
Cartan’s formula:

R(X,Y) = dw(dSE(v), d2E (w))
= d¥y; (v).w(dy (w')) — d (w).w(d; (') — w[dSy (v"), dy (w')
= —w(@SL!, w') = —(u, [v,w]r) = —2(u,v K w)
= —2<’u,’U0 X ’LUO> = 2(dAH2)(’U0,’LU0) .

(17)

Here, from the second to the third line we used that w(dX L (v!)) and w(dSE(w')) are constant
functions. In the third line we used that the Lie bracket of left-invariant vector fields coincides
with the bracket of Lie algebra, which is the same as the cross-product for the Lorentzian
metric on the Lie algebra, up to a factor. Namely

[v,w]p =2vXw , (18)

where X is the Lorentzian cross-product which is uniquely determined by the condition
(v K w,u) = dVol(v,w, u). Equation [IJ)) is a consequence of the arguments explained in

[BSTG, §2.1].
On the other hand, by Lemma B3], we have

(f. f)omoBi(g) = (Rg-1)s(Lg)su, u) = (Ad(g)u, u) € f(H?) x f(H?) C s2R x LR .
Hence, recalling that X = (dX£);q(v) and Y = (dXL)iq(w), we have
(df,df) o dmig u(X) = ([u,v]r,0) = 2uK v,0) = 2(u X vg,0) .

Since the embedding f of H? in slhR satisfies df,(Jvg) = u X vg, where J is the almost-
complex structure of H?, we have

dmigu(X) = 2(Jv,0) . (19)
Analogously

dmigu(Y) = 2(Jwy, 0) . (20)
In conclusion, putting together Equations (), (I9) and (20), one obtains:
T QUX,Y) = Q(dmiau(X), dmia u(Y)) = 4(dAg2)(Jvo, Jwo) = 4(dAge ) (v, wo) = 2R(X,Y),

as claimed.

Case 2. When X and Y are in D(Ifd ) that is X = (dXF)iq(v) and Y = (dXF)iq(w), the

proof goes in a similar way. Extending v and w to right-invariant vector fields v",w", one
has analogously

w((dZ)g(v") = (u,v) .
Therefore, with the same decomposition v = vy + Au and w = wgy + pu, one shows

R(X,Y) = dw(dxE (v), d2E (w)) = —w(@SE ", w")) = (u, [v,w]) = —2(dAgz)(vo, wo) ,

where the difference in sign with respect to the previous case is due to the fact that, for
right-invariant vector fields, [v",w"] = —[v,w|y, where [v,w] is the Lie algebra bracket,
defined using left-invariant extensions.

On the other hand, in this case (f, f) o m o ©2(g) = (u, Ad(g~')u), whence

dmigu(X) = 2(0, —Jvg) and dmigu(Y) = 2(0, —Jwo) . (21)
Thus
QX Y) = —4(dAgz)(—Jvo, —Jwo) = —4(dAgz2)(vo, wo) = 2R(X,Y) ,

and this concludes the second case.
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Case 3. Finally, if X € Déd wandY € ng wy» We know from Equation (I[d) that dmiq,u(X) =

2(Jvg, 0) and from Equation 2I) that dmiq . (Y) = 2(0, —Jwp), hence 7*Q(X,Y) = 0.

When computing the curvature, in this case we can write X = (d¥L)iq(v) and Y =
(dXE)iqa(w), and extend v to a left-invariant v' and w to a right-invariant w”. Hence one
has again

R(X,Y) = dw(dXE (v), d2E(w))
= d%; (v)w(dZy (w")) — dE(w).w(dSy (v') = wldSg (v'), S (w)]
= —wld=; (v),dSf(w")] =0,

since left-invariant and right-invariant vector fields commute. This concludes the proof. [

Recall that, given a symplectic manifold (M, Q) with dim M = 2n, and an embedding
A: N — M with dim NV = n, then A is Lagrangian if A*Q) = 0. We will denote by A*P, the
pull-back bundle, that is, the bundle on S defined by the following commutative diagram:

AP, — = P, (22)

Lk

s—2 .95xs

Hence with this notation, the inclusion ¢ : A*P, — P, induces a connection form on P,
which is again a R-principal bundle. From Proposition [3.9] and the definition of Lagrangian
embedding, we have:

Corollary 3.11. Let p = (pi, pr) : m1(S) = PSLaR x PSLoR be a representation with py, py
Fuchsian, and let A : S — (S x S,9Q,) be an embedding. Then A is Lagrangian if and only
if (A*P,,i*w,) is flat.

Remark 3.12. Recall that we have already produced several examples of p-equivariant em-

beddings o : S — T!AdS3, with the property that the image of the differential of & is in the
lrlgfi/zontal distribution. For instance those given by lifting an equivariant embedding into
AdS? (Lemma B7), or in Example

By p-equivariance, 7 o ¢ induces an embedding (say, Az) of S into S x S, where S x S is
endowed with the symplectic form €2,. By Corollary BI1] Az is a Lagrangian embedding.
Hence ¢ induces a Lagrangian submanifold in (S x S,€Q,). In [Barlf] it has been already
proved that the submanifold Az(S) is Lagrangian, by means of different arguments. In the
present work, we will deal with the global character of the problem, thus giving an obstruction

to find a global parallel section over a given Lagrangian submanifold of (S x S5,€,). The
local theory was already clarified in [Bar16l §3].

As a particular case, suppose o : S — AdS3, 7 is its lift to AdS? and o is the associated

map into T}AdS3. Tt is known from [KS07] that, if o(S) has curvature different from
zero at every point, then the image of the embedding A : S — S x S is a graph over
S, that is A(z) = (x,¢(z)) for a diffeomorphism ¢ isotopic to the identity. Moreover,
0 =A*Q = Q—¢*Q,.. Hence one recovers the already known result that ¢ : (S, ;) — (S,Q,)
is a symplectomorphism isotopic to the identity.

4. FLAT SUBBUNDLES AND THEIR HOLONOMY

In this section we study the symplectic geometry of (S xS, €2,), by means of the flux map
for Lagrangian embeddings A : S — (S x 5,2,), and we relate it to the holonomy of the flat
principal R-bundles A*P,,.
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4.1. Lagrangian embeddings. Let us consider the space of Lagrangian embeddings of S
into (S x S5,€,) isotopic to the diagonal
A:zeSw—(r,z)e SxS.

That is, we define:

My ={A:S—=(5%x85,Q,) : A"Q,=0,A~A}.
There is a right action on M, of the group

Diffg(S) := {¢ : S — S diffeomorphism, ¢ ~ id} ,
by pre-composition:

M, x Diff(S) = M, (Ayp)—=Aop.
Hence we define
L, = M,/Diffy(S) .

We say that a path f, : [0,1] — £, is smooth if there exists a smooth lift A, : [0,1] = M,
such that f; = [A].

Now, let A, : [0,1] = M, be a piecewise smooth path of Lagrangian embeddings. Con-
sider a loop ¢ : St — S, with £(1) = x, where we adopted the notation St = {e?™ : s €
[0,1]}. Let

Fp St x [0,1] — (S x S,9,)
be defined by

Fu(e®™5 1) = Ay (£(e*™)) . (23)
By [Sol13, Lemma 6.1], the integral

dF, dF,
/ FrQ, = / Q, (J J) dsdt
S1x[0,1] S1x0,1] ds dt

only depends on the homotopy class of the loop ¢ and on the homotopy class of the path
[Ae] : [0,1] = L,. This justifies the following definition:

Definition 4.1. Given a piecewise smooth path [A.] : [0,1] — £,, define
Flux : C*°([0, 1], £,) — Hom(m1(S5),R)
as the function
Flux([As]) : 7 — F/Q,,
St x[0,1]
where Fy(e?™% t) = Ay(£(e?™*)) and 7 = [(] € 71 (S).

The above construction is very general in symplectic geometry. However, as we shall see
later, in our special case the map Flux does not even depend on the homotopy class of the
path A,, but only on its endpoints Ay and A;.

4.2. Variation of the holonomy. By Corollary B.11] given any A € M, the bundle A*P,
is a flat principal R-bundle, that is, A* P, admits trivializations with transition maps which
are translations. Moreover, if [A1] = [As] € £,, then (A;)*P, and (A2)*P, are isomorphic
as flat R-bundles.

Let us recall the definition of holonomy in this case.

Definition 4.2. Given an affine R-bundle £ — S with a flat connection w, the holonomy
is the representation holg : 71(S) — R such that for every loop £: St — S with £(1) = o,
and for every section p : [0,1] — E such that p(s) € Ejyeeris) and w(p'(s)) = 0, then
holg([f]) = to where ty € R is the unique value such that

p(0) = ¢, op(1) .
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In fact, due to the condition of flatness of the connection w, it turns out that the definition
of holg : m(S) — R does not depend on the representative ¢ of an element 7 € 71(S), nor
on the initial point p(0). We say that a flat R-bundle E — S is trivial if its holonomy is the
trivial representation. Indeed, this is equivalent to saying that E admits a parallel global
section.

Observe that, since the structure group of flat R-bundles is contractible, the bundles of
the form A* P, are always topologically trivial.

Proposition 4.3. Let p = (pi, pr) : m1(S) = PSLaR x PSLoR be a representation with py, py
Fuchsian, and let A € M. Let ¥ be any global section of A*P, — S. Then

hola-p, (7) :/E*wp . (24)

T

The fact that the right-hand side of Equation (24]) does not depend on the choice of the
global section ¥ follows from the following lemma, which will be also important in the proof.
This is a consequence of the general formula for the transformation rule for the connection
form on a principal bundle, see for instance [KN96, Chapter 2], hence we omit the proof.

Lemma 4.4. Let Sy C S xS be a submanifold. Suppose ¥1,% : So — P, are sections, and
let f:Syo— R be such that

Ea2(2) = ¢p) 0 Ta(w)
for every x € Sy. Then
Yow, =Xlw, +df .

Applying Lemma 4l to Sy = A(S), we obtain that the 1-forms ¥jw, and 33w, differ by
a coboundary, and thus the right-hand side in Equation ([24]) does not depend on the choice
of the section ¥. We can now complete the proof of Proposition [£3]

Proof of Proposition[f.3 Let ¥ be a global section of A*P, — S. Let S be the universal
cover of S, lift A : S — (S, ;) x (S, hy) to the Lagrangian embedding A : S — H2 x H2, and
Y to a section ¥ of the pull-back bundle of A*P, over g, which is identified to A*P.

By Equation ([If]) and Proposition B9 we have

d(X*w,) = Xdw, = ¥"R, = X" (7,)"Q, = Q, ,
and therefore, as A is a Lagrangian embedding,
AN Y*'w,) =A"Q,=0.

This means that the 1-form A*¥*w,, is closed, and thus also its lift A*S*w. Since S is simply
connected, there exists a function fy : .S — R such that

A S w = —dfy .
Now, consider the section ¥, of A*P defined by
20(2) = @ (gpor-1)() © El2) -
By Lemma L4l X, is a parallel section over /~\(§ ). Hence, it follows from Definition 2] that
holp-p, (7) = fo(zo) — fo(T(x0)) = — /~df0 ;
7

where £ : [0,1] — S is any path connecting z to 7(z). Hence

holp-p, (7) = /~/~\*§]*w = /A*E*wp ,
14 T

as claimed. 0
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We are now ready to show that, given two Lagrangian embeddings Ag, A1 : S — (S x
S,€,), the difference between the holonomy of A§P, and A}P, coincides precisely with the
value of the map Flux on a path of Lagrangian embeddings connecting Ay and Aj.

Proposition 4.5. Let A, : [0,1] = M, be a smooth path of Lagrangian embeddings. Then
holy: p, = hola: p, + Flux([As]) .

Proof. Let ¥ : § x S — P, be a global section, and define ¥; = ¥ oA, : § — A;P,. From
Proposition [4.3] we have:

hola: p, (1) — holxp, (1) = / (Xiwp — Bgw)) - (25)

T

Now, let us consider the map
F:8x[0,1] = (5 %x5,9Q,) F(z,t) = A(z) .
Consider the 1-form 7, = F*¥*w, on (S x [0, 1]). Then we have, for any v € 1,5,
1
(i = %)) = [ (£ amp)an0)

at

= /Ol(dnp)(m (%,v) —d (np (%)) (v) -

(In the first equality above, £ denotes the Lie derivative.) Hence we have

[ w0 = [ [ @nn () (26)

since the last term in the previous equation is an exact 1-form and thus its periods vanish.

Now, recall from Proposition B9 that the curvature of P, is R, = dw, = 7*(,, where w),
is the connection form of P,, and thus 2, = ¥*dw,. Therefore

dn, = d(F*Y*w,) = F*Y*(dw,) = F*Q, . (27)

Finally, if £ : [0,1] — S is a representative of 7 € 71(5), the restriction of F to the image

of ¢ coincides with the function F; defined in Equation (23)):
F(U(ET), 1) = F(e™, 1)

Hence, applying this fact and Equation ([27)) inside Equation (26), we obtain

[z = [ - Fo,= [ Fe,=Fux(A).
- £(S1)%[0,1] S1x[0,1]

where in the last step we applied Definition [ By Equation (23]), this concludes the
proof. O

4.3. Orbits of Hamiltonian diffeomorphism group. In this subsection we collect some
results on the flux homomorphism in relation with symplectic geometry, which will be rele-
vant in the proof of our main results. We won’t give any proof of the stated results in this
subsection; references are provided.

First, let us remark that the flux homomorphism was defined classically (by Calabi in
[Cal70], see also [Ban78|) on the universal cover of the group of symplectomorphisms of a
symplectic manifold. To be precise, if (M, Q) is a symplectic manifold, let Sympq (M, Qar)
be the connected component of the identity in the group of symplectomorphisms of (M, Qxy),

and let [®@,] € S/y\nE)O(M, Q) be the homotopy class of a smooth path
D, : [0,1] — Symp(M, Q) ,
with @3 = id. Then the flux homomorphism introduced by Calabi is a map:
Flux : Sympy(M, Q) — Hip(M,R)
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defined in the following way. Let & be the generating vector field of ®;, namely

d

gto (:C) F

= ®, 00, (2) (28)

t=to
Then

Flux([®,]) = /[0 . Qi (&, -)dt € Hig(M,R) .

It turns out again that Flux only depends on the homotopy class of ®,, and that it is a
group homomorphism.

Remark 4.6. If (M, Qar) = (S x S, pf Qs — pifls), where Qg is a symplectic form on S, then
it is easy to check that:
e A diffeomorphism @ : (S,Qg) — (5,Qs) is symplectomorphism if and only if its
graph is a Lagrangian submanifold of (M, Qy);
e If we denote A; the graph of ®;, or more precisely

Ao(w) = (2, i(x)) € S x S ,
then
Flux([A])(r) = [ Flux([@,])

T

for every T € m1(S).

Hence for those Lagrangian submanifolds of (M, 2) which are graphs of symplectomorphism,
the two definitions of flux coincide — up to the standard identification of H}y (S, R) with
Hom(m(5),R).

Recall the following definition of Hamiltonian isotopies and symplectomorphisms:

Definition 4.7. A Hamiltonian isotopy is a path ® : [0,1] — Symp(M, Q) for which
there exist Hamiltonian functions Hy : M — R for every t such that

dHt == QM(&tv ) )

where & is the generating vector field as in Equation (28]). We say that two symplectomor-
phisms @1, Oy : (M, Q) — (M, Q) are Hamiltonian isotopic is there exists a Hamiltonian
isotopy connecting them. A symplectomorphism ® : (M, Q) — (M, Q) is Hamiltonian
if it is Hamiltonian isotopic to the identity. Finally, we denote Ham (M, Qps) the group of
Hamiltonian symplectomorphisms.

The bridge between the two definitions of flux is covered by the following fact, which is
proved in [Soll3, Lemma 6.6]. Here (and in the rest of the paper) we restrict to the case
(M, Q) = (S x S,9,), which is the case of our interest.

Lemma 4.8 ([Sol13, Lemma 6.6]). Let [Aq] : [0,1] — L, be a smooth path of Lagrangian
submanifolds, where Ay : S — (S x S,Q,). Then there exists a path of symplectomorphisms
D, (S %xS5,9Q,) = (S %x85,9Q,) such that

[Pe 0 Ag] = [Ad] and by =1id .
Moreover, for every T € m1(S),

Flux([Al])(7) = / (Ag)*Flux([®,]) .

In fact, in [Sol13, Lemma 6.6] the previous lemma is proved under the assumption that
the restriction (pull-back) map

Aj: Hig (M, R) — Hig(S,R)
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is surjective, which is satisfied in our situation. Moreover, in the case under consideration
here, Flux([A.]) only depends on the endpoints Ag and A; of the smooth path A,. This
follows from Proposition L5

Hence also the following corollary applies (recalling that Ham (M, Q,,) denotes the group
of Hamiltonian symplectomorphism):

Corollary 4.9 ([Sol13, Corollary 6.8]). Two Lagrangian submanifolds [Ao],[A1] € L, of
(S x 8,9Q,) are in the same orbit of the action of Ham(S x S,Q,) on L, if and only if
Flux([As]) = 0 for some (hence for every) smooth path [As] : [0,1] — L, connecting them.

5. PROOFS OF THE MAIN RESULTS

In this section we will conclude the proof of the main results stated in the Introduction.
In particular, let us show Theorem

Theorem Let p = (p1, pr) : m1(S) = PSLoR x PSLoR, where p; and p, are Fuchsian
representations, and let p : w1 (S) — Isomg(AdS?3) be its standard lift. Then

o is a p-equivariant embedding orthogonal Ham(S x S0 - A

{ 7" to the orbits of the geodesic flow } = Ham(5x 5, 92,) - A,

where Ang, is the unique minimal Lagrangian submanifold of (S x S,Q,) isotopic to the
diagonal.

Proof. Recall that, from the definition of the connection form w on 7 : T}AdS3 — H? x H?
(Definition B.H), and the fact that image(roa)/p(m1(S)) is the submanifold Az C (5% .5,€,)
associated to o, we obtain that & is orthogonal to the orbits of the geodesic flow if and only
if it gives a parallel section of 7TP|7r;1(A(~,) cm, M (Az) — As over Az.

Let us now show the two inclusions. First, let us observe that Ayg, certainly can be
obtained as As_. , where omay is the (unique) p-equivariant embedding of S into AdS? of

vanishing mean curvature, and G,y is its normal p-equivariant lift into 7 AdS3. Now from
any other A in the Ham(S x S, Q,)-orbit of Ay, let Ao be a smooth path of Lagrangian em-
beddings connecting A and Ayg,. From Corollary .9 Flux([As]) = 0, and from Proposition
[E5 A*P, and Aj; P, have the same holonomy. Since oyax induces a parallel global section
over Ay, the holonomy of Ajy P, is trivial. Hence also the holonomy of A*P, is trivial —
that is, it admits a parallel global section. Hence A = Az for some &.

Conversely, given any o, let Az be the corresponding embedding of S into (S x S, €,).
Then A%P, is a flat R-bundle by the observation at the beginning of this proof. In particular
Az is Lagrangian by Corollary B.IIl Moreover, the holonomy of AZP, is trivial. Since we
already know (as above) that the holonomy of Ajy P, is trivial, from Proposition we
obtain that Flux([A,]) = 0 for any smooth path A, : [0,1] — M, connecting Az and An..
Hence from Corollary 9] Az and Awg, are in the same Ham(S x S, Q,)-orbit. |

Then we have the following direct corollary of Theorem

Corollary L3l Let p = (pi1, pr) : m1(S) — PSLaR x PSLoR, where p; and p, are Fuchsian
representations. Then for every p-equivariant spacelike embedding o : S — AdS3, A, is
Hamiltonian isotopic to the unique minimal Lagrangian submanifold Ay, isotopic to the
diagonal.

Proof. From Lemma 3.7 o induces a p-equivariant embedding oy : S = T*l&zi\S/?’, which is
orthogonal to the orbits of the geodesic flow. Hence from Theorem [[L2 Az, is in the same
Ham(S x S, Q,)-orbit as Ayg,. In other words, there exists a Hamiltonian isotopy connecting
Az, and Apg,. Since Az, = A,, this concludes the proof. O
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The question whether any Lagrangian submanifold A of (S x S, 2,) Hamiltonian isotopic
to Ay, can be obtained as A, for some p-equivariant embedding o : S — AdS? (hence for an

embedding into AdS?, not only into T} AdS?), is still open. For instance, Example shows
that some parallel section of A*P, might correspond to an equivariant embedding into AdS?,
but some other may give rise to singular maps when one projects down to AdS®. (Actually,
two parallel sections of A*P, only differ by the action of R on the R-principal bundle P,.)

Hence the best situation one might hope is that there always exists at least one parallel
section which induces an equivariant embedding into AdS®. We do not have any positive
result in this direction at the present time.

Another remark which should be made is that, if A is a Lagrangian submanifold such
that, for a path As connecting A and Ayg, one has Flux([A,]) € Hom(m(S), 27Z), then one

can take on the universal cover a parallel global section of T} AdS3 over A C H? x H2. From
Remark [Z4] this section is of course not p-equivariant, but it s instead p’-equivariant for
some other lift p’ of p: 11 (S) — PSLaR x PSLoR to Isomg(AdS?).

Hence in this case, this global section still induces a p-equivariant map o : S — AdS3.
However, this equivariant map o will never be non-singular if Flux([A.]) # 0, as a conse-
quence of Lemma 2,71

REFERENCES

[Ban78] Augustin Banyaga. Sur la structure du groupe des difféomorphismes qui préservent une forme
symplectique. Comment. Math. Helv., 53(2):174-227, 1978.

[Bar16] Thierry Barbot. Lorentzian Kleinian Groups. To appear in Handbook of Group Actions (ed. L. Ji,
A. Papadopoulos and S.-T. Yau), 2016.

[BBZ07] Thierry Barbot, Frangois Béguin, and Abdelghani Zeghib. Constant mean curvature foliations of
globally hyperbolic spacetimes locally modelled on AdS3. Geom. Dedicata, 126:71-129, 2007.

[BCES&2] J. Beem, C. Chicone, and P. Ehrlich. The geodesic flow and sectional curvature of pseudo-
Riemannian manifolds. Geom. Dedicata, 12(2):111-118, 1982.

[BMS13] Francesco Bonsante, Gabriele Mondello, and Jean-Marc Schlenker. A cyclic extension of the earth-
quake flow I. Geom. Topol., 17(1):157-234, 2013.

[BMS15] Francesco Bonsante, Gabriele Mondello, and Jean-Marc Schlenker. A cyclic extension of the earth-
quake flow II. Ann. Sci. Ec. Norm. Supér. (4), 48(4):811-859, 2015.

[BS10]  Francesco Bonsante and Jean-Marc Schlenker. Maximal surfaces and the universal Teichmiiller
space. Invent. Math., 182(2):279-333, 2010.

[BS16]  Francesco Bonsante and Andrea Seppi. Area-preserving diffeomorphisms of hyperbolic plane and
K-surfaces in Anti-de Sitter space. Preprint, ArXiv: 1610.05701, 2016.

[BST17] Francesco Bonsante, Andrea Seppi, and Andrea Tamburelli. On the volume of Anti-de Sitter
maximal globally hyperbolic three-manifolds. Preprint, ArXiv: 1703.01068, 2017.

[Cal70] Eugenio Calabi. On the group of automorphisms of a symplectic manifold. pages 1-26, 1970.

[KN96] Shoshichi Kobayashi and Katsumi Nomizu. Foundations of differential geometry. Vol. I. Wiley
Classics Library. John Wiley & Sons, Inc., New York, 1996. Reprint of the 1963 original, A Wiley-
Interscience Publication.

[KS07]  Kirill Krasnov and Jean-Marc Schlenker. Minimal surfaces and particles in 3-manifolds. Geom.
Dedicata, 126:187-254, 2007.

[Lab92] Frangois Labourie. Surfaces convexes dans ’espace hyperbolique et CPl-structures. J. London
Math. Soc. (2), 45(3):549-565, 1992.

[Mes07] Geoffrey Mess. Lorentz spacetimes of constant curvature. Geom. Dedicata, 126:3-45, 2007.

[MS98] Dusa McDuff and Dietmar Salamon. Introduction to symplectic topology. Oxford Mathematical
Monographs. The Clarendon Press, Oxford University Press, New York, second edition, 1998.

[Sch93] Richard M. Schoen. The role of harmonic mappings in rigidity and deformation problems. In
Complex geometry (Osaka, 1990), volume 143 of Lecture Notes in Pure and Appl. Math., pages
179-200. Dekker, New York, 1993.

[Sepl6a] Andrea Seppi. Maximal surfaces in Anti-de Sitter space, width of convex hulls and quasiconformal
extensions of quasisymmetric homeomorphisms. Preprint, ArXiv:1603.00628, 2016.

[Sepl6b] Andrea Seppi. Minimal discs in hyperbolic space bounded by a quasicircle at infinity. Comment.
Math. Helv., 91(4):807-839, 2016.

[SK13] Carlos Scarinci and Kirill Krasnov. The universal phase space of AdSsz gravity. Comm. Math.
Phys., 322(1):167-205, 2013.



24 FRANCESCO BONSANTE AND ANDREA SEPPI

[Sol13]  Jake P. Solomon. The Calabi homomorphism, Lagrangian paths and special Lagrangians. Math.
Ann., 357(4):1389-1424, 2013.

[Tor07]  Francisco Torralbo. Minimal Lagrangian immersions in RH? x RH?. In Symposium on the Differ-
ential Geometry of Submanifolds, pages 217-219. [s.n.], [s.1.], 2007.

FRANCESCO BONSANTE: DIPARTIMENTO DI MATEMATICA “FELICE CASORATI”, UNIVERSITA DEGLI STUDI
DI PAVIA, VIA FERRATA 5, 27100, PAVIA, ITALY.
E-mail address: bonfra07@unipv.it

ANDREA SEPPI: DIPARTIMENTO DI MATEMATICA “FELICE CASORATI”, UNIVERSITA DEGLI STUDI DI PAVIA,
VIA FERRATA 5, 27100, PAVIA, ITALY.
E-mail address: andrea.seppiOl@ateneopv.it



	1. Introduction
	Statement of the main result
	Organization and techniques involved
	Acknowledgements

	2. Anti-de Sitter geometry
	2.1. Anti-de Sitter space
	2.2. Equivariant embeddings for closed surfaces
	2.3. The universal cover of AdS3
	2.4. Lifting representations
	2.5. Unit future timelike tangent bundle

	3. Principal R-bundles and their curvature
	3.1. R-action by geodesic flow
	3.2. A principal R-connection
	3.3. Principal bundles over SS
	3.4. Relation between curvature and symplectic form

	4. Flat subbundles and their holonomy
	4.1. Lagrangian embeddings
	4.2. Variation of the holonomy
	4.3. Orbits of Hamiltonian diffeomorphism group

	5. Proofs of the main results
	References

