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Ergodic BSDE with an unbounded and multiplicative underlying diffusion
and application to large time behavior of viscosity solution of HJB equation

Ying Hu* Florian Lemonnier'

Abstract. In this paper, we study ergodic backward stochastic differential equations (EBSDEs for
short), for which the underlying diffusion is assumed to be multiplicative and of at most linear growth.
The fact that the forward process has an unbounded diffusion is balanced with an assumption of weak
dissipativity for its drift. Moreover, the forward equation is assumed to be non-degenerate. Like
in [HMR15], we show that the solution of a BSDE in finite horizon T behaves basically as a linear
function of T, with a shift depending on the solution of the associated EBSDE, with an explicit rate
of convergence. Finally, we apply our results to an ergodic optimal control problem. In particular,
we show the large time behaviour of viscosity solution of Hamilton-Jacobi-Bellman equation with an
exponential rate of convergence when the undelrying diffusion is multiplicative and unbounded.

Key words. multiplicative and unbounded diffusion, ergodic backward stochastic differential equa-
tion, HJB equation, large time behavior, rate of convergence
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1 Introduction

We study the following EBSDE in finite dimension and infinite horizon: for all t,T € Ry such that
0<t<T <o,

v [y - ds- [ ziaw, @

where the unknown is the triplet (Y*, Z*, A), with:

e Y* areal-valued and progressively measurable process;

e Z*a (RY) "_valued and progressively measurable process;

e A areal number.

The given data of our equation consists in:

e W, a R%valued standard Brownian motion;

e xcRY ;

e X*, a R%-valued process, starting from x, and solution of the SDE: for all t € IRy,
t t
X; :x+/ E (X2) ds+/ o (XF) dWy; )
0 0

o ¥ :R?x (R?)" — R a measurable function.
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This class of ergodic BSDEs was first introduced by Fuhrman, Hu and Tessitore in [FHTog], in order
to study optimal ergodic control problem. In that paper, the main assumption is the strong dissipativity
of &, that is to say:

I >0, Vx,x' € RY, (E(x) — E(x'),x — x') < —p|x — x'|%

The strong dissipativity assumption was then dropped off in [DHT11] and replaced by a weak
dissipativity assumption: in other words, & can be written as the sum of a dissipative function and of
a bounded function.

A few years later, in [HMR15], under similar assumptions, the large time behaviour of BSDEs in
finite horizon T: for all t € [0, T],

T
YI¥ = g (X3) +/ (x2,20%) as— [ zI7aw,, (3)
t
was studied and linked with ergodic BSDEs. The authors prove the existence of a constant L € IR, such
that for all x € RY,
Y{ AT - Y§ — L;
T—o0
moreovet, they obtain an exponential rate on convergence.
Those BSDEs are linked with Hamilton-Jacobi-Bellman equations. Indeed, the solution of equation

can be written as YtT’x = u (T —t,X}), where u is the solution of the Cauchy problem

oiu(t,x) = Lu(t,x)+¢(x, Vu(t,x)o(x)) Y(tx) € Ry xRY, @
{ u0,x) = g(x) Vx € RY, 4

and where L is the generator of the Kolmogorov semigroup of X*, solution of . Also, the ergodic
BSDE (1) admits a solution such that Y} = v (X}) satisfies

Lo(x)+ ¢ (x,Vo(x)o(x)) —A=0 VxeR (5)

Because the functions u and v built by solving BSDEs or EBSDEs are not, in general, of class C?, we
only solve these equations in a weak sense. In [HMR15], the authors prove that, under their assumpti-
ons, the function v is of class C! and they are able to work with mild solutions. But in this article, we
only prove the continuity of v, so we link the solution of the EBSDE with the viscosity solution of
the ergodic PDE (5). Viscosity solutions of PDEs have already been widely studied (see [FILo6]).

The large time behaviour of such PDEs has already been widely studied, for example in [CGMT15]
and the references therein: but we do not make here the same assumptions. The authors work on the
torus R"/Z", and they need the Hamiltonian @ to be uniformly convex; on the other side, they are
less restrictive about the matrix o(x)o(x)* which only needs to be nonnegative definite. They prove
the convergence of u(t,®) —v — At as t — oo, but they do not have any rate of convergence. The same
method has been used in [MT15] to study the large time behaviour of the solution to the obstacle
problem for degenerate viscous Hamilton-Jacobi equations.

But in [FHTog], [DHT11] or [HMR15], the diffusion ¢ of the forward process X* is always supposed
to be constant. The main contribution in this article is that the function ¢ is here assumed to be Lipschitz
continuous, invertible, and such that ¢! is bounded. Moreover, we will need the linear growth of ¢
to be small enough, regarding the weak dissipativity of the drift XE: consequently, in average, the
forward process X* is attracted to the origin. The key point is a coupling estimate for a multiplicative
noise obtained by the irreducibility of X* (see [DZg6], [CF15] or [EMo1il]): the proof (see Theorem
[7) is different from [Mad1s], where a bridge was used in equation (B.6), which required ¢ to fulfill
(y,o0(x+y) —o(x)) < Aly| with A > 0 not too large. Then, we apply this result to auxiliary monotone
BSDE:s in infinite horizon:

T T
v [ oz ety ds - [ zemaw,



where & € R*. (see [BH98] or [Royo4]]); we get that Y is locally Lipschitz with respect to x, and it
allows us to prove the convergence of (Y"‘/x — YS"O, VALY DcYé"O) to a solution (Y*,Z*, A) of the EBSDE,

for every x € R?. We can prove uniqueness for A, but we can only expect uniqueness of (Y*,Z¥) as
measurable functions of X*.

In [HMR15], the large time behaviour is obtained when 1 is assumed to be Lipschitz continuous
with respect to z only. But we could not extend this result when ¢ is unbounded: we need here ¥ to
be Lipschitz continuous with respect to zo(x)~? (it is not equivalent to being Lipschitz continuous with
respect to z when ¢ is unbounded). The price to pay is that we also require the existence of a constant
K, such that:

lw(x,z) — (¥, 2)| < Kelx — | + K, |zo(x) 7! = Zo(x) 7Y,

in order to keep the implication “Yy” has quadratic growth, so its increments have also quadratic
growth”. This part of our work is somewhat technical and is presented in the appendix.

The paper is organised as follows. Some notations are introduced in section 2. In section 3, we
study a SDE slightly more general than the one satisfied by X*: indeed, it will be the SDE satisfied by
X* after a change of probability space, due to Girsanov’s theorem. In section 4, we prove that, in a way,
our EBSDE admits a unique solution, which allows us also to solve an ergodic PDE. The link between
this solution and the solutions of some finite horizon BSDEs is presented in section 5. The section 6 is
devoted to an application of our results to an optimal ergodic control problem. Finally, the appendix
presents how we keep the estimates of the increments of Yj* with respect to x, despite our twisted
Lipschitz assumption on 1.

2 Notations

Throughout this paper, (W;),-, will denote a d-dimensional Brownian motion, defined on a parobability
space (O, F,IP). For t > 0, set F; the o-algebra generated by W;, 0 < s < t, and augmented with the
P-null sets of F. We write elements of R? as vectors, and the star * stands for transposition. The
Euclidean norm on R? and (R?)" will be denoted by | e |. For a matrix of M;(R), we denote by
| @ |p its Frobenius norm, that is to say the square root of the sum of the square of its coefficients. The
Lipschitz constant of a function is written ||  [|;;, and we also write || f||o := sup, |f(x)| for a bounded
function f. Finally, for any process, | ® |:7’f stands for sup |es|”, and the exponent p is omitted when
selt, T
equal to 1. o

3 The SDE

We consider the SDE:

{ dX¥ = E(tXF) dt+ o (XF) dW, ©)

X
Xy = «x

~

Assumption 1

e Z: R, x RY — R¥ is Lipschitz continuous w.r.t. x uniformly in t: precisely, there exists some
constants & and & such that for all t € R, and x € R, |Z(t,x)| < & + &lx|;

is weakly dissipative, i.e. E(t,x) = §(x) + b(t,x), where { is dissipative (that is to say
&(x),x) < —nlx|?, with 7 > 0) and locally Lipschitz and b is bounded; this way, 311,72 >
0, Vt € Ry, Vx € RY, (E(t,x),x) < 11— m2lx|?;

=
o

e 0 : R" — GL4(R) is Lipschitz continuous, the function x + ¢(x)~! is bounded and Vx €
RY, |o(x)|2 < r1 + r2|x|?




Remark 2. If we know that ¢ has a sublinear growth, i.e. |o(x)|r < C (1 + |x|*) with « € (0,1), then, by Young's
inequality, we have |o(x)[% < r1 + r2|x|2, and r, can be chosen as close to 0 as possible.

Theorem 3

Under Assumption [1} for all p € [2,+c0) and for all T € (0, +o0), there exists a unique process
X* e L;; (Q,C ([0, T],RY)) strong solution to @)

Proof:
See Theorem 7.4 of [DZg2]. The main idea for the existence is to use a fix point theorem. ]

Proposition 4

Under Assumption 1} for all p € (0, +00), and T > 0, we have:

sup |XF|”

0<t<T

sup E [|Xi|"] <E <Cc+x),

0<t<T

where C only depends on p, T, r1, 12, {1 and ¢».

Proof:
This is a straightforward consequence of Burkholder-Davis-Gundy’s inequality and Gronwall’s lemma. N

Proposition 5
Suppose that Assumptionholds true. Let p € (0,+), T > 0and 7 : R; x RY — R? a bounded

~ t
function. Thanks to Girsanov theorem, the process Wi = W; — / v (s, X7) ds is a Brownian motion
0

under the probability P¥7, on the interval [0, T]. When /72]|/|e + (;9\/22)—er < 112, we get:

sup E¥ [|XF["] < C(1+]x["),
T>0

where C only depends on p, 11, 72, 1, 2 and ||y ||co-

Proof: The case p = 2 is easier, we will treat the case p > 2.
We will suppose that we have /72| 7||eo + (p — 1)%2 < 1.
By It6’s formula, we get (where 0 <t < T):

d -
SETx717]

~ -2 - = -2 2
= BT [|XFP 7 (XE,E (6 XD) +0 (%) v (6.XD) | + BB [1X51P72 o (x) ]

n P(PZ— 2) gt

d /[ d 2
Xty (Z (Xf)jU(Xf)i,j> ]

i=1 \j=1

= -2 -1 o -2 2
< P [ |XEP 2 = |XEIP 4+ X7 o (X g by (6, X1 | + BEST 135172 |or (x)

) _
PR D e [0 1o (x7) ]

“1) \ = ~ ~
< (=t pvralle + B )BT (1X517] + pallo BT (171

-1 ~ _
+ (pmo+ P ) B 2],

But, using Young’s inequality, we can show, for every £ > 0:
d 14
2

SET X < AET [1XFP] + VAllylwe ™ + 21+ (p— Dra) e E.



_ P ) (p— v
We set Ac = —piia + /727 oo + Eotra + (p = 1) il llee? T + ((p — 2 + L25En ) €772 (for
e small enough) and this quantity is negative. Hence, for € small enough,

d -
5 (BT [IXP]) et (mwnmﬂ +@n+(p-r)e?)

EXT [1X517] < [alF + m (VA e + @t (- D) e E).

We have been able to conclude the case p > 2 because Ag < 0. When p € (0,2), and under the Assumption
V12117l oo + = < 12, we have sup E*T [|X3|"] < C(1+|x|F). We use Jensen’s inequality (with the

concavity of x — |x| ) and the mequahty (142z)*<1+z"forz>0and a € (0,1). [

Proposition 6

Under Assumption 1} the process X* is irreducible, that is to say:

Vt>0,Vx,ze R, Vr>0,P(|XF—z| <r)>0.

Proof:
The proof is very similar to Theorem 7.3.1 of [DZg6]. |

Theorem 7

-1
r, < 7 and ¢ : RY — RY a

measurable function, satisfying [¢(x)| < ¢y (1 + [x[#). Then we have,

Suppose Assumption 1| holds true. Let y > 2 be such that K

Va,y € RY, Vit >0, [Pigl(x) — Pelg)(y)| < T (1+ 2] + [y|*) e,

where P:[¢](x) = E [¢ (X})] (Kolmogorov semigroup of X) and ¢ and ¥ only depend on 71, 12, 11,
rp and p.

Proof:
This proof is based on the application of the Theorem A.2 of [EMo1]. Hypoellipticity is a consequence
of the boundedness of ¢~!. In order to show that the monomial function V : x + [x|" is a Lyapunov
function, it suffices to show that it satisfies for all x € R%: LV (x) < —aV/(x) + blc(x), where a and b are
positive constants, C a compact set and L the generator of X. We have:

2
LV (x) = 22, 5(0,2)) + Bl 2o () 4+ LU 2 s > (fw(x)i,j)

-1 -1 _

One can check that the required inequality can be obtained by setting C = B(0,R), R = MT +1,
2= "1
a=um — L]"Z_ 1)r2 - % and b = un; + L”Z_ 1)r1.
The last thing we need to apply Theorem A.2 of [EMo1] is a consequence of irreducibility of X*. Then,
we get: ~
[Pr9](x) = Pelgl(v)| <@g (1 |x[" + [y[F) e ™.
See also [MT9g2] and [MTg3] to prove that ¢ and v only depend on #1, 72, 11, 2 and p. |

Assumption 8

We can write E(t, x) = {(x) + p(t, x) where ¢ and p satisfy the following:



e p is a bounded function;

e ¢ is Lipschitz continuous and satisfies (&(x),x) < 11 — 12|x|?, with 71 and 7, two positive
constants;

e p is the pointwise limit of a sequence (p,) of C! functions, with bounded derivatives w.r.t. x
and uniformly bounded by ||p||c-

As before, we still require on ¢ the following;:
e 0:R? — GL4(R) is Lipschitz continuous;
e the function x — ¢(x)~! is bounded;

e Vx € RY, ](T(x)|12: <r + 1’2\342.

Corollary 9

-1
ry <1y and ¢ : RY — RY

Suppose Assumption 8holds true. Let u > 2 be such that /72/p|e + 2

measurable with |¢(x)| < ¢y (1 + |x|*). Then we have,
Va,y € R, Wt >0, [Pilg] (x) — Pr[p)(y)] < Gop (1+ [ + [y e ™,

where ¢ and 7 only depend on 71, 172, 1, 72, # and ||0]| -

Proof:
We set 0, a function close to ¢ on the centered ball of R? of radius n, equal to I; outside the centered ball
of radius 7 + 1 and of class C! with bounded derivatives on R%; on the ring between the radius n and
n+1, 0y, is chosen in such a way that ¢~ !¢, is bounded, independently from n. This way, the function
En o (t,x) = &(x) 4+ 0u(x)pn(t, x) is Lipschitz continuous w.r.t. x. We denote X" the solution of the SDE:

{ ;1{}5;"_ =&, (£ X)) dt + o (X)) dW;,
0 =1

We can write, for every & > 0:

) 2, 2
(Enlt, 1), %) < 71— 2l + (VAT + v/l lollool] < [+ B0 il — £ 1P
2¢e 2

Then, when ¢ is small enough, for any ¢ with polynomial growth of degree y, Theorem [ tells us that ¢,
and 7, are independent of n, and we have:

I >0,Vn e N*, Vx,y € R%, Vt > 0, |E [ (X"*)] — E XM || < eep (14 |x|* + [y|*) e ™.
Yy ¢ (X P X ¢ Yy

Our goal is to take the limit ; let us show that E [¢ (X}"")] = E [¢ (X})]. Let U be the solution of the
SDE , ,
Uy = x+ / & () ds+/ o (UF) dWs.
JO 0

t t t
We can write: X" = x +/ &(XP*) ds +/ o (XP) AW, where Wt(n) =W +/ o (X)L oy (XY oy (s, XI¥) ds
0 0 0

2
ds) .

. t
(X3) W™, where W(OO) =W +/ p (s, X5) ds is a Brownian
0
(X*)IP on [0, T] and where

is a Brownian motion under the probability P = pt (X™*)P on [0, T] and where

t - 1 -
P x0) = exp (= [0 (00 (X0 (5, X0%) ) = 3 [ (X0%) o (X0 i 5, X0%)

Similarly, X{ = x + / ) ds + / o
motion under the probablhty P(®) = pPT

Py (X" (/Ot (s, X¥), dWs) — 2/|stx)| ds>

6



By uniqueness in law of the solutions of the SDEs, we get the equalities:
Efp (X)) =B [pf (x**) 7 (x%)| = E [pr (u*) " g ()]
Efp (x)] = E®) |p® (x) ¢ (X0)] = E [p* (u") Mo (up)].

But p,(t, x) =2 p(t, x), so we have p} (ux)! n;igo pr (U*)™'. We just have to show that the sequence

(p’f (U")_l) N is uniformly integrable, in order to show that E [¢ (X;"")] — E [¢ (XF)]. We have:
nelN* 00

B| () )]

t t
—E foxp (2 [ (o (X050 (X0 i (5,220,000 + [ o (30) 75 (02 (5, X2)

o)
o)

1
t 2 2
E [exp (10 /O o (X2) 7 0 (X2) i (5, X0) ds)] ’

< exp (St <d2 + H01H1> Iploo> < 0. u

NI—=

t t
< E [owp ([t (X001 (0 i (5, X2 ) — 5 [ [ (X2%) T (0 (5, X2%)

4 The EBSDE

We consider the following EBSDE:
T T
vo<t<T<oo,ygf:Y5£+/ [ (X, Z5) — A] ds—/ 7x dW, )
t t

and we make on ¢ : R? x (R?) " — R and the SDE @ satisfied by X* the following assumptions.

Assumption 10

o Vx € RY, [¢(x,0)] < My(1+ |x]);

o Vx,x' € RY, Vz,2/ € RY, |p(x,2) — ¢ (x',2))| < Ky |x — /| + K; |zo(x) 71 = Zo(x) 71 ;

7

e Z:RY — R? is Lipschitz continuous, |E(x)| < & + &|x|;

e 5(x) = &(x) 4+ b(x), with ¢ dissipative and locally Lipschitz and b bounded, and (E(x), x) <
171 — n2|x|? for two positive constants 171, 172;

o :R% - GLy(R) is Lipschitz continuous;

e x — o(x)"!is bounded and |o(x)[% < 71 + r2|x|%;

NS

—1 r2
— < .
7 Hoo+ 2 ST

Remark 11. In most papers, the function 1 is assumed to be Lipschitz continuous. We make a slight modification
of this assumption in order to have some information about the second and third behaviour (see [HMR15]). But
i is still Lipschitz continuous w.r.t. z, with a constant equal to K ||oc~||_,. Moreover, 1 is still continuous w.r.t. x.



4.1 Existence of a solution

Theorem [3 ensures that the process X* is well defined. We introduce a new parameter « > 0 and we
consider a new BSDE of infinite horizon:

T T
VO <t < T <oo, Y =YP" +/ [ (X3, Z57) —aY{™] ds — / Z8% AW, (8)
t t

Emma 12

Under Assumption for every x € R? and a > 0, there exists a unique solution (Y**, Z%¥) to the
BSDE , such that Y** is a continuous process bounded in L!and Z%* € L%’,loc (Q, L2 <0, 00; (]Rd ) *> ) .
Also, for every t > 0, |Y;""| < = (14 ]X}]), P-a.s., where C only depends on My, 11, 12, 11, 12, K>

and

|o7| .- The function v* : x — Y{'* is continuous, and for every t > 0, Y{"* = v* (X}) P-as.

Proof:
For the upperbound for Y**, see Theorem 2.1 of [Royo4|]. The main difference is that we do not require
¢(e,0) to be bounded. Uniqueness only needs boundedness in L! and not almost surely boundedness.
Also, in the proof of existence, the constant C is harder to write, because we do the same as in the end of
the proof of proposition 5| The continuity of v* is a consequence of a straightforward adaptation of the
Theorem 2.1 of [Royo4]] when i(e,0) is no more assumed to be bounded and proposition 2.1 of [EPQg7].
The representation of Y** by X* comes from the Lemma 4.4 of [Royo4]. |

Lemma 13

Under Assumption |10} for every a € (0, 1], we have:

Vx,x' € RY,

v (x) = 0" (¥)| < C(1+ |x[+[¥]) [x — x|, )

where C only depends on Ky, Kz, My, &, 71, 112, 11, 72, ||o Y|, &1, [|12]|ip and [|o |-

Proof:
See Theorem [35} given in the appendix, with f : (x,y,z) — ¢(x,z) —ay and g = v". It uses the estimate
of Lemma [ ]

Remark 14.

1. If o and ¢(e,0) are bounded and E and ¢ are of class C!, then, the Theorem 3.2 of [HTo7] tells us that v*
is of class C!. Then, we can apply the Theorem 3.1 of [MZo2] and write Z{"* = 9,0* (X¥) ¢ (X¥).

2. The Lipschitz constant given by the last lemma goes to infinity as « appoximates 0.
Lemma 15
Let ¢ : RY x (le)* — R continuous w.r.t. the first variable and Lipschitz continuous w.r.t. the

second one. Let {,{’ : Ry x R? — (R?)" be such that for every t > 0, {(t,¢) and {'(t, ) are
continuous, and set:

] P T0) BT D) o er e L o
I'(t,x)= 12(t,x) — ' (t, %) 2 (C(t,x) = {'(tx)), it x) #(tx),

0, if £(t,x) =7'(t,x).

Then, there exists a uniformly bounded sequence of C 1 functions w.r.t. x with bounded derivatives

(fn) . (i.e. for all n, T, has bounded derivatives w.r.t. x — the bound of derivatives can depend on
nz

L.(t,e)

< oo for every t > 0), such that T, — T pointwise.
n—oo

‘ [ee]

n —and sup, -, ’
>




Proof:
See the Lemma 3.7 of [HMR15]: we can approximate the Lipschitz functions by C! functions with boun-
ded derivatives and construct a new sequence having the required regularity. |

Proposition 16

Under Assumption there exists a constant C, such that for every a € (0, 1], we have:

Vx, x' € RY, [0 (x) — 0" ()| < C (1 + [x[*+ [x']) .

The constant C only depends on 71, 12, 1, 12, K5, o1 HOO and My.

Proof:

1. We approximate ¢ by a sequence (¢*),., of functions satisfying:

e 0¢ converges pointwise towards o over RY;

e 0¢ is bounded (the bound can depend on ¢) and |o¢(x)|% < 1 + r2|x|%;
: 1 .

o 0fisof class C and |[o°[|y;, < [|o|iips

e x — 0°(x)~! is bounded, the bound is independent of e.

We also approximate Z by a sequence (Ef),., of C! functions which converges uniformly. One can
check that the functions &° are “uniformly weakly dissipative”, because the functions &° — ¢ are
uniformly bounded. Moreover, i is approximated by a sequence (¢°) of functions satisfying:
o [Pf(x,z) — (), 2)| < Kilx — /| + K |20 (x) 1 = 20 (x') 7 1;
e °(e,0) is bounded;
o [ (x,0)] < My (1 + [x]);
e (y*°) converges pointwise towards 1.
We consider the BSDE:

T T
Yts,tx,x _ Y%a,x + / {1[18 (Xg,xrzg,a,x) _ IXY:’IX’X} ds — / Zg,a,x dWs,
Jt t
where the process X** satisfies the following equation:

t t
Xt = 2 (X8 ds+ [ ot (x5) AW,

C
This BSDE has a unique solution (see Lemma , and | Y| < i (1+ |X{|) PP-a.s. and for every
t > 0. Thanks to the previous remark, we can write Zy** = ** (X;"*) P-a.s. and for a.e. t > 0, and

£&%* is continuous. We define:

Pe (x, 0 (%)) — 9°(x,0) .y £ roa
r“*(x) = ME""(x)]z g (x), i g% (x) #0,

0, otherwise.

Then, thanks to Lemma [15, we can approximate I“* in such a way that we can use Corollary [o|
We can rewrite:

—dY{ = {9 (X5F,0) + ZET (XFY)" — aYf™ ) dt — Z9 dW.

But I'** is bounded by K ||c~!||.,, and there exists a probability P***" under which Wf** =
't
W — / %% (X5*)* ds is a Brownian motion on [0, T]. Finally, we get the equality: v**(x) =
J0
. T
lEs,oc,x,T |:e—ochs,oc (X%x) +/0 e—zxsqjs (Xg,xlo) dS:|

o~ C~
On the one hand, using proposition ‘]ES""'X'T {e_”‘Tvs"" (X%x)} ‘ <e T=E*T [|X%7]] — o.
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On the other hand, X* satisfies the following SDE under perx T,
dXi* = [BF (XPY) 4 0f (XPY) T (X5)'] dt + of (XPF) dWESY.
Thanks to corollary @ we get:
[BoosT [y (x5%,0)] — BT [ (Xi%,0)] | < 2Mye™ (14 |32+ [¥2),

where ¢ and ¥ only depend on 771, 112, 11, 12, Kz and [|o™1|| .. As a consequence, we get:

|0%* (x) — 0% (x")| = lim

Jim /OT o—at (]’Ee,uc,x,t [1’05 (Xf’x,O)] . ]’Es,a,x’,t [4’8 (Xf,x’,o)}) dt‘

o
< / e*lltt
0

9 - oM
<2/ e eMye ™ (14 [x2+ x'?) dt <2—* (14 %P+ %) (10)
0

Bost [y (33,0)) = B [y (x37,0)] |

2. Now, our goal is to take the limit when ¢ — 0. Let D be a dense and countable subset of R?. By
a diagonal argument, there exists a positive sequence (¢,),, such that (v**) converges pointwise
over D to a function 7*. Because the constant C in equation (g) does not depend on ¢, 7" satisfies
the same inequality. Let (K,) be a sequence of compact sets whose diameter goes to infinity. The
function 7% is uniformly continuous on K, N D, so it has an extension v which is continuous on K.
Passing to the limit as 7 goes to infinity, we get a continuous function on IR, and it is the pointwise

- - C
limit of the sequence (v°"%), . We denote Y;" = 7" (X¥); we have |Y;"| < " (14 |Xf]). Using the

Lemma 2.1 of [MZo2], we have, for every T > 0 :
2 2 T 2
E [|x€n'x —X* ng} <C {|3 — B2 T+E [/ o (XF) — o (X)) dt] } .
’ 0
By dominated convergence, this quantity goes to 0 as n goes to infinity. Also by dominated conver-

gence, we get:
[/
0

3. We will show that there exists a process denoted 7 belonging to L%J,lo . (Q, L2 (0, 00; (]Rd> ))

€11,0,X X €11,0,X NX
Yt Y Yyt — Y

2 2
dt]—>0and]E{ ]—>0.
n—o00 n—oo

T 2 _ _
which satisfies [E [ / ‘Zf"’“'x -z” dt} —2 0, for every T > 0. Indeed, (Y“'X,Z“’x> is solution
0 (o)

of the BSDE (B) ; by uniqueness of the solution, v* = 7* and taking the limit in the equation
gives the result.

Let n < m € IN, we define Y = YEnlX _ YemtX qnd 7 = ZendX — 7emdX We have:

dY; = aYpdt + (ym (Xom™, ZEmm*) — gen (XEm¥, ZEw X)) dt + Z; AW

::lpt

T .2 ~ |2 T .
Thanks to Itd6’s formula, we obtain: [E [ / 'Zt‘ dt} < E { YT’ } —2E { / as dt} .
0 0
But, we have: || < My (2 + | Xt )+ K (|Zgm ot (xgm) 7+ |Zgmrom (x5 ).

So:

- [

T,_ 2 ~ 12 ~
E U ]zt‘ dt] <2F UYT’ } +2TMyE UY‘OT (2+X£m”‘|3T+X£n'X|;T)}
; , , ,

12K, ot E||Y| /T(’ng,x
z =] 0,T Jo £

+ |z

)dt].
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T
Now, we need to bound E [|X8”"‘ éﬂ and E [/ |z
' 0

propositionH we have E [|X€’“" 2

Also, we have:

T
o[
0

But, using the estimate of Lemma

2 £, 00,X |2 T E1,0,X 1. En 0, X 7En,0,X
dt| <E [[yges ] + 28 /0 |YEmmxgen (XEn¥, ZEw%) | dt |

C

ity (xin, 2z < € (0 e

) (My (14 [x5

) +K:

0.—1 H |an,zx,x
[ee]

)

<C(1+[x5m7) + i | ZEmax |2,

T
Finally, E [ / ’Zf”’“/"
0

lo]

oo’/

2 dt] independently of n. Thanks to

S/’T} < C (1+ |x[?), where C only depends on T, r1, 75, &1 and &.

2 dt] < <1+ \x|2), with C’ depending only on My, m, n2, 11, 12, Kz,

«, T, {1 and ¢», and (Z#**), is a Cauchy sequence in L% (Q, L2 ([O, T], (]Rd)*>); we

f— *
can define its limit process 7" e L%J loc (Q, 12 (0, 00; (]Rd> )), and it satisfies the convergence we

claimed.

Proposition 17

Under Assumption |10} there exists a constant C, such that for every « € (0, 1], we have:

Va,x' € RY, [0%(x) —o*(x')| < C (1 + |x[> + |¥/[?) |x — x|

The constant C only depends on 11, 172, 11, 12, Kz, |0 7|, My, Kx, 1E][1ip and ||oJyip-

Proof: See Theorem [35|given in the appendix, with f : (x,y,z) — ¥(x,z) — ay and g = v*.

Theorem 18 (Existence of solutions to the EBSDE)

Z; = [ (X¥) P-as. and for a.e. t > 0.

Under Assumption there exists a real number A, a locally Lipschitz function ¥, which satisfies
7(0) = 0, and a process Z' € L%,loc (Q, L2 (O, oo; (le)*>> such that if we define Y; =7 (X7¥), then
the EBSDE (H) is satisfied by (Y",ZX,X) P-a.s. and for all 0 < t < T < 0. Moreover, there exists
C > 0 such that for all x € R?, [5(x)| < C(1+ |x|?), and there exists { measurable such that

Proof:

The strategy is the same as in the Theorem 4.4 of [FHTog]. We give a sketch of the proof here for

completeness.

Step 1: Construction of 7 by a diagonal procedure.

For every a > 0, we define 7*(x) = ov*(x) — v*(0); we recall that [7*(x)| < C(1+[x|?) and
lav*(0)| < C, with C independent of a. Let D be a countable dense set in RY; by a diagonal
argument, we can construct a sequence (a;), such that ("), converges pointwise over D to a

function ¥ and &, 0% (0) — A, for a convenient real number A. Moreover, thanks to the previous
n—oo

proposition:
3C >0, Va € (0,1], Vx,x' € R, [7*(x) —*(x')| < C (1 + x>+ |x’|2) lx —x|.
Because it is uniformly continuous on every compact subset of D, ¥ has an extension which is

continuous on R?. Then, we can show that T is the pointwise limit of the functions 7** on RY, and
then 7 is locally Lipschitz continuous and has quadratic growth.

11



Step 2: Construction of the process Z .
We will show that (Z**), is Cauchy in L% (Q; L2 ([O, T); (]Rd) )) for every T > 0. Then, we will

be able to define Z' € L%),loc (Q; L2 (O, 00; (]Rd)*>). When n < m € N, we set Y = Y% — yomx

and Z = Z%w* — 74X we have:
dY; = —prdt+ (Y — YY) dt + Z dW,

where ¢ = ¢ (XF, Z) — ¢ (X7, Z{™"). Thanks to Itd’s formula:
T .2 2 ) T _ T -
E U 7] dt} —E UYT’ ] — Yo[? +2E U tpthdt] —2E [/ (cn Y2 — YY) Ytdt]
0 0 0

~ 2 T, .- T, _
<IEUYT”+2KZ alHoo]E[/O ‘YtHZt‘dt]—i—éLMlp]E UO ‘Yt‘dt}

= ~ 2 1 ~ 2
By Cauchy-Schwarz, and noting that ‘Yt‘ ’Zt‘ <K, a_lH ’Yt‘ + )Zt , we obtain:
® 4K: [lo™H o
T .2 _ 2 - T _p2 T _p2 72
]E[/ 2| dt} <2E “YT‘ ]+41<Z - JEV v dt]+8M¢\/ﬁE U ¥ dt} .
0 o« 0 0

Dominated convergences (using propositions[16|and [4) give us the result claimed.

Step 3: (YX,ZX,X) is a solution to the EBSDE (H)
Taking the limit in the BSDE satisfied by (Y*"*, Z%*) gives us:

v :?’H/f [y (x2,27) 7] ds - /tTZ;‘dWS.

Step 4: Z' can be represented as a measurable function of X*. We fix T > 0. We denote Ae := o%* — o,
By standard calculations, for every a € (0,1], x, x’ € R%:

T T 1
E U AZ[? dt] <E[|AY|53] + 2K TE [|aY[3 7 [8X[5 7] + 2K, [t _E [/ Y[ 1 [AZy] dt
0 4 g ' w Lo : ]
0 L
K ||o 1| E / AY[S 7 |22 at
(o] L/0 4 ]
2
< 2E [|AY[53] +4K.TE [|AY 5 [AX]5 ] +2K2 a*lu TE [|aY[33]
, , , N ,
- _
+8K. 1| _E / AY[S 7 |22 dt
(=) L/0 4 ]

But, using Cauchy-Schwarz inequality and the estimate of the end of the proof of proposition

we get:
T
e[ [ vy
0 ,

Using Lemma 2.1 of [MZo2] and propositions 4] and [17] we finally get:

T
E { /
0
where C is independent of x and x/, but depends on « and T. For every x € R?, the sequence

T
(]E |:/ ‘Z?‘nrx _ Z?‘mrx
JO

exists a subsequence (a},) C (a,) such that:

1
Z dt] < CE [|AY|E§;§]2 (1+ |x]).

X w,x
Zt - Zl‘

2
dt] <C (1 x4+ 21) [x =P, (11)

2 dt}) is bounded (it converges). By a diagonal procedure, there
n<meN

Za;,x . th;,,,x
t

T
VxeD,VngmelN,]E{/ ;
0

2
@ <2

12



Equation (11) extends this inequality to R?. Borel-Cantelli theorem gives for a.e. t € [0, T], Z & v
Zf IP-a.s. Set
Z(x) = lim, CX; (x), if the limit exists,
0, elsewhere.

For a.e. t € [0, T], X{ belongs IP-a.s. to the set where lim,, 7% (x) exists ; Z; = (X{) P-a.s. and for

ae. te[0,T]. -

4.2 Uniqueness of the solution

Theorem 19 (Uniqueness of the parameter A)

Let p > 0; we suppose that \/7K: |[o || + [(pV2) — 1]%2 < 172 and that Assumption |10 holds

true. We suppose that, for some x € R? (Y’,Z',\) verifies the EBSDE (7) P-a.s. and for all
0 <t <T < oo, where Y is a progressively measurable continuous process, Z' is a process in
L% o (Q, L2 (O, oo; (]Rd)*)) and A’ € R. Finally, we assume that there exists ¢, > 0 (that may
depend on x) such that

vt 0¥/ < (141717

Then A = A.

Proof: We defineA=A —A, Y=Y —Yand Z = Z' — Z. We have:

5 YT — YO 1 /T - =X 1 /T~
A= s ez - (x0Z)] =1 [ Zeaw,
We denote:
X
p5z) -y (X7
X 5 Zt, if Zy 75 0,
M= ’Z‘
0, otherwise.

- N t
There exists a probability P under which W} = W; — / v3* ds is a Brownian motion on [0, T]. For
0
every 6 > 0:

A= 2B [Ty~ o) < 2 {ee (24 I + BT [x5P]) + € (24 P+ B [1x37]) )

We conclude by taking the limit T — oo and using Proposition u

Theorem 20 (Uniqueness of the functions v and 0)

Let p > 0; we suppose that \/7K: |[o ||+ [(pV2) — 1]%2 < 12 and that Assumption |10 holds
true. _
Let (v,{) and (7, {) be two couples of functions with:

e 1,5 :RY = R are continuous, |v(x)| < C (1 + |x|F), |3(x)| < C (1 + |x|?) and v(0) = 5(0) = 0;
e ,{:R" - (R?)" are measurable.

We also assume that for some constants A, A, and for all x € R¥, the triplets (v (X¥),Z (X}),A) and
(5(x7), £ (X§), 1) verify the EBSDE (H)
Then A = A, v = ¥ and { (X¥) = { (X¥) P-a.s. and for a.e. t > 0 and for all x € RY.

13




Proof:
By Theorem we already know that A = A. We denote Y} = v (X}), Z¥ = {(X¥), Y = 9(X}) and
Z¥ = { (X}). We approximate the functions ¢, v and & by sequences (%), (v¢) and (%) of C! functions
with bounded derivatives that converge uniformly. We can say that for all ¢ > 0, the bound on the
derivatives of ¢° is independent of € and v*, v* have polynomial growth (with constant C and exponent p,
all independent of ¢). In the following, x € RY, T > 0 and ¢ > 0 are fixed. Let us consider the following
BSDEs in finite time horizon:

Vet = — [y* (X, Z) = A] dE + Z7* dW, 4V = = |y (X5, Z7) = A] dr 27 aw,
Yg,x Y Xx and - N
= (X5), Yo* = (X5).

We denote AYF = Y¥ — Y[, AZF = ZF — ZF, AY™* = Y&* — YI¥, AZSY = 75% — Z&. This way, we get:
T -
AYf —E[AYY] = E { /O [lp (XF,ZF) — ¢ (tht)} dt] and

AY5* —E[AYF] = E [/OT 97 -y (X5 7 | dt} |

By substraction, it leads us to:

|AYG — AT

T T ~ ~
<E| [l zn -y gz ] v | [y (x520) - v (30,207 | o
o= + 10— 7 -
Set 8Y;* = Y — Y[ and 0Z;" = ZF — Z;*. We have: |y (X}, ZF) — ¢* (X}, Z7")| < K

[ [ .
Our next goal is to estimate E [ / |67 dt] . We see that (6Y;”,6Z;") is solution of the BSDE:
0

| Loz +
[e9)

doY{™ = — [ (X}, ZF) — ¢ (XF, Z7™)] dt + 627" dW,,
OYY = (v —v%) (X}).

Using Lemma 2.1 of [MZoz2], there exists C > 0 only depending on T and the Lipschitz constant of 1,

such that: .
E [ |tz
0

T
By Cauchy-Schwarz, we finally get: E { / |6z
0

T _ -
same for |E {/ ‘zp (Xf, Zf) —yF (Xf,Z?x)
0
[MZo2], because ¢¢, v* and v have bounded derivatives, there exists continuous functions % and EST such

that: Z&* = g5 (t, X¥) and Z"* = (% (t, X{) P-a.s. and for a.e. t € [0, T]. As usual, we linearise our BSDE;
so we set:

?at < (Tly IR + - 13)

dt} < ﬁ\/T lp — e ||% + ||v — v¢||%. We can do the

dt] , and we have: |AY5‘ — AYS’x

—+ 0. By Theorem 3.1 of
e—0

¢ (v, 056 x0)) — ¢ (0,05 (8 x) _ _
et ) ~( : )(éw,x)—é%(t,x)), if 25 (%) # 35 (%),
&5 (1, %) = 5 ()|

0, otherwise.

% (tx) =

¢
The process I'%. (t, X§)" is bounded by K ||c~!||.; by Girsanov, Wf’x'T = W; — / I (s, XY)" ds is a
0

Brownian motion on [0, T| under the probability Q7". AY** is a Q%" -martingale and we get:

aYy* = B9 [AYy] = B [(of - 7%) (X§)] = Pf [of — ] (x),
where P% is the Kolmogorov semigroup of the SDE:

duy = [E(Uf) + o (UF) TT (£, UF)*] dt+ o (UF) dW,.

14



Using Lemma (15 and Corollary lo we get: [P [of — ¢ (x) — P& [vf — ] (0)] < C (1 + \x\pvz) eT,
where v and C are independent of & (because the polynomial growths of v and 7 do not depend on
¢). Finally,

Ve >0, VT >0, Vx € RY, |AYS™ — AYS°

<C(14[x2) e,

By taking the limit as & goes to 0:
YT >0, Vx € RY, |(0—9) (x)| = ]Ayg - AYS‘ <C(1+[x72) e

Taking the limit as T goes to infinity leads us to v = 0. Then, uniqueness of  is the consequence of [td’s
formula. |

5 Large time behaviour

u—1
. . 2 . . . .
under Assumption Indeed, we have seen in the previous section that, under this assumption,

there exists a unique triplet (v,, A) such that (v (X}),{ (X}),A) is a solution to the EBSDE (7), v is
continuous with quadratic growth, v(0) = 0 and { is measurable. Let ¢’ be a real random variable
Fr-measurable and such that |¢T| < C (1+ |X}|"). It will allow us to use proposition [5; We denote by

(YtT’x ,Z5 ) the solution of the BSDE in finite horizon:

In this section, we always suppose that /72K ||o~|| , + ry < 112, with u > 2, and we keep working

T,x T T x 7Tx T T,x
YIv— ¢ +/t l[)(Xs,ZS’)dS—/t ZI% dw,,

Theorem 21

We have the following inequality:

T,x
Yo

U
o casim
T

~X T 7

T,x

where the constant C is independent of x and T; and in particular: —2

bounded subset of RY.

— A, uniformly in any
T—o0

Proof:
For all x € R and T > 0, we write:

T,
Yy~
T

Yo

T

Yo —Y§ — AT

—A T

<

First of all,

Y§| = |v(x)| < C(1+ |x|?). Also, by the usual linearisation technique, we have:

T T
Y()fo—yg—AT:gT_v(X%)Jr/o (20 - zz) Z*ds—/o (20 - zz) aw,,

where
T,
l/) (Xfrzt X) —lP(Xf,Zf)
2

o (21" -7), it z]* # 77,
= T,
f iz -7

0, otherwise.
The process B” is bounded by K, |o71|, and by Girsanov’s theorem, there exists a probability measure

- t
QT under which W} = W; — / BI* ds is a Brownian motion on [0, T]. This way, we can see that:
0

Y7 =g = aT| = [EQ [¢7 o (xp)] | <BQ" [|eT|] + B [lo (X)) < € (1+ B [1X311]).
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Thanks to Proposition we get: sup EQ' [|XF|"] < (1+ |x|*), where « is independent of x. [ ]
T>0

Theorem 22

We suppose that T = ¢ (X%), where ¢ : R? — R has polynomial growth: Vx € RY, |g(x)| <
C (14 |x|*) and satisfies: Vx,x’ € R?, |g(x) — g(x/)| < C (1 + |x|F + [x/|#) |x — ']
Then, there exists L € R, such that: Vx € RY, YOT * — AT — Y] — L. Furthermore,

T—o00

Vx € R, VT >0, |YT* — AT — Y — L‘ <C(1+ |x[tyeT.

Proof:
We will consider the following equations:
dyT,t,x - Xt,x’ ZT,t,x ds + ZT,t,xdW
{ YST’t,x o be(trxs) ’ ) ’ N YA = up (s, Xb*) , see Theorem 4.1 of [EPQo7];
T = T
Al = g (xt%,2k) —a} ds+ Zaw,
{ Yst N {}i% T } TUUY Lyt =y (X4¥), solution of the EBSDE;
o= (X
dYn,t,x — (Xn,t,x, Zn,t,x) ds + Zn,t,xdw
’ v ’ ’ ’ T ymbx (s, X!*) , where uff is C! (see appendix);
Yn,t,x _ gn (Xn,t,x) s T s T
T = T
d?n,t,x — (Xn,t,x’ Zn,t,x) ds + Zn,t,xdw _
{ st i nll) . tsx ’ ’ Ty = (s, X2%) , where i is C! (see appendix);
T = v ( T’ )

where ¢",v" € C} converge uniformly on every compact towards g and v; also, we take (E"), a sequence
of C} functions that converges uniformly towards & and define X"*"* as the solution of the SDE

AXP = @ (XU) ds o (X)) dw,
Xn,t,x - x
; = x.
Step 1: Approximation of the function .
We set p(x, p) = ¢(x, po(x)) ; p is Lipschitz, and we approximate it by a sequence of C} functions
(0") which converges uniformly on RY x (]Rd ) *. Then, we define a function B" satisfying:
" if |po(x)| < n
" :{p(x,p),}iﬂ s
FEm =10 o] > fln),
where f(n) is chosen such that " and p" have the same Lipschitz constant. This way, p" v

uniformly on every compact, and B" € C}. We set " (x,z) = p" (x,zo(x)~!) and " € C}. Moreover,
we have the following;:

|®=9") (6,2)] < o= 0"l + (2Myp (1 + Ix1) + 2Kz |07 | _[2]) Lzpon

Step 2: Growth of w’.
We set wli.(t,x) = ull(t,x) — %} (t,x) and wr(t,x) = ur(t,x) — A(T —t) — v(x). By uniqueness of
viscosity solutions (see [EPQg7]), we have u’(0,x) = u, ¢(S, x) and #7.(0,x) = i, (S, x).

Lemma 23
We have: Ve > 0, YT > 0, 3Cr > 0, Vx € R?, Vn € N*,
|o(x) — i7(0,x) + AT[?
~ |2 2 I T
<& {E[jotn - ] +lo -1+ (12— 21+ ) (112 L
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Proof: We set Y = YX — Y* + A(T —s) and 6Z!" = Z¥ — ZI'*; then,
dOVY! = dY¥ —dY2* — Ads = {y" (XU%, Z0%) — (XE, 22) } ds + 6ZU~ dW.

We will use [BDH " 03]; to use the same notations, we set f(s,y,z) = ¥ (XF,ZY) — 9" (X¥,Z¥ — z).
We have:

fs2) < llp = 0" oo + (2My (14 X)) + 2K

+K: 1 Z ] Nl lip

7| 1ZE) Yzzon + K 1 XE =

-1 2 X n,x
o 1|2 s
[e9)

(7_1H00 lz| = fs+Alz|.

T _ ~
We define F = / fs ds; because F € LZand 6Y" € S2, we get, E UéY"
0

2 ~
) ] < Ce?MTE Ufw
0,T

2
+F2].

We just need an upper bound for E [F?]:

2
+5T%lp - p" ||

| X* =

2

52 (/ VA ds)
T 2

([ 12210220 ) ] .

':_':n”P
H—E |-

E [FZ] < 5T2K2E [|x" *2} +5K2 |05, ||

.
7) (,/(;T“zgfbndS)z

Thanks to the Lemma 2.1 of [MZo2], we have: Vp > 2, 3Cr ), >0, E {|Xx — X”'ﬂéﬂ <

Moreover, we have, for every a € (0,2]:
T T T N TZ*% T 5
(/0 11|Z§>nds> T/ (1ZX] > n) ds <ﬁ/0 E[|Z:"] ds < —F [/O 12| ds}

4
T 2
We also recall — see [BDH 03] - for p > 1: E [(/ 1z ds) ] <Cpr (1 + |x|2”), because v has
0

+40M3E + 20Kz ||o~

e
[e9)

(1+ %3

NI

quadratic growth. Using Cauchy-Schwarz inequality and the above remarks, we get:
2 a2, 1
B[F] <cr (- B+ (Im-213 + 5 ) (14 152249) ),
for every e > 0. n

Lemma 24

We have: Ve > 0, VT > 0, 3Cy > 0, Vx € RY, Vn € N*¥,

|ur(0,x) — ult(0,x)|?
- on 1

Proof:
The proof is essentially the same; the main difference is that the exponent y appears in the following

([l w)’| <cor (o 1))

We keep in mind the following results:

inequality (see [BDH " 03]): E

[@}(0, %) = wr(0,%)* < Cr {E [[g (X}) — g" (X}*)[* + [0 (X§) — 0" (X)) ]

- - 1
o= e+ (2 -2+ 2 ) (o) L

|wr(0,x)[ < C(1+ |x[1).
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Step 3: Variation of w’.(0, e).
We write:

~ T ~
Ynx Ynx Ynx Ynx+/ an an) —l[)n (X;z,xlzgz,x)} ds_/o {Zg,x_zg,x} dWs.

We have Z{™ = dyult (s, X!™) o (XI) and ZI™ = 8, (s, X&) o (XI™) (see the Theorem 3.1 of
[MZo2])). Consequently, Z{* — ZI™ = 9,wh (s, X{™) o (X" ). We define the following function:

¥" (v 0xup (1 X)o (%)) — 4" (x, Bqu(t %)7(x)) (0xwh(t,x)o(x))",  ift < T and d,w!(t,x) # 0,
|20l (£, x)or(x) |
Br(t,x) = ¢ " (x,0xulb(T, x)o(x)) — 9" (x,0,u%(T, x)o(x)) (5w (T, x)o(x))", ift> T and dyw(T,x) £0,
2w}(T, x) () |
0, otherwise.

The function B is bounded by K: [0}

_ t
o We =W, — /0 BT (s, XI*) ds is a Brownian motion on

[0, T] under the probability Q%. Because y" (X¢"*, Z&™) — ¢ (X;’"‘, Z;“‘) = (ZS"‘ — Z?x> B (s, X{),
we have:

wh(0,x) = Yo¥ = Yot = B [Ypr — V| = B [ (X) — 0" (X)) = PhIg" — "] (x),

where P" is the Kolmogorov semigroup of the SDE: dU; = E" (U;) dt+o (U;) (dW; + B (£, Uy) dt).
By Lemma [15/and corollary [g} we get:

@} (0,%) —wi(0,y)| = [P} [g" —0"] (x) = PEIg" —0"] (y)| < Cucgroon (14 ! + [y|") e T

where ¢, and 7, depend only on 11, 77, 11, 12, Kz and ||o™!|| _; also cgn_n is the constant appearing
in the y-polynomial growth of g" — v": it only depends on g — v and is independent of n. So:

36,0 >0,YT >0, Vx,y € RY, ¥ € N¥, [w(0,x) — w(0,y)| <E(1+ |x[* + [y|*)e T, (12)

Step 4: Upperbound for 0,w/.(0, e).
We use the Theorem 4.2 of [MZo2]; for every T’ € (t, T|, we have:

axu¥(t,x) —]E|: (T/ Xntx Nntx+/ Xntx Zntx) Nntxd5:|

dxiir(t, x) —IE[ (:r’ X”“f N + / X"“‘ Z"“‘) N””‘ds]
t 1 ° tay 1 ta) " :
where N/ = — / (a (X)X 'x) dw, ) . By substraction:
—t \Ji
dwh(t,x) = E {w’;r (0, x5 ) Nyt~ + / (XA, Z) g (XU, ZI) L N ds} .

By It0’s formula, we prove that: d IVX;”"‘|F < (2||E‘.||1iP + H(7||121p) ’VX;”"‘& ds +dM;, with M a

martingale starting at 0. We set A = 2[|Z ||y, + ||(T||12ip and we get: E “VX;"“'X ﬂ < d%*7Y) Then,

foranys € [t,T'],

E [|Nsn,t,x|2} < ( > [/ ‘ Xntx Xntx

Recalling that (x, p) — 9" (x, po(x)) is Lipschitz, we obtain:

i L

s—t

/\(T’—t)'

dr} <

@it x)| < [[wh_pv (0, x5 ) | [Ny || + / 115[ (XA, 7Y — g (X, Z0) N ds
[ n n,t,x 2 ? n,t,x l v n n,t,x 2% ntxz%
<E | [wh_p (0,x57) } ]EUNT, } +1<Z/t E [ |00 (s, X0 [PV [|Ng4# ] dis
[ dlle! , T 1
<k [[u_p (0,x1%) r”; ot ot [T [jocw s, 3000 )
L - t S —

~~
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Thanks to step 2 and proposition |4, we have the following upperbound (for any & > 0):

2 > 1
E[\w’%r (0. x7) ]scr (1+12P*) +Cr_p (A?’x+||P—P"||oo+CTf & -2+ 2 ) (1+ x| rr) ),

2
O,Xn,/t,x n,O,Xn',t’x O,Xn,/f,x H,O,X”’/f’x
v (XT—% — o' ( Xy gt 18 Xeop ) —8" (Xpp"
e>0,

s, 0] < o (1 131+ o (/817 4l =+ Cr (||~—H"|| ) (el 00r) ) |

where A} = E

2
1 . So, for every

o oy b _ds
ZIE Mo o5 (T'~t) —1 A5 tx 2
X 3l +Kd / ]E)wa (s, X& )” —
oxwh.(t,
Let us take { > y; we set ¢’ (t) = sup M Using the appendix, we see that:
xerd 1t |x[¢
03207 (£, )| < |9xup (£ )| + |9t (£ x)| < C (14 [x[F).

This proves that ¢/ is well defined on [0, T); moreover, it is bounded on every set [0, T'], for every

1
T' < T. Also, for every s € [t,T'], [|awa (s, X\9)| ]2 @ (s)Crr (1 + |x|§), where Cp is
independent of T and x. We get:

(1, VA : - /
Pt )] {CT,+CTT/ (t +llo ="l + Crr (112 = 2" +n—z))} Loty

1+ |x|¢ 1+ |x|¢ T —t

T 1(s)
=

For ¢ small enough, we can take the supremum when x € RY, and by a change of variable, it can be
rewritten as:

+CT’ ds.
t

An,x
xeR4 1T+ ’ ‘é

P (T —t) < {CT/ +Crp (SUP NG

€ d 0'71
“+llo—p Hoo‘*‘CT'(H“—“”H +n2>)}HH°"e§f

=a(t)

T’—
+Cp /(PT “) du,
t—u

where 0 < + < T" < T. We use the Lemma 7.1.1 of [Hen81]; indeed, the function a is locally

\/W

integrable on (0, T'), since sup

is bounded independently of t. We get ¢/H(T' —t) < a(t) +

xeRA 1+ | |§

t [ n
Cp / E' (Cp/(t —u))a(u)du, and the integral is well defined, since E(z) = ) nzz is C! and

0 n=0 r (7 + 1)

1
O ,

E'(z) ~ . Choose t = T’ and get:

z—07" ﬁ

T du
19222 (0,%)] < [cw + Crop (0 +Cp [ B (Cp(T' =) {Cpr+ Crp b (T' =) ﬁ} (1+1x%),

/An,x
where we denoted 7/, () = sup
T 1 é..
x€R4 + | |

Step 5: Taking the limit when n — co. From Theorem [21]and equation (12), we get easily:

+ 0= p"lles +Cr (|8 =& oo +n72).

3C >0, VT > 0, Vx € RY, |wr(0,x)| < C(1+ |x]"), (13)

19



36,7 >0,YT >0, Vx,y € R, |wr(0,x) — wr(0,y)| <E(1+|x|¥ + |y[*) e "T. (14)

The function w7 has no reason to be C!, so we use the mean value theorem:

|w’%((),x) - w’%(O,y)| { T / / / du
< CT/ / E CT/(T — 1/[) CT/ —+ CTfT/’)/n/(T — u) — + CT/ —+ CT*T’,T/’)/H/(O) .
A+ -] < [Tk F A I g

Our next goal will be to get an upperbound for 77,. Let R > 0; we denote « = { — p;

1
t,x 2 n,t,x 412 n,t,x i
" n,0,X%" " n,0,X"%" n,0,X"" 2
E ‘(g— g") <XT_T,T ﬂxnlolxg,f,x ) <E||(g—g") Xy " P([X, " | >R
>
T-T'
1
nOXn,lt,x 207 2
1 A&
n0,x N 4] 2 E ‘XTT/
]
ccr (1 ) v
1+ |x|2y+u¢
SCropp T Re

By our proposition g/ and the Lemma 2.1 of [MZo2], we get:

0 Xn,t,x n0 Xn,t,x
’ T{ ™ T[

We can do exactly the same with ¢ and g¢" replaced by v and v". This way, for any R > 0:

INCES
AT’fif

1+ |x|&

E

2
1 < Cr_pi,p (1 + |x|2") IE — &3,

sup
x€R4

<Crpp (R 42 ") + 118~ 8" o so) + 10— 0" llo 508 -

To sum up, we have: Va > 0, VT’ > 0, 3Cp > 0, YT > T', ICr_p v > 0, Vx,y € RY, VR >0, Vn €
IN*,
-1 _
Wi (0,x) = wi(0,y)| (1+ [x !+ y|F ) x =y~
<[er+Crmp (RE+2-2"4 +lIg— 8"

woB(0,r) T [0 —0" Hoo,B(O,R))

!

T .
+ CTr/O E' (Cp(T" —u)) {CT’ +Crp, 1 (R_7 +E-E"o+ g —8&"

du
0, B(0,R) T l|lo— vnHoo,B(O,R)) } \/a]
We take the limit as # and then R go to the infinity: for every a > 0,
VT’ >0, 3Cp >0, VT > T', Vx,y € RY, |wr(0,x) — wr(0,y)| < Cpr (14 x| + [y[* %) |x — y].

Step 6: Convergence of wr(0,e) when T — oo.

Thanks to equation , by a diagonal argument, there exists an increasing sequence (T;);p;, With
limit +o0; a function w : D — R, with D C RR? countable and dense, such that (le)l converges
pointwise over D to w. The equation (14), with x,y € D, tells us that w is equal to a constant L on
D. The same equation, with x € RY and y € D, gives us that w = L on the whole R?. Let K be a
compact in RY; we define A = {wr(0,)|¢|T > 1} C C(K,R); it is equicontinuous, because wr (0, o)
is uniformly Lipschitz. For all x € K, the set A(x) = {w7(0,x)|T > 1} is bounded (see equation
(13). By Ascoli’s theorem, A is relatively compact in C(K,R). Let x € K,

|wr, (0,x) — L| < |wr,(0,x) — wr,(0,0)| + |wr,(0,0) — L| < E(1+ [x[*) e T + |wr,(0,0) — L

7

which proves that the functions wr, (0, ®) converge uniformly to L on K. So L is an accumulation
point of A. Since A is relatively compact, if we prove that L is the unique accumulation point of A,
then, we get the uniform convergence of wr (0, ®) to L on K. It works for any compact K C R, and
L does not depend on K. We conclude:

Vx € RY, wr(0,x) — L.
T—o0
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Step 7: L is the only accumulation point of A.
Let weo x an accumulation point of A, i.e. HwT/(O, o) ‘K — woo,KH — 0, for a sequence (T}). Again,
1 o0 1—00

the equation tells us that we, k is equal to a constant Lx on K. Our goal is now to show that
L = Lk. Be careful: now, Y and Y" will follow the same equations as before, but their terminal
conditions will be given at time T + S. So,

~ S ~
Wi o(0,x) = Y — Vi =Y — V2 +/ sz -t (x5 2 ) dr—/o {zp -2t} aw,
We define the function:

P (x,0xulf (£, x)0(x)) — 9" (x, 0xit%, (t, x)o(x))

5 (0wt (t, x)or(x))",
axw*T’JrS(t,x)U(x)‘
if t < Sand axw%_s(t,x) #£0,
Brs(tx) = ¢ 9" (x, 9t 5(S,x)o(x)) —¢" (x,a,;ﬁ’ﬂs(&x)a(x)) (9wl (S, x)o(x))",
axw’T’+S(S,x)a(x)‘

if t > S and axw¥+s(s,x) #0,
0, otherwise.

This function is bounded by K: ||o ™!

N t
o Wi =W, — /0 BT (r,X;) dr is a Brownian motion on [0, S]

under the probability QT5"**. This way, we can write:
T,Sn,x -~ T,Sn,x T,Sn,x
whs(0,%) = B [ve = V2] = B [wh 5 (5, X8)] = EQ™" [wf (0, X¥)] = P [w}(0,9)] (),

where P" is the Kolmogorov semigroup of the SDE: dU; = E (U;) dt + o (U;) (th + Bt s (1 Ur) dt) .

Without any loss of generality, we can suppose that T; > T/, for every i € N. We take T = T/ and
S = T; — T/. This way:

vxeR:, P g, [wT,(o )] (x) = wh(0,%) — wr,(0,x) — L.

i—»00

Now, to prove that L = Lk, it suffices to show that lim lim sup PT T {wT, (0, )} (x) = Lg. We have:

=00 p_eo

Po gy [ (0, 0)] (x) = Li| < [P gy [ (0, )] () = s (0,)| + [ty (0, %) = w1 (0, )| + oy (0,%) = L,

11msup‘73T . [wT,(o )}() LK‘ hmsup]PT - [wT,( )} (x) — wT,(Ox‘—l—‘wT/Ox) LK‘

n—00 n—00
Thanks to Lemma ! T 5 is the limit of C L_functions, uniformly bounded, with bounded derivatives
( '%"51) . We define U™ as the solution of the SDE: dU;"* = & (U;"*) dt + o (U;"") (th +Brs (8, U) dt).
Thus,
Py [ (0,0)] (x) — it (0,x ) = ‘ lim E [w}, (0, U} T)} — ity (0,%)|

ima [ (0.57) - 10
} + |x|;4) o VT,

and the constants ¢ and ¥ are independent of n, m and T/. Thanks to proposition |5, we have
E [|U;"'x|”} < C(1+ |x|*), with C independent of 1, m and t. So,

< E(l + limsup E Hu’“

T; T’
m—00

Py [w5(0,9)] (x) —wfy (0,2 < C(1+ [x])e ™

with C and v independent of 1 and T!. And we can conclude that L = Lg.
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Step 8: Speed of convergence. Let x € R? and T > 0. We have:
wr(0,x) — L[ = lim [wr(0,x) —wy(0,x)| = lim lim [wp(0,x) —w(0,%)]

n n
= ‘}I_If;o;}g{)lo W (0,x) = Py_r [wh(0,0)] (x)

7

where P" is the Kolmogorov semigroup of the SDE: dU; = E (U;) dt + o (U;) (th + Bty (tU) dt) .
Like before, we use Lemma [15|and proposition 5, and we get, for § small enough:

1(0,x) — hm E [w} (0, Uy”;)] ‘

lwr(0,x) — L| = hm lim

< limsup limsup limsup E [|w’(0, x) — w’ (0, Uy"7)|] < C (1 + |x[*) e T

V—oo n—00 m—o0

6 Application to Optimal ergodic problem and HJB equation

6.1 Optimal ergodic problem

In this section, we apply our results to an ergodic control problems. The proofs of the following results
are so similar to the ones of [HMR15] that we omit them. As before, we consider a process X* satisfying:

t t
x;f:x+/ E (XY) ds+/ o (XF) dW,,
0 0
where E and ¢ are Lipschitz continuous, E is weakly dissipative with (E(x),x) < #1 — m2|x|?, the
function x +— o(x)~! is bounded and |o(x)[2 < 71 + r2|x|>. Moreover, we pick u > 2 such that
u—1

72 < 12. Let U be a separable metric space; we call “control” any progressively measurable

U-valued process. We consider some measurable functions satisfying the following assumptions:

e R: U — R?is bounded;
e L:R?x U — R is uniformly Lipschitz continuous in x € RY w.r.t. a € U;

e ¢:R? — R is continuous, has polynomial growth and is locally Lipschitz continuous: |g(x)| <
C(1+[x[") and [g(x) — g(x")| < C (14 [x[" + [x"]F) [x — «'].

Let X* be the solution of the SDE @; for any control a and horizon T > 0, we set:
1 /T ‘

T 2
p7" = exp (/o o (XH) 'R (a) AW, — 2 Jo o (XF)'R (at)’ dt) and P7" = p7"IP over Fr.

T

We define the finite horizon cost as: ' (x,a) = E¥* [ / L(X},a) dt} +E%" [ (X})], and the associated
0

optimal control problem is to minimise JT(x,a) over the set of controls al : QO x [0,T] — U. We

1 T
also define an other cost, called “ergodic cost”: J(x,a) = lir%n sup TIE’}’” [ /0 L (X}, ay) dt}, and the
—00
associated optimal control problem is to minimise J(x,a) over the set of controls a : ) x R, — U. Due

t
to Girsanov’s theorem, W/"* = W; — / o (X¥)7' R (as) ds is a Brownian motion on [0, T] under P¥*
0

and
dX; = [E(X}) + R (ay)] dt + o (X}) dW”

We define the Hamiltonian in the following way:

P(x,z) = inf {L(x,a) + ZO’(X)_lR(a)} . (15)

acl

We recall that, if this infimum is attained for every x and z, by Filippov’s theorem (see [MW67]), there
exists a measurable function  : R? x (R?)" — U such that: ¢(x,z) = L(x, y(x,2)) +z0(x) R(7(x,z)).
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Lemma 25

The Hamiltonian 1y satisfies:
o Vx € RY [po(x,0)] < (ILlip + [L(0,0)[) (1 + |x]);

o Vx,x' € RY, Vz,7 € (]Rd)*, [po(x,2) — o(x',2)| < ||ILliplx — x| + [|R |0 |zo(x) 7! —z’a(x’)*l}.

Lemma 26

For every control a, we have: | T(x, a) > YOT ~ where YT is part of the solution of the finite horizon
BSDE:

T T
=g )+ [y (32 ds— [ zPvam, vie o) 16)

Moreover, if the infimum is attained for every x and z in equation 1 , we have | (x, T ) = Y()T'x:
=T =T =T
where we set @} = 7y (Xf“ ,Vu (t, XA ) o (Xf” )) .

Lemma 27

For every control a, we have: J(x,a) > A, where A is part of the solution of the EBSDE:
T T
Yy :Y%+/ (9 (XF,Z5) — A} ds—/ ZXdW, YO<t<T < co.
t t

Moreover, if the infimum is attained for every x and z in equation , we have | (x, ET) = A, where
we set a; = 7y (Xf’ﬁ, Vo (Xfﬁ> o (Xfﬁ)) .

Theorem 28

For every control 4, we have:

T
lim inf](;f'a) > A

T—o0

Moreover, if the infimum is attained for every x and z in equation (15), we have

‘]T <x,ET) —J(x,a) T+ Yy + L‘ <C (1 + |x]2) e VT,

Proof:
This is a straightforward consequence of the previous lemmas and Theorem u

Remark 29. All the results of this subsection can be rephrased in terms of viscosity solution of PDEs and
(18).
6.2 Large time behaviour of viscosity solution of HJB equation
We consider the ergodic PDE:
Lo(x)+ ¢ (x,Vo(x)o(x)) —A =0, (17)

where L is the generator of the Kolmogorov semigroup of X*, solution of (2). We recall that the couple
(v, A) is a viscosity subsolution (resp. supersolution) if:

e v:R? — Ris a continuous function with polynomial growth;
e for any function ¢ € C? (IRd, R), for every x € R? of local maximum (resp. minimum) of v — ¢:

LP(x) +p(x, V(x)o(x)) —A >0 (resp. <0).
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Proposition 30 (Existence of ergodic viscosity solution)

Under Assumption |10, the couple (7, A) obtained with the solution given in Theorem [18)is a visco-
sity solution of equation (17).

Proof:
Note that we already know that 7 is continuous and has quadratic growth. The proof of this result is
classical and can easily be adapted from Theorem 4.3 of [Parg6]. |

Proposition 31 (Uniqueness of ergodic viscosity solution)

Let p > 0; we suppose that /7K, Ha‘le +[(pVv2)— 1]%2 < 72 and that Assumption |10 holds
true.

Then uniqueness holds for viscosity solutions (v,A) of equation in the class of viscosity so-
lutions such that 32 € R, v(a) = (a) and v and 7 have polynomial growth of at most degree

p-

Proof:
The proof is quite the same as in Lemma 3.18 of [HM16]. Let (v,A) and (3, ) be two viscosity solutions
of 1} We fix T > 0, and we consider the solution (YT'X, zTx ) of the BSDE

T,x T T T T
Ytr«:a(x§)+/t {(xx,2%) -2} ds—/t ZTXdW,, e [0,T).

Because this BSDE has a unique solution, we can claim that v(x) = YOT *. We define a couple (?T"‘ VA )

by replacing in the previous equation (v,A) by (3, ). Then, for any T > 0 and x € R%:

-9 () = (0-) (5)+ [ {o (x5.25) —p (x5, 20) b as— (n-2) 7 [ {20+ - 70+ aw.

We set
g (x3,20%) -y (x5, 2I%)
zIx _zIx

0, otherwise.

~ * ~
b= (zlx-2I%), e zlx ¢ 217,
=

Since the process f is bounded by K ||o
measure QT equivalent to IP and under which W — fo. Bs ds is a Brownian motion. Then:

« Py Girsanov’s theorem, there exists a new probability

—~ EQ" [(0—9) (X¥ ~
G ?(X): [ . (T)]i()\i)\).

Thanks to propositionand the polynomial growth of v and 7, letting T — oo gives us A = A. Applying
the same argument as that in Theorem |20, we deduce the uniqueness claimed.

We recall the Hamilton-Jacobi-Bellman equation:

{ O (t, x) + Lu(t,x) + ¢ (x, Vu(t,x)o(x)) =0 V(tx) € Ry x R, (18)

u(T,x) = g(x) Vx € RY,

whose viscosity solution is linked to the BSDE via YtT’x =u (T —t,X}). We can rephrase Theorem
22 as:

Theorem 32

We consider the equations and (18). We suppose that Assumption [0 holds true; moreover,
we assume that ¢ : R? — RY satisfies Vx,x' € RY, |g(x)] < C(1+ |x|*) and |g(x) — g(x')| <

-1
C(1+ |x|" + [x|F) |x — x| with /72Kx +"2

|

rp<mand pu > 2.
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Then, there exists L € R, such that: Vx € R?, u(T, x) —AT —v(x) T—) L. Furthermore,
—00

Vx € RY, YT >0, [u(T,x) — AT —ov(x) — L| < C(1+ |x|*)e"T.
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A Appendix about the Lipschitz continuity of v*

We consider the forward-backward system, where X is a vector in R?, Y a real, Z a row with d real

coefficients,

and W a Brownian motion in R?:
S S
Xt =x+ [(b (X dr+ o (x0) aw, (19)
t t
T T
Yt =g (X;”‘) + / £ (X, Y,z dr — / Zy* dW,. (20)
S S

The first result is an adaptation to our case of the Theorem 3.1 of [MZo2].

Proposition 33

de
p)-

We make the following assumptions:
e 0 €C!(R%,GL4(R)) and b € C! (R?,R?) have bounded derivatives;
e the function ¢(e)~! is bounded;

e gl (IR"I, R) has bounded derivatives;

e if we define h : (x,y,p) — f(x,y,po(x)), then h € C! (]Rd x R x (]Rd)*,]R) has bounded

rivatives (the bounds of the derivatives of i will be denoted H,, H, and H, w.rt. x, y and

Under those assumptions, we already know that the forward-backward system (19)-(20) admits a
unique solution (Y**, Z'*).
Moreover, we assume:
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o Vx € RY, |f(x,0,0)] < My (1+ |x|1);

o Vp22,¥x e R sup B [|Y 7] < oo,

le[<1
Then, the function u : (t,x) — Yf’x is of class C! w.r.t. x and

Vs € [t,T], Z* = oyu (s, XI*) o (XE¥) P-as.

Proof: We will prove the proposition in the case d = 1, to simplify presentation.

Step 1: we have, forall p > 1:

E K /tT izt dr)p] < =0 {E [[Y=[:27] 4 or (1+|x0) ), (a1

where C comes from the Lemma 3.1 of [BDH 03] and C7 depends only on p, u, T, T — ¢, 11, HUthr

T P
16(0)], ||||1ip and M. The last assumption of our proposition allows us to bound [E K / |z} e ]2 dr) }
t
independently of e.

e—0

p
T 2
Step 2: we will show that: Vp > 2, Vx € R, E | |y Fe — yW* |7 4 < / |zbxte — zbx|? ds> ] — 0.
! t

Let (t,x) € [0, T] x R be fixed. We define, for any ¢ # 0,

Xt,x+s _ Xt,x t,x+e _ yitx Zt,x+s _ Zt,x
VX = —F—, VY = !, VZf = ——.
€ £ £
We also define the solution of the variational system:
Bl "S
VX =1+ [ 0 (X}%) VXedr + [ 0 (X07) VX, dW; (22)
t t

T T
VYo = 3g (XF) VXr+ [ [0:f (OF) VX, +0yf (OFF) VY, +0:f (04) V2] dr— [ VZ,aw,
JS

S
(23)
where © stands for (X, Y, Z). For every s € [t, T], we have:

T T
VY=g VXt [ [V + GV + EVZ] dr - [ VZiaw, (24)

1 1
where ¢§ = / 0+8 (Xth + wsVXST) dw, fi(r) = / Oxf (OFF + weVOE) dw,
0 0
1 1
fy(r) = / oyf (O + weVO:) dw and fi(r) = / 0-f (O + weVO:) dw.
0 0
In order to apply the proposition 3.2 of [BDH" 03] later; we set
1 1 1
i(r,y,z) = / Oxf (OF +weVO?) dw VXE+ / oy f (OF +weVO:) dwy + / 0-f (O + weVOE) dwz.
0 0 J0

This way, we can check that:

i) < (o Hy (12671222 o) (900t B ot

—i,

T T T
1;:/ irdrgc(u/ |zt dr+/ |z | dr> VX,
t t t /
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E[IP]<C (1+]E [(/tT |z;"f\2 dr)p]%+]E [(/tT yZ;,x+s|2 dr)'?]%) [|VX€ *ZP]%'

By the step 1 and the converence of VX* in S, E [|I|P] can clearly be bounded independently of ¢.
Using the proposition 3.2 of [BDH 03], we are now able to say that, for a great enough,

14
T 2
IVYE|E + (/ IV ZE)? dr)
’ t

Step 3: some dominated convergences. Thanks to the previous step, for all p > 2,

Ells-gf] o E|([

8% ~ &
E {/ £(r) _fy(r)‘ dr} — 0, [E [/ fE(r) — f3 (r)‘ dr] —0
t e—0 t e—0
The first, third and fourth convergences are easy to prove since f have bounded derivatives. Also,

0cf (OFF +wev @) — acf (OFF)| < 2Hy + Hy o |y, (2]287] + ) let us
use dominated convergence.

< CeT (10:g| o B [|VXFP] + E[17]) .

£ - 20 o) 5] 0,

e—=0

the inequality

T

Step 4: we will show that: Vx € R, E | |[VY* — VY|/Z + (/ \VZE — VZ|? ds)} = 0.

4 t £—
Combining equations and (24), we get:

T
AYE = gibXi+ (g —82) VXr + [ [A0)VXE = LNVX, + (DAY + £()AZE+ ()| dr
T
- / AZE AW,

where we set f(s) = {f;(r) - ff(r)} VY, + [fi(r) — f2(r)] VZ,, AXE = VXE — VX, AYE = VYE—
VY; and AZ{ = VZ; — VZ;. The Lemma 2.2 of [MZoz2] gives:

gLAXE + (g5 —8Y) VXT\2+ /t '

B[lav3+ [ 1azsf ar) < cE | X - 20X+ 0] .

3 1
First,IE{ — Q0 ] IE[\VXT|4]2 —
&e—

$AXG + (85— 88) VXTH <2[2xg]o B [|AX5] +2]E{

0, by Lemma 2.1 of [MZo2|. By dominated convergence, we get [E { / |BE(r)[* dr} S 0, and then
t e—

e[ ([ lpof dr)T
(f

Step 5: we conclude that d,u exists and that d,u(t,x) = VY/*, for all (t,x). See Theorem 3.1 of [MZo2].

€ e _ 0 2 e|xA4 %
(VX = fi(r)VX,| dr| <2E ||AX[;7|"E

1
2

1 s \2
+2F [|VX€ ;‘;ﬂz E £2(r) —fg(r)‘ dr> ] 0.

e—0

Step 6: we will show that d,u is continuous. Let (t;,x;) € [0, T] x R?, i = 1,2, with t; < t,. To simplify,
we write:

O — (Xz‘, Yl Zi) — (Xt i, Zli) fi(r) =0xf (@);) , f;(r) =9yf (@;) , fir) = 0.f (@i) p

gL =0xg (X}) , bi(r) = oxb (X;) and 0l(r) = 0y0 (Xi) .
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We set AX, = VX} — VX2, AY, = VY} — VY2, AZ, = VZ! — V72 and for any function ¢, A1p[g] =
o' — 2.
|0xu (t1,x1) — Ox1t (t2, X))

~ |E [g}cvx% + /tlT {AOVXL+ £ VY + £ (nvz) dr]

“E [g,%vx% + /t ' (B + VY2 + £(n)VZE} dr}

[ngXT vx2 } +E Mtz ‘vxl ‘fyl(r)‘ ‘VY} + le(r)‘ ’vz} } dr]
+E { t:‘ LA + |Bra [ ()] [ V32| + [0 fll [BY:| + [Bea [£] ()] |9¥2
+10: 1l |8Ze| + |Bra [£2] ()] [ 22| } ]
First of all, E [/tltz { f%(r)‘ ’VXl } dr} jz 0, by dominated con-

vergence, because E “VXl‘tT ’VYl +/ ‘VZ1 ds+/ ds} < oo. Using Lemma 2.2
of [MZo2], /
“AY A ! AZ, ’ ds} < C{||axg||§o]E UZXTH +E Uzlz [8x] i ’VX%H
t2,T ty
cu [ (0] 5] + B0 [2] + 3 2 0 [0 + B 100 [0 ) ar] .

We can adapt the step 2, we replace (t,x) by (t2, x2) and x + h by Xg’xl and get:

P
*,p T 2 2
+ (/ ds> ] — 0.
to, T ty
*,p T 2 3
} — 0. Since E (/ dr> < 00,
ty, T ty
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2
} dr] — 0. To sum up, we have shown that

Vp >2 ‘Xl X2 7l 72

+‘Y1 Y2

z,

By dominated convergence, for ¢ bounded, [E Uzu[(p]

T 2~
we have E [ / { ax,| + ‘Au [f] (r) VX2
)
|0xu (t1,x1) — Oxu (t2,x2)| —> 0 when t; — f; and x; — xp. We can prove it when f; — t; and
Xy — x1: Oyt is continuous on [0, T] x R¥.

Step 7: to show the relation Vs € [t, T], ZV* = 9xu (s, XI¥) o (X[*) PP-a:s., we can do the same as in the
Theorem 3.1 of [MZo2]. We approximate b, o, h and g by functions b, ¢¢, h* and g* which are of
class C* with bounded derivatives (and the bound is independent of ¢), and converge uniformly.

Then, ((75)71 converges uniformly to c~!. We define a function f¢ (we want it to approximate
f and to be smooth) by f¢(x,y,z) = h®(x,y,z0%(x)"!) and it satisfies |f¢(x,y,z) — f(x,y,2)| <

|h* = h|| + Hplz| H ()t —o! H . Like before, results from [BDH " 03] are useful to adapt the end
of the proof in [MZo2]. -

Lemma 34

Under the same assumptions, for every T > t, we have the following inequality:

Bt x)| < € (1 + x| g (x)][] )

where C depends on T, T —¢t, Hy, Hy, Hp, My, ||c

oo [6(0)], [e(0)], [[Bllip, o [lip and p.
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Proof:
Our proof is based on the ideas developed in Theorem 3.3 of [Ric11]. In the following, @/ = (Xﬁ’x, Y}, Zﬁ’x) .

We can rewrite the equation verified by Y* and Z"*, under differential form:

d , .
dy!* = —f (@) ds+ Y [24%]7) aw, (25)
j=1

()
where [ZQ"} " stands for the j™ coefficient of the row ZY*. By differentiation of ll w.r.t. x and discoun-
ting method,

(@
. i d , d , ,
— el auf(er) (ax f(©F) Vxtrds— Yo, f (01) v [z44]V ds+ Y v [zt%]) dwg> .

j=1 j=1

We set, for every j € [1,d], dW] dW] 0z f (@tx) ds; W is a Brownian motion under a new probability
denoted Q. Between s and T (for s € [t, T]), the integral form of this equation is:

ot 9uf(Or) Iyl - oli 0uf (@) dry7ytx

T r X d T r e i ~
_ _/ oJi f (e )duaxf (©L%) VX! dr + 2/ oJiuf (O ) duy (2] () dwl.
= Js

S

(26)

We define F/* = elf %f(Or Y drgyty +/ eli 2f (@) duy of (@) VX!* dr, and then equation (26) beco-

mes:

Eb* = Fl — / eJi f(O1F) duyy [zt~ 0) dw/, (27)

and it tells us that Ft* is a Q-martingale. We recall, for every s € [t,T], that Yst’x = u (s, Xé'x),

VY = 9 (5, X0) VXL and 2 = au (5, X0Y) o (xE¥) = wv (VXE) o (X¢). Indeed, VX!*

is invertible. We can show that VX"* is the solution of the linear SDE (because b and ¢ are C! with
bounded derivatives):

d . .
dVXE = 0:b (XI%) VXE*ds + ) dho (X¥) VXL AW,
j=1

.t

whose solution is VX = exp (/ {ax (X)) — 28] (XE¥) [E)&U (th } dr + Z/ Ao (X) dW]>
JS

on o ()]

RN bx . . £\ 1)
where the notation d\.c (XS’ ) stands for the (d x d)-matrix : , and where [0’ (Xs’ )]

o e ()]

-1
is the coefficient at line i and column j in the matrix o (Xé'x > . This way, we see that (VXé’x> is solution

of the following linear SDE:

d (vxt) = (vxto ! { —3eb (XEY) + Eaf (X) [aia(xﬁfX)]*}ds— VXY Zaf (XE¥) dW.

(28)
-1 -1
In the following, for every s € [t, T], we set RY* = zl¥o (Xst’x) = VY~* (VXé’x) = O,u (s, Xé’x),

or x 1 ~ -1 S x
Bt = / Tel f(Ol)dup £ (@tx) wXUF dr (VX)L R = F (vx;fx) = el f(O)drpia 4 phx,
t
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Using the integration by parts formula, combining (27) and (28), one gets:

d . , . d .
dRY* = R {axb (X%) + Y dho (X1) [ohe <x¢fx>} - Y 0. (@) dho <x;'x>} ds
j=1

j=1
- zeh WO drg [z (vxE) T Bl (XE¥) ds

43 (el @)y 700 (7)1 Rl (x07) ) d (z9)
j=1

Then, let us take a new parameter A € IR; we have:

2
Asptx|”
d ‘e Ry =

i . . d . s
MR {Zx\ld —20,b (X4¥) +2 ) Ao (XP) |9l (X)] T 230 05 f () der (XE¥) } (Rt) " ds
= =

d S X i — i ~ *
2e2/\s Z ejf ayf(®£’ )drv [Zé,x} (]) (VXSt,x) 1 agco_ (Xé/x) (Ré,x) ds
j=1

d s . , _ _ . _ * .
+2e2)LS Z {ef[ ayf(®£' )drv [Zé,x] (]) (Vxé,x) 1 _ Ré,xagco_ (Xst,x)} (Ré,x> dws];
j=1

d s X . _ _ .
42 Z { {eft dyf(ey )drv [Zé’x] (7) (VXé’x) 1 Ré’xaﬁco' (Xé’x)}
j=1

o {eftsayf( v drg [th]() (Vth) _ ﬁg,xaia (Xéx)r} ds. (30)

If we denote ¢ = el f(07) dry [th} v (VXt x) and § = ﬁér"aﬁ;a (ng"), we remark that we have the

inequality —2v5* + |y — §|> = |y — 26|2 — 3|5|>. Thus,

2
Asptx|”
d ‘e RS =

. " d ) N
e%ﬁgx{zud_zax (XE¥) — Za (xt%) [he (xE%) | =2 ) 02, f (OF) aﬂca(Xé'x)}(RQx) ds
j=1

d - M . - - . — % .
+2e2AS Z {ejt ayf(®£’ )drv [Z;'x] (]) (vxélx) 1 _ Ré,xagcg (X;’x)} (Ré,x) dwg
j=1

d s x i _ ~ : 2
_|-e‘2)\s Z ’eft ayf(@i' )drv [Z;'x:l (]) (vx;‘,x) 1 _ R;’xa;(f (Xé,x) ds. (31)

This way, we can see that, for A great enough (that is to say bigger than something depending only

1 H 2) is a Q-
se(t,T]
2
ds} .

2 (T — ) < 2AHH) (T EQ [/T |R§'x]2 ds} 4 2MT-HEQ [/T ‘ﬁé’x\z ds} '
t t

on Hy,

|c71||. and on bounds over the derivatives of b and ¢), the process (‘e/\sﬁé’x

submartingale. So, we get:

2 T ~ T,
’R;,x (T . t) < 672)\1‘]EQ |:/ e2/\s Ré,x Ré,x
t

2 ds} < ANT-NEQ [

t

But RY* — eJi 0uf(077)drptx By and 9, f is bounded by a constant Hy, so

t,x
=

On the one hand, we have:

T . ; . N T
g0 [ R ] < o1 [ o at0R Lo [T
t o t

([ o]

2 112
<o bt -0

[e0]
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T 2
We recall equation 1} E [(/ |Z£fx}2 dr) ] < Cet(T—1) {]E [|Yt'x :ﬁ] Y+ Cr (1 4 |x|4y) } By using the
, :

Lemma 2.2 of [MZo2], we have, where C is a constant:
*,4 t, 4 T t, 4
t,T:| < CE I:‘g (XTX> + /t |f (erroro)‘ d?’:| '
But, using proposition [4] and the assumption made on f(e,0,0), we get:
T
E [/ £ (x%,0,0)|* dr} <C (1 + \x|4ﬂ),
t

where C only depends on y, Mg, T —t, T, |0(0)|, [|o|yp, [b(0)[ and [|b]|yp. On the other hand, using the
Lemma 2.1 of [MZo2], we can show that VX** and (VX”‘)f1 are in S?, for all p < co. Also, we have

E ||y

Oxf (@i’x ) < Hy + Hp A Haxa_1 |- Then, with Cauchy-Schwarz inequality and a priori estimates

T
of [BDH 03], we get that EQ {/ |/3§x|2 ds] is bounded. We recall that Rl = 9,u(t, x). We have the

t
conclusion: .

412
jxu(t,x)|* < C <1 +|x* + E Us (xf") } ) : m
Theorem 35

We make the following assumptions:
e o and b are Lipschitz continuous;

e the function o(e)~! is bounded;
o feC (]Rd x R x (JRd)*,JR) and Vx € R, |£(x,0,0)| < My (1 + |x[*) and |g(x)| < Mg (1+ |x]

e we can write f(x,y,z) = ¢(x,z) —ay, with « € (0,1] and if we define h : (x, p) — P(x, po(x)),
then £ is Lipschitz continuous (with bounds denoted Hy and H, w.r.t. x and p).

Under those assumptions, the function u : (t,x) + Y/** satisfies the following inequality, for every
T>t
lu(t,x) —u(t,x")| <C 1+ |[x["Y + x|V |x — |,

where C depends on T, T — t, Hy, H,, My, My, ||o=Y| ., [b(0)], [(0)], |b|lip, l|o||1ip and .

~—

Proof:

We approximate the functions i, g, b and ¢ by some uniformly converging sequences (h°),-(, (§)-0
(b¥),~o and (0%),., of functions of class C! with bounded derivatives. We can assume that there exists a
bound, independent of ¢, of all the derivatives of 1%, b® and ¢¢, for every ¢ > 0. We define f*(x,y,z) =
he (x,zo(x)71) — ay and we can assume that f(e,0,0) = h¢(e,0,0) and g° have polynomial growth
independently of e, with constants My and Mg and exponents y and v. For every (t,x) € [0,T) x R,
|0xuf(t,x)| < C (1+ |x|*V"), where C does not depend on ¢ or x. Using the mean-value theorem, it comes
that :

Vi€ [0,T), Va,x' € RY, |uf(t,x) —uf(t,x")| <C(1+ |x[MYV + |¥/|FYY) |x — /| (33)

Then, for every T > 1, the set {u(t,®)|e > 0,t € [0, T — 1]} is equicontinuous; also it is pointwise boun-
ded: we can show it by writing the equation verified by Y and using the Lemma 2.2 of [MZo2]. Let K

be a compact subset of R¥. By the Arzela-Ascoli theorem, we get, for a sequence (s%K)) -0 which has 0
nz

as limit: © .
_ SnK lles
Vte [0,T—1], u® (t,e)|g 3 uk(t ).

K (K) (K)
Let x € K; we have: e >(t,x) — ug(t,x) and u" (t,x) = Y;" L Y/*. So the limit ug(t,x) =
n—oo n—o0

K
Y/ does not depend on K; and the convergence of e )(t, e) is uniform on K. The following triangle
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inequality gives the result claimed after taking the limit as # goes to infinity (because C is independent of
K): for every x,x’ € Kand t € [0, T — 1],

(K) (K)
Vi €N, |u(t,x) —u(t,x")| < |u(t,x) —u® (t,x)|+C (1+ [x|"V + [x/|FY) |x — /| + (w0 (¢, x") —u(t,x) .
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