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Introduction

Numerical Dispersion

Helmholtz equation gives the long-time Look for time-harmonic sol with the same freq
behavior of the wave equation U(t, x) = u(x) eiwt
(02 = A)U(t,x) = f(x)e ™t thus u solves the Helmholtz

2
= speed of propagation (—A — ":—2) u="f

where ¢
5= = time freq. of the excitation

K= % the wave number .

The numerical solution associated

Fund. sols of (—A — k2)u =0 are
Finite Element or Finite Difference

eI KX , e*l KX
corresponding to harmonic plane wave

up = efi(f{hxfwt)

i x—wt) ; L R with numerical wavenumber
e - ropagating from L to
Propagating kh = rn(rh) = ka(2h) # £,

—i( kK x—wt) ti fi RtolL
e propagating from (o] depending on w.

with phase velocity “ = constant speed ¢ . .
The numerical phase velocity

depending only on material properties
P & ony prop hih # constant speed ¢

and not w
and depends on w
No dispersion behavior Dispersive behavior of
for the exact solution. e numaie] sslifen




Introduction

Numerical Dispersion for Finite Difference Order 2

—— Re Uexact = cos(kx) ; —— Re up = cos(knx)

k=10, h=0.05, ks = 2 arcsin(%) ~ 10.10721 .

kh

w K 5
Exact phase velocity = ¢ ; Numerical phase velocity = — =c— = c——=——— ~0.98939¢c
Kh Kh arcsin( ")
5/41



Introduction

Numerical Dispersion for Finite Difference Order 2
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Introduction

Methodology and Results

Study the phase difference between

the analytic wavenumber x and

the numerical one kj associated with the discretization of the variational
problem by Continuous Galerkin FEM for any order.

* Discretization is on R,
= the pollution is studied in isolation with the
effect of spurious reflection at the boundary .

* Use blocking + Z-transform to transform
system of two-sided infinite recurrence relations
into one matrix-vector equation

A(K2h?,2) W(k,z) = hzH(z).

+ ldentity the numerical wavenumber xj,
with the angle of the (analytic) poles of

[A(s*h%, 2)] !

* For any order r, obtain dispersion
analysis in the form of an analytic
expansion,

khh = kh + kh O((kzh)zr).

analytic h — K
in kh K

< C(r) (kb

+ Use Guillaume's algorithm to numerically
calculate the poles, and hence k.



Introduction

Toy Example : Numerical Dispersion analysis for FD order 2

Uniform discretization of R with step size h by nodes

xn=nh , n€Z

(Analytic) wavenumber x controls
R(.ecurrence relation given by second order Finite the oscillatory behavior of texact,
Difference . s

- Uexact(X) = at e’ " + a_e
—Up—1+(2—Kh)up—upt1=0 , neZ.
The characteristic polynomial of the recurr. rela- The numerical wave number
i h
tion, 22—(2—H2h2)2+1:0 , Kh ;:’Y7
for 0 < kh < 2, has conjugate complex roots of controls the oscillatory behavior of
norm 1: ) ) numerical solution,
EI Yh s e_’ Yh
;b i
oy = a+e' h (nh) 4 aeih (nh)
:a+ei#€hx + aiefim,x ,
Solution of the recurrence relation : e = m
v
up = ag e"“/h" + a_e*i”rh"




Introduction

A toy example (cnt)

For |kh| < 2,
e solves 22 — (2 — K2h*)z+1=0

= e satifies z—(2—K’h)+z ' =0

h
; ; 2 (2n)! 1 i1
! —i _ 2,2 _ =z h
= w - 2—~r"h hz4ﬂ(nl)2(2n+1)24n (K )

2cos(vn) 0
= 2(1—-cos(vn) = K2h?
= 4sin® (1) = K2 h? 3
x > 0 and h is chosen small enough so "= :h o
that sin(37s) > 0. = ﬂ"3 W + Ew(kh) , |khl <2

sin(3ys) = ikh

= yn = 2arcsin(ix h) En is analytic ,

= (2n)| 2n
Kh = g arcsin (lﬁ‘zh) ) J H h =R h Z 42n n‘ (2" + 1)( h)
h

:'fho((ﬁh)) . |kh <2



Introduction

Results from literature

Theoretical proof that gives an upper bound of the phase difference :

Theorem (lhlenburg-Babushka)

h
Forr>1, if ° < 1, for the CG FEM discretization of the BVP
r

—u" —Kk?u="f, on (0,1)
u(0)=0 ; u'(1)—iku(l)=0

the difference between the continous wave number k and the numerical one Ky, is
bounded above by,

2r —-1/2 2r
|K,h—ﬁj‘ < kC (E) (mr) (nh)
4 4 2r

Here, C is a constant not depending on «, h and r.

Other References :

By numerical results : Thompson-Pinsky , Harari-Hughes ...
10/41



Analytic problem

Plan

© Analytic problem
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Analytic problem

Functional Analysis view point

A is an unbounded op. on L2(R) with domain H?(R)

o(—A) = T continuous(—A) = R* : purely continuous.

Inverse of —A — o is a resolvent R(c) of A.

(—A — o)1 [2(R) — L2(R) bounded, o € C\ R

No eigenvalue (no eigenfunction in L2(R)) .

(-A-o)u=0in2®R) = (EP—o)u=0
= T=0 =  u=0inL(R).

There are ‘generalized ' eigenfunctions € S’(R)
(=A — o)u=0in S'(R) = (1€)? —o)u=0

ﬁu:a,67ﬁ+a+6\/§ Su=a_e ' +a+e.

#L2(R)
R

The variational form is coerc. in LQ(R)

Cs

(k — i€)?

Highlighted reg. C \ RT = resolv. set of —A

—K + i€ K+ i€

Get 3! of sol in L2 (R) by Fourier transf. ~ Construct a seq. w, of 'almost eigenf (Weyl seq.)
(= — o)u = fin L3(R) I(=A = Xwall 2y = 0: llwall 2y = 1-

= u=F"

= o(A) CRT. = RT C o(=A).

1 Ff This prevents the existence of bounded
[e2—o (—A — o)~ Lin L2(R) for o € [0, +00).

Complex plane A = /o

12 /41



Analytic problem

Limiting absorption principle

Explicit formula

By separation of variables, obtain
eV K 21ie |x|
2ivV K 2 i€
(—A — (K? +i€)) Ge = (y) , K,e € RT.
The unique solution in L2(R) is given by
ue = [ _Ge(x —y) f(y)dy:

as the fund. sol. to

Ge(x) =

For each x ,

G (X) point wise e = Ixl
€

Goutgomg(x) = 27k °

gives the outgoing solution to
(—A —kHu=f, fel2(R).

L H 2
Ue 0’ Uoutgoing -= Goutgoing *fin H|OC(R)-
e—

Analytic Continuation
For f € C2°(R), f has an analytic extension to C.

For 0 € C with Reoc >0, Imo >0, the
unique sol. in LQ(R) to (—A —oju=fis

u(x)*lfm :%(IENJJ;‘”)M

1 00 T .S PN 1
= [ a + e*’“«—s)] — e
" el = o

|s\2

Deform [0, 00) to C4, and get analytic
continuation to {0 : Rec > 0}

The Sommerfeld radiation condition : The

outgoing solution satisfies
{nmx_»oo\l u' (x) — ku(x)| = o

limss — o0 | 0’ (x) + ku(x)| =

L[ e + e ET(-0)
uoutgoing(x) = 7/ 62 — d§
Yy cy g
Ce
e
>1 X >
\ g
. L’
Ve C+ 13 /41




Discretization of the problem on R

© Discretization of the problem on R
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Discretization of the problem on R

Discretization

The real line R is partitioned into

intervals of length h A global basis for

Iy=1ysysml, JEZ. P, ={pe C°(R) | pli, € P(l)),VJ €L}
the geometrical nodes is given by ¢, -s defined on R by
vy = Jh ~
do(F'x) , xely
—0- — 2 -1 .
For a method of order r, the k=01 ¢50(x) = or(F2x) o x €l
0 , otherwise

intervals are further partitioned by
lobal interpolation nodes -
& P 0< k . L ¢k(FJ 1X) , X €y
k <k<r: ¢yk(x):= herwise °
xyk =+ 5)h 0 , otherwise

JeZ,0<k<r.
Ref Lagragian poly of deg r on [0,1] :

Gi(%) = H &=%)

- - . K — %
Discrete solution : o<, (% — %)
J#i
Up = E Ujk Gk - Isomorphism between reference interval and /,

JEZ,0<k<r

FJZ[O,].]—)IJ,)?HhX-F}Q, J e Z.
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Discretization of the problem on R

Variational problem

Bilinear form for v, w € H*(R),

a(v,w) = /_oo v (x) W (x) dx—f-cz/oo v(x) w(x) dx.

o0 — 00

Discrete solution uy = >, _,_, Ue d1,e satisfies,

a(un, duk) :/ f(x)dsu(x)dx , Vo, JEZ,0< k<r.

oo

Local mass matrix M of size (r+1)x(r+1) For f,g € H'(0,1)
— (Yt /(8 S
ij:aM(<va$j) , 0<ij<r. aS(fvg)_j;)f(X)g(X)dX
Local stiff matrix S of size (r+1)x(r+1)
- .o o For f,g € L2(0,1),
Sj=as(di.¢;) , 0<ij<r. R
au(f,g) = [ f(x)g(X) dx.

Mi(w) :=Sj—wMy , 0<ij<r.

16 /41



Discretization of the problem on R

Recurrence relations

up = Z Uy k d)_j’k a(uhz(bJ,k) = fJ,k (1)
JEZ0<k<r JeZ , 0<k<r.

The coefficients uy «-s satify the following system of r recurrence relations:

Those at levels Jr, J € Z come from applying (1) to ¢,,0 (at geo. nodes)

r—1 r—1
E Mguj—10 + 2Moo ugo + E Moguye + Morusy10 = hfjp;
£=0 =1

The remaining types at levels Jr + k, with 0 < k < r, are obtained from
applying (1) to ¢« (at interpolation nodes)

r—1

ZMU uje + Miujpro =hfie ; 0<k<r.

£=0

frp = fiof(x) bik(x); JEZ, 0L k<.

17 /41



Summary of techniques and results

@ Summary of techniques and results
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Summary of techniques and results

(Two-sided) Z-transforms for scalar sequence u = {up}nez

[ Version 0 [ Version z
Definition [Zu](6) = Z:‘;im up €27ind [Zu](z) = Z:‘;iw up 2"
if the RHS converges if the RHS converges
u € X(z) [Zu](9) is periodic in
Z : 1*(Z) — L%(0,1) is an isometry Z : [2(Z) — L%(S') is an isometry

up is the n-th coefficient
of Fourier series representing Zu P(zZ) = {(Uk)kez : Zkez u? < oo}
un = [M[Zu(9) e>" "7 df

uel? (z) [Zu](0) is periodic and analytic in [Zu](z) is analytic in
the horizontal strip {—¢ < Im z < ¢} the annulus {e7¢ < |z| < e}

up is the n-th coefficient
of Laurent series representing Zu

2 (2) = {(ukez = Y yey M2 < o0} §c1 ul(2) n+17

C; a counter-clockwise simple closed curve parametrizing the unit circle 19 /41



Summary of techniques and results

Z transform (cnt) and Blocking

Z-transform converts the translation oper- (order k) Constant coefficient
ator into a multiplication operator. Recurrence relation

[Z7eu](2) = 27¥[2u)(z) , keZ'.

1

(order k) Polynomial-typed

Shift operator (74 U), := Ujyi, k € Z. algebraic equation.

Advantage of Blocking :

@ Without blocking, have r reccurence relations, one of order
2r+1,and r — 1 of order r +1

@ With blocking, we have one recurrence relation of order 2

= one vector-valued polynomial of order 2.

20 /41



Summary of techniques and results

Blocked recurrence relation (Example shown for order r = 3)

uj—1,0

uj—11 + Uj_4

uj—1,2
Mz Mz Mz 2Moy Mot Moz - Moz 0 0 0 00
! ! T
! ! ’
0 0 0 : Mip M1z M Mis : 0 0 0 00 ujr — Uy
: : uj2
1 1
0 0 0 My Moy Mxr Moy ! 0 0 0 00
1
7777777777777 Ee— oo e— e oot e e - | W0
0 0 0 Mz Mz Mz 2Moo ; Mox Moz Moz 0 0 wypin <+ Ujyy
Uj+1,2
0 0 0 0 0 0 Mg Mz Mz Miz 0 0
Uji2,0
0 0 0 0 0 0 Mo Moy Moy Mz 0 0

Uj21 < Ujso

------------------------------------------------- Uji2,2

21 /41



Summary of techniques and results

Formal Z-transform of the Helmholtz recurrence relations

. projection op. onto
Block Z: 1< k<r,m k-th component
oo

I:WstB U](Z): Z u_]r+kZJ

J=—c0

Relation with the shift operator : k € Z1,
[Zs T4 U)(2) = 2% [Zn U](2)

Sol of the recurrence solution is given by

Z(gl W(w, z)

For k ¢ RT, in particular for
ke =k (1+ie), Kk ERT >0,

the above process is justified

The ‘blocked’ recurrence relation at kK, w = K2 h?
A(w) Us—1 + B(w) Uy + A'(w) Usp1 = hFy
after formal Zgy becomes ,

[A(w) z + B(w) + A" (w) 2~ [|W(w, 2) = h[ZxF](2)

For z # 0, this is equivalent to

[A(w) 22+B(w) z+A* ()| W(w, z) = hz[Zx F](2)

@ The problem is /2(Z)-coercive
— I sol. in 2(Z) .

@ The unit circle C; is in the region of
analyticity of W (x2h, z)

@ Can take Z%Tl transform

1 5 dz
5 fél W(kZh,z) )

= A(w,z) W(w,z) = hz[ZyF](z)
If z is such that det A(w, z) # 0, then
W(w,z) = A=Y w, z) hz[ZsF](2).

For k € R*, the problem is not coer-
cive in L?(R) and the discretized one
in 1?(Z).

Strategy : Limiting absorbing principle.

24 /41




Summary of techniques and results

Summary of analytic results (Part 1)

A7 (w,z) = Adj A(sz). Alw,2) Ke =rV1+ic, ke>0
det A(w,z) = Z2A(w)+z B(w)+A"B(w). Roots of q(k2h?, z)
Adjugate Adj A(w, z) det A(w, 2) are denoted by z+ ¢
=272 Q(w,2) =z2716(w) (22 — 2p(w)z + 1)
the entries of Q(w, z) are =z~ 5(w) a(w, z),

p.onnomlaI. of second. order with p(w) rational in w
in z and first order in w. 8(w) is polynomial in w.

For w small enough, 6(w) #0 .

= The non-zero poles of A~1(w, z) w.r.t z are the
zeros of the characteristic poly z — q(w, z) .

For € > 0 : | obtain solution to the recurrence relation

“YK2h?,z) hz 3 z
(Ue)J: i% A 1( e,h ) )h [Z%F]( )
C

211

dz

For k h,e > 0 small enough,

|z4,e] <1< |z— ]

by contour deformation

* show that the limit exists, giving a solution, and .
; i ; i 74 — etido —0
* this resulting sol can be written as a contour integral +,€ n €




Summary of techniques and results

Summary of analytic results (Part 2) : Dispersion Analysis

Consider (—A — k?)u = f with RHS f having Supp F C [Nmin, Nmax] . F = (fs,1)

Outgoing solution of the reccurence relation at x > 0, kh <7
b
A ef(Jh)‘TO i
) _ § i(1—J) g [ t( 2,2 7,‘4)0)] .
U K = e f Q (k°h", e J > Nmax;
outgolng( )J,O bY; 6(K2h2) sin éo J 0 ) (11 ) max
0<I<r—1
Nipin <J7 < Nmax
. @0
hoe—itn o _
. 2 _ § : i(J'—1) ¢g [ z( 2,2 I%ﬂ .
u, K = - e f Q (k°h", e J < Npin-
outgomg( )J,O 2i5(n2h2) sin ¢0 J/:/ (+1)1 ’ min
0</<r—1
Nemin SJ/SNmax

Analytic outgoing solution at x = x; = J h so that x ¢ Supp f = [a, b]

1 . A
uoutgoing(XJ) - m e’ (J sgn(J) h)K f(Sgn(J) H)'

The numerical wave number kp,
g0 _ rh (1+0((xh)>)

is related to the argument ¢g Kp = = ;
of the analytic poles of e™/%0 of (A(x2h?,z))7 . 00




Pole locating algorithm a

© Pole locating algorithm and Numerical Results
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Guillaume's Algorithm

Pole locating algorithm a

At ke = KV 1+ i€, €,k > 0, the blocked recurrence
relation after Zy-transform gives

A(K2h2,2) W(k + ie,z) =
Take ¢ — 0, obtain
A(K2h?,2) W(k,z) = hz[ZnF](2).

hz[ZyF](2).

The numerical wave number kj, is related to the
argument of the nonzero poles of (A(k2h?,z))~ 1.

Guillaume's algorithm: to look for these poles,
we approximate those of x(z), which solves

A(k2h2,2)x(z) = hzb

for arbitrary scalar vector b € C" .

Step 1: Expand b and x about an analytic point z
zhb=hzyb+h(z—2z)b

oo

xk(20) (z — zo)k.

Step 2 : Expand A(z) about z
A(Z) = M0+M1(Zfzo)+M2(Zfzo)2,

Mo(z0) = zoB + A" + ng ;
Mi(z) =220A+ B ; Ma(z) =A.

Step 3 : The coeff. xj solves

Mo(zo)xo = hz b ;

Mo(z0) x1 = —Mi(z0) X0 + hb

Mo(z0) xx = —Mi(20) xk—1 — Ma(20) xk—2
k>2

If Ao is the unique closest pole to zp,

X
Tk — Xo— 20 , k — oco.
T Xk1
with 7, the projection on the /-th
component of a vector.

Reference : (Thm 2.4) P. Guillaume, Nonlinear

eigenproblems, Siam J. Matrix Anal. Appl. 20 (3) 26 /41
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Pole locating algorithm a

Pole locating algorithm

Since the poles we look for are close to the unit circle, we consider the region
Q =[-2,2] x [-2,2] C C, and partition it into smaller squares of width J, > 0,
Qe =[-2+kdz, 2+ (k+1)6] x [-24+16, 2+ (I +1)5,].

The operations carried out for each square Q; ;.
@ Start : Choose initial data zg # 0 arbitrarily in Q; ;

@ If cond My(z0) > €cond, then zp is an analytic point, and continue to
step 2;

@ If not, zp is a pole numerically, and move onto the next square.
@ Choose xg arbitrarily. Calculate x1(zp), - - - s Xnge+1(20), using
Mo(z0)x1 = —Mhi(z0)x0 + 25 *Mo(z0) xo
Mo(zo) xx = —Mi(2z0) xk—1 — Ma(20) Xk—2, k > 2.
The ratio r = %‘:’;1 gives an approximation of \g — zg, where \g is the

closest pole to initial data zgp = r gives an approximation of the direction
to get from zp to Ap.

© Restart : Update the initial data zp — zp + r .

@ Stop criteria :

the condition number of My , the number of iterations Nijte,

27 /41



Pole locating algorithm a

Application of Guillaume's Algorithm for Order 4

Notations :
zj; : the numerical poles calculated with Guillaume's

. . iy o h
K jj is obtained from z;; by z;; = e'"h:ii
algorithm, using initial guess from square Q;; h,ij ij BY Zjj

0.2 2 T T
[BERES: 0.14
0.1 1 0.12
0 O P 0.1
0.1 —1 [ 8.10"2
HHHH 5
o o FEEEFERERERE 6-10
0 12 ~2 -1 0 1 2
(a) Re z; (b) Im z; (c) [Im zj|
Parameters
—10
2 2 e 105 Analytic wavenumber k = 1
1 FEEEEEE H Loz EEE H Discretization of R : h=10.1
T 4
o -+ 1 0 [ ] Size of square Qj; : 6; = 0.2
1B H 1 m™ o 2 Stop criteria
H 0.98 7
5 EEEE ! _p EmEEa; 0 Niter:5; €cond:1~e*13
—2-1.0 12 —2 -1 0 1 2 Nb of derivatives for approx
(d) Re K (e) Im K

Nder = 20
28 /41



Pole locating algorithm a

Application of Guillaume's Algorithm for Order 9

Notations : Kp,jj is obtained from z;; by zj; = e h
zjj : the numerical poles calculated with Guillaume's
algorithm, using initial guess from square ;; a:= min Rez; ; b= min [Imz;]|.
1<i,j<21 1<i,j<21
108 1077
4 0.2 2
3 0.1 = = 4 4
2 0 0 0} -
2
1 -1 —0.1 —1p H
" mua i
0 -2 —0.2 _ o EEEERRR R 0
-2 -1 0 1 2 -2 -1 0 1 2
Im z;; [Img z;;|—b
(g) ij (h) e
1077
4 Parameters
3 Analytic wavenumber k =1
2 Discretization of R : h=0.1
1 Size of square Qj; partitioning [—2,2] x [-2,2] : §; = 0.2
o Stop criteria : Niter =5 ; €cond = 1. — 13

Nb of derivatives for approx nge, = 20

29 /41



Pole locating algorithm a

Numerical Dispersion Result

Order 2 - slope = 3.85
Order 3 - slope = 5.61
Order 4 - slope = 7.73
10~3
i 107° -
2
<|
k3
[V}
o
3 -7
k] 10 [
=
©
2
] .
£ a
r 109 |
2
=]
o
[0
x
-1 . N
10-13 o % -
[
107! 10°

Kk h 30/41



Pole locating algorithm a

Numerical Dispersion Result

Order 5 - slope = 9.78 E
10-6 -~ Order 6 - slope = 11.82
« Order 7 - slope = 14.67

2
I e e

S e on
z W0TE e =

o oot

o ene®!

Q .

S e

= s00°”

o poee®

T o -

© LR o
a 0o o

o e’ et

= ae® e

@ 5e® o

° Leet o

© att

10-13 | ’ | | | | |

100-2 10025 100-3 100-35 100-4 10045

h
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@ More details of analytic results
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Invertibility of the local matrices

~

The interior matrices Sint, Mt are
symmetric and definite positive,
and thus invertible.

Consider g € P,(0,1) (polynomial of
degree < r) with g(0) = g(1) = 0.
Define v € R"~1 by

vit=g(1); v=(vi)i<i<r—1
r—1
= g(%):= Z vigi(%).
i=1
We have

o~

1
V~5antv:as(g,g):/ (g'(%))*dx >0;
0

1
V'MintVZaM(g7g):/ g’ (%) dx >0.
0

If v-/S\intv or v~l\7lintv,then g=0iev=0.

For |w| < 72, Mint(w) is invertible. In
addition, its inverse is analytic in w with
expansion

MAw) = 524> wh (3, M) S,
k=1

int int

Invertibility :
V- Mintv = j;ga dx — Wfolg2 dx

2 2
> (m* = w)llgllz2-
Poincaré inequality for fGHé(O,l)
Since Mint(w) = Sint — WwMint is symmetric,
Mint is definite positive for w < 72
= is invertible for such w.

Analyticity : Can show that

-~

Spectral radius p (I\?I;nt S.;tl)

< 72,

Thus for |w| < 72, the Neumann series
converges, giving an analytic inverse.
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Structure of zeros of det A(w, z) = §(w) q(w, z) = &(w), (22 — 2p(w)z + 1)

Goals - For small enough w: 1. | p(w) = %ﬁ(w) =cosw/2 + wO(w") |; 2. |8(w)#£0

Part 1 : Show

B(w) + det B(w) = ~25(w) — w det Mine(w) (1 + wr - Myl (w) ).

1. s A

Bw)tdetB(w) _ o5 _ |, det Mine(w) Kj :f (%) ds.

= 5w~ ? T;(l'FWK Mt (w)k ) n:(m,o.”,n,,l)
2—2cos wl/2 2[r/2]+1 1/§\j§r71 N
Part 2. Show wri- M'”t =-1+ W ZgnwiZ T O(w ) (ag)j = Sjr  (a1)j = M
- (bo); = Sjo (b1); = Mjo
4 wl/2 > 1 5 j ;i ; ]

Part 3 : Show 7W‘2(w) T sinwi/2 +w 5 z It e(a,b). a(w) = ag — wag

M- [MeE=1n L Memne=1)| M-y
Moo Mo T 2 M Mo Mo, bt
e T My | Mo oo (S0 50
b(w) B(w) Mine(w) a(w)
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Structure of zeros of q(w, z) = z° — 2p(w)z + 1 (cnt)

Notation

“If1 = (FG/No<j<r

Mot [1] - Mt (w) Mg [1]

.71(w) K=

a (f, ) + 0(w?lr/2),
2 — 2cosw!/?
w3/2 sin wl/2
where f is the unique solution to the BVP

—f"" —wf=1; £(0) = f(1).

Step 3a:

-1
= —w

+ w72 e(k),

~

5(w) = det Mipe(w) [s,o —whyg—a(w) - M (w) h(w)}

Step 3b :
—1
a(w) - M S(w) b(w) =
Tw (si;tlag Y —a- 5;{1110)

+w? X M Aw)Y

int

o1
a0 - Sint bo

) ~ o~ ~ o~y
with Y := Mi"tsint bg — by ; X = Mi"tsint ag — ap

Step 3c:
~ 1 . —~
ag - S, "bo = as(®r, po +x — 1) = S0 + 1.
-1 -1
S.mt ap-Y —ag - Sint bg
= aM(ér_Xax_l)_aM(‘£r7($0+X_1) = %_Mro-

Step 3d :
X MHw) Y

W) Mg, s [x — 1]

= Mint,« [=x] - M|
. "

=a (f. " - Wf) + wl = le(a, b)
1 1 n 1 2[rgll (a,b)

= — =t w e(a,
w2 6w w3/2sinwl/2

where f and f are the unique solutions to

f0)=7(1)=0
—f" —wf=x—1; f(0) = f(1) = 0.

—F —wf=—x;

Mi(r—1) Mir

M —1)r—1) AM(r—l)r

A
L Mo Ma :, s oMoy L Mo
\ | \ )
b(w) | Mint(w) a(w)
Sint, » wMing,

M(w) =S —wM ; Mipt(w) = Sint — wMint

a(w) =ag —way ; b(w)=bg—wbr  35/41



Limiting absorption principle . Outgoing solution

a(w,z) =22 —2p(w)z+ 1 (k2h?,z) hz[Zn F](z )

(Ue)J f
2 C; J+1
p(w) = cosw!/? + wO(w"). m zzhz 2) hz[ZsFl(2)
Discri. A(w) = —4sin?(w'/?) (140(w")) = o froutgomg 21 - dz
C. (Uoutgoing)J = “me~>0+(U6)J
Ly AR D2
z
27rl routgoing ZJ+1

-
e
Z—e

24 ¢ = p(KZh%) £ 51/ A(K2H).
z40 = e:‘:i‘b0 = p(ﬁ;h):ﬁ:%i |A(I€2h2)‘. _ - > .
cos g = P(H2h2) = COS(Hh) + (Hh)Z O((’{h)m) C; is deformed to routgoing

= bo = kh (l + O( (H,h)gr ) . routgoing = rright UYt,> U [ left U’}gh—,ﬁ



Numerical wavenumber (Part 1)

Goal : obtain the explicit formula for the outgoing solution

of the reccurence relation at x > 0.

h eld %o

R 2 _ i(1—J)oo t 2,2 _—igg .
Uoutgoing (1) 1.0 = 2i §(k2h2) sin ¢ Z et fori [Q (R e )}(/H)l > Nimax;
0</I<r—1
NminSJ/SNmax
h e_"JQO T .
R 2 _ i(J°—1) ¢o t 212 _igo .
Hourgoing ()10 = 2i 6(K2h2) sin go Z /TN fy s [QF (w0 e )](/H)l 2/ < M-
0</I<r—1
NrninSJ/SNmax

After this step, by using : ¢o =k h (1 + O((xkh)?"), obtain

Dispersion Analysis

Kk = — = Kk + KO((sh)*")
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Numerical wavenumber (cnt) : Explicit expression for outgoing sol

r—2 2.2 2,2
_1, 2,2 _ r'~°Q(k°h%, z) _ Q(k°h, 2)
AT 2) = ) q(rehe 2) — 7 002 (z — @) (z & &%)

, 2 # et

(Usstgoing)s = lim (U.)y = 1 Afl(/ﬁzh{z)hz[Z%F](z)

e—0t i Jo o zJ+1
outgoing

dz

1 Q2H,2) hZoFl(2)
T omi o 0(k2h?) (z — €/%0)(z + ei%o) zJ+1
outgoing
1 Wo(Z)
= — d.
2ri fo oz “
outgoing
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Numerical wavenumber (cnt) : Explicit expression for outgoing sol

RHS f having Supp F C [Nmin, Nmax] . F = (fy,1), write the integrand as

Nmax

o h Q(.l~£2h2 z) o .
J-1 _ ’ J-1 J( f.
z Wo(z) dz = 5(n2h) CI(HZhZ,Z)Z Z z (fj"k>0§k§r—1 dz

J=Nmin
W,
For J < Npin : 73(2) is analytic at z =0
ZJ+1
(Uoutgoing)J
[left [right = i —+ WO(Z) dz
27i r zJ+1
+ T+,> U V<
1 [ Wo(z) Wo(z) ibo
_%C ) dz+Res(zJ+1,e ),r<1
Deform [outgoing to Iy — Res ( Wo(z) eilﬁ(,)
2J4L

My =Thight U v4,< U Tert U 7— <

h Q(r*H?,€/%0) [Zs F]('%°) | ipoy—s
I} is homotopic to C,, r < 1. = 5(R2H) (ei%0 — e—i0) (CA
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Numerical wavenumber (cnt) :

Explicit expression for outgoing sol

For z:=z

Flefe

Deform lMoutgoing to I'—
.= rright ) Y+,> ) rleft U Y—,>

I'_ is homotopic to C,, r > 1.

d.
12 W(z) z
z

Nimax

h Qt(’{zhzvz) ~J
z
5(k2h?) q(k2h?,2)

J=Nmin

[ For J > Nimax : | Newin < j < Nenax = J—j—1 > J—Ninax—1 > 0

= the integrand is analytic at Z = 0.

Wo(z
(Uoutgomg % f Z‘?il) dz
outgolng Y-, <U—7— >

1 [ Wy(2) Wo(z) i
:%C P dszes(zJH,e’O) 1<r

1 h”J t 2h2 3 dz
- L4 A AL

2mi . 5(k2h?) q(K2h2?, %) z

Wo(z) it
fRes( 1 ! 0) , l<r

= —Res (Wo(z) 2= U+, e*"‘ﬁo)
_ h Q(K/2h27 e—f¢0) [Z‘B F](e—i¢0) (e—idm)—J—l

§(k2h2) (e—i®0 — ei%o)
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Conclusion

Thank you for your attention
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