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Abstract
A numerical model of graphene-reinforced nanocomposites taking into

account the electric tunneling effect is employed to analyze the influence of
microstructural parameters on the effective electric conductivity and the per-
colation thresholds of the composite. The generation procedure for the ran-
dom microstructures of graphene reinforced nanocomposites is described. Ef-
fects of the barrier height, of graphene aspect ratio and alignment of graphene
sheets have been quantitatively evaluated. The results show that both higher
graphene aspect ratio and lower barrier height can lead to smaller percola-
tion threshold, and the alignment of graphene sheets results in anisotropic
electrical behavior without affecting the percolation threshold. The numer-
ical model also shows the importance of the tunneling effect to reproduce
the nonlinear electric behavior and the low percolation thresholds reported
in the literature. Finally, results are compared with available experimental
data.
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1. Introduction

The introduction of graphene-based nanomaterials has prompted the de-
velopment of flexible nanocomposites for emerging applications in various
fields, including energy conversion [1], energy storage [2], electronic mate-
rials [3], sensors [4], and chemical screening applications [5]. Graphene is
among the materials with the highest in-plane electric conductivity [6], and
its incorporation in a polymer matrix to increase the electric conductivity
of almost insulating polymers is of high importance for materials-by-design.
Numerous experimental and theoretical studies have reported that dispersing
two-dimensional fillers such as graphene sheets in polymer matrix can sig-
nificantly improve the electric properties of the resulting composites [7–12].
They exhibit an increase of several orders of magnitude of the electric con-
ductivity even at extremely low volume fractions of graphene sheets [13–17],
denoting the percolation phenomenon. This phenomenon can be explained
by the formation of percolating paths between graphene sheets through the
matrix. The percolation threshold of a random assembly of widthless discs
has been evaluated in last century for the permeability problem [18], domi-
nated by the radius and the number of the discs. However, the introduction
of nano fillers brings more complexity to the study of connectivity perco-
lation of the composite. Mathew et al. [19] have presented Monte Carlo
simulation study on the percolation in a random array of 3D impenetrable
hard platelets, revealing the influence of the filler’s aspect ratio.

Experimental works have evidenced that electrical properties of graphene
or nanotube-reinforced nanocomposites are significantly dependent on the
microstructure parameters such as the size [20], the orientation of fillers [17,
21], as well as the inherent characteristics of polymer matrix [22, 23].

Tunneling electric conductivity is a quantum phenomenon which allows
electric conductivity across small isolating barriers like thin polymer inter-
phases between two highly conducting fillers. Especially when the character-
istic distances between graphene sheets reduces to the order of nanometers,
it has been shown that electric tunneling effect plays an important role in
explaining very low percolation thresholds as well as nonlinear electric con-
duction [24, 25] in such materials. In the works of Otten et al. [26] and
Ambrosetti et al. [27], the tunneling effect has been taken into account
to analyze the percolation threshold of nanocomposites with polydisperse
nanofillers, where the former focuses on carbon nanotube and the latter ex-
tends to various particle shapes.
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For design purpose, numerical models of conduction at the scale of a
Representative Volume Element (RVE) containing a significant number of
graphene sheets is required to fully understand the conditions for perco-
lation and determining optimal configurations and microstructural param-
eters to increase the performances of these materials. Complete ab initio
or atomistic simulations including electric conductivity in large systems like
polymers-graphene reinforced composites are nowadays not feasible, and clas-
sical homogenization methods or Monte Carlo techniques [28–34] are unable
to explain the nonlinear effects and low percolation thresholds in graphene-
polymer nanocomposites. Simulations of larger systems require continuum
description of fields and related numerical methods. Recently, some con-
tinuum models have been developed to determine the effective AC and DC
electrical properties of graphene nanocomposites taking into account their
morphological and physical features, which take the effective-medium the-
ory or self-consistent effective medium theory as backbone [31, 35, 36]. A
multi-scale multi-physics finite element method has also been proposed to
predict the electrical response of the graphene/polymer composite under DC
loading, in which the representative volume element (RVE) is filled with ran-
domly dispersed nano-platelet conductive inclusions by Monte Carlo model
and with the use of a unit cell [37].

In this work, we employ the continuum numerical tunneling model frame-
work introduced in [38] to quantitatively analyze the effects of barrier height
and configuration of graphene sheets versus electric percolation thresholds in
graphene-polymer nanocomposites. This methodology provides the possibil-
ity to analyze the influence of these various factors on the electrical conductiv-
ity as well as the percolation threshold separately, and can be easily extended
to investigate the effect of different graphene distributions. First, the con-
tinuum model is presented taking into account the tunneling effect, in which
the graphene is modeled as a highly conductive surface in order to avoid the
meshing restrictions. Then, the geometrical modeling of graphene/polymer
nanocomposites is provided. The generation of the random microstructure is
implemented by Markov chains method [39, 40]. According to the numerical
analysis, the nonlinear electric behavior of the graphene reinforced nanocom-
posite is characterized, and the effective conductivities of nanocomposites
with various barrier height between graphene and polymer as well as differ-
ent graphene aspect ratio are studied. In addition, the effect of alignment
of graphene sheets with respect to the effective conductivity is investigated.
Finally, we provide comparisons between the results provided by the pro-
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posed model and some available experimental data. In the present work,
the influence of the defects (e.g. nanopres) in the composite is neglected, and
the aggregation of graphene fillers is not taken into account.

2. Continuum model

In this model, the graphene sheets are explicitly described at the scale
of a Representative Volume Element (RVE) composed of a polymer matrix
and randomly distributed and oriented graphene sheets, modeled as highly
conducting imperfect interfaces [41]. Another originality of the mentioned
work is the modeling of the electric tunneling effect between graphene sheets.

In this model, the total electric power of the system, W , is defined by

2W =
∫

Ω
ωb(x)dΩ +

∫
Γ

ωs(x)dΓ, (1)

where Ω ⊂ R3 is the domain defining the RVE, Γ denotes collectively the
surfaces associated with graphene and the density functions ωb and ωs are
expressed by

ωb(x) = ji(x)Ei(x), ωs(x) = js
i (x)Es

i (x), (2)

where Ei(x) = −∇iϕ(x) = −ϕ,i(x) is the electric field, j(x) is the current
density vector and ϕ(x) is the electric potential, where:

ji =
[
k0

p

]
ij

Ej (3)

with k0
p is the electric conductivity tensor of the polymer matrix when ne-

glecting tunneling effect. In the above, the superscript s denotes surface
quantities, e.g., js is the surface current density. The surface electric field
is defined with respect to its bulk counterpart as: Es

i = PijEj = −∇s
i ϕ =

−Pij∇iϕ with Pij(x) = δij −ni(x)nj(x) is a projector operator characterizing
the projection of a vector along the tangent plane to Γ at a point x ∈ Γ and
n is the unit normal vector to Γ. The local constitutive relationships relating
j and js with E are defined in the graphene sheets by

js
i (x) = ks

ijE
s
j , (4)
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where ks denotes the surfacic electric conductivity of graphene and is depen-
dent on the thickness t through:

ks
ij = tSij, Sij = [kg]ij − [kg]iknk[kg]jknk

[kg]klnknl

. (5)

In (5), kg denotes the second-order electric conductivity tensor of the bulk
graphite and n the normal vector to the graphene sheet (see [38, 41] for more
details).

ji =


[
k0

p

]
ij

Ej if d(x) ≥ dcut,
G(E, d) Ei

|E| if d(x) < dcut,
(6)

where dcut is a cut-off distance above which the tunneling effect can be ne-
glected and G is defined by [42]

G (E, d) = 2.2e3 |E|2

8πhΦ0
exp(− 8π

2.96he |E|
(2m)

1
2 Φ

3
2
0 )

+[3 · (2mΦ0)
1
2

2
](e/h)2 |E| exp[−(4πd

h
)(2mΦ0)

1
2 ] (7)

where Φ0 is the energy barrier height that the electrons cross and h, e and m
denote Plank’s constant, the charge of an electron and a material parameter.

Minimizing (1) with respect to the displacement field, and using Eqs.
(3)-(6), we obtain the weak form which can be solved by the finite element
method (see more details in [38]):∫

Ω
ji(ϕ) · ∇(δϕ)dΩ −

∫
Γ

Pij∇jϕks
ikPkl∇l(δϕ)dΓ = 0, (8)

where δϕ ∈ H1(Ω), δϕ = 0 over ∂Ω, and ϕ ∈ H1(Ω), ϕ satisfying the periodic
boundary conditions over ∂Ω

ϕ(x) = −Eixi + ϕ̃(x) on ∂Ω (9)

and where ϕ̃(x) is a periodic function over Ω, such as
⟨
ϕ̃(x)

⟩
= 0.

The effective electric conductivity tensor k is defined as:

kij(E) = ∂J i(E)
∂Ej

, (10)
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Figure 1: Scheme of the position and oriention of graphene sheet in the 3D space.

where J is the effective current density whose components are expressed by:

J i = 1
V

(∫
Ω

ji(x)dΩ +
∫

Γ
js

i (x)dΓ
)

, (11)

and E is the effective electric field given by:

Ei = 1
V

∫
Ω

Ei(x)dΩ. (12)

3. Geometrical modeling of graphene/polymer nanocomposites

In the following, the in-plane dimensions of graphene sheets are 15 × 15
nm2 and the RVE side length of the cubic domain is 80 nm. We consider
multi-layer graphene platelets, also called here sheets, which have a finite
thickness t. The related aspect ratio η = L/t denotes the ratio between the
length of the platelet and its thickness. It is worth noting that changing the
aspect ratio does not change the discretization here, as t only changes in Eq.
(5). The position and orientation of ith graphene sheet in RVE are defined
by 6 degrees of freedom

{
r(i)

x , r(i)
y , r(i)

z , α(i), β(i), γ(i)
}

where r(i)
x , r(i)

y , r(i)
z are the

coordinates of the center of graphene sheet, and α(i), β(i), γ(i) are the Euler
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angles. Note that α(i), β(i) give the orientation of the unit normal of graphene
sheet, n(i), and γ(i) gives the orientation of graphene sheet around the unit
normal n(i) (see Figure 1). In this study, the graphene sheets are modeled
by square planes with side length L = 15 nm. This assumption is due to the
highly thin thickness of graphene and relies on the imperfect surface model.

The different microstructures are generated by a Markov-chain with hard-
inclusion Metropolis algorithm (see [39, 40] for review in the case hard-
spheres). First, an initial configuration of the system is chosen such that
graphene sheet centers are located on a cubic lattice and have random ori-
entation without overlapping. Then, one randomly chosen graphene sheet is
attempted to move for each step of Metropolis algorithm. A new position for
the graphene sheet under consideration is chosen by six random parameters:
(∆x, ∆y, ∆z) ∈ [−δx, δx]3, ∆α ∈ [−π, π], ∆β ∈ [−δβ, δβ] and ∆γ ∈ [−δγ, δγ].
The parameter (∆x, ∆y, ∆z, ∆γ) and are generated with an uniform dis-
tribution over their definition domains and the couple of increment angles
(∆α, ∆β) are generate with an uniform distribution on the part of the unit
sphere defined by δβ. The new position of graphene sheet is then defined by
(x(i) +∆x, y(i) +∆y, z(i) +∆z, α(i) +∆α, β(i) +∆β, γ(i) +∆γ). The parameters
δx, δβ and δγ are adjusted to give about 50% acceptance of the new position.
Periodic boundary conditions are employed throughout the simulation.

Therefore, the acceptance step of this Metropolis algorithm reduces to
checking that this displacement does not cause overlap between graphene
sheets. To control the overlapping, the graphene sheets are discretized by
a compact centered square lattice of small fictitious spherical particles with
radius δ. The non-overlapping condition is

r2
ij ≥ δ2 ∀i, j , (13)

where rij is a distance between the fictitious spherical particles i and j.
To generate a series of independent isotropic RVE samples as random

maps, the positions and orientations are saved during a Markov-chain sam-
pling with regular interval to ensure the statistic independence of two RVEs.
Note that the first RVE is saved when the orientation of the unit normal of
graphene sheets is isotropic in an average sense. One example of obtained
realization of isotropic graphene nanocomposite RVE is illustrated in Fig. 2.
, where 25 graphene sheets are distributed randomly in an RVE, and where
the size of each graphene platelet is 15 × 15 × 0.3 nm3, and the side length
of the platelets is 80 nm, leading to a volume fraction is 0.33 vol%. Finally
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Figure 2: RVE for the graphene/polymer nanocomposites involving 25 graphene sheets
(15 × 15 × 0.3 nm3) in a cube of 80×80×80 nm3. The graphene volume fraction is 0.33
vol%.

to generate RVE with aligned graphene sheets, the unit normal of graphene
are fixed to be parallel to the z-axis (see Fig. 7 (b)).

4. Numerical analysis and discussion

4.1. Nonlinear electric behavior of graphene reinforced nanocomposite
We first use our simulation model to investigate the influence of the tun-

neling effect for explaining the nonlinear electric behavior of graphene rein-
forced nanocomposites. An RVE containing randomly distributed graphene
sheets is considered with 1.05 vol% and η = 50. The barrier height between
graphene and PMMA is Φ0 = 0.17 eV [43]. Fig 3 (a) shows the current-
density- electric field curve, which exhibits a linear (Ohmic) behavior for low
applied electric fields, and a nonlinear behavior for higher electric fields. The
numerical simulations are in qualitative agreement with the experimental
results reported in [44].
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Figure 3: Current density-electric field curve of the nanocomposite with 1.05 vol%
graphene, Φ0 = 0.17 eV, η = 50.

4.2. Effect of barrier height on the percolation threshold
In the following, we study the effects of barrier height between graphene

and various polymers on the nonlinear response of the nanocomposite. In our
simulations, we have considered that the percolation threshold corresponds
to a sharp variation of the effective conductivity above 10−8 S/m. In Fig.
4, the effective conductivity component k11 is plotted as a function of the
graphene volume fraction for the values Φ0 = 0.17 eV, 0.3 eV, 1.0 eV and
without tunneling effect. The aspect ratio is η = 50 and applied electric
field E = 1.25 × 10−3 V/nm. It should be noted that for small barrier
height (0.17 eV and 0.3 eV), the computation results of electric conductivity
taking into account the tunneling effect are much larger than the predictions
without tunneling effect, while for Φ0 = 1.0 eV, the effective conductivity
characteristics exhibit no obvious difference either with or without tunneling
effect. The percolation thresholds corresponding to Φ0 = 0.17, 0.3, 1.0 eV
are 0.79 vol%, 0.92 vol% and 1.58 vol% respectively. We can see from these
simulations that the lower the barrier height is, the lower the percolation
threshold. Experimental results reporting percolation thresholds for different
polymer matrices and graphene types can be found in [7, 45–47].

4.3. Effect of graphene aspect ratio on the percolation threshold
Next, we use our numerical model to estimate the percolation threshold

f ∗ of the nanocomposite as a function of the graphene volume fraction and
aspect ratio for graphene sheets. In Fig. 5, the effective conductivity tensor

9



0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5
−10

−8

−6

−4

−2

0

2

Graphene volume fraction (vol%)

L
o
g

1
0
(k

1
1
)

(S
/m

)

η= 50

Φ
0
=0.17 eV, φc= . %0 79 vol

=0.3 eV, φ
c
= . %0 92 vol

=1.0 eV, φ
c
= %1.58 vol

Without tunnel ,effect φ
c
= %1.58 vol

Φ
0

Φ
0

Figure 4: Effective conductivity versus graphene sheets volume fraction for several barrier
heights Φ0, E=1.25 × 10−3 V/nm, η = 50; ϕc denotes to the percolation threshold.

0.25 0.75 1.25 1.75 2.25 2.75 3.25 3.75 4.25 4.75
−10

−9

−8

−7

−6

−5

−4

−3

−2

−1

0

Graphene volume fraction (vol%)

L
o
g

1
0
(k

1
1
)

(S
/m

)

η=100, φc= . %0 33vol

η=50, φ
c
= . %0 79 vol

η=20, φ
c
= . %1 65 vol

Φ
0
=0.17 eV

Figure 5: Effective conductivity k11 as a function of the graphene volume fraction for
several graphene aspect ratios η, E=1.25 × 10−3 V/nm, Φ0 = 0.17 eV; ϕc denotes to the
percolation threshold.

10



component k11 is computed for different aspect ratios η = 20, 50 and 100
as a function of volume fraction. The side length of the graphene is fixed,
and the various aspect ratios are obtained by changing the thickness of the
graphene sheets. For each case, the values are averaged over 30 realizations
of random distributions of graphene sheets within the RVE. As the behavior
of the composite is nonlinear, the results of conductivity are presented for a
fixed electric field E = 1.25 × 10−3 V/nm. The barrier height is Φ0 = 0.17
eV. According to our numerical simulations, the effective conductivity clearly
depends on the aspect ratio, a larger η provides lower percolation threshold.
The obtained percolation thresholds for η = 20, 50, and 100 are 1.65 vol%,
0.79 vol%, and 0.33 vol% respectively.

4.4. Effect of alignment of graphene sheets
Next, we evaluate the effect of alignment of graphene sheets on the effec-

tive conductivity of the composite. For this purpose, we consider on one hand
a microstructure with graphene sheets whose both positions and orientations
are randomly distributed, and on the other hand a microstructure where
positions of graphene sheets are randomly distributed but the orientation is
fixed. Each point corresponds to the mean value over 30 realizations. Results
are presented in Fig. 6. To clearly evidence the anisotropy, we have plotted
the three components of the effective conductivity tensor. The parameters
are E=1.25 × 10−3 V/nm, Φ0 = 0.17 eV and η = 50.

As expected, the numerical model clearly captures the anisotropic behav-
ior of aligned graphene sheets (see Fig. 6 (b)). Another conclusion is that
aligning the graphene sheets does significantly increase either the maximum
effective conductivity in the direction normal to the graphene sheets or the
percolation threshold, as compared to randomly oriented sheets. However,
the increase in conductivity after the percolation threshold is sharper in the
case of aligned graphene sheets.

Finally, we depict in Fig. 7 the current density field in the polymer
matrix when tunneling effect is taken into account for aligned and randomly
oriented graphene sheets, to show the percolation path of electric current in
both these configurations. The parameters are η = 50 and Φ0 = 0.17 eV,
f = 1.05 vol%. The electrical field is applied on the X-direction.
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Figure 6: Effective conductivity tensor components as a function of the graphene volume
fraction: (a) random positions and orientations of graphene; (b) random positions and
direction of graphene normal to Z-axis.
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positions and direction of graphene normal to Z-axis.
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5. Comparison between numerical and experimental results

In the following, the obtained numerical results are compared with avail-
able experimental data reported by Stankovich [45] and Zhang [48] respec-
tively. The electric conductivity of the polymer matrix is fixed at 10−10 S/m
in the simulation, and the various types of polymer are represented by differ-
ent choices of barrier height. In these works, the percolation threshold and
electric conductivities of graphene reinforced nanocomposites were measured
as a function of graphene volume fraction.

Fig. 8 shows the experimental results of electric conductivity of polystyrene-
graphene composites as a function of graphene volume fraction measured in
[45], where the graphene was prepared by complete exfoliation of graphite
and the dispersion of individual graphene sheets at molecular-level. The
percolation threshold is exhibited to be 0.1 vol%. The estimated electric
conductivities of the composites containing two different aspect ratios of
graphene platelets, 200 and 500, obtained from the numerical simulation in
our study are also plotted in Fig. 8. Assuming the barrier height to be
0.17 eV, we can see that the percolation threshold for composites containing
graphene sheets with η = 200 occurred at relatively higher graphene volume
fraction, ϕc = 0.2 vol%, than that of the composites containing graphene
with η = 500, where ϕc = 0.08 vol%. In general, the graphene platelets
in the matrix have various aspect ratio due to the preparation method and
their possible aggregation during the synthesis. The proposed numerical es-
timations considering the aspect ratio range of 200 − 500 are in reasonable
agreement with the experimental data for low graphene volume fraction.

Fig. 9 plots the electric conductivities of polyethylene terephthalate-
graphene nanocomposites as a function of graphene volume fraction. A high
aspect ratio of η = 146 is obtained for graphene sheets from laser granularity
analyzer. The experimental measured percolation threshold [48] is about 0.5
vol%. Similarly, two different aspect ratios of graphene sheets, 50 and 150,
were considered in the numerical modeling with the barrier height of 0.3 eV,
leading to a range of percolation threshold from 0.25 vol% to 0.8 vol%. The
experimentally measured electric conductivities roughly lie between the two
numerical curves for the two considered aspect ratios. It should be noted that
due to the computational limitations, the contrast of conductivities between
graphene and polymer matrix cannot be higher than 1016. Therefore, we have
to take the electric conductivity of polymer matrix as 10−10 S/m, which may
be one reason of discrepancy between experimental and numerical results for
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low graphene volume fraction. There are some other reasons which may also
bring this discrepancy. Firstly, the dispersion state of graphene is hard to
control in the experimental preparation, and the aggregation of graphene in
the microstructure may lead to the heterogeneity of the macroscopic property.
However, in our present work, the numerical simulation is based on randomly
distributed graphene sheets. Moreover, the numerical simulation ignores the
defects in the nanocomposite especially the ones on the interface between
graphene and polymer. The simulation of electric conductivity at high
graphene volume fraction requires large computational complexity due to the
refined meshes. For this reason, we did not explored further higher volume
fractions, and as the present work focuses on the determination of percolation
thresholds. Higher volume fractions could be investigated in future studies.
In addition, in the composites the defects like pores are inevitable, but can
be optimized by modifying the preparation process. In this work, we did not
take the porosity into account because it is not the key influencing factors
on the percolation threshold. In addition, we did not consider the non-
uniform graphene distribution as the graphene aggregation in this work, but
the present framework, described in more details in [38], could be used with
larger RVE in future studies to investigate aggregates of graphene platelets.
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6. Conclusion

The numerical simulations show that introducing tunneling effect allows
reproducing both low percolation thresholds and nonlinear electrical effects
in graphene-reinforced nanocomposites. We report that lower percolation
thresholds can be obtained for lower barrier height between the polymer and
the graphene sheets and for higher aspect ratios of graphene platelets. The
proposed numerical predictions show that aligning the graphene sheets leads
to a sharper increase of the effective electric conductivity after the percolation
threshold as compared to randomly oriented sheets, but without significant
enhancement of percolation thresholds and maximum effective conductivity.
Finally, the proposed numerical results were compared to experimental data,
showing encouraging agreement and similar trends.
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