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Kinetic formulation of vortex vector fields

Pierre Bochard * Radu Ignat T
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Abstract

This article focuses on gradient vector fields of unit Euclidean norm in RY. The stream
functions associated to such vector fields solve the eikonal equation and the prototype is given
by the distance function to a closed set. We introduce a kinetic formulation that characterizes
stream functions whose level sets are either spheres or hyperplanes in dimension N > 3. Our
main result proves that the kinetic formulation is a selection principle for the vortex vector
field whose stream function is the distance function to a point.
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1 Introduction

In this article, we analyze the following type of vortex vector field:

v RV 5 RY, wr(z) = |:;_| for every x € RV \ {0}
in dimension N > 2 where |- | is the Euclidian norm in R . This structure arises in many physical
models such as micromagnetics, liquid crystals, superconductivity, elasticity. Clearly, v* is smooth
away from the origin: in fact, 0 is a topological singularity of degree one since the jacobian is
det Vu* = Vydy where dg is the Dirac measure at the origin and Vi is the volume of the unit ball
in RY. Also, u* is a curl-free unit-length vector field, i.e.,

|u*|=1 and V xu*=0 in R\ {0}. (1)
Moreover, there is a stream function ¢* : R — R associated to u* by the equation
ut = Vi

indeed, one may consider 1)* as the distance function at the origin, i.e., 9*(z) = |z| for + € RY
and 1* represents the viscosity solution of the eikonal equation

IVr| =1
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under an appropriate boundary condition at infinity (e.g., lim ;|00 (¥*(2) — |z]) = 0).

Note that conversely, these properties characterize the vortex vector field: if u : RY — RY is
a nonconstant vector field that is smooth away from the origin and satisfies (1) then v = +u* in
RY. Indeed, this classically follows by the method of characteristics: the flow associated to u by

Op X (t,x) = w(X (L, 2)) (2)

with the initial condition X (0,x) = x for « # 0 yields straight lines {X (¢,2)}: given by X (¢,2) =
x + tu(z) along which u is constant, i.e., u(X(¢,z)) = u(x). Since w is nonconstant and two
characteristics can intersect only at the origin (which is the prescribed point-singularity of u), then
every characteristic passes through the origin ! and therefore, u coincides with u* or —u*. In a
recent paper, Caffarelli-Crandall [3] proved this result under a weaker regularity hypothesis for the
vector field u = Va): if ¢ is assumed only pointwise differentiable away from a set S of vanishing
Hausdorff H!-measure (i.e., H1(S) = 0) and |V¢| = 1 in RV \ S, then ¢ = £4* (up to a translation
and an additive constant). We also refer to DiPerna-Lions [6] for weaker regularity assumptions
on u in the framework of Sobolev spaces.

Our aim is to prove a kinetic characterization of the vortex vector field that does not assume any
initial regularity on . This kinetic formulation will characterize stream functions whose level sets
are totally umbilical hypersurfaces in dimension N > 3, i.e., either pieces of spheres or hyperplanes.
In order to introduce the kinetic formulation of the vortex vector field, we start by presenting the
case of dimension N = 2 and then we extend it to dimensions N > 3.

1.1 Kinetic formulation in dimension N = 2

Let ©Q C R? be an open set and u : 2 — R? be a Lebesgue measurable vector field that satisfies
|luj =1 a.e. in Q@ and V xwu=0 distributionally in €. (3)

The main feature of the kinetic formulation relies on the concept of weak characteristic for a
nonsmooth vector field u. We start by noting that (2) has a proper meaning only if some notion of

{X(t, x0)}t

*=0
%=1
u(xe Xo
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Figure 1: Characteristics of u.

trace of u can be defined on curves {X (¢,x)}; which in general is a consequence of the regularity
assumption on u (see DiPerna-Lions [6]). To overcome this difficulty, the following notion of “weak
characteristic” is introduced for measurable vector fields u (see e.g. Lions-Perthame-Tadmor [17],

IThis argument is clear in dimension N = 2; for dimensions N > 3, one needs an additional argument showing
that two characteristics are coplanar as we will see later in the proof of Theorem 8.



Jabin-Perthame [15]): for every direction & € St, one defines the function x(-,€) : Q — {0,1} by

1 for wu(x)-€ >0,

In the case of a smooth vector field u in a neighborhood of a point zy € Q, then x(-,£) mimics
the characteristic of u of normal direction & = (&1, &) (see Figure 1); formally, if £+ = (=&, &) =
+u(zp), then either Vx(:, ) locally vanishes (if u is constant in a neighborhood of zg), or Vx(-, &)
is a measure concentrated on the characteristic {X (¢,x0)}+ given by (2) with constant measure
density +¢£. In other words, we have the following “kinetic formulation” of the problem (see e.g.,
DeSimone-Kohn-Miiller-Otto[5] or Jabin-Perthame[15]):

Proposition 1 (Kinetic formulation in 2D) Let Q C R? be an open set and u : Q — R? be a
smooth vector field. If u satisfies (3) then

&L Vox(-,€) =0 distributionally in  Q  for every & € S'. (5)

We mention that the kinetic formulation (5) holds under the weaker Sobolev regularity /P
for p € [1, 3] (see Ignat [10, 12, 11], DeLellis-Ignat [4]). Note that the knowledge of x (-, £) in every
direction £ € S! determines completely a vector field u with |u| = 1 due to the averaging formula

u(z) = % 8 ex(z, &) dH (&) forae. x €. (6)
Thanks to (6), we deduce that the kinetic formulation (5) incorporates the fact that V x u = 0
(see Proposition 5 below). Therefore, the curl free condition will be no longer mentioned in the
following statements whenever (5) is assumed to hold true for unit length vector fields u.

The main question is whether the kinetic formulation (5) characterizes the vortex vector field in
R2. First of all, the equation (5) induces a regularizing effect for Lebesgue measurable unit-length
vector fields u. Indeed, classical “kinetic averaging lemma” (see e.g. Golse-Lions-Perthame-Sentis
[7]) shows that a measurable vector-field u : 2 — S satisfying (5) belongs to Hllo/f (Q) due to the

averaging formula (6).2

Moreover, Jabin-Otto-Perthame [14] improved the regularizing effect by
showing that u is locally Lipschitz away from vortex point-singularities > and u coincides with the

vortex vector field around these singularities:

Theorem 2 (Jabin-Otto-Perthame [14]) Let O C R? be an open set and u : Q — R? be a
Lebesgue measurable vector field satisfying |u| = 1 a.e. in Q together with the kinetic formulation
(5). Then u s locally Lipschitz continuous inside Q) except at a locally finite number of singular
points. Moreover, every singular point P of u corresponds to a vortex singularity of topological
degree one of u, i.e., there exists a sign v = £1 such that

u(z) = yu*(x — P) for every x # P in any convex neighborhood of P in Q.

In particular, if @ = R? and u is nonconstant, then u coincides with u* or —u* (up to a translation,).

2For the improved regularizing effect for scalar conservation laws, see Otto [18] and Golse-Perthame [8].
3This regularity is optimal, see e.g. Proposition 1 in Ignat [12].



This result leads to the following interpretation of the kinetic formulation in dimension N = 2:
the equation (5) is a selection principle for the viscosity solutions of the eikonal equation |Vi| = 1
in the sense that the solutions 1) are smooth (more precisely, they belong to the Sobolev space
VVIQOCOO ) away from point-singularities. Clearly, these solutions are induced by the viscosity solutions
of the eikonal equation under some appropriate boundary condition. Conversely, in the spirit of
Caffarelli-Crandall [3], it is shown by Ignat [12] and De Lellis-Ignat [4] that for any vector field u
satisfying (3) together with an initial Sobolev regularity W'/P p € [1,3] (i.e., excluding jump line
singularities) then the kinetic formulation (5) holds true and therefore, one obtains the regularizing

effect in Theorem 2.

Remark 3 The result of Jabin-Otto-Perthame [14] was motivated by the study of zero-energy
states in a line-energy Ginzburg-Landau model in dimension 2. More precisely, one considers the
energy functional E. : H'(Q,R?) — R, defined for € > 0 as

1 1
EAugzzé/|Vu4%mpyg/k1—hkﬁﬁdx+gquz%mF”Qw u. € H'(Q,R?), (7)
Q Q

where  is a domain in R? and H~1(Q) is the dual of the Sobolev space H}(Q2). (We refer to
[1, 2, 5, 14, 15, 16, 19] for the analysis of this model.) A vector field u : Q — R? is called
zero-energy state if there exists a family {u. € H'(Q,R?)}. o satisfying

ue —u in L'(Q) and E.(u.) >0 ase—0.

Obviously, a zero-energy state u satisfies (3). The result of Jabin-Otto-Perthame [14] shows that
every zero-energy state u satisfies (5) and therefore, u shares the structure stated in Theorem 2.

1.2 Kinetic formulation in dimension N > 3

Our main interest consists in defining a kinetic formulation for the vortex vector field in dimension
N > 3. Let Q@ ¢ RY be an open set and u : © — RY be a Lebesgue measurable vector field.
For every direction & € S¥~1, we consider the characteristic function x(-, &) defined at (4) and we
denote the orthogonal hyperplane to £ by

¢t={veRY :v-£=0}.

Definition 4 (Kinetic formulation) We say that a measurable vector field u satisfies the kinetic
formulation if the following equation holds true:

v-Vax(,€) =0 distributionally in Q for every € € SN™1 and v € £+, (8)

Roughly speaking, (8) means that V,x(-,£) is a distribution pointing in direction +¢£. Note
that the kinetic formulation (8) only carries out the information of the direction of the vector field
u (i.e., it gives no information of the Euclidean norm of u). Imposing the unit-length constraint, u
will satisfy a similar averaging formula (6) which justifies that the curl-free constraint V x v =0
is incorporated in the kinetic formulation (8).



Proposition 5 Let N > 2, Q C RN be an open set and u: Q — RN be Lebesque measurable with
|lu| =1 a.e. in Q. Then

1

u(zx) = Vol

/ Ex(z, &) dHN1(E)  forae xz€Q, (9)
SN*I

where Viy_1 is the volume of the unit ball in RN=1. Moreover, if u satisfies the kinetic formulation
(8) then V x u =0 distributionally in Q.

Remark 6 We highlight that Proposition 1 is false in dimension N > 3, i.e., there are smooth curl-
free vector fields with values into the unit sphere S¥~! that do not satisfy the kinetic formulation
(8). For example, in dimension N = 3, considering the vortex-line vector field

u (I) _ (x17x270)
olz) = 22
Vo2 + a2

then ug is smooth in Q and satisfies (3). However, (8) fails. Indeed, let & = %(1,07 1). Then

Q= {z = (21,22, 23) ER3: 2y > 1},

uo(x) - £ =0 for z € Q is equivalent with x; = 0 and therefore,
Vax(.,€) = 61H2L{:L' €Q: x =0},

where e; = (1,0,0). Now, taking v = %(71,0, 1), we have v-& = 0 (i.e., v € ¢+) and v-V,x(., &) #
0in D'(Q).

As Remark 6 has already revealed, the kinetic equation (8) in dimension N > 3 plays a
different role than in dimension N = 2 because the gradient Vx(-,&) is expected to concentrate
on hypersurfaces (not on the line characteristics of w). In fact, the geometric interpretation of (8)
can be regarded in terms of the stream function v of a nonconstant vector field u = V: the level
sets of 1 are expected to be pieces of spheres of codimension one where the characteristics of u
represent the normal directions to these spheres.

Theorem 7 Let N >3, Q C RN be an open set and ¢ : Q — R be a smooth stream function such
that u = V1 satisfies the kinetic formulation (8). Assume that |u| never vanishes on a level set
{z € Q : Y(zx) = a} for some o € R and let S be a connected component of {1 = a}. Then S
is locally a totally umbilical hypersurface, that is either a piece of a N — 1 sphere or a piece of a
hyperplane.

Note that Theorem 7 fails in dimension N = 2: a level set of a smooth stream function ¢ of
u = V1 satisfying (3) (and therefore, u satisfies the kinetic formulation (5) by Proposition 1) does

not have in general constant curvature.

2 Main results

Our main result shows that the kinetic formulation (8) is a characterization of the vortex vector
field v* in dimension N > 3.

4If I' C R2 is a smooth curve of nonconstant curvature, then one takes v to be the distance function to I' in a
small neighborhood Q of I (with the convention that I' is withdrawn from that neighborhood, i.e., T N Q = @, so
that v is smooth in Q).



Theorem 8 Let N > 3, Q C RY be a connected open set and u : Q — RY be a nonconstant
Lebesgue measurable vector field satisfying |u| = 1 a.e. in Q together with the kinetic equation (8).
Then u coincides with the vortex vector field uw* or —u* up to a translation.

Note that in dimension N = 2, this result is true for the domain Q = R2, but it is in general
false for other domains ) where there exist nonconstant smooth vector fields u in Q different
than vortex vector fields that satisfy (3) and thus, (5) (by Proposition 1). The main difference in
dimension N > 3 is the following: if u is a smooth vector field with (3) that is neither constant nor
a vortex vector field, then the kinetic formulation (8) doesn’t hold for u (see Remark 6). Hence, in
dimension N > 3, the zero-energy states of E. defined at (7) does not satisfy in general the kinetic
equation (8). Therefore, the kinetic formulation (8) is more rigid in dimension N > 3 since it
selects only the vortex vector fields as they correspond to smooth solutions of the eikonal equation
with level sets of constant sectional curvature (by Theorem 7).

Let us explain the strategy of the proof of Theorem 8. The key point lies on a relation of order
of the level sets of the stream function associated to u: for every two Lebesgue points x,y € € of

SNfl

u such that the segment [z, y] C  and for every direction & € orthogonal to = — y, one has

u(z)-&€>0=u(y)-£>0.

The next step consists in defining the trace of u on each segment > C €2; more precisely, similar to
the procedure of Jabin-Otto-Perthame [14], there exists a trace @ € L>(X%,SV 1) of u such that
u(P) = a(P) for each Lebesgue point P € ¥ of u. Moreover, if the trace @ of w is collinear with
the segment ¥ at some Lebesgue point, then @ is H'-almost everywhere collinear with ¥ (which
coincides with the classical principle of characteristics for smooth vector fields ). The final step
consists in proving that every two characteristics are coplanar. Then the conclusion follows by the
following geometrical fact specific to dimension N > 3:

Proposition 9 Let N > 3 and D be a set of lines in RN such that every two lines of D are
coplanar, but D is not planar (i.e., there is no two-dimesional plane containing D). Then either
all lines of D are collinear, or all lines of D pass through a same point (that is a vortex point).

In view of Theorem 8, it is natural to ask if one can characterize other type of unit-length
curl-free vector fields u by weakening the kinetic formulation (8), in particular, vector fields having
a vortex-line singularity. In dimension N > 3, the prototype of a vortex-line vector field is given
by

uo(z',xn) = V|2'|

where x = (2/,zy), ' = (z1,...,28-1); clearly, ug is smooth away from the vortex-line {x €
RY : 2/ =0} where (3) holds true. Denoting

E:={¢esN ! &y =0} =sV"?x {0},
within the notation (4), we have that ug satisfies the following kinetic formulation in Q = R¥:
VEEE, Woell, v Vix(,6)=0 in D(Q). (10)

Note that (10) is a weakened form of (8): the quantity v - V,x(., ) vanishes for directions £ € £
(and v € ¢€1) and fails to vanish for HV~1-a.e. direction ¢ € S¥~1. As opposed to (8) (in view of



(9)), the kinetic formulation (10) does not force a unit-length vector field u to be curl-free; it only
implies that

’U;I

[~
where ey = (0,...,0,1), v" = (u1,...,uny—1) and V' = (01,...,0n—1). Since we look for a
characterization of vortex-line vector fields (that are in particular curl-free), we will impose that

V' x 0 in {|u| #0} ={u#ten}

Opuy =Oyur in Q, for k=1,...,N —1. (11)

We will prove the following result:

Theorem 10 Let N > 4, Q C RY be an open set and u : Q — RN be a Lebesgue measurable
vector field satisfying |u| = 1 a.e. on Q together with (10) and (11). Then in every ball included
in {x € Q : u(x) # ten}, there exists a stream function ¥ = ¥(«, B) solving the eikonal equation
in dimension 2 such that

u(z) = Val(a, )]

where
1) either a = |2’ — P'| and 8 = xn for some point P’ € RN1;
2) ora=w'-1' and B = xN for some vector w' € SN2,

Therefore, the weakened kinetic formulation (10) (together with (11)) is not enough to select
vortex-line vector fields which correspond to the stream function 9 («, 8) = £« in the case 1) of
Theorem 10. Similar results to Theorem 10 hold for similar kinetic formulations corresponding to
vector fields having vortex-sheets singularities of dimension %k in RY with N > k + 3.

The outline of this paper is as follows: in Section 3, we characterize the level sets of smooth
stream functions associated to vector fields that satisfy the kinetic formulation (8). In particular,
we prove Proposition 1 and Theorem 7. Section 4 is devoted to prove fine properties of Lebesgue
points of u needed in Section 5 where the notion of trace on lines for a vector field u satisfying
(8) is defined. Section 6 is the core of this paper: using this notion of trace and the geometric
arguments of Proposition 9, we prove our main result in Theorem 8. The last section deals with
the study of the weakened kinetic formulation (10).

3 Level sets of the stream function

This section is devoted to the study of the level sets of smooth stream functions i associated to
vector fields u = V4 satisfying (8). We start by proving that |V4| is locally constant on each level
set of 1.

Lemma 11 Let N > 2, Q C RN be an open set and v : Q — R be a smooth stream function such
that u = V) satisfies the kinetic formulation (8). Assume that |u| never vanishes on a level set
{z € Q : Y(z) = a} for some a € R and let S be a connected component of {¢p = a}. Then |u|
is constant on §. Moreover, there exists a neighborhood w of S, a smooth solution 1[) tw— R of
the eikonal equation and a diffeomorphism t — F(t) such that ¢ = F(iﬁ) in w (in particular, Vi
satisfies (8)).



Proof. Since |u| # 0 on S and u is smooth in €, we can define

U
v = ﬂ in a neighborhood of S.
U
For simplicity of the writing, we suppose that 2 is this neighborhood, i.e., |u| # 0 in Q. Then v
satisfies (8) because u satisfies it, too; v being smooth in Q, then® Proposition 5 implies V x v = 0
in Q. As a consequence, in any simply connected domain w C €2, the Poincaré lemma yields the
existence of a smooth function v such that v = ﬁ‘ =V¢ inw, ie.,

Vi =u=lulv=|uV) in w.

Therefore, 9 and z/; have the same level sets in w. W.l.o.g, we may assume that z/; =0onwnNsS§.
Now, for every P’ € wN S, we consider the flow associated to v:

(12)

X(P',t) = V(X (P',1))
X(P',0)=P.

Call Ip/ the maximal interval where the solution X (P’,.) exists. Obviously, the flow is unique and
smooth satisfying the following:

X(Pt)=V*(X) - X =V*)(X) - V(X)=0 in Ips

because V21 is a symmetric matrix and |V)| = 1 in w. Consequently, X (P’,-) is constant in Ip/
so that V(X (P',t)) = VY (P'), L[p(X(P',t))] = 1 and X(P',t) = P’ + tVi(P'). Therefore,
since z/; =0 onwnNS, we have:

Y(X(P't))=t forall PP ewnSandtelp.

Identifying the level sets of 1 (and of 1), too) using the flow, i.e., {t) = t} = {X(P',t) : P’ € wNS},
we can define
F(t) :=¢(X(P',t)), for P ewnS,telp.

The function F' is a diffeomorphism: F' is smooth (because ¥ and X are smooth, too) and we have

LYY
VYl

LRty = V(X (P 1) - X (P 1) 2 V(X (P, 1))

dt (X(P', 1)) = |ul(X(P',2)) #0.

In particular, |u| is constant on {¢) = 0} = {¢) = F(0)} = wNS. Since w was arbitrarily chosen,
we deduce that |u| is locally constant on S; because S is connected, it follows that |u| is constant
on S. Since the flow {X(P',t) : P’ € S,t € Ip/} covers a neighborhood of S, the last statement
of the lemma follows, too. (|

3.1 The case of dimension N =2

In the special case of dimension N = 2, we start by proving that every smooth curl-free vector field
of unit length satisfies the kinetic formulation (5). This result can be found already in the works
of DeSimone-Kohn-Miiller-Otto[5] or Jabin-Perthame[15]. For completeness of the paper, we will

5The proof of Proposition 5 is independent of Lemma 11; we will admit it here and prove it later in Section 4.



present two easy and self-contained proofs. The first one is based on the geometry of the flow (2)
(as heuristically exposed at Section 1), while the second proof is based on the concept of entropy
introduced in [5].

Proof of Proposition 1: First method. We can assume that ¢ = e; and £+ = ey (otherwise,
one considers a rotation R € SO(2) such that e; = R¢ and 4(z) := Ru(R™'z) in a neighborhood
of a point € Q). Naturally, Q can be written as a countable reunion of squares whose edges are
parallel with e; and es. Therefore, using a partition of unity, it is enough to prove the statement
for Q = (—1,1)%

Vo € 02(Q), 0= / € Vax(a, &) dr = / O (w, 1) do = — / O .
Q Q QN{u1>0}

For that, we consider the flow (2) and by the proof of Lemma 11, we have that for every = € €,
{X(t,z)}+ is a straight line given by X (¢,2) = x + tu(z) and u(X (¢, 2z)) = u(z) for all t. Since u
is smooth, there is no crossing between two characteristics in 2. We claim that:

Qn{u >0} = | | Ay,
keK
where {Ax}rek is a (at most) countable disjoint set of rectangles of type (ax,bx) x (—=1,1) C Q =
(—1,1)2. Indeed, if v € QNA{u; > 0} then u;(z) = 0 and u(x) || ea: therefore, for all ¢, X (t,z) | ea.
So the set QN d{u; > 0} is a (at most) countable set of vertical segments {x1} x (—1,1) inside 2
with 21 € {ag, b trex C [—1,1], and the claim is proved. Now, for ¢ € C°(Q),

bk 1
Oayp = / Oap = / / Oap = 0,
/Qﬂ{u1>0} ; Ay g ap J—1

because J2¢p can be seen as a signed Radon measure for ¢ € C2°(£2) and the proposition is proved.
|

Proof of Proposition 1: Second method. The following proof links the kinetic formulation
(5) with the theory of entropy solutions for scalar conservation laws (see e.g., [5]). Indeed, if u is
a smooth vector field satisfying (3), then formally, u1 = —h(uz) := /1 —u3 so that V x u =0
can be rewritten as:

O1us + 62[]1(11,2)] =0 (13)

thus, us can be formally interpreted as a solution of the above scalar conservation law in the
variables (time, space) = (x1, z2). Based on the concept of entropy solution of (13) introduced via
the pairs (entropy, entropy-flux), the following applications (called “elementary entropies”) were
used in [5]. More precisely, for every ¢ € S, ®¢ : St — R? is defined as

&t for z-£ >0,

for z € Y, ®%(2) =
0 for z-£<0.

Then the kinetic formulation (5) writes as

V- [@(u)] =0 distributionally in €. (14)



In order to prove (14), we will approximate ®¢ by a sequence of smooth maps {®; : S! — R?}
such that {®;} is uniformly bounded, lim, ®;(z) = ®¢(2) for every z € S! and ®;, satisfies (14) for
every k. Following the ideas in [5] (see also [13]), this smoothing result comes from the following
observation: there exists a (unique) 27-periodic piecewise C! function ¢ : R — R associated to ®¢
via the equation

D (2) = —¢'(0)z + p(B)z+  for every z =¥ e SL. (15)

In fact, ¢ is given by:
@(0) = ®%(2)-2" = &2l gm0y = c08(0—00)L9—pye(—r/2,7/2)} fOr z= e, 0 € (—m+0y, m+6p),
where ¢ = e € S! with 6y € (—n,7]. In (15), the distributional derivative ¢’ is given by

¢'(0) = —sin(0 — 00)L{9—goc(—r/2,7/2)} for 8 € (= + 0o, 7+ 6p).

Now, one regularizes ¢ by 2w—periodic functions ¢, € C*°(R) that are uniformly bounded in
Who(R) and limy o5 (0) = ¢(0) as well as limy, ¢}, (8) = ¢’(0) for every 6 € R. Then we define &y,
as in (15) for the functions py:

Dp(2) = = (0)z + @r(0)z  for z =" €S
Let us now check that {®;}, are indeed the desired (smooth) approximating maps of ®¢. For that,

first, note that differentiating the above equation defining ®j, one obtains that

%(z) 2zt =0 forevery z=¢"cSh (16)

Next, we prove that @ satisfies (14). Indeed, we can locally write u = e©

some smooth lifting © : B — R that satisfies

in every ball B C (2 for

VO.-u=Vxu=0 in B.

This means that VO = Ayt in B for some smooth function X : B — R. Therefore, it follows

V- [k (u)] = %(ei@) VO = A%(u) Wt P00 B

Passing at the limit & — oo, the dominated convergence theorem yields:
/ ®¢(u) - V¢dz =0 for every ¢ € C°(B).
B

The conclusion is now straightforward. (I

Note that another interest of this second method is that it can be adapted to vector field
we WP for p € [1,3]. For such vector fields, there is a priori no trace of u on a segment so that
the flow (2) does not have a proper meaning anymore; see [12] and [4] for more details.

3.2 The case of dimension N > 3

The aim of this subsection is to prove Theorem 7. We divide the proof in several steps, each step
being stated as a lemma.
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Lemma 12 Let Q C RY be an open set and u : @ — RN be a smooth vector field satisfying (8).

We denote by
u

Q::{er:u(x);éO,V( )(x) # 0}

|ul
and for every x € §Q,
Sei=u(x)t NSVt ={e SV u(x) £ =0} = SN2
Then we have for all z € Q and for HN"2-a.e. £ € S, that the set
{yeQ:uly)-£=0}=0nodfu-£ >0}
is a hyperplane around x that is oriented by the normal vector £&. Moreover,

Vaox(, &) = +EHN 1L 0{u-€ > 0} locally around . (17)

Proof. As in the proof of Lemma 11, we set v = ﬁ‘ on Q. Then v is a smooth unit-length vector

field in Q that satisfies (8) (because u satisfies it, too) and by Proposition 5, we have that v is
curl-free in €. Let 2 € Q, in particular, Vo(x) # 0. First, we show that {y € Q : u(y) - £ = 0}
is a smooth N — 1 manifold around z. Since v is curl-free, we know that Vu(z) = (9;vi(x));,; is
symmetric. By differentiating the relation |v(z)| = 1, it follows:

Vo(z) v(z) = Vo(z)v(z) = 0.
That means v(z) € Ker Vu(z). We will prove that
HN2(S, NKer Vo(z)) = 0.

Assume by contradiction that S, N Ker Vu(x) has positive HY ~2-measure. Since Ker Vo(z) is a
linear space, then one would have that S, C Ker Vou(z), i.e., Vu(z)¢ = 0 for all £ € S,. Moreover,
since v(x) € Ker Vo(x) and S, C v(z)*, it follows that Vu(x) = 0 which is a contradiction with
the assumption Vo(z) # 0. Therefore, Vo(z)€ # 0 for HN"2-ae. £ €S, and {y € Q:v(y) - € =
0} ={y€Q:u(y) &=0}is a smooth N — 1 manifold around z.

It remains to prove that this manifold is a piece of hyperplane oriented by & where (17) holds
true. For that, set ¢ € C° (Q,RN) be supported in a ball B C () centered at z. By the Gauss
theorem, we have

—<V1-x(-7€),so>=/BV-so(y)x(y7§)dy=/{ V- pdy

yEB:u(y)-£>0}

:/ ¢ vdH" " (y)
Bno{u-£>0}

where v is the unit outer normal vector at the N — 1 manifold d{u(y) - £ > 0}. This proves that
locally around z, we have

Vox(z, &) = —vHN 71 (B No{u-&> O})

Because of (8), we know that V,x(z,£) and £ are collinear. Since v is smooth on BNd{u-& > 0},
this implies v = £ or v = —=¢ on BN 9{u-& > 0}. The conclusion is now straightforward. O

We now state the following result which is the key point in proving Theorem 7.
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Lemma 13 Under the hypothesis of Theorem 7, every point x € S is an umbilical point, i.e., there
exists A(z) € R such that:
Du(z) = Mx)Id: T,S8 — RN ™!

where u is proportional with the Gauss map on S, T,S is the tangent plane at the hypersurface S
at x and Id is the identity matriz.

Proof. Recall that |u| is constant on S by Lemma 11 so that u/|u| is the normal vector (i.e., the
Gauss map) at the hypersurface S. Therefore,

1

D(%Ls) = |_

ul

D(u|8) in S,

where D(u‘ s) is the differential of u restricted to S as a map with values into the sphere SV 1!
(up to the multiplicative constant |u]). As in the proof of Lemmas 11 and 12, we may assume
that u never vanishes in ) and set v = ﬁ in Q. Then v is a smooth unit-length vector field in Q2
that satisfies (8) and by Proposition 5, v is curl-free so that locally v = Vi for a smooth stream
function 1. Since Vi) = u = |u|V1z7 we know that ¢ and 1& have the same level sets, in particular,

S is a level set of z/; Therefore, replacing v by v, we may assume in the following that
luj=1 in Q.

Let z € S. We want to show that x is an umbilical point of S. This is clear if Vu(z) = 0.
Therefore, we assume in the following that z € QNS defined at Lemma 12, i.e.,

Vu(z) # 0.

Since (9) holds for the unit-length vector field u, we obtain by differentiating (9):

Vula) = o [ €9 V@)

where Vy_1 is the volume of the unit ball in RVY~!. The above integrant is to be understood as
an absolutely continuous measure with respect to the Hausdorff H~ 2 measure concentrated on
the set S, (defined at Lemma 12). For that, we check first that the support of the integrand lies
on S,. Indeed, if ¢ € SN~ with u(z) - £ # 0, then V,x(+, &) = 0 in the open set {u- & # 0} around
x. Therefore, the integrand has support on the set & € S, where (17) holds true for ¥ 2-a.e.
¢ € S,, the density of the measure being equal with +¢ @ ¢HN2.S,. Since S, C u(x)* = T,S,
the density £ ® € with £ € S, already identifies Vu(x) = Du(x). Next we compute this quantity
by exploring the sign of the density +£ ® &:

Case N = 3. We show that there are at most two nonzero vectors ££, € S, ~ S' such that
Vu(x)§p = 0. Assume by contradiction that there are more than two vectors as above, i.e., there
exists another nonzero vector & # =£& in S, such that Vu(z)é, = Vu(z)& = 0. Because of
|u| = 1, we know that Vu(z)u(z) = 0. Since the set {u(z),&,&} spans R?, it implies Vu(z) = 0
which contradicts the hypothesis # € . Therefore, Vu(z)é # 0 for every £ € S, \ {£&} (or
for every £ € S, if £ does not exist) and by Lemma 12, d{u(y) - £ > 0} is a smooth surface
around z oriented by £. Let C; and Cs be the two connected components of S, \ {££o} (convention:

12



C1 = Cy =S, in the case Vu(x)¢ # 0 for every € € S;). For j = 1,2, we associate to a point & € C;
the unit outer normal vector field v(£) € {££} at the plane d{u - £ > 0} around z. Since the map
£ €C; — v(§) is smooth (by the implicit function theorem) and C; is connected, we deduce that v
is constant on C;. Thus it follows that

ﬂVu(ac)Z’h/C §®§d€+72/c E®Ed¢,

with Vo = 7 and 71 2 € {£1} (with the convention that v, = v2 = i% if C; =Cy =S,). It remains
to show that fcj & ® & d¢ is proportional with the identity matrix Id, 7 = 1,2. Up to a rotation,
we can suppose that u(z) = ez and C; = {£ € S' x {0} : & > 0} ~ {(cos@,sind) : 6 € (0,7)}. We

have
/ §®§dgw/7r cos? cos fsin 6 g0 =" 14
C - o \cosfsind sinZ 0 )

(the conclusion follows similarly if C; = Cy = S,).

Case N > 3. Let C = Ker Vu(z) N'S,. We know that u(x) € Ker Vu(z) and u(x) is orthogonal
at S, which is isomorphic to S¥ 2. Since Vu(z) # 0 (i.e., the dimension Ker Vu(z) is at most
N — 1), we have two situations (as in the case N = 3):

e cither dim Ker Vu(z) = N — 1 leading to C isomorphic to SV ~3. In this situation, S, \ C is
the partition of two connected sets C; and Co that are isomorphic to the half sphere

8172 = {5 = (gla"'angl) € SN_Q : 51 > 0}

The same argument as in the case N = 3 shows that the sign of the unit outer normal field
v(€) € {£&} at the hyperplane 0{u - £ > 0} is constant when { covers C;, j = 1,2, so that

V1 Vu(z) = 71 5®5d5+72/ £@ede,
Cl C2

with v1,v2 € {£1}.

e or dimKer Vu(z) < N — 2 leading to the manifold C of dimension < N — 4. In other words,
S. \ C is connected and covers a.e. point of S,. The above formula holds for C; = C; = S, and
1 =72 = £3.

We now compute Vu(x). For that, we may assume (up to a rotation) that u(x) = ey and C; =
81_2. Since 81_2 is invariant under the change of coordinate &g — —&;4 for some 2 < d < N — 1,
we have for every 1 < j < N — 1 with j # d:

/SH SEE S /S L EikadE =0,

+ +

leading to

& 0
/HN—2 SN—2
/N—2€®§d€:/1\f—2 0o . 0 dg:#ld'
S S§

+

13



This concludes the proof. O

Proof of Theorem 7. It is a consequence of Lemma 13 and a classical result in differential
geometry for totally umbilical hypersurfaces (see e.g. [9] Ch. 2, page 36). O

We have the following consequence of Lemma 11 and Theorem 8 (whose proof is independent
of this Section):

Corollary 14 Under the hypothesis of Theorem 7, there exists a neighborhood w of S and a dif-
feomorphism t — F(t) such that either 1 = F(|x — P|) for every x € w for a point P € RN, or
Y= F(x-&) for every x € w for a vector £ € SN

4 Several properties on the set of Lebesgue points

Let © C RN be an open set and u € L}, (€2, RY). Recall that zo € Q is a Lebesgue point of u if
there exists a vector ug € RY such that:

lim |u(z) — uo| dz = 0. (18)
r—0 Br(xO)
In this case, we write u(z) = uo which is the limit of the average  of u on the ball B, (zo) asr — 0.
We denote by Leb C € the set of Lebesgue points of u. It is well known that H™(Q\ Leb) = 0
and one can replace the ball B,.(xg) by the cube xg + (—r,7)" in the definition (18) to recover the
same set of Lebesgue points.

SN—I

Proof of Proposition 5. We start by proving (9) for a fixed vector u(x) € . By carrying

out a rotation if necessary, we may assume that u(z) = ey. Then we compute

/ Ex(a,€) MV () = / CaMN N (E) = < / N dHN—1(£)>eN
SN—1 SN=1N{&n >0} SN=1n{&n >0}

because the integrand is odd in the variables &; for j = 1,...,N — 1. Denoting by & :=
(é1,...,6n_1), the half sphere S¥=1 N {&x > 0} is the graph of the map ¢ € BN71 s &y =

/1 — |€’]2 so that we have:
/ v - [ VTP
SN-1n{¢x >0}

—I(BN—I) _ VN—I-

V1 |€’
The second statement naturally reduces (by a slicing argument) to the case of dimension N = 2.
In that case, for any ¢ € C°(2), we have V x u = 01uz — duy and

/QQDqud:E:—/QVLga udz @ 2 //Vgafxxf)d% (€) dx
=5 [ a© [ Ve e Do,

O
The following lemma yields the relation between the Lebesgue points of « and Lebesgue points
of the functions {x(.,§)}¢csv-1 defined at (4).
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Lemma 15 Let Q C RY be an open set and u € L, (Q,RY).

(i) If lu| =1 a.e. in Q and xq is a Lebesgue point of x(.,&) for almost every & € SN=1, then xg
is a Lebesgue point of u and (9) holds at xg.

(ii) Let xo be a Lebesgue point of u and & € SN7L. If u(xg) - € # 0, then xo is a Lebesgque point
of x(.,&). Conversely, if xo is a Lebesgue point of x(.,&) with x(xo,&) =1 (resp. =0), then
u(zo) € > 0 (resp. <0).

Proof. For proving (i), we apply Proposition 5. Indeed, if ¢ is a Lebesgue point of x(., &) for a.e.
¢ € SN~1 then Fubini’s theorem implies:
1

]{37'(950) VNfl
9 1 B "
=V ]27«%) /SM ¢x(@.9) x(:cO,g))‘de (€) da

L — N-1 r—0
ST /SN*1 (Jér(zo) Ix(z,€) X(xo,f)ldaz) dHN1(e) =00,

dx

u(zx) —

[, el

where we used the dominated convergence theorem.
Next we prove (i7). We treat the case u(xo) - £ > 0. For that, we have:

/B( )\x<x,€>—1\dm=# u(o) - € de

u(20) - € J B, (wo)n{u-e<0}

1
£ .6 d
< w(@0) - € I, (eoynue<o) (u(wo) - € —u(x) - §) dz

>u(xo)-£>0
1
< — lu(z) — u(zo)| dz.
u(20) - € J B, (a0)

Since x is a Lebesgue point of u, it follows that ¢ is a Lebesgue point for (-, ) with x(zo, &) = 1.
The case u(zg) - £ < 0 can be shown similarly and obtain x(zg,£) = 0. The last statement is a
direct consequence of the above lines (using a contradiction argument). O

Remark 16 a) Note that the condition u(zg) - £ # 0 is essential in Lemma 15 (¢7). Indeed, if one

considers the vortex vector field u(x) = ﬁ for z € RN \ {0}, then for every & € S¥~1 any point

xg € &€+ \ {0} is a Lebesgue point of u (because u is smooth around ) and satisfies
U(ZO) £ =0,

but ¢ is not a Lebesgue point of x(-,£) because

]{B PN R ]{3 PR

where we used that

][B ( )X(%Q dr — HN({x € B.(x0) : z-£>0}) e=y+o HN({y € B,.(0) : y-£>0}) 1

d:c:][ 1d:cﬁ'»O asr — 0,
B, (x0)

HN (B (o)) HN (B (0)) 2
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b) Note that in Lemma 15 (i¢), one cannot conclude in general that u(xo) - £ > 0 provided that
x(20,&) = 1. Indeed, consider for example ¢ = ey, u(x) - & = uy(x) = |z| for z € RN and set
xo = 0; then x(-,&) = 1 in RV \ {z0}, 79 is a Lebesgue point of uy and x(-, &) with x(zg,¢) = 1,
but un(ro) = 0.

We now prove one of the key tools in the proof of Theorem 8 that mimics the relation of ordering
of level sets of a stream function when (8) holds true. It is a generalization of Proposition 3.1 in
[14] to the case of dimension N:

Proposition 17 (Ordering) Let N > 2, Q C RY be an open set and u € L}, (Q,RYN) satisfying

loc
the kinetic formulation (8). Assume that y,z € Leb are two different Lebesgque points of u such
that the closed segment [yz] is included in Q. Then for every direction & € SN=1 with € € (z —y)*,
we have:

u(y)-€>0 (resp. <0) = w(z)-&>0 (resp. <0); (19)

moreover, y and z are Lebesgue points of x(-,&) and x(y,&) = x(2,€). As a consequence, if u # 0
a.e. in , then we have for a.e. y € Q, H¥N " 1-a.e. £ € SN and HN " '-a.e. v € &+ with the
segment [y,y + v] C Q that y and y+ v are Lebesque points of u and

X, &) = x(y +v,¢). (20)

Proof. First, we consider the case u(y)-¢ > 0. By Lemma 15 (i), y is a Lebesgue point of x(., &)
and x(y,&) = 1. Let

1 .
(00) = o) }es
be a standard family of mollifiers where p is a nonnegative radial smooth function having as support
the unit ball suppp = B; C RY and fBl pdxr = 1. Set the convoluted function
Xe = Pe * X(-7§)

in a neighborhood w C 2 of the segment [yz] for ¢ > 0 sufficiently small. Then x. is smooth in w
and for every Lebesgue point x € w of x(.,£) we have x.(z) — x(z,§) as € — 0 because

IXe (@) = x(2, )| =

/ (X($—f,§) _X(xvg))pe(.f)d.f
B (0)

sup p N - . _e—0
<R[ e xwolEsef @ -x@ ol o

In particular, lim. 0 x:(y) = x(y,€) = 1. Let v = z — y. We show that x(y + v,£) = 1. For that,
we have v € £+ and
8 .
V- Vaexe = v - Vaex(+,€) * pe ©o i
Then )
Xe(y +v) — Xe(y) = / v - VmXe(y +tv)dt =0

0
so that lim._,0 xc(2) = lim.0 x:(y) = x(y,€) = 1. This implies that u(z) - £ > 0. Assume by
contradiction that u(z) - £ < 0. By Lemma 15 ii), z is a Lebesgue point of x(.,£) with x(z,£) =0
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so that lim. 0 x:(2) = x(2,£) = 0 which contradicts the above statement. We prove now the
following:

Claim: If x.(z) — 1 as € — 0, then z is a Lebesgue point of x(.,£) with x(z,&) = 1.

Proof of Claim. Let {&} be a sequence converging to 0 as k — oco. For k large enough, we define
fr: B1 — {0,1} by fr(x) = x(z — erz, &) for every x € By. Then the sequence { f} is bounded in
L?(B,) and up to a subsequence, f, — f weakly in L?(B;) where the limit f : By — R has the
range inside [0, 1]. Therefore, we have for our smooth mollifier p € L?(By) that

/pfkd:c% pfdr as k — oo.
B1 Bl

Note now that by the change of variable £ = z — g,z we obtain by our assumption:

/ p(z) fi(z) dx = / Pe (2 — 2)x(2,6)dT = xe, (2) = 1 as k — oo,
B

BEk (Z)

therefore, [ B, P fdx =1. Since 1 is the maximal value of f and p is nonnegative with the integral
on Bj equal to 1, we deduce that f = 1 in suppp = Bi. It follows by changing the variable
T =2z—¢eRx:

][ |X(j,§)—1|d£=1—][ fe(x)de =0 as k — oo,
Bak(z)

B1(0)

because fr — 1 weakly in L?(Bj). Since the limit is unique for every subsequence g, — 0, we
conclude that z is a Lebesgue point of x(.,£) with x(z,£) = 1 which proves the claim.

For the case u(y) - £ < 0 (i.e., x(y,£) = 0 by Lemma 15 (i7)), one applies the above argument by
replacing £ by —¢ and obtain that z is a Lebesgue point of x(.,—¢&) with x(z, —§) = 1. Tt follows
that z is a Lebesgue point of x(., &) with x(z,£) = 0 because

HYN{z € B (2) : u(x)-£>0}) - e
]€37(z) |X(1';§)|d1' < HN(B7(Z)) =1 ]{37(2) X( , f)d =0

as r — 0. One also concludes that u(z) - £ < 0 by Lemma 15 (it).

For the last statement, we have for a.e. y € €, y is a Lebesque point of u with u(y) # 0. Then
for HN~1-a.e. direction ¢ € SN~! we have that u(y) - € # 0 and y + v is a Lebesgue point of u for
HN"lae. v e & with the segment [y, y + v] C . By the above argument, we conclude to (20).
O

5 Notion of trace on lines

The H'/2-regularity for N-dimensional unit length vector fields u satisfying the kinetic formulation
(8) (see [7]) is a priori not enough to define the notion of trace of u on one-dimensional lines.
However, using the ideas in [14] for dimension 2, we will define a notion of trace of u on segments
(in the sense of Lebesgue points) in any dimension N > 2.
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Proposition 18 (Trace) Let N > 2, Q C RY be an open set and u : @ — SN~ be a Lebesgue
measurable vector field satisfying the kinetic formulation (8). Assume that the segment

L= {0} x [<1,1] is included in €.

Then there exists a Lebesque measurable function i : (—1,1) — RN such that

1
Jim / (e 2x) — iz )| de’ dey = 0, (21)
r—0 (=r,r)N=-1J-1
where © = (z',xn), ¥’ = (z1,...,xN_1). Moreover, for H'-a.e. xy € (—1,1),
(zy) = lim u(r',xy)de’  and |u(zy)| = 1. (22)

r—=0 (77’17")]\]71

6 Finally, every Lebesgue point x € Leb of u lying inside L is a Lebesgue point of i and u(x) =
w(xn). The vector field @ is called the trace of u on the segment L.

Proof. To simplify the writing, we assume that Q = RY. We divide the proof in several steps:

Step 1: Defining the one-dimensional function X(-,&) for suitable directions ¢ € SN=1. Let D be
the set of directions ¢ € S¥~1 such that &y # 0 and (20) holds true for the triple (y,y + v, &) for
a.e. y € Qand HV " l-ae. v € &t (with the segment [y, y +v] C Q where y and y + v are Lebesgue
points of u). By Proposition 17, we know that D covers SV 1 up to a set of zero HY ~!'-measure.
For such a direction £ € D, we can choose a point ye € Q (in a neighborhood of L) such that
the map £ € D — y¢ € 2 is Lebesgue measurable, the point ye 4+ t£ € Q is a Lebesgue point of
x(+,€) for H'-a.e. t € R, the function t — x(ye + t&,€) is H'-measurable (by Fubini’s theorem)
and (20) holds true for the triple (ye + &, ye + t& +v,€) for HN"lae. v € ¢4 and Hl-ae. t. Set

the one-dimensional function
S = )2(3,5) = X(yﬁ + (5 —Ye - €)€7§) € {07 1}
Then we have that for a.e. z €  in a neighborhood of L:
~ (20)
becausev:ygfy§~§§+:c~§§f:£€§¢.

Step 2: For & € D and for every Lebesgue point P = (0,...,0,Pn) € L of x(+,&) with Py € (—1,1),
the point P - £ is a Lebesgue point of X(+,&) and X(Pnén,&) = x(P,€). Indeed, since {n # 0, we
have:

PnEn+T|EN] t—inEn Pn+r
][ 1R(6,) — x(P6)] dt ™2 ][ da’ ][ R(Enén. &) — X(P.6)| din
(—=r,r)N=-1 Py—r

PnEn—T|én|
' g ) . Pwa;g/Jr’f’
x §+1N£N—1N§N][ dm’/[ , ’,V })Z(x/f/JrﬂSNfN,f) *X(Rf”dfﬂN
(—rp)N-1 Py—fe—r
N (23)
="x(z,§)
, 1 Pn+T7
(—=r,r)N-1 T JPy—7

SC][ Ix(@,8) = x(P,§)|dz =0 asr—0
P4 (—7,7)N

6 Leb is the set of Lebesgue points of u in €.
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where we used that |2/ - ¢'| < ry/N —1 for 2’ € (—r,r)¥ =1 and 7 = (V\E —+ 1)r. Thus, Pyéy is

a Lebesgue point of x(+,€). In particular, we have by Fubini’s theorem for every o > 0:

ar PnEN+TIEN|FE
]{ dt][ IX(t,€) — X(Pnén, €)| dt

NEN —T[En |+

Prnén+r(lEn]+a) _
- £,6) — (P 1 . ewran () dt di
4a|€N|r [QT/ e ent o X(2,€) = X(PNEN, )| L(pyen—rien+7.Pxen+rien 4D (D)

/PN§N+7(|€N+<X)

ar

X(t,€) — X(Pnén, §)| dt/ L(—pren—rlen|+t,—Pyen-trlen|+t) (1) dE

40<|€N|7’ Prnén—r(lEn|+a) —ar

1 PyEn+r([En]+a)
< gt |
2[En|r

|X(t, &) — X(Pnén, &) dt — 0 asr— 0. (24)
Pnén —r(JEn|+a)

Step 3: Proof of (21). For £ € D, we have for small r > 0:

1
][ / Ix(z,€) — X(xNEn,E)| da’ don
(—r,r)N-1 1

1
(23)]{ )N 1/ X(@" &' +anén, ) — X(anén, §)| da’ day

-1

t=zNEN 1 |€N‘ B ~ _
< sup / [X(t+1,8) — X(t,€)] dt
|€N|| fl<rvN—TJ-

because |z’ - &'| < rv/N — 1. Since the one-dimensional function ¢t — X(¢,&) belongs to L, its

L'-modulus of continuity present in the above RHS tends to 0 as r — 0 which leads to the following:

1
lim / Ix(z,&) — X(xnEn, &)| do’ dzy = 0.
r—0 (—r,r)N-1 1

This formula can be interpreted as the notion of trace of x(-,£) on the segment L and yields (21).
Indeed, due to (9), we set for a.e. xny € (—1,1):

1
Vn-1

Q(IN) =

/SN?1 EX(@nEn, &) dHN ()

and we obtain by Fubini’s theorem:

1
][ / lu(x',zn) — u(zn)| do’ doyn
(=rr)N—1J-1

© 1 !
< / (][ / Ix(z,8) — X(xnEn, )] dx’de) dHNTHE) -0 asT— 0,
V-1 Jsv—1 \ J—rmn-1J_1

where we used the dominated convergence theorem.

Step 4: Proof of (22). By Step 3, we deduce that:

][ u(z',)de' — @ in L'((—1,1));
( 77_)1\{ 1 r—0
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therefore, the first statement in (22) follows immediately. Moreover,

1 1
/ s = f ]
-1 (=rr)N-1J-1

1
S][ / la(zn) —u(z',zn)| do’ doey (2—1>) 0 asr—0;
(=r,r)N-1J-1

a(zn) -1 a(zn)| = [u(z’, 2y )| da’ dey

thus, |a(zn)| =1 for H'-a.e. zy € (—1,1).

Step 5: Conclusion. Let P = (0,...,0,Py) € Leb be a Lebesgue point of u with Py € (—1,1).
We want to show that Py is a Lebesgue point of @& and @(Py) = u(P). For that, we know by
Lemma 15 that P is a Lebesgue point of x(-, ) for every direction ¢ € S¥~1 with u(P) - € # 0. If
in addition £ € D, we know by Step 2 that P - £ is also a Lebesgue point of x(-,&). By the same
argument as at Step 3, we have:

][ lu(z',zn) — u(zn)| do’ doyn
P+ (—r,r)N

VN 1/SN 1]{34_( rr)N
<

< 1 / dHNY( {
VN_1 SN-1

Pn+r

+f

PNf’l“

1 Pyén+rién|+a’-¢
< / dHN 7€) ][ da’ ][

VN-1 Jev—1 (—rr)N-1 PnEn—T|En|tal-e

1 PnENH+TIEN]
+ / dHN1(€) j[
VN-1 Jsv—1 PnéEn—TIEN]

Using twice the dominated convergence theorem, we conclude that the above RHS vanishes as

x(z,€) —X(zn&n, €)| do’ duy dHNTH(E)

—
X(z'-&'+xNEN,E)

X' & +anén, &) — X(Pnén, §)| do

(23

\v\

X(@nén, &) — X(PnéN, €)

d:L'N:|

U6.6) — X(Puén, 5)‘ it

X(t,6) — X(PNEN,Q‘ dt

r — 0. Indeed, the second integrand converges to 0 as  — 0 by Step 2 for a.e. £ € SN=1. For
the first integrand, we proceed as follows: for H¥ ~!-a.e. direction &, we may assume that [¢/| > 0
and £y # 0 so that there exists a rotation R € SO(N — 1) with R'¢’ = |¢'|e; and we have by the
change of variable 7/ = R'z’ and # = rv/N — 1:

Pnén+rén|ta’-¢
o |
(=rr)N—1 PnEN—T|én|+a’-€

PyEn+rEn]+E1[€]]|
{l&’'|<7} PnEN—TEN]+Z1[E|

X(t,6) — X(PN&V,&)‘ dt

|7 PNENJrT\ENlth - (o)
SC][ ][ IX(£,€) — X(Pnén, §)|dtdl = 0 asr— 0.
—lg'? NEN—T|EN |+
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6 Proof of Theorem 8

We start by showing some preliminary results that reveal the geometric consequences of the kinetic
formulation (8). The following lemma is the first step for proving that u is constant along the
characteristics and is reminiscent of the ideas presented in [14]:

Lemma 19 Let Q C RN be an open set such that L= {0} ' x [-1,1] C Q and u : Q — SN~1 be
a Lebesgue measurable vector field satisfying the kinetic formulation (8). Assume that the origin
O € QN Leb is a Lebesgue point of u and u(O) = en. Then we have for every Lebesgue point
xy € (—1,1) of a:

ﬁ(ICN) = :|:€N,

where u s the trace of u on L defined at Proposition 18.

Proof. W.lo.g. we assume that () is a convex open neighborhood of L. By Proposition 18, we
know that O is also a Lebesgue point of @ and @(0) = ey; moreover, |4| = 1 a.e. in (—1,1). Let
zn € (—1,1) \ {0} be a Lebesgue point of @ such that HNt-ae. z € QN (zyeny +ey) is a
Lebesgue point of u and that the following holds true (see Proposition 18):

lim lu(z’,an) — i(zn)|da’ = 0. (25)
r—0 (—r,r)N—1
Our goal is to prove that the component @;(zx) of @(xy) in direction e; vanishes for every i =
1,...,N — 1. For that, we follow the ideas in [14]. Let € > 0 be small and denote the following
subsets F; and E:r (depending on ) of the hyperplane (:cNeN + eJ]\-,) for 1<i<N-—-1:

Ef:{zeQﬂLeb : Zy =N, elan| > +z; > 0}.

By our assumption, these sets E;—L contain many points (e.g., for i = 1, Efr covers the N — 1
parallelepiped (0,7) x (—r,7)V=2 x {xx} up to a set of zero HYN~l-measure, for » < ¢). For
z € Ef

7 7

we set y = —ziey + xne; if ay > 0 (vesp., y = zieny — ane; if xy < 0). Obviously,
z-y=0,1ie.,y € z-. By convexity of 2, the segment [Oz] C €2 so that by Proposition 17 we have
if zx > 0 (resp. an < 0), then w(O) -y = —z; < 0 (resp. u(0) -y = z; > 0) so that u(z) -y <0
(resp. > 0). It follows that

Zi

wi(z) € un(z) <e  (resp.ug(z) > —un(z) > —e),

TN |xN|
because |un(z)] < 1. Similarly, for z € E;, one uses y = zijeny — ane; if axy > 0 (resp. y =
—zieny +zne; if xy < 0) and deduces that u;(z) > —e if xn > 0 (resp. w;(z) <eif xny < 0). We
conclude that 4;(zxn) € [—¢,¢]. Indeed, let us set ¢ = 1 for simplicity of writing; by (25), we have

a1 (zy) = lim ui (2, xn)de’ <eifzy >0 (resp. > —cifzy <0)
=0 J(0,r)x (—r,r)N =2
and also,
a1 (zy) = lim u (2, xn)dr’ > —eif oy >0 (resp. <eif zy <0).

720 J(—7,0)x (=r,r)N -2
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Passing to the limit ¢ — 0, we conclude that @;(xy) = 0 for ¢ = 1 (similarly, for every 1 < i <
N —1). Obviously, H!-a.e. xy € (—1,1) satisfies this property. As a consequence, if Py € (—1,1)
is a Lebesgue point of o then for every 1 <i < N — 1:

Pn+r
i;(Py) = }5% . ;(xy)dey = 0.
Since |a(Pn)| = 1, we deduce that an(Pn) = £1, i.e., 4(Pn) = fen. O

We now prove the main result:

Proof of Theorem 8. We first treat the case €2 is a ball and then the general case of a connected
open set.

Case I: ) is a ball. Since u is not a constant vector field, there exist two Lebesgue points
Py, Py € QN Leb of u such that
u(Po) # u(Py).

Let Dy (resp. D;) be the line directed by u(Py) (resp. u(Py)) that passes through Py (resp. Pp).

Step 1: We show that Dy and Dy are coplanar. Assume by contradiction that Dy and D; are not
coplanar, in particular |u(Pp) - u(P1)| < 1. Set A € Dy and B € D; such that

0<|A—B|= min |z—y|
x€Do,y€D1

Obviously, the segment [AB] is orthogonal to Dy and D;. Set O be the middle point of the

Figure 2: Two noncoplanar lines Dy and D,

segment [AB] (see Figure 2). Let

H
wy = u(FPp), we = — and ws = au(FPo) + pu(Pr)
OA|
where
—u(Py) - u(Pr) 1

and (= = > 0. (26)
\/1 = (u(Po) - u(P))

- V1= (u(Po) - u(Py))?
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The choice of o and (3 is done in order to insure that w; - w3 = 0 and |w3|2 = 1 which finally
yields the orthonormal basis wq, we and ws. Note now that the vectors u(FPp) and u(P;) have the

following components in the basis (wy, ws, ws):
1

ga Oa _)'

BB

—
We want to find the writing of Py P} in that basis, too. For that, we have

u(Pp) = (1,0,0) and wu(Pr)=(—

PPy 2130‘?4-1—@—1—3131
which implies the existence of three real numbers A, 5\, A € R with A 2 0 such that

N - .
Py Py =) w1 + Aws + )\U(Pl)
< ~ (1 o
=dwi + Awy + A (—U}3 — —wl) .
g g
Thus, PyP; has the following components in the basis (w1, wa, w3):

).

®| >

PyP{ = (A — =)\,

Set now the following vector £ := (1,s,—) # 0 written in our basis where s := % — % Then
[PoP1] C £ (since Q is a ball) and

PyPi-£=0, ie., &€ PPt
’U/(PQ)£:1>O, u(Pl)gzu(PO)u(Pl)—1<O,

which contradicts Proposition 17. Thus, Dy and D; are coplanar.

Step 2: We show that Dy and D1 must intersect (Do might coincide with Dq). Assume by con-
tradiction that Dy and D, are parallel and Dy # D;. It means that u(Py) = —u(P;) (because of
our choice u(FPy) # u(P1)). Set (wq,ws) be an orthonormal basis in the two—di_me>nsi0nal plane II
determined by Do and D; with w; = u(Fp). In the basis (w1, ws), we write PoP1 = (A, \) where
X # 0 (since Dy # D;) and set £ = (=X, \) be an orthogonal vector to PyPj in II (see Figure 3).
Then one checks that u(Pp)-& = —X and u(P;) - € = X have different signs which again contradicts
Proposition 17.

P
| u(po)

Figure 3: Two parallel lines Dy and D,

Step 3: There exists a point O € Dy with O # Py, P1 and a sign v € {£1} such that

U(R)’y%, i=0,1.
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If Dy = Dy, then u(Py) = —u(P1) so any point O € Dy located between Py and P; leads to the
conclusion. Otherwise, Dy # D7 and we denote {O} = Dy N D;. First, we prove that O # Py, P;.
Assume by contradiction that O = Py € Dy N Dy. Then by Proposition 18 we know that P,
and P; are Lebesgue points of the trace @ of u on the segment Dy N Q (directed by w(Py)) with
u(Po) = u(FPp) and a(P1) = u(Py) so that by Lemma 19, we should have u(FPy) is parallel with
u(Py) which ﬁ contradiction with Dy # D1. So, O # Py, P1. Next, note that for any orthogonal
vector € to PyP; in the plane determined by Dy and Dy, we have by Proposition 17 that u(P) - £
and u(P;) - € have the same sign, i.e.,

(u(Po) - €) - (u(Pr) - €) > 0. (27)

Write now . N
OPy = u(P)) and OP; = \u(P,)

with A, A nonzero real numbers. The conclusion of Step 3 is equivalent with proving that A and
A have the same sign. For that, as at Step 1, we choose the orthonormal basis w; = u(Pp) and
wy = au(Py) + Pu(Py) with a € Rﬂ)ﬁ >jven at (26) (recall that |u(Py) - u(Py)| < 1 because
the assumption Dy # D1). Since PyP;y = OP; — OPO = )\u(Pl) Au(Pp), we write in the basis

(’U.)l,’UJQ).

w(Ry) = (1,0), u(P)=(-%,%), RP 5,

=

:()\

Ql =
QIQ
Elyl

ﬂ’ )-
Then for the orthogonal vector &€ = (X, A8 + a)) # 0 to P0P1 we have by (27):
0< (u(Po)-€) - (u(Pr)-€) =A- X

Step 4: Conclusion. For every Lebesgue point P € Leb N €2 of u, we consider the line D passing
through P and directed by u(P). Call D the set of these lines. Obviously, D covers H¥-almost all
the ball © (since HY (Q2\ Leb) = 0), in particular, D is not planar. By Step 1, we know that every
two lines in D are coplanar. Then Proposition 9 (whose proof is presented below) implies that
either all these lines are parallel, or they pass through the same point O. Since u is nonconstant, we
deduce by Step 2 that only the last situation holds true. By Step 3, we conclude that u = yu*(-—O)
a.e. in (.

Case II: () is a connected open set. By Case I, we know that in every open ball B C ) around
a Lebesgue point of u, the vector field w is either a vortex type vector field in B, or u is constant
in B. Since u is nonconstant in €2, there exists a Lebesgue point Py of u and a ball By C € around
Py such that u is a vortex type vector field in By, say for simplicity ©v = u*. Let P # Py be any
other Lebesgue point of u. Since {2 is path-connected, there exists a path I' C Q from Py to P.
Then we can cover the path I' by a finite number of open balls {B,}o<;<n such that P € B,,
BN Bjy1 # 0 for 0 <j <mn—1andu is either constant, or a vortex type vector field in any B;.
Since u = u* in By and By N B; is a nonempty open set, the analysis in Case I yields u = v* in
B and by induction, u = v* in B, which is a neighborhood of P. This concludes our proof. [

Let us now present the proof of the geometric result in Proposition 9 which is independent of
the previous results:

Proof of Proposition 9. Assume that there are two lines Dy, D1 € D that are not colinear.
Since Dy and D, are coplanar, they intersect at a point P. Call II the plane determined by Dy
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and D;. We show that all the lines in D pass through P. Let Dy € D be any line not included
in IT (such line exists because D is not planar). We know that D is coplanar with Dy and Dy,
respectively. Then Dy cannot be parallel with Dy (otherwise, Do || Dy and DaND; # @) imply that
Dy C II which is a contradiction with our assumption). Similarly, Ds cannot be parallel with D;.
Therefore, Dy intersects both Dy and D;. Since D5 is not included in II, the intersection points
coincide with P. Let now D3 € D be any line included in II (different than Dy and D). Then
Dj3 is not included in the plane determined by D; and Ds. The previous argument leads again to
P € D3 which concludes our proof. O

7 Vortex-line type vector fields

We will prove the characterization of the weaken kinetic formulation (10) in Theorem 10. This
result is in the spirit of Corollary 14 and leads to vector fields that have vortex-line singularities.

Proof of Theorem 10. For x € RV recall the notation = = (2/, xx) with 2’ = (z1,...,2y_1) €
RYN~1. As the result is local in the set {ux # 41}, we will assume that w = B’ x (—1, 1) is included
in that set where B’ is the unit ball in RV =1, Let ¢ € S¥=2 and ¢ = (¢/,0) € £. Since ey € &+,
we deduce by (10):

e - Vax(,€) = Onx(,6) = 0 in D'(w). (25)

We know that the point (2/,¢) is a Lebesgue point of x(.,¢) for HN"l-ae. 2’ € B’ and H'-a.e.
t € (—1,1) and the convolution argument in the proof of Proposition 17 yields

x(z,€) = x(z + tey,€)  for HV-a.e. x € w and H'-a.e. t.
Then one can define the measurable function x(-,¢) : B’ — {0,1} by
X(mlagl) = X(Iag) = ]l{zew:u’(z)-ﬁ’>0} for HN'a'e' T = (I/a t) € w.

Set

’ﬁ(I/) 1 /SN?2 5/)2($/,€/) d/HN—2(€/)7 I/ c B/.

Thanks to (9),
a(z') = u:(ac) for HN-a.e. x = (2/,t) € w C {|u/| > 0}.
|u' ()]

In particular, X(2/,&") = L{pep  a().¢>0p in B for every & € SN=2. Therefore, we deduce by
(10) that @ : B’ — SN2 satisfies:

ve e SN2 v € (¢, o VLR, €)=0in B’

where V'’ (01,...,0N-1). As N —1 > 3, Theorem 8 yields either @(z’) = w’ for almost every

/ / . / N-2 ~ 00 z'— P’ / /
2’ € B" where w' € S is a constant vector, or @(z') = Vo—P7] for almost every ' € B’ where

v € {£1} and P’ € RV~ is some point. This means that for a.e. 2 € w,
' — P

either u/(z) = |u'(z)|w’ or u'(x)= 7|u’(z)|m

25



Case 1. Let v/(x) = |v/(x)|w’ for a.e. © € w. By (11), we have for k € {1,..., N — 1},
Okun = Onug = wiOn([v/|)  inw (29)
which yields for all k,j € {1,...,N —1}:
w;0puny = wipdjuny  inw.

Therefore, uy(z) = g(a,zn) in w for some two-dimensional function g with the new variable
a = ax) = 2’ - w'. Moreover, by (29), the function g satisfies the following: since wy # 0 for
some k € {1,...,N — 1} (because w € S¥~1) then the equation |u'|? + u3, = 1 a.e. in w implies

WeBag = Oy = wedn ([u']) = widn (V1 — g2).

The Poincaré lemma yields the existence of a stream function ¢ («,xy) such that g = Oy and
V1 — g% = 0,9 so that u(x) = V4 [¢(a, zn)] and therefore, ¢ satisfies the two-dimensional eikonal
equation:

(Bah)® + (On1)? = 1.

Case 2. Let v/(x) = ’y|u'(ac)|% for a.e. © € w. As above we have for k € {1,...,N — 1}:
x, — P .
Bpun = Onuy, = wﬁa]v(m) in w (30)

and we deduce that for all k,j € {1,...,N — 1}:
(xj — Pj)é)kuN = (Ik — Pk)ajuN in w.

Therefore, un(z) = g(a,zn) in w for some two-dimensional function g with the new variable
a = az) = |2'|. By (30), we conclude as above that there exists a stream function 1 solving the
eikonal equation in the variables («, zx) such that

u(x) = Va[h(a, oy )]

O
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