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Ferromagnetic thin multi-structures

Antonio Gaudiello*and Rejeb Hadiji

Abstract

In this paper, starting from the classical 3D non-convex and nonlocal micromagnetic
energy for ferromagnetic materials, we determine, via an asymptotic analysis, the free
energy of a multi-structure consisting of a nano-wire in junction with a thin film and of
a multi-structure consisting of two joined nano-wires. We assume that the volumes of
the two parts composing each multi-structure vanish with same rate. In the first case,
we obtain a 1D limit problem on the nano-wire and a 2D limit problem on the thin
film, and the two limit problems are uncoupled. In the second case, we obtain two 1D
limit problems coupled by a junction condition on the magnetization. In both cases,
the limit problem remains non-convex, but now it becomes completely local.

Keywords: micromagnetics, variational problem, thin film, nano-wire, junctions.
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1 Introduction

In this paper, starting from the classical 3D micromagnetic energy for ferromagnetic ma-
terials (see L. D. Landau and E. M. Lifshitz [24] and W. F. Brown [6]), we determine,
via an asymptotic analysis, the free energy of a multi-structure consisting of a nano-wire
in junction with a thin film and of a multi-structure consisting of two joined nano-wires.
These multi-structures appear in nano electronic devices (for instance, see [14] and [27]).
For reasons of simplicity and economy, especially by a numerical point of view, one tries to
reshape three-dimensional multi-structures, with multi-structures having a smaller size in
thin components.

In the sequel, x = (1, z2,3) denotes the generic point of R3. If 1y, 1y, 73 € R3, then
(m1|m2|m3) denotes the 3 x 3 real matrix having nf as first column, 11" as second column, and
nd as third column. In according to this notation, if v : A C R?* — R3, then Dv denotes the
3 x 3 real matrix (D,,v|D,,v|D,,v), where D, v € R3 i=1,2,3, stands for the derivative of
v with respect to x;.
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Let {hn},cy CJ0,1[ be a vanishing sequence of positive numbers, and let © C ]0,1[ be
an open connected set with smooth boundary. In this paper, we consider two kinds of thin
multistructures in R3. In the first case, for every n € N, we set

Q= (ha© x [0, 1)) U (©x] — h2,0[),

which approximates a wire in junction with a thin film (see Fig. 1), as n diverges. In the
second case, we set

Q= (] = b, 0%[0,1]) X (] = hn, 1[x] = hy, O]%)

which approximates two joined wires (see Fig. 2), as n diverges. In both cases, the volumes
of the two parts of the multi-structure vanish with same rate. =~ The aim of this paper
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Figure 1: €2, in the case wire - thin film

is to study the asymptotic behavior, as n diverges, of the following non-convex, nonlocal
variational problem:

p

1

M e Hl(Qn,S2)}, (1.1)

| div(—=DUy + M) = 0 in R?,
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Figure 2: €2, in the case wire - wire

where \ is a positive constant, ¢ : S? — [0, 400 is a continuous and even function, 52
denotes the unit sphere of R3, and F,, € L?(£2,,,R?). Tt is understood that M = 0 in R\ €2,,.

In classical theory of micromagnetics, M : ,, — R?® denotes the magnetization and the
body is always locally magnetized to a saturation magnetization |M (z)| = m(T") > 0 unless
the local temperature T is greater or equal to Curie temperature depending on the body.
In the latter case m(7T) = 0, and the material ceases to behave ferromagnetically. In this
paper, we suppose constant temperature lower than Curie temperature and, without loss of
generality, we assume that m = 1, that is M(z) € S?. The exchange energy [, [DM|*dx
penalizes the spatial variation of M, driving the body to have large regions of uniform
magnetization separated by thin transition layers. The scalar function Uy, : R?* — R is the
so-called magnetostatic potential. The magnetostatic energy an DUy Mdz = | g |DU. v |?dx
favors divM = 0 in 2, and M - v = 0 on 0f2,, where v is the exterior unit normal to
09,. The constant A is typically on order of 100 nanometers and measures the relative
strength of exchange energy with respect to the magnetostatic energy. The anisotropy energy
an ©(M)dx favors magnetization along special crystallographic directions, while the external

(Zeeman) energy an F, Mdz favors magnetization parallel to an externally applied field.

Reformulating the problem on a fixed domain through appropriate rescalings of the kind
proposed by P. G. Ciarlet and P. Destuynder [10], imposing appropriate convergence as-
sumptions on the rescaled exterior fields and using the main ideas of I'-convergence method
introduced by E. De Giorgi [I1], we derive the limit problem in both previous cases. Specif-



ically, in the case: wire - thin film, we prove that (see Theorem [B3.1])

. Jn o . 1 d/ﬂ
llyhj—mln{|@| i (A'dllfg
1 1 1
(a<@> / 92y + 5(O) / 8|2 des + 1(©) / uluzdxg) :
0 0

pt = (ps, pug, 1g) € H (10,1, 5?) }+

2
2
+ QD(/JG) — @Fu a) dflfg“‘

N —

1
min{/ <)\}Dub}2+gp(ﬂb)+§|ug| —2F? b) daydasy -
)

" = (ui, ps, p3) € H'(©,5?) }

In the case: wire - wire, we prove that (see Theorem [L.T])

al2

dp
dx 3

+QO( )—QFCL a) drs+

§<a<J—1,oF> / 8 ds + B() — 1,0P) / 18 2des + +(] — 1,0P) / u‘fu‘z’d:c3>+

d,ub

d!L’l

%(a(]—l,oﬁ | e+ 50 = 1.08) [ b+ 0= 1.08) [ ugu?,d%>i

(,uahub) = ((:ullla:ughug)’ (:Ul{mughug)) € H' (10, 1[>52) x H! (10, 1[’52) , u(0) = :ub(o)}'

+ o(ub) — 2G° b) dx,+

Above, F%(x3) is the integral in dz;dz, of the L:-weak limit of the rescaled external field
in the vertical domain, F°(z,x5) is the integral in dxz of the L*-weak limit of the rescaled
external field in the horizontal domain, G®(x) is the integral in drodrs of the L?-weak limit
of the rescaled external field in the horizontal domain. To define coefficients «, 3, 7, if S C R?
is a bounded open connected set, we introduce the weak solutions p and ¢, depending on S,



of the following problems

((p € WH(R?), (g € WH(R?),
Ap=0in S, Ag=0in S,
Ap=0in R?\ S, Aq=0in R?\ S,

op| dq|

\ [5] = ve; on 08, \ [5] = vey on 08,

where W*!(R?) denotes the Beppo-Levi space on R? (see Section[2)), v the exterior unit normal
to 09, [%] the jump of % on 05, and e; = (1,0), eo = (0,1). Then, we set

a(S) = / Dpldydz,  B(S) = / DolPdydz, +(S)=2 [ DpDadydz,  (1.2)
R2 R2 R2

where (y,z) denote the coordinates in R%.. We remark that, if S is sufficiently smooth,
definitions in ([2)) are equivalent to

a(S):/ preqds, B(S):/ quesds, V(S):/ quelds+/ presds.
as as as as

If S = {(x1,20) € R* : 7 4 23 < 1}, it results that (S) = B(S) = 5 and (S) = 0 (see
Theorem 3.1 in [29]).

In the case: wire - thin film, we obtain a 1D limit problem on the wire and a 2D
limit problem on the thin film, and the two limit problems are uncoupled. In particular, if
O = {(z1,72) € R*: 22+ 22 <1}, p=0, F* =0 and F® = 0, then the minimum in the wire
is attained by (0,0,1) or (0,0, —1), while the minimum in the thin film is attained by every
constant S?-vector parallel to the thin film.

In the case: wire - wire, we obtain two 1D limit problems coupled by the junction
condition on the magnetization u®(0) = ub(0).

In both cases, the limit problem remains non-convex, but now it becomes completely
local. Strong convergences in H'-norm are obtained for the rescaled magnetization.

In Section 2 we recall the definition and some properties of the Beppo Levi space on R2.
In Section [3] we study the case wire - thin film. We use two different rescalings: one for the
wire and a second one for the thin film. The main difficulty is to identify the limit of the
magnetostatic energy. While it is quite classical in the thin film where only the component
of the magnetization orthogonal to the film appears in the limit (see [19]), it becomes more
complicated in the wire where the following combination of the first two components of
the magnetization with coefficients involving solutions of PDE in Beppo Levi space on R?
intervene: «(©) fol |8 2dzs + B(O) fol |ps|2dzs +~(0) fol piusdrs. These coefficients depend
on the geometry of the cross section of the wire. We explicitly remark that, to our knowledge,
we are the first to obtain this explicit formula for a wire with a generic cross section. Finally,
using the I'-convergence method with suitable test functions and a density result proved in
[16], we identify the limit problem which results uncoupled. In Section [, we study the case



wire - wire, with wires having rectangular cross section. In this case, the main difficulty is
to obtain the junction condition and to perform the limit of the magnetostatic energy. To
this aim we have to use different and more sophisticated rescaling and symmetry arguments
which, in some sense, take into account the geometry and that the limit problem will be
coupled.

Our study can be easily extended to treat multi-structures as in Figure 3, or cruciform
multi-structures.

........................

Figure 3:

Several results regarding the study of a single ferromagnetic thin film are present in
literature. G. Gioia and R. D. James [19] were the first to prove that the magnetostatic
energy behaves, at the limit, like an anisotropic local term which forces the magnetization
to be tangent to the thin film. This result was extended by C. Leone and R. Alicandro [I]
to the case with non-convex exchange energy, and by M. Bafa and E. Zappale [5] to a thin
film with nonhomogeneous profile. The case with degenerative coefficients was considered
by R. Hadiji and K. Shirakawa [20]. The time-dependent case was treated by H. Ammari,
L. Halpern and K. Hamdache [4], and by G. Carbou [7]. F. Alouges, T. Riviere and S.
Serfaty [3] and C. Riviere and S. Serfaty [28] considered an infinite cylinder where the
magnetization does not depend on the vertical coordinate. In [3] the authors showed that
bounded-energy configurations tend to be planar, except in small regions where one can
observe vortices. In [28] the magnetization is moreover constrained to be in the horizontal
plane, which avoids the vortices. F. Alouges and S. Labbé [2] proposed a model of films with
strong convergence of minimizers when the exchange parameter vanishes and with vertically
invariant configurations on the cylindrical domain. For reproducing the non uniform states
observed experimentally in thin films, very different regimes were considered by A. Desimone,
R.V. Kohn, S. Muller and F. Otto [13], and by R.V. Kohn and V.V. Slastikov in [22], where
% and % vanish, h being the film thickness, [ the in-plane diameter and A the exchange length
of the ferromagnetic material. Ferroelectric thin films were studied by A. Gaudiello and K.
Hamdache in [1§].

Single ferromagnetic nano-wire with circular cross section and finite length was studied
by G. Carbou and S. Labbé [8]. In this paper, they also consider a stabilization problem. A
similar model of wire with infinite length was studied by G. Carbou, S. Labbé and E. Trélat



[9]. Curved nano-wire was examined by V.V. Slastikov and C. Sonnenberg in [31].

In [I7] we considered two joined ferromagnetic thin films and we proved that the limit
magnetizations are coupled when the volumes of the two thin films vanish with the same
rate.

Multi-structures like in this paper were considered in [16] and [15], where we developed
an asymptotic analysis of minimizing maps with values in S* for the energy [, (|DM[* —
2F, M )dx, neglecting the term with the nonlocal magnetostatic energy which characterizes
the actual paper.

2 Preliminaries

Let

WL(R?) = {gb €} (RY):D¢e (L2(R2))2} /R

equipped with the inner product
(61, 2) € WHR?) x WH(R?) —>/ D¢y Dodydz, (2.1)
R2

where (y, z) denote the coordinates in R?. Tt is well known that W?'(R?) is a Hilbert space
(see [12], Corol. 1.1) and it is separable. Consequently, if S C R? is a bounded open set,
every one of the following problems

((pe WHR?),
(2.2)
DpD¢ dydz = / Dy,odydz, Vo € WHR?),
\ R2 S
(¢ € WY(R?),
(2.3)
DqD¢ dydz = / D.¢dydz, V¢ € W'(R?),
\ R2 S
p. € WHR?),
(2.4)

Dp.D¢ dydz = / cDodydz, Yo € WHR?),
R2 S

with ¢ = (¢, ¢2) € R?, admits a unique solution which obviously depends on S. Then, we
set

a(S) = / Dpltdydz,  B(S) = / DglPdydz, +(S)=2 [ DpDadydz.  (2.5)
R2 R2 R2

In the sequel, we shall use the following evident result.

Lemma 2.1. Let p and q be the unique solutions of (Z2) and (Z.3), respectively. Then, for
every ¢ = (c1, co) € R?, the unique solution p. of ([2-4) is given by:

De = C1P + C2q.



We recall the Poincaré Lemma (which is well known if the domain is bounded).

Lemma 2.2. Let £ € (L2(R2))? such that rot € = 0. Then, there exists a unique w € W(R2)
such that & = Dw.

Proof. The fact that rot & = 0 provides the existence of T' € D'(R?) such that £ = DT, and
T is unique up to a constant (see [30], Ch. II, Th. VI, page 59). On the other hand, since
¢ € (L2(R?))?, Kryloff Theorem assures that 1" € LlOC(R2) (see [30], Ch. VI, Th. XV, page
181). O

The following result was suggested by F. Murat [26].

Proposition 2.3. Let u € L2 (R?) be such that Du € (L2(R2)). Then, there ezist a
sequence {pn tnen C C°(R2) such that D, — Du strongly in (L2(R2))’.

For sake of completeness, we conclude this section giving another representation of
W(R?). There exists a constant ¢ > 0, and for every ¢ € W!(R?) there exists ¢ € ¢
(we recall that ¢ denotes a class of equivalence) such that (see [23], Th. 6.3)

—2

/ ¢ dxdy < c/ | D|*dxdy.
R (1+log VT2 + ) (Jz|2+ 1) R

Consequently, it results that

¢
1+ log /o2 + 1) VIEEF I

equipped with the inner product in (2ZI). About this question see also [25].

WHRY) =S ¢ € L} (R?): ( € L*(R?), D¢ e (L*(R%)*} /R

3 Wire - thin film

This section is devoted to study the asymptotic behavior, as n diverges, of problem (I.T) in
the first case, that is the case wire - thin film.

3.1 The setting of the problem

Let © C ]0,1[* be an open connected set with smooth boundary and, for every n € N, let
0% = h,0 x [0,1], 2% =Ox] —h2,0[ and 2, = Q2 UQ° (see Fig. 1).
Let B =] —2,2[3 and set

U= {U € L,.(R*) : U e L*B), DU € (L*(R?))3, / Udr = 0} . (3.1)

It is easy to prove that U is contained in L} (R?) and it is a Hilbert space with the inner prod-
uct: (U, V) fRS DUDVdz + | 5 UVdx. Moreover, it follows from the Poincaré-Wirtinger
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inequality that a norm on U equivalent to (U, U)? is given by ( [y, |DU \zd:c)%. Then, Lax-
Milgram theorem provides that, for M € L?(Q,,R3), the following equation

UM,n EZ/{,

(3.2)
DUy, DUdx = MDUdz, VU elU,

R3 Qn

admits a unique solution and Uy, is characterized as the unique minimizer of the following
problem

1
min{— |DU—M|2da::U€L{}, (3.3)
2 Jps

where it is understood that M = 0 in R3\ ©,. Moreover, Uy, belongs to H*(R?) up to an
additive constant (see [21]).

Let A be a positive constant, ¢ : S — [0, +00[ be a continuous, even function and, for
every n € N, F,, € L*(,,,R?). The following problem:

min {/ ()\|DM|2 + (M) + %DUMWM - 2FnM) dr: M € H'(Q,, 52)} (3.4)

has at least one solution (see [32]). In general, one can not expect a unique solution, because
of the non-convexity of the constraint M(x) € S?. The aim of this section is to study the
asymptotic behavior, as n diverges, of problem (3.4]).

3.2 The rescaled problem

By setting
Rg = {(%1,1’2,1’3) eR?: XT3 > O},

Rg = {(1'1,1’2,1’3) c R3 : r3 < O},

For every n € N, problem (3.4]) will be reformulated on a fixed domain through the following
rescaling:
(hnl'l, hnl'g, [L’g), if ([L’l, X2, 1'3) € Rz,
(LL’l,SL’Q,LL’g) S R3 —
([L’l, Ta, hil’g), if (ZL’l, Ta, [L’g) S Rg

Namely, setting
Q" =0x]0,1[, Q"=06x]-1,0],

and

n

2
hi, hi[ x]0,2[, B°=]—2,2%x } -



the space U defined in (B.]) is rescaled in the following

U, ={ u=(uu’) € L, (R} x L}

loc

(B) : (uf, 0, ) € LA(BY) x LA(BL),

loc
(Du®, Du®) € (L*(R3))? x (L*(R$))?, / u®dz + /b u’dx =0, (3.5)
n By,

u(x1,12,0) = ub(hy,a1, hyxo,0), for (z1,2;) a.e. in R2}.

Then, for every m = (m®, m®) € L?(Q2%,R3) x L2(2°,R?), the following equation

( umm = (UZ% ,n mn) € Z/{n,
1 a a 1 a 1 a a
h—Dmumn, —Dm2um7n,Dm3um7n h_Dmu ,h—Dmu , Dy,u | do+
]R3 n - - n n
D D L —D,. Dy, Dy, D, ) da =
xlum ;) x2um o hg u m,n U DU ’h_% a3 L = (3.6)
1 a
(h—Dxlu ,—Dg,u”, Dy u” )m dr+
Qa n
b b b b a b
/ (Dzlu s Doyt”s -5 Dipyu ) m’dzr, Yu= (u*,u’) € U,,
\ Qb h’n

which rescales equation (3.2), admits a unique solution. Its solution ty, », = (ug, ., ub,,,) € Un

is characterized as the unique minimizer of the following problem rescaling problem B3)
after the renormalization by h2:

Jmn (Umn) = WD {fm o (u) ©u € Un}, (3.7)

where
2

Jmn t U= (u®,u’) e U, — = dx+

..
2 Ri

understanding m® = 0 in R3\ Q% and m® = 0 in R} \ Q°. We note that wy,, = (u,, ub, )
belongs to H'(R3) x H'(R}) up to an additive constant.

For every n € N, H'(Q,, S?), F,, € L*(,) and the functional involved in problem (3.4))
renormalized by h? are rescaled in

1 1
<h_D:C1ua7 h_D:czuaa D:C;gua) - ma

2

dx,

1
(Dxlub7 nguba h_Qngub) - mb

My={ m=(m',m") € H\(Q,8%) x H'(2,$?) -
(3.9)
ma(xl>z2>0) = mb(hnxla hnI2aO)> for (1'1,1’2) a.e. n @}7

10



o) = Fp(hpy, hyro, x3), for z a.e. in Q%
fo:ix€Q U — f(2) = (3.10)
b(x) = F, (21,29, h223), for x a.e. in Q°

+ p(m?*) — fofm“) dz+

1 1 a 1 a a a

3 /Q ( o Do timn: h—anz“m,mDmum,n) m ) d+ (3.11)
b b L b

Qb n

1 1
[ (ot )

respectively. Then, the function defined by

2

+ o(m”) — 2ffim"> da+

M, (hyx1, hyxo, x3), for x a.e. in Q% M, (1, 29, h2x3), for z a.e. in QF,
with M,, solution of problem (3.4]), is a minimizer of the following problem:
min {E,(m) : m € M,}. (3.12)

Actually, the goal becomes to study the asymptotic behavior, as n diverges, of problem
(BI2). To this aim, it will be assumed that

f* — f* weakly in L*(Q% R?), f2— f" weakly in L*(Q°,R?). (3.13)
Note that, setting for every n € N

E™9 :m = (m®,mb) € L2(Q%,R%) x LX(Q}, R?) —»

./
2 R3

a

1
b b b
/3 (leum,n’ Dmum,n’ h2 D%umm
R n

b

2
dz+

n

1 1
(h_leuam,m h_Dm2uam7n’ DmSUCLmv")

(3.14)

2
dx,

N —

11



by virtue of (B.0]), functional E,, can be rewritten in the following way:

1 1
En(m) = / <)\ ‘ (h_Dxlma|h_Dx2ma|Dl‘3ma)

2

+p(m") - 2ff£m“> du+

1 2 3.15
/Q b (A ‘ <Dmmb|Dz2mb|h—2Dw3mb) +p(m’) — 2ffimb> da—+ (319
Er(m), Vm = (m*,m’) € M,, Vn€eN.
3.3 The main result
Let
M = {u = (uo, pub) € HY(Q2,5%) x HY(QP, 8%) : u® is independent of (1, z9),
(3.16)
p’ is independent of xg} ~ H'(]0,1[,S?) x H'(©,5?),
1
F*. T3 E]O, 1[—) @/ fa(l'l,l’g,l’g)dl’ldl'g,
e
. (3.17)
Fb . (Il,l’g) €E0 — / fb(xl,l’g,l’g)dl’g,
—1
and b bbb
Ep= (s p0”) = (], 15, 15), (17, g p13)) € M —
1 d al2
\@\/ (A‘ P o(u) - 2F“;ﬂ> dxs+
0 dzxs
(3.18)

1 1 1 1
§<a<@> [ s+ @) [ Pz +ate) [ u‘fu%dxs>+
0 0 0

1
[ (MDA + o0+ s = 27 ) i,
S

where a(©), 5(0) and (O) are defined by (2.5) with S = ©.
This section is devoted to prove the following main result:

Theorem 3.1. Assume (F13). For everyn € N, let m,, = (m2,m’) be a solution of (3.13)
and u, = (u2,ul) be the unique solution of (3.7) corresponding to m,. Moreover, let M
and E be defined by (310) and (318), respectively. Then, there exist an increasing sequence
of positive integer numbers {ni}ien and fi = (5% 7%) = (%, 73, 78), (%, 7%, 7)) € M,
depending on the selected subsequence, such that

mé — [i* stongly in H'(Q*, S?), md — b strongly in H'(QP, S?), (3.19)

12



1 1
—D,me — 0, —D,,m%— 0 stongly in L>(Q%, R3),

ha, ha,
(3.20)
hi%Dmmz — 0 strongly in L?(Q°, R?),
1 ~ 1 ~ _
h—mDmuZi — & h_mD“u?” — &5, Dyu® —0  strongly in L*(R3),
(3.21)
Dy ub — 0, Dyub —0, %Dmufh — 1% strongly in L*(R}),
as n and i diverge, where Ji is a solution of the following problem:
B(fi) = min {B(x) : j € M}, (3.22)

and

(0,0), a.e. in R*x]1, +oo],

(&7, &) (w1, m2, 23) = (3.23)
1S (x3) Dp(x1, T2) + 15 (x3) Dq(xy, 22), a.e. in R*x]0,1],

with p (resp. q) the unique solution of (2Z.2) (resp. (23)). It is understood that i = 0 in
R3 \ Q°. Moreover, the convergence of the energies holds true:

lign E,(m,) = E(n). (3.24)

3.4 A Convergence result for the magnetostatic energy

Proposition 3.2. Let {m, = (m%, m’)}nen C L*(Q% R3) x L2(Q° R?) and u = (u2, u°) =
((pss 13, 15, )5 (19, 1, 13)) € L2(Q%, R?) x L*(Q°, R?) be such that u® is independent of (w1, x2),
u? is independent of x3 and

m® — u® strongly in L*(Q% R?), m? — pu strongly in L*(Q°, R?), (3.25)

as n diverges. Moreover, for every n € N, let u,, = (u®,u’) be the unique solution of (3.7)
corresponding to m,,, and let £ be defined by (3.1])). Then, it results that

n’

1 1
h—DmeL — &9, h—szufl — &S, Dgu® — 0  strongly in L*(R3),
(3.26)

1
—Dyub — b strongly in L*(R}),

D, ub — 0, Dgub —0, 75 Dt

1 %'n 2 %'n

as n diverges, where it is understood that p§ =0 in R} \ Q°, and

(0,0), a.e. in R?x]1, 400,

(&1, 82) (w1, w2, w3) = (3.27)
ps(x3)Dp(x1, 1) + ps(x3)Dq(xy, z2), a.e. in R*x]0,1],
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with p (resp. q) the unique solution of (2.2) (resp. (2.3)). Furthermore, one has that

3 ma 1 a a
lim £, (m,,) = 2 (/R2 : [|M1DP+M2DQ|2CZI+ /@ |Mg|2d553) =
x]0,1

n

(3.28)
1 ! a2 ! al|2 ! a,.a b2
3@ [ litPdn+5(©) [ lisPdra++(0) [ i+ [ |uPdnidas ),
0 0 0

where a(0©), B(O©) and v(O) are defined by (2.3) with S = O.

Proof. The proof will be developed in four steps.
By arguing as in the first part of the proof of proposition 5.1 in [I7], one can proves that

Du® — 0 weakly in (L%(R3))?, Dub — 0 weakly in (L?(RR}))?, (3.29)

as n diverges, and that there exist £€* = (£2,£2) € (L*(R3))* and €* € L2(R?) such that, on
extraction of a suitable subsequence (not relabeled),

1 1
— Dy u® — & weakly in L*(R?), —D,,u% — & weakly in L*(R?),

B B
) (3.30)
h—ZDmsuZ — £" weakly in L*(R}),

as n diverges.
The second step is devoted to identify £*. To this aim, starting from the following evident
relation:

1 1

D., (h—leuZ) — D, (h—D@qu) in D'(R3), VneN,

and using the first two limits in (3:30), one obtains that

E'Dyypdr = | €9D,, pdx, Vo € Hy(RY). (3.31)
R3

R3

By taking o(z) = ¢(x1, z2)x(x3) with ¢ € H'(R?) and x € C5°(]0, +oc[) and recalling that
H'(RR?) is separable, it follows from (3.31)) that

for z3 a.e. in ]0, 400, El(x1, 22, 3) Dy (1, 20)daday =
RZ

5 (21, T2, 03) Dy @(1, w2)dyds, Vo € Hl(Rz)-
R2

Consequently, by virtue of the Poincaré Lemma (see Section [2), it results that

for z3 a.e. in |0, +oo[, Fw(-,-, x3) € WHR?):
(3.32)
5111('7'7353) :Dm1w('7'7x3)7 gg('7'7x3> :Dm2w(',',$3), a.e. in R2.

14



Now, in equation (B.6]) with m = m,, choose u® = ¢ + ¢, and u® = ¢, with ¢ € C5°(R?)
and ¢, = —(|B% + |BS|)™" [ ¢da (such that (u?,u’) € U,). By multiplying this equation
by h,,, one has

1 1
/3 (h_Dmu?m h_D:vzuZ’ D:cau?z) (Day 9 Dayp, hyDoyip) dv =
R3 n n

(3.33)
/ (Das s D, h D) mde, Vep € C3°(RY).

Then, passing to the limit, as n diverges, in ([3.33)), convergences ([B3.25), (3:29) and (B.30)
give that

1
[ €D Desplds = [ (0808) [ (Do Drsghtindes) s, v € Ci (R,
R3 0

Consequently, arguing as above, taking into account that W1!(IR?) is separable, and using
Proposition Z3 and ([3.32)), it follows that, for z3 a.e. in |1, 4+00[, w(-, -, x3) solves the following
problem:

w(-, -, r3) € WHR?),

/ (Dmlw(x17x27x3)7Dx2w(x17x27x3))(D:B1¢(x17x2>7Dx2¢(x17x2))dxldx2 = 07 v¢ € Wl(R2)7
R2

while, for z3 a.e. in |0, 1[, w(-, -, z3) solves the following one:

(w(-, -, x3) € WI(R?),

(Dmlw(x17 T, LU3), D;E2’UJ(J:1, X, $3))(Dw1¢(x17 LUQ), Dw2¢(x17 xQ))d,Tlde -
R? (3.34)

(/ff(%s)aﬂg(%))/(Dm(ﬁ(xlaxz)aDm(?(xh@))dxld?fza Vo € WH(R?).

N S}

Then, by virtue of Lemma 2] it results that, for z3 a.e. in ]0, 400,
0, a.e. in R?, if o3 > 1,
w(-, -, x3) = (3.35)
:utll(x3)p('7 ) + /J’g(xii)q(v '>7 a.e. in R27 if z3 <1,

with p (resp. ¢) the unique solution of (2.2)) (resp. (2.3))).
Finally, since Tonelli theorem assures that £* and u{Dp; + u§Dps belong to (L*(R2))? C

(Li (R3))?, using Fubini theorem with (3.32) and (3.35) one entails that

loc

+00 1
Eodx = / ( Sacpd:vldatg) dxs :/ (/ (u$Dp + psDq) gpdxldatg) dxs =
R3 0 R2 0 R2

/ (15 Dp + s Dq) pdz, Vo € C°(RE),
R2x]0,1[

15



that is

(0,0), a.e. in R?x]1, 400,
£ (1, w2, 13) = (3.36)
ps(z3) Dp(x1, T2) + ps(x3)Dg(xy, 72), a.e. in R*x]0,1],

with p (resp. ¢) the unique solution of (2.2]) (resp. (2.3)). Consequently, the first two limits
in (3:30) hold true for the whole sequence.

The third step is devoted to identify £°. To this aim, in equation (B.6) with m = m,,
choose u® = ¢, and u® = ¢ + ¢, with ¢ € C°(R3}) and ¢, = —(|B¢| + |B2|)~! fBg @dx (such
that (u®, u®) € U,). By multiplying this equation by h2, one has

1
/]R3 (Dmu?w Dwgu?u ﬁDwguZ) (hiDmﬁOa hiDz2g0, Dwg@) dr =
’ (3.37)
| (Do 2Desp D) e Vg € G (R,

Then, passing to the limit, as n diverges, in ([8.:37), convergences (325, (3:29) and (3.30)
give that

[ @Dupdo= [ iDueds vp e Cr®)
R} Qb

which provides that, for (21, 25) a.e. in R?, the function &b(zy, 2o, -) —;:g(xl, Tg,-) is constant
in | — 0o, 0], where /Ig denotes the zero extension of u§ on R} \ Q. On the other hand, for
(71, 22) a.e. in R2, £(xy, 29, -) —,t:g(:zl,xg, -) € L*(] — 00, 0[). Then, for (z1,7s) a.e. in R? it
results that _

E(xy, w9, ) = pl(21, 12,-), a.e. in] —o0,0],

from which, arguing as above, it follows that

0, a.e. in R3\ Q°
fb(l'l,l’g,l’g) = (338)
pb(x3), a.e. in QO

Consequently, also the last limit in (B.30]) holds true for the whole sequence.
The last step is devoted to prove that convergences in ([3.29) and ([B:30) are strong, and
to obtain convergence (3.28). By passing to the limit in (3.6) with m = m,,, u* = u® and

ub =, and using (3.25), (3.29), (3.30), (3.36), [3.38) and equation (3.34]) with test function

16



uip + psq, one obtains the convergence of the energies:

. 1 a 1 a a
2
/ dr| =
R}

1 1
li;n [/ <h—Dx1uz,h— xguwawSqu) mdr+

1
/Qb (leuZ,Dmqu, h_2D:v3“2) mfldx] =

| stDo+ sDa) )i+ [ e -

2
dz+

1
(Dxluz, D, ub —Dmufl)

x2 “'n h,2
n

(3.39)

/ 1§ Dp + 115 Dgl*dx + / |5 > da.
R2x]0,1] Qb

By combining (3:29), (3:30), (330), (3:38) with (3:39), one deduces limits in (3.26]). Limit

([3:28)) is a consequence of (3.20) and ([B3.27).
U

3.5 Proof of theorem [3.1]

Proof. By choosing m = ((0,1,0), (0,1,0)) as test function in (3.12)), and taking into account
BI3) and that |m,,| = 1 a.e. in Q2(JQP, it is easy to see that there exists ¢ €]0, +o0[ such

that
2
/ dr + /
a Qb

¢+ Em9((0,1,0),(0,1,0)), Vn €N,

2

1 1
dr <

1
<_Dw1mm_Dw2m?L|Dw3m3) 79

where E* is defined (8.I4). in Consequently, since proposition provides that the se-
quence {E7"*9((0,1,0),(0,1,0))},cy is bounded, one obtains that there exists ¢ €]0, 4-00]
such that

| Daymig|l(z2@@eyys < Chny || Daomi |20 < chy, [ Daymi||(2ays < ¢,
1Dy md || 2y < ¢ || Daymd || z2rys < ¢ ([ Daymd || z2(aryy < chi,

for every n € N. Then, taking into account that |m,,| =1 a.e. in Q2JQP, there exist an in-
creasing sequence of positive integer numbers {n; }ien, 7 = (3% 1) € M, ¢* € (L2(Q*, R?))?
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and ¢* € L*(Q R3) such that
mg — % weakly in H'(Q* R?), mb — [’ weakly in H'(Q",R?), (3.40)
1 1
(FDmmZi,TDmmZi) — (% weakly in (L*(Q%,R?))”,
l Z (3.41)
1
—D,,m? — ¢® weakly in L?(Q°,R?),

2 T3—"n;
h2 :

as i diverges. Consequently, by virtue of proposition B.2] limits in (B.21]) hold true and it
results that

. 1 b b
hmE:Zag(mni):§<0‘(@) | s+ @) [ e
¢ 0 0
(3.42)
1
1©) [ mpsde+ [ |ﬁg|2dx1dx2),
0 (C]

where a(0), 5(©) and v(0O) are defined by (2.5) with S = ©.
Now, the goal is to identify 7, ¢, (% to obtain strong convergences in (3.40) and in

(34T, and to prove convergence ([B3.24). To this aim, for (u®, px°) € Myeg = {(u*, 1°) €
C*([0,1],5?) x CY(©, S?) : u*(0) = pu*(0)} let, for every n € N, v,, = (v2,v%) € M,, be the
couple of functions defined in (2.37) of [16] with w = p® and ¢ = pb. Then, in [16] it is

proved that

: 1 a 1 a a

117:511 ) A h_nD$1Un|h_nD$2vn|D$3vn
M( Doyt | Dol | D, o

o $1Un| QUQUn‘h_% z3Un
1

of
0

Moreover, it is easy to see that
v® — p® strongly in L*(Q% R?), v? — p strongly in L*(0Q°, R?), (3.44)
as n diverges. Then, it follows from ([B43)), (3:44) and proposition that
lim B, (v,) = E(p", ")

from which, using l.s.c. arguments, (3.13), (3:40), (B:41)) and ([B3:42), one obtains that

3 [ (¢ A [ (6P + B A < timint B (m,,) <
Qb v

Qa

2
-2 ;jvg) dx+

2
—2 f;vz) dx] = (3.43)

a2
L 2F“,u“) dzrs + / ()\ }Dub}z — 2Fb,ub> dxidxs.
dl’g )

(3.45)
limsup By, (m,,) < lim E,, (v,,) = E(u*, ub).
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Since ([B.45) holds true for every (u®, ub) € Mreg and Mreg is dense in M (see [16]), one
has that ([3.43]) holds also true for every (u?, u’) € M. Consequently, (¢ = 0, ¢* =0, (1%, 11°)

solves (B.22) and limit (8:24)) holds true. Finally, combining (3.24)) with (Bj:{l) (BZIII) (BI[I)
and (3.42) one obtains that convergences in (3.40) and in (3.41]) are strong.

4 Wire - wire

This section is devoted to study the asymptotic behavior, as n diverges, of problem (L))
in the second case, that is the case wire - wire. Specifically, for every n € N, let Q% =
] = hy, 02x]0, 1[, Q%' =]0, 1[x] — h,,, 0[? and Qb" =] — h,,, 0]3. Then, we study the asymptotic
behavior, as n diverges, of problem (34 with 2, = Q2 U Q¥ U Qb (see Fig. 2).

4.1 The rescaled problem

By setting
]Rz = {(1'1,1'2,1’3) eR3: X3 > 0},

R‘Z’J = {(x1, 22, 23) € R : 23 <0, 21 > 0},

Rg,r = {(x1, 22, 23) € R3: 23 <0, 21 <0},

for every n € N, problem (B4 is reformulated on a fixed domain through the following
rescaling

(hnwy, hnxo, x3), if (21,79, 23) € RY,
Tn : (1’17252,253) € ]R3 — Tn(l’1,$2,$3) = (l‘l, hnIQ, hnLE‘3), if (Il, Za, .173) € RLZJ’ (41)
(hn.l’l, hnl’g, hnl’g), if (.]71, Za, .]73) - RI?)’,T"

Namely, setting

Q" =] —1,00%x]0,1[, Q" =]0,1[x] —1,0[*, Q" =] —1,0[,

a 2 2 ? b,l ? b,r ’
Bn: _h_’h_ X]O>2[> Bn7 :]O>2[X __’O ’ Bn’ = __’0 ) nEN’
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the space U defined in (B.]) is rescaled in the following

U, ={ u=(u*,ub,ub") € L}, (R3) x L}

loc loc

(RE)) % Lio(R3,) -

(uf ol Ll ) € LA(BR) x LA(BYY) x LA(BY),
B’!L’ "

Y
| B2 | Bt

(Dut, Dut!, Dub") € (L*(R3))? x (L*(R3,))* x (L*(R3,))?,

J,
b,l

u®(xq, 2,0) = u”'(hpxy, 29,0), for (x1,22) a.e. in |0, +o00[XR,

udx + / uldz + hn/ u"dx =0, (4.2)
B! B

a b,r
n n n

u(w1, 29, 0) = ub" (21, 22, 0), for (w1, 25) a.e. in ] — oo, O[XR,

w0, w2, x3) = uP7(0, 29, x3), for (z2,z3) a.e. in Rx] — oo, 0[}.

Then, for every m = (m? m>!, m®") € L?(Q¢,R3) x L2(Q> R?) x L2(Qb" R?), the following
equation

( a b,l b,r

umm = (um,m um,n’ um,n) € um

1 1 1 1
/RS (h_Dxluamm’ h—szu“mﬂ, Dmuc‘mm) (h—Dxlua, h_szua’ Dxaua) dx+

D bl D b, D bl D b,l
Ilum,rm 2 " m,n> SL‘BUm,n o U
3 * hn - hn

Dy,

1
Dy, u®, h—ng ub’l> dr+

3 “m,n

1
Tn /Rs (leubm’fn’ Dmubm’fn’ Dyyuyy ) (leub’rv Dy,u®, Drsulm) dx = (4.3)

1 a 1 a a a
/Qa <h—an1u ,h—anu , Dy,u )m dz+

1 1
/ (Dxlub’l, h—szub’l, h_DIB ub’l) mPdr+
Qb n n

b,r b,r b,r b,r _ a , bl , br
/ (leu , Dyyu”" Dyju )m dr, Yu= (u*,u”",u”") € U,,
\ Qb

which rescales equation (3.2), admits a unique solution. We note that tp,, = (u,,, ul  ubr )
belongs to H'(R}) x H'(R};) x H'(R},) up to an additive constant.
For every n € N, H'(Q,, S?), F,, € L*(Q,) and the functional involved in problem (3.4))
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with Q, = Q2 U QYU Q%" and renormalized by h2 are rescaled in

Mn :{ m = (ma’mbl m )E Hl(Qa 52) X Hl(le 52) % Hl(Qbr 52) .
m® (w1, x9,0) = m®" (21, 29,0), for (z1,75) ae. in]— 1,0 (4.4)

mbH(0, 29, w3) = m>"(0, 29, 73), for (v, 73) a.e. in | — 1,0[2},

foize QUM UQY —

fi(x) = Fy(hpxy, hyro,x3), for x a.e. in Q%

(4.5)
fo(x) =< fol(z) = E,(x1, hpra, hyxs), for x a.e. in Q%
for(z) = F,(hnz1, hywa, hyxs), for x a.e. in QO
and
E,:m=(m",m",m") e M, —
1 a 1 a a 2 a a a
AN g Dot Dy m®| Dyym® ||+ p(m?) = 2fim® | do+
Qa n n
1 1 1
A D mb’l|iD mb’l|iD m"! 2 + o(m®) = 22 mb ) da+
- M I zo 1M I z31 pim n M (4.6)

1 1
5 /g;b,l <<Dw1um n? h_Dmul;nlnv h'_n Esu%@l,n> me) dz+

1 1 ?
h'n /g;br <)\‘< Dxlm |h_an2mb7r|h_an3mb7r)

% /{;b r ((Dml m n7 Dm2u?nrn7 Dwgulr)nrn) mbﬂ“) dxv

+ @o(m>") — 2f5"mb )dx-l—

respectively. Then, the function defined by
M, (hpx1, hpxo, x3), for x a.e. in Q%
M, (21, hpra, hyxs), for x a.e. in Qb
M, (hpx1, hpxo, hyas), for z a.e. in Q7
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with M, solution of problem ([B4]) with 2, = Q2 UQY UL is a minimizer of the following
problem:

min {E,(m) : m € M,}. (4.7)

Actually, the goal of this section becomes to study the asymptotic behavior, as n diverges,
of problem (47). To this aim, it will be assumed that

fo — f% weakly in L*(Q%,R3),
fol — ol wweakly in L2(Q% R3), (4.8)
for — o7 weakly in L?(Q"", R3).

4.2 The main result

Let
M= {u = (u®, p®) € H1(Q9, S?) x H'(Qb!, S?) : u® is independent of (z1,75),

b is independent of (z9,x3), p*(0) = ,ubvl(O)} r~ (4.9)
{ e H'(]0,1], %) x H'(]0,1], 5?) : u*(0) :ubl(m},
. I3 6 0 1 —> fa(l’l,l’g,l'g)dl’ldl’g,
—1J-1
(4.10)
a1 €]0,1[— f Y21, 29, 23)dmodas,
—1J-1
and
E:p= (g™ = (5, 15, 113), (13, s p5')) € M —
1 du® 2
/ ()\ a + () — 2F*u® | dxs+
0 dl’g

(a@ ~108) [+ 50~ 1,08) [t 420 - 1,07) [ ulugdxg)
[T

%(a(}—m[z) [+ 50 - 1.08) [ 1P 420 - o) [ uzlu?,’dm)
(4.11)

N~

+<p(ub’) 2 Fbil bl) dxq+
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where a(] — 1,0[%), (] — 1,0[?) and (] — 1,0[?) are defined by (2.5]) with S =] —1,0[%.
This section is devoted to prove the following main result

Theorem 4.1. Assume ([£.8). For every n € N, let m, = (m% m% mb") be a solu-
tion of problem (£.7) and u, = (u®,u’ ub") be the unique solution of ({.3) correspond-

ing to m,. Moreover, let M and E be defined by ({{.9) and (4.11), respectively. Then,
there exist an increasing sequence of positive integer numbers {n;}ien and fi = (a%, g>') =
((me, g, i), (A, gyt abhy) € M, depending on the selected subsequence, such that

mé — [i* stongly in H'(Q*, S?),
mbl — [ strongly in H'(QP, S?), (4.12)

mly 5 °(0) = B(0) strongly in H'(QV",S?)

(1 1
h—Dxlmg — 0, h—szmg — 0 stongly in L*(Q% R3),
1 1
h—Dmmﬁ’/ -0, h—Dmmﬁ’;’ — 0 stongly in L*(Q> R3), (4.13)
1 3
Dmb" — 0 stongly in (L?(Q%" R3))",
T ( )
(1 ! 23
h—Dxlufli — & h—szufli — &, Dyul —0  weakly in L*(R3),
1 1
Dmulr)il -0, FD%U% - gg’l’ FD%“% - gg,l weakly in L2(RI§’J), (4.14)
Dub™ — 0 strongly in (L2(]R§’7T))3,

\

as n and i diverge, where [i is a solution of the following problem:
E(f1) = min {E(u) : p € M}, (4.15)
and

(0,0), a.e. in R*x]1, +oo],
(&7, &) (21, 22, 3) = (4.16)
pé(x3)Dp(xy, x2) + pi(x3)Da(xy, 22), a.e. in R*x]0, 1]

(0,0), a.e. in]l,+oo[xRx] — 00, 0],
(65", €5") (1, 2, w3) =
5 (1) Dp(aa, x3) 4+ 45 (21) D2, 23), a.e. in 0, 1[xRx]| — E)O, 0[),
4.17
with p (resp. q) the unique solution of (Z2) (resp. (2.3)). Moreover, the convergence of the
energies holds true, i.e.
lim B, (m,,) = E(j). (4.18)
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4.3 A convergence result for the magnetostatic energy

Proposition 4.2. Let {m, = (m2%, m%!, m®")},en C L2(Q%, S?) x LQ(Q“ S?) x Lz(QbT’ 52)
and let 1 = (3, 13, 1) € LA, 52) be independent of (v1,25) and g = (b, bt ubY) €
L2(Q%, 8%) be independent of (xo, x3) such that

me — u® strongly in L*(Q, R3),

(4.19)
mbt — pbt strongly in L?(Q% R3),
as n diverges. Moreover, for every n € N let u,, = (u2,ub, ub") be the unique solution of
(4-3) corresponding to m,,. Then, it results that
1 1
(D& Dt € Dol =0 weakly in L(RD)
1 1
Dol =0, —Doul = &', Dot = &' weakly in LA(R}),  (+20)
[ Dul™ — 0 strongly in (LQ(RI?)’J,))B,

as n diverges, where

(0,0), a.e. in R*x]1, +oo],
(&7, &) (21, 22, 73) = (4.21)
ps(x3)Dp(x1, T2) + ps(x3)Dq(xy, x2), a.e. in R*x]0,1],

(0,0), a.e. in]l,+oo[xRx] — 00, 0],

bl bl _
(&7 &57) (21, T2, 23) = . .
po" (1) Dp(x2, 23) + 3 (1) Dq(x2, 23), a.e. in |0, 1[xRx] — oo, 0],

with p (resp. q) the unique solution of (2.2) (resp. (2.3)). Furthermore, one has that

liyzgn [/ (h D, up, W Dmun,DmSun) mydr+
/ Dxlufll,iD ubl iD ubl mf{ldaﬂ—
Ob.l h h
/ (Dxl Uy 7D:L‘2u D:c3ubr) I;L’le'] = (423)
Qb7
1 1 1
a(] — 1,0P) / 182 + B — 1,0P) / 152 + (] — 1,0P) / syt
0 0 0

(J—1,00" /mu 2dry + B(] — 1,0 /mu\d%+vﬂ—1m)/ﬁgﬁﬂm,
where a(] — 1,0[?), (] — 1,0[%) and v(] — 1,0[?) are defined by (2Z3) with S =] —1,0[>.
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Proof. By choosing u = u,, as test function in (£3)) and taking into account that {(m2, m%!, mb"

L?(Qa,8%) x L2(Q%, 8%) x L2(Q"", S?), there exists ¢ €]0, +-o00[ such that

( 1 1
<—Dx1uz, —D,,us, Dmu‘;) <ec,
hn hn (L2(R3))°
1 1
(Dxlul,’;l, h—Dmufgl, h—Dmu%l) <ec, (4.24)

(L2(R} )))?

<cg,

1 b,r b,r b,r
o [(Dava”s Dy, Do) || gy gy
for every n € N.

The last estimate in ([A.24]) gives the last limit in (£.20).

By arguing as in the first part of the proof of proposition 5.1 in [I7], from the first two
estimates in (£.24) one derives the third and the fourth limit in (Z.20]).

By arguing as in the first two steps of the proof of proposition B.2] from the first limit in
(A19) and the first estimate in ([{24]) one obtains the first two limits in ([£20) with (£, £5)
defined in ([@.2I)). Finally, using the first limit in (4.19]), the first three limits in (£.20) and
also the last one, taking into account that {(m2")},en C L*(Q%7,S?), and using equation
(3.34)) with test function pfp + u3q, one obtains that

( 3 1 a 1 a a a
111£n o (h_anlu"’ h—anzun,Dmun) mydr =
1 1 1
a(] = 1,0P) / | dzes + B(] = 1,0%) / |us)dzes + (] — 1,00%) / pipsdes,  (4.25)
0 0 0

lim [ (Dgul, Dyyul”, Dyyul) mb"dz = 0.

" x1Y%Yn x2¥'n 3 Y'n
\ Qb7

To prove the fifth and the sixth limit in (£20), we introduce other rescalings. Specifically,
by setting
R‘Z:,r = {(z1, 2, 23) € R3:25 >0, 29 < 0},

R} = {(x1, 29, 73) € R® : 7y > 0},

for every n € N, problem (B.2]) will be reformulated on a fixed domain through the following
rescaling:

(hnI1> hnx2>$3)a if (Ila 1'2,1'3) € Ri,r’

7; (T, X9, 23) € ]Rg — 7; T1,T2,%3) = (l’l,hnl’g,hnl’g), if (1’1,1'2,1’3) c ]Rg, 4.26
1

(hn1, hna, hypws), if (21,29, 23) € RZ’,T
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(note that Tprs = Tprs, , and T,,(Q%) = T,(Q*) = QF, T,() = T,(Q°) = Qb1). Namely,
setting ' ’

a,r 2 2 1 2 2 ’ b,r 2 ’
Bn _:|__7O[ X]072[7 Bn_]072[x:|_h_7h_|: ) Bn _:|_h_n70|: ) TLGN,

h”l’L n n

space U defined in (B.J) is rescaled in the following
V" = { v= (Ua,r’vl’vb,r) S Llloc(]Rg ) X Lloc(]Rg) X Lloc(Rgr) :

(ofr o ol )€ 2By x IA(BL) x L*(BY),
B, :

;
|B?L’T BT

(Do, Dol Do) € (LA(RE,))? x (L2(R]))? x (L*(R}, )

/ v*"dr + / vldx + hn/ v>Tdr = 0, (4.27)
T Bl W

V10, 19, 23) = v¥7(0, T2, hprs), for (xq,z3) a.e. in Rx]0, +oo],
010, 29, 23) = vP7(0, 29, 23), for (zq,23) a.e. in Rx] — o0, 0],

v (21, 2, 0) = V"7 (21, 22,0), for (z1,22) ae. in ] — oo, 0[xR}.

Then, for every m = (m® m>!, m®") € L?(Q¢,R3) x L2(Q> R3?) x L2(Qb" R?), the following
equation:

<

— a,r l b,r
Um,n = ('Um,m m,n’ 'Um,n) € Vn’

1 1 1 1
/ (h Dxl Ugfn, h_Dm ?nrn’ Dmvz"brn) (h_Dxl Ua,r’ h_Dmva’Ta D:cg'Ua’r) dx+
R3 n n " .

1 1
D, v —D, —Dm D, v, —D,v',—D,v'|d
/]R? < Umn h z2 mn’ h Svmn> < 1U ) hn 2U ) hn SU T+

1
b,r b,r b,r b,r b,r _
o | (Dl Daatll s Dayey,) (Do, Doyt Do) dr =
R
b

(4.28)

b,r b,r b,r b,r _ a,r 1, br
/ (lev , Dy, ™" Dyv )m dx, Yv= (", v, 0"") €V,
\ Qb
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which rescales equation ([8.2)) by rescaling (#20)), admits a unique solution.
For every n € N, let v, = (v%",vL v2") be the unique solution of (£28) corresponding

n J’Tn’n

to m,,. Arguing as in the first part of this proof, for a symmetric argument, one can easily
prove that

[N 1 l l 1

D-'Elvn h_szvn - 527 h_

D, vl — & weakly in L*(R3), (4.29)

as n diverges, where

(0,0), a.e. in |1, +o00[xR?,
(&, &8) (21, w2, m3) =
Mg(xl)Dp(x2>$3) + Mg(zl)DQ($27$3)a a.e. in ]Oa ]-[XR2a

with p (resp. ¢) the unique solution of (2.2)) (resp. (2.3)). Furthermore, one has that

1 1
lim (D o', —D, vl —D,. v )mgdx:
Ob

oy X1 ¥n hn xr2v¥n hn r3v¥no

(4.30)
1
(- 1.0 /m Py + B( — 1,07 /\u\dxlm]—lon/ b,
0

where a(] — 1,0[%), (] — 1,0[?) and (] — 1,0[?) are defined by (2.35]) with S =] —1,0[%.
Now, to conclude it is enough to note that

T T, (x) =2, Vo eR*\ {(x1,29,23) ER®*: 27 >0, 23 >0}, VYn €N,

n

o (T, (Ta(2))) = un(z), Vo €R? VneN.

n

Consequently, it results that
V() = up(z), Vo € R¥\ {(zy,79,23) €R®: 2y >0, 23 >0}, VneN (4.31)

Then, combining ([A29]) and (£30) with (£31]), one obtains the fifth and the sixth limit in
(@20) and

1 1
lim (D ul  —D —D,,ul, )ml,’bd:v =
Ob

oy r1 “no h xr2 n? h,
(4.32)
1
(-1.0p / bl day + B( — 1,07 / e +9(0 = 1,07) [ b
0
Finally, combining (4.25]) with (£32)), also limit (4.23)) holds true. O

4.4 Proof of theorem [4.1]

Proof. By choosing m = ((0,1,0),(0,1,0),(0,1,0)) as test function in (£7), taking into
account ([AJ)) and that |m,| = 1 a.e. in Q¢ |J Q% |JQ*", using proposition and arguing
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as in the proof of theorem B}, it is easy to prove the existence of ¢ €]0, +oco[ such that
| Doyt || (22(0eyy3 < €hny [ Deymit||(z2ayys < chny || Dasmg | (z2ey)s < ¢,
Doyl |2ty < € Doy r2@viyys < b, | Dm0y < chn,
||Dm2’r||(L2(Qb,z))9 < cvhy,
for every n € N. Then, taking into account again that |m,,| = 1 a.e. in Q2O [JQ"", there
exist an increasing sequence of positive integer numbers {n; }ien, 1% € H'(Q¢, S?) indepen-
dent of (z1,2,), i € HY(Q, $?) independent of (24, 23) and ¢ € 52, (¢ € (L2(Q*, R?))?,
¢t e (L2 R3))?, ¢0 e (L2907, R?))® such that
mé — [* weakly in H'(Q* R?),
mbt — [P weakly in H(Q, R?), (4.33)

ml" — ¢ weakly in H'(Q"" | R?),

( 1 1
(—D;plma —Dmmﬁii) — (" weakly in (L2(Q“,]R3))2,

P, i’ P,

1 bt L b, bl . 2/0b,0 ™3V)2
h_Dmmn’w h—Dmmn’i — (" weakly in (L*(Q",R%))", (4.34)
1

——Dm"" — (" weakly in (L3P, R%)°,

\ V h”z

as ¢ diverges. Consequently, since one has that

me(x1,29,0) = mb" (21, 22,0), for (x1,29) a.e. in]—1,0[,

mP1(0, 9, 13) = mb"(0, 9, 3), for (w9, x3) ae. in]—1,0[%
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for every n € N, it follows that 7i%(0) = ¢ = 1>!(0), that is 7 = (¢, u*') € M. Moreover, by
virtue of proposition 4.2 limits in (A1) hold true and it results that

1 1
hm [/ (FD:UUZZ., h—szuZi’ Dl‘auzi) mzid$+

(2 n;

1 1
b,l b,l b\, bl
/ (Dmu"”h szuni,h Dy uy: | my dr+
Ob.l

ng ng

/ (Dyyuls, Dyyuli”, D) mg{dx] — (4.35)
Qb,'r

1 1 1
a(] — 1,0P) / 8 2des + B — 1,0P) / 182 + (] — 1,07) / He 2yt

1 1 1
a(] - 1,0P) / 52 + 5 — 1,0P) / 5 Pdey + () — 1,0p) / Wbide,,
0 0 0

where a(] — 1,0[%), (] — 1,0[?) and (] — 1,0[?) are defined by (2.5]) with S =] —1,0[%.
Now, the goal is to identify f1, (¢, ¢*!, (", to obtain strong convergences in (£33)) and
in ([£34), and to prove limit in (Z.IR). To this aim, for (12, @>') € M, let us set

I[/Ia7 in Qa?
v=14 @bl in Qb
f*(0) = i*'(0), in Q.

Obviously, v € M,, for every n € N. Then, by virtue of l.s.c. arguments, (L)), ([€33),
(4.34) and (A.35]) and proposition 2] it results that

A[¢Pdr + /\/ ¢z + /\/ (¢ [Pdz + E(p*, i°) < liminf E,,(m, ) <
a bl b,r 7
. . . (4.36)
limsup E,, (m,,) <lim E, (v) = E(a*,7%), V@, @) € M,
Consequently, ¢¢ = 0, ¢® =0, ¢*" = 0, (1%, 11°) solves (AIH) and limit (ZI) holds true.

Finally, combining (£I8)) with (4.8), (£33), (4.34) and (£35) one obtains that limits in
(A33) and in ([L34]) are strong. O
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