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Abstract

We consider a stochastic matching model with a general matching graph, as introduced in [14].
We show that the natural necessary condition of stability of the system exhibited therein is also
sufficient whenever the matching policy is First Come, First Matched (FCFM). For doing so, we
exhibit a stationary distribution under a remarkable product form, by using an original dynamic
reversibility inspired by that of [2] for the bipartite matching model. Second, we observe that
most common matching policies (including FCFM, priorities and random) satisfy a remarkable
sub-additive property, which we exploit to derive in many cases, a coupling result to the steady
state, using a constructive backwards scheme ¢ la Loynes. We then use these results to explicitly
construct perfect bi-infinite matchings.

1 Introduction

Consider a general stochastic matching model (GM), as introduced in [14]: items of various classes
enter a system one by one, to be matched by couples. Two items are compatible if and only if their
classes are adjacent in a compatibility graph G that is fixed beforehand. The classes of the entering
items are drawn following a prescribed probability measure on V), the set of nodes of G. This model
is a variant of the Bipartite Matching model (BM) introduced in [9], see also [1]. In the BM, the
compatibility graph is bipartite (say ¥V = V4 U Vs;). Along the various natural applications of this
model, the nodes of V; and Vs represent respectively classes of customers and servers, kidneys and
patients, blood givers and blood receivers, houses and applicants, and so on. The items are matched
by couples of V1 x Vs, and also arrive by couples of V; x V,. The classes of the elements of the entering
couples are random, and it is assumed in the aforementioned references that the class of the entering
element of V; is always independent of that of the entering element of Vs.

An important generalization of the BM is the so-called Extended Bipartite Matching model (EBM)
introduced in [4], where this independent assumption is relaxed. Possible entering couples are element
of a bipartite arrival graph on the bipartition V; U V5. Importantly, one can observe that the GM is
in fact a particular case of EBM, taking the bipartite double cover of G as compatibility graph, and
duplicating arrivals with a copy of an item of the same class.

The main question raised in [14] is the shape of the stability region of the model, that is, the set of
probability measures on V rendering the corresponding system stable. Partly relying on the aforemen-
tioned connection between GM and EBM, and the results of [4], [14] show that the stability region
is always included in a designated set, namely the set of measures satisfying the natural necessary
condition (8) below. The form of the stability region is then heavily dependent on the structural prop-
erties of the compatibility graph, and on the matching policy, i.e. the rule of choice of a match for an
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entering item whenever several possible matches are possible. A matching policy is then said to have
a maximal stability region for G if the system is stable for any measure satisfying (8). It is shown
in [14] that a bipartite G makes the stability region empty, that a designated class of graphs (the
so-called non-bipartite separable ones - precisely defined below) make the stability region maximal for
all matching policies, and that the policy 'Match the Longest’ always has a maximal stability region
for a non-bipartite G. Applying fluid (in)stability arguments to a continuous-time version of the GM,
[15] show that, aside for a very particular class of graphs, whenever G is not separable there always
exists a policy of the strict priority type that does not have a maximal stability region, and that the
"Uniform’ random policy (natural in the case where no information is available to the entering items
on the state of the system) never has a maximal stability region, thereby providing a partial converse
of the result in [14]. A related model is studied in [11], which draws a comparison of matching policies
in the case where the matching structure is a particular hypergraph, that is, items may be matched
by groups of more than two.

In the first part of this work, we are concerned with the stability region of the GM under the ’First
Come, First Matched” (FCFM) policy, consisting in always performing the match of the entering item
with the oldest compatible item in the system. Compared to the aforementioned stability studies,
this matching policy raises technical problems, mainly due to the infinite dimension of the state space
of its natural Markov representation. In the history of study of the BM, the corresponding ’First
Come, First Served’ (FCFS) policy was the first one considered in the seminal papers [9, 1], where the
existence of a stationary matching under a natural resource pooling condition analog to (8) is shown.
Further, [2] recently show that the stationary state can be obtained in a remarkable product form,
which is obtained using an original dynamic reversibility argument. However, these results cannot be
directly applied to the present context, for the GM is not a particular case of a BM, but of an EBM,
for which the latter reversibility argument is unlikely to hold in general. Moreover the maximality
of the stability region of FCFS for the EBM is conjectured, but left as on open problem in [4]. We
show hereafter that we can in fact construct a reversibility scheme that is closely related to the one
proposed in [2] for the BM, to show that the stability region of FCFM is indeed maximal for the GM,
and that the stationary state of the Markov representation also satisfies a product form.

It is well known since the pioneering works of Loynes [13] and then Borovkov [5], that backwards
schemes and specifically strong backwards coupling convergence, can lead to an explicit construction
of the stationary state of the system under consideration within its stability region. One can then
use pathwise representations to compare systems in steady state, via the stochastic ordering of a
given performance metric (see Chapter 4 of [3] on such comparison results for queues). Moreover, we
know since the seminal work of Propp and Wilson [16] that coupling from the past algorithms (which
essentially use backwards coupling convergence) provide a powerful tool for simulating the steady
state of the system. In the second part of this work, we aim at achieving such results for the general
matching model: under various conditions, we construct a stationary version of the system under
general stationary ergodic assumptions, via a stochastic recursive representation of the system on the
canonical space of its bi-infinite input. For this, we first observe that most usual matching policies (in-
cluding FCFM, the optimal 'Match the Longest’ policy, and - possibly randomized - priorities) satisfy
a remarkable sub-additive property, which allows to construct the appropriate backwards scheme to
achieve this explicit construction. These results lead to stability conditions for various models, under
stationary ergodic assumptions that subsume the markovian (i.e., iid) settings. Second, in some cases
(including iid), we construct a unique (up to the natural parity of the model, in a sense that will be
specified below) stationary perfect matching, by strong backwards coupling.

The paper is organized as follows. In Section 2 we introduce and formalize our model. In Section
3 we develop our reversibility scheme for the FCFM system, leading to our main result of the first
part, Theorem 1 in subsection 3.4, which establishes the existence of a stationary probability under
a product form for the natural Markov representation of the system, under the natural condition
(8). Our coupling result is then presented in Section 4, including the algebraic study of sub-additive
policies in Section 4.2, the construction of renovating events a la Borovkov and Foss in Section 4.4,
and the explicit constructions of perfect bi-infinite matchings for sub-additive policies, in Section 4.6.
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2 The model

2.1 General notation

Denote by R the real line, by N the set of non-negative integers and by N, the subset of positive
integers. For any two integers m and n, denote by [m,n] = [m,n] N N. For any finite set A, let Sy
be the group of permutations of A, and for all permutation s € S4 and any a € A, let s[a] be the
image of a by s. Let A* be the set of finite words over the alphabet A. Denote by (), the empty word
of A*. For any word w € A* and any subset B of A, we let |w|; be the number of occurrences of
elements of B in w. For any letter a € A, we denote |w|, := |w\{a} the number of occurrences of the
letter a in w, and we let |w| =) 4 |w|, be the length of w. For a word w € A* of length |w| = ¢,
we write w = wyws...wy, i.e. w; is the i-th letter of the word w. In the proofs below, we understand
the word wy...wy as () whenever k = 0. Also, for any w € A* and any i € [1,|w|], we denote by wy;,
the word of length |w| — 1 obtained from w by deleting its i-th letter. We let [w] := (Jw|,)aca € N4
be the commutative image of w. Finally, a right sub-word of the word w = wy...wy, is a word wj...wy
obtained by deleting the first j — 1 letters of w, for j € [1, k].

For any p € N, a vector z in the set A? is denoted z = (x(1),...,z(p)). For any i € [1,p], we denote
by e; the i-th vector of the canonical basis of R?, i.e. e;(j) = d;; for any j € [1,p]. The ¢, norm of
RP is denoted || . ||

Consider a simple graph G = (V,€), where V denotes the set of nodes, and £ C £ x £ is the set
of edges. We use the notation u—wv for (u,v) € £ and utv for (u,v) € €. For U C V, we define
U¢=V\U and

EU)={veV:Tuel, u—v}.

An independent set of G is a non-empty subset Z C V which does not include any pair of neighbors,
i.e. (W +j€TI, 27{7) Let I(G) be the set of independent sets of G. An independent set Z is said to
be mazimal if ZU {j} € I(G) for any j &€ 7.

2.2 Formal definition of the model

We consider a general stochastic matching model, as was defined in [14]: items enter one by one a
system, and each of them belongs to a determinate class. The set of classes is denoted by V, and
identified with [1,|V|]. We fix a connected simple graph G = (V, ) having set of nodes V, termed
compatibility graph. Upon arrival, any incoming item of class, say, i € V is either matched with an
item present in the buffer, of a class j such that ¢—j, if any, or if no such item is available, it is stored
in the buffer to wait for its match. Whenever several possible matches are possible for an incoming
item 4, a matching policy ¢ decides what is the match of ¢ without ambiguity. Each matched pair
departs the system right away.

We assume that the successive classes of entering items, and possibly their choices of match, are
random. We fix a probability space (2, F,P) on which all random variables (r.v.’s, for short) are
defined, and view, throughout, the input as a bi-infinite sequence (V,,,%,), ., that is defined as
follows: first, for any n € Z we let V,, € V denote the class of the n-th incoming item. Second, we
introduce the set

S = Sg(l) X ... X Sg(|v‘)7

in other words for any o = (0(1),...,0(|V])) € S and i € V, o(i) is a permutation of the classes of
items that are compatible with ¢ (which are identified with their indexes in [1,|V|]). Any array of
permutations o € § is called list of preferences. For any n € Z, we let ¥,, denote the list of preferences
at time n, i.e. if ¥,, = 0 and V,, = v, then the permutation o(v) represents the order of preference of
the entering v-item at n, among the classes of its possible matches.
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Along the various results in this work, we will consider the following statistical assumptions on the

input sequence (Vi,, %), ¢z,

(H1) The sequence ((V;,,%5)),,cz is stationary and ergodic, drawn at all n from a distribution having
first marginal p on V and second marginal v4 on S.

(H1’) The sequence ((Van, X2n, Vant1, Xont1)), ez is stationary and ergodic, drawn at all n from a
distribution of first marginal x° on V, third marginal ;' on V, and second and fourth marginals

vg on S. We denote 1 := %

H1”) The sequence ((Vaon_1,22n_1, Von, 22n is stationary and ergodic, drawn at all n from a
ne”Z
distribution of first marginal x° on V, third marginal x! on V, and second and fourth marginals

0
vy on S. We denote p := %’Ll

(IID) The sequence ((Vp,%,)), ¢z is iid from the distribution y ® vg on ¥V x S.

Under either one of the above conditions, we assume that p has full support V (we write p € M(V)).

Then, the matching policy ¢ will be formalized by an operator mapping the system state onto the
next one, given the class of the entering item and the list of preferences at this time. The matching
policies we consider are presented in detail in Section 2.4.

Altogether, the matching graph G, the matching policy ¢ and the measure p (under assumptions
(H1) and (IID)) or u° and p! (under assumptions (H1’) and (H17)) fully specify the model, which we
denote for short general matching (GM) model associated with (G, i1, ¢) under assumptions (H1) and
(IID), or (G, (u°, u'), ¢) under assumptions (H1’) and (H1”).

2.3 State spaces

Fix the compatibility graph G = (V, £) until the end of this section.

Fix an integer ng > 1, and two realizations vy, ...vn, of V1,...,Vy, and o1, ...,0p, of X1, ..., X,,. Define
the two words v € V* and o € S* respectively by z := vyv2...v5, and ¢ := 0103...0,,. Then, for any
matching policy ¢, there exists a unique matching of the word z associated to o, that is, a graph having
set of nodes {v1, ..., v, } and whose edges represent the matches performed in the system until time
ng, if the successive arrivals are given by z and the lists of preferences by ¢. This matching is denoted
by My(z,5). The state of the system is then defined as the word Q4(z,<) € V*, whose letters are the
classes of the unmatched items at ng, i.e. the isolated vertices in the matching My(z,<), in their order
of arrivals. The word Qg(2,¢) is called queue detail at time ny. Observe that any admissible queue
detail belongs to the set

W = {wEV* L (i, g) € &, wli|wl; :o}. (1)

As will be seen below, depending on the service discipline ¢ we can also restrict the available informa-
tion on the state of the system at time ng, to a vector only keeping track of the number of items of the
various classes remaining unmatched at ng, that is, of the number of occurrences of the various letters
of the alphabet V in the word Q4(z,<). This restricted state thus equals the commutative image of
Q¢(2,6), and is called class detail of the system. It takes values in the set

X = {x e N2 2(i)y(j) = 0 for any (i,5) € 5}: {[w] ;wE W} (2)

2.4 Matching policies

We now present and define formally, the set of matching policies which we consider.
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Definition 1. A matching policy ¢ is said admissible if the choice of match of an incoming item
depends solely on the queue detail and the list of preferences drawn upon arrival.

In other words, if a matching policy ¢ is admissible there exists a mapping ©g : Wx (V x §) - W
such that, denoting by w the queue detail at a given time, and by w’ the queue detail if the input is
augmented by the arrival of a couple (v,0) € V x S, then w’ and w are connected by the relation

w' =w o4 (v,0). (3)

2.4.1 FCFM and LFCM

The first two policies we introduce are First Come, First Matched and Last Come, First matched.
For both policies, the order of preference of each class is irrelevant, and so the following construction
is independent of the preference o.

First Come, First Matched. In First Come, First Matched (FCFM) the map Gpepy is given for
all w € W and all couples (v, o), by

wv if |wlg) = 0;

w Orars (v,0) = { Wa(w,v) €lse, where ®(w,v) = argmin{|wy|: k € E(v)}.

Last Come, First Matched. For the last come, first matched (LCFM) matching policy, the updat-
ing map Ocpy is analog to Opepy, for ®(w,v) = argmax{|wg|: k € £(v)}.

2.4.2 Matching policies that only depend on the class detail

A matching policy ¢ is said to be class-admissible if it can be implemented by knowing only the class
detail of the system. Let us define for any v € V and z € X,

Plz,v) = {j cEW) : x(j) > o},

the set of classes of available compatible items with the entering class v-item, if the class detail of
the system is given by x. Then, a class-admissible policy ¢ is fully characterized by the probability
distribution v4 on S, together with a mapping pg such that py(z,v, o) denotes the class of the match
chosen by the entering v-item under ¢ for a list of preferences o, in a system of class detail « such that
P(z,v) is non-empty. Then the arrival of v and the draw of ¢ from v, corresponds to the following
action on the class detail,

x+ e, if P(z,v) =0,
T —€p,(zpo) €lse.

T ®4 (v,0) = { (4)
Remark 1. As is easily seen, to any class-admissible policy ¢ corresponds an admissible policy, if
one makes precise the rule of choice of match for the incoming items within the class that is chosen
by ¢, in the case where more than one item of that class is present in the system. In this paper,
we always make the assumption that within classes, the item chosen is always the oldest in line, i.e.
we always apply a FCFM policy within classes. Under this convention, any class-admissible policy ¢
is admissible, that is, the mapping ®4 from X x (V x S) to X can be detailed into a map Oy from
Wx (VxS8) toW, as in (3), that is such that for any queue detail w and any (v,0),

[w©g (v,0)] = [w] @ (v, 0).
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Random policies. In a random policy, the only information that is needed to determine the choice
of matches for the incoming items, is whether their various compatible classes have an empty queue
or not. Specifically, the order of preference of each incoming item is drawn upon arrival following the
prescribed probability distribution. Then the considered item investigates its compatible classes in
that order, until it finds one having a non-empty buffer, if any. The item is then matched with an
item of the latter class. In other words, a list of preferences o = (o(1),...,0 (|V|)) is drawn from v
on S, and we set

po(z,v,0) = o(v)[k], where k = min{i e&W)] : o(w)i] € P(x,v)}. (5)

Priority policies. A strict priority policy is such that, for any v € V, the order of preference of v
in £(v) is deterministic. This is thus a particular case of random policy in which a list of preference
o* € 3 is fixed beforehand, in other words vy = 6,- and (5) holds for ¢ := o*.

Uniform. The uniform policy U is another particular case of random policy, such that vy is the
uniform distribution on S. Consequently, for any ¢ € V and any j such that j—i, o(i)[j] is drawn
uniformly in £(7).

Match the Longest. In 'Match the Longest’ (ML), the newly arrived item chooses an item of the
compatible class that has the longest line. Ties are broken by a uniform draw between classes having
queues of the same length. Formally, set for all z and v such that P(z,v) # 0,

L(z,v) =max{z(j) : j€&w)} and L(z,v)={i€&(w) : z(i)=L(z,v)} CPx,v).

Then, set 14 as the uniform distribution on S. If the resulting sample is o, we have

pus(z,v,0) = o(v)[k], where k = min{i € &) : o()[i] € L(y, c)}

Match the Shortest. The 'Match the Shortest’ policy is defined similarly to '"Match the Longest’,
except that the shortest queue is chosen instead of the longest. It is denoted Ms.

2.5 Markov representation

Fix a (possibly random) word w € W and a word ¢ € S* having the same length as w. Denote for all

n > 0 by W,Lw] the buffer content at time n (i.e. just before the arrival of item n) if the buffer content
at time 0 was set to w, in other words

W’I’[Lw] _ Qd’ ('U)VOVn , gZOEn) .

It follows from (3) that the buffer-content sequence is stochastic recursive, since we have that

wll =wi oy (V,,2,), n €N,

Second, it follows from (4) that for any matching policy ¢ that only depends on the class detail of
the system (e.g. ¢ = RANDOM, ML or MS), for any initial conditions as above, the X-valued sequence
(Xn)pen of class-details also is stochastic recursive: for any initial condition = € X,

XU = xF e, (v, 8., neN,
6
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3 A product form for the FCFM model

Throughout this section, suppose that the input of the system satisfies assumption (IID). Then, for
any connected graph G and any admissible policy ¢, the queue detail (W,), oy is a W-valued F,-
Markov chains, where (F;,),, y is the natural filtration of the sequence ((V;,, %)), oy This sequence
will be termed natural chain of the system. In line with [14], for any admissible matching policy ¢ we
define the stability region associated to G and ¢ as the set of measures

STAB(G, ¢) := {p € M (V) : (W,),cy is positive recurrent} . (7)
Consider also the set
NconD(G) : {p e M (V) : forany Z € I(G), u (Z) < n(E(2))} (8)

which, from Theorem 1 in [14], is non-empty if and only if G is non-bipartite. From Proposition
2 in [ibid.], we know that STAB(G,¢) C NCOND(G) for any admissible ¢. The policy ¢ is said to
be mazimal if these two sets coincide. Theorem 2 in [ibid.] establishes the maximality of ML for
any non-bipartite graph, however priority policies and the uniform policy are in general not maximal
(respectively, Theorem 3 and Proposition 7 in [15]).

This section is devoted to proving the maximality of First Come, First Matched, by constructing
explicitly the stationary distribution of the natural chain on W. Interestingly enough, this probability
distribution has a remarkable product form, detailed in (9).

Theorem 1. Let G = (V,€) be a non-bipartite graph. Then the sets STAB(G,FCFM) and NCOND(G)
coincide, in other words the general stochastic matching model (G, u, FCFM) is stable if and only if
W satisfies condition (8). In that case, the following is the only stationary probability of the natural
chain (Wy), en:
- (we)
Iy (w) =« H FATe
=1 /~L<5 ({wr, ~~-,we}))

where « is the normalizing constant of the measure g defined by (11) below.

, for any w = wy...wq € V*, (9)

The remainder of this Section is devoted to the proof of Theorem 1, which, as will be demonstrated
below, is based on a subtle reversibility scheme that is related to the proof of reversibility for the BM
model in [2]. Observe however that the GM model is not a particular case of BM model, so the proof
below presents many specificities with respect to [2].

3.1 Other notation

Before proceeding, we first need to introduce an additional piece of notation. For w = wiws ... wq € V*,
we denote by w the reversed version of w, i.e.

W = WqWq—1...WaW].
Let V be an independent copy of the set V, i.e., V is a set of cardinality |V| and we define the bijection
{ Vv —V;
a +——a.
For any @ € V, let us also denote @ = a. Then, we say that @ is the counterpart of a and vice-versa.

Let V := VYV UYV. For any word w € V*, denote by V(w) (respectively, V(w)) the set of letters of V
(resp., V) that are present in w, in other words

V(w):{aev : |W\a>0}; V(W)Z{EGV: |W|E>O}.

7
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For any w € V*, the restriction of w to V (respectively, to V) is the word w|y, € V* (resp., wly; € )
of size |w|,, (resp. of size |w|y;), obtained by keeping only the letters belonging to V' (resp. to V) in w,
in the same order. The dual W of the word w = w;ws...w,; € V* is the word obtained by exchanging
the letter of w belonging to V with their counterpart in V, and vice-versa. In other words,

W = Wi Wa ... W,
Example 1. Take for instance w = abGcbebda. Then we obtain

V(w) = {a,b,c,d}, V(w)= {6, b, E} :
b

wly =abcda, w\g:aéa ;

3.2 Auxiliary Markov representations

We now introduce two auxiliary Markov representations of the system: the V*-valued Backwards and
Forwards detailed chains, similar in construction to the backwards and forwards ’pair by pair detailed
FCFS matching processes’, introduced in subsection 5.1 of [2].

Backwards detailed chain. We define the V*-valued backwards detailed process (B,,),,cy as fol-
lows: By = () and for any n > 1,

e if W,, =0 (i.e. all the items arrived up to time n are matched at time n), then we set B,, = )
as well;

e if not, we let i(n) < n be the index of the oldest item in line. Then, the word B,, is of length
n —i(n)+ 1, and for any £ € [1,n —i(n) + 1], we set

Bu(l) = Vitny+¢—1  if Vi(n)4¢—1 has not been matched up to time n;
KA A if Vi(n)4¢—1 is matched at of before time n, with item Vj, (where k& < n).

In other words, the word B,, gathers the class indexes of all unmatched items entered up to n, and
the copies of the class indexes of the items matched after the arrival of the oldest unmatched item at
n, at the place of the class index of the item they have been matched to. Observe that we necessarily
have that B, (1) = Vi(n) € V. Moreover, the word By, necessarily contains all the letters of W,,. More
precisely, we have

B, =W,l|y, n>0. (10)

It is easily seen that (B”)nEN also is a F,-Markov chain: for any n > 0, the value of B, 11 can be
deduced from that of B,, and the class V,, ;1 of the item entered at time n + 1.

Forward detailed chain. The V*-valued forward detailed process (F3,),y is defined as follows:
Fy =0 and for any n > 1,

e if W, =0, then we also set F,, = 0;

e if not, let j(n) > n be the largest index of an item that is matched with an item entered up
to n (j(n) necessarily exists, otherwise all items entered up to n would be have been matched
by time n, and we would have W,, = ). Then, the word F, is of size j(n) — n and for any
e [1,5(n) —n], we set

Fo () = Vire  if Viip is not matched with an item arrived up to n;
"V if V,,1¢ is matched with item Vj, where k < n.

8
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In other words, the word F,, contains the copies of all the class indexes of the items entered up to
time n and matched after n, together with the class indexes of all unmatched items entered before the
last item matched with an item entered up to n. Observe that F,, (j(n) —n) € V since by definition,
the item Vj(,,) is matched with some Vj for k < n, and therefore F, (j(n) —n) = V. It is also clear
that (F, )neN is a F,-Markov chain, as for any n > 0, the value of F},+1 depends solely on F;, and the
class index V4 j(n)41 of the item entered at time n + j(n) + 1.

Example 2. Consider the matching graph of Figure 1, addressed in Section 5 of [14] (this is the
smallest graph that is neither bipartite nor separable). An arrival scenario together with successive
values of the natural chain, the backwards and the forwards chain are represented in Figure 2.

1

3 4
Figure 1: Matching graph of Example 2.

4%—%7—'—’—’7‘4/5:3, Bs = 3, Fs =133
M Ws =31, Bs=231, Fs= 331
m W; =313, By =313, FIs= 3113

%—@%%713 By =133, Fs=113

CO
»—l

CO

Figure 2: An arrival scenario on the matching graph of Figure 1, and the trajectories of the three
Markov chains.
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3.3 Reversibility

For both chains (By), .y and (F}), oy, a state w € V* is said admissible if it can be reached by the
chain under consideration under FCFM. We denote

ADMp = {W € V* : w is admissible for (B,),cy };
ADMp = {W € V* . w is admissible for (F},), oy }

We have the following result,

Proposition 1. Suppose that condition (8) holds. Then the Backwards detailed Markov chain (By,)
and the Forwards detailed Markov chain (Fy,)
tion (defined up to a constant):

neN

nen both admit the following unique stationary distribu-

p
g (w) = H‘u(i)‘lw”i‘i’llw‘li? (11)
i=1
for any admissible state w € V* of the respective chain.

Observe that by the very definition (11), the measure of a word w does not change whenever any of
its letters a is exchanged with @. In particular, we have IIg(wW) = Ilg(w) for any w. Before showing
Proposition 1 we need to introduce a couple of technical results. Let us first observe that

Lemma 1. Let w = wy..w; € V*. Then w € ADMp if, and only if the following two conditions
hold,

Vk, 0 € [1,q] such that wi, €V and w; €V, WiAWw;; (12)
Vk € [1,q], Vj € [k +1,q] such that wy, € V, w; €V, Wp/W;. (13)
Proof of Lemma 1. The necessity of (12) is obvious: would an element w of ADMp contain two com-
patible letters in V, the two corresponding items would have been matched. Let us prove the necessity

of (13). Fix two such indexes k and j in [1.¢]. This means that V;(,),;_; is matched with an item V,
of class W;. Suppose that w,—w;. Then we have the following alternative,

e if £ <i(n)+k—1, then V; is present in the system when the item Vj(,);4—1 of class wy, enters.
As W;—wy, these two items would have been matched;

o if £ € [i(n) + k —1,i(n) +j — 2], then V} finds Vj(,);x—1 available in the system, and thus the
two items would have been matched;

o if £ € [i(n) + j,q], then V; finds both Vj(;;)4x—1 and Vj(,)4;—1 available in the system, and as
the policy is FCFM, choses the oldest one: again, V; and V()41 are matched.
Consequently, wi,—w; would imply in all cases that V; is matched with V;,);r_1, an absurdity since
Vi(n)+k—1 of class wy is still unmatched at n. This completes the proof of necessity.
Regarding sufficiency, fix a state w satisfying both (12) and (13):
W = bl ail aig ... A1k, b2 Tm...dg}w bg....bq aTl...aqkq,

where ¢ > 1, k, € N for all ¢, b, € V for all £ and ap; € V for all £, j. In particular, from (12) we have
that b;#b; for any i # j whereas from (13), ay ;j#b; for any j and any ¢ < £. Let us show that the
chain (B,),cy can reach the state w. For this we construct inductively an arrival vector V' leading
to w from the state (). At first, set

V= (Vn—q+17 ‘/n—q-‘rQa [y Vn) = (bh sty bq) :
Then, we investigate all elements ag; from left to right, as follows. We start from aq;:

10
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(1) if there is no element @7 to the right of @7 such that ai1—ag;s, then set V,_ 1 = a1,
Va—q = b1, Vg1 = ¢ € € (a11), in a way that the vertex of class a1; is matched with that of
class b, and we retrieve the letter @17 to the right of b1 because the item of class ¢ is matched
with aqq;

(2) if there exists an element @z, to the right of @i7 such that a11—as -, we investigate all terms
a7 to the left of @prj7. If one of them, @gr;7 is such that agj»—ayg j/, then agp j could be matched
in FCFM with another item arrived before a;;. Then we do as in case (1): V,_4—1 = a11,
anq = bl; anqul =cecf& (all);

(3) if there exists an element @z to the right of @7 such that ai1—asj/, and no term @p7j7 to the
left of @g ;7 is such that agvj»—ag ;, we interpose a term agj in V' between by and by (or at the
extreme right of V' if ¢ = 1), and a term ay; between by and by (or at the extreme right of V'
if g =), in a way that the two corresponding items are matched.

Then, by induction we investigate in the same way all the terms @g; not yet considered:

(1) if there is no element @p;7 to the right of @; such that ag;j—ae 7, then in V' we interpose a letter
ag; just to the left of by, and a letter ¢ € € (ayg;) to the left of by if £ < ¢ (or at the extreme
right of V if £ = q); the items of classes ¢ and a,; are matched and a term @;; appears at the
right place in the detailed state of the system;

(2) we do as in case (1) if there exists an element @g;7 to the right of az; such that agj—aej/, but
one of the non yet investigated terms @z/;7 to the left of @y is such that agrjr—ap ;.

(3) if there exists an element g7 to the right of @g; such that agj—as -, and no term @z, to the
left of @7 is such that agvj»—ag -, then in V' we interpose a term agj just to the left of byiq
(or at the extreme right of V' if £ = ¢), and a term ay; to the immediate left of byy1 (or at the
extreme right of V if ¢/ = ¢), in a way that the two corresponding items are matched.

We continue this construction on and on, until all the letters az; € W|v are investigated and the
corresponding items are matched. The final arrival vector V' that we obtain is of size ¢’, where

q q
q € Ilq+2kg,q+22kgu )
= =1

Indeed, the number of items added to V' is at least equal to the number of letters of wly;, and at
most equal to twice the latter number (which is the case if all the corresponding items entered the
system before the item of class b; and are matched after the arrival time of the latter). Finally, for
any n > q+2 Z’Z:l ke, if B,,_y = 0, an arrival scenario V for the ¢’ following time epochs yields to a
state B,, = w. This concludes the proof. |

As a consequence,

Lemma 2. The two subsets ADMp and ADMpg are isomorphic. More precisely, the following is a
one-to-one relation,
ADMp <— ADMp
{ w W

Proof. From Lemma 1, it is sufficient to prove that a state w belongs to ADMp if and only if W satisfies
both (12) and (13). The proof of this statement is similar to that of Lemma 1. [ |

We can now state the following strong connexion between the dynamics of (B,,),,cy and (Fp), cn»

11



L3.3 Reversibility L3 A PRODUCT FORM FOR THE FCFM MODEL

Proposition 2. Let Il be the measure on V* defined by (11). Then for any two admissible states

w,w' € V* for (B,,),cn, the states W and W' are admissible for (Fn)pen and we have that

—

5 (W)P [Boit = w'|B, = w] = Il (W) P [FnH —W|F, =W (14)

Proof of Proposition 2. Fix w € ADMp (so that W € ADMjp from Lemma 2). We address the 5
possible cases for the transition of (B,),,cy. In cases (1)-(4) hereafter, we assume that w # () and set
W = Wi..W,; € V*. Remember that w; € V.

(1) Let us first address the case where w' = wa, for some a € V. Plainly, such a state is admissible
if and only if a € € (V(w))“. The backwards chain moves from w to wa at n + 1 whenever V,, 11 = a,
so we have that

P[Bp+1 = wa|B, = w| = u(a).

with an item of class a entered before or at time m. Therefore we necessarily have that F,,1q =
Wq Wg_1...W2 W1 = W, in other words

I (ﬁ) P [FnH = W|F, = 7a} — g (wﬁ)

=IHp(w)u(a) = Ug(w)P[Bpt1 = wa|B,, = w].

(2) Suppose now that w' = wi...Wy_1 @ Wg11...w,;Wg. This means that wy, € V and that the item
Vpi1 is of class a, where a € € (wy) N E (V (Wy...wr_1))°, so that in FCFM, V,,; is matched with
the item Vj(,)4 11 of class wi. Suppose that

e — =
F, =W =wW,W;W,_1.. W11 aWg_1 ... W1.

Then from Lemma 1, wy, is not adjacent to any of the elements of V (W, Wq_1 ... Wit1). But wy—a,
so the item V,, 1 of class wy, is matched with the item V,,4 42 of class a, and we have with probability
1,

h

Fn+1 == Wiq“’q—l o WE41 Wi Wg_1...W] =
Therefore, in this case,
I, (ﬁ) P [FnH = W|F, = ﬁ} — g (ﬁ)
=1Ip (ﬁ) w(a)
=TMg(w)u(a) =Tg(W)P[B,i1 = W|B, = w|.
(3) Now, suppose that w' = wywy1..w,w7 for some k € [1,¢]. This means that the class of item
Vg1 belongs to € (w1), so V41 is matched with the oldest item in line V;(,,y. Then wo, w3, ..., Wi_1

all belong to V, and so wj;, € V and is the class of the oldest item in line after Vi(n), now becoming
the new oldest one. Suppose that

F, =W =wW1W, W,_1..Wi11 Wk
Applying again Lemma 1, we obtain that w; is not adjacent to any of the elements of the set

V (W, Wy_1... W), so the state w’ is admissible. All the same, again in view of Lemma 1, wy is
not adjacent to any of the elements Wy, W3, ...., Wr_1, which are all of V. So we obtain

|t

Bl =W W . W W Wi .. W W =W

12
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if the incoming items V,,yo,...,V,,1x—1 are of respective classes way, ..., wiy_1 and V,,4,_o is of a class
belonging to £ (w1). This occurs with probability

u(w*z)u(w*s).-'u(m)u(cf (Wl))'

Gathering all the above we obtain that
10 ()% 5. 5] 10 () 5555 T 0
-1 @)oo
= Ilp(w)u ( =lp(W)P[By41 = W'|B, = w].

(4) Suppose now that w' = ), which is possible only if w; € V, the incoming item V41 belongs to
& (wy), and if ¢ > 2, w, ..., w, € V, which implies again from Lemma 1 that w;/Ww; for any j € [2, ¢].
Thus, F,, = () leads to the state F,11 = W= WqWg_1.... wa wq if and only if V;,4, is of class wyq, and
then V42 is of class Wy, Vi3 is of class W,_7, and so on ..., V4 is of class W3 and V1411 is of a
class belonging to £ (w1). This event occurs with probability p(1)p (W) ... (W2) 1 (€ (w1)). So we
obtain

M (0) P [For = IFn = 0] = p(w1) (5 ) 1(w5 ) s (37 o€ (w1) )
= HB(W);L(S (wl)): p(W)P [Bpsr = w'| By = w].

(5) The only case that remains to be treated is when w = (). Then for any a € V, we obtain B, 11 = a
provided that V,41 is of class a, which occurs with probability u(a). Then, F;, = @ means that V,,;1 is
matched with an item of class a that was entered before n. Then we necessarily have that Fj,.1 = 0,
and thus

g (@) P[Fos1 = 0/, = @] =I5 (a) = a(a) = U(0)P [Bay: = al By = 0.
This completes the proof. |

We can now turn to the proof of Proposition 1.

Proof of Proposition 1. We first show that the measure I defined by (11) is finite on ADMp under
condition (8). From Lemma 1, we know that for any word w in ADMp, the letters of V present in w
form an independent set of V, that is V(w) € I(G), and intermediate letters of ¥ whose counterparts
in V are not adjacent of any prior letter of w in V. Therefore we have that

IIp (ADMB) = HB(Q)

+ Y > > g (b1@11a1s. @ik ba- . by gk, )

Z€el(G) geNy  (by,...,bq)€Z,

Sk
Wilsees Qs sAL ey gl sesAgk,, ) EV=I=1"1:
(k‘l’kz’.”’kq)eNq( CESARE ek ] i yreabgly--ytq q)

ai]’GS({bl ..... bi})cfor all ieﬂl,qﬂ,jeﬂl,ki]]

q k
=1+ > > > I {we) {1+ X [T ntaue)
T€l(G) gEN4 (by,...,by) €L i=1 EENL (ai1,...,ain)E(E({b1,....bs })°)F =1

q

S S ol (F5 SENND DR 11 [Tue)

Zel(G) qeN4 kEN® (ay,...,a)€(E(T)°)* €=1 (b1seesbg) €T i=1
q
c\k
S Z(sta))) (@
Z€el(G) geN \keN
> > (A2)
Z€el(G) qeN

13
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which is clearly finite under (8).

Let « be the normalizing constant of IIg. Then it suffices to apply Kelly’s Lemma ([12], Section 1.7):
define for any two admissible states w, w’ € ADMp,
P[Bpt1 =W | B, = w|allg(w)

P w = . 15
s OéHB (Wl) ( )

Then, I is the only stationary distribution of (By,), cy if P defines a transition operator on V*. But
this is a simple consequence of Proposition 2: for any w’ € V*, we have that

S R 3 PlBua=w | By = wlalls(w)

wevs weve ollp(w’)
g (ﬁ) i {Fnﬂ — W|F, = ﬁ
- w;,* (W)
- Y P {Fnﬂ — W|F, :ﬁ]
wev*
=1,

where we use the fact that (F},), .y is a Markov chain and Lemma 2. This concludes the proof for
(Bn)nGN' We can now reverse the argument by exchanging the roles of B,,, By1 and F,,, F,,41 in the
definition (15). This entails that (F3,), y is the reversed Markov chain of (B,),, .y, on a sample space
where arrivals are reversed in time and exchanged with their match. In particular (F,), .y also has
the same stationary probability IIg. |

3.4 Proof of Theorem 1

We are now in position to prove the main result of this section. As Ilp is the only stationary

distribution of (By),,cy, from (10) it is clearly sufficient to check that

My (w) = Z Ilg(w) for any w € V*.

WEADMB: W|y=w
Let w = wy...wq € V*. Then, from Lemma 1, any w € ADMp such that w|y = w is of the form
W = w1011 A12 ... A1k, W2 421...A2k, W3 ... WqAq] --- aqkq,

where any of the elements ay; is such that as;/w; for any ¢ < £. We therefore obtain that

o

«

k
plwe) | 14 > > 11 (aey)

k6N+ (agl ..... agk)G(S({wl ..... w(})c)k Jj=1

1 (u(we) % (u (5 ({wr, wz})»k)

p(wy)
1 ,u(g ({wl7 ...7’[1)[})

> g (w)

WEADMB: W|p=w £

Il
—

o

[e%
4

=

o

4

) = Hw (w),

which concludes the proof of Theorem 1.
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4 Coupling in the General Matching model

In this Section we construct explicitly for a wide range of models, a stationary version of the buffer-
content process (W),), cn. This will be done beyond the iid case, by the strong backwards coupling
method of Borovkov and Foss. By doing so, we show in which cases a unique stationary buffer content
exists and thereby, a unique stationary complete matching, in a sense that will be specified below.
The argument will be more easily developed in an ergodic-theoretical framework that we introduce
in Section 4.1. Then, we show in Section 4.2 that many matching policies (including ML and FCFM)
satisfy a remarkable property of sub-additivity, which will be the essential tool of our proofs, together
with the existence of (strong) erasing words in non-bipartite graphs, introduced in Section 4.3. Our
coupling results will then be given in Section 4.4 under assumption (H1’) or (H1”), and in Section 4.5
under assumption (IID).

4.1 General settings

The general matching model is intrinsically periodic: arrivals are simple but departure are pairwise,
so the size of the system has the parity of the original size at all even times - in particular a system
started empty can possibly be empty only every other time, and two systems cannot couple unless
their initial sizes have almost surely the same parity. To circumvent this difficulty, at first we track
the system only at even times. Equivalently, we change the time scale and see the arrivals by pairs of
items (as in the original bipartite matching model [9, 4, 2]) which play different roles: the first one
investigates first all possible matchings in the buffer upon its arrival according to ¢, before possibly
considering the second one if no match is available, whereas the second one applies ¢ to all available
items, including the first one. By doing so, it is immediate to observe that we obtain exactly a GM
model as presented thus far, only do we track it at even times.

Throughout this sub-section, suppose that assumption (H1’) holds. To formalize the above observa-
tion, we let (Uy,),,cy be the buffer content sequence at even times (we will use the term ” even buffer
content”), that is, U, = Wa,, n € N. We will primarily construct a (possibly unique) stationary ver-
sion of the sequence (U, ),,cy of even buffer content, by coupling. For this, we work on the canonical
space QY := (VW x S x V x S)Z of the bi-infinite sequence ((Va,, X2n, Vont1, X2nt1)),ez, o0 which we
define the bijective shift operator 6 by 0 ((wp)nez) = (Wnt1)nez for all (wp)nez € Q. We denote by
6~ the reciprocal operator of #, and by 8 and #~™ the n-th iterated of # and #—!, respectively, for all
n € N. We equip Q° with a sigma-field .#° and with the image probability measure P? of the sequence
(Va, s Z2n, Vant1, Bont1)) ez on Q0. Observe that under (H1’), PY is compatible with the shift, i.e.
for any &/ € F, P°[«/] = P° [#~'./] and any 6-invariant event Z (i.e. such that B = 07*5) is
either P%-negligible or almost sure. Altogether, the quadruple 2° := (Q°, . Z9 P, 6) is thus stationary
ergodic, and will be referred to as Palm space of the input at even times. For more details about this
framework, we refer the reader to the monographs [8], [3] (Sections 2.1 and 2.5) and [17] (Chapter 7).

Let the r.v. (VO,ZO,Vl,Zl) be the projection of sample paths over their 0-coordinate. Thus
(VO7 0.V, El) can be interpreted as the input brought to the system at time 0, i.e. at 0 an item of
class V0 and then an item of class V! enter the systems, having respective lists of preference X° and
! over V, and the order of arrival between the two is kept track of (VY and then V'!). Then for any
n € 7Z, the r.v. (VO 0", X0of", Viohn, Nlo 0") corresponds to the input brought to the system
at time n. Define the subset

Wo ={weW : |w|is even }.

For any Wy-valued r.v. Y, we define on Q" the sequence (ULY}) as the even buffer content sequence
neN

of the model initiated at value Y, i.e.

{ U(EY] =Y;

P’ — as. 16
U = (U @ (V00 0m, 300 0m)) 0y (V10 07, B0 07), n e N, as. (16

n
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A stationary version of (16) is thus a recursion satisfying (16) and compatible with the shift, i.e. a

sequence (U o 6"), ,, where the Wy-valued r.v. U satisfies the equation

Uob= (U (VO,EO)) O (VL S, PO — as., (17)

see Section 2.1 of [3] for details. To any stationary buffer content (U o 6™), ., corresponds a unique
stationary probability for the sequence (Wy,),, o on the original probability space (€2, F,IP). Moreover,
provided that P°[U = (] > 0, the bi-infinite sequence (U o §"), _, corresponds on 2° to a unique
stationary matching by ¢ (we write a ¢-matching), that is obtained by using the (bi-infinite) family of
construction points {n € Z : U o #™ = ()}, and matching the incoming items by ¢, within each finite
block between construction points.

In other words, obtaining constructively a stationary buffer-content at even times and thereby, a
stationary ¢-matching on Z, amounts to solving on 2° the almost-sure equation (17). This will be
done by constructing the associated backwards scheme, as in [13]: for a Wa-valued r.v. Y and any
fixed n > 0, the r.v. ULY] o ™™ represents the even buffer content at time 0, whenever initiated at

value Y, n time epochs in the past. Loynes’ theorem shows the existence of a solution to (17), as

the PP-almost sure limit of the non-decreasing sequence (U,[P] o 9_”) , whenever the random map
ne

driving the recursion (Up), oy is almost surely non-decreasing in the state variable. As the present
model does not exhibit any particular monotonic structure, such a result is a pariori out of reach. We
thus resort to Borovkov’s and Foss theory of Renovation, see [6, 7].

Following [5], we say that the buffer content sequence (U,[LY]) converges with strong backwards
neN

coupling to the stationary buffer content sequence (U o 6™) if, PO-almost surely there exists N* > 0

neN

such that for all n > N*| Ur[LY] = U. Note that strong backwards coupling implies the (forward)

coupling between (Uy[by]) and (Uo0"), .y, i.e. there exists a.s. an integer N > 0 such that
neN

T[LY] =Uo@" for all n > N. In particular the distribution of Ur[LY] converges in total variation to that

of U, see e.g. Section 2.4 of [3].

4.2 Sub-additivity

We show hereafter that most of the models we have introduced above satisfy a sub-additivity property
that will prove crucial in the main results of this section.

Definition 2 (Sub-additivity). An admissible matching policy ¢ is said to be sub-additive if, for all
22" e V¥, for all¢',¢" € 8* whose letters are drawn by vy and such that |¢'| = |2'| and |¢"| = |2"|,
we have that

Qs (22", '<") < 1Qs (', )| + Qs (2", ") -

Proposition 3. The matching policies FCFS, LCFS, Random (including Priorities and U) and ML are
sub-additive.

Before turning to the proof of Proposition 3 in the remainder of this section, let us show by a counter-
example that, on the other hand, the policy ’Match the Shortest’ is not sub-additive:

Example 3 (Ms is not sub-additive). Take as a matching graph, the graph of Figure 1, and the arrival
scenario depicted in Figure 3.

In the first case above we let 2/ = 11 and 2" = 133224. Then, for any <’ and " we get Qus(2',¢") = 11

i ! 1

and Qus(2”,<") = 0, whereas performing Qus(2'2",¢'s") = 1114. So

4= |QMS(Z/Z”agIgH)| =4>2= |QMS(ZI7§/)| + |QMS(Z/a§/)| =2

16
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1 1 1 3 3 2 2 4
1 1 1 3 3 2 2 4

Figure 3: "Match the Shortest’ is not sub-additive.

4.2.1 Non-expansiveness

In the framework of stochastic recursions, the non-expansiveness property with respect to the £;-norm,
as introduced by Crandall and Tartar [10], amounts to the 1-Lipschitz property of the driving map of
the recursion. Similarly,

Definition 3 (Non-expansiveness). A class-admissible policy ¢ is said non-expansive if for any x and
' inX, anyv €V and any o € S that can be drawn by vy,

12" @ (v,0) =2 @ (v, 0)]| < [l — z]. (18)

Proposition 4. Any random matching policy (in particular, priority and U) is non-expansive.

Proof. The result has been proven for priority and U in [15]: this is precisely the inductive argument,
respectively in the proofs of Lemma 4 and Lemma 7 therein. As is easily seen, the same argument can
be generalized to any random policy ¢, once the list of preference that is drawn from 4 is common to
both systems. Indeed, the following consistency property holds: for any states  and z’, any incoming
item v and any list of preferences o drawn from vy,

{pote.vopte v} € P 0P| = leo) = va)] . (9)
in other words, the choice of match of v cannot be different in the two systems, if both options were
available in both systems. The result follows for any random policy. |

Proposition 5. ML is non-expansive.

Proof. The proof is similar to that for random policies, except for the consistency property (19),
which does not hold in this case. Specifically, an entering item can be matched with items of two
different classes in the two systems, whereas the queues of these two classes are non-empty in both
systems. Let us consider that case: specifically, a v-item enters the system, and for a common draw

o according to the (uniform) distribution vy, we obtain py(z,v,0) = k and py,(2',v,0) = Kk for
{k,k'} C P(z,v)NP(z',v) and k # k’. Thus we have

2" @, (v, 0) — 2 @, (v, 0)|| = Z (i) — 2’ (i) + R, (20)
ik, k'

where

R=|(z(k) = 1) =" (F)| + [x(K') — (" (K) = 1)

We are in the following alternatives,

1. if z(k) > 2'(k) and «' (k") > x(k’), then

R=(z(k) =1 =2' (k) + (' (K') =1 = 2(k)) = |e(k) — 2" (k)] + |2(k) — " (K)] = 2.
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2. if (k) < 2'(k) and 2/(K') > x(k'), then

R = (a'(k) —a(k) + 1) + (x(k) = 1 = 2'(K)) = |2(k) — 2" (k)] + |2(K") — 2"(K')].

3. if x(k) > 2'(k) and 2/ (k") < x(k'), we also have
R=(x(k) —1-2'(k) + (k) — 2'(K') + 1) = a(k) — 2" (k)] + a(K') — 2" (K)].

Observe that the case z(k) < 2/(k) and a/(k') < z(k’) cannot occur. Indeed, by the definition of ML
we have that
(k") < z(k) and 2’ (k) < 2/ (k'),

which would imply in turn that
(k) = z(k') = 2/ (k) = 2/ (K).
This is impossible since, in that case, under the common list of preferences o both systems would
have chosen the same match for the new v-item.
As a conclusion, in view of (20), in all possible cases we obtain that
|2’ @ (v,0) = & O, (v,0) < Y |a(i) =2/ (D)] + |2(k) — 2’ (k)| + [«(k') — &' (K)| = ||’ - =],
ik, k!

which concludes the proof. |

4.2.2 Proof of Proposition 3 for Non-expansive policies

As we prove below, the non-expansiveness for the ¢;-norm, which is satisfied by all random policies
(Proposition 4) and ML (Proposition 5), entails simply the sub-additivity of the corresponding model.

Fix a non-expansive matching policy ¢. Keeping the notations of Definition 2, let us define the two
arrays (z;)i—1,... |vv| and (:cg)izlﬁ__”lv,,l to be the class details of the system at arrival times, starting
respectively from an empty system and from a system of buffer content w’, and having a common
input (v, o?) where (07');=1,...|u~| are drawn from v on S. In other words, we set

i=1,.., v
rg = 0;
o =[]
and by induction,
{ Tng1l = Tn Op (Vi iq,001), ne{0,... 0" —1};
Tyl =Tp @ (U;{HJZH) ,n€A{0,...,[v"] = 1}.

Applying (18) at all n, we obtain by induction that for all n € {0,...,|v"|},
[, = @nll < ll2g — ol = [w']. (21)

Now observe that by construction, x|~ = [w"] which, together with (21), implies that

< '+ [,

_ / /
|’lU| = Hl‘lvul S Hl‘lvul — .’I,",U//‘ ' + Hxlvul

hence the sub-additivity of ¢.
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4.2.3 Proof of Proposition 3 for FCFM and LCFM

For the disciplines FCFM and LCFM, we cannot exploit a non-expansiveness property similar to (18).
Indeed, it is straightforward that a given common arrival can very well increase the distance between
the commutative images of the queue details of two systems:

Example 4. Consider the graph of Figure 1. Then, regardless of o we have for instance that
[[[133 ©rcrm (2, 0)] — [311 Oreru (2, 0)]|
— 133] — [11]] = 1(0,0,2,0) — (2,0,0,0)]| = 4 > 2 = (1,0,2,0) — (2,0,1,0)| = [133] — [311]]
whereas for LCFM,
11331 Orer (2,0)] = [113 Orer (2,0)]l] = [I[33] — [11]]| = 4 > 2 = [[[331] — [11]],

see Figure 4.

1 3 3 2 3 3 1 2
3 1 1 2 1 1 3 2

Figure 4: FCFM (left) and LCFM (right) are not non-expansive.

As we cannot apply the arguments of Section 4.2.2 we resort to a direct proof for both FCFM (for
which our argument is related to the proof of Lemma 4 in [2]), and LCFM. We keep the notation of
Definition 2, where we drop for short the dependence on ¢ in the notations Mpepy(.) and Micpy(.), as
the various FCFM and LCFM matchings do not depend on any list of preferences.

FCFM. Start with the policy FCFM. We proceed in two steps,

Step I: Let |2/| = 1, and assume that Mycpy(2”) has K unmatched items. We need to show that
Micru(2'2") has at most K + 1 unmatched items. There are three possible cases:

(a) The item uj is unmatched in Mycpy(2'2”) = Mycewm(212”). Then, by the definition of FCFM
z1#%] for any letter z of z”/. Again from the definition of FCFM, the presence in line of this
incompatible item z{ does not influence the choice of match of any subsequent item of the word
2", Thus the matched pairs in Mycpy (2/2”) are exactly the ones in Myepy(2”), so there are K +1
unmatched items in Mycpy (2'2").

(b) The item 2} gets matched in Mycpy(2'2”) with an unmatched item 27 of Mycpy(2'). Then, any
unmatched item in Mycpy(2”7) remains unmatched in Myepy(2'2”). On another hand, for any
matched item 2 in Mycpn(2”) (let 27 be its match), either {7z, and thus choses its match

in Mycpy(v) regardless of whether z;’l is matched or not, and thus choses again z;-’ , or z/ —z;’l

and thus from the FCFM property, we have j < ji and in turn 27 remains matched with 27

in Mycpy(2'2"). Therefore the matching induced by the letters of 2" in Mycpy(2'2”) remains
precisely Mycpy (2”), 80 Mypcpu(2'2”) has K — 1 unmatched items.
(¢) The item 2] gets matched with an item 23’1 that was matched in Mycpy(2”) to some item 2’ .

The FCFM matching of 27 with 27 breaks the old match (2}, 2}, ), so we now need to search a
new match for ;. Either there is no FCFM match for z;’ and we stop, or we find a match 27/ .

The new pair (2}, 27 ) potentially broke an old pair (z;,,2% ). We continue on and on, until

J2 J2
either z;; cannot find a new match or 2}, was not previously matched, and consequently, with

K unmatched items in the first case and K — 1 in the second. Observe that due to the FCFM
property, we have iy, < iy11 and jy < joqq for all £ < k.
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Step II: Consider now an arbitrary finite word 2’. Observe, that if (z:,zé) € Mzeru(2'), then

(z;7z§) € Mycru(2'2"), as is the case for any admissible policy. Thus, denoting v’ = Qucpu(2’),
we have Qpepy(2'2”) = Qrern (w'2"). Denote w' = wj ... w;,. We will consider one by one the items in
w', starting from the right to the left. If we denote for all 1 < i < p, M{ ., = MF(;FR,I(w;7i+1 . w;,z”)
and K;, the number of unmatched items in M}, Step I entails by an immediate induction that for

all 1 <i<p, K; <i+[Qe(2")|. Hence we finally have

Qs(2'2")| = Kp <p+1Qu(2")] = 1Qs ()] + 1Qu ("),

which concludes the proof for FCFM.

LCFM. We now turn to LCFM, for which we apply the same procedure as above,

Step I: Set |2/| = 1 and assume that Mycpy(2”) has K unmatched items. The three different cases
are the same as above,

(a) If 2] is unmatched in Micpy(2'2"), then z] is incompatible with z{, otherwise the two items
would have been matched. In turn, if follows from the definition of LCFM that the presence in
line of 2] does not influence the choice of match of any item z;-’ that is matched in Mycpy(2"),
even though z{—z}’ . S0 Mycpy (2'2") has exactly K + 1 unmatched customers items.

(b) Whenever 2} is matched in My (2'2"”) with an item zé'l that was unmatched in M, cpy(2”),
any matched item z) in Mycey(2”) that is compatible with zé’l has found in z” a more recent
compatible match z;’ . The matching of 2}’ with z;’ still occurs in My cpy(2'2”). Thus, as above
the matching induced in M, cpy(2'2”) by the nodes of 2’ is not affected by the match (21, z;’l),
so there are are K — 1 unmatched items in M cpy(2'2").

(c) Suppose now that zj is matched with a server 27 that is matched in Myceu(2”). We proceed as
for FCFM, by constructing the new corresponding matchings (z{, 23/1)’ (z;'l 25 ), (z;’2 s 25 ), and
so on, until we reach the same conclusion as for FCFM (with the only difference that in LCFM

the indexes 41,2, ... and j1, j2, ... are not necessarily ordered increasingly).

Therefore, at Step I we reach the same conclusions as for FCFM.

Step II: The construction for FCFM remains valid for any admissible policy, and in particular for
LCFM.

4.3 Erasing words

The concepts of erasing words and strong erasing words will also be useful in the construction below.

Definition 4. Let G = (V,€) be a connected graph, and ¢ be an admissible matching policy. Let
u € Wy. We say that the word z € V* is an erasing word of u for (G, ¢) if |z| is even and for any
two words ' and s possibly drawn by vy on S* and having respectively the same size as z and u, we
have that

Qs (2,6") =10 and Q4 (uz,s¢") = 0. (22)

In other words, an erasing word of u has the twofold property of being perfectly matchable by ¢ alone,
and together with u. The following proposition guarantees the existence of erasing words for any
stabilizable graph and any sub-additive policy.

Proposition 6. Let G be a non-bipartite graph and ¢ be a sub-additive matching policy. Then any
word u € Wy admits an erasing word for (G, ¢).
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Proof. As will be clear below, the arguments of this proof do not depend on the drawn lists of
preferences, as long as they are fixed upon arrival. For notational convenience, we thus skip this
parameter from all notations (i.e. we write for instance Q4 (u) instead of Qy(u,s), and so on). We
first show that any admissible word of size 2 admits an erasing word y; so let us consider a word j
where i+£j.

As G is connected, ¢ and j are connected at distance, say, p > 2, i.e. there exists a minimal path
i—%1—...—ip_1—j connecting i to j. If p is odd, then just set y = i1is...ip—1. Clearly, Q(w) = 0 and
as the path is minimal, in My(ijz) 41 is matched with 4, i3 is matched with i, and so on, until 4,1
is matched with j. So Q4(ijy) = 0, and (22) follows.

We now assume that p is even. Set y' = 11%9...9p—1%p—1. Then, in M¢(ijy1) 41 is matched with 7, i3
with is, and so on, until both j and i,_o are matched with an i,_; item. So Q4(ijy') = 0, however
Qs(y') = ip_1ip—1. But as G is non-bipartite, it contains an odd cycle. Thus (see e.g. the proof of
Lemma 3 in [15]) there necessarily exists an induced odd cycle in G, say of length 2r+1,r > 1. As G
is connected, there exists a path connecting i,_1 to any element of the latter cycle. Take the shortest
one (which may intersect with the path between ¢ to j, or coincide with a part of it), and denote it
ip—1—J1—J2—...—Jq—k1, where ki is the first element of the latter path belonging to the odd cycle,
and by k1 —ko—...—kar1—Fk1, the elements of the cycle. See an example in Figure 5.

i1

’j3 k27‘+1 kr+3 kr+2
) *—e
Jq er
)
*—e
k2 kf’) kr kr+1

Figure 5: The path from 7 to j and then to an odd cycle

Then set
Y2 = j1j1d2go--Jadok1kkaks.. karkori1.

We are in the following alternative:

e if ¢ is even, then in My(y'y?) the two nodes 4,1 are matched with the two noded j;, the two
J2 with the two j3, and so on, until the two j, are matched with the two £;, and then, as the
cycle is induced, k3 is matched with k3, k4 with ks and so on, until ks, is matched with kopy;.
On the other hand, in My(y?), the two j; are matched with the two ja, the two j3 with the two
Ja, and so on, until the two j,—; are matched with the two j,. Then, a k; is matched with ko,
ks with k4 and so on, until ky,_; is matched with kg, and kspy1 is matched with the remaining
k1.

e if ¢ is odd, then the edges of M,(y'y?) are as in the first case, until the two nodes Jq—1 are
matched with the two nodes j,. But then, whatever ¢ is, one of the two nodes k; is matched
with kg, k3 with k4, and so on, until ksp—; is matched with kap, and kopy1 is matched with the
remaining k1. Also, in My (y?), the two j; are matched with the two j2, the two j3 with the two
Ja, and so on, until the two j,_o are matched with the two j,—1. Then, the two j, are matched
with the two k1, ko is matched with k3, and so on, until ky, is matched with kg, 1.

In both cases, we obtain that both Q4 (y'y?) = 0 and that Q4 (y?) = 0. In particular, as Q4(ijy*) =0

we have Q(ijy'y?) = 0. Therefore y = y'y? is an erasing word for ij. See an example in Figure 6.
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i j i1 iz i3 ip2ip1ip1 J1  J1 J2  J2 Jg-13g—1 Jqg Jdq k1 ki kz k3 kg kopr1korkary1

A AN e ) (R (R D D

i1 i i3 iy ip3ip2ip1ip1J1 J1 d2  J2 J3 i3 Jg23qg273g13g-13q Jq k1 k1 kz k3 karkorq1

Figure 6: The two perfect matchings Mycpy (753 y?) and Mycpu(y'y?), for an even p and an odd q.

We now consider any word v € Wy, say u = ujusa...us,, . First, as we just proved, there exists an erasing
word, say z', for the two-letter word ugy, —1ugr,. In particular, we have that Qg (uzr,—1u2,,2') = 0.
Thus, the sub-additivity of ¢ entails that

Qs (uz")| < 1Qs (wrtiz-. uzr, —2)| + [ Qs (2 —1uzr, 2" = Qs (w)] =2,

in other words the input of z' strictly decreases the size of the buffer content u, that is, if we let
u? = Qy (uzl), then u? is of even length 275, where 75 < 71. We then apply the same argument as
above for u? instead of u: there exists an erasing word z? for the two-letter word u3,, _,u3,, gathering
the last two letters of u2, so as above,

00 (u215%) | = 1Qs (1257)| < |4 () —2.

We can continue this construction by induction, until we reach an index ¢ such that

Qo (uzlzz...zf) =0. (23)
1 4

Observe that, as z1,...z¢ are all erasing words, we have that Qg(z') = Qu(2%) = ... = Qu(z%) = 0.
Thus Qg(222...2°) = 0, which shows, together with (23), that z = z'22...2* is an erasing word for w.

Clearly, uniqueness of the erasing does not hold true. In particular, if z! and 22 are both erasing
words of the same word u for (G, ¢), then 2122 also is. Hence the following definition,

Definition 5. Let u € Wy. An erasing word z of u for (G, ¢) is said to be reduced, if z cannot be
written as z = z'2%, where z' and 2% are both non-empty erasing words of u. A reduced erasing word
z of u is said to be minimal, if it is of minimal length among all reduced erasing words of u.

Definition 6. A word z € V* of even length 2p is said to be a strong erasing word for the graph
G =V, &) and the matching policy ¢ if

1. z is completely matchable by ¢ together with any two-letter word, i.e. for any i,5 € V such
that i#j, and any two words ¢’ and s of S* whose letters can be possibly drawn by vy, and of
respective length 2 and 2p, we have that Qg (ijz,¢¢’) = 0;

2. any right sub-word of z of even length is completely matchable by ¢, i.e. for any £ € [0,p—1] and
any <’ of length 2p and whose letters can possibly be drawn by vy, Q4 (22,€+1...22p7 gée“...gép) ={.

Plainly, a strong erasing word for (G, ¢) is a an erasing word for any two-letter word ij with i£j. Also
observe that condition 2 above is typically met whenever the letters of z form a cycle of G - this fact
will be exploited below.

Lemma 3. Let ¢ be a sub-additive matching policy and z be a strong erasing word for G = (V, &)
and ¢. Then for any ¢’ € §* of length |z|, any word u € Wy and any s € §* of length |u|, we have
that |Qg(uz,s¢’)| < |Qp(u, )| — 2.
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Proof. From the sub-additivity of ¢, if |u| = 2r,

|Q¢(UZ7§C/)| < |Q¢ (ug...u2r—2,61...S2r—2)| + |Q¢> (ugr—1u2r2, §2r71§2r§/)|
= |Q¢> (U1~-~U2r—2’§1---§2r—2)| = |Q¢(U7C)| -2,

using the fact that uy...uo._o € Wo. |

To address the question of existence of strong erasing words for a given pair (G, ¢), we need the
following Lemma,

Lemma 4. Any connected non-bipartite graph G = (V,E) can be spanned by an odd cycle, i.e. there
exists a cycle of odd length in which all the nodes of V appear at least once.

Proof. As G is non-bipartite, G’ contains an odd cycle C := ¢;—c2— ... c2g4+1. Let p € N be the number
of nodes of V which do not appear in the latter cycle, and denote by iy, ...,%,, these nodes. By
connectedness, there exists for any j € [1,p], a minimal path P; of length, say, ¢;, from k; to i;.
Then, we can connect k; to itself by following, first, the cycle C, and then all the paths P; from k; to
i; and then the reversed path of P; from i; to kq, successively for all j € [1,p]. The resulting path is
a cycle connecting to k1 to itself and spanning the whole set V, and its length is 2¢ + 1 + Z?Zl 2¢;,
an odd number. |

Let us recall (see [14] for details), that a connected graph G = (V,€) is said to be separable of order
p, p > 2, if there exists a partition of V into maximal independent sets Z1,...,Z,, such that

Vi #j,Vu €Iy, Vv €Ty, u—v.

In particular, a separable graph G is non-bipartite if and only if its order is at least 3.

Proposition 7. The following conditions are sufficient for the existence of a strong erasing word for

(G,9):

(i) G is non-bipartite separable and ¢ is any admissible policy;
(i) G is non-bipartite and ¢ = LCFM.

Proof. (i) Suppose that G is separable of order p > 3, and let Zy,...,Z, be the corresponding
maximal independent sets. Let z be a word of length 2p which contains exactly two letters of
each maximal independent set, but whose last two letters do not represent the same independent
set. Then it is immediate that z, and any even right sub-word of z is completely matchable by
any ¢. Second, if we let ¢ and j € V such that i#7, which is true if and only if 4 and j belong
to the same maximal independent set, say Z,. Then it is immediate that Q4(ijz) = () for any ¢,

since any incoming item of a class in any other independent set than Z, can be matched on the
fly with any element of Z,.

(ii) As an immediate consequence of Lemma 4, there exists a cycle € = ¢1—ca—...—Ca¢41 such that

& ({ersc5 e c2941}) =V, (24)

which is true in particular for the odd cycle that spans V. We let z be the word consisting of
all the nodes of ¥ visited 4 times in that order, i.e.

Z = C1€2...C2¢q+1C1.--C2¢+1C1...C2¢4+1C1.--C2¢q+1-

We drop again the lists of permutations from all notation. First observe that, as € is a cycle
we clearly get Qcrv(2) = 0, as for any admissible policy. Second, as € is a cycle it is also clear
that any right sub-word of z of even size is completely matchable by any admissible policy. Now
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fix ¢ and j in V such that i/j. We need to show that Q,cpy(ij2) = 0. For this let us define the
following sets for k € {4, j},

H(k) = {even indexes 2¢ in [1,2¢ + 1] : cor—k};
O(k) = {odd indexes 2¢ + 1 in [1,2¢ + 1] : coes1—k} .

We are in the following alternative:

Case 1: O>i) UO(j) # 0, i.e. i or j (or both) neighbor a node of odd index in ¥. Let 2p+ 1 =
min O(7) U O(j). First observe that, by the definition of LCFM all items of even indexes in
[1,2p] are matched with the immediate preceding item of odd index, so the entering copy1
item finds only ¢ and j in the system, and is matched with j if cop1—7, or with ¢ if j/copt1
and i—cppy1. Let us assume that we are in the first case, the second one can be treated
analogously. So we have Quopn (4jC1...Copt1) = 4. Let us now define

H(i) = {even indexes 2/ in [2p + 2,2q] : cor—i}.

We have three sub-cases:

Sub-case la: H(i) # 0. Set 2r = min?#(i). Then the i item is matched with cy,. Indeed, in LCFM
all items of odd indexes in [2p+ 2, 2r] are matched with the immediate preceding item,
even if they are compatible with i. Then, after the ¢ item is matched with the co,
item, all items of odd indexes in [2r 4+ 1,2¢ — 1] (if the latter is non-empty) in the first
exploration of € are matched with the immediate following item, until the first caq41
item is matched with the second c¢; item. After that, in the second exploration of ¥
all items of even nodes are matched with the following item of odd index, until the
second cpq item is matched with the second 2¢ + 1 item, so we get a perfect matching
of ij with the first two explorations of 4. Then the last two visits of ¥ are perfectly
matched on the fly, since € is a cycle. So Queru(ijz) = 0.

Sub-case 1b: H(i) = § and O(i) # 0. Due to the LCFM policy, in the first exploration of € all odd
items are matched with the immediate preceding item of even index, until coq41, in a
way that Qreeu(ijci...coq+1) = i. Let 254+ 1 = min O(4). Then the remaining 7 item is
matched with the second ces41, since in LCFM, all items of even indexes less than 2541
that are compatible with ¢, are matched with the preceding item of odd index. After
that, if s < ¢ then all remaining items of even indexes in the second exploration of &
are matched with the immediate following item, until the second cy4 item is matched
with the second caq11. Thus Q4 (ijz) = 0), and we conclude as in la.

Sub-case 1c: H(i) = 0 and O(i) = 0. From (24) there necessarily exists an even index (take the
smallest one) 2u € [2, 2p] such that i—cq,,. Then, as in 1b we have Qrepy (ijC1...Coq1+1) =
i. Then, in the second exploration of ¢, in LCFM all items of even indexes are matched
with the preceding item of odd index, until the second cy441 remains unmatched, i.e.
Quoru (iJC1...Cog41€1...Coq41) = iC2g+1. Then the remaining coq11 item is matched with
the third ¢q, and in the third visit of €, all items of even indexes are matched with
the following item of odd index, until cg, is matched with 7. To finish the third ex-
ploration, if v < ¢ then all items of odd index in [2u + 1,2¢ — 1] are matched with
the following item of even index, until the third cyq41 remains alone unmatched, i.e.
Quorw (1J€1...C2441C1...C2q41C1...C2q41) = Cog+1. At this point, the forth ¢; is matched
with the third coq4+1, and then in the fourth exploration of % all items of even index
are matched with the following item of odd index, until the last ¢, is matched with
the last cog+1 item. We end up again with Qcev(ijz) = 0.

Case 2: O(i) UO(j) = 0. In that case ¢ and j both have only neighbors of even indexes in %,
in particular from (24) H(:) and H(j) are both non-empty. Let 2p = min H(¢) and 2p’ =
min H(j). Again from the definition of LCFM, in the first exploration of €, all items of even
indexes are matched with the preceding item of odd index, until cp441 remains unmatched,
80 Quorm (J€1.-.C2g+1) = tjcag+1. Then the first coqy; item is matched with the second
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c1, and if 2 < min(2p,2p’), in the second exploration of ¢ all items of even index in
[2, min(2p, 2p’) — 2] are matched with the following item of odd index. We have again, two
sub-cases:

Sub-case 2a: p’ < p, so in LCFM the j-item is matched with the second cg,. In the second ex-
ploration of ¢, after the cyp item has been matched with the j item, if p < ¢ all
items of odd indexes in [2p + 1,2¢ — 1] are matched on the fly with the immediate
following item of even index, until only the second cpq41 item remains unmatched,
80 Qroru (17C1...C2g4+1C1.--Cag+1) = ic2g+1. Then the second co441 is matched with the
third ¢;. In the third exploration, if p > 2, all items of even indexes in [2,2p — 2]
are matched with the following item, until the ¢y, item is matched with 7. We then
conclude as in lc, and end up again with Qycpy(ij2) = 0.

Sub-case 2b: p < p/, so the i-item is matched with the second cg,. Then the j item remains to be
matched, and we conclude exactly as in 2a, by matching the j item with the third ¢y
(instead of ¢ with the third cgp). This concludes the proof.

Remark 2. Observe that the conclusion of (ii) of Proposition 7 clearly hold true for any policy ¢ that
emulates LCFM on the input ijz, for z = ¢1...cag41¢1....C2g41C1...Cag+1C1...Cog+1 (keeping the notation
of the above proof), and for any i£j € V. This is true in particular if ¢ is a priority policy such that
for any index j > 2, c¢; prioritizes c;_1 over any other node, and c; prioritizes cgq41 over any other
node.

4.4 Renovating events
Define the following family of events for any Ws-valued r.v. Y,
Ay (V) = {U,[LY] - (2)} - {Q¢(YV°V1V0 0fVi0f. . VOog Yt ognl) = w}, n>0.

Let us first observe that

Proposition 8. Let G = (V,€) be a matching graph and ¢ be an admissible matching policy. Suppose
that assumption (H1’) holds, and let Y be a Wo-valued random variable. If the following condition
holds:

lim P U a(Y)no* (V)| =1, (25)
k=01=0
then (U,LY]> N converges with strong backwards coupling to a stationary buffer content sequence
ne
(Uo Gn)neN'

Proof. Clearly, (27,(Y)),cy is a sequence of renovating events of length 1 for (UJLY ]) . (see [6, 7]).
ne
The result then follows from Theorem 2.5.3 of [3]. [ ]

The above result applies to any initial word of even size, however it does not guarantee the uniqueness
of a solution to (17). As we now demonstrate, this stronger property holds at least under the additional
assumption

(H2) There exists a strong erasing word for (G, ¢).

Let us define the following sets of random variables:
@y ={Wy — valued r.v. Y: |Y]| <2ras.},reNy,
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and let
—+o0
%oo — U %r.
r=1

Lemma 5. Let G = (V, &), ¢ be a sub-additive policy, and suppose that (H2) holds. Fiz a positive
integer r, and define the events
B (2.2 = {VOVIV 00V 0. V0™ IV o™ = 2122 2"} (26)
Cr(zt, .2 = (D) N OB (2., 2T, (27)

where the z'’s are (possibly identical) strong erasing words for (G,¢) and m = Y_._, |z*|/2. Then for
any any rv. Y € % andn > 1, up to a negligible event we have that € (z) C Zpim(Y).

Proof. Fixn >1,r>1and Y € %,". All the arguments in this proof hold for any fixed sequence of
lists of preferences, so we drop again that parameter of all notations for short. Throughout this proof,

let us also fix a sample in ) (z). First, as ULQ)] = (), the matching of the arrivals up to n is complete,
i.e. we have that Qg (VO ViV V9iof.. VO 1Vlo 9”_1) = (). Thus from the sub-additivity
of ¢ we have

op)

=|Qs(YVOVIV 0 Viod. V0o 'V o
< QY+ |Qu(VOV V000 Viog. . V000" ' Voo™ )| = Y| < 2r. (28)
Now, as z is a strong erasing word for (G, ¢), from Lemma 3 for any [ € [1,r] we have that

(Y] _ (Y] !
U7L+Zf;=1 |Zi|/2‘ o ’Q¢ (U”+Ei;} ‘Zi‘/QZ )

where we understand Z?:y as 0. This together with (28) and the fact that

v] o _ |1 _
S‘Q"’ (Un+zi-;}|zi|/2)‘ 2=V \zm’ 2,

U,[LY]‘ is even, entails
that for some index n’ € [n + 1,n + m] (take the smallest one), we have U,[f,/] = 0. Let k € [0,r]

be the largest integer such that n’ > n + Zle |21]/2, that is, such that k full strong erasing words
1,2

21,22 ...z (or none if k = 0) have entered the system until time n’. Let also, if k < r, j € [0, 28]
be the (even) number of letters of z**1 that have entered the system up to time n’ — 1 included. In
other words the input of letters between times n and n’ — 1 reads
) ) 2122...,2’“2{““25“...zf“, ifk<mr;
Vo0 0" Vio 9" . . V00 " 1V o gt =
z 252", else.
B+l _k4+1 k41

of even size, zj/; 25 ...z i1y is completely matchable by

¢. Thus, as the following strong erasing words (if £ < r — 1) are also perfectly matchable, we obtain
that

If k < r, as for any right sub-word of zF+!

Yy _ k1 _k+1  _k+1 _k+2 _r\ _
Upirm = Qo 2 By A 2R =0,

which completes the proof. |

We thus have the following

Proposition 9. Let G = (V, &), ¢ be a sub-additive policy, and suppose that (H1’) holds together with
(H2). Let r € Ny. Suppose that there exists a family of (possibly identical) r strong erasing words
2, .27 such that

lim P° lﬂ U #(0) N 0% a(0) ﬂ&lﬁr(zl,...,f)] =1, (29)
k=01=0

for B"(2,...,2") defined by (26). Then, there exists a solution U" to (17) in %>, to which all

]

Y
sequences (U,[l
ne

W for'Y € & converge with strong backwards coupling.
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Proof. Lemma 5 shows that the events (47 (2", ""ZT))néN defined by (27) form a a sequence of
renovating events of length m = "', |2%|/2 for the recursion (UJLY]) . for any Y € %4. Indeed,
ne

for any n, on €7 (21, ..., 2") the value of (U[Y]

- +m) equals the empty set and does not depend on the
neN
input up to n. Observe that, by f-invariance, (29) is equivalent to the sufficient condition in Theorem

2.5.3 of [3] applied to (‘K,’;(zl,...,z’“))neN. It thus follows again from that Theorem, that all such

sequences (U,[LY]) converge with strong backwards coupling to a solution U" to (17). |
neN

Consequently,

Theorem 2. If the conditions of Proposition 9 are satisfied for any r € N, then the solution U
to (17) is unique in %, and all sequences (ULY}) , Y € @, converge with strong backwards
neN

coupling to U.

Proof. For any r > 1 we can apply Proposition 9, and then the same argument to r + 1, yielding that

all sequences (U}LY]) for Y € %TH, also converge with strong backwards coupling to a solution
neN
U1, As this is true in particular for any Y € %", and by uniqueness of the backwards coupling

limit, U" and U™*! coincide P%-almost surely. We conclude by and immediate induction on r that
all solutions U", r > 1, coincide almost surely, and let U* be this common limit. Uniqueness of the
solution of (17) can be shown using Remark 2.5.3 in [3]: any two solutions U* and U** in #,>°, belong
to some set %5, r > 0. Thus for some strong erasing words z!,..., 2" for (G, ¢), (%ﬁ(zl, "ZT))nGN
forms a sequence of renovating events for both sequences (U* 0 0") . and (U** 0 0"), _y which, as
they converge with strong backwards coupling to the same limit and are both stationary, necessarily
coincide almost surely. |

The renovation conditions (25) and (29) have the following intuitive interpretation: in (25), with
overwhelming probability, any recursion started at Y at some point in the past, couples at value ()
with the recursion started at Y at time 0, before a future horizon that goes large. In condition (29),
for an initially empty system the first m arrivals after this coupling time form a sequence of r strong
erasing word for (G, ¢). As will be shown in Section 4.5, these conditions take a much simpler form
whenever the input is i.i.d.. On another hand, in Example 5 we show a simple case where Theorem 2
applies, for a separable graph G and a non-independent input.

We conclude this section by observing that these renovation conditions cannot be satisfied unless the
measure p introduced in assumption (H1’) is an element of NCOND(G) (defined by (8)).

Proposition 10. Under assumption (H1’), conditions (25) and (29) entail that p € NCOND(QG).

Proof. If for some independent set Z of G,

0 1 0 1
() = & (I)‘;M ) _ » (5(1))-2HL (S(I))7

Birkhoff’s Theorem entails the total number of arrivals of elements of Z (from elements of (VO o 0") neZ

and (V1 ) 9”)n ¢z almost surely exceeds the total number of arrivals of elements of the neighboring
classes of 7 by a quantity that is of order n in the long run . All the same, if we replace the inequality
above by an equality, the Markov chain is at most null recurrent, as in the proof of Theorem 2 in [14].

So ( 7[,,}/]) N cannot visit zero infinitely often with probability one. Hence (25) for Y = ) a.s., and
ne
thereby (29), cannot hold. [ |
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4.5 Independent Case

In this section, we reformulate the renovation condition (25), in the particular case where the input is
iid and thereby, where the recursion (Uy), .y is @ Markov chain, under a natural stability condition
which we now specify. Denote for any W-valued r.v. Y and any j € N*, by 7,;(Y") the j-th visit time

to @ (or return time if Y = @) for the process (UJLY]) . that is
ne

n(Y) :=inf{n > 0,UY =0}, 7(Y):=inf{n>r_(Y),UY =0}, j >2.

We define the following stability condition depending on the initial condition Y,
(H3) The stopping time 71(Y") is integrable.

Under assumption (IID), the Markov chain (U, ),, oy is clearly irreducible on W,. So (H3) holds true
whenever the chain is positive recurrent. Therefore applying Theorem 1 for FCFM, and Theorem 2 of
[14] we obtain the following list of sufficient conditions for (H3):

Proposition 11. Condition (H3) holds true for any Wy-valued initial condition Y, whenever G is
non-bipartite, (IID) holds, u € NCOND(G), and in either one of the following cases:

1. ¢ = FCFM;

2. ¢ =ML;

3. ¢ is any admissible policy and G is separable.

We have the following result,

Proposition 12. If (IID) holds and Y € %>, then (H3) entails (25).

Proof. Fix throughout € > 0, and r € N, such that Y € %. First observe that, as a consequence of
(H3) the random variable
k=sup{keN: m(Y)of7F > k}

that is, the largest horizon in the past from which the first visit to () takes place after time 0, is a.s.
finite. In particular there exists a positive integer K. such that

PO[k > K.] < % (30)

Again in view of (H3), there exists an integer T, > 0 such that

PO[r(Y) > T.] < -, (31)

Ut ™

and let us denote
H, =2K.+2r+1T..

We know from Proposition 6 that any word admits at least one minimal erasing word. Also, there
are finitely many words in W5 of size less than H., and thus finitely many minimal erasing words of
those words. So the following integer is well defined, and depends only on H.,

le ==  max min |z|. (32)
2 ueW,:|w|<H. ZzEV™:
z minimal erasing word of u
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We now define the sequence (7;), Ny (where we drop the dependence on Y for notational convenience),

as the following subsequence of (7;(Y)),cy, :

Fi=n(), Fo=inf{n>F_+L, U =0} i>2

Also define the following family of events: for all K € N and i € N,

DY) = U {Vo 0 fTiTh YL ogTith YO0 o grithtm=lyl o gTithktm=1 s an erasing word of Uglk},
m=1
and for any k,n € N,
DPr(Y)= |J DiY), keN neN,. (33)

1€ENL:
Fi+l-<2n

For any k € N and i € N, on 0*D¥(Y") we first have that for some (unique, and even) integer m < /.,

U;ﬁk+m 06§~% = (), and second, that Ug_g_m = (), since
[Y]
U‘T'Hrm‘

= Qs (Y VOV V20T V0T V00 g7 Vo g™ . V0o gTitm=lytogmitm=1)|
< |Q¢ (Y VO Vl VO ° aﬂ—l Vl ° 9‘73‘—1)’ + ‘Q(ﬁ (VO ° aﬂ Vl o 97:73 VO o 97~'i+7n—1 Vl o aﬂ-i-m—l)’ =0,

where the two terms in the third line above are zero from the very definitions of 7; and an erasing
word. Consequently, we have that

0* DR (V) C | (V) N0 Ay (Y), kmeN. (34)
=0

Second, fix n € N and a sample w € {x < K.} Nh=, 0¥ D "(0) and an integer k > K + 1. By
the definition of x, Uy (0*’%1) =Y (0~*w) entails that Uy_p (G’kw) = () for some k' < K,; in other
words UJ«?] (H_k/w) equals Ur[:r]kfk, (Q_kw) for any n > 0. But as 9w e Dk,’"(ﬁ)) by assumption,
we obtain that §~*w € D¥"(Y). Consequently we have that

K. 0o
(R<EJn () ¥D'"(0) C{w < K30 () DY)
k=0 k=K+1

and thereby

K. %)
{r <K} () 0" (DP"(Y)n DM (0)) C {x < K} [ 0FDF(Y).
k=0 k=0

This, together with (34), yields to

K. o n
{r < K30 (0" (D" (V)nDP"(0) C{s < K3n () |J#(YV) N0 atk(Y), neN. (35)
k=0 k=01=0

Now recall (32). In words, /. is (half of) the minimal length of word that can accommodate at least
one erasing word of any admissible word of even size bounded by H.. Therefore, in view of the iid
assumptions the following is a well defined element of 0, 1[:

Le
Be = mlin\<H PV [ U {VO ViVO0ofV!oh.. V200 ™ 1V00#™ 1 isa minimal erasing word of u}‘| .

ueEWsy : me1

(36)
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Let

M. — Loge — Logh — Log(K. + 1)
< Log(1 — 5;) ’
that is, the least integer that is such that

€
1- )M« ————. 37
Again from (H3) and (IID), there exists a positive integer N, such that
PO [ + €. > N < % (38)
All in all, we obtain that for all n > N_,
U@ (Y) N6k a i (Y)
k=01=0
<P | () J2(Y)NOFa 4k (Y) N {Far, + L < N} {s < K} 0 {m (V) < 7.}
Lk=01=0
+ PO [Far, +le > NoJ+ PO [ > K]+ PO [r(Y) > T
pS 3e
<P ﬂ 0% (DEn(Y) N DR (D) N {Far, + Lo S NFN{n(Y) ST} +
K. K. M. 3
<y p ORDEY) | N{r(Y) < T} + ) P ORDED) | N {r(Y) < T} + =, (39
<3 Kﬂ ){1< A+ 2P| (PO 0 tn) < 7| + 5 39

where we use (30), (31), (35) and (38) in the second inequality, and recalling (33).

Now let u. be an element of Wy such that |u.| < H, and that achieves the minimum in (36), that is

Le
B =P [ U {Vo ViVOolVioh.. Voo™ 1V00h™ ! is a minimal erasing word of ua}‘| ,

m=1
and define the events
Le
D; = U {VO 00T V1iofT . V0o gTitm=110 o gTitm=1 i5 4 minimal erasing word of us}, i€ N.
m=1

From assumption (IID), the events D;,i € N, are iid of probability B.. On another hand, on the event
{n(Y) <T.}, forany 0 < k < K,

v 00 ‘<|Y|+2k+7'1( ) < 2r 42K, +T. = H..

Thus, as Qg (V2007 Vo™ . V0o 0%1*1*1 V1o gTi+1=1) = () for all 4, the sub-additivity of ¢ and
an immediate induction entail that so0” k

any i € N, by the very definition of 55 we have that ]PO [0’“7)5—“( )] > PO [D } Be, and in turn by
independence of the D;’s, that for all k < K,

PO [(Aﬁ O DE (Y )) N{n(Y) <T.}

i=1

gf[ PO [Bi] = (1- )" (40)
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All the same, on the event {m(Y) < T.}, for any 0 < k < K, we have that

‘ 9

T (Y)+k © 9_k‘ <2k+mn(Y)<H,,

thus we can conclude similarly that

< (1 - /BE)ME .

M.
P Kﬂ 9’@5(@)) N{n(Y) <T.}

i=1

Injecting this together with (40) and (37) in (39) entails that, for any n > N,

n

P° m U 7 () N0k (V)

k=01=0

<e,

which concludes the proof. |

We now prove the uniqueness of the solution using the following forward coupling result,

Proposition 13. Suppose that (IID) and (H3) holds. Let Y and Y* be two elements of %5>°. Then

there is forward coupling between (U,EY]> and (UJLY*])

neN neN’

Proof. We aim at proving that the stopping time
p(Y,Y™) ;= inf {n >0: UI[Y] = UZ[Y*] for all [ > n}

is a.s. finite, that is
lim P° [p(Y,Y*) <n] = 1. (41)

n—oo

Observe that, as the two recursions (U,[IY]> and (U,[LY*]) are driven by the same input, they
neN neN

coalesce as soon as they meet for the first time. Hence, (41) holds true in particular if

lim P°
n—oo

=1. (42)

Lnj {U}Y] =yl = @}] = lim P [O (YY) N (V)

n—00
=0 =0

From Proposition 12, the latter holds true whenever we replace Y* by U(EZ] 0 7% for any finite Ws-
valued r.v. Z and any k € N. The proof of (42) for any finite Y* is analog. |

Consequently,

Theorem 3. If the policy ¢ is sub-additive and assumptions (IID) and (H3) hold, there exists a
unique solution U to (17) in %2, to which all sequences (ULY]) N for'Y € %>, converge with
ne

strong backwards coupling.

Proof. Fixar.v. Y € #,°, and let r be such that Y € #4". From Proposition 12, (25) holds true. Thus,
as (H1’) subsumes assumption (IID), we can apply Proposition 8: Y converges with strong backwards
coupling, and thereby also in the forward sense, to a stationary sequence (U o 0"), y, where U € #5>°.
Now, Proposition 13 entails in particular that any couple of such stationary sequences (U o 0"),

and (U* 00"), .y couple, and therefore coincide almost surely. Thus there exists a unique solution U
to (17) in &5 [ ]
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4.6 Stationary perfect ¢-matchings

Let us summarize the results of Section 4 thus far: a unique (bounded, even) stationary buffer content
exists whenever G is non-bipartite, ¢ is sub-additive (which is the case for FCFM, LCFM, ML and U),
and in either one of the following cases:

e (HY’) holds for 4 € NCOND(G), and (H2) holds (which is true in particular if G is separable or

¢ = LCFM - see Proposition 7) together with (29) for any r € N - see Theorem 2;

e (IID) holds for 4 € NCOND(G), and (H3) holds true (which, from Proposition 11, is the case if
¢ is FOFM or ML, or if ¢ is separable) - see Theorem 3.

With these results in hands, we now address the problem of constructing a stationary bi-infinite perfect
matching on the original time scale,

Proposition 14. Suppose that G is non-bipartite, ¢ is sub-additive, and either one of the following
18 true:

e (H1), (H1’), (H1”), (H2) and (29) hold for any r € Ny;
e (IID) and (H3) hold.

Then there exists exactly two bi-infinite perfect matchings under ¢.

Proof. In both cases, (H

1) and (H1”) hold true, so we can construct two stationary ergodic quadruples
2! = (QOfOIP’lﬂ) nd 2 := (

0,7,P, 9) analogously to 2°, as follows:

e P! is the image measure on Q° of the sequence ((Va, _1,%2,_1, Van, Yon))nezs

e 0= (Vx8)% Z is the Borel sigma-algebra on €2, P is the image measure of ((V;,%,)),,cz on
Q and the shift 6 is defined by 6 ((@n),,cz) = (@n—1),cz for all samples (&y), 7.

In words, 2 is the ergodic quadruple corresponding to the canonical space of the original input, and
20 (respectively, 21) corresponds to the canonical space of the input of pairs started at even (resp.,
odd) times in the original time scale.

Our aim is to construct a ¢-matching on the original quadruple 2. First observe that in both cases,
(H1) is satisfied, and there exists on 29 (from Theorem 8 in the first case, Theorem 3 in the second),

a unique even f-stationary buffer content U° € %>, to which all sequences (UT[LY]) . for Y € &>
ne
converge with strong backwards coupling, and such that P° [UO = m > 0.

We can apply the exact same arguments on 2", leading to the existence of a unique 6-stationary even
buffer content U I on that space, that is such that P! [U I = @] > 0. Now observe that we can identify
0 to Q) via the one-to-one relation

Q0 «— Q
((09,09,0%,0%)), o+ ((Un,00)), ey such that

(’Ugn,O'Qn) (v9,0%) and (vopi1,00n41) = (vL,0L), n € Z.

Up to this bijective transformation, we can also identify 6 to 6 o , and construct two different buffer

contents (WO) and (W ) on Q, as follows:

EZ nez

{ W, =000

WO = (U%06%) @, (VO oh?, 500 §2n) ne€Z,P— as; (43)
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{ W,

W21n+1
which correspond respectively to a buffer content sequence that is stationary on Wy at even times, and
to a buffer content sequence that is stationary on Wy at odd times. By construction, both sequences
(Wo and (Wﬁ)n ez have infinitely many construction points (the first one at even times, the

n)nGZ _
second at odd times), therefore we can construct from each one, a unique perfect ¢-matching on €2,

— (U0 021) @4 (V00 §2n1 50 0 g2n1)

— [l ogntt, ne’Z,P— as.,

(44)

the first one depleting at even times and the second one at odd times. The proof is complete. |
An example of the above construction for a separable graph of order 3 is given in Example 5.
Example 5. Consider the following separable compatibility graph on V = {1,2, ..., 6},
Figure 7: A separable graph of order 3.

Set Q := {@1, ..., W}, where

w1 = ...142356142356...

Wy = ...423561423561...

w3 =...235614235614... (45)

wy =...356142356142...

ws = ...561423561423...

wg =...614235614235....,

in which the 0-coordinate is marked in bold. Equipped with the power-set .Z of €, the shift 8 defined
by Ow; = éWi+1 for i < 5 and Awg = @7 and P the uniform probability on 9) (which correspond to u the
uniform probability on V), it is immediate that 2 = (Q, Z P, é) is a stationary ergodic quadruple.
Following the construction in the proof of Proposition 14, the canonical space of the ”paired” input
at even and odd times is given by Q% = {w? w9, w{}, where (emphasizing again the 0-coordinate in
bold)

w? =..14 2356 14 23 56 ...,
wd =..2356142356 14 ...

w =..56 1423 56 14 23 ...

in a way that at time 0, a 1-item and then a 4-item enter the system for the sample w?, a 2-item and
then a 3-item for w), and a 5-item and then a 6-item for w§. All the same, the canonical space of the
paired input at odd times is Q' = {w],wl, wl}, where

wi =..42 3561423561 ...,
wl = ..356142 356142 ...,
wl =..614235614235 ...

Whenever furnished with the uniform probability, both quadruples 2° and 2! thereby obtained are
stationary and ergodic. Set ¢ = FCFM. It is immediate to observe that both words 142356 and 423561
are strong erasing words for (G, ¢) (assertion (i) of Proposition 7) and that (29) holds. Thus from
Theorem 8 there exists a unique stationary buffer content U® on 2° and a unique buffer content U?!
on 2, which are respectively given by

U%(w) =0,
U (wy) =0,
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We then construct two buffer content sequences (Wg)n ¢z and (W) on 2 from (43) and (44),

whose valuation e.g. at sample point @w; are respectively given by

{ W((i)n(a)l) Q)V W60n+1(w1) =1
Weni3(@1) 4, We (@) =10

ne”Z

’ W(?n+2(@1) =14,
W60n+5(a)1):5; n € 7,

Weni1(@1) =0, We, o(@1) =

W, (@1) 6, 4
0, Wgn+4(@1) =3, Wﬁanrr(@l) =0; nezZ

W61n+3 (a)l)
Both (W,?)n ez and (Wﬁ)n ez determine uniquely a bi-infinite perfect matching on 2°. These two
matchings are represented in Figure 8.

4 2 35 6 1 4 2 35 6 1 4 2 35 6 14 2 3 5 6

|
0
4 2 35 6 1 4 2 35 61 4 2 35 6 1 4 2 3 5 6

Figure 8: The two stationary matchings corresponding to the graph of Figure 7 and the input (45)

4.7 Perfect FCFM-matchings in reverse time

To conclude, let us comeback to the FCFM model, for which bi-infinite perfect matchings have an
interesting property.

First, observe that we can complete the ”exchange” mechanism introduced in the definition of the
backwards and the forwards chains in Section 3.2, using construction points as follows: start from a
construction point, and then replace all items from left to right by the copy of the class of their match,
on the fly, as soon as they are matched. We illustrate this procedure in Figure 9, by the completion
of the exchanges over two perfectly matched blocks, for the compatibility graph of Figure 1 and the
arrival scenario of Figure 2.

Figure 9: Top: the arrival scenario of Figure 2 (augmented with a 2 item). Middle: the two cor-
responding blocks, perfectly matched in FCFM with the compatibility graph of Figure 1. Bottom:
completion of the exchanges by matchings.

Now observe the following: after completion of the exchanges on any perfectly matched block by
FCFM, for any arrival scenario, by reading the arrivals on the matched block from right to left, we see
nothing but a FCFM matching of the items of classes in V. To prove this, let the four nodes i, j, k and
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¢ be such that in G, i—k, j—k and i—/, and suppose that, after the exchange, four copies i, j, k and
{ are read in that order, in reverse time, i.e. from right to left. Let us also assume that the FCFM rule
in reverse time is violated on this quadruple: then the k item is matched with the j item while the 7
item is still unmatched, and then the latter item is matched with the £ item. This occurs if and only
if, in direct time, the four items of classes i, j, k and ¢ arrive in that order, and the k item choses the
j item over the i item for its match, and then the unmatched ¢ item is matched with the ¢ item. This
violates in turn the FCFM policy, according to which the k£ item should have been matched with the
1 item instead of the j item. Hence the assertion above: over any perfectly matched block in FCFM,
the block of exchanged items read in reverse time is also perfectly matched in FCFM - see the bottom
display of Figure 9.

Now assume that the conditions of Proposition 14 are satisfied for ¢ = FCFM. Then there exist
exactly two bi-infinite perfect FCFM-matchings of the input. Generalizing the above observation to
all perfectly matched blocks on Z, we conclude that there exist exactly two perfect FCFM-matchings
of the exchanged items in reverse time, corresponding respectively to the two aforementioned perfect
FCFM-matchings in direct time, after complete exchanges over blocks, read from right to left.
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