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STABILISATION OF WAVE EQUATIONS ON THE TORUS WITH
ROUGH DAMPINGS

by

N. Burq & P. Gérard

Abstract. — For the damped wave equation on a compact manifold with continuous dampings,
the geometric control condition is necessary and sufficient for uniform stabilisation. In this article,
on the two dimensional torus, in the special case where a(x) = Zf:l ajlzer; (R, are polygons),
we give a very simple necessary and sufficient geometric condition for uniform stabilisation. We
also propose a natural generalization of the geometric control condition which makes sense for
L dampings. We show that this condition is always necessary for uniform stabilisation (for
any compact (smooth) manifold and any L* damping), and we prove that it is sufficient in our
particular case on T? (and for our particular dampings).

Résumé. — Pour 'équation des ondes amortie sur une variété compacte, dans le cas d'un
amortissement continu, la condition de contrdle géométrique est nécessaire et suffisante pour la
stabilisation uniforme. Dans cet article, sur le tore T? et dans le cas ot a(x) = Z;\;l ajlzer; (R;
sont des polygones), nous exhibons une condition géométrique nécessaire et suffisante trés sim-
ple. Nous proposons aussi une généralisation naturelle de la condition de controle géométrique,
pour un amortissement seulement L. Cette généralisation est toujours nécessaire pour la sta-
bilisation uniforme (sur toute variété compacte réguliere), et nous démontrons dans cet article
qu'elle est suffisante dans notre cas particulier du tore T? (et pour nos fonctions d’amortissement
particulieres).

1. Notations and main results

Let (M, g) be a (smooth) compact Riemanian manifold endowed with the metric g, A, the
Laplace operator on functions on M and for a € L>°(M), let us consider the damped wave
(or Klein-Gordon) equation

(1.1) (0} = A+ a(x)d +m)u=0, (ul=o,0u |t=0) = (ug,u1) € H (M) x L*(M),

where m > 0. If a > 0 a.e. it is well known that the energy
(1.2) B@)(t) = [ (Vyul} + 0ruf? + mluf?)avl,

is decaying and satisfies
t
E(u)(t) = E(u)(0) —/ / 2a(x)|0pul*dvol,,.
0 JM

2000 Mathematics Subject Classification. — 34120, 35Pxx, 35Q93 58J40, 93Dxx.



We shall say that the uniform stabilisation holds for the damping a if one of the following
equivalent properties holds

1. There exists a rate f(t) such that lim; s f(t) = 0 and for any (ug,u1) € H*(M) x
L*(M),

E(u)(t) < fF(6)E(u)(0).
2. There exists C,c > 0 such that for any (ug,u1) € H'(M) x L?(M),
E(u)(t) < Ce " E(u)(0).

3. There exists T > 0 and ¢ > 0 such that for any (ug,u1) € H*(M) x L?(M), if u is the
solution to the damped wave equation (1.1), then

T
E(u)(0) < C/o /M 2a(z)|Opu|*dvol,,.

4. There exists T' > 0 and ¢ > 0 such that for any (ug,u;) € H' (M) x L2(M), if u is the
solution to the undamped wave equation

(1.3) (0 =A+m)u=0, (ul=0,0u |=0) = (uo,u1) € H' (M) x L*(M)
then
E(u)(0) < C/O /M 2a(x)|0pul*dvol,,.

The following result is classical (see the works by Rauch Taylor [30, 31], Babich-Popov [3],
Babich-Ulin [4], Ralston [29], Bardos-Lebeau-Rauch [5], Burq-Gérard [9], Koch-Tataru [19])

Theorem 1. — Let m > 0. Assume that the damping a is continuous. For py = (z9,&) €
S*M denote by vy, (s) the geodesic starting from xq in (co)-direction &. Then the damping a
stabilizes uniformly the wave equation iff the following geometric condition is satisfied

T
s > c.
(GCC) 3T, ¢ > 0; poé%EM/O a(yp(s))ds > ¢

When the damping a is no more continuous but merely L°°, the same propagation of
singularities methods (that we shall recall below) show that the following strong geometric
condition

(SGCC) 3T, ¢ > 0;Vpg € S*M,3s € (0,7),35 > 0;a > c a.e. on B(7,,(s),9).

is sufficient for uniform stabilisation. On the other hand, the same approach also shows that
the following weak geometric condition

(WGCC) 3T > 0;Vpg € S*M,3s € (0,T);7,,(s) € supp(a)

where supp(a) is the support (in the distributional sense) of a, is necessary for uniform sta-
bilisation. Though the question appears to be very natural, until the present work, the only
known case in between was essentially an (unpublished) example of Lebeau where M = S¢
and a is the characteristic function of the half-sphere. In this case, uniform stabilisation holds
(see Zhu [35] for a proof and a generalization of this result).



Theorem 2 (Lebeau, unpublished). — On the d-dimensional sphere,
S = {z = (20, ...,24) C R ||z|| =1},

uniform stabilisation holds for the characteristic function of the half sphere Si = {z =
(zo,...,2q) C R lz|| = 1,29 > 0}.

Remark 1.1. — Notice that in this case, all the geodesics enter the interior of the support
of a, and hence fulfill the (SGCC) requirements, except the family of geodesics included in
the boundary of the support of a, the d — 1 dimensional sphere,

881 = {'I = (xo, . "xd) C RdJrl; ||$H =1,z0 = 0}

When the manifold is a two dimensional torus (rational or irrational)and the damping a is a
linear combination of characteristic functions of polygons, i.e. there exists NV, R;,j =1,... N
(disjoint and non necessarily vertical) polygons and 0 < aj,j =1,..., N such that

N
(14) a(x) = ZajlmGRj,
=1

then another natural simple geometric condition is the following;:

Assumption 1.2. — Assume that the manifold is a two dimenisional torus T? = R?/AZ x
BZ, a; B > 0. Assume that there exists T > 0 such that all geodesics (straight lines) of length
T either encounters the interior of one of the polygons or follows for some time one of the
sides of a polygon R;, on the left and for some time one of the sides of a polygon R;, (possibly
the same) on the right.

Our main result is the following

Theorem 8. — The damping a stabilizes uniformly the wave equation if and only if As-
sumption 1.2 is satisfied.

Corollary 1.3. — Stabilisation holds for the examples 1.a and 1.d of figure 1 but not for
examples 1.b, 1.c and 1.e

Remark 1.4. — Stabilisation implies that exact controlability holds for some finite T > 0.
However our proof relies on a contradiction argument and resolvent estimates. It gives no
geometric interpretation for this controlability time. This is this contradiction argument which
allows us to avoid a particularly delicate regime at the edge of the uncertainty principle (see
Section 2.2). Giving a geometric interpretation of the time necessary for control would require
dealing with this regime (see [8]).

The plan of the paper is the following: In Section 2, we focus on the model case of the left
checkerboard in Figure 1. We first reduce the question of uniform stabilisation to the proof
of an observation estimate for high frequency solutions of Helmoltz equations. We proceed
by contradiction and perform a micro-localization which shows that the only obstruction is
the vertical geodesic in the middle of the board. Then we prove a non concentration estimate
which shows that solutions of Helmoltz equations (quasi-modes) cannot concentrate too fast
on this trajectory. This is essentially the only point in the proof which is specific to the torus.
Finally, by means of a second micro-localization with respect to this vertical geodesic, we
obtain a contradiction. In Section 3, we show how the general case can be reduced to this



l.a 1.b l.c
Stabilisation holds No stabilisation No stabilisation

1.d l.e
Stabilisation holds No stabilisation

Fi1GURE 1. Checkerboards: the damping a is equal to 1 in the blue region, 0 elsewhere.
For all these examples (WGCC) is satisfied but not (SGCC)

model case. For the convenience of the reader, we gathered in apendices a few quite classical
results. In a first appendix, we introduce a generalized version of (GCC) that makes sense
for a € L* and which is equivalent to Assumption 1.2 in our particular case. We prove that
this generalized geometric control condition is always necessary (on any Riemannian manifold
and for any damping 0 < a € L*°) and we conjecture that it is always sufficient. In a second
appendix, we recall the link between resolvent estimates and stabilisation.

The second micro-localization procedure has a well established history starting with the
works by Laurent [20, 21], Kashiwara-Kawai [18], Sjostrand [33], Lebeau [23] in the analytic
context, (see also Bony-Lerner [6] in the C*° framework and Sjostrand-Zworski [34] in the
semi-classical setting) and in the framework of defect measures by Fermanian [13], Miller [24,
25, 26], Nier [28], Fermanian-Gerard [14, 15]. Notice that most of these previous works
in the framework of measures dealt with lagrangian or involutive sub-manifolds, and it is
worth comparing our contribution with these previous works, in particular [28, 2]. Here
we are interested in the wave equation while the authors in [28, 2] were interested in the
Schrodinger equation, and (compared to [2]) we are dealing with worse quasi-modes (o(h)
instead of o(h?)). Another difference is that we perform a second microlocalization along
a symplectic submanifold (namely {(z = 0,y,& = 0,7) € T*T?}), while they consider an
isotropic submanifold {z = 0} in [28] or {(2/,2",& = 0,¢") € T*T?} in [2]. On the other



hand, a feature shared by the present work and [28, 2] is that in all cases the analysis
requires to work at the edges of uncertainty principle and use refinements of some exotic
Weyl-Hérmander classes (S™! in [28], S%0 in [2] and S'/%1/2 in the present work), sce [17]
and Léautaud-Lerner [22] for related work.

Acknowledgements. This research was partially supported by Agence Nationale de la
Recherche through project ANAE ANR-13-BS01-0010-03 (NB & PG)

2. The model case of a checkerboard

In this section we prove Theorem 3 for the following model on the two dimensional torus
T? = R?/(2Z)?. We shall later microlocally reduce the general case to this model.

Y
1

FiGURE 2. The checkerboard: a microlocal model where the damping a is equal to 1
in the blue region, 0 elsewhere

2.1. First micro-localization. — According to Proposition B.2, we need to prove (B.5)
Jho > 0;Y0 < h < ho,¥(u, f) € H*(M) x L*(M), (h*A 4 1)u = f,

1
lullzzary < C(laull 2 + <1 £1z2)-

To prove this estimate we argue by contradiction. This gives a sequence (hy,) — 0, and (uy, fn)
such that

(hiA + Dup = fo,  |lunllze =1, Hamunllm = 0(1)n—1o0s [ frllz2 = 0(An)n—stoo-

Extracting a subsequence, we can assume that the sequence (u,) has a semi classical measure
v on T*T? which is supported in the characteristic set

= 2. 11212
{(X,5) € ST% || E[]” = 1}.
Furthermore, this measure has total mass 1 and is invariant by the bicharacteristic flow:
=-V XV = 0.

We refer to [7, Section 3] for a proof of these results in a very similar context. Also, since the
only two bicharacteristics which do not enter the interior of the set where a = 1 are

{(z=0,=0,n==1)},

(B.5)



we know that v is supported on the union of these two bicharacteristics.

2.2. A priori non concentration estimate. — In this section we show that (u,) cannot
concentrate on too small neighbourhoods around {z = 0}.
Let us recall that ||(h2A + 1)uy,l|/z2 = o(hy,). Define

1/6
2.1) ) = ma (1, (10828 + Dyl 1) ")
so that
(2.2) B te S (ho)||(R2A + 1up |2 <1, lim e(hn) = 0.
n——+oo

The purpose of this section is to prove

Proposition 2.1. — Assume that ||uy||2 = O(1), and (2.2) holds. Then there exists C' > 0
such that

vn € N, |Juy]| < Ce?(hy).

L2 ({Ja|<hi* 2 (hn)})
The proposition follows from the following one dimensional propagation estimate (see [10]
for related estimates)

Proposition 2.2. — There exists C > 0, hg such for any 0 < h < hg, 1 < < hfé, and any
(u, f) solutions of

(R*A + 1)u = f,

(2.3) |l

L>o({|2|<Bh2})

<CB3hi (Hu” +h7 B2 £

L2({BhE <|2|<28h7}) L2<{|m|s25h%}>)'

Let us first show that Proposition 2.1 follows from Proposition 2.2. Indeed, choosing
B = e 3(h), Holder’s inequality gives

A S L oL PR s

< Cex(h )<Hu|| + 0S| /)

L2<{|m|s25h%}>)
—_ 1
< Cex(h)(llullze + RO fllp2 ) < 203 (n),

L2( {h2 *3(h)<|m|<2h26*3( )

where in the last inequality we used (2.2). Now we can prove Proposition 2.2. We perform
first Fourier transform with respect to the y variable and reduce the analysis to proving the
same estimate (with constants uniform with respect to the n parameter) for solution of

(R20%2 +1 — h?n)u = f.
We change variables z = ﬁh%z, and it is enough to prove, for solutions of

(hB7202 +1— K)o =g,

(2.5) [Vl oo (g)21<1y) < C(H”HLQ({1§|z|§2}) + h_1ﬁ2l|g\|L2({|z|g2}))-



Finally, this latter estimate follows (with 7 = 82h~1(1—h27?)) from the following result which
is generalization of [10, Proposition 3.2].

Lemma 2.3. — There exists C > 0 such that, for any 7 € R and any solution (v,k) on
(_272) Of

(0% + 1)v =k,
then

1
ol -1 < € (Iolzausiicon + = lkle2a),

Let x € C§°(—2,2) equal to 1 on (—1,1). Then u = xv satisfies
(2.6) (0% + 7)u = xk 4+ 20.(xv) — X"v.
We distinguish two regimes.

— elliptic regime, 7 < —1. Then, multiplying by v and integrating by parts gives
(2.7) H82u||%2(,2,2) + |7'|HU||%2(72,2)
=— <X/<: +20.(x'v) — x"v, u> 2= (Xk: —x"v, u> L2+2 <X'v, 8zu> L2
which implies
(2.8) Hazu”%Q(—Q,Z) + ’T‘Hu”%%—zp)
< C(HkHLl(f2,2)HuHL°° + vllzerizi<2y Ul 2 (u<pzi<ay) + ||3zU||L2(72,2))),
and the one-dimensional Gagliardo-Nirenberg inequality
lullz= < Cll9ull 2" lul

allows to conclude in this regime.
— hyperbolic regime, 7 > —1. Let 0 = /7 € RT U i[0,1]. The solution of (2.6) is

z . Y .
u(z) = / ew(xy)/ W2 g(2)dzdy
y=—2 z=—2

_ / g(z) / 6io(2y7:vfz)dydz,
=—2 Y=z

where g = xk — x"v + 20, (x'v) = g1 + 0.9g2. Since, for z,z € [-2,2],

C
o(2y—z—2)
el <

the contribution of ¢; is uniformly bounded by
¢
1+ |7]

Integrating by parts in the integral involving 0,gs, we see that similarly, the contribution
of 0,g9 is bounded by

(IxEl 1 (—2,2) + vl 21 (a<iz1<2}))-

C”XIU”LI(—Q,Q)-



2.3. Second micro-localization. — In this section we develop the tools required to un-
derstand the concentration properties of our sequence (u,) on the symplectic sub-manifold
{x =0,& =0} of the phase space T*T?.

2.8.1. Symbols and operators. — Let S™ be the class of smooth functions of the variables
(X,Z,2,¢) € R2xR? xR xR which have compact supports with respect to the (X, Z) variables
and are polyhomogeneous of degree m with respect to the (z,() variables, with limits in the

radial direction
lim —a (X,E, (TZ’T<)> =3 (X,E, (2,¢) ) .
r—oo 1 (=, Ol (=, Ol

When m = 0, via the change of variables

~ = (Z’ C)
(Z’C)'_)(Z’C): 1+‘Z’2—|—’<’2,

such functions are identified with smooth compactly supported functions on R?X,T) xB(0,1)~

where B(0, 1) denotes the closed unit ball in R2.
Let €(h) satisfying

lime(h) =0,  e(h) > R'Y2
h—0

In order to perform the second micro-localization around the sub-manifold given by the
equations x = 0,£ = 0, we define, for a € 5™,

e(h) 1/2
Op(a) = a (X, hDx, Ww,e(h)h 2D, ),

where X = (z,y), 2 = (§,n). Notice that this quantification is the usual one [17], associated
to the symbol

— e(h) 1/2
a <X7 h\_4, Wm’,ﬁ(h)h § .
A simple calculation shows that since e(h) > hY/2, the latter symbol belongs to the class
S((1+€*(h)hta? + eQ(h)h§2)m/2, g) of the Weyl-Hormander calculus [17] for the metric

e2(h) dx? 9 de?
h 14 €(h)h=1a? + €2(h)h&? e (h)hl + e2(h)h—122 4 €2(h)h&?

dy? 2 dn?

h .
1+ y? + h?n? * 1+ y? + h?n?

(29) g=

_l’_

As a consequence, we deduce that the operators such defined enjoy good properties and
we have a good symbolic calculus, namely for all a € S, the operator Op(a) is bounded on
L?(R?) uniformly with respect to h, and

Va € SP,b € 87 ab € SPT7 and Op(a)Op(b) = Op(ab) + *(h)r,
where r € Op(SPT971), and

Va e 8% a > 0= 3C > 0;Re(Op(a)) > —Ce%(h), |[Im(Op(a))| < Ce¥(h).



2.8.2. Definition of the second semi-classical measures. — In this Section, we consider a
sequence (u,) of functions on the two dimensional torus T? such that

(2.10) (R2A + 1V, = O(1) 2,

We identify u,, with a periodic function on R%. Now, using the symbolic calculus properties
in Section 2.3.1, we can extract a subsequence (still denoted by (u,)) such that there exists a
measure i on T*T? x N — N denotes the sphere compactification of N = ]Rz ¢ such that,

for any symbol a € SY,
lim <Ophn(a)un,un>L2 = (1, a),

n—-+4o0o

where the continuous function, @ on T*R? x N is naturally defined in the interior by the value
of the symbol a and on the sphere at infinity by
Zi(x7 y? 57 /’77 g’ C) = lim a(x’ y’ 57 /’77 Tz? TC),

r—+00
(which exists because a is polyhomogeneous of degree | 0). The measure 1t is of course periodic,
and hence defines naturally a measure p on T*T? x N, and using (2.10), it is easy to see that
there is no loss of mass at infinity in the = variable:

*rm2 N : 2
(2.11) I T x N) = lim unzzr).
2.8.3. Properties of the second semi-classical measure. — In this section, we turn to the

sequence constructed in Section 2.1 and study refined properties of the second semi-classical
measure constructed above, for the choice e(h) given by (2.1). Notice that compared to (2.10)
the sequence considered here satisfies the stronger

(R2A + Duy, = o(hn) 2.

Proposition 2.4. — The measure p satisfies the following properties.

1. The measure p has total mass 1 = liminf, o |unl32 (hn- oscillation)
2. The projection of the measure p on the (z,y,£,n) variables is the measure v of Sec-
tion 2.1. Consequently (elliptic reqularity), the measure p is supported on the set

{(x7y7§7777z7g);x :0,5:0,77:j:1}

3. The measure  is supported on the sphere at infinity in the (z,() variables.
4. The measure p vanishes 2-microlocally on the right on {z = 0,y € (0,3) U (—1,—3)}
and 2-microlocally on the left on {x =0,y € (3,) U (—3%,0)}, namely,

u{(z,y,6,m,2,¢);2 =0,y € (0,1/2) U(=1,-1/2),2 > 0}) = 0

p{(z,y,6m,2,¢);0 =0,y € (=1/2,0) U (1/2,1),2 <0}) =0

5. According to point 3 above, if we identify the sphere at infinity in the (z,() variables with
St by means of the choice of variables z = rcos(6),( = rsin(f),r — +oo, the measure

W can be seen as a measure in (x,y,&,n,0) variables, supported on x = 0,€ =0,n = £1.
In this coordinate system, we have

(2.13) (nd, — sin®(0)dp)pu = 0.

(2.12)



Proof. — The proof of point 1 follows from (2.11). To prove point 2, we just remark that the
choice of test functions a(z,E, z,() = a(X, =) shows that the direct image m,(u) of u by the
map

7 (X,5,2,() = (X,5),
is actualy the (first) semi-classical measure v constructed in Section 2.1, and consequently,

this property follows from Section 2.1. To prove point 3, we recall that from Proposition 2.1,
we have that for any x € C§°, bounded by 1 and supported in (—A, A)

(2.14)  [x(hy Pelhn)x)unlFz < ltnll 2 (gai< ant/ze-1(ay)
< unllpo(gaj<nrize—2myy = (1, x(2)) = 0.

To prove point 4, recall from Figure 2 that the damping a is equal to 1 on (0, 3) x (0, 1)

12 2
and that
1/2un||L2 = 0(1)n—+oc-
Let 9 *°(R) supported in {1 < r} and equal to 1 for r > 2. Let x € C§°(—1,1) equal to 1

eC
on (—3,3). Given § > 0, consider the symbol

latn| > = [la

b(z,y,&m,2,¢) = x(2z)x(4y — 1)x(§)x(n — 1) (ﬁ) P(2* +¢?)

On the other hand, since x(2z)x(4y — 1) is supported on (—3,3), x (0,1), and since
w(ﬁ) is supported in z > 0, we infer that the range of Op,, (b) is supported in the domain

(0,2): x (0, 1), and consequently

(2.15)  (Opy, (b)un,un) = (13&6(0 el 1)Opy,, (b)un, un) = (Ophn(b)un,1xe(07%)1y6(07%)un)
= (Ophn(b)un, 1336(07%)1?46(07%)@%1)) = 0(1)p—+oo-

1 <{(967y,§,777z,0;96 =0,y € (Q%) 2> 25\C\}> =0

Taking 6 > 0 arbitrarily small, we deduce that on the (z, () sphere at infinity which contains
the support of p, we have

M({(xayaganazac)§x =0,y € (0,%) , 2> 0}) = 0.

The other properties in (2.12) follow similarly.
To prove the last property, we write

This implies

(2.16) [h2A+1 Ops, (a )}

2ih,
i, iy, _
= Opy, ((5(9m + 10y + Caz)a) — lEOphn (ALya) — zj(e(hn)hn 1/2)20phn ((9?&).
Since unfolding the bracket shows that, as n — oo,

21’2 ([hiA +1, Ophn(a)} U, un) — 0,

10



we get
(2.17) 0(1)p—00 = (Ophn (€05 +ndy + €O2)a) uy, un)

Let us compute the limit on the sphere at infinity of (£0, + 10y + (0.)a. We denote by a the
function «a in the r, 6 coordinate system. In this system of coordinates, the operator (9, reads

—sin%(0)dp + r cos(0) sin(0)0,..

Now we use that, for a polyhomogeneous symbol a of degree 0, the main part of a at infinity
does not depend on r. As a consequence, the symbol r0,a is polyhomogeneous of degree —1.
Therefore we get, for any polyhomogeneous symbol a of degree 0,

(2.18) (0.a |g1= lirf (- sin?(0)0y +  cos(6) sin(0)0y)a(x,y,&,n,1,0)
r—r+00
= —sin%(0)0y TEIEOO a(z,y,&,m,m,0).

Since the measure [ is supported in £ = 0, equation (2.13) follows from (2.17).
]

We can now conclude the contradiction argument, and end the proof of the resolvent esti-
mate (B.5). Notice that the two fixed points for the flow of

6 = —sin?()

are given by 6 = 0(m). We want to show that the measure iz vanishes identically to get a
contradiction with point 1 in Proposition 2.4. For (z = 0,£ = 0, 49,10 = %1, 6p) in the support
of 11, let us denote by ¢s(6y) the solution of

L 60(60) = —sn(6,(00)),  do(60) = bo.

so that ¢5(0y) = Arccotan(s + cotan(6p)). From the invariance (2.13) of the measure g, we
deduce that

Vs € R, (x = 0,ys = yo + s1mo (mod 27),& = 0,170,805 = ¢s(6p)) € supp(iz).

Consequently, if 6 € [0, ), there exists s > 0 such that ys € (0, 1) (mod 27) while 6, € [0, Z)
while, if 6y € [—m,0), there exists s > 0 such that y, € (—3,0) (mod 27) while 0, € [-m, %)
This is impossible according to (2.12).

)

3. Back to the general case

Let us work on the torus T? = R2/AZ x BZ with A > 0,B > 0. Since the irrational
directions E = (A&, Bn);&/n ¢ Q correspond to dense geodesics, and since a is bounded from
below on an open set, we deduce that the measure v defined in Section 2.1 is supported — in
the = variables — on the set of rational directions

E=(A¢,Bn); §/meqQ,
satisfying moreover the elliptic regularity condition,

Z2=1.
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Notice that this set is countable. Therefore the closed set ¥ of directions = for which there
exists a point (X, Z) in the support of v is at most countable. Since a nonempty perfect subset
of R? is not countable — see e.g. [32, p.64],

> must contain an isolated point =, which can be written as

1 1
(3.1) Zo= (nA,mB), Ef = (—mB,nA),
Vn2AZ + m2B2 Vi2AZ £ m2B2
where the integers n, m may be chosen to have ged 1. The change of coordinates in R?,
(3.2) F: (z,9)— X = F(a,y) = 25§ +y=o,

is orthogonal and hence —Ax = D2 + D;.
We have the following simple lemma (see [12, Lemma 2.7]), which can be deduced from an
elementary calculation.

Lemma 3.1. — Suppose that =y and F are given by (3.1) and (3.2). If u = u(z,y) is
periodic with respect to AZ x BZ then F*u := uo I satisfies

(3.3) F*u(z + ka,y + b) = F*u(z,y — kvy), kL€ Z, (x,y)cR?,
where, for fized p,q € Z such that gn — pm =1,
AB A? B?
a= b=+v/n2A2 +m2B2, Wz—pn +am

Vn2A2 ¥ m2B2?’
When B/A=1/s € Q, r,s € Z\ {0}, then
(3.4) Fru(z + ka,y + b) = F*u(z,y), kl€Z, (v,y) €R?,

for @ = (n?s* + m?r?)a.

Vn2A2 ¥ m2B2?

In this new coordinate system, we know that there exists xy such that (xg,yo,0,1) is in
the support of the measure F*u. By translation invariance, we can assume that zg = 0.
Since (£0; + n0y)F*p = 0, we infer that actually the whole line (zo = 0,R(mod27),0,1)
belongs to the support of F*u. If this bicharacteristic curve enters the interior of the support
of a(i.e. encounters a point in a neighborhood of which a is bounded away from 0), then
by propagation, no point of this bicharacteristic curve lies in the support of s which gives a
contradiction. On the other hand since assumption 1.2 is satisfied, we know that there exists
two (at least) polygons Ry, Ro so that the right side of Ry is {0} x [«, 5] while the left side of
Ry is {0} x [v,0]. We may shrink these polygons to rectangles having the same property.

FIGURE 3. The microlocal model: on the left the rectangle R;, on the right the
rectangle Ry, in the middle the bicharacteristic in the support of u
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In other words, we are microlocally reduced to the study of the checkerboard in Figure 2.
Notice that the change of variables we used in Lemma 3.1 does not keep periodicity with
respect to the  variables but transforms it into some pseudo-periodicity condition (see (3.3)).
However, for the study of the checkerboard model in Section 2, we only used periodicity with
respect to the y variables — which is preserved. The rest of the contradiction argument
follows the same lines as in Section 2.

A
Generalized geometric condition

For a general Riemannian manifold and a general damping function a € L>(M), a natural
substitute of (GCC) is the following generalized geometric condition.

1
(GGCCQ) IT,c>0 : hrErLlOnf poé%EM VolTyor) /FPO?E’T a(x)dx > c,
where T’ 7 is an € neighborhood in M of the geodesic segment {~y,,(s),s € (0,T)}. At first
glance, (GGCC) might seem to be a strong condition. We shall prove below that it cannot be
relaxed as, on any manifold and for any a € L>(M), it is a necessary condition for uniform
stabilisation. On the other hand, it might seem to be difficult to fulfill. However, we also
prove below that in the case of two dimensional tori it is equivalent to Assumption 1.2. We
conjecture that on a general manifold and for general a € L*, uniform stabilisation holds if
and only if (GGCC) holds. The results in this article show that it is indeed the case on two

dimensional tori, if a satisfies (1.4).

A.1. The generalized geometric condition is necessary for stabilisation. —

Theorem 4. — Assume that (GGCC) does not hold. Then uniform stabilisation does not
hold.

Proof. — The proof of this results relies on geometric optics constructions (with complex
phases) for the wave equation by Ralston [29, Section 2.2]. For completeness, we give a
simple self contained proof on tori. The proof in the general case follows from using Ral-
ston’s constructions. In a first step, we construct approximate solutions to the wave equation
localized on geodesics. The idea is to define oscillating solutions (phase and symbol) by con-
structing the germs on the bicharacteristic curve. In our context, we only need crude first
order constructions (Ralston constructs solutions to infinite order).

Let M = T Let py = (xo,to, &0, 70) @ point in the characteristic variety of the wave
equation

Char = {(z,t,&,7) € T*(’]I‘d) T2 =€) =1}

Assume that 79 = 1 ( the case 79 = —1 being similar). Let v be the bicharacteristic curve
issued from pg. We can parametrize v by time so that

Y(t) = (t,2(t) = xo — (t — to)So, 1, &0)-
Performing a rotation and a translation, we can assume that o = 0,& = (1,0,...,0),to = 0.

We now write z = (x1,2’) and seek approximate solutions of the wave equation under the
form

(A1) up(t,x) = eFV Do (t 2. h),
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where o(t = 0) = 09 € CF° (RY) has sufficiently small compact support near 0. Function o
has compact support of fixed size and can be periodized and hence viewed as a function on
R; x T¢. Applying the operator 07 — A, we get

1 i
(02 — Ap)uy = — 3 ((0)? = Vop. Vo) oen
(A.2) + %(2(9151,!)(9150 + 002 — 2V, V40 — o Agh)er

+ (82 — Ag)o]er?

We now choose 9 canceling the term in front of h=2 in (A.2) modulo a O(|(z1+t, x')\‘?‘]a]e_mTw)

error by setting

(A.3) bt w) = a1+t i((z+ 07+ g(0)]"P),
with g solving
2ig/ (1) +49%(1) = 0> g(t) = =2 4(0) =1
1 — 2itg(0) ’ ’ '
Notice in particular that
1
A4 -

and we cancel the term in front of =1 in (A.2) modulo a O(|(z1 + t,x’)|V0|efImTw) error by
choosing ¢ solving the equation
t /
(0 — Doy )o—i(d — )g(t)o = 0= o(t, 2,2y = ZTLTHT),
(1-2it)7

As a consequence, we get with these choices

(A5) (8152 - Am)uh _ O<h—2’(x1 —|—t,.%',)‘3 + h—l,(xl + t,.%',)’ + 1) e—%(($1+t)2+Re(9)(t)‘x’\2)

Lemma A.1. — Let vp(t,x) = hl_%uh(t,x) (with the choice g(0) = 1 = 0¢(0)) which, once
periodized, can be viewed as smooth functions on R x T?¢. Then

d
s
(1on (), Dron (el oy ey ) * = 2\@ +O('),

where the error term is uniform for t in a compact set.
— The solution, wy, of the wave equation in R x T¢

(07 — A)wp, =0, Wh [t=0= U |t=0, Owp, |t=0= Opvp |i=0

satisfies

VT < 400,3C > 0,hg > 0;V0 < h < hg,
(A.6) o
lwn = v, O(wn — vp)|| oo (s T2y < 22(T2)) < OB

14



Proof. — To prove the first part, we notice that
(A7) Vavnl2e = [0 onl 22 + O (@1 + £, 2 onl|2) + OB e V0DV ,0|12,)
/ o~ (@40 RegOP) 154 2 24z + O(h)

R4

ol

=h-
_ 2 /12 ’O’()(O)’2

_ /Rd ¢ z(yl—l—Reg(t)Iy | ) T dy + O(h)

|1 —2i¢7@D

Re(g(t)) 7

1
T+4¢2°
To prove the second part, we notice that according to (A.5), we have

/ 672(y%+|y/\2) ’O’Q(O)de + O(h)
R4

and we conclude by noticing that Re(g(t)) = A similar computation holds for ||9;vs|3..

(A.8) (07 — As)vnll

1

_ hl_%(/)(H(h_Q‘(wl +t,1’l)‘3 —|—h_1’(.%'1 +t,.%',)‘ + 1)e—h(($1+t)2+Re(g)(t)x/2)HLQ) _ O(h%)

Hence, wy, — vy, is solution of the linear wave equation with r.h.s. bounded in L{° (Ry; L?(T4))
by (’)(h%), with 0 initial data, which proves (A.6). O

To complete the proof of Theorem 4, we are going to test the observation estimates (1.3) of
such sequences of solutions. Hence, we assume that (GGCC) does not hold. Fix 7' > 0. Then
there exists 7, = (zn,&) € S*TY, ¢, — 0 such that, with

. 1
lim kp =0, kp = —7 a(x)dz.
n—+00 €n Topen.T

Let t, = 0. Let pp, = (2, t, = 0,&,, 7, = 1), and wy, ,, be the solution of the wave equation
constructed in Lemma A.1, with initial point p,, (notice that we use that the family of solutions
which depends on two parameters h and the initial point in the cotangent bundle is uniformly
controled with respect to this latter parameter). Since, according to Lemma A.1, we have

d
T 2
0, D) o iz = VA3 + oDt

to show that uniform stabilisation does not hold, it is now enough to show that for a properly
chosen sequence h, — 0

T
(A.9) lim a(z)|0ywp,, »|*dxdt = 0

n—-+4o0o 0

According to (A.6), it is equivalent to prove,

T
(A.10) lim a(z)|0yvn,, n|*dxdt = 0.
n—+oo Jq
Extracting a subsequence, we can assume that the sequence of initial points p, converges to
p = (xg,t0 = 0,&,70 = 1). The only point we shall use about our approximate solutions is an
upper bound which follows on tori from (A.1), (A.3) and (A.4), and in the general case from
the constructions in [29, Section 2.2]
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Lemma A.2. — Let M, g be a Riemannian compact manifold. Then the approximate solu-
tions constructed above satisfy

VT < +00,3C, o > 0;¥n,Yh > 0,V(x,t) € T x [0, T,
(A.11)

dg (z,xn (1))?
h

Oyvnn(t,z)| < Ch™ e

where x,(t) is the point at distance t on the geodesic starting at time O from x,, in the direction
=&, at time 0 — recall that on tori, x,(t) = xy, — t&, ||l = 1.

Corollary A.3. — Let I',, 7 be the image on M of the geodesic starting at s = 0 from x,,
in direction —&, and of length T'. Then there exists C > 0,a > 0 such that

dist (ac,l"pn’T)2
h

T
(A12) | oana(o) 0P < on e
0

Since vy, is exponentially decaying at fixed distance from the geodesic starting from x,,
in the direction &,, we can reduce the estimation (A.12) to a (fixed )neighborhood of the
geodesic starting from z in the direction ;. We can now choose a (n-dependent) coordinate
system such that x = 0 and the geodesic I';, is given near x = 0 is by

(A.13) T, r={za(t) = (t €I,2})} CRY,
so that dist (z,T,, 1) > c|2|. Then (A.12) follows from (A.11). We have according to (A.12)

(A.14) // 2)|Opwn,, |*dwdt = // )|0pvp,, [Pdzdt + O(h)

_d—1 _ dist (ac,l"pn’T)2
gC/ a(z)hy, 2 e ” i dx

_d—1 _g st @ pp 7)7 dist (z dist (2,0, 7)7 T) _d-1 —a dist (I’FﬁnyT)Q
< / a(x)hy, * e fn m—l—/ / z e Fm dz+O(h).
F c

pnen,T pnen,T

Using that a € L™, we get, using again the coordinate system (A.13), that the contribution
2

of the second term above is bounded by Ce “#n . On the other hand, the contribution of the
first term is bounded by

_d—1 62 %
Chy * / a(x)dr < nn(—"> .
FPn’CnyT n

1
We now choose h,, = k5, €2 — 0 such that

€ -1 €2 d-1 1
(A.15) h—" = kp " = +o0, (%) 2 =kK3 =0

n n

This choice implies

/ / x)|Opwp,, \ dzdt = o(1) - 4o,

which contradicts (1.3) because the energy of the initial data (wy,,, Oywp,, ) is constant and
nonzero. This completes the proof of Theorem 4. O
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A.2. Assumption 1.2 and (GGCC). — It turns out that on tori and for dampings a
satisfying (1.4), Assumption 1.2 and (GGCC) are equivalent:

Proposition A.4. — On a two dimensional torus T?, if the damping a satisfies (1.4), then
(GGCC) is equivalent to Assumption 1.2.

Proof. — Since Assumption 1.2 implies uniform stabilisation (Theorem 3) which in turn im-
plies (GGCC) (Theorem 4), is is enough to show that (GGCC) implies Assumption 1.2.
Assume (GGCC). If Assumption 1.2 was not satisfied, then there would, for any 7" > 0 exist
a geodesic curve vy of length T" which either does not encounter R = U;VZIE, or does encounter
R only at corners, or encounter R, only on the left (or only on the right). In the first case,
then by compactness, the geodesic curve remains at distance €y of R, and consequently for

0 < € < €, then
/ a(x)dx = 0.
r

ros€,T
In the second case (see checkerboard in Figure 1.b), by compactness, the geodesic curve
encounters only a finite number of corners, and consequently (d = 2)

/ o(2)dz = O(c),
Tpg.e,
while

Vol(T pye.7) ~ Ce? ™!
which implies that (GGCC) does not hold. In the last case (see the right checkerboard in
Figure 1.c), let us consider the family of geodesics 75 = {,,(s),s € (0,T)},0 € [0,1), parallel
on the right to 79 = {7,,(s),s € (0,7)} (i.e if po = (Xo,Z0), then p, = Xo + 0=g, where
Eé is the unit vector orthogonal to E¢, pointing on the right of 7p). Since on the right vy
encounters no side of any rectangle R;, it may encounter only (finitely many) corner points.
As a consequence, for any o > 0 sufficiently small, and 0 < € < o,

1
—_— a(x)dx ~ co,
VOI(Ppo,E,T)/F ( )

Po-€;T

letting o — 0 shows that (GGCC) does not hold. O

o

|
D[
o
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B

Resolvent estimates and stabilisation
In this appendix, we collect a few classical results on resolvent estimates.
B.1. Resolvent estimates and stabilisation. — It is classical [16] that stabilisation

or observability of a self adjoint evolution system is equivalent to resolvent estimates (see
also [11, 27, 1]). We prove only the fact that resolvent estimates imply stabilisation.

Proposition B.1. — Consider a semi-group et on a Hilbert space H, with infinitesimal
generator A defined on D(A). Assume there exists C > 0 such that the resolvent of A,
(A —N\)~! exists for Re\ > —§ and satisfies

3C > 0;¥A € C° = {2z € C;Rez> — 6}, (A = N) Yl gm) < C.
Then there exists M > 0 such that for any t > 0
e | gy < Me™.
Proof. — For ug € D(A), and x € C*®°(R) equal to 0 for t < —1 and to 1 for ¢ > 0, consider
u(t) = x(t)eA "y,
For w large enough, u belongs to L*>°(R; H) and satisfies
(8 +w — Au(t) = X' () A ug =: v(t).
Taking Fourier transforms in the time variable, we get
(B.1) (it + w — A)u(r) = (7).

Since v(t) is supported in ¢ € [—1,0], the r.h.s. in (B.1) is holomorphic and bounded in any
domain

Co={r€C:Imr > a,a € R}.

From the assumption on the resolvent, we deduce that # admits an holomorphic extension to
{7 : Im7<§ 4+ w} which satisfies

@)z < Clo(T) |-
We deduce that
(B2) el o,y = 8T + iw + ) r2r, ;1) < CIB(T + i(w + )| 2w, 50
< Clle“ || o, 1y < C'|luol|a-

This implies exponential decay of e'4ug in the L? norm, with the weight e%. Now consider
w(t) := x(t — T)ettup, which satisfies

(0 — Aw = X' (t = T)e" ug, w |y—1_1= 0.

From Duhamel formula, we deduce

T
w(T) = /T 1 eT=9) A\ (t — T)e*Augds,
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and consequently (recall that the semigroup norm is locally bounded in time)

T
(B.3) Hw(T)HHS/T T4 (t = T)e* || ds
-1

T
<C swp [ en [ el < e e e ol
o€[0,1) T—1

< CNG_(STHUOHH-

O

B.2. Semi-groups for damped wave equations. — The solution to (1.1) is given very

classically by
U ) _ gtA (Yo
ou uy )’

0 Id
4=(a %)
is defined on H'(M) x L?(M) with domain H?(M) x H'(M). When m > 0, since
E(u) = |[ullfpn + 10pul 2,

where

to study the decay of the energy, we can apply directly the caracterization given by Proposi-
tion B.1. When m = 0, the semi-group e is no more a contraction semi-group on H' x L?
(because the energy (1.2) does not control the H' norm). For s = 1,2, H> = H*(M)/R the
quotient space of H%(M) by the constant functions, endowed with the norm

[all g = IVullgz,  llallge = |Aullz2.

(31

on H' x L? with domain H? x H', where II is the canonical projection H' — H' and A is
defined by

We define the operator

A= Au
(independent of the choice of u € ). The operator A is maximal dissipative and hence defines

a semi-group of contractions on H = H! x I2. Tndeed for U = (:j),

Re(AU, U)?-'L = Re(Vu,Vv)r2 + (Au—av,n)r2 = —(av,v) 2,

and
(A—1d) <Z> = (g) sllv-—i=f,Ai—(a+1)v=g
slv—u=f,Av—(1+av=g+AfecH (M)

(B.4)

and we an solve this equation by variational theory. Notice that this shows that the resolvent
(A —1d)~! is well defined and continuous from H' x L? to H? x H'. Since the injection
H' x L? to H? x H' is compact (this follows from identifying H" with the kernel of the linear
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form u — [}, u), we get that (A — Id)~! is compact on #. On the other hand, it is very easy
to show that for (ug,u1) € H' x L2,

II 0 tA_tA II 0
(0 Id>e —° \o 1)

and consequently, stabilisation is equivalent to the exponential decay (in norm) of etA (and
consequently, according to Proposition B.1 equivalent to resolvent estimates for A).

B.3. Reduction to high frequency observation estimates. — In this section, we show
that for m > 0, stabilisation is equivalent to semi-classical observation estimates (see [27].

Proposition B.2. — Assume that 0 < a € L™ is non trivial ([, a > 0). Then stabilisation
holds for (1.1) if and only if
Jho > 0;Y0 < h < hg,Y(u, f) € H*(M) x L*(M), (h*A + 1)u = f,

(B.5) 1
lull2qan) < C(la2ull 2 + 311 £12)-

We prove the proposition for m = 0. The proof for m > 0 is similar (slightly simpler).
From Proposition B.1, stabilisation is equivalent to the fact that the resolvent (A — \)~! is
bounded on C?. Since A is maximal dissipative, its resolvent is defined (and bounded) on any
domain C™¢ (e > 0). We deduce that it is equivalent to prove that it is uniformly bounded
on iR (and consequently by perturbation on a ¢ neighborhood of iR). Since

(A=N=00+1-NA-1)")A-1),

and (A —1)~! is compact on H (see Section B.2), the operator (1 + (1 — A)(A —1)71) is
Fredholm with index 0 and consequently, A—\ is invertible iff it is injective. As a consequence,
stabilisation is equivalent to the following a priori estimates

(B6) 3IC>0VAERUe H?xHL,Fe H x L2 (A—i\NU =F = |U|x < C||F||n.

B.3.1. High frequency resolvent estimates imply stabilisation. — We argue by contradiction.
We assume (B.5) holds and assume that (B.6) does not hold. Then there exists sequences
(An), (Uyp), (Fy,) such that

(A= iX)Up = Fn,  Unlle > nllFoln-

Since U,, # 0, we can assume ||U, || = 1. Extracting subsequences we can also assume that
Ap = A€ RU{+o00} as n — co. We write

o= () 7= ()
Un 9n
and distinguish according to three cases
— Zero frequency: A = 0. In this case, we have
AU, = o(1)y & v, = o(1) 1,  Auy — avy, = o(1) 2.
We deduce that there exists ¢, € C such that

U — ¢ = o(1) 1, Auy, — acy, = o(1) 2.
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But
/Aun:0:>cn/ a=o0(l) = ¢, = o(1).
M M

As a consequence, we get v, = o(1)2 and Au, = o(1)2 = U, = 0o(1) 1. This contra-
dicts ||Uy, ||y = 1.
— Low frequency: A € R*. In this case, we have

(A—=i\U, = o(1)y & v, — iy, = o(1) 1,  Auy — (IX + a)v, = o(1) 2.
We deduce
Av, —iX(a + iN) vy, = o(1) 2 + A(o(1) 1) = o(1) 1.

Since (v,,) is bounded in L2, from this equation, we deduce that Av,, is bounded in H~!
and consequently v,, is bounded in H!. Extracting another subsequence, we can assume
that v, converges in L? to v which satisfies

Av + \v — idav = 0.

Taking the imaginary part of the scalar product with v in L? gives (since A # 0)
| M alv|? = 0, and consequently av = 0 which implies that v is an eigenfunction of
the Laplace operator. But since the zero set of non trivial eigenfunctions has Lebesgue
measure 0 in M, av = 0 implies that v = 0 (and consequently v,, = o(1)1). Now, we
have

Auy = (IX+ a)vy +0(1) 2 = o(1) 2 = up = o(1) g1

This contradicts ||U, ||y = 1.
— High frequency A, — +oo. We study the case A\, — +00 — the other case is obtained
by considering U,,. Let h, = A, L.
(B.7) (A —id)Un = 0o(1)y & —idpttn + v, = o(hy) g1, Auy — (i + @)y, = o(1) 12
(B.8) &y = —ihy v, + 0(hn) g1, (RAA 41 —ihpa)v, = o(hy) 2 + o(h2) g

To conclude in this regime, we need

Lemma B.3. — The observation inequality (B.5) implies the more general

3ho > 0;Y0 < h < ho,V(u, f) € H*(M) x L*(M), (h*A + 1)u = f1 + fo,

(B.9) 1 1
11l + lullzzgany < C(la2ulze + 2 I falle + 55 flli-s)-

Proof. — Let P,f: = h?A + 1 +iha defined on L? with domain H?. Writing
PF = (1+ (2 +iha)(h*A — 1)71)(h2A - 1),

and since (h?A — 1)1 is compact on L?, we deduce that (1 + (2 & iha)(h?A —1)71) is
Fredholm with index 0, hence P,;—L is invertible iff it is injective. On the other hand we
have

Bl 2ul2 = +Tm(PEu, u) e < | PEul| sl 2,
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which combined with (B.5) implies ((h2A + 1)u = Pifu F ihau)

(B.10) ulf> < C(la"2ulf> + - (HPiUHLa + hQHGUHLz)

C c’ c’
< S IPEullpe e + o5 I PEul3e = llullze < = [1PEullpe

Since
(B.11) Null72 = |1hVaulF2| = [Re(Pfu,u)rz| < | Pifullrellullze,

We deduce that Pﬁt is injective hence bijective from H? to L? with inverse bounded
by C"/h from L? to L? and by C/h? from L? to H'. We now proceed by duality to
obtain (B.9). The adjoint of P}fc is P;F and is consequently bounded from H~! to L? by
C/h?. Using again the identity (B.11) we get that

C
Pru=fi+ fo = |hVaul 2 + [lull p2(ar) < EHleL? t2 Hf2||H L.

Finally
(WA + u= fi + fo = Pu=iahu+ fi + fo,

and we get

1. 1
(B12) AVl + full gy < O3 lihau+ file + 1 fall )

1 1
< C'(la*2ullpz + S 1Al + 51 ol )
U
We now come back to our sequence satisfying (B.8). From (B.9), (B.8) implies

1hn Vv p2 + [[vallz2 = o(1)n— 1o,
and in turn
[Vetnllr2 = 0(1)n—1c0-

This contradicts ||U, ||y = 1.

B.3.2. Stabilisation imply resolvent estimates. — Consider now U = <Z> JF = (g) such

that

(A—iNU =F & —idi+1IIv = f and (Av + X2 —ida)v = idg + Af.
From (B.5) with h = A™!, we get

[ollz2 + [PV 0l 2 < Cligllz + CllAf -1 < Cllgllz2 + ClIVafllL2),

and also
[Vaullpz = hl[Va(v = HI < Clgllpz + ClVafllz2)-
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