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THE FOURIER TRANSFORM ON 2-STEP LIE GROUPS.

GUILLAUME LEVY!

ABSTRACT. In this paper, we investigate the behavior of the Fourier transform on finite dimen-
sional 2-step Lie groups and develop a general theory akin to that of the whole space or the
torus. We provide a familiar framework in which computations are made sensibly easier than
with the usual representation-theoretic Fourier transform. In addition, we study the ’singular
frequencies’ of the group, at which the canonical bilinear antisymmetric form degenerates. We
also exhibit a specific example for which partial degeneracy of the canonical form occurs, as
opposed to the full degeneracy at the origin. We thus extend the results from [1].

1. INTRODUCTION

1.1. Definition of 2-steps Lie groups. Let G be a real, simply connected nilpotent Lie group.
Denote by g its Lie algebra. It is well-known (see [10]) that for such groups, the exponential
map
exp:g— G

is a global diffeomorphism from g onto G. This map becomes a Lie isomorphism once one
endows the Lie algebra g with the group law given by the Baker-Campbell-Hausdorff formula,
which terminates after a finite number of terms since G is nilpotent. In order to lighten the
notation, we will henceforth assume that G is the set R" endowed with some group law.

In the sequel, we will restrict our attention to nilpotent groups of step 2, for which all
commutators are central. That is, we assume that for any z,y, z € R", we have [z, [y, z]] = 0.
Let us denote by p the dimension of the center of the group. Then, there exists an integer m,
a decomposition R” = R" @ RP and a bilinear, antisymmetric map

oc:R™ xR"™ — R?
such that, for Z, Z’ € R™ and s, s’ € RP,
1
(1) (Z,8)-(Z',sY=(Z+Z' s+ 5 + 50’(2, zZ").

The map o and the integers m, p are determined by the group law and dimension. Conversely,
for any integers m, p and any bilinear, antisymmetric map ¢ : R™ x R”™ — RP, one may define a
Lie group of step 2 by the formula (1). Now, given A € R?, we define the matrix YN € M,,(R)
as follows. For any Z, Z’ € R™, there holds

N o(2,2")) =(Z,uDN . 7).

If (s1,...,sp) denotes an orthonormal basis of R?, we also define U}, € M,,,(R) by
(sp,0(Z,2")) ={(Z,Uy - Z").

Conversely, the map o may be defined from (Uj;)1<x<p thanks to the equality

0(2,2') = ((ZUx - Z") e,

Notice that the map A — U is linear, with its image spanned by (Ur)1<k<p- As UM is an

antisymmetric matrix, its rank is an even number. We define the integer d by

2d := max rank U™,
AERP

The set A := {\ € R? | rank /> = 2d} is then a non empty Zariski-open subset of R? - in

particular, it is open and dense in RP for the Euclidean topology. Since the map A — U () s
1
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continuous, there exist d continuous functions
UJ:RP_HR% 1§]§d’

such that, in a suitable basis (see for instance [17]), Y™ reduces to the form

0 n(A) O
_77()‘) 0 0 € Mm(R)a
0 0 0

where

n(A) == diag (m(A), ..., na(A) € Ma(R).
We loosely denote by (z1(N),...,zq(A),y1(A), ..., ya(A),r1(N),...,7(N)) such a basis. For read-
ability purposes, we will often shorten the notation to (z1,..., g, Y1+, YdsT1s---,Tt)-

1.2. A few examples. A prime example of a 2-step Lie group is given for d > 1 by the
Heisenberg group H¢, which is the set R?¢ x R endowed with the group law

1
(Z,s)-(Z',s"Y=(Z+ 72", s+ + 500(2, z"),
where o, is the canonical symplectic form on R? x R?. For z,y, 2,y € RY,

O-C((x’y)’ (x,ay/)) = <y,$,> - (y/,$>,

where (-,-) denotes the usual scalar product on R?. We present here another example. Given
the matrices

0 1 0 1
J:|:_10:|,S:|:10:|€M2(R),
we define, for A = (A1, A2) € R?, the matrix

MJ A8
U™ = [ —)1\25 —ilJ ] € My(R).

On R* x R?, we consider the group law generated by the matrices /N, That is, for Z, Z' € R*
and s = (s1,82),8 = (s}, 55) € R?, we have

1 J 0 1 0o S
(Z,s)-(Z2',§") = <Z—|—Z/,51+8'1—|—§<Z,[0 _J]Z’>,52+s’2+§<z,[_s O]Z’>).

The positive eigenvalues of U™ are 1 (\) = ||A1] £ |A2||. In particular, 7_(\) vanishes on the
straight lines {\ € R? s.t. |\{]| = |A2|}, whereas 7, (\) > 0 for any X\ in R?\ {0}.

1.3. Definition of the Fourier transform. We now turn to the practical aspects of the
theory we aim at. Given (v1,...,v;) any basis of R™ and (si,...,s,) any basis of R?, a basis
of g is given by {V;,1 <i <m}U{Sk,1 <k < p}, with

m m

1 1
Vii=0;— 3 Z(Uk - Z)i0s, = 0; — 3 Z (Uk)ij Z;0s,,,
k=1 k,j=1
Sk = 0,
Choosing for (vy,...,vn) a basis (z1,...,Za, Y1, .-, YdsT1,- - -, 7¢), the family (V;)1<i<m decom-

poses as
1 .

X; = (9% + §nj(Vs)yj for 1 < j <d,

Y; = ay

Ry =0, for 1 <1<+,

1
- 577]'(V3)3:j for 1 <j<d,

J

where the operator n;(Vy) satisfies

1i(Vs) (¢07) () = imy ()",
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We define similarly the right-invariant vector fields Vifor1<i<m by

m

1

Vii= 0+ 5 ) (U 2)i0s,.
k=1
In the basis (z1,...,2Z4,Y1,---,Yd, "1, - - - ,7¢) defined above, the family (‘N/Z-)lgigm decomposes as

1

)ij = (9% — §nj(Vs)yj for 1 < j <d,

~ 1
Y =0y, + 577]'(V3)3:j for 1 <j<d,

Ri=R for1<l<t.

For (A, v,w) in A x Rt x R with w = (z,y,r,s), we define the irreducible unitary reprentations
of R™ on L?*(R%)

<u1>1\}71/ > (5) = e—’l(l/77’>e_l<>\,5+[§+%7y}>¢(§ + 1-).
With these notations, the Fourier transform of the function f € L'(R") at the point
(\v)eA xR
is a unitary operator acting on L?(R") with
FI(f)(A\v) = () dw.
]Rn

Thinking of this operator as an infinite matrix, we look at its coefficients in a suitable basis.
For n,m € N% and (\,v) € A x R, we let

J:Q(f)(n7 m, )‘7 V) = (‘Fg(f)()‘a V)Hm,n()\) ‘ Hn,n(A))LQ(Rd) .
Expanding out the scalar product, we notice the operator equality

j:vg(f)(n,m,)\,y) = ]:]Rt (]:g(f)(n’m’ )‘)) (V) = fg(th(f)(V))(n’m’ >‘)’

where Fg: denotes the standard Fourier transform on the commutative group (R, +) and

Fo(f)(n,m,A) = / Flay, s)e e DI I ) (€ + @) Hyy ) (€)dé dardydss.
(R4)3 xRP
The action of the Fourier transform Fp: is already well-known and commutes with that of F,.

Henceforth, we will assume that ¢ = 0 and will not mention v anymore.

We will focus solely on the properties of ;. Performing an obvious change of variable inside
the integral leads to the more symmetric form

—i(\,8) ,—1 . z x
Fo(£)mym, 2) = /R o e OIS B ) (€4 5) H (6 - ) dede
Denoting w = (n,m, A) and letting

W(w, z, y) ::/

» e—z‘(n(A)'&me,n()\) <§ + g) Hy, 00 (é‘ — g) de,

we see that

Fo(F)(n,m, A) = / W 729) f (w)duw.

n

If one thinks of the family of functions (W(w, -, ")) cn2ax ik @S @ non commutative replacement
of the characters on R™, then the latter formula is very similar to that of the usual Fourier
transform on R".
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1.4. The frequency space. Let us now describe what should be g, the frequency space of g.
Since we have defined F,(f)(n,m,\) for f € LY(R™), n,m € N¢ and X € A, the set
Jp =N x N¢ x A
is a natural choice. Endowing ¢gr with the distance
pe((n,m,A), (n',m’, N))? = [n(A) - (n+m) —n(X)- (0 +m") ] +[(n—m) — (' —m") P+ A= N']?

allows to account for the different types of decay (see Section 4 for more details). Hence, the
metric space (gg, pE) seems to be a reasonable candidate for the Fourier space of g. However,
it fails to be complete : for instance, denoting

AO = RP\K,

points of the type (0,0, \g) € N?¢ x Ay belong to the completion of (g, pr). While it is possible
to directly describe the completion of (g, pr), writing exactly how we extend both gg and pg
is tedious. It is comparatively easier to look first at Fuclidean isometric embedding of (¢g, pE).
The set underlying the metric space, denoted by g, will be an embedding of gr into, say, R".

The distance, however, will simply be a restriction of a standard Euclidean distance |- | on g.
The main idea is that we reduce to a well-known distance, at the cost of a more intricate Fourier
space.

We now make precise the ideas above. For A € A and 1 < j <d, define

9N = (V) -N) x 2),, = {(aj,bn ey xz| BEINY ¢ ) -N}

and

d
o) = {a.0) € @)1 x 2t DL ) vt = [0
j=1

A way to think about the set g;()) is the following. For any b; € Z and \ € A, we have

fa; € Re | (aj,by) € 50} = {20+ oy iy (V) [ m € N},
Otherwise said, given b; and A, the admissible a;’s form a half-infinite comb of width 2n;())
starting at 7;(\)|b;|. The set g is now defined by
g:=[ ] o) x{x}.
Aeh

As previously explained, we endow g with the distance inherited from the Euclidean distance
on R?% x Z¢ x RP. The isometry between gp and ¢ is given by

L JE — g
ZE'{ (n,m,A) — (n(A) - (n+m),n—m,N\).

Of course, as gg was not complete, g is not either. We finally describe the completion of (g, |-|).

Consider a sequence (), C A converging to A\g € Ag for which 7;(Ag) = 0. At least formally,
we expect the constraint defining g;(-) to become vacuous and hence, it seems natural to let

g]()\o) = ((0 . N) X Z)+ = R+ X 7.
We then define as before, for A € RP,

d
g\ = [T aN.
j=1

With this convention, we expect the completion of g for |- | to be
g= ] g x {2}
AERP

This is indeed true, as shown by Proposition 1.
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2. DESCRIPTION OF THE RESULTS

The main goal of this paper is to establish a familiar Fourier theory on stratified nilpotent
Lie groups of step 2. We begin from the well-known representation-theoretic Fourier transform,
whose main properties are recalled in Appendix B. In particular, this Fourier transofmr is
an intertwining operator for the subelliptic laplacian, acting on functions on g and a rescaled
version of the quantum harmonic oscillator, acting on functions on R?. Since rescaled Hermite
functions form an eigenbasis of L?(RY) for the quantum harmonic oscillator, it is natural to
expand the representation-theoretic Fourier transform on a rescaled Hermite basis. This idea,
borrowed from [1], leads to the definition of a frequency space g. This frequency space being
noncomplete, we describe its completion § and prove some of its properties in Section 3.

In Section 4, we prove that the so-called "Fourier kernel” W does possess a continuous exten-
sion from g to g. Moreover, we give an explicit expression of the kernel at the boundary points
of § as a power series involving some combinatorial quantities Fy, ¢,(b;). These quantities are
known in the literature as the alternate Vandermonde convolution (see [reference ?] for more
detials).

In Section 5, we prove a lemma on functions approximating a Dirac mass in their last variable.
As a consequence, we are able to define the Fourier transform of functions independant of the
central variable, much as we may define the Fourier transform of functions on R" independant
of one variable.

In Section 6, we give an integral representation formula for the Fourier kernel as the boundary,
which may be of independant interest. Finding this formula relies on several space-frequency
properties of the original Fourier kernel W akin to the familiar derivation-multiplication duality
in the torus or the whole space for the usual, commutative Fourier transform.

The interested reader will find in Appendix A some standard computations and definitions
involving the Hermite functions.

3. TOPOLOGY AND MEASURE THEORY ON §

3.1. The completion of the frequency space. We begin by giving some foundation to the
theory, by proving that the completion of the natural frequency space g for the distance | - | is
indeed what it ought to be.

Proposition 1. The closure of § in (Ry)? x Z9 x RP for the distance | - | is equal to §.

Proof. Let (a(q),b(q), A(q))4en be a Cauchy sequence in g. Since g is a subset of (R, )4 x Z¢ x RP,
which is complete for the distance | - |, there exists (a,b,\) € (R, )% x Z? x RP such that
(a(q),b(q),A\(q)) — (a,b,\) € (R})? x Z% x RP as ¢ — oo.

To simplify the exposition of the proof, we look separately at each component g;(\) for 1 < j <d
and distinguish between two cases.

e Assume that n;(\) # 0. Then, there exists ¢ > 0 such that for all ¢ € N,
nj(A(q)) = c.

Hence, the two sequences of integers

(m(/\(Q))l%‘(Q) + bj(f}))
2 qgeN

are also Cauchy sequences. Passing to the limit in the equations above give
(M) ~"ta; £b;
2
which exactly says that (a;,b;) € g;(A).
e Assume now that n;(A\) = 0. Since (b;(q))qen is a Cauchy sequence of integers, we

immediately get b € Z. On the other hand, as (a(q))qen is a Cauchy sequence in R,
we have a € Ry. Thus, we again have (a,b) € g;()), this time in the extended sense.

€N,
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Up to now, we have shown that § contains the closure of g for the Euclidean distance. Conversely,
let (a,b,A\o) € g\ ¢ (in particular, A\g € Ag). Denote

J(Xo) == {1 <j <d[n;(A) = 0}.
Since A is dense in RP, there exists a sequence (A(@))gen C A with
Ag) = Ao as ¢ — oo.

Regarding b, we simply let b(q) = b for all ¢ € N. We again distinguish between two cases to
define the sequence (a;(q))gen-
o If j & J(Ao), there exists h; € N such that
a; 77;()\0)173 = h;15(Mo)-
Defining for ¢ € N
a;(q) == nj(AMq))(2h; + b)),

we see that, for any ¢ € N,

a;(q) — ?721'()\((1))1’3' e n;(A(g) - N.

Hence, for any q € N, we have (a;(q),bj, A(¢)) € g;(A(¢)) and moreover, as ¢ — oo,
aj(q) = nj(Xo)(2h™ +b) = a;.
e If j € J(A\o), we use a similar strategy. Let (h; (q))gen be a sequence of integers tending

to infinity such that 2h; (q)n;(AMq)) — a; as ¢ — oc. Similarly to the first case, we
define, for ¢ € N,

aj(q) :=n;(AMq))(2h; () + bj).
In the particular case where a; = 0, we do not want to let h; (q) =0 for all ¢ € N, so as

to ensure that 2hj_(q) +b; > 0 for ¢ big enough. Of course, we have

(a;(q), b;) € g;(A(9))
for ¢ big enough and
a;j(q) — a;j as ¢ — oo.
Gathering what we did for each coordinate, we have found a sequence (a(q),b, A(q))qen C g
converging to (a,b, A) for | - |. This closes the proof. O

As a consequence of Proposition 1, § is a closed subset of (R )¢ x Z% x RP for the standard
Euclidean distance. Hence, it is trivially locally compact.

3.2. A measure on §. Owing to the fibered-looking structure of g, it seems reasonable to
define a measure on it through its disintegration on each g(\) for A € RP. In turn, defining a
measure on each g;(A) for 1 < j < d immediately gives rise to a measure on g(\), simply by
taking the tensor product. Finally, denoting

9i6;(A) :={a; € Ry [ (a5, b)) € g;(N)},
we have the decomposition

gi(A) = ] 956, (0) x {b5}.

bjEZ
We now construct a measure dw on g following a bottom-up procedure, starting from the g; s, (N
and ending with g. Let 1 < j < d and A € R? be such that 7;(\) # 0. Given b; € Z and

0 € Ce(gib; (V)
the measure du;‘ b, 0N gj7bj()\) is defined by the equality

[ e e =m0 Y o)

;€565 (M)
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That is, in this case, d,uj: b, is simply a rescaled version of the counting measure on the discrete
set gjp;(A). If n;(A) = 0, we simply let du;:bj be the Lebesgue measure on g;;,(A), which is none
other that R.. Now, the measure d,u?‘ is defined as the integration of the family (dH?,bj)bjeZ
with respect to the counting measure on Z. That is, given 6 € C.(g;())), we have

/ e(aj7b )d:u'j a]7 Z/ a]a d:u']b (a])
9i(A)

b;€Z ¥ 93:b;
On g(\), we define the measure du* as the tensor product of the duﬁ‘, that is

d
= ® du?‘.
j=1

Then, the measure dib on § is the integration of the family (du*)yerr with respect to the
Lebesgue measure on RP. That is, for 6 € C.(g), we have

The relevance of these successive definitions is summarized by the following proposition.
Proposition 2. The measure field \ — du’ is weak-% continuous on RP.

The proof of this proposition is immediate once we have the next lemma at hand; for this
reason, we will only prove the lemma.

Lemma 1. Let \g € Ag with, for instance, 1n;(Xo) = 0. Let b; € Z. Then, if X — Ao, we have

A * Ao
d'ujvbj - d'u]}bj
in the weak sense of measures.

Proof. Let 6 € C.(R.). By definition of d,uj‘bj, we have

H(Gj)dﬂ?,bj (aj) = 2n;(A Z 0(n;(A)(2n + [bj])).
Ry neN

Thanks to the continuity of § and the obvious fact that 7;(\)|b;| — 0 as X = Ao, we have

H(aj)duj b; (a;) = 2n;(A Z 6(2n;(A\)n) + o(1).
R+ neN
Since 6 is continuous and compactly supported, the above sum is nothing else than a Riemann

sum. Hence, as A — ),

21; (A ZG 2n;(A)n) — 0(aj)da; = (d,ujb ,0).
neN R+

4. A sSTUDY OF THE FOURIER KERNEL.

Let
O : (b, w) = MW (b, z,y).

In this section we study closely the properties of the Fourier kernel ®. We begin by proving
some identities linking its regularity in the spatial variables with its decay in the Fourier vari-
ables. These identities are the justification of the ’'regularity implies decay’ motto, common
in (commutative) Fourier analysis. Since the computations performed in this section rely on
properties of the (rescaled) Hermite functions, we temporarily parametrize g by gg. Explicitly,
we let, for (a,b,\) € 7,

nA)-a—b

2

n =



8 GUILLAUME LEVY!

and
nA)-a+b
—

m =
4.1. Regularity and decay of ©. Applying the vector fields X; and Y; to ©, we get
X;(0)(w,w) = ™ <amjw + %mj(A)ij> (b, x,y)
and
V(@) w) = (0, = gin (N, ) (i)

After some computations, we find that

x

(00 ins ) i) = = [ O, (64 5) 2 (Huen (6 5)) e

Similarly,
1. .
Oy, W — §mj(A)ij (0, z,y)

= in;(\) /Rd NN <5 + g) (51‘ - %@) (Hnm(/\) <5 - g)) ds.

In particular, owing to Equation (14), we have
(2) (X7 +Y7)(0) (i, w) = (—2n; + 1)n; (\)O (i, w).
Arguing similarly for the right-invariant vector fields, we readily get
(X2 + V2)(O) (i, w) = (~2m; + 1)y (\)O(1, w).
Subtracting the two lines gives
(X247 = X2 = V2)(O)(th,w) = 205(A)(m; — ;)0 w).
On the other hand, direct computations give

X? = X2 =2 (Up+ 2)0,0s,,
k

whence
(X2 - X2)(0)(w,w) = =2i(UW) - Z);8,,0(, w) = —2in;(\)y;0x,0 (1, w).
Similarly,
(Y7 = Y7)(©) (i, w) = 2in;(\)a;0,,0(, w).
Denoting 7T; := z;0,, — y;0;, we have shown the equality
205(N) (m; — )01, w) = 2iny (V)T (O) (1, w),
which becomes
3) (my — ) W(ib,w) = iT; (W) (i, w).
Finally, it is clear that
(4) Vs(0)(w,w) = iAO(w, w).

Equations (2), (3) and (4) justify the choice of the distance pg on gg. Together, they account
for all decay aspects of © in the variable .
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4.2. Continuous extension of W to g. To study the continuity of W, first write
W(w,x,y) = e%m()‘)'x’y)W(z@,x,y).

The new function W is a tensor product, as W was. Denoting
Wilaj, bj, A @, y5) = /Rei’“( J% Hyp 00§+ 25) Hoy s ) (7).

we only have to exhibit a continuous extension of Wj to (bounded sets of) §. Let us begin with
a series expansions for W;.

Proposition 3. For any A € RP, (aj,b;) € g;(\) and xj,yj € R, we have

_ f1+f2 Zy]) 0 (£2)
Wilagby hp) = 3 (0 WWIHW'Hf)wm
t1,02=0 '

Since we are interested in bounded subsets of g, let us define, for r > 0,
Bj(r) == {(aj,b5, Az, y5) € g5(A) x {0} x R st fag] + [bj[* + A2 + | + Jy;* < 7}
We will, in addition, need to bound locally the function 7;. Define

Cy, = sup n;(N),
IA=1
which is finite thanks to the continuity of ;. The homogeneity of 7; entails for all A € R” the
bound

1 (A) < Gy Al

The proof of Proposition 3 requires the following lemma.

Lemma 2. For any r > 0, the function

() 2 Jyy | a2
j V4 4
(aj,bj, Ny 25, 95) = Ef ’ ,/! L | HE2 | ) | M o | 2wy
l1,2=0

is well-defined and the underlying series converges normally, as a function of (aj,b;j, A\, xj,y;),

on Bj(r).
Proof. Arguing by induction (see the details in the Appendix, Lemma 8), we get the bounds

£
1M Ho [l 2y < (205 +261) 2

and
_2
HH HL2(R) < (2mj +205)7 .
Thus,
o 5.
(A2 Jyl rh g _ (20, r)n o
j 5 || M Hy |l 12my < 2 '(27“ +2C,,rl)2 < 7’2! (14101)2.
Similarly,
21 Sl 330
ni(A) 7 |z o _ (2Cyr2) &
THH ”LQ(R) < 6—(27“ + 2077]7462) 2 S 572'(1 +43)2
Owing to the Stirling equivalent, we have
x (20, r3)htte
> (2C,,7") —(1 +f1)71(1+52)%2 < 00,
£114s!
£1,02=0
thereby proving the desired convergence. O

We now return to the proof of Proposition 3.
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Proof of Proposition 3. We begin by expanding the exponential in its power series. We have

in; ( 5 Yj)
Wi(aj,bj, A 2, y;) /RZ R Hmjmj(x)(gj+$j)Hnj,nj(A)(€j)d€j-
{1=0

Since H,y,, is an entire function, we may expand it as

0 (A 3o\
Hpp o0&+ 75) = Z M <H£€?)>m(>\) &)

Pt ls!
and get
()5 (i)
Wotassti A o) = [ > Z o 5 (HE) | ) O Ho )65

£1=0 lo=
Rescaling the integration Varlable we also have

£y +09
()7 (iy;) el ¢ ‘
Wilasoby Aas) = | >y i (€ (M H, ) ().
fl 0/42=0
Thanks to the lemma, Fubini’s theorem applies and allows us to exchange the integrals with
the sums. The series expansion of W; is now justified. O

For (f1,02) € N> and 1 < j < d, let
Lhez 9N x{Ay — R
HZI,ZQJ Jp—

€1+€2

L
(a5sbj ) = W) (MO Hy, | HL

>L2(]R) ’

With the above series expansion for Wj at hand, we study the (H¢, )¢, ,en. Defining for
kinZ
b1 A2

/ lo
Foy 0, (k Z Z 14 ( ><€,>]1{2(z'+z') kb li4Lo}s

=0 0,=
we prove the following.
Proposition 4. For any (1,02 € N, the function He, ¢, ; is continuous on | ], 5 g;(A) x {A}.
Moreover, given g € n;l({O}), if

(aj,bj,)\) — (aj,bj,)\o) € R+ X 7 X 77]»_1({0}),
then

£1+24o

w
Mo to,5(aj, b5, A) — (ZJ) L F ().

In order to handle points close to the zero set of n;, we will need the following lemma. We
refer the reader to Appendix A for the definition of the creation and annihilation operators A;

and C}.
Lemma 3. Given { € N, assume that n;(A) — 0 and nj(A\)n; — % € Ry. Then

£ A:I:C ¢ a; % ¢ V4 f
77](>\)2< J 5 -]> Hn]—(z']> Z(:l:l) <€I> n]+2€/ iy

0'=0

— 0.
L2(R)

Proof. Let us define

s

Rin,1 = 1i(N)2 (4 £ C))°H

4

L il
Rzn1,2 = aJ? Z(il)g <£1> Hijvo0 0.

£'=0
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We obviously have R(;_L,nj,l = R({njz = Hp; and thus, HRoi,an —Roi,nj,QHL?(R) = 0. By definition,

VA OIRE, | =Ry, -

It remains to study the effect of \/7;(\)(4; £ C;) on anj 5 to conclude. Recalling Equations
(10) and (11) in the Appendix along with our assumptions on 7;(\) and n;, we have

V(N AH o0 = \/773‘()\) (\/2(7%' + 20 — K)Hnj+2é'31> = (vaj +o(1))Hpj 10011

we also have

and
\/ i (N CHn 20— = \/773‘()\) <\/2(“j +20 L+ 1)Hnj+2wz+1> = (Vaj +0(1))Hp, 42041

In particular, we have

(5) HM(AJ £ C) (R, = Rion 2) L2(R)

< (Vaj + o(1)) <||732'fnj_1,1 ~ Rin—12lr2@ + IR, 410 — RZnﬁl,zHB(R)) -
Hence,

n e ol
nj(M(A4; £ C))Ry, = a;° Z(il) <€,> (Hnj+20—0—1 % Hyj o0 —011) + 0(1) ().
£'=0

Shifting the index of summation in the second sum and using Pascal’s rule gives

¢ ’ 41 (41
> (£ <€,> (Hnjpo0—0-1 & Hypyopps1) = Y (£1)f < o )Hnj+2z'—e—1,
/=0 ?'=0

showing, as desired, that

/15 (M) (A £ Cj)Rizt,nj,z = Riftﬂ,nj,z + o(1)r2(w)-
Arguing by induction on ¢ and using (5), the lemma is proved. (]

Proof of Proposition 4. The continuity of Hy, 4, ; on ||, 59;(A) x {A} is easily established.
Indeed, if (a}, b}, \') is sufficiently close to (aj,b;, A) (depending on the values of aj, bj,1;(A)),
the fact that a; and b; are integers entails b;» = b; and a; = a;. The continuity of Hy, 4, ; at the

point (aj,b;, A) follows from that of 7; on A. We now turn to points belonging to the boundary
of [ ],c5 95(A) x {A}. As a corollary of Lemma 3, for any 1 < j < d and ({1, {s,b;) € N> X Z, we
have

IGE

a
H(17527j(aj,bj,)\) = <ZJ) ? X

4 0 (¢

(41 2

Z Z (_1)£2 <£1> <€/> (Hnj+€1—2€’1 | Hnj+bj+€2—2€’2>L2(R) + 0(1)
¢=0£,=0 1772

as nj(A) = 0 with nj(A\)n; — % € R;. Performing the change of index ¢4 < fy — 5 and

recalling that the Hermite functions form an orthonormal family of L?(R), we get

% [1;[2

4

as nj(A) = 0 with nj(M)n; — % € R;. O

Hey 0,5(aj, 05, ) — ( Fuy 0, (D7)
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An immediate corollary of Proposition 4 and Lemma 2 is that, as

(aj,bj, A) = (a;,b5, M) € g;(A) x 1,1 ({0}),

we have ,
[e'e) L1+4o i Vo1 b2

—~ aj\ 52 (iy;) ")
Wz, b, Mg, y;) — D <ZJ) th&(bj)ﬁ

£1,65=0 e

5. THE CASE OF FUNCTIONS INDEPENDANT OF THE CENTRAL VARIABLE.

The goal of this section is to define properly what the Fourier transform of a function in-
dependant of the central variable should be. We begin by a convergence lemma for functions
integrated against approximate Dirac masses around some boundary point A € Ag.

Lemma 4. Let x : RP — RP be compactly supported and integrable, with

/ X(\)dA = 1.
RP
Let A\g € RP. Let 6 be in C.(g). Then, as e — 0,

e[ 1X(A_AO>9(@)d@—><dﬂ/\°a9(‘a',>\0)>-

n P £
Proof. With an obvious change of variable, we have

I = / x(\) < / 0(a,b, Ao + eX)dp T a, b)) d.
RP g(Ao+eN)

Since 6 is continuous and compactly supported (hence, uniformly continuous), we have
H@(, Ao+ 5') - 6(7 " )‘O)HLO‘J(Q) —0

as € — 0. Therefore, from the weak-* continuity of the map A\ — du’, for any A\ € R there
holds

/ 0(a,b, o + eN)dp T (a, b) — / 0(a, b, \o)dp (a, b)
g(Aot+e) 9(Xo)

as € — 0. Thanks to the compactness of the supports of both 6 and x, we may apply the
dominated convergence theorem to get that, as ¢ — 0,

L [ [ etabad @) | ix= [ olabrodi a.b),
RP g(Xo) g(Xo)

O

Remark. The conclusion of the above theorem remains true if one replaces the compactness of
the support of 6 by the assumptions

sup / 10(a, b, \)|du* (a,b) < oo
AERP Jg(N)

and

lim sup sup / |6(a,b, )\)|]l{‘a|2+|b|2>R2}du>‘(a, b) = 0.
R—oo AERP Jg()) -

An example of admissible function is given for a > d by
Oo : (a,0,A) = (14 |af® +[b*) 7,
For f € L'(R??) and (a,b,\) € §, we define

G)(f)(a,b) = » Wi(a,b,\, Z)f(Z)dZ.
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Theorem 1. Let \og € Ag. Let x € S(RP) be such that x(0) = 1 and Fre(x) is compactly
supported. Then, for any f € L*(R??), we have

(6) Fo(f @eP0lx(e)) = 2m)PGy0 (f)dp
as € — 0, in the weak sense of measures.
Proof. Let 6 € C.(g). By definition of the Fourier transform, we have
[ 77 oot = [ rrE 0 0) ( | (@)ab b)) ax
g RP g(N)

where we abbreviated Fgr(x) into x for the sake of readability and defined the function G by

G(a,b,\) = F(Z)W(a,b,\, Z)dZ.

Rn

The assumptions on x entail in particular that

/ LN = (27)P.
RP

Since f belongs to L'(R2?), G is continuous and hence, the product function G@ lies in C.(g).
Applying Lemma 4 to G@ yields, as € — 0,

/ Fy(f @ P0)x(e)) ()0 () dr —» (2)P G(a,b,\0)0(a,b, \o)dp (a,b),
g 9(Xo)

It only remains to notice that, by definition,

G(a7 b, )‘0) - g;‘o(f)(a, b)

6. COMPUTING THE KERNEL AT THE BOUNDARY.

6.1. Preliminary identities. Given (aj,;,y;,b;) € Ry x R? x Z, we let

. V4
£ +0lo 1 pt2

> a; (Zy])
K(aj,xj,95,b)) = > <ZJ) i Fél,ez(bj)ﬁ-
01,02=0 e

Our aim is to find a closed form for the above sum. To this aim, we list a few identities satisfied
by this function, which will eventually help us in computing an integral form for .

Proposition 5. For a; € Ry, zj,y;,2,y:, € R and bj € Z, there holds

( ) (0 xj7yj7b‘):50,bj7

(2) K(aj, x5, —yj,b;) = K(aj, zj,yj,b5),

(3) (CL], CC],y],—b') K(ajl;x]’y]ab]),

(4) (a]’xj’ —yj, —bj) = (=1)* K(a;, x5, yj, b;),

(5) —Aa;y,K(aj,25,y5,b5) = a;K(az, x5, y;,b5),

(6) bjK(aj,xj,y5,b;) = z(x]8 yjﬁxj)lC(aj,xj,yj,bj),

(7)

,C(ajaxj +xj7y] +yj7 Zlcawx]ay]v _b)lc(ajv j?yyb/’)'

b/eZ

(8)
2
(251> + |y 1)K (aj, 25,15, b;) + a;0a,a, K (az, 5, 5, b;) + 200, K(aj, 25,5, b;) = a—{’@% xj,9;,05).
7

We begin by proving the easiest ones and postpone the last two.
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Proof of Identities (1) — (4). Identity (1) stems from
Foo(bj) = dop;
which is obvious. Identity (2) follows directly from the definition. Thanks to the relation
Fry ,(=b;) = (=1)% Fy, 1, (b)),
Identity (3) ensues. Finally, since Fy, ¢,(b;) = 0 for b; + ¢1 + {5 odd, we also have
th&(_bj) = (_1)bj+£1Ff17f2 (bj)’
which in turn implies Identity (4). O
Proof of Identities (5) and (6). To prove Identity (5), notice that as a consequence of Equation
(2), for (w,w) € g x R™,

2 2
(~2m; 4+ 1)y ()i, w) = ) ((a #3mOs) -+ (0, = gm0 ) ) Wi 2.1).

Hence, simplifying the complex exponentials gives
1 2 1 2

Using the fact that W is a tensor product to look only at VNVj, we get Identity (5) in the limit
(aj,bj, A) = (aj,bj, Ao) € Ry x Z x 751 ({0}).
Finally, passing to the limit in Equation (3) yields
(7) biK(aj, 5, y;,b5) = i(2;0y; — y;0u;)K(aj, 25, yj, bj),
which is exactly Identity (6). O
Before proving Identity (7), we state and prove an analogue lemma for the function W.

Lemma 5. For any Z,72' € R, ) € A, (a,b) € g(N), the following convolution property holds.

e AEINW (b X Z+2') = S Wla—n(N) - ¥.b—,\Z)W(a+n(A)-(b-b),1,) 2.
vezd

Proof. Let fi, fo be in S(R??), let a be in S(RP). For (Z,s) € R™, the definition of the
convolution product gives

() (o a)(Zs) = [ 7(Z-200Z)a (5= 5 - 30(2.2)) al)izas
Taking the usual Fourier transform with respect to the central variable s gives
Foo (1 @ ) % (f2® @))(Z, ) = G(N)? /R s (7 - 7)) fo(2')dZ
Now, integrating against the function W(w, -), we get
Fol(f1© ) % (f2© @) () = &(N)? /R s I, 2) 117 = 2) (27 4.
X

Since o is antisymmetric, a simple change of variable gives

8) Fy((fr®a)*(f2®a))(d)

a(N)? / s N ZINW (o, Z + Z') f1(2) f2(2')dZ'dZ.
R2d><]R2d

Let us now compute the Fourier transform in a different way. Applying formula (15) in the
Appendix, we have

Fo((fr@a)x(fo@a))(w) = (Fy(fr @ a) - Fy(f2 © ) ().
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Expanding out the operator product and parametrizing it by gz, we get, for (n,m, \) € N4 x 1~X,
(Fo(r®a) Fy(fa@a)(nm ) =3 Folhi®a)(n, £\ Fy(f2 ®a)(t;m, A).

£eNd

Extending the definition of the Fourier transform by setting
Fo(fr@a)(n, ;) = Fy(fa @ a)(€,m, A) = 0
whenever a component of £ is strictly negative, we also have

(Folfi®a) Fo(fa®a))(n,m,\) = > Fylfr @ a)(n, £, ) Fy(f2 ® a)(€,m, N).
Lezd

Reverting to a parametrization by g, we get, for (a,b, \) € g,
(Fg(fr®@a)- Fy(f2©a))(a,b,A) =
Z fg(fl ® a)(a - 77()‘) ’ b/v b— bl? )‘)‘Fg(fZ ® a)(a + 77()‘) ’ (b - bl)? blv )‘)
b ezl
Now, by definition of the Fourier transform F,, the general term of the above sum equals
a(N)? W(a —n(\) -0, =\, Z)W(a+n\)-(b—V),0,\Z)f1(2)f2(Z)dZdZ'.
R2d xR2d

Furthermore, since g; and go lie in S(R??), we may exchange the integral on R?¢ x R?? with the
sum on Z% to get

9) (Flfi®wa) Fy(fa@a))(a,bA) =

a()N) / S Wla—n(\) -V, 0=, X, 2)W(a+n(A)-(b—b),0', X, Z') f1(Z) f»(Z")dZdZ'.
R2dXR2dz 7d

Having equality between the right-hand sides of (8) and (9) for any fi, f2, a in their respective
Schwartz classes, the lemma follows, up to a complex conjugation on both sides. O

We may now prove Identity (7).
Proof of Identity (7). Since W writes as a tensor product in the basis (x1,...,2Z4,Y1,---,Yd),
Lemma 5 gives, looking at the variables (a;,b;, z,v;) € Ry X Z x R?,
SN FLTA
e 2NEEW; (a5,b5, Ny + 2,y + ) =

Z Wj(a] _77]( )b, b b/ A x]7yJ)W (a] +77J()‘)(b b )7b;7)‘ x],y])
AV

Then, if A = Ao € nj_l({O}), we obtain as desired

,C(ajaxj +x]7y] +y]7 Zlcaj7x]7y]7 _b )’C(aj7 _77y_77bl')'
b’eZ

O

Identity (8) is much more intricate to prove and requires several intermediate steps. We begin
with a lemma describing the effect of a multiplication operator on the kernel W. To this end,
define the operator A; as follows. For 6 € C(g) and w; = (aj,b;, ) € g;(A) x A,

(—A;0)(tb5) == nj(N) 72 (2 (a5 + nj (V) O(iby)
= (a2 = m0262) 07) = (/e + 20,0 = my (V282 (),

where

W3 = (ay %+ 2n;(A), by, A).
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Lemma 6. For w; = (aj,b;j, \) € gj(\) X A and Zj = (zj,y5) € R?, we have
|ZiPW; (5, Z;) = (—AjW;)) (i, Z;).

Proof. We temporarily parametrize the space g by gg. Let us denote

0 i 77j(>\)12aj —b
nj(A)"'a; +b;

From the obvious identity

2

y?eim(/\)ﬁjyj = —nj(\) 2 (einj(/\)yj-) (&)
and integration by parts, we first have

|Zi*W; (i, Z;) =

1i(A) 2/Re 7 (M) (—d—gg + m(M%) <Hmj,nj<x) (fij + é) Hyj ;0 (ﬁj - 7])) dg;.
J

Writing
3= (60 3+ (63 206+ D) 6+ D)

we get, thanks to Equation (14),

(- 03 (i (5 s (- )
= 20;(\)(nj + mj + 1) Hyn, 0 (£] ) ny 5 () (51 - %)
“2 (o) (67 5) (i) (5 5)
=2 () (6+F) (Funn) (ﬁj )

Using Equations (12) and (13) yields

000 (- 0752) (i 5+ 5) o (5 %)
=2(nj +m; +1)H,,. (0 (5J ) n5,m3 () (@ B EJ)
= 20Ny i 1,n5(0) (51 T %) 1500 <5f - %>
.

— 2\/(nj + 1) (mj + 1) Hpnj41,0,0) (§j + %) Hy 100 <§J - 7j> :

The result follows by reverting to the variables (aj, bj, A). O

The next lemma describes the behaviour of the operator —A as nj(A) = 0.

Lemma 7. Let 0 : R} X Z — R be a C? function of its first argument. Then, as X — \g € Ay
with nj(Ao) = 0, we have, for (aj,b;) € R} X Z,
R b?
(—=Aj0)(aj,b5) — (— A? ;0)(aj,b;) == 4a]82 0(aj,bj) — 40,,0(a;,b;) + ia(aj’bj)'
J
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Proof. Since —A; looks like a finite difference operator, it seems only natural to perform Taylor

expansions for 6 around w; when 7;()) is small. At second order in the parameter n;(\), we
have

0(aj +2n;(N), bj) = 0(a;, b;) + 21;(X)0a,6(ay;, b;) + %(2771()\))233].%9(% bj) + o(n;(A)?),

0(a; — 2n;(X), b;) = 0(a;, b)) — 21;(X)0a,0(ay, b;) + %(277]‘()\))233].%9(%7 bj) + o(n;(N)?),

17;(2)*bF
ai —n; (V)b = a; — §Tj +o(n;(\)?),
17;(\)*b7
V@ + 20,0007 = 00282 = a; + 20, () = 5=+ ol (V).
J
Plugging these equalities in the definition of —Aj gives the result. O

We now have the required tools to prove the last Identity of Proposition 5.

Proof of Identity (8). To circumvent the difficulty of a discrete-to-continuous limit, we argue by
duality. Let A\g € Ag with 7j(Ag) = 0. Let ¥ : R% — R be smooth and compactly supported.

For bj € Z, \€ A and Z; € R?, let
-Aj(bja )\, ZJ) = /]R Wj(aj, bj, )\, Zj)i/)(aj)d,uj"bj (aj).
+
Thanks to Lemma 6, we have

|Zj|2-/4j(bja)‘,Zj):/R (=A;W))(aj,b5, A, Zj)ip(ag)dpsy, (az)-
+

Denoting by tAj and tA? the adjoints of Aj and A? respectively for the L? inner product, we
get

|22 A (bj, A, Zj) :/R Wilag, bj, X, Zi) (=" A (a;)dpsy, (a;)-
+

As an immediate corollary of Lemma 7, for smooth 6 : R — R with compact support, we have
the convergence

'A;0 — 'A% in C°(R%,R)

as A — Ag. Hence, applying this convergence to i gives, as A — A,

A Wilaj,bj, A, Z) (=" A g (a)dpsy, (a;) — . Wil(aj,bj, Mo, Z) (=" A) (aj)da;.
+ +

By definition of —tA?, we get, as A — Ag,
| Z[2 A (bj, A, Z5) — A (—AK)(az,b5, X, Z;)(a;)day.
+

On the other hand, recalling the definition of A; yields
2P A (b, A, Zj) — /R |Zi1*K(ay, b5, Mo, Z;)b(aj)day.
+

Since the reasoning above applies to all smooth and compactly supported ¢ : R} — R, the last
Identity is proved. U
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6.2. Another expression for K. The form of Identity (7), of convolution type, motivates us
to look at the Fourier synthesis of K in its last variable. For (a,z,y,2) € Ry x R3, let

lCa:Uy, ZICaxy, eti?,

b;€Z

The function K is well defined, since for any (a,z,y) in a bounded set B and any N € N, we
have

sup sup (14 |bj|N)|lC(a,x,y,bj)| < 00.
b;€Z (a,x,y)EB

Applying Identity (7) to K gives, for (a,z,y,2) € Ry x R3,
Kla,z 42,y +y,2) = K(a,z,y,2)K(a, 2,1/, 2).
From the definition of K and Identity (1), we infer
aOz Z&Obelbﬂz—l
b;€Z

Hence, for cach (a,z) € Ry x R, the function (z,y) — K(a,,y, 2) is a non trivial, continuous
group morphism from R? to R. From the equality

IE(% -, Y, Z) = ,E(C% z,Yy, Z)a

which stems from Identities (2) — (4), this function is also a character of R%. Thus, there exists
a function ® : Ry x R — R? such that, for any (a,,y,2) € Ry x R3, we have

K(a,z,y,z) = e{@v)®@2)
Since K is smooth in all variables and rapidly decaying in b;, the equality
d(a,z) = E(a,x,y, z)VLyIE(a,:U,y, 2)

entails the smoothness of ® in (a, z). Thus, Identity (6) applied to K implies, viewing R? as C,

0. (a,z) = i®(a,z).
Solving this differential equation leads to

®(a, z) = #®(a,0).
Thanks to Identity (5), we get

B(a,2)| = va.

Hence, there exists a map ¢ : Ry — T such that, for any (a,z) in Ry x R,

®(a, z) = Vae¢(a).
We now transfer the information given by Identity (8) on K to find an equation on ¢. For
(a,7,9,2) € Ry x R3, we have

(|z* + lyHK (a x,y,2) + 4a8aalz(a,x,y, z) + 43alz(a,x,y, z) + 23;/6((1,36,3/, z) =0.

To keep as few terms as possible, we divide the above equation by K and look at the imaginary
part. We have

I 48@I€(a7x7y7z) _ <(x7y)’eiz¢(a)> allz eiz "(a
<—E(a’x’y&) ) 1 (DD e, o),

S 40040 K (a, .y, 2) g _<(x’y)7eiz¢(a)> (2, y), 2/ (@) e
( K(a,2.y.2) ) 4< 2 e Val(@ ), ¢<>>),

S 9..K(a,z,y, 2) _ 1 o). e (),
<—aﬁ(a,x,y,z) ) ((2,9), €% d(a))
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Gathering and simplifying these equalities yields
a¢”(a) +2¢'(a) =

Hence, there exist two constants C7,Cy € C such that, for all a > 0,
¢(a) = Cilna+ Cs.

As ¢ takes its values in unit circle, it is in particular bounded, which forces C; to vanish. Hence,
¢ is actually constant and there exists zg € R such that ¢(a) = €** for all a € Ry. To compute
the value of 2, we recall that Identity (2) implies that for all (a,,y,z) € Ry x R3,

E(a, x,—Yy,z) = lE(a, T,Y,—Z).
Hence, for all (a,z,y,2) € Ry x R3,

e\/ai(x cos(z+20)—y sin(z+20)) _ e—\/ai(ar cos(—z+20)+ysin(—z+20)) _ e—\/ai(ar cos(z—z0)—ysin(z—2z0)) )

This is only possible if

s
20 5[7’(’]
Thus, there exists 6 € {£1} such that for all (a,z,y,2) € Ry x R3,
]E(a z,y Z) — e&/&i(xsinzfycosz).

Finally, using the definition of K for small y > 0and z=x =0 gives

aOy, ZICaOy, ZZ( ) Fy o(b )(ZZ) =1+ Vaiy+ Oy )

bj€Z bj€Z 1N

On the other hand, the form of K entails, again for y > 0 small,
K(a,0,y,0) = e™®Vo = 1 - §\/aiy + O(y?)
and § = —1. Owing to Fourier inversion for periodic functions on the real line, we have, for all
(a,2,y,bj) € Ry x R? x Z,
1 s

,C(aamayabj) = 5=

5 e—\/az(azsmz—ycosz)ezbjde.
s

APPENDIX A. STANDARD COMPUTATIONS ON THE HERMITE FUNCTIONS.

In this appendix, we recall the definition of the Hermite functions along with their most
useful properties. The computations may be found e.g. in [12]. For z € R?, the first Hermite
function Hy is defined by

_d _l=?
Hy(x):=m"1e 2.
Let M; be the multiplication operator with respect to the j-th variable, defined for f: R — R
and = € R? by
(Mjf)(x) := a; f(x).
Defining the creation operator C; by
Cj = —aj + Mj,
the Hermite functions family is defined, for n = (n1,...,nq) € N?n by
1
H, .= ——C"H,,
" Vil

where, as usual,

d
— g
=11¢;
J=1
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and

d d
In| = an , nli= Hnj!.
j=1 J=1
We also define the annihilation operator A; by
Aj = aj + Mj

and notice that A; is the (formal) adjoint of C; for the usual inner product on L?(RY). It is
a standard fact that the family (H,,),cna is an orthonormal basis of L2(R?) and in particular
that for any (n,m) € N2¢,

1 ifn=m,

(Hn‘Hm)LQ(Rd) = /Rd Hp(2)Hpn (2)dz = { 0 otherwise.

Furthermore, the very definition of the Hermite functions entails that for any n € N? and
1 < j < d, there holds

(10) CJHn = 2(7’Lj + 1)Hn+(5j
and by duality, we get
(11) AJHn = 27’Lan_5j,

where n £6; := (n1,...,n; £1,...,n4). Adding and subtracting these two equalities gives, for
neNdandlgjgd,

/3

2
(12) Man = 7(, /TLan_(;j + /N + 1Hn—6j)

V2

Also, combining the action of C; and A; gives, for n € N?and 1< j <d,
—Dose,jHp 1= (=07 + M7 )H,, = (C;A; +1d)H,, = (2n; + 1)H,,.
Now, if n = (91,...,14) € (Ri)d and n € N?, we define the rescaled Hermite function H, , by

d d
Hyp i= |03 Hp(|n] ).

These functions satisfy identities similar to those of the usual Hermite functions. In particular,

they also form an orthonormal basis of L*(R%) and for n € N, 5 = (n1,...,n4) € (R%)%, we
have
(14) (=07 + 0 MZ)Hyp oy = 1j (205 + 1) Hy .

We also state and prove here a technical lemma on the growth of the L? norms of Hermite
functions to which multiple derivatives or multiplication operators are applied.

Lemma 8. For n,? € N, we have

[VIEN

IHO | 12wy < (2n + 20)

and
1M H | 2y < (200 + 20)3.

Proof. The proof is a simple induction on £ € N. For ¢ = 0 both inequalities are obvious, for the
Hermite functions are an orthonormal family of L?(R). Given £ € N, assume the inequalities to
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be true for ¢ and all n € N. Owing to Equation (12) and the induction assumption, we have,
for n € N,

1
M Hy || 2wy < (\/EHMZHn—lHL?(R) Tvn+ 1||MZH”+1HL2(R)>

2

=
< % (\/ﬁ(2n+2£—2)% +\/n—+1(2n+2€+2)%>

< % (M(2n+2£+2)3 +\/m(2n+2€+2)§)
= (2n+2(£+1))”71.

Thr proof for multiple applications of the derivative is similar.

APPENDIX B. THE REPRESENTATION-THEORETIC FOURIER TRANSFORM.

We collect here some standard results about the Fourier transform as defined through unitary
irreducible reprentations. We refer the reader to [2], [3], [4], [5], [6], [7], [8], [9], [11], [13], [14],
[15] and [16] for further details. We begin with a familiar continuity statement on L'(R?).

Theorem 2. The Fourier transformation is continuous in all its variables, in the following
sense.

e For any A € A and v € RY, the map
FI() (A v) - LNRY) — L(LX(RT))

1s linear and continuous, with norm bounded by 1.
o For any u € L*>(RY) and f € L*(R?), the map

FI(F)()(w) : A x RY —s L*(RY)
18 cOntinuous.
We continue with the analogues of the Plancherel and inversion formula in L?(R%). Let
[ r—

be the usual Hilbert-Schmidt norm on operators acting on L?(R%) and

d
PEA) = [ i)
j=1

be the (absolute value of the) pfaffian of the matrix /(). With these notations, the Fourier
transform F9(-) extends, up to a multiplicative constant, to an isometry from L?(R%) to the
two-parameter families

(A, v))

of Hilbert-Schmidt operators, endowed with the norm

(A,v)eA xR

1

4= ([ 1A s PG )

More precisely, we have the following theorem.

Theorem 3. There exists some constant k > 0 depending only on the choice of the group such
that, for any f € L*(R?), there holds

/n | f(w)[Pdw = K/MW 1F9 (YA )5 (12 (may) PN dAd.
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On the Heisenberg group H¢, the pfaffian is simply Pf(A\) = |A\|¢ and the value of & is known,

namely
2d7 1

d
r(HT) = s

In this context, the inversion formula reads, for f € Ll(Rd) and almost every w € R,

fw) =x [ (@) FIOO )P A
AXRP

with the same constant x > 0. Finally, the Fourier transform exchanges as usual convolution

and product, in the following sense. The convolution operator * : L*(R?) x L'(R%) — L!(R%)

is defined as follows. For any fi, fo € L'(RY) and (Z, s) € R",

(fixfo)(Z,s) = | h((Zs) (=Z',=5)f2(Z, s )dZ"ds’.
R?’L
The convolution-product intertwining through the Fourier transform may now be stated.

Theorem 4. For any fi, fo € LY(R?) and (\,v) € A x RY, we have, denoting by - the operator
composition on L(L?*(R?)),

(15) FI(frx f2) (A v) = FI(f)(Av) - FI(f2) (A v).

Finally, as in the classical commutative theory, the Fourier transform allows us to diagonalize
the action of the subelliptic laplacian on g, whose definition we recall. If V := (V4,...,V;,) is
an orthonormal family such that V' U {0;,,1 < k < p} is a basis of g, the subelliptic laplacian
with respect to the family V' is, by definition,

Ay = i Vj2.
j=1

One may prove that this definition is independant of V' provided it satisfies the two stated
conditions. For A € A, f € C®(R?) and = € R?, define also the rescaled harmonic oscillator

(_Aosc,n()\)f)(x) = (_A + |77()‘) : $|2)f($)

Above, A is the standard laplacian acting on smooth functions on R?. We may know state how
the Fourier transform diagonalizes the action of the laplacian.

Theorem 5. Let f € C°(R™). Let (A, v) € A x R, Then, for u € C2°(RY), there holds
]:g(_Agf)()" V)(u) = fg(f)()‘a V) (_Aosc,n()\)u + |V|2u) .
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