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DIFFUSIVITIES

IDRISS MAZARI

ABSTRACT. We consider a system of N competing species, each of which can access a different
resources distribution and who can disperse at different speeds. We fully characterize the exis-
tence and stability of steady-states for large diffusivities. Indeed, we prove that the resources
distribution yielding the largest total population size at equilibrium is, broadly speaking, always
the winner when species disperse quickly. The criterion also uses the different dispersal rates.
The methods used rely on an expansion of the solutions of the Lotka-Volterra sytem for large
diffusivities, and is an extension of the ”slowest diffuser always wins” principle.

Using this method, we also study the case of an equation modelling a trait structured popula-
tion, with small mutations. We assume that each trait is characterized by its diffusivity and the
resources it can access. We similarly derive a criterion mixing these diffusivities and the total
population size functional for the single species model to show that for rare mutations and large
diffusivities, the population concentrates in a neighbourhood of a trait maximizing this criterion.
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Trait selection and rare mutations: the case of large diffusivities

1. INTRODUCTION

1.1. Notations and comments. The notation IR}, stands for the set of positive real numbers, i.e
T = (0;+00).

For any integer k € IN, the set IN}, is defined as Ny, = {1,...,k}.

In this article, all the equations will be understood in a weak W2 sense. Furthermore, when the

equation is set on a smooth domain 2, the notation a% denotes the derivative with respect to the

unit outward normal vector.

1.2. The diffusive Lotka-Volterra system and our prototypical result.

1.2.1. Model and assumptions. We consider the diffusive Lotka-Volterra system modeling the inter-
action between N species, where N € IN*. Let INy be the set {1,..., N}. Throughout this article,
) stands for a bounded 42 domain in R".
In order to describe the interspecific interactions, we parameterize the model with the following
quantities :
(1) N positive diffusion rates p; > 0 where ¢ € Ny,
(2) N functions m; € L*(£2) where i € Ny. For a fixed ¢ € Ny, m; stands for the resources
distribution available to the i-th species. The spatial heterogeneity will be accounted
for by the resources distributions m;’s.

The diffusive Lotka-Volterra system reads as follows:

Bui ol .
5 = wiAug +u; | m; — Zuj in Q,

(1.1) j=1 ,i € Ny,
% =0 on 09,

ui(t=0,-) = u;p,

where, for every i € Ny, u; o denotes a non-negative initial condition in W?(Q).

For further explanations about modeling issues we refer to [10-12,29,30] and to the references
therein. Our main interest here is the investigation of the influence of spatial heterogeneity on
the existence and stability of steady states (also called equilibria) of (1.1) in the setting of large
diffusivities.

Formal presentation of our main focus. We use a criterion related to single species models for large
diffusivities, to derive results about existence and stability results for the system (1.1). This crite-
rion was already studied in the case N = 2 by He and Ni (see [14-16]). We will further comment
on their works in upcoming sections of the introduction.

Let ¢ € Ny. It will be convenient to introduce the positive solution ; = 6,,, ,, of the so-called
logistic diffusive equation:

(1.2) 2= on 9.

0; > 0.
Existence and Uniqueness issues: Existence and uniqueness of a positive solution to equation (1.2)
is classical and has been answered in different frameworks. In [9], the existence and uniqueness of a
solution to (1.2) is investigated in bounded domains and, in [2], the same question is investigated in

a periodic setting. A study of the influence of spatial heterogeneity on species persistence is carried
3
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out. We also refer to [12,16] and to the references therein for more information regarding the
influence of concentration and fragmentation of resources. We will come back to [2] later on, when
giving biological interpretations of our results. Here, in the case of Neumann boundary conditions,
we recall that the question of existence and uniqueness of a solution to (1.2) boils down to the study
of the principal eigenvalue \j (1, m;) of the elliptic operator u; A + m;. Recall that this eigenvalue
can be defined using Rayleigh quotients, that is:

A (i, myg) = sup {—M][ \Vf|2+][ mif2}'
FEWL2(Q) f,, f2=1 Q Q

This eigenvalue is simple. Furthermore, any eigenfunction ¢; associated with A\;(u;, m;) has a
constant sign, and can hence be chosen to be positive. Any eigenfunction ; satisfies

{ %iA%‘ + mipi = A1 (pi, mi) s,
dpi _

ov ’
in a weak W12(02) sense. Existence and uniqueness of a solution to (1.2) is equivalent to requiring
that
A1 (i, mi) > 0.

Using f = Iﬂl\ T as a test function, existence and uniqueness is guaranteed if
2

(1.3) ][ my > 0,

Thus, we assume that, for every ¢ € Ny, we have

fmi>0.
Q

Semi-trivial equilibria Coming back to system (1.1), note that, for any 4, if 6; solves (1.2), then
the state
(ST) ;= (0,...,60;0,...,0)

is an equilibrium of (1.1). These equilibria can be referred to as semi-trivial. A question that has
been intensely studied over the last decades is wether or not these equilibria are the only one and
if they are linearly or globally asymptotically stable. We introduce the following definition:

Definition 1.1. Any equilibrium of the form (ST) will be called a semi-trivial equilibrium of (1.1).
Any equilibrium u := (uy,...,un) such that at least two components u; are non zero in @ will be
called a coezistence state of (1.1).

Broadly speaking, the criterion for existence and stability of equilibria will be the total population
size associated with the resources distribution m;, reading

(1.4) 0;,
Q

that is, the total population size of a single species, moving at rate u; with a resources distribution
m;, in the case where all the diffusivities u;’s are large. Our prototypical result reads:

If the m;’s are ordered with respect to criterion (1.4) and to the diffusivities, that is

f91>"~>][9]\7,
Q Q

and if the p;’s are ”large enough”, then the uw; = (0,...,6;,0,...,0)’s are the only equilibria,
4
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Trait selection and rare mutations: the case of large diffusivities

and w; = (61,0,...,0) is the only stable one.

1.2.2. Bibliographical remarks. A much more thorough analysis of the existence and/or stability of
coexistence and semi-trivial equilibria of (1.1) was carried out by He and Ni in the three parts of
their paper [14-16] in the case N = 2, with two different resources distributions m; and mo. They
give, most notably in parts II and III of their paper, a global characterization of the sets

21 = {(p1, p2) € RE)?, (Bpy,m,,0) is stable}
and

S = {(p1, p2) € RE)?,(0,0,,,m,) is stable}
as epigraphs: for instance, 31 can be described as

{p2 > f(p1)},

for a function f whose asymptotic behaviour, as, pu; — oo is then analyzed using asymptotic
expansions of 0,, n, as pu1 goes to co. Our criterion here is the same as theirs. Their paper is
written under the assumption that m € €%%(Q) (although adapting these methods enables to
derive the same asymptotic expansions for m € L°°(£2)). Our contribution in this article is to study
the case of an arbitrary number N of competing species and to give new proofs of the asymptotic
expansions in the case m; € L (). This enables us to encompass the case of patch models (see
for instance [2,10] for the relevance of such models).

We also give interpretations in terms of concentrations of resources, and expand on the paradigm He
and Ni introduce at the end of [16, Corollary 1.8]: for large diffusivities, the lesser spatial oscillation
in resources the better for competition.

Furthermore, in the second part of this article, we consider the case of a continuum of traits with
a small mutation parameters.

1.2.3. Assumptions and comments. In this section, we introduce and comment on the assumptions
we will be led to make later on.

Assumption on diffusivities: Another way to consider stability is to try to understand the influence
of the diffusivities on equilibria. In this paper, we work under the hypothesis that diffusivities
are large.

In [11], the diffusive Lotka-Volterra system is studied under the assumptions that m; = m; for
any 4,7 (all the species are considered with respect to the same resources distribution), and the
diffusivities are ordered (but not necessarily large), that is, g3 > --- > un. It is proved that the
slowest diffuser always wins: the @;’s defined by (ST) are the only equilibria, @ is stable, while the
other w;’s are unstable. Our work encompasses this result in the case of large diffusivities.

Assumption and comments on interactions: In this paper, we will work under the hypothesis that
all the interaction coefficients are equal to 1.
To understand the interactions between the different species, consider the general system:

N
Vi E]NN,,UZ‘AUi—FUZ' my; —Zbi,juj =

Jj=1

[“)ui

—  in Ry x 9,

ot *

with Neumann boundary conditions in space and with a non-negative initial condition. Here,

(bi,j)i,jeny is a matrix with non-negative coefficients and such that, for any ¢ € Ny, b;; > 0.
5
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Many results are devoted to studying the existence of coexistence equilibria and the importance of
the heterogeneity. See for instance [5-7,17,26]. We highlight in particular two of them. They hold
in the case N =2, b1 = by 2 =1 and m; = ma = m. It has been shown that

(1) the map p +— fo O, has at least one maximum on R and that, if by < llgf() fs{%:u =031,
then u; is unstable. If by 1 > b3 |, then u; can change stability. This result is due to Lou,

see [22].
(2) if a1 = aby 2 and if by 2 is large enough, then u; is stable, Uy is stable, and any coexistence
state is unstable. This result is due to Girardin, see [13, Theorem 1.2].

In other words, the magnitude of the interspecies interaction can influence in many ways the sta-
bility of equilibria, so that we will not consider this influence in this paper. We believe that our
method enables us to recover these results in the case of large diffusivities.

Assumption on the resources distributions: In this paper, we will successively work under two hy-
potheses: first, that all species can access the same amount of resources and, later, under
the hypothesis that the species have access to different amounts of resources. Many efforts
have been done in the last decade to understand the influence of the distribution of resources on
the persistence of a species. For instance, in [2] it is proved that the concentration of resources in
the logistic diffusive model (1.2) favors the persistence of the species. In [16, Corollary 1.8], the
authors conclude that concentration of resources is better than fragmentation for competition. We
will give further details on these interpretations at the end of this Introduction, see Section 2.

1.3. The rare mutations model for trait selection. In the second part of this article, we
are interested in the trait selection process occurring for small mutations. This encompasses the
evolution phenomena occurring in population dynamics.

More precisely, we consider a set = C ]Rd, assumed to be €2 and compact, accounting for the
different traits (e.g length of the legs, age...), and a domain  C R", also 42 and compact,
accounting for the spatial environment. We consider a population density in both trait and space,
denoted as u = u(&,z) where £ € E and z € Q. For any £ € E,z € Q, the quantity u(¢,x)dx
represents the number of members of the species with trait £ located at position x. Note that here,
we are primarily interested in the steady-state situation, where an equilibrium has already been
reached.

Our hypothesis regarding the spatial evolution of the density are standard: if we consider, for a trait
&, a diffusivity p(€) > 0, the spatial evolution will be described by p(€)A,u. We also assume that
each trait can access some finite amount of resources m = m(¢&,-). The hypothesis on the resources
distributions are the same as in the previous section: we assume that there exists a constant § > 0
such that, for any & € =,

][ m(§, x)dz > § > 0.
Q

Finally, we account for the mutation (i.e the possibility for individuals to acquire a new trait) via
some small mutation rate, EZAgu. Here, € > 0 is a small parameter.
In other words, we consider the following trait mutation model:

15) H(E)Au(E,w) + 2 Agul€, @) + u(€,w) (mlg @) — fou(€,x)ds.) =0in
% =0 on 0N x 9=,
6
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Trait selection and rare mutations: the case of large diffusivities

in a weak sense. For notational convenience, we now define

B(z) = / w(é, 2)de.

It is expected that, as ¢ — 0, the density u = wu. concentrates at particular traits, accounting

for a natural selection process: there exists a collection of traits (£;),cs € =7 and a collection of

functions (¢;);es € Wh2(Q)! such that, for any sequence &, k% 0, there exists a subsequence
—

and there exists some j € J satisfying, in the sense of distributions and along this subsequence:
(16) Uy (€7) > Be, (€U (x).

In other words, when mutations are rare, a trait selection process happens. This problem was
introduced in [1]. This selection was proved rigorously in different settings; we refer to [27] for the
case where (2 and = are convex and where the resources distribution does not depend on the trait
¢ € 2. We note here that, provided m is €2 in x € Q and £ € E, up to minor modifications of the
technical proof of [27], the same result holds.

A lot of attention has been devoted to identifying the possible limit traits {{;};cs. For instance,
in [20,27] it is shown that, provided the distribution resources m do not depend on £ and provided
u = p(€) has a unique minimum &, in Z, then the only possible limit trait is &, extending the
aforementioned result of [11] (i.e, the slowest diffuser always wins). In [20], the same result is
proved under the condition that = is a one-dimensional interval, and the convergence rates are made
sharp. For further references regarding the study of selection processes in unbounded domains and
time-dependant problems, most noticeably the traveling-waves solutions to this equation, we refer
to [4,31] and to the references therein.

Our contribution in this article consists in a study of the case where the resources distributions
depend on the trait £. We do so in the setting of large diffusivities.

Just as in the first part of the article, for a particular trait £ € Z, the function § = 6(¢,z) will
denote the solution of the following logistic diffusive equation:

{ ﬂ(g)Aza(f’x) + 9(5,1’)(7’)1(5,%) - 0(5,1')) =0 in Qv

789((9%””) =0 on 0.

(1.7)

We will prove the same kind of results as in the first part of this article:

Assume that the map & — fQ 0(&, x)dz has a finite number of maximizers in =. If all the u(€) are
”large enough”, then any limit traits will be close to one of these maximizers.

In other words, the total population size criterion is, in the case of large diffusivities, a selection

criterion.

1.4. Introducing the criterion for both models. We first assume that all the species can access
the same amount of resources.

The class of admissible distribution resources: Since we want to order the resources distributions
with respect to the total population size, it is natural to assume the following on the distribution
resources (that is, either m; or m(&,-) depending on the model): in the case of the Lotka-Volterra
system, for any i € Ny, m; € M(Q), and, in the case of the mutation diffusion model, for any
Ee€E, m(&, ) € M(Q), where

(1.8) M(Q)—{meLOO(Q),OSmg/{a.e,me—mo}.
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The relevance of this admissible class is detailed in [23,25]. Broadly speaking, these are the minimal
assumptions we can make on resources distributions so that the optimization problem

sup ][ O
memM(Q) JQ
has a solution.

Note that, if m € M(Q) and if p > 0, then the unique positive solution of the logistic diffusive
equation

(1.9) Ay + Oy (m — 0, ) =0, in Q
' 8%";’“ = on 09,
satisfies

0<infln,, <k, Om, €W?P(Q), Vpe€[l;+00).
Q

Ordering the resources distributions with respect to our criterion. We have mentioned that our
main criterion will be the total population size functional, and that our results hold for large
diffusivities. Consider the logistic diffusive equation with a resources distribution m satisfying
fQ m = mg > 0. Introduce, for a positive diffusivity ¢ > 0, the functional F,, : M(Q) — R defined
by

fM:mH][HWM.
Q

The question that arises is that of the behavour of F,, as 4 — 4o00. In order to adress this question,
we recall the classical result (see [22] and the references therein) that for any p € [1; 400),

Qm,# — My
H—>00

in WHP(Q). We now look for a second order term, that is for 7y ,, such that

_ m,m l . 1,2

and where o (i) is uniform in m € M(2). This gives rise to the following equation on 7y ,:
pn—>00

(1.11)

Anym +mo(m —mg) =0 in €,
875"”’ =0 on 0f).
174
This is not enough to fully characterize 1y ,,. In order to do so, we introduce the solution #; ,, to
A1 +mo(m —mg) =0 in Q,
O m _
(1.12) 8111 =0 on 012,
fQ Mm = 0
We therefore know that there exists a constant (i ,, such that 01, = 91,m + B1,m. To determine
this constant, we integrate the logistic diffusive equation (1.2):

][ B (1 — O ) = 0,
Q

so that, identifiying at order %, we get

1 [ 1 .
(1.13) Bim = —][ f1,m(m —mg) = 72][ Vi1l
Q my Ja

Mo
8
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We can prove (see [16,25]) that Equation (1.10) holds strongly in W12(Q2). This means that the
following first-order expansion of F,, holds:

1 1
Fom—=mo+—94 mm+ o |—].
HJa H—oo \

1.5. Bibliographical remarks. If we go back to [16], we recall that for instance the set

21 = {(p1, p2) € RE)?, (By,m,,0) is stable}
is described by the authors as

{p2 > f(pa)}-

The content of their Theorem 1.6 is a precise asymptotic expansion of f as y — oo; if we truncate
their results at order i, it reads

flua)  ~ 1M
1 —00 fQ N1,m,
and that, if (1, p2) € X1 then (0., m,,0) is globally asymptotically stable. Our theorem reads the
same for the existence part in the setting of large diffusivities, but is less precise, for these results by
He and Ni encompass our own and are completed by a study of the precise zones of stability, both
local and global of these semi-trivial equilibria. As mentioned earlier, our goal here is to provide
a partial study for the case of an arbitrary number of competing species and for a rare mutations
equation.

1.6. Main results of the papers for the Lotka-Volterra system. For the sake of clarity, we
will first state the results in the case of the Lotka-Volterra system.

Same amount of resources and same scale of dispersal: Here and throughout we parameterize the
diffusivities as functions of pq, i.e we work with a collection of functions ps,...,...u, of the vari-
able pp. For this first result, we assume that all species move at the same scale that is, for any
i € Ny, there exists d; > 0 such that

(A1) mlm) g
lu’l M1 —>00
and that the resources distributions are ordered with respect to the criterion:
1 1
(A2) ——f Mmy > > == Ny
di Ja dn Ja

We recall that, for any i € Ny, fo, 71,m, = # fo IV71,m, |2, and 7)1, is defined by equation (1.12).
0]

Theorem 1.1. Assume that, for any i € INy,m; € M(Q). Assume that (Al) and (A2) are
satisfied.
There exists p* = p*(Q,mo, K, m1,...,my) > 0 such that, for any p1 > p* and such that, for any
iZQ,...,N, :ul(:ul) >:U’*:
(1) The u;’s are the only non-zero equilibria of the system (1.1). There are no coezistence
states.
(2) wy is linearly stable, while the other w;’s are linearly unstable.

Under the hypothesis of this theorem, we can rewrite the arguments of [11, Theorem 3.4] and
we obtain the following result:
9
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Theorem 1.2. Let M = (m; ;)i jeny be a matriz such that, for any i € INy we have m;,; < 0
and, for i# j, m;; > 0.
Consider the system with mutation:

Gt = pal\u; +wi(my — 3050, uy) + €5 miju; in
(1.14) dui _ on 09, 1€ Ny,

where, for every i € INy, u;o denotes a non-negative initial condition in W12(Q). Then, under
the assumptions of Theorem 1.1: there exists €9 > 0 such that, for any € < g, there exists a
non-negative equilibrium uy (), varying analytically in €, such that ui(0) =uy (i.e Uy perturbs an-
alytically in the cone of non-negative n-tuples of functions). Furthermore, this equilibria is linearly
stable.

We will not prove this result, for it is a straightforward adaptation of the arguments of [11, The-
orem 3.4] .

Same amount of resources and different scales of dispersal: A bit of notation is required to give a
clear statement of the two next results. Henceforth, we will parameterize diffusivities as functions
of i, that iS, Hi = ,uz(,ul)

As we have mentioned, we have to understand the interplay between the scale of dispersal and the
total population size functional. To do so, the most convenient way is to introduce the notion of
size-scale order.

We recall that we assume

pi(p) — oo

H1—>00
For a subset of indexes {iy,...,ix} of Ny, we say it is size-scaled ordered if the two following
conditions hold:
(1) For any j > 1, there exists d;; € (0;00) such that

pi; (1)
%
iy (p11) m1—o0

and this hypothesis will be referred to as the same diffusivity scale hypothesis,
(2) Furthermore,

(H1)

59

., . 1 1

(12) Vi A3 € finsesinh o f M, # 5
dz‘j Q ’ dij/ Q J
Furthermore, if we are given a set of indexes I' C {1,..., N}, it is always possible to split it into ¢
same diffusivity scale sets
=T U---UTy,
and we assume that the same diffusivity scale sets are maximal, that is, for any i € {1,...,t — 1},
,ufmin{k,kel"i}(:ul) 0

,Umin{hkel“iﬂ}(ﬂ'l) H1—00
We call it a scale partition of the set.
Remark 1.1. The hypothesis of Theorem 1.1 were in fact the hypothesis that the set INy itself was

size-scale ordered.
10
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Theorem 1.3. Assume that, for any i € Ny, m; € M(Q). Let us write the scale partition of INy :
Ny=LU---Ul

and assume each of the I; is size-scale ordered i.e satisfies (H1) and (H2). Then there exists p1* > 0
such that for any N-tuple (1, ..., uN) satisfying , for any i € IN,, p; > p*:
(1) thew;’s are the only non-zero equilibria of the system (1.1). There are no coexistence states.
(2) Furthermore, if i1 € I; satisfies

Fi(mg,) = max Fi(m;) (i.e it is the optimal resources distribution among the slowest diffusers)
[ASHEY

then w;, is the only stable equilibria.

Different amounts of resources and different scale of dispersal. Let us drop the assumption that
m; € M(Q). We write Ny as

Ny=JiU---UJ,

as follows: for any k£ € IN,,, there exists mg ; such that, for any i € Jy,

][mi = mo,k > 0.
Q

Each of the set J; is then split as before according to the scale of dispersal rates, that is,
Ji = Fk71 L Urkﬁk,

with the same notations as in the previous paragraph. We now assume that each of the I'; ; is
size-scale ordered.

Theorem 1.4. Assume the I'; ; are size-scale ordered i.e satisfy both conditions (H1) and (H2).

Then there exists pu* such that for any N-tuple (u1,...,uN) satisfying, for any i € Ny, p; > p*:
(1) thew;’s are the only non-zero equilibria of the system (1.1). There are no coezistence states.
(2) Furthermore, let k1 € IN,, be such that

VieJkl,Vj¢Jkl,m::][mi>][mj
Q Q

and let iy € Ty, 1 (that is, among the slowest diffusers for the mazimal amount of resources
m) be such that

Fi(my,) =  max Fi(m;).
1

Then, w;, is the only stable equilibria.

1.7. Main result of the paper for the mutation diffusion system. We will make the following
assumptions on the dispersal rate p and on the resources distributions, strongly resembling the
hypothesis of the first part. We introduce a reference scale u > 0 and parameterize p = u(§) as a
function p = p(&, p) and assume that

(H1) p(&p) = o0

- H—)OO

uniformly in £ € Z. We also assume that all the species move at the same-scale: this means that
there exists a trait § € = and a function d : = — R, bounded above such that, for any £ € =,

(85 1)
(H2) m ﬁ:; d(§)-
11
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Trait selection and rare mutations: the case of large diffusivities

Furthermore, we also assume that, for each £ € =
(H3) 0<m<kaeinQx 57][ m(§, x)dz = mg,i.e m(§,-) € M(Q).
Q

Finally, for technical reasons, we will also assume the following regularity property on ) and Z=:
(H4) Q and Z are convex.

We could expect, as was the case in the first part of this article, to be able to handle different
amounts of resources. It is the case: as will be noted through the proof, if you assume that there is
an above bound on the amount of resources, then the limit traits will be in a neigbourhood of the
maximizers of the functional
& A4 m(€, x)dx.
Q
Thus, for the sake of simplicity, we will assume (H3) as of now.
As was the case in the first part, we can consider, for a trait £, the solution 6 to the logistic diffusive
equation with resources distribution m(¢,-).
Finally, for each resources distribution m(-,§), denote by ne the solution of the equation

Ane + f,m(&, x)da (m(@m) — 1o m(@m)dm) =0 inQQ,
(1.15) % — 0 on 99,
fane = GomE e fo [Vnel”

As was recalled in the first part of the introduction, this accounts for the first-order term of the
total population size for the single - species logistic-diffusive model. We recall that for any ¢ € =,
0(&,-) is the solution of (1.7). Our criterion is then, for a fixed trait &,

F(€)=%]ins

Our hypothesis is then
(H4)
F has a unique maximizer £* and there exists ¢t > 0,C > 0 such that F(£*) — F(¢) > C|¢ — €]

Our theorem reads as follows, and bears a strong resemblance to the theorems of the first part.

Theorem 1.5. We work under assumption (H4). Asume m is € inx € Q and £ € . Let r > 0
and B(E*, 1) be the euclidean ball centered at £* with radius r. Let {&;};cr be the set of all limit
traits for u = u:(§,x) as e = 0 in the sense of distributions: up to a subsequence,

Ue PEXD) 0¢,0(&,-),0(&,-) solution of (1.7).

e—0

Then there exists u* = p*(Q, Z) such that, for any p such that Einﬁu(f,,u) > p*,
1o =S B

(1.16) Viel, & eBE,r).

Remark 1.2. In other words, for large diffusivities, the traits that are selected are close to the trait
accessing the resources distribution maximizing the criterion involving the total population size and
the diffusivity for the logistic diffusive model.

12
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Trait selection and rare mutations: the case of large diffusivities

2. REGARDING THE CRITERION: WHAT IS KNOWN CONCERNING THE SHAPE OPTIMIZATION
PROBLEM

The results of this paper thus indicates that a relevant criterion for studying local linear stability
of semi-trivial equilibria of the system (1.1) (or for the trait structured population) is the functional

Fy(m) = fg Vim?

where 1)y ,,, solves (1.12). Here, for notational simplicity, we have considered that, in the case of
(1.1), all diffusivities are equal (i.e u; = p; for all ¢) and, in the case of the trait structured model,
all diffusivities are equal (p(§) = p for all £). In this setting, the relevant optimization problem
then is
PV1 max Vit m|?.
(PV1) L Vil
Here, the fact that the sup is in fact a max (i.e that the variational problem has a solution) is a
straightforward consequence of the direct method in the calculus of variations.

As was recalled earlier, F is the first order expansion of the total population size functional in
the sense that, uniformly in m € M(Q),

1 1
Om., =mo+ —Fi(m)+ o (>
]{2 1 ot 1(m) e Uy

2.0.1. Pointwise properties of the resources distributions. The first thing that comes to mind when
dealing with optimization problem such as (PV1) is the question of pointwise properties of maxi-
mizers: are they bang-bang type functions, i.e, if m* is a solution of (PV1), do we have m* =0 or
k almost everywhere? In [25], calculations are carried out to prove that the functional Fj is strictly
convex, in the sense that its second Gateaux-derivative is always positive. Since we are maximizing
on a convex set M (), the following result follows:

Theorem 2.1 ( [25], Step 1 of the Proof of Theorem 1). The mazimizers of Fy over the set M(Q)
are of bang-bang type.

In other words: for competitions, it is better to split the domain into two zones = {m =
0} U {m = x} and oscillations between 0 and « for large diffusivities are counterproductive. Thus,
the optimization problem (PV1) can be recast as a shape optimization problem, since it is equivalent
to

sup Fi(kxE).

E measurable subset of Q ,|E\:%Q

It thus seems that patch models are relevant for such studies.

2.0.2. Geometric properties: concentration and fragmentation. We have also recalled some results
from [16], most notably [16, Corollary 1.8] that, among other things, state that, for large diffusivities,
in the one dimensional case (on 2 = (0;1)), if N =2 and if

my(z) =14 cos(2rkix) ,ma(x) = 1 4 cos(2mkex) , ki € N Ky < ko

then the semi-trivial equilibrium (6, ,,,0) is globally asymptotically stable, indicating that the
lesser spatial oscillations, the better for competition.
Here, we expand on results proved in [25] in the n-dimensional case: namely, should we expect
concentration or fragmentation of resources for the total population size and/or stability?

13
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Trait selection and rare mutations: the case of large diffusivities

To give a feeling of what concentration-fragmentation means, consider the two following resources
distributions (here, Q) is a box):

This first distribution is more ”concentrated” than the second one.

The results we give are in the following setting: () is a n dimensional orthotope, namely

Q= [Jl0;a:],Vi € N,, ,a; > 0.
=1

We also introduce the following notion of decreasing rearrangement due to Berestycki and
Lachand-Robert (see [3]):

Definition 2.1. (1) The one dimensional case: For a given function b € L'(0,a;), one defines

(2)

its monotone decreasing rearrangement by on (0,a;) by bgr(x) = sup{c € R | z € QF},
where QF = (a; — |Qel, a;) with Q. = {b > c}.

The n-dimensional case: For a given function b € L1 (Q), one defines its symmetric decreas-

ing rearrangement bgs on ) as follows: first fix the n — 1 variables xo, ..., xy,. Define by sq
as the monotone decreasing rearrangement of x — b(z, xa,...,x,). Then fiz x1,z3,..., T,
and define ba sq4 as the monotone decreasing rearrangement of x — by sq(x1, 2, ..., %,). Per-

form such monotone decreasing rearrangements successively. The resulting function is the
symmetric decreasing rearrangement of b.

In both cases, the decreasing rearrangement will be denoted by b# .

This rearrangement was first put to use in the context of the study of spatial heterogeneity by
Berestycki, Hamel and Roques in [2], where they prove that concentration of resources favors the
survival of the species in the sense that, for any m € £>(Q) and any diffusivity u we have

)\l(m#a /’L) Z )\1 (m7 /j/)

This is an application of the Polya-Szego inequality for the decreasing rearrangement. For applica-
tions of numerous rearrangements for spectral quantities in elliptic equations, we refer for instance
to [2,18]. For the specific case of optimal location of resources (with respect to the eigenvalues)
and the study of different phenomena arising in it, we refer to [21]. In [25] we prove the following
theorem:

Theorem 2.2 ( [25],Theorem 2, Theorem 3). Any maximizer m* of Fy satisfies

m* = (m*)#.
14
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In other words, any mazimizer of Fy is decreasing in every direction.
Furthermore, in the one dimensional case (in Q = (0;1)), there are only two maximizers of Fi,
namely,

mi = Kl and my := Kl[1_gq), with K = my.

Thus, in the one dimensional case and for large diffusivities, the following resources distributions
are always better for competition with another species:

*—> *-

I % and Lo

Thus, this means that the single step is, in the case of large diffusivities, always a winner for
competition.

3. PROOF OF THEOREM 1.1

A few facts about principal eigenvalues. Let us recall a few facts about principal eigenvalues,
which are of paramount importance in studying the stability and existence of equilibria of systems
(it is the main tool to prove the results we have recalled). In a general setting, for any h € L*>(Q),
the principal eigenvalue of uA + h will be denoted by Aj(h, p). We recall that A; (h, 1) can be seen
as the solution of the following variational problem:

M) = sup {u Frosef th}.
FEWL2(Q) f, f2=1 Q Q

—1 o [VIP+ £ £21
Jo 17

is the associated Rayleigh quotient. It is also clear, since 6; > 0 is a principal eigenfunction of the
operator ;A + (m; — 0;) that

The quantity

Al(ui,mi — 91) = 0
We finally recall the following results (see [11]): for any h € L*(Q2), the map u — Aj(h,p) is
non-increasing, and Ay (h, i) = fo h-
m oo

3.1. Proof of statement 1: non-existence of coexistence equilibria. Let us first comment
on notations.

Regarding notations. Recall that we parameterized diffusivities as functions of pi, that is, u; =
M)

f1:(111). In the sequel, we consider a sequence {U,, },,>0 € (WH2(Q)V)B+ of equilibria. Here, what

15
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we mean is that, for each py > 0, Uy, is a N-tuple of functions (u, 1, %, (u1),25 - - - Upy (uy),n) that
is a steady-state of equation (1.1).We will write either u,,, j or u; (when no confusion is possible)
to denote the k-th component of this equilibrium. Since in the framework of this theorem INy is
size-scale ordered, we know that we can fix p; as a reference diffusivity, and note that any

N N

5 function behaving as o (i) behaves as o (i) and conversely. We have already defined,

H1—>00 i —>00 v

6 for any i € Ny,

(3.1) d; ;== lim #ilk) €]0; ool.

pH1—00 Uy

Consider, for some N-tuple (1, ..., un), a non-zero equilibrium U, = (uq,...,uy) and define

N
Oy =P = u,
i=1
7 so that each wu; solves the following equation:
(32) wiAu; + ui(mi - ‘I’) =01in £,

along with Neumann boundary conditions. Now, assume that there exists a sequence {U,, =
(uq,... 7UN)}H>O of coexistence state as p; — oo. Up to an extraction, we can split the set Ny
into two subsets:

I = {i, for all p large enough u; = U,, ; # 0} , Iy = {3, for all u large enough u; = U, ; = 0}.

We will only focus on the set I;.
Assume that U, is not one of the u;’s. This means that at least two components w;, u; of u do not
vanish, so that u; is an eigenvalue of the operator

1A + (m; — @),
while u; is an eigenvalue of
A+ (mj — @).
In particular,
0= A1 (s, m; — ®) = A1 (pj, m; — @) for a subsequence pg — oco.

We will show that, under the assumptions (A1)-(A2), the latter eigenvalues can never be equal for
large enough dispersal rates. This will be done in several steps, aimed at providing an asymptotic
expansion of Ay (u;, m; — ®) and A1 (p;, m; — ®). Note that this kind of asymptotic expansions was
studied in the case N = 2 in [16].

Asymptotic behaviour of ®. We first note that ® satisfies the following partial differential equation:

N Uq N WU; T
AD — ZE <I>+Z;7:O,

i=1

s with Neumann boundary conditions in a weak W12(2) sense.
9 Under assumption (Al), and since ® satisfies Neumann boundary conditions, it is classical to see
10 that ® converges, in W12(€), to mg as pg — oo. We refine this result:

16
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Lemma 3.1. There exists ®1 = ®1,m,....mnx € WH2(Q) such that there holds, strongly in W3(Q),:

P 1
(3.3) d=mo+—+ o () .
M1 H1oo \ M

Proof of Lemma 3.1. We proceed in several distinct steps:

First order expansion: We first prove the first order expansion, i.e that there holds, strongly in
W12(Q), the following expansion:

(3.4) ®=my+ O <1> .

p1—00 \ U1

Proof of Claim (3.4). In order to do so, we are going to proceed as follows:

(1) We first prove that ® converges to mq in L?(£2) as u1 goes to oo.
(2) We give an estimate on V® in L?(Q) to prove that this convergence in fact holds in W12(Q),
and that this convergence has a rate i
Let’s proceed to the proofs:
(1) First of all, it is standard that u; converges, strongly in L?(£2),to some constant ul(-o) >0in
Wh2(Q). Thus, we know that

N
) _. $0) : 1,2
) #joo Zul =: 0% in WH2(Q).
j=1
Furthermore, we assumed that we were working along a sequence p; going to oo such that
there always exists an index ¢ € INy satisfying u; =, ; # 0. Fix such an index i. Dividing

Equation (3.2) by u; and integrating it by parts yields

V’Lbi 2
Q i Q

Thus, there always holds

][ D >mg > 0.
Q
Since ® — ®© in W2 and since this convergence ensures the strong L' convergence
H1—>00
of ® to &), this entails that
(3.6) O = lim + ®>mgy > 0.
H1—00 J o

Finally, if we integrate Equation (3.2), we get

Q
We now pass to the limit as p; — oo in these equations, leading to
Vi e Ny, ugo)mo - ugo)é(o) =0.
Summing these identities for ¢ = 1,..., N leads to
3O — (¢><°>)2 = 0.
17
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Since ®© £ 0 by (3.6), this readily gives
(I)(O) = my.
We now have to give an estimate on the decay rate; namely, we need to prove the following
Claim: there exists a constant A; depending on mg, £ and €2 such that
Ay
®—m < —.
I ollwiz) < m

Proof of Claim (3.7). To prove this claim, we need to prove that there exist constants Ag
and A{ such that

A

|® — mol|L2 () < =2
(Q)

H1

and .

A
[[V(® —mo)||rz2(0) < ;Tf'
Since mg is a constant, it suffices to prove the existence of a constant Ay such that
/

A
IV®|12(0) < =2.
M1

To prove the existence of a constant Ay such that (3.8) holds, we proceed in two steps:
first, we prove that there exists a constant ag such that

’(I)—][CD
Q

and then that there exists a constant aj, such that
<%

][(I)—mo .
Q H1

Setting Ag = ag+ay yields the desired estimate. For the first step (i.e to prove the existence

of ag), define
zZo i — (0] 7f P.
Q

It is clear that zg satisfies the elliptic equation

N N
u;m; U
Azo—i-g #—CIJE —~ =0,
5 i M im1 i
%2 =0,

in a weak W12(Q) sense.
Multiplying this equation by 2z, integrating by parts and using the Cauchy-Schwarz in-
equality gives

L2 M

!

N N
1 1

][ |VZO|2 < Z ;”UimiHL?(Q)||ZO||L2(Q) + ||Z0||L2(Q) Z ;Huiq)HL?(Q)-
Q i=1 1 i=1 1

We now recall that each wu; converges, as p; goes to oo, to a constant uz(-o) and that ®

converges, as 1 goes to oo, to mg. Thus, each of these functions can be bounded from
above by a constant that does not depend on the index ¢. Furthermore, each m; can be
18
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bounded from above by &, because m € M(Q2) = {0 < m < m,fﬂm = mg}. There thus
exists a universal constant « such that

N
1

[Vaol? < llzoll 2@y ) —-
f @02

i=1

Using Hypothesis (A1), i.e the fact that, for each i € Ny, wlm) g 0, there exists

M1 41 —00
a constant o/ that does not depend on ¢ € INy such that

i (1)
H1

<da.
This gives
][ |V2o|? < Naa,fHZOHL?(Q)'
Q N H1

We now use the Poincaré-Wirtinger inequality: there exists a constant Cpy () such that,
for any f € WH2(Q), there holds

-1

Since fQ zp = 0, this inequality entails

NO&O/CPW (Q)
1

< Crw (DIVflL2(0)-

L2(Q)

IV 20l[72 (0 < [IV20l[ L2

Setting
ag := Naa'Cpyw (),

the conclusion immediately follows.
We now need to prove that there exists aj, such that
<%

][(I)—mo .
Q M1

We use the integral identity giving an expression of fQ ®: if we choose an index i such that

!/

u; = ul(o) # 0 (we know this is possible, since, from the proof of the Claim (3.4), ®
H1—>00
(0)

converges to mg # 0, and ¢ converges also to Zf\il u,; . Furthermore, u§0> >0, so that at
) g positive), then there holds, by Equation (3.5),

2
O<][<I>—m0:ui][ |VU21‘ .
Q Q Y
][(I)—mo
Q
Cz‘izui<ui—][ui)-
Q

The previous integral identity yields
1 \velk
][ B my = IVGI®
Q

Hi Jo Uf
19

least one of the u

From this we first note that

= ][ ® — mgy. Now, set
Q
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Since u; converges to ul(-o) > 0in L?(Q), we know that, almost everywhere and as y; goes to
00, u; is bounded below by a constant 5. Furthermore, Hypothesis (A1) gives the existence
of a universal constant o’ such that

all <da.
Hi

Thus, there holds, for u; large enough,

"1
][Q—mogg—][wgp
Q B Jo

If we can bound HVQH%Q(Q) from above by a constant 5’ that only depends on mg, x and
Q, then setting Ajf := % gives the desired inequality.
Let us then prove the existence of 3’ depending only on mg, x and € such that
IVGillZ2 () < B'-
The function (; satisfies
AG + ui(m; — @) = 0.
Since fQ ¢; = 0, the Poincaré-Wirtinger inequality yields

IIVGillzz) < Crw (DGl L2 ()

We also know that, as p1 goes to oo, u; converges to uz(-o) < mg and that ® converges to mg.
Thus u; and @ are bounded above, as p; — 0o, by a constant 8”. Multiplying the equation
on (; by (;, integrating by parts and using the Cauchy-Schwarz and Poincaré-Wrtinger
inequalities, along with the definition of 5", we get

][ V¢ = ][ Giui(m; — @) by the Cauchy-Schwarz Inequality
" < ||Z||L2Hu1(mZ — )| 12 by the Poincaré-Wirtinger Inequality
< CrwlIVGllL2olIB” (k + B7).
This gives the conclusion. O
This concludes the proof of Claim (3.4). O

We now prove there exists ®; € WH2(Q) such that (3.4) holds.
The Rellich-Kondrachov theorem gives the existence of a function ®; € W12(Q) such that

pi(® —mg) — @ in WH(Q),
1 —>00

and
,u1(<I> — mo) — @& in Lg(Q)
H1—>00

Thus we have, in a weak sense, established the expansion (4.2). We want to show that this expansion
holds in a strong sense in W2(2). To do so, we split our proof in several steps:

(1) First of, we need to identify the equation satisfied by ®.

(2) Using this equation, we give an L?(Q) estimate on the gradient V (ui(® — mg) — ®;) as
p1 — oo to prove that it converges strongly in L?(Q) to 0. Since we already know that the
sequence {f11(® — mo)},u, >0 converges strongly in L2(2) to @4, this is enough to ensure
that (4.2) holds in W12(Q) strong.

20
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We need to know what equation ®; satisfies. Recall the weak formulation on the equation on ®,
that, is, for any v € WH2(Q),

N
7/<V<I>,Vv>+/v Yy U g =0
Q Q

=1 22 2

Using hypothesis (A1) and passing to the limit, it follows that ®; solves

N0
A‘I)1+Z (; (mi—mo) =0
i=1

(2

along with Neumann boundary conditions, in a weak sense.
To ensure that the expansion (4.2) holds in W12(Q) strong, we only need to guarantee that

(3.9) 2V (@ = mo) = Vil 2y = o (1).

1 —+00
Consider

z::,ul(@—mo)—cbl

(::zf]éz.

Given that Vz = V(, it suffices to establish that

and

HVCHLQ(Q)A — 0.

11— 00
It is clear from the equation on ® and on ®; that ( satisfies, in a weak sense, the equation

N N
1 1
3 Som (1) 3 (st
i=1 v '

1223 P i

in a weak W12(Q) sense. For notational convenience, define w as
. pmo )1 N i
W=wy, = ;mi (uiui —u, di) - ; <uZ mod—i — @uim> ,
so that
Al +w=0.
Furthermore, the convergences ® Do 0 strongly in L?(2) and u; e ul? strongly in L*(Q)

entail

||W||L2(Q) uljoc 0.
Since fQC = 0 we also know, thanks to the Poincaré-Wirtinger inequality, that

I€1lz20) < Crw ()[|VC][L2(0)-
21
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Multiplying the equation on ¢ by (, integrating by part and using the Cauchy-Schwarz inequality

gives us
F1ver = F
Q Q
< [l 2@ llwll 22
< Crw ()[IVC|L2@)llwllL2(0),
so that

IVCllr2(0) < Crw (Q)|lwl[r2(0)-
As was noted before,
llwllLz@) — 0,
H1—>00

concluding the proof of Estimate (3.9), and thus ending the proof of Lemma (3.1). O

Asymptotic behaviour of Aj(u;, m; — ®). Now assume that there are two different indices i # j
in Iy, i.e such that u; ,u; # 0. As was mentioned before, this implies that

A(pi, mi — ®) = A1 (pz,m; — @) = 0.

For ¢ = i, j, we consider the associated eigenfunction 1y normalized with respect to the L!()-norm,
that is, the unique solution to
oAy + g(me —®) =0 in Q,
(3.10) e = on 09,
fQ Yo = 1.
We are going to use 1, as a test function in the Rayleigh quotient of A1 (ue, me — @), so we need
to have information about its behaviour, as p; — oco.

Lemma 3.2. Define

m._ L .
w@ . dme M,mg-
There holds:
d’(l) 1
(3.11) Ye=14+"+ o <> strongly in W52(Q).
H1 H1—r00 \ H1

Proof of Lemma 3.2. As for the asymptotic expansion of ®, we proceed in two steps: we first prove
that there exists a constant A such that

A
(3.12) e — wrzo) < e

We then prove that

1) .
w1 (e — 1) Mlt:oo Q/Jé ) in Wl,Q(Q)

and
pe@y—1) = piY in L3(Q).

H1—>00

We conclude by proving that

(3.13) (e - V)|
22

L2(Q) p1—o0
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Proof of Estimate (3.12). Define (;, := 1y — 1. Given the normalization of the eigenfunction, it is

clear that
][ ¢ =0
Q

so that, using the Poincaré-Wirtinger inequality, we get

l[CellL2@) < Crw (D)[IVEe|L2(0)-
Furthermore, (; satisfies, in a weak sense,

weACe + Co(me — @) + (my — @) =0,
% = .

Recall that ® — mg in W12(Q), so that ® is uniformly bounded, as p; — oo, by 2mg. Multi-
H1—>00

plying the equation on (; by (y, integrating it by parts and successively using the Cauchy-Schwarz
and the Poincaré-Wirtinger inequalities, we are led to

Me]é Ve = ]éCf(mz _o) ]é Co(me — ©)

< (i + 2mo) f G2+ [me — @] 2oyl 22
Q

<(k+ 2m0)CPW(Q)2]i IVCe? + (2mo + £)Crw ()| VCel| L2 (0 -
This leads to
(e = (s + 2m0)Cow (@)?) IV < (2o + 1) VG 22
Since pe(p1) — 00 as u; — 00, it follows that
f1e = (K + 2mo)Cpw () oo Hts

so there exists a constant Ag such that
Ag
(3.14) [[VCellr2 (o) < e

Thanks to Hypothesis (A1), this is equivalent to requiring that there exist a constant A such that

A
[IV¢llL2) < —.
H1

Using the Poincaré-Wirtinger inequality, it follows that
Cpw(Q)A
l‘l'l M1 —>00

This concludes the proof of (3.12). O

I[Cell 20y < 0.

In this first step, we have proved that

|1 (e — V|20
is bounded and that

[V iebel| L2 ) = [IVie(he — D[ 2
23
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is bounded too (by Estimate (3.14)), as 1 — 0o. The Rellich-Kondrachov theorem ensures that
there exists 11 such that

pe(pn) (e — 1) e Y1

weakly in W12(Q) and strongly in L?(£2). Using the weak formulation of the eigenequation (3.10),
we are led to the conclusion that 1, satisfies, in the weak W2(Q) sense, the equation

1
Atpy + —(mg —mo) =0,
L

along with Neumann boundary conditions.

The function 1/1§1) = d;no M1,m, satisfies the same equation with Neumann boundary conditions

(because 71 ,m, solves (1.12)), thus there exists a constant a such that

]é i =o.
ﬁm:o:ﬁ@%

P = 1/1151)~

Note that

But the condition f, 1 = 1 forces

so that o = 0 and, finally,

So far, we have proved that
me—1) = gt

H1—>00
weakly in W12(Q) and strongly in L?(€2). It remains to prove that this convergence is strong in
W12(Q); to do so, we only need to prove (3.13) i.e that || Vi), — V¢§1)||L2(Q) — 0.
H1—>00

Proof of Estimate (3.13). Define

2= (e — 1) = 5.
We need to prove that
IVzellL2() — 0.
H1—>00

It is easy to see that z, satisfies

1
Az + &1/%(7715 — Q)) — —(mg — mo) =0,
Hee de

along with Neumann boundary conditions in a weak W12({2) sense, and that

][Zgzo
Q

so that the Poincaré-Wirtinger inequality ensures that

[2el|L2 ) < Crw (DIIVEel|L2(0)-
24
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Multiplying the equation on z; by z;, integrating by parts and using the Poincaré-Wirtinger and
the Cauchy-Schwarz Inequalities once again lead to the estimate

1
IVl0) < Crur ()| ELutons = ) = -G = )
He 0

L2(Q) .
We now just have to use the fact that
1
Mmoo, 1
e m1—oo dy
and that

d = my
H1—>00

strongly in L?(Q) to conclude that the right hand term goes to zero as yu; goes to co. This concludes
the proof. 0

These two estimates combined end the proof of Lemma 3.1.

Let us now prove the first part of our theorem.

Proof of statement 1. We want to show that, under assumption (A1)-(A2), it is impossible to have

(3.15) )\1 (Mj/r)’l/]‘ — (I)) = )\1 (ui,mi — CI))

for py large enough. Consider then the quantity gy A (pe, me — @) for £ = 1, 5. Using the Rayleigh
quotients formulation of pricipal eigenvalues, Lemmas 3.1,3.2 and the weak formulation of the

equation on <p§1), we know that

—pape o [Vel* + pa £ i (me — @)

piAL (e, mp — @) =

fo¥i
_ 1 e 2 -
! +ulgoo(1) { pa ]é [Ved +/‘lg°°(1) ]{zq)l
+2][ Ye(me —mo) + o (1)}
Q 1 —00

= {de]é [Vipel® —]éél} + 0. M-

1 ][ ~ 2 1 2
M,m; = |V771, 1| = 7][ |V¢J@| .
]{z " mg Jo " i Ja

Thus, if equality (3.15) were true for two indexes ¢ # j and for a sequence of diffusivities going to

400, we would have
1 ][ 1 ][ . (1)
- m; — m; o ’
di in’ ‘ dj in’ ’ H1—00

25

Recall now that

leading to a contradiction.
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3.2. Proof of statement 2: the stability of semi-trivial equilibria. We have established that
all the non zero equilibria are exactly the semi-trivial equilibria. It is then relevant to study the
stablity of these equilibria. Consider ¢ € INy, and the associated equilibrium ;.

As is well-known (see e.g. [11]), the stability of u; is determined by the sign of the eigenvalues
associated with the operators

D + (mg = 20;) , pi A+ (mj — 0;) , j # i
Thus, the linear stability of @; is determined by the signs of

/\1(/12-, m; — 201) s sup )\1</Lj, mj; — 91)
JEN, ,j#i
The first of these tho quantities is negative; this can be seen as a consequence of the monotony of

the map h — A1(p, h) (see [11]) and of the fact that Ay (u;, m; — 60;) = 0.
Now, consider any index j # i. We are going to show that

1 1
(3.16) Ml)\l(/ﬁjvmj - 91) = (dg ]{2 Mmm; — dfz ‘%S; nl,mi> + ;Algoo(l)-

This, along with hypothesis (A2), leads to the desired result: @; is linearly stable, while %@; is linearly
unstable for any 7 # 1.

We will proceed as before, by studying the asymptotic behaviour of eigenfunctions: consider a L'
normalized eigenfunction ¢; ; associated with Ai(u;,m; — 6;), that is, the positive function such
that

/gj.A_SOi»j + Qi (mj - 92) =0,
(3.17) dous L,
fQ @ij =1

in a weak W12(Q) sense.
According to [16, Proposition 2.4], we know that the following first order expansion holds:

. 1Y\ .
0; :mo—&-L—i— 0 () in Wh2(Q).
Hi P00 \ Hi

By adapting slightly the proof of (3.11) we get the following result:

Lemma 3.3. Define

1
3.18 (1) i1 o
(3.18) ® g Hm

There holds:

L) 1
(3.19) wij=1+ ;J + o () in WH2(Q),
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This leads to the first order expansion of the eigenvalues, by using Lemma 3.3:

1
paAs (g, my — 0;) = 2+ o O { f|véﬁ(1)|z+2][¢§1}( j —mo)
U1 —>00

- m; 1
di]{lnL ’Jr“lgoo( )}
TG S T M) TSt

We have thus derived the desired identity, and the conclusion readily follows. This concludes the
proof.

4. PROOF OF THEOREM 1.3

4.1. Proof of Statement 1: non-existence of coexistence equilibria. Using Theorem 1.1,
we only have to prove that there cannot exists two indexes ¢ and j in INy such that there exist
k # k' satisfying:

(4.1) i€ly,j€ly,u; #0 and u; # 0.

In other words, species with different scales of dispersal cannot coexist. If we can indeed prove this,
it will mean that, up to a subsequence, all the indexes 7 such that u; # 0 belong to the same set
T’y for some index ¢. It will only remain to prove that there is no coexistence state in I'y for large
enough diffusivities, but this is exactly the point of the first theorem.

To prove Claim (4.1), we argue by contradiction: let iq,...,4; be indexes such that, as p; — oo,
along a subsequence, w;, # 0,...,u;, # 0 and for any index j ¢ {i1,...,ix}, u; = 0. Up to
relabelling, we can assume that i, is the slowest diffuser, that is:

aD,we{Q,...,k},Zﬁ (1) < D.

Tt
Once again, our method relies on asymptotic expansions.
Asymptotic behaviour of ®. Up to relabelling, we can assume that i; € I'7, that is, we are working

with the slowest disperser.
A straightforward adaptation of Lemmas 3.1 and 3.2 yields the two following results:

Lemma 4.1. There exists ®1 € W12(Q) such that there holds:

P 1
(4.2) d=mog+—+ o ( ) in WH2(Q).
Hiy K100 \ iy
Using this lemma, assume there exists an index j € {iy,...,4} such that

Hiy
i — , i — , — — 0.
pin(pn) = 00 pilm) = 00 ” (1) =

The existence of a coexistence state entails

(4.3) Ay, miy — @) = My, m; — @) = 0.
27
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We introduce the two normalized eigenfunctions associated with A1 (p;, , m4, —®) and Ay (p;, m; —®):
for ¢ = il,j,

peAYe +Pg(mg — @) =0 in €,
(4.4) e =0 on 99,
fQ Ye = 1.

We then give the asymptotic expansion of y:

Lemma 4.2. Define
. 1. o _ 1.
’(/J,Ll : O’r]l,m,i1 awj — mo 7717mj.

Then there holds:

(1) (1)
@ =1 <1) b=, (1> in Wh2(Q).

Hi pi—>00 \ [hs, 1) pj =00 \ fh;

Coming back to the proof of the theorem, identity (4.3) is

Hh)\l(ﬂiumh - (I)) = :U’i1>\1(,u’j7 ms — (I)) =0.
Expand each of these two quantities separately by adapting the proof of (3.16):

1
uilAl(Minmh - (I)) = 1+ 0 (1) {]i |Vw1(11)|2 - ]i (bl + i 0—)00(1)} )
i1

iy —>O0

1 M, (1)2 Py
s = #) = s {2 L vuP - f e o 4 o (],
! Y 1+M,_goo(1) wi Jo Q f1j =00 Hi—00 " L

F vl -
Q "

This is a simple consequence of the fact that, if wg) is a constant, then so is 7 4, . Thus, since

Lemma 4.3. Assume

Then m; is constant.

Afj1,m;, +mo(mi, —mo) =0

it follows that m;, = mg. Note first that the asymptotic expansions of these eigenvalues, along
with the fact that

B ) = 0

Hj p1—00

fo-o
Q

Using the asymptotic expansion of p;, Ay (14, ,m4, — ®), this in turn guarantees that

AR

pida (g, my — @) =0
28

lead to

Since
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we use the asymptotic expansion of this quantity to ensure that
1
FIvelE=o
Q

mi, = My = Myo.

We now use Lemma 4.3: we have

But our assumption on diffusivity implies that, whenever p; is large enough, we have

i = piy (1) < pg = pj(pa)-

By monotonicity of the principal eigenvalue with respect to diffusivity, we should get, for uy large
enough

A1 (i, mo — @) < Ax(pg,mo — P).
This is a contradiction, and thus concludes the proof of Statement 1 of Theorem 1.3.
4.2. Proof of Statement 2: The stability of semi-trivial equilibria. We now fix an index

i € {1,...,N} and linearize the system (1.1) at the equilibrium @,;. As was recalled, the stability
of this equilibrium is determined by the sign of the eigenvalues

Al(ujamj_ei)7jE{la--wN}uj?éi'

If we can prove that:

(4.6) If &(ul) —  +oo, then pj\(u;,m; —6;) — d>0

,LLj M1 —>00 M1 —>00

then we are almost reduced to the setting of the first theorem, Theorem 1.1 provided we also prove

i
(4.7) If — s —(u1) 1300 0, then p;Ai(p;, m; —6;) 1:>OO d<0
Proof of Claim (4.6). To prove this claim, we use once again asymptotic expansions of eigenval-
ues. Fix two indexes i and j satisfying the hypotheses of Claim (4.6). Introduce the associated
eigenfunction ¢; ;, that is, the solution in a weak W12(Q) sense of

lgaA%a + i j(my —0:) = A (pj, my — 0i) i j,
Son — 0

fQ @iy = 1.

We then have the following Lemma, that directly ensures the validity of Claim (4.6).

Lemma 4.4. Assume Z—](,ul) e 0. Let gp(l) : miﬁ . There holds, in WH2(Q):
1)
Pij 1
pij=1+—>+ o () :
Mj U1 —>00 /’L]

There also holds
1 1
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The proof of this lemma is a straightforward adaptation of all the previous asymptotic expansions.
This concludes the proof of Claim (4.6).
In the very same way, we prove the Claim (4.7), by showing that, if %(ul) — 0, then
i 1 —>00

1 1
Ar(pg,my —0:)  ~ _*fg|vsﬁg,j)|2~

pi—=oo U

Thus, we are reduced to the stting of Theorem 1.1. We have thus completed the proof of Theorem
1.3.

5. PROOF OF THEOREM 1.4

To prove this Theorem, we simply prove that we can reduce ourselves to the setting of Theorem
1.3.
If we can prove that, if all the diffusivities are large enough, then all the indexes i1, ...,17, of all
the positive components u;, , ..., u;, of an equilibrium lie in one of the J; (i.e, if we can prove that
all species can acces the same amount of resources), then the problem is reduced to the setting of
Theorem 1.3. We can thus conclude.
Let us argue by contradiction and assume that there exists two positive components u;,u; such

that
Q Q

In fact, if the non-zero components are w;,, ..., u;,, up to relabelling, you can assume that ¢; is
the slowest diffuser: for any j € {2,..., K},

! (1) d € [0; +00).

Nij H1—>00

Pick another j € {2,..., K}. Our hypothesis entails
A1 (pi, my — @) = A (g, mj — @) = 0.

We know, using the same techniques, that there exist an index k and a function ®; € W12(Q2) such
that there holds:

o 1

D=+ mp+—+ o <) in WH2(Q).
Q K HiTo0 \ [y

Fix such an index k. We first prove the claim

Claim 5.1. If u;,,u; 5 # 0 along a subsquence p13 — 0o, then

][mil:fmij:][mk.
Q Q Q

Proof of Claim (5.1). This follows by identifying the first order of the expansion with respect to
in the identity

A1(pismi — @) = A (py,mj — @) = 0.
Recall that one has

1
Ai(pi,m; — @) = —|Q| +#,goo(1) {]iml —]imk +mgoo(1)}.

for every i such that u; # 0. This immediately concludes the proof of Claim (5.1). ]
30
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This means that, if u; and u; are non-zero, then f, m; = f, m;, bringing us back to Theorem
1.3. The conclusions (on existence and stability of equilibria) of Theorem 1.4 then follow in the
very same way.

6. PROOF OF THEOREM 1.5

6.1. Formal Hopf-Cole transform. In this section, we recall the heuristics underlying the se-
lection of traits for the sake of convenience for the reader and in order to fix some notations. We
assume that ¢ is going to zero.

We use the Hopf-Cole transform: we write u. as

ue (&, ) = ews(f’w),
which gives rise to the following equation:
)E 2 €T 1> p— 3
(6.1) (&) Tt 4+ p(€) 525 + | Veve* +eAthe + (m — @) =0 in ©,
' e =0 on 90
ov .

Standard elliptic regularity arguments yield that ®. converges, as ¢ — 0, to some function ®¢ .
In other words, we look for an asymoptotic development of 1. of the form

(62) ¢€(£a (E) ~ '(/}0(5) +eln (%(f»x)) 7¢1 > 0.

Plugging the previous expansion in the previous equation and identifying at the order 0 leads to

M(g)Awwl(E’x) + '(/)1(5733) (m(f,x) - (I)O,M(x» = —|V5¢0|2¢~

We will use the fact that |[V¢ih|? does not depend on z.
Since ¥; > 0, we can conclude that 17 is a principal eigenfunction to a principal eigenvalue of the
operator

L:u p()Azu+u(€, z)(m(€,z) — Po,pu)-
For the sake of notational convenience, we will write, for a trait &, Ai(u(§), m(§,-) — ®.,) the
principal eigenvalue associated with this operator. If we sum it all up, we get

(6.3) [Vewol? = =M1 (u(€), m(&,-) — Do) >m€aX¢o(§) =0,

and

6.4 { 1(&) Azt + 1 (m(E, ) — o) = Ar(p(§), m(&;-) — o)t in €,

%:001189.

v

6.2. Analysis of the limit equations. For a fixed p, it is known (see e.g [27]) that, as e — 0,
we indeed have the uniform convergence of €In(u. ,), up to a subsequece, to a solution of (6.3),
and that, in fact, (6.4) also holds. Now, the main difference with [27] is that we assume a trait
dependence on the resources distribution. Our regularity hypotheses on m enables us to mimick
their arguments in order to derive continuity estimates of Bernstein type. Thus, we get convergence
along subsequences, and it now remains to identify the possible limiting traits.

Let £ € E be a maximum point for ¢g. Then the equation (6.3) yields

_)\I(N(g)7m(§v ) - (I)O,u) =0.
31
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We will show that, for large enough diffusivities, this can only happen in a neighbourhood of one
of the maximizer £*.
We claim the following;:

Proposition 6.1. For any & € =,
(65) /\1 (M(g)v m(fa ) - q>0,u> < 0.

Proof. Let u be fixed. Then we know that, as € — 0, the function z. := eIn(¢.) converges uniformly
in 2 x = to a solution of (6.3), so that

M (1(€).m(€, ) = Do) <.

To conclude, we only need the following proposition:

Proposition 6.2. Assume the set is size-scale ordered. Let £* be such that

VEEE,E#E F(E) > F(§).
There holds

O (M m(E:) = B0, = M) m(€",) — 0,)) = Fe) - F©)+ 0 (1)),

These two propositions combined immediately lead to the conclusion.

Proof. The first thing to do is to control the behaviour of ®q ,. But we know that there exists a
trait £ € = such that
(I)O,,u = 95
The asymptotic results recalled in the first part yield
1
(130““ =mg+ O (> .

H*)OO H

Furthermore, a straightforward adaptation of the proofs of [4,27] yields the existence of a constant
M uniform in € € (0;1) and g > 1 such that

||®E,u||L"°(Q) ’ H(I)E,u||W2~P(Q) <M.

The proposition is then an easy consequence of the asymptotic expansion recalled in the introduction
and of the use of the Rayleigh quotient. Indeed, consider, for £ € =, an eigenfunction (¢ associated

WE)ALe + Ce(me — Po,) = A (p(§), m(E, ) — e ) in
%e _ on 01,

Standard elliptic estimates, along with the Poincaré-Wirtinger inequality, yield the following as-
ymptotic expansion for (g:

e
C =1+-—7<+ o <> )
¢ (&) " wer=oe \ (€
32
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where 1), as recalled in the introduction, solves

%:0 on 09,

fQﬁE =0.

%’ﬁg + mg (m({“,w) — £ m({“,x)d:v) =0 inQ,

We now conclude in the same fashion as was used in the proof of Proposition 1.
This leads to

A1 (,u(f)am(§7) - (I)s,u) = ,ll(flu)]{z ‘V’I?5|2 + O (1> .

u=oo \
The conclusion follows easily. O
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