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Dissipative reaction diffusion systems with
quadratic growth

Michel Pierre? Takashi Suzuki! Yoshio Yamadat

March 3, 2017

Abstract

We introduce a class of reaction diffusion systems of which weak
solution exists global-in-time with relatively compact orbit in L*. Re-
action term in this class is quasi-positive, dissipative, and up to with
quadratic growth rate. If the space dimension is less than or equal to
two, the solution is classical and uniformly bounded. Provided with
the entropy structure, on the other hand, this weak solution is asymp-
totically spatially homogeneous.

Keywords. reaction diffusion equation, weak solution, duality argument,
entropy, asymptotic behavior.
MSC(2010) 35K57, 35B40

1 Introduction

The purpose of the present paper is to study global-in-time behavior of the
solution to the reaction diffusion system. Let 2 C R™ be a bounded domain
with smooth boundary 952, and 7; > 0 and d; > 0,1 < j < N, be constants.
We consider the system

Tjaaij—deUj_fj(u) inQT:QX(O,T), 1SJSN
ou;
aiyj 50 = 07 uj|t:0 = uj(](x) > 07 (1)
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where u = (u;) and T > 0.
We assume that

fj: R™ — R is locally Lipschitz continuous, 1 < j < N, (2)

and therefore, system (1) admits a unique classical solution local-in-time if
the initial value ug = (ujo(x)) is sufficiently smooth. Also, the nonlinearity
is assumed to be quasi-positive, which means

fj(ulv'” 7uj—1707uj+17"' ,’U,n) 207 1SJSN7 OSUZ(UJ)ERN (3)

Here and henceforth, we say u = (u;) > 0 if and only if u; > 0 for any
1 < j < N. From this condition, the solution satisfies u = (u;(-,t)) > 0 as
long as it exists.

The solution which we handle with, however, is mostly weak solution
defined as follows.

Definition 1 We say that
0 < u=(u(,1)) € Lis.([0,T), L") N L, (0, T; WHH(E)Y)

is a weak solution to (1) if f(u) € Li,.(Q x (0,T)),

Tjd/ujgodx+dj/Vuj-Vgodx:/fj(u)cpd:L“, 1<j<N
dt Q (9] Q

for any ¢ € WH°(Q) in the sense of distributions with respect to t, and
uj‘t:O = Uj()(l'), 1 § j S N
in the sense of measures on €.

Remark 1 Similarly to the case of Dirichlet boundary condition in (1) (see,
e.g., [2] and also Lemma 5.1 of [17]), the above weak solution u = (u;(-,t))
is in C((0,T), LY(Q)N) and it holds that

_ t _
uj(7t) — etrj 1deuj('77_) +/ e(tfs)Tj 1defj(U(‘,S)) ds, 1 <j< N (4)

for any 0 < 7 <t <T. Furthermore, we have

t=to
[/ ujw(-,t)} = // Tjujpr — d;Vu; - Vo + fi(u)p dedt
Q t=t1 Qx(tlrtQ)

forany1<j<N,0<t; <ty<T, and p = ¢(z,t) € CH(Q x [t1,1s]).



Henceforth, C;, i = 1,2,---,47, denote positive constants. Besides (2)-
(3) we assume at most quadratic growth of the nonlinearity f(u) = (fj(u)),

F@)l < Cd+[ul), w=(u;) 20, (5)
and also its dissipativity indicated by
N
S H) <0, u=(u) =0, .
j=1
We also assume
gl{j(U) > —Cy(1+ul), 1<j<N, 0<u=(u)eRV. ™

For such a system, global-in-time existence of the weak solution is known
as in Theorem 1 below, where || ||,, 1 < p < oo, stands for the standard LP
norm.

Theorem 1 (Pierre-Rolland [19]) Assume (2), (3), (5), (6), and (7),
and let
0 <wp = (ujo()) € L)Y

be given. Then there is a weak solution to (1) global-in-time, denoted by
0 <u=(u(-,t)) € C([0,+00), LY(Q)N), which satisfies

U € Line(2 x (0, +00))",

3 4
Vu; € L (2% (0, +00)%, 1<p< o, 1< <N,
lu(-, t)||1 < Cslluglly  fort > 0. (8)

Remark 2 Provided with (2), (3), (5), and (6), global-in-time existence of
the weak solution to (1)is proven for ug = (ujo) € L*(Q)™ in [17]. Theorem
1 is an extension of this result, in the sense that it admits general 0 < ug €
LY()N.

Remark 3 Inequality (6) is used to guarantee for the limit of approxzimate
solutions to be a sub-solution to (1) (see also Theorem 5.14 of [18]). This
inequality may be relaxed as

N
> fiw) <Cab-ut1), 0<u=(uy;)eRY
=1

for Theorem 1 to hold, where 0 < b= (b;) € RN



Remark 4 Inequality (7) may be so relaxed as (H6) in [19]. This inequality,
however, is used also in the proof of Theorem 8 below.

Generally, weak solution can include blowup time and may not be unique.
The first result proven in this paper is concerned with the orbit constructed
in Theorem 1.

Theorem 2 The orbit O = {u(-,t) | t > 0} made by the solution u =
(uj(-,t)) in Theorem 1 is relatively compact in L*(Q)N.

The second result is the regularity of this solution.

Theorem 3 Assume (7) in addition to (2), (3), (5), and (6), and let n <
2 and 0 < ug = (ujo(z)) be sufficiently smooth. Then the weak solution

u = (u;(-,t)) to (1) obtained in Theorem 1 is classical, and takes relatively
compact orbit O = {u(-,t) |t >0} in C(Q)N.

Remark 5 Since the classical solution is unique, Theorem 3 assures the
existence of a unique classical solution to (1), which is global-in-time and
uniformly bounded.

The first example covered by Theorems 1-3 is the four-component system
describing chemical reaction Ay + A3 <> Ag + Ay:

N=4, fij(u)=(-1)(uiug —uguy), 1 <j<4. 9)

There is a weak solution global-in-time (9) which converges exponentially
to a unique spatially homogeneous stationary state in L' norm [4, 5, 6, 8,
7]. Similar results hold for the renormalized solution [11] involving higher
growth rate [20]. Also, this solution is classical even in higher space dimen-
sions when the diffusion coeffcients are quasi-uniform [10].

The second example is the Lotka-Volterra system, where

f](u) = (—6]' + Zajkuk)uj, 1<5< N, (10)
k

in (1). For (10) the assumptions of Theorem 1 are fulfilled if
0<(ej) RN (11)

and
(Au,u) <0, 0<wu=(u;) €RY (12)



where A = (aj).
This system, (1) with (10), is studied in [25], and an analogous result to
Theorem 3 is obtained under a stronger condition than (11)-(12), that is,

0<(ej) ERY, TA+A=0, A= (a;p). (13)

Here, equality A + A = 0 in (11) was applied to prevent blowup in infinite
time. Theorem 2, therefore, provides a natural extension of our previous
work [25] even to (10), in the sense that the condition (13) is relaxed as
(11)-(12).

Remark 6 The nonlinearities (9) and (10) with (13) for (ej) = 0 satisfy
the equality in (6):

N

Y fiw) =0, 0<u=(u)ecR". (14)
j=1

Under this condition, blowup in finite time is excluded if n < 2 (see [12]
and also Proposition 3.2 of [4]). Blowup in infinite time is also excluded
by the proof of Proposition 5.1 of [25], replacing (5.4) by (3.12) with (3.19)
there. Hence Theorem 3 is still valid without (7) if (14) is assumed for (6).
This result holds even if —eju; is added to f;j(u) satisfying (14) for each
1<j <N, where e; >0 is a constant.

We recall that a fundamental property derived from (6) is the total mass
control, indicated by

d
— [ Trude <0, T=(15)>0. (15)
dt Jq

Besides (15), blowup analysis is used in [25] for the study of (10)-(11), based
on the scaling

up(2,t) = pPu(pz, p?t), p>0. (16)
At this process, the inequality

N
> fiwlogu; < Cs(L+[uf), w=(u;) >0 (17)
j=1

is confirmed, and plays a key role in establishing a priori estimates of the
solution in [25]. Actually, (17) is valid for general f = (f;(u)) satisfying (7).



Proposition 1 If the nonlinearity f = (fj(u)), u = (u;), satisfies (2), (3),
(6), and (7), then inequality (17) holds true.

Without the scaling property (16), we use the point-wise inequality de-
rived from (6),

;(T‘u)_A(d'U)SOiHQTa ;V(d-u)mgo, d=(dj) >0. (18)

(We actually have the equality for the boundary condition on d - u in (18).)
Obviously, (15) is a direct consequence of (18), which, however, deduces
several other important properties. The estimate below is obtained by the
duality argument recently developed (see [18]).

Proposition 2 (Pierre [18]) If 0 < u = (uj(x,t)) is smooth on Q x [0,T]
and satisfies (18), then it follows that

|l L2y < C6T 2 uoll2,  uly_g = uo- (19)

By the argument developed in our previous work [25], inequality (19)
guarantees global-in-time existence of the classical solution, indicated by
T = 400, under the assumptions of Theorem 3. The next proposition, on
the other hand, is a refinement of the above Proposition 2, and may be used
alternatively to derive a key inequality for the uniform boundedness of this
global-in-time solution, that is, inequality (85) in section 3. See Remark 11.

Proposition 3 Under the assumptions of Proposition 2, it holds that

1/2 1/2
lull 2y < Crln, Tlluolly* lull 5, (20)

for any 0 <n < T where Q(n,T) =Q x (n,T).

Spatially asymptotic homogenization is observed for (1) with (10)-(11)
under the presence of entropy [16, 25]. The final result in this paper shows
that this phenomenon is extended to the weak solution.

Theorem 4 Assume (2), (3), (5), and (6), and let

0 <u=(u(-1t)) € C([0,4+00), L*()N) (21)



be the global-in-time weak solution to (1) in Theorem 1. Define its w-limit
set by

w(ug) = {ux € LN | 3tg + 400, lim |Ju(-,tr) — us1 = 0}.
k—o00
Then we have the following properties:

1. Assume f;j(u) = u;g;(u), 1 < j < Ny, with

N1
lg;(w)] < Cs(1+ul), > b5 'gi(u) >0, 0<u=(u) €RY, (22)
j=1

where 0 < b= (b;) € RN and 1 < Ny < N. Assume, furthermore,

logujo € LY(Q), 1<j<N. (23)
Then it holds that
Pyw(ug) C Rfl ={u=(u1, - ,un,) €ERY |uy, - ,uy, >0}
where Py : (ug, -+ ,un) — (ug, - ,uny).

2. Assume that inequality (6) is improved as

N

d filw) < —e-u, 0<u=(u;)eRY (24)

j=1
with 0 < e = (e;) € RY satisfying eny41,-++ ,en > 0 for Ny >
Ni. Then it holds that Pow(ug) = {0}, where Py : (u1, - ,uny) +—
(UN2+17"' ,UN).

Remark 7 The second inequality of (22) provides with a Lyapunov function
to (1). Instead of (23), on the other hand, we may assume u;o € L>(Q) with
ujo 0, 1 < j < Ny, by the strong mazimum principle and the parabolic
reqularity.

Remark 8 Theorem 4 is applicable to the Lotka-Volterra system. Thus
we have a wide class of (6) with (13) provided with (N — 2) entropies,
where any non-stationary spatially homogeneous solutions are periodic-in-
time [13]. For such a system, the w-limit set w(ug) forms a spatially homo-
geneous periodic solution or a unique spatially homogeneous stationary state.
In particular, the w-limit set w(ug) in Theorem 4 is not always contained in
the set of stationary solutions.



This paper is composed of four sections and five appendices. Theorems 2,
3, and 4 are proven in Sections 2, 3, and 4, respectively. Then Propositions
1, 2, and 3 are proven in Sections A, B, and C, respectively.

We shall use the duality argument, relying on the study of the parabolic
problem

— — A(av) = f in Qr, ;j(av) =0, v|g="2o(x) (25)
o0N

where
0<Cyl<a=a(e,t)<Co, [eL*Qr), wel*Q)  (26)

to which Section D is devoted. This study takes a significant role in this
paper, because (18) implies

0 0
a—: — A(av) <0 in Qr, a(av) o <0
du+tl
forv=7-u+1land a= T.uil.

Section E is concerned with the regularity of the weak solution to the
heat equation

ow ) ow
Fr Aw+ H in Qr, M o =0, w|_y=wo(z) (27)
for
wo € L'(Q), H e LYQr). (28)

Here, compactness of the mapping (Proposition 10)
(wo, H) € L(Q) x LY(Qr) = w € L'(Qr)

is particularly important for the proof of Theorem 2.

2 Proof of Theorem 2

Outline of this section: Global-in-time existence of the weak solution is
known under the assumptions of Theorem 2. Here we shall show that this
orbit is relatively compact in L'(Q). Given t 1 +00, we construct a compact
family of functions in L'(Qo) which dominates uj, = uy(x,t) = u(z,t +
tr) > 0 above, where Qo = Q2 x (—no, 1) for ng > 0. We prove that this domi-
nating sequence is bounded in L*(Qy,) which implies that { f;(ux)} is bounded



in LY(Qy,). This bound implies the compactness of {ug} in LY(Qy,) due to
the compactness of the mapping (wo, H) € LY(Q) x LY (Qr) — w € LY (Q7r)
in (27). Then, we even prove that the dominating sequence is relatively com-
pact in LQ(Q,]), n € (0,m0). From dominating convergence, it follows that
{ug} is itself relatively compact in L*(Q,). Then a sub-sequence of fj(ux)
converges in L1(Q,) so that uy, converges in C([—n, 1]; LY(Q)). In particular,
u(-, 1) converges in L*(2) which is our main objective.

First, we confirm the scheme [19] to construct the global-in-time weak
solution to (1) (see Remark 2 in §1 for a historical note). In fact, the initial
value 0 < ug = (ug;) € L*(Q)V is approximated by smooth @ = (&?0),
{=1,2, - satisfying

1
ﬁ§0 = ﬁgo(a;) > max{z,ujo(a:)} a.e. in Q

ﬂfo — ujo in LY(2) and a.e. in Q, 1<j<N. (29)

Second, the nonlinearity is modified by a smooth, non-decreasing truncation
Ty : [0,+00) — [0,¢ + 1], such that Ty(s) = s for 0 < s < ¢. Then the
nonlinearity f¢ = (f; o Ty) satisfies (2), (3), and (6) for f = (ff) Then we

take the unique global-in-time classical solution i’ = (ﬂf(-, t)) to

aaﬁ ~{ Lr~0 .
Tiar djAt; = f; (@) in Q x (0,+00)
ot
J _ ~{ _~0
| = 0, o tjo(z) (30)
oN
to obtain
I7- @t < ll7-a(os)lh, 0<s<t<+o0 (31)
and in particular,
sup [| @ (-, t)[l1 < Cho. (32)
>0

Third, we have
1@ )| 220y + IVES | Lo (@mryy < Cru(n, Tops lluoll1), 1<j<N (33)

for0<np<Tand1<p< %, recalling Q(n,T) = Q x (n,T). Finally, up to
a subsequence we have

~( : 1
w —u in Lj

(2 x [0, +00))" and a.e. in Q x (0, +00). (34)



See the proof of Theorem 1 of [19] for (33)-(34).
Summig up, we obtain

7 ul, )l < fl7-ul,s)ll, 0<s<t<+oo
sup [[u(-,t)[ly < Cho (35)
t>0

by (31)-(32). It holds also that

lwill 2@y + VUil o@mrpyy < Cri(n, Top,fluollh), 1<j <N (36)

by (33), and this u = (u;(-,t)) is a weak solution to (1) satisfying (8). In
particular, we obtain u = (u;(+,t)) € C([0, +00), L*(22)") by Remark 1.
Given ty T 400, let
ujk(-,t) = uj(',t + tk), Up = (ujk(«,t)), Q =0 x (—2, 1). (37)
It holds that
|urllL2@)v < Crz (38)

by (36) and hence
1f (ue)l L @)n < Chs.

Since
(-, =2)[l1 < Cro

holds by (35), passing to a subsequence, we have
Uk — Uoo  in LY(Q)N and a.e. in Q (39)

by Proposition 10 in §E. From (36), furthermore, this us, is a weak solution
to (1) (for a different initial value) satisfying (8). In particular, it holds that

up — Uso weakly in L2(Q)V, ool L2(g)v < Cr2 (40)
by (38).
The coefficients
agak(x,t)zm_a, agaoo(a:,t)zjl_:z:jga (41)
are well-defined, provided with the property
ar — G a.e. in Q (42)

10



where _
. .ds+1 _ ds+1
a = inf = >0, a=sup
s>07s+ 1 s>0 7S+ 1

for d = min; d;, d = max; dj, 7 = min; 7;, and T = max; 7;.
Since the first convergence in (39) means

1
lim [ [l t+ ) — ool )], dt =0, (43)

k—oo -9

we have
lm ||ug(-,t) — uso(-, )1 =0 for a.e. t € (—2,1),
k—o0

passing to a subsequence. In particular, there is 1y € (1,2) such that
k(- =10) = too(+, —n0) in L(Q) (44)

as k — oo.

Remark 9 The convergence (44), combined with (40), is not sufficient to
apply Proposition 5 in Section D for the proof of the strong convergence

up = oo in L*(Qo), Qo =2 x (—no, 1).

By Lemma 2 of [19], in fact, the family {uy} is relatively compact in LP(Qq)
for 1 < p < 2. Therefore, we could replace the convergence in (44) by a
convergence in LP(Q) for all p < 2, but it is not clear how to obtain the
conclusion of Proposition 5 directly with this better convergence. We instead
bound ug from above by the solution wy of an appropriate majorizing system,
and prove that wy, is compact in L2(Qq). For justification purposes, further-
more, we do it on reqularized approrimate systems, see the introduction of
wﬁ below.

First, similarly to (44), we may assume
g (-, —no) — ug(-,—no) in LYHQ), k=1,2,-- (45)

as £ — oo by (34), where

11



Now we take smooth wf = wi(z,t), satisfying

dwy 0,0 :
ﬁ — A(akwk) = O 1n QO = Q X (—7]0, 1)
0 .
—(ajwp)| =0, wj =7 i, —10), (46)
8V >10) t=—mno
where ,
d-a; +1
l k
gt) = — k"~
ak( ) T - ﬁﬁ +1
Since wi(-,t) > 0 it follows that
lwi (- )l < |7 g (-, —no)lh < Cro, —mo <t <1 (47)

from (46). Therefore, by Proposition 7 in §D, each n; € (1,79) admits the
estimate

1
| atotea| + i < Cutm). @i=2xCmn. @9
-m

o0

Furthermore, inequality

N
S S <0, 0<u= (u) e RY
j=1

implies
0 ~ ¢ ~¢ 0 ~¢
a(T-uk—i—l)—A(ak(T-uk—l—l)) <0, %(T’“k"Fl) , =0,
Q
and hence

Tk 4+ 1 <wh in Qo (49)

by the classical maximum principle.

In the following, first, we shall show that {wf}, is relatively compact
in L2 (2 x (—no,1]) for each k = 1,2,--- (Lemma 5). Second, assuming
wi — wi® in L2 (2 x (—no,1]) up to a subsequence, we shall show that
{w$e} is relatively compact in L2 (€ x (—no,1]) (Lemma 6). Since

0<7-up+1<wy ae inQo (50)

this property implies the relatively compactness of {7 - u;} (and hence that
of {ug}) in L2 (Q x (no,1]), by ur, = (ujx) > 0 and 7 = (75) > 0.

loc

12



Lemma 5 For each k =1,2,---, the family {wi}, C L*(Q1)Y is relatively
compact.

Proof: In the following proof, we fix k and let £ — oo. By (34), we have
a < ay(z,t) <a, ay(z,t) = ap(x,t) = a(z, t +1t;) for ae. (z,t) € Q. (51)
Since (48) holds, there is a subsequence satisfying
wh — w®  weakly in L(Q1).

From (51) and standard duality argument, it follows also that

1
H / akw;fdtH T loflz@u) < Cralm). (52)
-1

o0

First, we shall show
wi(-,t) = wP(-,t) in LY(Q) and for a.e. t € (—n,1). (53)

For this purpose, we take smooth rg = 79(x) and define 2} = z£(z,t) by

o 4
Sk - Alafe) =0 in Qo
07, ¢
—-— =0, =z =17g. 54
aI/ o0 k t:—’r]() 0 ( )
By (46) and (54) we obtain
sup fwi (1) = 25 ()l < |17 - @i, —no) = ol (55)
—no<t<1
using Proposition 6 in §D.
Since (51), we have
27— 2 in L*(Qo) (56)

by Proposition 5 in §D. In particular, it follows that
2b(,t) = 22°(-, 1) in L2(Q)N and for a.e. t € (—np, 1). (57)
Here, 25° = 22°(z,t) is the L? solution to

0zp°
Ot

) 0z° o
— A(agzp®) = 0 in Qo, ak =0, 2z =7y.
vV 1o

13



Using

k(- 8) = wf (-, )l ,
< IIwi(-,t)—zk( Al A 125G t) = 2 Gl + 12k (o) = wi ()
< Nzl t) = 2k Cot)lh + 207 - @ —mo) = roll, —mo <t <1, (58)

we obtain

lim sup ||w£(~,t) — wil(-,t)Hl < 2|7 - ug(-, —mo) — rol|1 for a.e. t € (=m0, 1)
L4 —00

by (45) and (57). Since ¢ is an arbitrary smooth function, there holds that

limsup ||wi(-, ) — w} (-, 8)||1 <0 for a.e. t € (—no, 1)

£, —00

and hence (53). In particular, we may assume
Jinn i (-, =m) = wi? (=) 1 = 0. (59)
—00

Reducing (46) to

we obtain

to
[wi*( )i = A t agwy (-, t) dt
1

o [
8V/t arwi’ (-, t) dt
1

in the sense of distributions on €, recalling (52). It thus follows that

=0 fora.e. t1,ty € (—n1,1),
o0

[wg(- t) —wi (-, )} - A/_tm [aﬁwi - akw,;’o} (-,t") dt’

|:UJ _771 ('a —7]1)}
o t
3/ aywh, — apwg } () dt'| =0 forae. te(—m,1)(60)
VJ—m G

14



in the same sense. From the elliptic regularity, (48), and (52), we get

t
/ [aiwﬁ —apwe| (,t") dt' € H*(Q) for a.e. t € (=, 1).
—m

Then, taking L?(Q) inner product of the first equation of (60) with afw} —
apwy’ leads to

// ) (abwt — apw®) dedt
1

1
< / (W, —m) — w(, —m)) da - / (abawf, — agw)( 1) dt.
Q

—m

Then it follows that

// ) (abwt, — apw®) dedt
1

< 2014(771)”wk('7 =) —wg” (-, —m)ll

from (48) and (52). We thus end up with

lim sup // ) (abwt — apw®) dzdt <0 (61)
1

f—o0

by (59).

Here, we use

dljwh — w220,y < / /Q of (w, — w32 dudt
1
-/ /Q (wh — wiP)(abwf — apw®) + (wh — wi)wi(ax — af) dudt
1
Y 00 d ¢ 00\2
// )(apwy, — apwi®) + §(wk —wy)
1
2d( )(k—ak) dxdt

to deduce

l y4 0, 0
dlwf 0 aggyn < [ 200k~ wafut - i)

1
—|—E(w,2°)2(ak —a})? dudt.

15



Then it follows that
V4

wy, — wi®  in L2(Q1)N
from (51), (61), and the dominated convergence theorem. O

By Lemma 5, passing to a subsequence, we have
wh, = w®  in L2 (Q x (—no,1]) and a.e. in Q x (—ng, 1) (62)
as £ — oo, where k =1,2,---
Lemma 6 The family {w°} is relatively compact in L7 (2 x (—no, 1])V.

Proof: We have only to repeat the proof of the previous lemma, replacing
wt by w®. First, we have (52) for any 71 € (1,70). Second, it follows that

ow® .
Tt’“ (apwp?) =0 in Qo= x (—no, 1)
0 oo
ov - (arwi®) 5 =0, wilimmpy = 7wl —10) (63)
Q

from (46). We define zf = zf(z,t) by (54) for smooth 7y = ro(z). Passing
to a subsequence, we obtain (56), where 22° = 25°(z, ) is the L? solution to
0zp° 0zp°

ot v

— Aagz®) =0 in Qo,

. oo _
=0, 2 l=_yy =10

defined by Proposition 4 in §D. Then, Proposition 5 guarantees
2° = Zeo  in L2(Qo) (64)
by (41)-(42). Here, 200 = 200(x,t) is the L? solution to

0200

ot
We modify (58) as
- 0) ()
z

< wk (1) = 21Ol + 2k 1) = 2 () + N2k (1) = wio (D)
< k(o) = 2 (Ol + I - @k (-, —n0) = rolly + |17 - @ (-, —n0) = rolls,

0200

ov

— A(aoozoo) =0 in Q07 = O’ z%’t=*no =To-

so that letting £ — oo leads to

Jwi (1) —wid ()]l < 127 (o t) — 207 G )l + (17 - ur (-, —n0) —7ollx
+||7 - ugr (-, —mo) — roll1 for a.e. t € (—np, 1). (65)
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From (44), and (64), (65), it follows that

lim ||wp® —wi|1 =0 forae. te(—n,1) (66)
ke k=00

because g is arbitrary. Inequality (52), and equations of (63) and (66) imply
the result as in the proof of Lemma 5. U

Proof of Theorem 2: Since (50) follows from (34), (49), and (62), we
obtain
0<ujr+1<7'wy ae inQy 1<j<N (67)
where 7 = min; 7; > 0. It also holds that
(Q x (—=no, 1))V and a.e. in Q x (=, 1), (68)

Wy — Wee  in LY

passing to a subsequence. From (39), (67)-(68), and the dominated conver-
gence theorem it follows that

// (wr)? dadt — // (Ujoo)? dxdt, oo = (Ujoo),
QX(—’I]l,].) QX(—T]l,l)

for any 1 € (no,2). See Theorem 4 in p.21 of [9] and its proof.
Therefore, it holds that

U — U 1N Ll200

(Q x (=no,1])Y and a.e. in Q x (—ng, 1) (69)
by (40), and hence
Fur) = fluoo) in Lipe(2 x (=0, LNV (70)

by (5) and the dominated convergence theorem.
From (39), on the other hand, there is € (1,7) such that

up (- =) = Uso(-,—n) in LY@V, (71)
Proposition 9, combined with (70) and (71), now implies
Up — Uoo 1N C([_nv 1]7 LI(Q)N)v

and hence
ur(+,0) = u(-, t) = Uso(-,0) in LY(Q)N.

Thus, any t; 1 +oo admits a subsequence such that {u(-,#;)} converges in
LY(Q)N, and the proof is complete. O
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3 Proof of Theorem 3

Outline of this section: Since the case n = 1 is easier, we assumen = 2. As
is noted in our previous work [25], n = 2 is the critical dimension for the
uniform boundedness of the classical solution v = (u;(-,t)) to (1) with (5)-
(6). We have, therefore, T = +oo and sup;sg ||u(-,t)||cc < 400, provided
that ||uo|1 is sufficiently small. By this property, called e-regularity, and the
monotonicity formula noticed in [23, 24], we have the formation of finitely
many delta-functions to v = (u;(-,t)) as the blowup time approaches. To
show Theorem 3, first, we derive a bound on supg<;op ||u(-,t)||L10g L, using
(17) and (19). This bound is improved to the one on supg<s<q ||u(-,t)|]2 by
the Gagliardo-Nirenberg inequality. Once this estimate is achieved, we get
a bound of supg<ieq ||u(-,t)||oc by the semi-group estimate and bootstrap ar-
gument, which implies T = +00. Since these bounds are not uniform in T,
we exclude the possibility of blowup in infinite time in the second step. For
this purpose we assume the contrary, and derive the above described blowup
mechanism for the solution sequence, obtained by the translation in time of
the original global-in-time and classical solution. Then this property, for-
mation of finitely many delta functions, contradicts Theorem 2, the relative
compactness of the orbit in L*(Q)) made by this classical solution.

Assuming the smooth initial value 0 < ug = (ujo(x)), we have the unique
local-in-time classical solution denoted by v = (u;(-,t)), 0 <t < T. We
may assume ujo = ujo(z) >0, 1 < j < N, on Q by the strong mazimum
principle, which implies uj(-,t) > 0 on Q for any 1 < j < N. Below we
shall take the case n = 2.

The fundamental estimate is (35), particularly,

sup |lu(-,t)[[1 < Cro. (72)
0<t<T

First, we show the a priori estimate

sup |lu(-,?)[loc < C15(T), (73)
0<t<T

which guarantees for this u = u(-,t) to be global-in-time. To this end, we
multiply (1) by logu;. Then (17) implies

N N
d
dtZTj/ O (u;) da:—{—dZ/ u;”VuﬂZ dz
— Q — Ja
J J
< Cis </ lul? dx + 1> with d = min; d; > 0, (74)
Q
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where
O(s) =s(logs—1)+1, s>0.
Inequality (74) coincides with (3.18) in [25] for ¢ = 1.

This inequality, combined with Proposition 1, implies

sup || (u;(-,t))[1 < C17(T), 1<j<N. (75)
0<t<T

Here we use ineuality (22) of [3], of which local version is presented as in
Lemma 11.1 of [23], that is,

lwll3 < ellw||F Jwlogwlly + Cis(e), 0 <w e L(Q) (76)

for any € > 0. In fact, inequality (5) implies
QiH“W +djl|Vuyll3 < Cro(flull3 +1).
9 g2 J Jll2 = 19 3
Then we obtain
5l + IVl < Con(T), 1< <N
by (72), (75)-(76), and Poincaré-Wirtinger’s inequality, and hence

sup_|[lu(-,t)[l2 < Coa(T). (77)
0<t<T

Once (77) is proven, the semigroup estimate (see [21])

n (1

1
leAwlly < Copmax{1,t™ 2 P }wll,, 1<q<r<oo

applied to (4) implies (73) by the quadratic growth (5). More precisely, we
put
9; = puj + C1(1 + [uf?)

for p>>1, and define @; = u;(-,t) by

dii;

0t
o o

— deﬂj + ,uﬂj = gj(-,t), aV

= O, aj|t:0 = Ujo(l‘).
o0

Then the comparison principle guarantees 0 < u; < uj;, and it holds also
that

t
a(-,t) = etLjujo +/0 e(t_s)Ljijlgj(~,s) ds,
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where Lj = T]-_l[—de + p] provided with the Neumann boundary condition.
Then inequality (73) follows from the iteration scheme used in pp. 10-11 of
[25]. More precisely, assuming supycpop) [[u(-,?)llq < C23(T) for ¢ > 2, we
n = 2. Repeating this argurgent twice, we reach (713).

Second, we show that (73) is improved as

obtain sup,cio 1y |05 (- t) [l < C24(T) for g <r < oo satisfying % —1<1, by

sup [[u(:,t)[loo < Chs. (78)
>0

If this is not the cas, we have the non-empty blowup set

S={z0 € Q[1<3j <N, 3z = w0, T +00, lm w(wy, t) = +00}.
— 00

Given xg € S, we have t, T +00 and xx — xg such that

lim |u|(zg,tk) = 400, (79)
k—ro0

where |u| = WZ?; u? By Theorem 2 and its proof, we have a subsequence

denoted by the same symbol, satisfying (69) and
up — Uuso in C([—1,1], LY (Q)Y) (80)

for i = ug(-,t) defined by (37).
Given 29 € Q and 0 < R < 1, let 0 < ¢ = ¢, r(z) € C®(Q) be the
cut-off function introduced by [22], that is,

1, ze€QnB(xg,R/2) Oy
T = 7 = 0, 81
QO O7R(:C) { 0’ xr e Q\B(.’EO,R), ay 50 ( )
and
V| < Cos RS, |Ag| < CosR20%, (82)

which is also used in our previous work [25]. To define this function, first,

we take 0 < ¢ = 9y, . € C(Q) satisfying

1, xe€QnNB(xy,R/2) oY

Voo.r(@) = { 0, =€Q\ B(zo,R), ov (83)

=0
oQ

Then, setting ¢ = ¢go,R’ we obtain (81)-(82). Second, to define ) = 1y g
satisfying (83) we distinguish two cases, g € Q and xo € 0Q. If o € Q,
we take Yz, r as the standard radially symmetric cut-off function, assuming
0 <R 1. If xg € 002, on the other hand, this 1) = 4, r ts constructed by
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a composition of the standard radially symmetric cut-off function and the
conformal diffeomorphism X : QN B(xo, 2R) — R2.. See p.91 of [23].
Given € > 0, we take sufficiently small R > 0 such that

)

o (- 0)l 1 (@ B(ao am)) < -

Then we obtain
/ Ugo(‘ao)@xOAR dx < Z for1<j<N.
Q

Since the mapping
t»—>/u] ) Paoar dT

is continuous by us € C([—1,1], LY(Q)N), there exists § € (0,1) such that

] £
/ U?X,(',t)(ponR dr < 5, |t| <4
Q

which implies

€
sup ||UOO('7t)HLl(QﬂB(xo,QR)) < 9 (84)
[t|<é
By (80), inequality (84) implies
sup |[ur (-, )l L1 (@nB(z0,R)) < € (85)
[t|<é
for k> 1, similarly. Henceforth, we assume (85) for k=1,2,---
By this inequality we can deduce
lu(- te)ll oo (@nB(zo,R/8)) < C27, kB =1,2,---, (86)

using Lemma 5.2 of [25] applied to ug(-,t) = u(-,t + tx), which contradics
(79). Thus the uniform boundedness (78) has been shown. We complete the
proof of Theorem 8 with this inequality, becuase it implies relative compact-
ness of the orbit O = {u(-,t) | t >0} in C(Q)V

For the sake of completeness, we describe how to derive (86). In fact, in
our setting, we can take sy € (0,0) satisfying

[Jur(-s —sk)ll2 < Cas (87)

by (69). This property makes the proof simpler; it suffices to apply the
argument in p.14-15 of [25].
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More precisely, by inequality (3.19) in [25], or Lemma 11.1 of [23], it
holds that

/QU?%O,R dz < Cy||uj|l 1 (0nB(ao,R)) ° /Q V1?0201 dz + Cagllujll1 (88)

for any smooth v = (u;(-,t)) > 0. Furthermore, the inequality

T d
Ejﬁ Qu?%:o,R dx + d; /Q Vusl* ag, i da

< o) ( [ 0P ag do+1)), (59)
Q
follows from (5), as in (3.8) of [25]. We thus end up with

sup ||Uk('7t)H%%QﬁB(Io,R/Q))
te[—sk,0]

)
[ IV O g2y < Con (90)

—Sk

by (87)-(89), recalling ur, = (uji(-,t)) = (uj(-,t +tx)). Then we take 0 <
sy, < Sk such that

IVuk (-, 81l L2 (@0 B(zo,R/2)) < C32,
using (90), which implies
luk (- s )llp < Css(p), 1<p<oq (91)

by (72) and Sobolev’s embedding theorem. Using an analogous inequality to
(89), with u; replaced by u?/2, that is, (3.12) of [25], we obtain

sup [lug(, )|l 23 @B (2o, R/4)) < Csa-
te[—sj,0]

This inequality s improved as

sup |Juk (- 1)l LanB(zo,r/a)) < Cs5 (92)
te[—s},,9]

by repeating the same argument.
Here we use

Dy L ouk
Tj—az — dj At = gjr, 871/] =0
oN
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with Ujk = ujrp and ¢ = Py, r/a, where

gik = —dj(upAp + 2Vujk - Vo) + fi(ur)p-
We have s
| asete0l de < Can

—5)

by (90) and (92). Then, using
_ t _
(e, 8) = TP G () 4 / T A G (- 8) d
_S;C

fort € (—=sk,0), and the following semi-group estimate [21], that is,

1 1

n 1
Ve uwll, < Carlg, r) max{1,t= 3G D3} ull, 1<g<r< oo
with n = 2, we obtain

sup  ||[Vujp(- )|l < Css
te[—s}!,0]

for 0 < s < s and 1 <r < oo, and hence (86) by (72). O

Remark 10 In the above proof, inequality (7) is used to exclude blowup in
finite time. This condition can be replaced by (14) as is described in Remark
6.

Remark 11 Inequality (85) can be shown alternatively by the relative com-

pactness of {u(-,tx)} C LY(Q) and an inequality derived from (5), (20), and
(72), that is,

1
[,
valid to p € C?(Q) with g—f’aﬂ = 0. We note that inequality (93) is callled
the monotonicity formula by [23, 24].

d

dt/guj(.,tﬂk)go do | dt < Caollolwace, k>1  (93)
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4 Proof of Theorem 4

Outline of this section: Theorem 4 says that the solution becomes spatially
homogeneous under the presense of an entropy functional. This assertion
follows from the LaSalle principle and the relatively compactness of the orbit.
In our previous work [25] we developed this argument in the framework of
the classical solution. Here, since we are concerned with the weak solution,
we use the approzimate solution to complete the proof of this theorem.

Lemma 7 Under the assumptions of the first case of Theorem 4, it holds
that

logu; € Lio(Q x [0,400)), Viogu; € L*(Q x (0,+00))Y, 1<j< Ny

and
d

N1
%H(u) > jz;bjledj /Q |V logu;|* dz >0 (94)

in the sense of distributions with respect to t, where

Ny
H(u) = Z/ bjlogu; du.
j=1"¢

Proof: Let @ = (&g(-,t)) be the approzimate solution of u = (u;(-,t))

defined by (30). It satisfies (34), and also ﬂ?(-,t) >0o0nQ forl1 <j<N.
Letting gf = gj o1}y, we have

N1

d . _ _ - .

%H(ug) = E bjle/Q|Vlogu§|2+g§(u£) dx
Jj=1

Ny
> Z/ b5 [V iog d@s|* da > 0
j=1"7%
and hence
H(a'(-,t)) > H(ii§) > H(ug) > —o0 (95)

by (23) and (29). Therefore, using

log a§ < it — ujin L, (Q x [0,+00)) and a.e. in Q x (0,+00)  (96)
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valid to 1 < j < N and Fatou’s lemma, we have

logu; € L, (2 x [0,4+00)), 1<j<N
H(u(-,t)) > H(up) for a.e. t, (97)

where log, s = max{log s,0}. Furthermore, (32) implies
H(ﬂ£(7t)) < CY407
and, therefore,
// |Vlogab|?* dedt < Cyy, 1< j< Ny (98)

Qx(0,+00)
Thus {Vlogﬂg}, 1 < j < Ny, is weakly relatively compact in L*(Q x
(0, 400))N. Consequently, it holds that

Vioguj € L*(Q x (0,+00))Y, 1<j< N (99)

and (94) in the sense of distributions with respect to t. O

We have already shown (69) for up = (ujr(-,t)), wjr(-,t) = u;(-,t + tg),
and no € (1,2). Let uoe = (Ujoo(-,t)). We take m € (1,1m0) and put Q1 =
Qx (=m,1).

Lemma 8 Under the assumptions of fhe first case of Theorem 4, it holds
that

log ujoo € Ll(Ql), log ujr, — log ujoe in Ll(Ql)
as k — oo for 1 < j < Nj.

Proof:  We take na € (m1,n0) and put Qa2 = Q x (—n2,1). By (94) we
have

N1
// Z bjloguji dzdt > (14 1n2) - H(ug) > —o0, (100)
@2 5

recalling (23). Then logu oo € LY(Q2), 1 < j < Ny, follow from (69), (96),
and Fatou’s lemma. In particular, we obtain

log ujr, — loguje a.e. in Q2, 1 < j < Niy. (101)

By (30) we obtain

Tjgtlog 11§ - delogﬂf > gf(&e), aaylogﬂj o =0,
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which implies
0 0 .
Tj= loguji, — djAloguj, > gj(uk), w—logu;r| =0, 1<ji<N;
ot ov 90

in the sense of distributions in Q1, recalling (22), (34), and (98)-(99).
By (100) there is m € (n1,12) such that {logu;i(-,—n)}, 1 < j < Ny, is
bounded in L*(Q)). Then we take the solution (see Proposition 8 in §E)

wh = wh (1) € L®(—n, 1;LY(Q)) N Li,o(—n, 1; WHL(9Q))
to
wk .

i — diAwi = gi(w) in Q@ x (=n,1) = Qy

8w§? k

o =0, Wy t=—n = log ujk (-, —n).

o0
Then we obtain
w? <logujr(< ujr) in @y, 1<j< Ny (102)

from the comparison principle (Lemma 3.4 of [2]). By (22) and (69) we
have

9i(uk) = gj(uso) in LH(Qn)

by the dominated convergence theorem which implies
wh = w; in LYQy) (103)

with some w; by Proposition 10. The result follows from (101)-(103) and
the dominated convergence theorem. (|

Proof of Theorem 4: Since {u(-,t) | t > 0} is relatively compact in
LY ()N, the w-limit set w(ug) is non-empty. Let ty, T +00 and u(-,ty) — ux
in LY(Q)N. Passing to a subsequence, we obtain (80) for ug(-,t) = (u;(-,t+

tk))-

Under the assumptions of the first case, we have the ezistence of

Jim H(u(-0)

by (35) and (94), which implies the LaSalle principle,

tp+1 N1
lim dt.ijTj—ldj/ |V loguj|? dz =0
Q

k—o00 tp—1 j:l
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again by (94). Then we obtain
Viogujeo =0 inQx(-1,1), 1<j<N;

in the sense of distributions, recalling Lemma 8. Then it follows that 0 <
Ujoo € R for 1 < j < Ny.
In the second case we use (1) in the form of

ou;
o

It holds that

Ou;

+eju; = djAu; + f](u) + ejuy, D

=0.

i T-uda:—i—/e-uda:g()

in the sense of distributions with respec to t, and hence there exsits

lim 7w dx.
tT+o0 Q

// € Uoo(x,t) dedt =0
Qx(—-1,1)

from the LaSalle principle, and hence

Then we obtain

for u, = (uj*) The proof is complete. O

A Proof of Proposition 1
Assuming (2), (3), (5), (6), and (7), we shall show (17). Put
Filw) = filur, - sujon, 0w, un) 20, 0<u=(u;) € RY.

If lu| <1 is the case, we have 0 < u; <1 for 1 < j < N. Then, foru; >0
it holds that

fi(u)logu; = (fj(u)— ij(u)) log uj + f;(u)log u;
< (fj(uw) = fj(u))logu; < Capuyllogu;| < Cus,
and hence
N
Zf](u) loguj < NCs6, |u| <1. (104)
j=1
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Assume |u| > 1, and put s; = u;/|u| € (0,1]. It holds that

N
dosi=1 (105)
j=1
and
N N N
> fiwlogu; = loglul -y fi(u)+>_ fi(u)logs,
j=1 =1 =1
J N J J
< ) fi(u)logs; (106)
j=1

by (6). Here we have

fi(w)logs; = (fj(u)— fj(u))log sj + f](u) log s;
< (fj(u) = fj(u))log s, (107)
and
fi(u) = fi(u)
1
= [ eisalul e sialul s siful sl sl ds
0
1 Of:
= [ u(s)) ds - sylul,
0 J
where
U(S) = (51’u|7 T 7Sj—1|u’7 S Sj‘u|7 Sj+1‘u|7 T 73N|u|)'
Since

lu(s)] <fuf, 0<s<1

it follows from (7) that

(fj(u) = fij(w)logs; < Co(l+ |ul)|ul - s;]log sl
< Culuf’,  |u[>1. (108)
Inequalities (106)-(108) imply
N
> fiw)logu; < NCugluf?, |u| >1 (109)
j=1

and then we obtain (17) by (104) and (109).
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B Proof of Proposition 2

Let ug = ul,_,. By (18) we have

T-u(-,t)—f-uog/o A(d - ul-,5)) ds,
and hence
(7 u(st),d-u(t) — (7 -uo,d - u(-1t))

—(Vd - u( V/ d - u(

where (, ) denotes the L?-inner product. Integration of (110) over (0,T)
implies

/T(T.u(.,t),d.u(-,t)) dt
’ T
<lreulla: [ ld-u. o)z de
’ T 1/2
< 727 o]l ( [ o8 dt) ,
and hence (19) holds by v = (u;(-,t)) > 0.

C Proof of Proposition 3

It follows from (18) that
7 u(,T)—7-u(- / A(d-u(-,s))ds, 0<t<T. (111)

It holds that
Vi=—-d-u

T
:/ d-u(-,s) ds, (112)
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and hence (111) implies

AV > —1-u(-,t) > 7V in Qr, o <0 for 7 =max;7d; ' (113)
oV |50 J
by u = (u;j(-,t)) > 0. It follows also that
T ~ ~
VCOI < [ ld-uts)lh ds < dullgy) for d = max; d
from (112). Therefore, the parabolic reqularity to (113) implies
sup [[V( )] < Cas(n, DIV, 0)|a
n<t<T
< Cus(n,7) - d - ullprop) (114)
by u = (u;(-,t)) > 0.
Taking 0 < tg <t < T, we apply (18) again, to obtain
t
() ST-u(~,t0)—|—/ A(d-u)(-,s)) ds.
to
Then it follows that
1d t 5
(m-u(st),d-u( 1) < (7 ulto),d- (1)) = 5=V [ d-ul5) dsll
to

where (| ) denotes the L?>-inner product. Integrating the above inequality
with respect to t € [0,T] leads to

1 T
// (r-w)(d-u) dedt+ SV [ d-u(,s) ds|3
Qx (to,T") 2 to

T T
§/ (1-u(-to),d-u(-,t)) dt = (T"u,(',to),/ d-u(-,t) dt)

to to

< [l ulto)ll - V(s to) lloo- (115)

Inequality (20) is a direct consequence of (114)-(115) and (15).

D Parabolic problem (25)

We confirm the following fact shown in the proof of Lemma 2.3 of [15].
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Proposition 4 For (26), there is a unique solution v = v(x,t) € L*(Qr)
to (25) such that fg av € L*(0,T; H*(Q)) in the sense that

v—A(/Otcw(~,5) ds) :vo+/0tf(-,s) ds

o t
— av(-,s) ds| =0. 116
by |, avtes)ds| (116)
Similarly to (19), the estimate
vl z2(@py < CasT*(Ivollz + 11 £l z2(0y)) (117)

is proven for the above v = v(x,t), which ensures the following result by the
dominated convergence theorem.

Proposition 5 Let 0 < C’9_1 < ap = ag(x,t) < Cy, vpo € L3(), and
fr € L?(Q71), k = 1,2,---, be sequences of coefficients, initial values, and
inhomogeneous terms, respectively, satisfying

ar = a a.e. inQpr=Qx(0,7)
VEo — Vg N L2(Q), fk — f m L2(QT). (118)

Let vy = vg(x,t) € L2(Qr) be the solution to

0
e A(agvr) = [, %(akvk) o =0, vglmg = vro(x) (119)

in the sense of Propsition 4. Then it holds that
v, — v in L2(Qr),

where v = v(x,t) is the solution to (25).

Proposition 5 implies the following proposition.

Proposition 6 The solution v = v(z,t) to (25) in Proposition 4 satisfies

t
[o( D)l < [lvoll +/O 1fCos)lln ds for a.e. t €(0,T). (120)
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Proof: Letting vy = max{0, v}, f* = max{0, £f}, we take smooth Cy ' <
ag = ak(CL',t) < 09; f:l:k; = f:l:k‘(x’t)f and vior = U:I:Ok(x); k= L2, such
that

ai — a, a.e., Vigy — vac mn L2(Q), fire — fi mn Lz(QT).

There is a unique classical solution vy = vig(x,t) >0 to

ov ) 0
afk — Aarvir) = far in Qr, %(akvik) o =0, viklmg = v+ro(T)
(121)
which satisfies
t
fossCoOlh = ossoll + [ [Fanteos)lhds. 0<e<T (122)
0

Here we have vyy, — vy in L*(Qr) by Proposition 5, which solves

=0, vi|o= U(jf,
o0
in the sense of (116). Hence it follows that v = vy —v_ from the uniqueness
of the solution and also

— — Aavy) = *in Qr, 5

it (avs)

t
los (-, 1)l = llog I +/O IF=C,8) i ds, 0<t<T.
Then we obtain (120) by

[o, Ol = llve (5 8) —v- (D)l < oGOl + lv-C5 D)l
lvolly = [lvg llx + [lvg 12
LFCoo)l = 1FCos)ll+ 1768l
Il
Finally, the following proposition is derived similarly to (114) and (115).

Proposition 7 Let 0 < Cg_1 <a=a(z,t) <Cy and let v =v(z,t) >0 be
a smoth function on Q x [0,T)| satisfying

0 0
8—1; — A(av) <0 in Qr, a(av) o <0.

Then it holds that

T
T P—— / av(-, ) dslloo < Car(m Dllol 210
n

forany 0 <n<T.
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E Linear heat equation (27)

The description of Remark 1 is a direct consequence of the following propo-
sition. It is proven by the comparison principle (Lemma 3.4 of [2]).

Proposition 8 Given wg € L'(Q) and H € LY(Qr), let
w = w(-,t) € L0, T; L'(2)) N Liye(0,T; W (1))

be the solution to (27). More precisely, for any © € WH*(Q) it holds that

4 wgpdx+/Vw-chdm:/ngdx
dt Q Q Q

in the sense of distributions with respec to t and

limw(-,t) =
#ﬁ}w(’) wo

in the sense of measures on Q. Then it follows that

t
w(-,t) = ePw + / IAH (. s) ds, 0<t<T. (123)
0

In particular, w € C([0,T], L*(Q)) and this solution exists uniquely.

The existence of the solution in the above proposition may be proven by
the duality argument (Lemma 3.3 of [2]). By (123), a result comparable to
Proposition 5 is obtained.

Proposition 9 The mapping F : (wo, H) € LY (Q) x LY (Qr) — w €
C([0,T], LY()) is continuous, where w = w(x,t) is the solution to (27)
i Proposition 8.

The following compactness result is known even to the nonlinear con-
traction semigroup [1] (see also Lemma 3.3 of [2]).

Proposition 10 The mapping F : (wo,H) € LY(Q) x L} (Qr) — w €
LY(Qr) is compact, where w = w(x,t) is the solution to (27) in Proposition
8. In other words, image of each bounded set in L'(2) x LY(Qr) by F is
relatively compact in L'(Qr).
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Proof: By (123), the dual operator
F*: L®(Qr) — L™(2) x L>®(Qr)

is realized as F*(h) = (0|,_y,0), where = 0(-,t) is the solution to the
backward heat equation

00 , 00
g—FAe—h’I/TLQT, %89—0, Q‘t:T—O

Then the assertion follows because F* is compact by the parabolic regqularity.

O
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