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Asymptotic behavior in chemical reaction-diffusion systems
with boundary equilibria

Michel Pierre* Takashi Suzuki! Haruki Umakoshi¥

December 6, 2017

Abstract

We consider the asymptotic behavior for large time of solutions to reaction-diffusion systems modeling
reversible chemical reactions. We focus on the case where multiple equilibria exist. In this case, due to
the existence of so-called ”boundary equilibria”, the analysis of the asymptotic behavior is not obvious.
The solution is understood in a weak sense as a limit of adequate approximate solutions. We prove that
this solution converges in L' toward an equilibrium as time goes to infinity and that the convergence is
exponential if the limit is strictly positive.

Keywords. reaction diffusion systems, asymptotic behavior of solution, convergence to the equilibrium.
MSC(2010) 35K61, 35A01, 35B40, 35K57

1 Introduction and main results

The purpose of our work is to analyze the asymptotic behavior of the global solutions for reaction-diffusion
systems arising in reversible chemical kinetics and with multiple equilibria. We consider the following
reversible reaction process for a set of chemical species A4; (i =1,...,n)

a1 A1+ ...+ apAn, = B1AL+ ..+ BrAn.

We assume that this takes place in a bounded regular domain Q C RY with spatial diffusion phenomena.
According to the mass action law for the reactive terms and to Fick’s law for the diffusion (see e.g. [1]), the
concentrations u; = u;(t,z) will be assumed to satisfy the following reaction diffusion system for i = 1,...,n
and for all T € (0, o0)

Orui — didu; = (Bi — i) (ky [T—y w)” — ke 1=, ufj) in Qr :=Q x (0,7),
Oyui(z,t) =0 on I'p := 9Q x (0,7), (1)
ui(z,0) = uip(z) >0 in Q,

where 0, denotes the exterior normal derivative to 02, k¢, k, € (0,00) and a;, 3; are nonnegative integers.
Actually we will more generally assume that a;, 8; € {0,1} U[2,00) (so that the nonlinear reactive function
is still of class C?). We denote

I'={ie{l,...,n}a;— B >0}, J:={je{l,...,n};a; — B <0}, (2)
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and we naturally assume I # 0, J # 0, TUJ ={1,...,n}.

We are interested here in the asymptotic behavior as ¢ — +o0o of the global solutions to this system.
However, the question of existence of global solutions is delicate and we need to recall some facts. First, let
us introduce the standard approximate system where 1 <i <n and € € (0,1)

Ou§ — d;Auf = ff(u) in Qr,
dul =0 on I'p, (3)
uf(-,0) =uf, >0 in Q,

)

{ fi(u) = % ufy = inf{up, e '}, fi(u) = (8 — ) F(u),
()_kajlj H]l]'

Notice that f€ = (ff,..., f5) is locally Lipschitz continuous, quasi-positive and uniformly bounded by 1/e.
By standard arguments, existence and uniqueness of a classical nonnegative solution u¢ to (3) holds for all
T > 0.

It is proved in [13] that u¢ converges as € — 0 (up to a subsequence) to a so-called renormalized solution to
(1). Let us recall the main facts proved in [13] and that we will use in this paper. For this, let us introduce:

(4)

Li(s) :=s(logs—1+p;)+e " >0 forall s € [0,00), p; := [logks—logk,]/[n(c; —Bs)], i =1,...,n, (5)
and for all r € (0,00), let T}, € C%(]0, 00); [0, 00)) with

0<Tl(s) <1, T)(s) <0forall s €|0,00), (6)
T.(s) = sfors € [0,r], T/(s) =0 for s € [2r,00).

Proposition 1.1 Assume that ug = (ug1, ..., uon) belongs to L*(Q)" and satisfies for all i = 1,...,n,
uip(z) > 0 a.e.x € Q, and / wip] log u;p| < oo.
Q

Then, along a subsequence as € [ 0 and for alli=1,...,n,T € (0, 00)

uf — u; ae. in Qoo and in L' (Qr), V\/u§ — V\/u; weakly in L*(Qr). (7)

Moreover, the limit uw = (uq, ..., uy,) satisfies the following properties:
(I) (entropy inequality)

u;, u; logu; € L™ (O oo; LY )) Vg € L? (O,oo;Hl(Q)) , and a.e.t,
Jo Sty Lawat) + fo JoS0my dil¥el = 520y fiCuw) s+ log(ui)] < o, 2y Li(uio).

(II) (a renormalized property) For v; := u; + 7723'7&2' uj,n € (0,1],

{ atTr(Ui) — diATT(Ui) =G1+ Go+ V- Gs, (9)
9, T (vi) = 0 on 09, Ty (v;)(0) = Tr-(vi0), vio := wio + 1D ;4 o,
where

Gy =T (vi) [ fi(u) + 10> 4 fi(w)] € L®(Qo),

GQ =1 2j;ﬁi<dj — di>T,f/(UZ')VUiVUj — T;/<1)Z‘)|V1)i’2 S Ll (0, o0, LI(Q)) s (10)

Gy =1 ;2(dj — di)T}(vi)Vuy € L* (0,005 L*(2)) -



We will come back to this proposition with more comments on its meaning and on its proof (see the beginning
of Section 2). But let us continue with the main purpose of this paper. Let us define the equilibrium set
associated with ug € L'(Q)™ and which contains the expected asymptotic limits. Note that they are
constant functions.

E,, :={e= (61,. s en) €10, ) ;e satisfies (E1) and (E2)},
(B1) hy T e — ke T e = (1)

(£2) afjﬁﬁﬁ ,,+B Ai:: W Vi€l Byi= g0 Vi€,

where for v € L*(2), we denote v := f,v = |Q 7 [, v
The main result of this paper is the following.

Theorem 1.2 Under the assumptions of Proposition 1.1, there exists u® € E,, such that the solution
u(t) = (ur(t), ..., un(t)) satisfies

u(t) = u™ in L' (Q)" as t — +oo. (12)
If moreover u> € (0,00)", then the convergence is exponential: there exist C, X € (0,00) such that
lu(t) = u™|| 1@y < Ce™™

Remark 1.3 The main interest of this result is that it applies to systems with boundary equilibria, that
is when E,, is not reduced to a single point in (0,00)" and contains equilibria e whose components e; do
vanish for some i. It says moreover that, if for a given ug the limit > € (0,00)", then the convergence is
exponential even if E,, contains a boundary equilibrium. The convergence together with the exponential
rate is well-known for the associated ODE system (see e.g. [14]), but it is quite more delicate for the full
PDE system.

It is known for the systems considered here and more generally for so-called complex balanced systems,
that there exists a unique element of E,,, belonging to (0, 00)" for all ug € L*(£2)™™ with positive initial mass
(i.e. with min;er A; +minjes Bj > 0, see [16]). For a subclass of these systems, E,, may even be reduced to
this only positive equilibrium for all such ug with positive initial mass. Exponential convergence has been
proved for such kinds of systems, first for some particular nonlinearities, then for general ones, see [7], [8],
[11], [21], [12], [10].

Among the systems (1) considered here, E,, is reduced to its positive equilibrium for positive initial
masses when chemical species are ”separated”

a1 A1+ amAm = Bnr1Amyr + o+ BrAn. (13)

This means there exists m € {1,...,n} such that o; =0,8; =0, =m+1,...,n, i = 1,...,m. Exponential
convergence towards the positive equilibrium then holds (see [21], [12], [10]).

It may now happen that E,, is reduced to its only positive equilibrium for some ug with initial mass,
but mot all. It is then interesting to find conditions on ug so that this property holds. This is the purpose
of Proposition 1.4 below. It may also happen that u* € (0,00)" while E,, contains also a boundary
equilibrium (see Remark 1.5). Theorem 1.2 then states that the convergence is again exponential. We also
refer to [12], [10] for results on the asymptotic behavior of some specific systems with boundary equilibria,
including models for more than two chemical reactions.

The analysis of the asymptotic behavior of global-in-time solutions for system (1) is mainly studied by
the entropy method introduced and widely exploited in [7], [8] and then extended in the references [11],



[21], [12], [10]. Here, the proof does also exploit the entropy estimates, but is different and consists in the
following steps.

1) We prove that the trajectories t — wu(t) are relatively compact in L'(€2)". This part is strongly based
on the study of the compactness of the trajectories of t — w; () := T, <uz(t) 0Dk Uy (t)) for n € (0,1)
small and where T,(-) : [0,00) — [0, 00) are usual regularizations of the truncations s € [0, 00) — min{s,r}.
Letting r — 400 and 7 — 0 carries the compactness of these truncated trajectories, valid for all r,n, over
to u(t) itself. Similar techniques were also used in [20] to study the asymptotic behavior in the case of
nonhomogeneous boundary conditions. Here we use also some of the renormalized properties of u proved in
[13].

This first step requires only part of the structure of System (1) and could be extended to quite more
general systems.

2) Next we prove the convergence in C ([0,T]; L*(2)) as t,, — oo of the translated functions 7 €
[0, T] — wi(tm + 7) where w®" (t,,,) converges in L'(). Again, this property, valid for all 7,7, carries over
to T — u™(t,,+7) as well. Together with the estimates coming from the decrease of entropy, we deduce that
all L' (Q)"-limit points are constant functions and that the limit points are unique. Whence the asymptotic
convergence in L!(Q).

3) Finally, coupling with previous approaches, we recover that, when the limit «> in (12) is positive, then
the asymptotic convergence is exponential, this even if E,, contains boundary equilibria. This is essentially
a consequence of Lemma 2.9.

When the solution is uniformly bounded (i.e. sup; ||u(t)||L < +00), one can prove that the asymptotic
limit is positive as soon as w;p > 0 for all i« = 1,...n, and the convergence is therefore exponential. This
is probably true in general but this does not seem easily extendable to very weak solutions with so poor
regularity as those of Proposition 1.1 (see Section 3 and Remark 3.1.)

We can however state a sufficient condition on the data ug so that E,, be reduced to its unique positive
equilibrium. Let us define for all i = 1,...,n,0; := min{«;, §;} and K := {k € {1,...,n};0r > 0}. Then, the
function F' may be rewritten

F(X) = (Weex XJ*) H(X), H(X) = klier X5 — ke X0, (14)
where I, J were defined in (2). Let us also denote for ug € LI(Q)Jrn
)
- Bi’ 5J

IfINK =0 (resp. JNK =10), we set min;ejnx A; := 400 (resp. minjemK B; := +00). Note that, in the
separate case (13), K = ) so that min;c;nx A; = +00 = minjec jnx B;.

Ai =

Viel, Bj:=

, Vjed

Proposition 1.4 Let ug € L'(Q)*". In addition to the assumptions of Theorem 1.2, suppose that

min A; < min A;, minBj < min Bj, minA4, —|—m1nB > 0. (15)
el i€INK JjeJ jeJNK i€l JjeJ

Then, E,, has no boundary equilibrium, i.e. E,, = {Z},Z € (0,00)", H(Z) = 0 and u(t) converges expo-
nentially to Z in L'(Q)".

Remark 1.5 As already noticed, the assumption (15) holds in the separate case (13). But it holds in many
more situations like the following elementary one (given as an example)

a1Ay + Ay = B1A1 + As, aq > By,



when 0 < (061 — 51)@20 < U19. On the other hand, when 0 < w9 < (051 — ﬂl)ﬂzo, then EUO contains 2
elements:

]Euo = {(0, Uop — (041 - ,81)71@10, (041 — ,81)71@10 + ﬂgo) A } where Z € (O, 00)3.

2 Proof of Theorem 1.2

Preliminary remarks. Let us first make some comments on Proposition 1.1 which is proved in [13]. Note
that the entropy inequality (8) can be directly proved for the solution u¢ of the approximate problem (3).
For this we use

o, /ﬂ La(us(t)) = /Q (log s + 117) Oyt = /Q (log S + ) [ds At + F£(u)]. (16)

Then, after an integration by parts for the term with AuS, we sum over i to get the estimate (8) with u*
in place of w. Then, as proved in [13], this is preserved for the limit u of u® as ¢ — 0 along an adequate
subsequence. The point is that (recall the definitions of F, u; in (4), (5) )

7

—1
Sllog it + 1 (u(0) = |14 X 15N flogky )™ ~ gk I £ <0. 1)
J
This implies the following estimates
sup [ ui(t) +ui(Oogui(o)l, [ 19V [ [loghyIhud)® ~ logkILup)*| F < €, (18)
t JQ Qoo Qoo

with C' € (0, +00) independent of e. This is strongly used in [13] to prove the convergence of u¢ a.e. and in
L} ([0,00); L' (Q)). Actually, by using known a priori L?-estimates on u$, we could show as in [19] that the

loc

convergence also holds in L? . ([O, 00); LQ(Q)). The estimates (18) are preserved at the limit for u by using

Fatou’s lemma for the first and the third and by weak L?-convergence of Vus for the second one. Thus

eSSSUp/ Ui(t)“‘ui(t)“ogui(t)’v/ W\/@Tz‘|2a/ [logkfni(ui>ai —1ng‘rﬂi(uz‘)5i] F <+oo. (19
t Q Qoo

[e’s}

We deduce from the second estimate that, Vu;X[,,<2,) is bounded in L? (O, 00; L2(Q)) for all r € (0,00) .
Indeed,

“+o00 12 +oo 12
+oo>C’2/ / [Vl z/ / [Vuil” (20)
0 o Wi 0 [wi<2r] 2T

As a consequence, since v; = u; + 0,4 uj, VI (vi) = T (u; + 0325 4, uj) (Vui +0D Vuj>,

+oo +oo +oo
/ / VT, (v)|* < / / 2|V, |? + Z/ / 2nm?|Vu,|> < C(r,n) < +oo.  (21)
0 Q 0 [u; <2r] j£i 70 [u; <2r/n]

The L'-estimate on G and the L2-estimate on G3 in (10) of Proposition 1.1 follow. The L*-estimate on
(1 is obvious by the definition of 7). and the local boundedness of the f;.

Next the equation (9) has to be understood in a variational sense: for all 1 € C™ ([0,00) x Q) and all
T € (0,00)

/QTT(’Ui)(T)Tﬁ(T) — Tr(vi>(0)¢(0) + / —Tr(w)aﬂ/) =+ diVTr(Ui)vw = 0 [Gl + Gy + V- Gg]l/) (22)



We will exploit quite a lot this identity which is a consequence of the fact that the limit u is a so-called
renormalized solution of (1) as defined in [13], Definition 1. In order to obtain it, we choose &(u) :=
To(ui +m3; i), b= 0,9 =0, 4; = d;I in this definition.

The identity (22) can also be written in terms of the heat semigroup (S¢,(t)),~, with homogeneous
Neumann boundary conditions on L!() (see e.g. the appendix in [2] for the equivalence of definitions). We
can write,

t
T, (’Uz(t)) = Sdi (t)TT(Ui()) + / Sdi (t — 8)[G1 (8) + GQ(S)]dS + wg(t), Vi0 1= U0 + N Z Uuj0, (23)
0 i#i
and ws is the variational solution of (see e.g. [6], Chapter XVIII for more details)

wsz € C ([0,00); L*(2)) N L? (0, 00; H'(Q)) ,
Oyws — d;Aws =V - G3 € L? (O7 00; H_l(Q)) , (24)
dyws =0 on X, ws(0) =0.

Let us recall some useful properties of this semigroup that we will use later (see e.g. Lemma 1.3 in [22]):

1S4, ()wll Loy < lwll ey, Vp € [1,00],t > 0,w € LP(),
|Sq, (t)w — fQ w1 < Ce_’\twaHLl(Q) for some C, \ € (0, 00), (25)
1S4, (t)[w — f w]llca@y < C(1+ t= e Mw — £, w|| oo () for some o, B € (0,1),C, A € (0,00).

Note also that [t — T, (v;(t))] € C ([0,00); L' (Q)) (according for instance to (23), (25)). One can actually
deduce that u € C ([0,00); L'(Q2)"): this is checked below in Lemma 2.5.

Note finally that if sup.c (o) [|#'(u)[|L1(@,) < +o0 for all ' > 0, or even if F(u) € LY(Qr) for all T > 0,
then w is a weak solution of (1), that is u;(t) = S, (t)ui0+f(f Sa,(t—s) fi(u(s))ds for all t € [0,00),i =1, ..., n,
see [17], [18], [13]. This L'-estimate does hold if F' is at most quadratic (see e.g. [9]). In some cases, classical
global solutions may even be obtained (see [15], [3], [4]), but it is an open problem for the general system
(1).

End of preliminary remarks.

Let us prepare the proof of Theorem 1.2 by several lemmas.
Lemma 2.1 For all r € (0,00),n € (0,1), the trajectory {T,(v;(t)),t > 0} is relatively compact in L' ().

Remark 2.2 A subset 7 C L'(Q) is said to be relatively compact, if its closure is compact. It is well-known
that it is equivalent to saying that, from any sequence in F, one can extract a subsequence which converges
in L1(Q). Tt is also equivalent to saying that F is precompact, which means that, for all € > 0, there exists
a finite number of functions f; € L'(Q),i = 1,..., N such that F C UN, B(f;, €), where B(fi, ) is the open
ball centered at f; and of radius € in L(£2).

Proof of Lemma 2.1. Let us introduce the variational solutions 7 —» w]T(T),j =1,2,3 on [0,00) of

{ 8ng: — diijT =G(T+-),G2(T + ), respectively V - G3(T + -), (26)
dw; =0 on Lo, ij(O) =0.
When T = 0, we will write w? =wj,j = 1,2,3 (which is compatible with (24) ). We then have
w;(t) = Sq,(t — T)w;(T) + w]T(t —T) forallt>T >0. (27)
T (vi(t)) = Sa, ()T (vio) + w1 (t) + wa(t) + w3(t) for all t € [0,00). (28)

See (23), (26) for this last formula.



Goal 2.3 We will show that, as t — +o0,
e ws(t) has a limit in L1(€).
e w3(t) has a limit in L?(£2) and therefore in L!(Q).
e {w(t);t > 0} is relatively compact in L°°(€2) and therefore in L!((Q).

Since S, ()T (vip) converges to o, Ty (vip) in L'(Q) as ¢ — +oo (see (25)), and according to (28), the
compactness property announced in the Lemma 2.1 will follow.

Study of wy. From the definition of wl, we have for all 7 € [0, 00)

T T+t o)
o ()22 < /0 IG(T + )11y ds = /T 1G2 ()12 ey ds < /T |G ()] 1y ds. (20)

Thus, using (27), we deduce for 0 < T <t <t+h
w2 (t +h) — w2 (t)|[ L1 (@) < 154, (t +h = T)wa(T) = Sa, (t — T)wa(T) |11 () + 2/T 1G2(8)l| L1 () ds-

But, we know that Sg, (s)wz(T') converges as s — +00 to o, wa(T) in L'(Q2) (see (25)). Thus, the previous
inequality implies

limsup |lwa(t + h) — wa(t)|[ 1) < 2/ 1G2(s)l| L1 (ds, for all T > 0.
t,t-+h—+00 T

As a consequence, since Go € L' (0,00; L'(2)), wo(t) has a limit in L'(Q) as t — +oo.

Study of ws. Note that V-G3 € L? (0,00; H~*(£2)) and Gs-v = 0 on (0, 00) x 0 (in a variational sense).
Multiplying the equation (26) in wl by wi and integrating on [0, 7] lead to

{ %fﬂng(;’f‘Fdi Iy Jo V3> = [§ fquiV-G3(T +-) = = [§ [oGs(T +-) - Vg
< Jo Jo FIVWSP +C(d) J§ Jo Gs(T +) ) <k Jo% |ng\2 +C(di) J7 Jo Ga(-)?

We deduce that, for all fixed T' > 0
] (7) 22 < 2C(di) /T 1Gs(s) 220 ds for all T >0, (30)

Thus, using (27), we deduce for 0 <T <t <t+h

oo 1/2
[ws(t+h) =ws(®)l| L2 () < 1S4, (E+h=T)ws(T) = Sa; (t =T)ws(T)|| L2(2) +2 [QC(di)/T I1G5(5)I172 0 ds

But, we know that Sg,(s)ws(T) converges as s — +00 to fo, ws(T) in L*(2) (see (25)). Thus, the previous
inequality implies

) 1/2
limsup |lws(t + h) — ws(t)||r2(0) < 2 [2C(di)/ |G3(8)||%2(Q)d5:| , forall T >0.
t,t4+h—+00 T

As a consequence, since G3 € L? (0,00; L?(€)), ws(t) has a limit in L?(Q) as t — +oo.



Study of w;. Recall that w; is solution on (0, 00) of

8tw1 - dlAwl == Gl,
{ 8,/11]1 = 0, wl(O) =0. (31)
First we have, d; [, w1(t) = [, G1(t) and therefore f, w1 (t fo fo Gi(s)ds. It follows that
wl(t) ][ / Sd t—s |:G1 ][ G1 :|
Remember the regularizing effect (see (25))
12,70  f wnlleniey < O+ T2 o — f wollv(o,
Q Q
for some a, 8 € (0,1) and C, \ € (0,00). This implies
t
o) = f @l < [ O+ (=961 (0~ f Gl
Since G1 € L™ (Q), we deduce that
t
sup w10 = f wr(Ollowio) < 200G gy sup [ [+ (= 5)PJe N < o
Q
so that {w(t) fQ wi(t),t > 0}) is relatively compact in L>°(€2).
But, by (28), w1 = T, (vi)—Sg, (t)T, (’UZ()) wy—ws where each of these four functions is in L> (0 oo; L1(9)).
Thus so is wy. AS a consequence, fQ w1 (t) lies in a compact set of R. It follows that wy (t) = [wl fQ w1 )]

fo w1 (t) is relatively compact in L>(£2). This ends the proof of Goal 2.3 and therefore of Lemma 2.1.

Lemma 2.4 Any L'(Q)-limit point of T,(vi(t)) as t — +oo is a constant function.
Proof. Let V™ be an L'(Q)-limit point of T} (v;(t)) as t — +o0. Let (t;,)m be a sequence of times with

lim t, = +oo, Tr(vi(tm)) = V=in LY(Q).

m——+00

Let T > 0 and V™ (1) := T, (vi(tm + 7)) for 7 € [0, T]. We will prove that, at least up to a subsequence,
V™ — Vin C([0,T7; LI(Q)) as m — +00. (32)

Then V will in particular satisfy V(0) = V*°. Moreover, we know from (21) that

T tm+T 0o
/ / VT2 = / / VT (0 < / / VT (0)]2 = 0 as m — +o0.
0 (9] tm Q tm Q

By lower-semicontinuity of the norm for the weak-L?-convergence of VV™ to VV, fOT Jo |[VV|? = 0, that
is VV(t) = 0 a.e. t € [0,7]. This implies that V (¢,-) is a constant function for a.e. ¢ and therefore for all
t €[0,7] since Ve C ([O,T]; Ll(Q)). It is in particular the case for V(0) = V°°, whence the statement of
the lemma.

Thus let us prove (32). Let us introduce the same decomposition as in the previous proof, using the
equation (9) and the notation (26), namely

V(1) = T (it + 7)) = Sa, (1) (L (vi(tm)) + wy™ (1) + wy™ (1) + w5 (7). (33)



From the estimates in the previous proof (see (29), (30)) we have,

r,}ii%o{ sup )||w;m<7>||m)}=o= nggnw{ sup ||w§m(7)||L2(Q)}-

TE[tm,00 TE[tm,00)
Let T > 0. The function w!™ is solution on [0, 7] of
Orwi™ — diAwi™ = Gy (tm + ), &,wim =0, wj™(0)=0.

Since G is bounded in L ((ty,, tm, +T') X ), wy™ is relatively compact in L> ((0,7") x ) and therefore in
C([0,T); L*(2)). On the other hand by the property of L'-contraction of the semigroup, Sg, (-)(T(vi(tm))
converges in C ([0,T]; L*(€2)) to Sg,(-)V>°. Going back to (33), together with the convergence (resp. com-
pactness) in C ( [0, T7; L1 ) of wém, wém (resp. wi’"), we deduce that, up to a subsequence, V'™ converges
in C ([0, T7; LI(Q)) to some function V. This proves (32) and ends the proof of Lemma 2.4.

O

Lemma 2.5 The solution u defined in Proposition 1.1 is in C ([0, 00); L'(Q)™) with w(0) = ug. The tra-
jectory {u(t);t € [0,00)} is relatively compact in L'(Q)" and any limit point as t — +oo is a constant
function.

Proof. Throughout this proof, we simply write ||| for ||-||1(q)- To prove the continuity of t — u(t) € L'(9),
we write for a.e. t,5s >0

{ [ui(t) = wi(s)|| < hi(t) + hir(8) + | T3 (0i (1) — T (vi(s))]| +h”( ) + hi(s), (34)
hi(t) = |lui(t) = vi@)I], hip(t) == [lvi(t) = Tr(vi®)| < Jo(ui(t) + 135 ui(t) — )"

Recall that, for all i (see (19)),

esssup {{ui ()] + [lus(t) log wi(A)[} < +o0.

Thus, for some various C' € (0, 00) independent of 4, ¢, n,r where r > 1

a.e.t, hi( <nZHu] ) <nC, (35)

aet, hip(t) < /Q (l®) =7 413 @) < 1; [ w(Ologu (o) +nC < (10; n)C. (36)

We deduce from (34), (35), (36)
aet, ui(t) = ui(s)| < 2nC +2[(logr) ™" +4]C + | T (vi(t)) — T (vi(s))]-
By continuity of s — T}.(v;(s)) at s = t, it follows that

a.e.t, esslimsup ||lu;(t) — u;(s)|| < 2nC + 2[(logr) ™ + n]C.
s—t
Whence the expected continuity of a representative of u by letting n — 0,7 — +00. We obtain in a similar

way that
[ui(t) — wio| < 2nC + 2[(logr) ™" + 9]C + || Ty (vi(t)) — T (vio)]|-



Then using that T} (v;(t)) tends to T}.(vio) in L'(Q) as t — 0, we deduce that u;(0) = u;0.

Let us now prove the compactness property. By Lemma 2.1, we know that {T,(v;(t);t € [0,00)} is
relatively compact (or precompact, see Remark 2.2) in L'(Q) for all 4,7 € (0,00),n € (0,1], where v; =
Ui + 154 uj. For any f € LY(2), we may write

[ui(t) = fII < hi(t) + hip(t) + T3 (0i(t)) = £, (37)
where h;, h; , are defined in (34). We deduce from (35), (36)
lui(t) = fII < [Qog ) ™! + 29]C + | T (vi(t)) — f]I. (38)

Let € € (0,1). Let us choose (and fix) r large enough and 1 small enough so that (logr)~!+2n < ¢/4C. By
precompactness of {T}(v;(t)),t € [0,00),i = 1,...,n}, there exists a finite number f, € L*(Q),k = 1,..., K,
such that

T (vi(t)) € Upe B (fr,€/2), forallt € [0,00) and all i.

Together with the estimate (38) and the choice of 7,7, this implies
u;(t) € UkK:elB (fw.€), forallt e [0,00) and all i.

Whence the precompactness announced in Lemma 2.5.
Now since any limit point of T;.(v;(t)) as t — 400 is a constant function for all r,n, i, the same property
follows for all limit points of u;(t) itself. O

Lemma 2.6 There exvists u™ € E,,, as defined in (11), such that u(t) converges to u®> in L'(Q)" as
t — 400, where u is the solution defined in Proposition 1.1.

Proof. By Lemma 2.5, we know that the trajectory {u(t),t > 0} is relatively compact in L!(£2)". We will
prove the uniqueness of the limit points as t — 4o00. It will follow that u(t) converges toward this unique
limit point as t — +4-o00.

Let u>® € LY(Q)" be a limit point. Let (t,,) be a sequence of times such that ¢,, — +o00,u(t,) — u™®
in L'(Q)" as m — +oo. Let us consider again the functions 7 € [0,7] — u™(7) := u(ty, + 7). As in
the proof of the previous lemma, we write again more simply || - || := || - [|11(q) and we recall the notation
V™(r) = Ty (vi(tm + 7))). We may write

[ (7) = g ()] < hiltm +7) + hig (b + 7) + [V () = V() + hiltp + 7) + i (tp + 7),

where the functions h;, h;, are defined in (34). We proved in Lemma 2.4 that V™ is converging in
C ([0,T]; L'(2)). Using the estimates (35), (36), we deduce

limsup { sup [ (r) — u?(7)]]} < 20O + 2[(logr) " + C.
m,p—+00 ’TG[O,T}

Letting  — 0,7 — +00, we deduce that uf" converges in C ([0,7]; L*(£2)) to some U;. We saw in Lemma

2.4 that the limit V' of V™ does not depend on the z-variable. This being true for all 4,7, r, it implies the

same property for the limit U = (Uy, ..., U,) of u™, i.e. U(7) € [0,00)" for all 7. Note also that U(0) = u.
Now we use the estimate (19) which implies

m——+00

T
lim / / [log kai(u;n)ai — log kTHi<U;n>,8ii| [kfﬂi(u;n)ai — krﬂi(u;”)ﬁi] =0.
0 Q
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Up to a subsequence, we may assume that u™ converges a.e. (7,z) to U. Using Fatou’s lemma and the
nonnegativity of the integrand, we deduce

F(U()) = kL Uy (1)% — kL Uy (7)% = 0 ace.r € [0,T), and even V1 € [0,T], (39)
by continuity of U. This holds in particular for U(0) = u*°, namely
e pIL; (u®) ™ — kI (u$®) P = 0. (40)

Now we use the invariant quantities (11). The invariance holds for the approximate solution u¢ of Problem
(3) since

o /Q (8, — o )us(t) + (o — Bi)us (1) = /Q (B — o) FEu) + (o — i) f5(u) = 0,

so that

ONU
o — B Bi—aj
By convergence of a subsequence as ¢ — 0 of u(t) for a.e. t in L!(£2), the identities are valid at the limit

for u(t), at least a.e. t, but even for all ¢ > 0 by continuity of . By translation, they hold for v (7), and
by convergence in L*(Q)" as m — +oo, they also hold for U(7) and in particular for U(0) = u*, namely

=A;+Bj foralliel, jeJ t>0.

uge Uy : :
+ =A;+B; foralliel, jeJ. 41
o — B B —a it B J (41)

Let us prove that these relations, together with (40), are satisfied by only a finite number of points in
[0,00)™. Let X € [0,00)™ satisfy

_ X, X;
F(X) = kALXY — kILXP =0 : J
( ) fHiag TRy ) az_lBZ—i_B]_a]

=A;+Bj forallicl, jeJ. (42)
As already noticed in (14), the function F' may be rewritten
F(X) = (HpexXp*) HX) := (Hpex Xp*) [kaiGIXf‘i‘ﬁi — krﬂjejxfj‘aj] ,

where o; ;= min{w;, 8;,i = 1,...,n}, K := {k € {1,...,n};0x > 0}. In the following, we assume, without loss
of generality, that 1 € I. Then, the identities in (42) allow to solve all X;, X; in terms of X, namely

Xj=Bj—aj) [A1+Bj — (a1 = 1)1 X1], Vi€ J, Xi=(i—B) (a1 —B1) ' Xi+ 4 —Ai], Viel
(43)

Now F(X) = 0 implies one of the two situations:

Case 1: e X7 = 0.

Case 2: H(X) = kylLier X2 % — ke X7 = 0,

Case 1: assume for instance, without loss of generality, that X; = 0. All X;,¢ € I, X;,j € J are then
uniquely determined by the relations (43).

Case 2: let us denote h(X;) := H(X) = kaigX?i_ﬁi — erjGJij_aj where each of the X;, X; are given
in terms of X as in (43). Since all X; are increasing functions of X; and all X; are decreasing function of
X1, h is an increasing function of X; € [X;, X; ] where

Xl_ = (041 — ,31)(141 — I}lGI}lAZ)Jr S X;'_ = (Ozl — 51)(141 + 1}161?3])

11



Moreover h(X;) < 0,h(X;) > 0. Thus there exists a unique X; € [X;, X;] such that h(X;) = 0 and
therefore a unique X € [0, 00)™ solution of (42) in this Case 2.

A main consequence is that the set X C [0,00)" of solutions X of (42) is finite : the above analysis
proves that X°° has at most |K|+ 1 elements where |K| is the number of elements of K. According to (40),
(41), u™ € X°°. Since u™ is arbitrary as a limit point, we deduce that

w(ug) = {u™ € LYQ)™; Ity — 400, uty) = u™ in LY(Q)" as m — +oo} C X,

Since u € C ([0, 00); L'(2)™), it is known that w(ug) is connected. Since X*° has a finite number of points,
it follows that w(uo) is reduced to one point. Moreover this point belongs to E,,, since it satisfies (42).
This ends the proof of Lemma 2.6.

O
Remark 2.7 In the Case 2 of the previous proof, it is easy to check that
min 4; + min B; >0 = h(X;) <0, h(X]) > 0. (44)
il jeJ

Thus, in this case, there exists a unique X7 € (X, X;") satisfying h(X1) = 0. Moreover, we check that all
X, X; given by (43) are then strictly positive. In other words, there exists a unique Z € (0, 00)" such that
Zi Z;

H(Z) =0, ai—ﬁi+ﬁj—aj

=A;+Bj foralliel, jeJ. (45)
O

The convergence part of Theorem 1.2 is a consequence of Lemma 2.6. It remains to show that the
convergence is exponential when the limit as ¢ — +o00 of u(t) in L'(Q)" belongs to (0,00)". This will be a

consequence of the two following lemmas.
For w € LY(Q)*" with w; logw; € LY(Q) for all i = 1, ...,n, we denote (see (5))

E(w) :—]éZLi(wi), Li(s) =s(logs — 1+ ;) + e, Vs e[0,00).
i=1

Lemma 2.8 For the solution u defined in Proposition 1.1, we have

SBu() < ~D(u(t), (16)

in the sense of distributions on (0,00), where
n
zwwﬂszW@%}mwmhw—mmwﬁwmhw—mwﬁm (47)
=179 L

Recall the writing
F(X) = (Meex X7*) H(X) = (Mgex X7*) [k’fﬂiefo"_B" — ke X

as introduced in (14) for X € [0,00)™. We also denote vV X := (v X;)1<i<n € [0,00)".

12



Lemma 2.9 Let u € LY(Q)™ with u;logu; € LY(Q), \/u; € H'(Q) for alli=1,...,n. Let us denote

Uj .
A; = forallvel, B;:=
o — B T B ay

Uj

forall j € J. (48)

Assume that V := min;e; A; + minje; Bj > 0. Let Z € (0,00)" be defined by (45). Then,
D(u) > C (Upexy*) [E(u) — E(Z)], (49)
where C' € (0,00) depends only V', on U := max]' ; u; and on the data ||, o, Bi, pi, i = 1,...,n.

We postpone the proof of these two lemmas and show how they imply Theorem 1.2.

Proof of Theorem 1.2

The convergence part is a direct consequence of Lemma 2.6.

For the exponential rate, let us assume that u> := limy_, ;o u(t) € (0,00)"™. Then (see (14)) F(u®™) =0
implies in fact H(u™>) = 0. Let us recall the invariance property

ﬂz(t) n Uj (t) Uio B — U0
o =B By a; = B Bj—aj

Since limy_ 100 Wi(t) = u® > 0 for all 4 € I and limy—, o0 T;(t) = u® > 0 for all j € J, it follows that
V:=min;es A; + minjc; B; > 0. In particular u* = Z as defined in (45). Then by (46), (49), we deduce

=A;+Bj foralliel,jeJ, A;:=

(50)

d

7 [E((t) — E(2)] < —C (kerur(t)) [E(u(t)) — E(2)].

By assumption, there exists 7' € (0, 00) such that ITyeg@r ()7 > Hpexer” /2 =: A > 0 for all t > T. This
implies
E(u(t) — E(Z) < e M T(E(u(t) — E(2)]. (51)

Let us finally prove that, for some other constant C' € (0,00) (depending only on V,U and the data
|, i, Bi, pi; as in Lemma 2.9, and like all constants C' used in this proof)

[u(t) = Zll L1 @) < C[E(u(t)) — E(Z)] (52)
This will end the proof of Theorem 1.2 since by (51)

E(u(t)) —E(Z) < Ce ™, X:=CA, C :=supE(u(t)).

The proof of (52) is made as usual by using the Cziszar-Kullback-Pinsker estimate (see Theorem 31 in

[5]):

[]{2 i (t) — mm] g z;tul-(w]{2 ui(t) log 38 <c ]{2 w8 log ug;

U

(53)
On the other hand, we use the structure of the entropy E. We check that

][ Ll(u,) — Li(ZZ’) :][ u; log ? + (ﬂl - Zi)(,ui + log Zi) + u; (log i 1) + Z;,
Q Q Ui Zi
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so that

Ug
(u(t) Z][u og )i +log Z;) + <ogZ )+ (54)

Using the estimate s(logs — 1) +1 > C(M)(s — 1) for s € [0, M], we also have
2 _ _ _

< 2 | Wi Wi < 7 Wi .

<CZ; |:Zi <log 7 1> + 1] <C {u, <log 7 1)+ % (55)
Using (53), (55), then (54), and summing over i = 1,...,n lead to

lu(t) = Z|[7: () < CZ i (8) = @ ()72 ) + 1T(t) = ZillFa g < CIQP [E(u(t) - E(Z) - R],

s
|ﬂi_Zi‘2:ZZ2 71—1

)

It turns out that R = 0 (whence (52)). Indeed, by (45), (50), we have (uw; — Z;) = (a; — B;)A; for all
i =1,...,n so that (recall the definition of y; in (5))

n

R=A> (i — Bi) (i +log Z;) = Allog(k:fl_[ 20 [k, T 125’)—0
=1

O

Remark 2.10 For a future use, we notice the identity deduced from (54) and from R = 0: for all u €
LY Q)™ with \/u; € HY(Q),u;logu; € LY(Q),i=1,..,n

Ui | _ U;
E(u)—B(Z) =4 > ulog = +7, (log = — 1) + 7, 56
(u) —E(2) ]{ziuoguiJru(OgZ@' >+ (56)
where Z is defined in (45) and
A= —2 forallicl, Bj:= forallj € J.
o — fi i —

Remark 2.11 It is clear from the previous proof that, to obtain the exponential rate, it is sufficient to
assume that uz” > 0 for all k € K. See also the comments given in Remark 3.1.

Proof of Lemma 2.8. This inequality is essentially proved in [21]. Let us just recall here the main
ingredients of the proof.
For the approximate and regular solution u€ of (3), we know that

ZE(uf) + D.(u) =0, (57)
. _ =~ . F(u) ke T 1ua’
with De(u) = ﬁ;dzw\ﬁ] +]{21+€Zi|fj(u)|1 g T > 0. (58)

The equality (57) means that for all ¢ € C5° (]0,00))"

B(uS) + /O T OB (1) dt = /0 " 6t Deluc(1)) d. (59)
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By Proposition 1.1, we know that w is obtained as a limit of u¢ along a subsequence e — 0. We easily
obtain that

/ ” 6(t)D(u(t)) < limint / h () De, (u (1)) dt.
0 0

ep—0

This is a consequence of the weak convergence of V4/ui” to Vy/u; in L2(Qr) for all T € (0,00) and of
Fatou’s Lemma applied to the other integral.
The next (more difficult) point is to prove that, at least up to a subsequence

E(u®(t)) — E(u(t)) a.e.t € (0,00) as €, — 0, (60)

Since E(u(t)) < E(uf) < C < 400, (60) allows to pass to the limit in (59) to obtain

H(0)E(ug) + /0 TG OE() dt > /0 o) D(ult) dt,

which is the claim of Lemma 2.8. The main point in the proof of (60) is the fact that u¢ is bounded in
L2 ((7,T) x Q) for all 0 < 7 < T < +00 as proved in Lemma 4 of [19]. Together with the a.e convergence
of u, this implies the convergence of subsequences of u;? logu” in L' ((7,T) x )) and therefore in L'(f2)
for a.e. t € (0,00).

U

Proof of Lemma 2.9. In this proof, the meaning of the constants C' will vary from one line to the other,
but it depends only on the quantities U, V', defined in the Lemma 2.9 and on the various data. By (56), we
have

Ui Uj
E(u) - E(Z) = dog 2 1w (log X 1) + ..
0 B2) = f St 7 (1) +
By the logarithmic Sobolev inequality (see e.g. Theorem 17 in [5])
w
uilog — < C][ Vil
fi e <o S
Using the definition of D(u) in (47) and the fact that Ilxcxu” < C, we deduce
][ Zuz log % < CD(u) < CD(u)/Mexur”.
Q5 i

It remains to prove that, similarly

n

L@ 2) =Y u <10g = 1) + Zi < C D(w) /My, (61)
i—1 g

Let us enumerate the steps to be proved to reach this inequality.

(Stepl) L(w, 2) < CY Wi — v/ Zi. (62)
i=1
(Step2) i Wi, —/Zi]? < C’Hm(\/ﬁ)2 where Hy(X) = \/ky Mg X2 P - \/k‘rnjeJijiaj. (63)
i=1
(Ste®) Fn(Vi)* < C L B (W) + D[V, Fn(X) 1= (Teck X{°) Hn(X), (69
i=1
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(stend) { Fu(vi)’ < f

F(u) [log kILi—qug® — log krﬂﬁzlufﬂ . (65)
Q

Using these four steps yields (61), and therefore Lemma 2.9. Indeed, combining them leads to

C Fn (V) < ¢ =1 F(uw) [logkfﬂizlu — log k1T u; }—FZ\V[\ = 7(10

—o
Myexu® Myeru,” /g MrerTy*

L(@, Z) < CHpn(Va)? =
Let us now prove successively these four steps.

Proof of Step1. We use the inequality s(logs — 1) +1 < C(M)|y/s — 1|? for s € [0, M] to obtain:

ti(log o+ — 1)+ Zi < CZi\ [ = VP < CVa - VZP.

Then we sum over i =1, ..., n.

Proof of Step2. 1t is sufficient to prove

zn: [u; — Z;|* < C H(u)?. (66)

=1

Indeed, assuming this estimate (66), we deduce (again with different constants C' as explained above)

2 Uj Z —\2 —\ 2 —a;— _Bj—aj —\ 2
Z‘\/@Tz VZi| Z \/|171+\/|>) < CH@u)? =CH,(Vu) [\/kfnielui p +\/erjeJU? :|§CHm(\/E/)-

To obtain (66), we write the variation of H as follows, with £(s) := (1 — s)Z + su,
H(u)=H(u / VH( (u—Z)ds = A / VH((s)) - yds =: A0, (67)

where
u—27Z= A1y, v= (0 = Bi)icicn, A1:= (w1 — Z1)/(a1 = ),
due to the identity (see (45), (48)),

ﬂi—Zi u Ui — 4 u — 4 .
oralliel, J ] — orall j €J.
- B Blf Bj — aj 041—51f J

To obtain (66), it is sufficient to prove that § > C' > 0. Indeed

— 2 _ L AN2 42 2 Y~ VA 2
Z; |uz - Zz’ = Z(az 62) Al < A1 11;1%)%(a2 B@) = CA17
so that, by (67), H(@)? > CO*> X0, [4; — Zi|*. But § = [, VH(E(s)) - vds where

=2 ksle 260(s) Mg &()* P+ ke (B) — )265(s) T e s&i ()% 00

i€l jeJ

This quantity is positive and bounded from below by a positive number depending on min;<;<, Z; and of
V' = min{min;c; A; + minjc; B;} which is assumed to be positive in Lemma 2.9.
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Proof of Step3. This inequality is actually valid for any C? function G in place of F},,. This is proved in
Lemma 2.12 below. The condition o, 8; € {0,1} U [2, +oc) implies that F,, is C? on [0,00)". Actually, it
would be sufficient for our purpose to assume a;, 3; € {0} U[1,00). In this case, Fy, would be C! on [0, c0)”
and C2 only on (0, 00)". But, since Lemma 2.9 is used only in the case when the limit of u(t) is in (0, 00)",
we can avoid the difficulty near 0.

Proof of Step4. Note that

Pt = ) [ — ] [ ]
Thus Step 4 is a consequence of the scalar inequality
VX -VY) < (X -Y) log§ forall X,Y € (0,00).
We apply it to X = kpII7 juY = krﬂﬁzlufi and the estimate (65) follows.

Lemma 2.12 Let G € C%([0,00)";R). Then, there exists a constant C' depending only on U := max;<;<n \/U;
and on G := max,cp 1) {|G(r)|, [VG(r)|, |D*G(r,r)||} such that

G(Va)® < C’]{z G(Vu)* + zn: Vv |? forallue LY(Q)*", (68)
=1

where \/u = (\/U; )1<i<n-

Proof. This proof follows closely the steps of the proof of Lemma 13 in [21]. All constants C' may differ
from each other, but will depend only on the two values U,G defined in the lemma. Let us introduce
o =o(r) € R" for x € Q by v/u = U+ o. First, we have
2
G(Vu)? =G+ o) = (G(ﬁ) +VGWT) o+ M) ,

where M = fol(l — 8)D?G (VT + so)[o, 0] ds. Using (VG(VT) - o + M)? > 0, this implies

G(Vu)? > G(Va)? + 2G(Va)VG(VT) - o + 2G(Vu) M.
By Young’s inequality and the estimate |VG(v/@) - 0| < C||o|, we have

1 1
2GWAVCWE) -0 > GV~ AVGVE) -0)* > — Gy — Clo]*

It follows from the two previous inequalities and |G (v/#@ )| < C that

G(Va)? = C(llol® + |M]). (69)

N

G(Vu)® >
Next, since y/u > 0 implies o > —+v/@ in R", we have the partition 2 = 7 U Q9 where
M ={zeQ|—Vu <oix) <1,V 1<i<n},

Qo = Ur<i<n{z € Q| oy(z) > 1}.
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For z € 1,5 € [0,1], one has: 0 < /%@; + so; < 1+ /7, so that
1
M| < / (1— )| D*G(Va + so)|| ds - ol < Cllo|?, = € Q.
0
Together with (69), we deduce

oWy > [ 560/ - Clo?] (70)

Q1

We also have

n

G(Vu)? do = ||G(VE)* < G(Va)* ) _ [lo7 > 1]]

22 i=1

‘[01-2>1H—/ dxg/ a?dxg/a?dx,
[02>1] [02>1] Q

which implies

with

G(VT)? dx < G( u)2/g||a\|2 dx < C’/Q |o||? da. (71)

Q2

By (70)-(71), we obtain

][ GV dz < c][ 2 4 0|2 de (72)

Then, using in particular the Schwarz inequality ”+/u; > fQ Vu; 7, we have

fir- sl ([ }of (- )

Using Poincaré-Wirtinger’s inequality implies that

for=of (v ) scf e

Whence (68) by plugging the sum of these inequalities for i = 1,...,n into (72). O

3 Proof of Proposition 1.4 and some more comments

Proof of Proposition 1.4. Recall that the set E,,, is defined by the relations

(73)

{66[000)” F(e) =0, a_6+5 ,_A~+Bj,vfieI,VjeJ,

Asi= B Viel, Bji= 52

And (see (14)),
F(e) = (Tyexeq*) H(e), H(e) = kyTleref ™" — erjeJef‘j_aj.
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By assumption, min;e; A; +minjey B; > 0. Thus, for e € E,, if e;, = 0 for some i, € I, then e; > 0 for
all j € J. This implies H(e) = —kTHjeJefjfaj # 0. Since F(e) = 0, necessarily, i, € K.
On the other hand, since

€; €i. .

ai— B ai — B = A=, Vel
e;, = 0 implies also that A; > A;, for all ¢ € I so that min;c; A; = 0 = min;ejnx A;. This is a contradiction
with the assumption of Proposition 1.4. Therefore e;, = 0,4, € I is impossible for e € E,,. This implies
that e; > 0 for all i € I. We prove similarly that e; > 0 for all j € J. Therefore e € (0,00)" and, since

H(e) = 0, necessarily E,, = {Z} where Z is defined in (45).

By Theorem 1.2, the convergence toward u® = Z is then exponential.

O

Remark 3.1 When min;e; A; + minje; B; > 0, it follows from the expression of F(e) = (Ilyexef”) H(e)
that (see (45))
ecEyy, e >0Vke K, = e=2¢€(0,00)",

Thus positivity on K is enough to deduce e € (0,00)" and e = Z. And in this case, convergence is
exponential.
Actually here are some possible situations.

1. If K = () and min;er A; + minjey Bj > 0, then E,, = {Z} and u(t) converges to Z exponentially.

2. If K = () and there exist ix € I, j, € J with @;, = 0 =u;,, then u;, (t) = 0 = u;,(t) for all ¢ > 0. This
implies, F(u(t)) = 0 so that, for all i, u; is the solution of the linear heat equation with initial data
u;o and w;(t) converges exponentially to ;) as t — 400 (see (25) ).

3. If K # () and there exists k € K such that %, = 0, then u(t) = 0 for all ¢ > 0 and again F(u(t)) =0
and wu; is again solution of the linear equation for all 7.

4. If K # () and there exist ix € I,j, € J with u;, =0 = uj,, then the situation is 'linear’ as in 2 and 3.

5. If K # (), then the condition min;c; A; + minjcy; B; > 0 is not sufficient to claim that u> € (0, 00)™.
Indeed, we may choose gy = 0 for some k € K, and ;9 > 0 for all 7 ## k. Then, by the point 3 above,
up® = 0 while min;e; A; + minje; B; > 0.

6. It is natural to think that if @,y > 0 for all « = 1,...,n , then u*™ € (0,00)". This is the case if
|u(t)||oo () is bounded as ¢ — +o0o. Indeed, in this case, we get compactness of the trajectory in
L>()™ thanks to the C*-estimate recalled in (25) and we can argue as follows.

Assume by contradiction that, for instance, 1 € I and u$® = 0. It implies that 1 € K and u3® > 0 for
all j € J. We deduce that

H(u(t)) = kTierui ()7 — kT yuj ()% = —k e (uf?)% % < 0 as t — +oo,

and this convergence is uniform. Thus —H (u(t,x)) > n > 0 for ¢ large enough and for all x € Q.
Consequently, for ¢ large enough (recall that 1 € I so that 5 — a1 < 0)

9, /Q (1) = /Q (B — o) Tlee e (17 H (u(t)) > 0.

Then limy_ o0 fQ u1(t) = 0 is possible only if there exists T' < +oo such that u1(7) = 0. But this is
not possible either since

375/9101(75) > —C/ﬂul(t), C = (v — ﬁl)sgp Hul(t)al71Hk€K,k7é1uk(t)UkH(u(t))HLOO(Q)'
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Therefore [, ui(t) > e~ [, u1g > 0 for all t > 0. O

Unfortunately, it is not clear how to extend such a proof to the weak solutions as defined in Proposition
1.1.
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