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ABSTRACT: We consider BPS-counting functions Zx pr of N parallel M5-branes probing
a transverse Z)s orbifold geometry. These brane web configurations can be dualised into
a class of toric non-compact Calabi-Yau threefolds which have the structure of an elliptic
fibration over (affine) Ay_;. We make this symmetry of Zy jr manifest in particular regions
of the parameter space of the setup: we argue that for specific choices of the deformation
parameters, the supercharges of the system acquire particular holonomy charges which
lead to infinitely many cancellations among states contributing to the partition function.
The resulting (simplified) Zy s can be written as a sum over weights forming a single
irreducible representation of the Lie algebra ay_; (or its affine counterpart). We show
this behaviour explicitly for an extensive list of examples for specific values of (N, M) and
generalise the arising pattern for generic configurations. Finally, for a particular compact
M5-brane setup we use this form of the partition function to make the duality N + M
manifest.
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1 Introduction

Six dimensional superconformal field theories (SCFTs) along with their compactifications
to lower dimensions have attracted a lot of attention in recent years: on the one hand,
the dynamics of these theories display very rich structures which are interesting to explore
in their own right. On the other hand, these SCFTs have seen numerous applications in
string- and field theories. Indeed, the fact that many of them can be engineered from string
or M-theory through various brane constructions (see for example [1-7] for recent work on
theories constructed from parallel M5-branes (with M2-branes stretched between them)),
has allowed to identify interesting structures in the latter and has provided an invaluable
window into their inner workings [8-15]. Similarly, from the point of view of field theory, the
recent years have brought to light interesting new dualities: for example, different types of
compactifications of six dimensional SCFTs lead to various lower dimensional theories. The
connection to a common higher dimensional parent theory gives rise to relations between
certain quantities computed in these theories. The first example of this phenomenon was
discussed in [16, 17], relating the partition functions of four dimensional gauge theories to
conformal blocks in Liouville theory. Since then, multiple other examples of this type have
been found.

Describing these SCF'T’s, however, using traditional tools in field theory, is typically
rather difficult, since in general no Lagrangian description is known. Therefore, different
methods — many of them inspired by their relation to string-theory — have been developed.
In particular, considering compactifications of F-theory [18] on elliptically fibered Calabi-
Yau threefolds, a classification [19-23] (see also [24] for recent work in this direction) of



six-dimensional SCFTs has been proposed. Those theories with ' = (2,0) supersymmetry
allow an ADE classification and can be realised within type II string theory compactified
on a R*/T" singularity, with T' a discrete ADE subgroup of SU(2). In the case of an A-
type orbifold (i.e. I' = Zy) these theories have a dual description in terms of N parallel
M5-branes probing a transverse R‘i space.

In this paper we study the Ay symmetry in a series of mass-deformed theories that
are described by N parallel M5-branes (separated along R or S') that probe a transverse
R, /Zps singularity. The BPS partition functions Zx ps of this system have been computed
explicitly in [1] for M =1 and in [2, 3] for generic M € Z. There are various techniques to
obtain Zy s, which exploit different dual descriptions of the M-brane setup:

e For general N, M one can associate a toric Calabi-Yau threefold! X ~,Mm to the M-
brane setup whose topological string partition function captures Zy /.

e The M-brane setup is dual to a (p,q) 5-brane web in type II string theory [25].
The Nekrasov partition function on the world-volume of the D5-branes corresponds
to Z N,M -

e Considering BPS M2-branes stretched between the M5-branes, the intersection of the
two has been dubbed M-string in [1]. The partition function of the latter is computed
by a N = (2,0) sigma model, whose elliptic genus was shown in [1] to capture Zy .

Besides the mass parameter m, the partition function Zy s needs to be regularised by
the introduction of two deformation parameters €12, which (from the perspective of the
dual gauge theory) correspond to the introduction of the Q-background [26, 27]|. For
generic values of m, €12, the M-string world-sheet theory is described by a sigma model
with N = (2,0) supersymmetry. However, it was remarked in [1] that m = £95% the
supersymmetry is enhanced to N' = (2,2) leading to Zyu(m = £95%2) = 1 (after a
suitable normalisation).

In this paper we generalise this observation to make the Ay_; (or affine A N—1) Sym-
metry of the partition function Zy js manifest and organise it according to irreducible
(integrable) representations of the associated Lie algebra ay_1 (or affine ay_1) for certain
choices of the deformation parameters: for simplicity, we consider the unrefined parti-
tion functions (i.e. we choose €; = —ey = ¢€) and consider the case m = ne with n € N.
While the former enhances the supersymmetry to A/ = (4,0), the latter choice does not
change the superconformal algebra on the M-string world-sheet. Nevertheless, the partition
function Zn pr(m = ne, €) simplifies dramatically due to the fact that the corresponding
supercharges obtain a non-trivial holonomy structure. This allows for infinitely many can-
cellations of different BPS-states contributing to the partition function, thus dramatically
simplifying Zx a7 (m = ne, €): indeed, by studying a series of examples, we show that in the
case of a non-compact brane configuration (i.e. in the cases where the M5-branes are sepa-
rated along non-compact R), the partition function becomes a polynomial of order Mn? in

n the case that the M5-branes are separated along R (called the non-compact setup in this work),
the Calabi-Yau is an elliptic fibration over Ax_1 while in the case that R is compactified to st (called the
compact brane setup in this work), the latter is replaced by affine Ayx_1.



Qy, = e 'fa, where ty, is the distance between the M5-branes (in suitable units). Similarly,
also the partition functions of the compact brane configurations simplify (although their
dependence on the @, remains non-polynomial).

Moreover, since the choice m = ne is fully compatible with all symmetries of the
elliptic fibration Xy as, notably Ay_; (or affine /AlN,l in the case of a compact brane
configuration), the latter are manifestly visible in Zy a7(m = ne,€). Indeed, from the
perspective of the Calabi-Yau manifold Xy s the ty, can be written as integrals of the
Kahler form over a set of P!’s that can be identified with the simple positive roots of
the Lie algebra ay_1 (or affine ay_1) (see e.g. [5, 28] for recent applications). Using this
identification, specifically for the choice m = ne we show in a large series of examples that
Zn,m(m = ne,€) can be written as a sum over weights that form a single irreducible (or
integrable in the affine case) representation of the Lie algebra ay_; (affine ay_1). In the
basis of the fundamental weights, the highest weight of these representations is given by
[Mn?,..., Mn?]. Furthermore, each summand in the sum over weights is a quotient of
Jacobi theta functions transforming with a well-defined index under an SL(2,Z) symmetry
corresponding to the elliptic fibration of Xy 1. Based on an extensive list of examples
of different brane configurations (and choices for n € N) we find a pattern for all these
symmetries that allows us to formulate precise conjectures for generic values (N, M) and n.

Finally, the compact M-brane configurations (i.e. where the M5-branes separated along
S! rather than R) enjoy a duality upon exchanging M <+ N as can be seen directly
from the web diagram of Xpy . For the simplest? such configuration (ie. N = 2 =
M) we show explicitly that the partition function can be written as a double sum over
integrable representations of affine ay_; and ay;_; respectively. The latter not only makes
the algebraic structures but also the duality manifest. Since compact brane setups of the
type (N, M) capture [29-31] a class of little string theories (see [33-38] for various different
approaches as well as [39, 40] for reviews) with A/ = (1,0) supersymmetry we expect that
these findings will turn out useful for the further study of little string theories in general,
in particular their symmetries and dualities (see e.g. [41] for a recent application).

The outline of this paper is as follows. In section 2 we describe the M-theory brane
setup probing a transverse orbifold geometry. We introduce all necessary parameters to
describe the configurations and discuss different approaches in the literature to compute
the BPS counting functions Zy js. Finally, we also discuss the supersymmetry preserved
by these configurations (from the point of view of the M-string world-sheet theory) specif-
ically focusing on their holonomy charges as a function of the deformation parameters
(m,e; = —eg = €). In section 3 the expression for the topological string partition function
is introduced. We furthermore motivate the choice m = ne of deformation parameters
by exhibiting explicitly cancellations in Zxy . In section 4 we present specific examples
of non-compact brane setups and rewrite the corresponding partitions functions as sums
over Weyl orbits of weights forming specific irreducible representations of ay_; = sl(N, C).
In section 5 we repeat a similar analysis for certain compact brane configurations and
rewrite them in a similar manner as sums of Weyl orbits of weights forming integrable

2We expect that similar results hold true for generic values (N, M).



s} x 1 R

M5-branes | = = | = = = =
M2-branes | = = =

Table 1. Non-compact BPS configuration of M5- and M2-branes.

representations of the affine Lie algebra ay_; = ;[(N ,C). Based on the examples of the
previous two sections, in section 6 we give a general expression for the compact partition
functions Zx s (for generic (N, M)) as a sum over integrable representations of ay_;. The
non-compact partition functions in turn are obtained by an appropriate decompactification
limit. Finally section 7 contains our conclusions. Several supplementary computations as
well as additional information on simple and affine Lie algebras and their representations
are relegated to 5 appendices.

2 M-brane configurations and Calabi-Yau manifolds

In this paper we consider theories which can be described through particular BPS config-
urations of M-branes. In the following subsection we provide a review of these M-brane
webs and relate them to a class of toric Calabi-Yau threefolds in section 2.2.3.

2.1 M-brane webs

In the following we describe configurations of parallel M5-branes with M2-branes stretched
between them. Depending on whether the M5-branes are separated along S' or R, we call
these configurations either compact or non-compact.

2.1.1 Non-compact brane webs

We first discuss non-compact brane webs in M-theory compactified on T? x Rﬁ x R x R‘i
(with coordinates 2V, ..., ') and consider a configuration of N M5- and K M2-branes
as shown in table 1. Here the M5-branes are spread out along the z® direction and we
denote their positions a, with a = 1,..., N (such that a, < a; for a < b). For explicit
computations we introduce the N — 1 distances between adjacent M5-branes as

tf, = Ag41 — Aq, Ya=1,...,N—1. (2.1)
which typically appear in the form of
Qy, = e ta/Fo Va=1,...,N—1. (2.2)

Furthermore, we also denote the ty, collectively ast = (tf,,...,tfy—1). The M2-branes are
stretched between adjacent M5-branes and their two-dimensional intersections have been
termed M-strings in [1]. Furthermore, denoting the radius of S} and S} by Ry and Ry
respectively (i.e. 20 ~ 20 4+ 27 Ry and 2! ~ 2! 4+ 27 R;) we introduce the parameter

T:=1iRy/Ry and Q, = 2™ (2.3)



S§ x S R} Sg RY

M5-branes | = = | = = = =
M2-branes | = = =

Table 2. Compact BPS configuration of M5- and M2-branes.

2.1.2 Compact brane webs

By arranging the Mb-branes on a circle rather than on R, we obtain compact M-brane
configurations. Specifically, we replace the R along direction 2% by S} with radius Rg
(i.e. 2% ~ 2% + 2w Rg), as shown in table 2. As before, we denote the N positions of the
M5-branes on S§ by a, (with @ = 1,..., N) which satisfy the relation

0<a;<ay<...<ay<2rRg, (2.4)

and introduce the N distance between adjacent branes as

by, = Ag+1 — Qg fora=1,...,N -1, (2.5)
2R — (ay —ay) for a = N.
As in the non-compact case, we also introduce
Qy, = e ta/Fo Va=1,...,N, (2.6)
along with the parameter?
p = iRg/Ry and Q, =", (2.7)
Notice the following relation
1 N Ly
pzﬂzR; and Qr=0QnQp, .. Qpy - (2.8)
a=1

With this notation, the non-compact brane configurations are obtained in the limit p — 700.

2.1.3 Deformation parameters

Computing the partition functions for the brane configurations introduced above, the latter
are typically divergent. To circumvent this problem, one can introduce various deformation
parameters [1]. Indeed, the underlying geometries allow for two different types of U(1)
twists. Upon introducing the complex coordinates for R and R

2l =22 +ia?, 22 =2t +ia®, wh =27 + a8, w? = 2% + 210, (2.9)

we can define

$We use the definition (2.3) also in the compact case.



S¢ % Si R} R or S§ R
U (R S B . 26 27 28 9 10
Mb-branes | = = | = = = =
M2-branes | = = =
61 [ ] [ ] [ ] [ ] [ ] [ ]
62 [ ] [ ] [ ] [ ] [ ] [ ]
m [} [ ] [} [ ]

Table 3. U(1) twists alowing for deformations of the BPS configurations of M5- and M2-branes.

o c-deformation:

As we go around the compact z%-direction (i.e. the circle S}) we can twist by

U(l)el X U(1)€2 . (217 22) N (6271'1'6121’ 627Fi6222) ,

€1+e€ €1+e
(w1, wy) — (e~ T wy, e 2w2). (2.10)

From the point of view of supersymmetric gauge theories which can be associated
with the brane configurations described above (see [1, 3]) this deformation introduces
the Q-background [26, 27] allowing to compute the partition functions in an efficient
manner.

e mass deformation:

As we go around the compact z!-direction (i.e. the circle S1) we can twist by:
ULy 2 (wy,wz) — (2™ Mwy, e 2™ M ays) (2.11)

As we shall briefly discuss further below, from the perspective of the gauge theories
(that are engineered from a dual type II setup), this deformation parameter corre-
sponds to a mass for certain hypermultiplet fields.

The action of the deformation parameters €12 and m can be schematically represented
in table 3. The former regularise divergences in the partition function coming from con-
tributions of the non-compact dimensions while at the same time breaking part of the
supersymmetries, as we shall discuss in sections 3 and 2.3 respectively. Finally, we remark
that in the later sections of this paper, the parameters €; 2 and m appear through

Qm —_ 627rim’ qg= 627rie1 , t = e—27ri62 ) (212)

2.2 Orbifolds of M-brane webs
2.2.1 Orbifold action and brane web parameters

A generalisation of the above M-brane configurations has been discussed in [2] (see also [3]).
Indeed, upon considering M5-branes probing an orbifold geometry (rather than R‘i), the
positions of the M2-branes can be separated in the transverse direction. Specifically, we



S¢ x S} R} R or S§ ALEg4,, ,
U (R S B . 26 27 28 9 10
Mb-branes | = = | = = = =
M2-branes | = = =
61 [ ] [ ] [ ] [ ] [ ] [ ]
62 [ ] [ ] [ ] [ ] [ ] [ ]
m [} [ ] [} [ ]

Table 4. BPS configurations of M5-branes probing a transverse orbifold geometry with M2-branes
stretched between them.

generalise R‘j_ to an Asymptotically Locally Euclidean space of type Aj;—1 (which we denote
by ALE,4,, ,) for M € N, which can be obtain as the following orbifold

2min
ALE4, , =R /Zy, with Zp: {7700 for n=0,...,M—1. (2.13)
Wy —r € M wWsa

As explained in [2], the twists (2.10) and (2.11), which introduce the deformation param-
eters €1 2 and m, are compatible with the ALE4,, , geometry. Indeed, when viewed as an
St fibration over R3, the latter posses two distinct U(1) isometries related to the fiber and
base respectively. Therefore, the generalised M-brane configuration (including the defor-
mation parameters €1 2 and m) can be represented by table 4, where we again allowed for
the possibility of arranging the M5-branes along the x%-direction either on R or on S§.

As in the case M = 1, the distances between the M5-branes along the direction x°® give
rise to N parameters ty, fora =1,..., N (see eq. (2.5)). The case |ts, | < oo corresponds to

6

a compact brane configuration (i.e. the direction x% is compactified on S} with finite radius

Rg), while the limit |tf, | — oo corresponds to a non-compact brane configuration (i.e. the

direction x°

is non-compact). As explained in [2], besides the (tf,,m, €1 2), the orbifolded
configuration allows for another set of parameters, corresponding to the expectation values
T; (for i = 1,..., M) of the M-theory three-form along S} x C;, where C; is a basis of the

2-cycles of ALE4,, ,. In later computations, these parameters typically appear in the form

Qi=e1i, Vi=1,...,M. (2.14)
Furthermore, the parameters 7 and p (see (2.3) and (2.7) respectively) are in this duality
frame given by

) Ntfa

. M
7
=57 d = 2.15
T 27_[_ ; (2] an IO 27_[_ p RO Y ( )

which is equivalent to

Qr=Q1...Qum, and Qp=Qr - Qjy - (2.16)

The full orbifolded M-brane configuration is finally parametrised by (t,,...,t¢y, 71, .-,
T, m, €12), which we denote more compactly by (t, T, m, €;2).



D5-branes | = | = = = = _

NS5-branes | = | = = = = =

Table 5. Configuration of intersecting D5- and NS5-branes.

2.2.2 Type II description

The parameters introduced in the above M-brane configurations can be given a more ge-
ometric interpretation when dualising to the corresponding type II picture. Indeed, upon
reducing the orbifold M-theory configuration along Si, it can be dualised into a web of
intersecting D5- and NS5-branes as shown in table 5, where we represented the ALE4,, ,
space as a (particular limit of a) fibration of S} over R3 (see [2] for more details). While the
parameters €12 can be introduced in the same fashion as in the M-theory case, the param-
eter m can no longer be interpreted as a U(1) deformation (since the corresponding circle
St is no longer present). The latter is introduced by giving mass m to the bifundamental
hypermultiplets corresponding to strings stretched between the D5- and NS5-branes. At
the level of the brane web, it corresponds to a deformation with (1, 1) branes in the (2%, 27)-
plane, as shown in figure 1. This figure also shows the remaining parameters (t, T) as the
distances of the D5- and NS5-branes in the 2% and 27 direction respectively.? As discussed
in [2, 31, 32] choosing the deformation parameter m to be the same for all intersections of
D5-NS5-branes is not the most general case since a generic such brane web has NM + 2
independent parameters. In the following, however, we focus on this simpler case, where
all mass deformations are the same (as indicated in figure 1).

2.2.3 Toric Calabi-Yau manifolds

There is a further description of the theories introduced above. Indeed, as explained
in [1-3], one can associate a toric non-compact Calabi-Yau 3-fold (CY3fold) Xy » with
the 5-brane web. More precisely, the web diagram shown in figure 1 can be interpreted as
the dual of the Newton polygon which encodes how Xy s is constructed from C3 patches.

A generic Xy ys can be described as a Zy x Zpr orbifold of X7 1. The latter is a Calabi-
Yau threefold that resembles the geometry of the resolved conifold at certain boundary-

regions of its moduli space (i.e. upon sending 7,p — 00).°

More importantly, Xy s has
the structure of a double elliptic fibration: it can be understood as an elliptic fibration over
the affine Ay _; space, which (as already mentioned) itself is an elliptic fibration. The two
elliptic parameters are p and 7, which were introduced in (2.15). The remaining parameters
(trrso sty ), (Th,...,Tar—1) as well as m correspond to further Kéhler parameters of

Xn,v. We shall further elaborate on the interpretation of the parameters €12 from the

4For latter convenience, we adopt the convention that the T; are counted in units of Ry.
®Orbifolds of the latter have for example been studied in [42].



e o o —>
tr tf tfs tfy ts ty

Figure 1. Configuration of intersecting D5-branes (red) and NS5-branes (blue). The deformation
parameter m introduced by the (1,1)-branes (black) is chosen to be the same throughout the
diagram. For [ts,| < oo, the D5-branes are arranged on a circle (compact case), while the non-
compact case corresponds to the limit ¢7, — oo.

point of view of the Calabi-Yau manifold once we discuss the topological partition function
on Xy p in section 3.

The double elliptic fibration structure of Xy ps corresponds to the presence of two
SL(2,Z) symmetries which act separately on the modular parameters 7 and p. Particularly
for the case M = 1 we have the following action on the various parameters [30]

SL(2,Z); = (T,p,myts, ... tsy | €1,€62) —

at +b m_ ; €1 €2
y Py froee folaCT_I_da )

ct+b" et +d’ ct +d
SL(2,Z), = (7,psm,ts, ... tey | €1,€2) —
T, ap+ba = ) tfl gty th_la o ’ = ’ (217)
cp+b cer+d ep+d cp+d cp+d cp+d

where <a Z) € SL(2,Z), i.e. a,b,c,d € Z and ad — be = 1.
c



2.3 Supersymmetry

In order to discuss the amount of supersymmetry preserved by the M-brane configurations
described above, we adopt the point of view of the M-string [1]: for a configuration of
parallel M5-branes probing a flat R‘i with M2-branes stretched between them (i.e. configu-
rations with M = 1), the M-string preserves N = (4, 4) supersymmetry with R-symmetry
group Sping(4). The latter acts on the space R‘i transverse to the M5-branes. The super-
charges [1] transform as the representations

(2717271)#*@(1727172)*7 (218)

under Spin(4) x Spingr(4) x Spin(1, 1), where Spin(4) x Spin(1,1) is the Lorentz group
on the M5 world-volume (with Spin(1,1) the Lorentz-group on the world-volume of the
M-string) and the 4 subscript denotes the chirality with respect to Spin(1,1). As was
explained in [1], upon introducing the simple roots of Spin(8) D Spin(4)r X Spin(4)

up =e; — ey, ug = ez — e3, uz =e3 —eq, uy = ez + ey, (2.19)

the weight vectors of the preserved supercharges are

(2,1,2,1), : {

el1textest+eqs egtex—e3—eq e+ ex—e3—ey €1+€2+6’3+64}
- - )

2 ’ 2 ) 2 ) 9
(1,2,1,2)_: {61—62-563—64 ’ 61—62;63+ eq ,_61—62—;63—64 7_61—62;634— e4}.

Furthermore, as discussed in [2], the orbifold action (2.13) is not compatible with all 8
supercharges and indeed only (2,1,2,1) (i.e. the supercharge with positive chirality) is
invariant. Therefore, for configurations with M > 1, supersymmetry is broken to N =
(4,0). The latter is in general further reduced by the deformations (2.10): while the mass
deformation (2.11) (which acts in a similar manner on RY as the Zy; orbifold (2.13)) breaks
the same supercharges as the orbifold action (and leaves invariant all of (2,1,2,1),), the

e-deformation in general® only leaves the supercharges corresponding to
e1+ex+e3+eq e textestey

5 , and 5 ,

(2.20)

invariant. It therefore reduces the supersymmetry to N' = (2,0).

3 Partition functions

3.1 Compact and non-compact M-brane configurations

An important quantity to describe the different M-brane configurations introduced above
is the partition function Zy s that counts BPS states. The latter can be weighted by
fugacities related to the various symmetries described above. Concretely, the partition
functions can be computed in various different manners, as explained in [1-3]

In the unrefined case (i.e. for ¢ = —¢2), in fact all supercharges (2,1,2,1), remain invariant, such
that the supersymmetry remains A = (4, 0).
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e Topological string partition function
The partition function Zy s is captured by the (refined) topological string parti-
tion function on the toric Calabi-Yau threefold Xy ps. The latter can efficiently be
computed using the (refined) topological vertex [43-45]

e M-string partition function

Zn,m can also be computed as the M-string partition function. For configurations
(N,1) (i.e. for M = 1) it was shown in [1] that the latter can be obtained as the
elliptic genus of a sigma model with A/ = (2,0) supersymmetry whose target space is
a product of Hilb[C?], the Hilbert scheme of points in R*. This result was generalised
in [3] to the case M > 1 where it was shown that Zy s can be computed as the
elliptic genus of a sigma model with A/ = (2,0) supersymmetry whose target space
is given by M(r, k), the moduli spaces of U(r) instantons of charge k.

e Nekrasov instanton calculus
The partition function can also be obtained from the 5-dimensional gauge theory that
lives on the world-volume of the D5-branes in the type II brane-web description (see
section 2.2.2). The non-perturbative partition function of the latter can be computed
using Nekrasov’s instanton calculus on the Q-background [46].

e BPS scattering amplitudes in type II string theory
As discussed in [3], certain of the partition functions Zy s can also be obtained from
a specific class of higher derivative scattering amplitudes in type II string theory.

Using either of these approaches, the partition function for a compact (i.e. @, # 0) brane
configuration (N, M) can be written in the following manner [1-3]

S (6|
Znm(T,t,m, e, €) ZQp M M) (H faz 1( |-l ))

ol®

N M anrl) (a (Qma )
HH NOND (\/?77 7)

a=1 z:l
l

N D ) (a+1>(ngQm7 )19 (a+1) (b)(ngQm T)

" 1<z£I<M}_[1 ﬁa§a>a§_a>(Qij Vit/a:T) aga)a§a>(Qij Va/tT) | lam—a@+n’ 31

where az(»a) are N M integer partitions (with size |a£f)|) and o ! = 2(1) and
Qij = QiQi+1...Qj-1, for 1<i<j<M. (3.2)
Furthermore, for two integer partitions p = (p1,..., e, ) and v = (v1,...,vy,) of length

{1 2 respectively, we have

Dy (25 7) H ﬂ(x_lq_“i“_%t*”ﬂt'”*%ﬁ) H ﬁ(x_lq”i_ﬁ%t“;*”%ﬁ). (3.3)

(ig)€En (i.j)ev
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Here (i,7) denotes the position of a given box in the Young diagram of the partitions p

and v respectively, u! denotes the transposed partition of ;1 and
iel (7-7 LU)

I, -Qk)

is the Jacobi theta-function

Wz 1) =

where 01(7; ) (for x = €2™%)

[e.9]

01(r;2) = 2QF3sin(rz) [[(1 - @11 —2Q)(1 — 7' Q).

n=1

Finally, the factor Wy (0) in (3.1) is defined as
WM(®a T7 m,ey, 62) = hm ZLM(T7 p,Mm, €1, 62) 5
pP—100
and we also introduce the normalised partition function

ZN,M(T7 t7 m, €y, 62)
War(0)N

ZVN’M(T,t, m,e€y, 62) -

(3.4)

(3.5)

(3.6)

(3.7)

The latter was related in [2, 5, 29, 30] to an U(N)M gauge theory (which is dual to an
U(M)N gauge theory), as well as (five-dimensional) little string theory. For the explicit

computations in the remainder of this work it is more convenient to rewrite the partiton

function in the following form:

N
Zy (Tt m,er, ) = Wag ()Y Y (H(czfa)ﬂ-” Mw)

01 (rs 2 )0y (7501 )
(a) )

01 (7; zl(z;-rl) + Tkl)Ol (1; vlzj_l

N
I I ( T
a=L1Sk<ISM \ (; jyeq(® Lij

X ( I1 01(m 2y = T (s vty + Tm)
(i.j)eal® 01(7; ul(caz)] — Th)01(7; w,gazj —Tw)

Here we introduced

. i . . .
T, = —1T; and Ty =Ty +Tke1+ ... +1-1, for

27 k<l

and the arguments of the Jacobi-theta functions in (3.8) are given by:

a a . 1 a . 1
z,iﬂ)] =-—-m-+e (al(c,i) -7+ 2) — € <(a’(€j1))t — 1+ 2) )

a a . ]- a— . 1
UlE:,z‘)j =—m-—e (al(m‘) —Jt 2) +é2 <(a,(€7j DYt —i+ 2) ;

Y1) —e (o) i),

- 12 —
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kl=1,...,M
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Specifically, for M = 1 we have the following expression

N N (a))gl(T.v(‘%))
ZN’l(T,tfl,...,th,m,El,EQ): Z <H Qfa |V"|) H Z(]a) ,

V1,...VN \a=1 (3,9)€v ] )el(T;uij )

(3.11)

where we introduced the following shorthand notation for the arguments of the Jacobi
theta-functions

(a) o1 ¢ o1
Zij —_m+61 Va77j_]+§ — €9 Va+1,j_ll+§ ;

(@ .1 ¢ 1
z] =—-m—-a Va71_~7+2 + € Va—l,j_l+2 ’

wE;” =e(Vai—j+1)—e(vh; —1),

ugﬁ = e1(Vai — ) — eVl —i+1). for a=1,...,N. (3.12)

The partition function for non-compact brane webs (which we denote Zhne %;) can be ob-
tained from (3.1) through the limit @, — 0 (i.e. p — ic0):

N M (a) (™)
(N) 2im (o™ | =leg ™
Zhne (T t,m 61,62 @ E sz 1oy (l | Qfa 1<a @ ))
a=1

ol
N M §a§a+1)a§a)(Qm;7—)
a=1i=1 ﬁal(a)agﬂ(\/’jé T)
. H ﬁﬂaga)a;aJrl)(QijQ;ll;T)ﬂal(_aJrl)a;b)(Qiij;T)
1<i<j<M a=1 ﬂag%;a) (Qij\/t/4;7) ﬁag%;a) (Qij\/a/t;T)

(3.13)

b
o= g

where t = {ty,,...,tpy ,} and T = {T1,...,Ta}. Specifically for M =1 we have

li o ) (T;U@-)
it b= 3 (eI T fEdm e,

V]yeeny VN _1 a=1 ’LJEVQ ()
vo=vN=0

(3.14)

(@ @ (@) (a)) fora=1,...,N — 1 are the same as in (3.12).

where the arguments (zij SV Wi s Uy

3.2 Particular values of the deformation parameters

Viewed as a BPS counting function (3.8) (and its non-compact counterpart (3.13)) depend
on the fugacities (T, t, m, €1, €2) that refine various symmetries associated with the (N, M)
brane-web. We can summarise the latter in the following table
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parameter symmetry, compact case | symmetry, non-compact case
T = {7‘, Tl,.. -TM—l} SL(Q,Z)T SL(Q,Z)T
t An_1 AN
€1, €2 U(l)el X U(l)ﬁz U(l)El X U(l)ﬁz

Here SL(2,7Z), is a generalisation of (2.17) to the case M > 1

(T;Tla-u7TM—17P7m7tf17-u?th,UGlyeZ) —
ar+b T Thvi—q m €1 €9
te,...,t —_— . 3.15
<CT—|—b’c7'—}—d7 et d v e er v d (3:.15)

From the point of view of the Calabi-Yau manifold X ps (described in section 2.2.3), the
t are Kéhler parameters associated with the structure of an elliptic fibration over (affine)
Apn—1. From the point of view of the M-brane web, the connection of the t to (affine)
Apn_1 seems less clear, since the former correspond to the distances of the M5-branes along
the (non-)compact 2% direction. However, as remarked in e.g. [5], the structure of the M5-
branes along this direction can be interpreted as the Dynkin diagram of ax_1 (or its affine
extension ay_1) and the Qy, can be linked to the roots of these algebras respectively.
Indeed, we will explain this connection in more detail in the following sections, when
considering explicit examples of the partition functions Zx 5s. Finally, we notice that in
the compact case, the roles of T and t can be exchanged upon replacing (N, M) — (M, N).
In the above table the parameters t have been singled out since we have decided to write
Znv in (3.1) as a power series expansion in Qy, (rather than @;).”

Written as a function of all parameters mentioned above Zx )s is rather complicated
and very difficult to analyse. In this paper we therefore consider particular values for some
of the parameters, such that Zy js simplifies and the various symmetries can be made more
manifest. First, for simplicity, we choose to work in the unrefined case, i.e. we set

€1 = —€2 =€, (3.16)

which (as mentioned in section 2.3) leads to an enhancement of supersymmetry to N' =
(4,0). Furthermore, (3.16) is fully compatible with the symmetries SL(2,Z), as well as
AN,1 (OI‘ A\Nfl).

In order to further define regions in the parameter space in which the partition function
simplifies, we first consider the case M = 1. In this case, the Spin(8) holonomy charges
corresponding to the deformations (2.10) and (2.11) read

(e,—€e,m,—m), (3.17)

"From the point of view of the (refined) topological vertex (which was used to compute the topological
string partition function Zx ar), this corresponds to a particular choice of the preferred direction of the
vertex. In the current case, the latter has been chosen horizontally with respect to figure 1.
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where we recall that the first two entries (depending on €) correspond to a holonomy with
respect to Scl] and the last two (depending on m) with respect to S%. For generic values of
e and m (in particular for m/e € R/N) there is no cancellation between the corresponding
holonomy phases. Phrased differently, there is no mixing between states with distinct
charges under U(1),, and U(1),, x U(1), in the partition function. However, if we choose

m = ne, with neN, (3.18)

the holonomy charges are no longer linearly independent over Z and thus holonomy phases
may cancel when we go multiple times around the circle S{. In this way, there may be non-
trivial cancellations between the contributions of states with distinct charges under U(1),,
and U(1)e, x U(1)e, in the partition function Zy; leading to possible simplifications of
Z N,1.8 For M > 1, the same effect appears (at least) in the untwisted sector of the orbifold,
so that we expect similar simplifications. Finally, we also remark that the choice (3.18) is
still compatible with SL(2,Z), as well as Ax_1 (or EN_l). Therefore, we can analyse the
simplified partition functions Zy p/(T,t,m = ne, €, —¢) with respect to these symmetries
and write them in a fashion that makes them manifest.

Explicitly, at the level of the partition function, the reason for the above mentioned
simplifications is the following: when choosing the parameters

€1 = —€3 =€, and m = ne, for neN, (3.19)

the arguments (3.10) of the theta-functions in (3.8) take the following form
z’gal)j — E(O‘;(fz) + (Oé,(f;rl)) —j+1-n), o )j 6(0‘1(;,? n (a](;lj—l))t Ci—jt14m),
wil, =) = e(o)) + (Oé;(w)) i—j+1). (3.20)

(a)

For specific partitions a;, ’ these combinations may become zero even for generic €, thereby
(with 61(7;0) = 0) leading to a vanishing contribution to the partition function. We also
notice that for (3.19) in general w,(ji)j # 0 # ul(sl)] indeed, the coordinates (i,7) of the

boxes in a given Young diagram are bounded from above by (a,(ga]).)t and a,(:g respectively,

(k) k).
a,n)’ an)
from the denominator of (3.8) and Zy (T, t,m = ne, €, —¢) is well defined for n € N.

SO w > 1 as can be seen from (3.20). Therefore, there are no divergences coming

In the following we discuss specific examples of partition functions with the choice of
parameters (3.19) and analyse their symmetries.

4 Examples: non-compact brane configurations
4.1 Configuration (N, M) = (2,1)
4.1.1 Choice ¢; = —¢s = ¢ and m = ¢

We start with the non-compact configuration (N, M) = (2,1) for which the partition
function (3.14) is a sum over a single partition vq. For the choice of the deformation

8Notice that for n = 1, in addition to (2,1,2,1)4 the (anti-chiral) supercharges with the weight vectors

61762563“4 and — 61762563“54 remain unbroken, thus leading to an enhancement of supersymmetry. This

fact was already remarked in [1] for the more generic case m = <52,
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parameters € = —eg = m = € we can show that the only integer partitions v; contributing

to the partition function Z%ifie(tfl,m = ¢€,6,—¢€) are in fact v; = () and v; = [0 To see

this, we recall that 6;(7;0) = 0 such that only those partitions vy contribute for which

s (a) (a)

(see (3.12) for the definitions of z;;” and v;;”)
1 1 .

zlgj) #0, and vi(j) #0, V(i,j) € v1. (4.1)

Starting from a generic partition vy = (v1,1,v1,2,...,v1,) of length ¢, the condition (4.1)
can be checked explicitly. In particular, we can consider the following two particular boxes:

e the last box in the second row (i.e. (¢,7) = (2,v1,2)):

Fj

(4.2)

For this particular box we have ”5,131 , = €(ra =2 — 19 +2) = 0, such that all par-

titions with ¢ > 2 violate (4.1) and therefore do not contribute to the partition
function (3.14).

e (v1 —1)th box in the first row (i.e. (¢,7) = (1,v11 — 1))
Due to the previous constraint the only remaining partitions correspond to Young

diagrams with a single row:

EEEES & (4.3)
For this particular box we have z%lgl 1 = €(ri1—1— (11 —1)) =0, such that

all partitions with v1; > 2 violate (4.1) and do not contribute to the partition
function (3.14).

Combining these two constraints we find that the only possible choices are v1 = () or v; =
and the partition function therefore is

1 1

) o)

1(7: 2.

Zhne(Tat ,m=€7€7 _6) == (_Q a)|I/|
2,1 fi Z T H 01(T;w£1))91(7;uz(-]1'))

ve{0,1} (i,4)ev J
01(7; —€)01(7; —€)
g 1 —
@n 01(7;€)?
=1-Qy - (4.4)

Notice that the right hand side is independent of 7 and € and only depends linearly on Q.
The partition function (4.4) can be rewritten in fashion that makes an a; symmetry
manifest. Indeed, upon identifying

Qf1 =e 5 (45)
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where «; is the simple root of a; we can write

Zie(rtpm=ee—e)= [] @—e )™, (4.6)
a€A(a1)

with mult(a;) = 1 and A (a;) the space of positive roots of a;. Using the Weyl character
formula, we can rewrite the product (4.6) as a sum over the Weyl group W(ay) = Zs of a;

2 (rtpm=ce— = Y (-1 eO7E, (4.7)
wEW(m)

where ¢ is the Weyl vector of a; and ¢(w) is the length of w € W(a;) & Zo, i.e. the number
of Weyl reflections that w is decomposed of.

While the re-writings (4.6) and (4.7) seem trivial (due to the fact that the root space
of a; is one-dimensional, i.e. Ay(a;) = {a1}), we shall see that both equations can be
directly generalised for other choices m = ne (with n > 1) and also N > 2 (as we shall
discuss in section 4.2).

4.1.2 Choice ¢; = —¢3 and m =ne for n > 1

For the cases n > 1 we can repeat the above analysis to find all partitions that
yield a non-vanishing contribution to the partition function (3.14). In doing so, we
find a generic pattern, which can be summarised as follows:” only those partitions
v = (1/171 T V125 ,I/Lg) with

{<n, and Vig <M, Ya=1,...,n, (4.8)

satisfy (4.1). As a consequence, we propose that the partition function is a polynomial in
@y, and can be written as the finite sum

n2

25 (rtp.m = nee. ) = > (-1)" ¢ (1.0 Qf, (4.9)
k=0

For n > 1 the coefficients c,(cn) depend explicitly on 7 and € and have the property

(r,e) = (—1)" cﬁf?,k(ﬂ €). (4.10)
Explicit expressions for the first few c,(g") with the condition!?
n? 1 1...neven
k<q 2, 00 411
_{’iH.”an (4.11)

9This pattern has explicitly been checked up to n = 11 and we conjecture it to hold for generic n € N.
197f k does not satisfy (4.11), the corresponding coefficient is determined by (4.10).
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are given by (we recall that relations (4.12)—(4.18) have in fact been checked explicitly up
ton =11):

M =1, (4.12)
n 2
= 22132 : (4.13)
n O(n —1)0%(n)0(n + 1
() _ 0(n—1)%0(n)?0(n+ 1)? O(n —2)0(n —1)0(n)*0(n + 1)0(n + 2)
N T L) L 0(1)%0(2)70(3)? B
) _ 0(n—1)%0(n)*0(n +1)* 5 O(n — 2)0(n — 1)20(n)20(n + 1)20(n + 2)
RO 6 EC LR 0(1)10(2)%0(4)2
O(n —3)0(n — 2)0(n — 1)0(n)*0(n + 1)0(n + 2)0(n + 3)
2 0(1)26(2)%0(3)20(4)2 ’ (4.16)
) 0(n—2)%0(n —1)%0(n)?0(n + 1)?0(n + 2)
% = 6(1)10(2)"0(5)2 (4.17)

+ 2

O(n — 3)9(n 2)9(71 —1)20(n)%0(n + 1)%20(n + 2)0(n + 3)
0(1)%6(2)26(3)20(5)
O(n —4)0(n — 3)0(n — 2)0(n — 1)0(n)%0(n + 1)0(n + 2)0(n + 3)0(n + 4)
0(1)%6(2)26(3)0(4)%0(5)* ’

where for simplicity we have introduced the shorthand notation

+2

0(0) := 01(T, Le) , V¢ e N. (4.18)

While not constant (as in the case of n = 1), the coefficients c,(cn) display a clear pattern,
which we propose to hold for generic (k,n) satisfying (4.11): every coefficient itself can be

written in the form

O(n)" TT s (0(n — a+1)0(n + a — 1))

(n)
Mira= S ew _ RNERT)
(k) =115 esbg) Flpsem)
nees
where the sum is over partitions pu(k,n) = (u1(k,n),u2(k,n), ..., pe(k,n)) of length ¢
(with 0 < ¢ < k), & denotes the set of partitions that verify
L
pi(k,n) +2 Z ta = 2k , (4.20)
a=2
and f(u) is a product of theta functions
k
fluse,r)y=JJo6)™, (4.21)
i=1
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with r; € {0} U Neyen that satisfy

k ¢ k
Zri =2k, and n®+2 Z [n2 + (a — 1)2] fha — Z rjj2 =2k(n®* — k). (4.22)
i=1 Jj=1

a=2

Here the first condition states that the number of #;-functions in the numerator and de-
nominator of (4.19) is the same, while the second condition ensures that each coefficient
cgl) (7, €) transforms in an appropriate manner under SL(2, Z), transformations (see (2.17)).

Specifically, we have

7Ti62
A" (=17 /) = 5RO R) () (7 ) (4.23)
Thus, we can assign an index under SL(2,7Z), to each of the c,(gn)
(n)y _ 2
I (c,’) = k(n® — k). (4.24)

Finally, the c¢(u) in (4.19) are numerical coefficients which take values c(u) € {0, 1, 2}.
While the expressions for c,(gn)(r, €) in (4.19) are rather complicated, they are essentially
determined by specifying all partitions u(n, k) for which ¢(u) # 0. These can be obtained
from the partitions u(n, k—1) in an algorithmic fashion by increasing one of the p,(k—1,n)
by either 1 or 2. The precise relation (along with explicit examples up to k = 5) is explained
in appendix C and can be summarised by the fact that there is an operator R, such that

& (r,6) = Ry ¢ (7). (4.25)

Schematically, the action of R can be represented graphically in the following manner

— —~
| Al |
A\ — [al
~ 2 ~
g ~ <
cén) =8 N =8 c(()n)
@ @ @ @ L n even
NS N NN N A N\ A
Ry Ry Ry Ry Ry Ry
o (o]
™ ~ ~ <
w = | |
| | —~a ~Q
(n) =% =% £E £E (n)
n —_
s 2 2 © h <
——{_o—+F_o—{ o o —|—_—o—|_—o—{ 0 — n odd
R Ry Ry Ry Ry Ry Ry

which also reflects the symmetry (4.10). These graphical representations are reminiscent of
the highest-weight representation I',2 of sl(2,C) where one can move between the various
points (which represent certain one-dimensional functional spaces of theta-quotients) with
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the help of raising and lowering operators. In fact, we can make this connection more
precise by writing

Zine(r by m=ne,e,—€) =Y (1) ¢fy(7,€) OX(ty,) (4.26)
A=[ePt,
where ¢ "¢ = Q}lf/z and £ = o/2 = ty, /2 can be identified with the Weyl vector of

a; following the identification (4.5). Furthermore, the sum is over all elements of the
fundamental Weyl chamber of the representation I',2 which are labelled by their weights
A =|c], Le.

. {[2c]|c =0,...,n2/2} = {[0],[2],[4], ..., [»?]} ... meven,
Ph = (4.27)
{[2c+1]le=0,...,(n? = 1)/2} = {[1],[3],[5],...,[n%]} ... n odd.

while we have for the coeflicients
Ok = ngg—k)/m for [k] e PL. (4.28)

Finally, the O} in (4.26) can be understood as the (normalised) orbits of A € P, under
the Weyl group W(ay) = Zsy of a4, i.e.

Oh_pg(tp) =dx > (=)™ =y (Q;f + (—1)nQ;1) , (4.29)
wEW(m)

where we have used the identification (4.5) and the normalisation factor is given by

|Orby(W(ay))] _ {é .c=0, (4.30)
1.

d — pr—
A=tel IW(ar),

Here |Orby(W(ay))| is the order of the orbit of A under the Weyl group of a; and W(a1)| =
|Zs| = 2.

To summarise, we propose that Z%iﬁe(’i', tf,,m = ne, e, —e) can be written as a sum
over weights of s[(2,C), whose representatives fall into the fundamental Weyl chamber of
the irreducible representation I',,2. As we shall see in the following, this pattern continues

to hold for the partition functions of other non-compact M-brane configurations (N, 1)
for N > 2.

4.2 Configuration (N, M) = (3,1)

4.2.1 Case e = —e=cand m =¢

The case (N, M) = (3,1) for the choice m = € is analysed in detail in appendix E. Sum-
marising the results, as above only finitely many partitions contribute to Z]l\l,nf in (3.14)

which are given in the following table
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0 |0 )
0 —Qn
b |° @,
— Q%Cr
=1 0%,
™ |d 39,

Combining these expressions, we find for the partition function

Zéi,rie(ﬂ Lyt m = €€ —€)=1- Qp —Qp + Q%sz + Qle?% - Q?HQ?%
=(1-Qpn)(1—-Qp)1-QxpQp)- (4.31)
Notice that this result is independent of 7 and € and only depends on Qy, , in a polynomial

fashion. Moreover, the partition function (4.31) can be rewritten in a fashion that makes
an as symmetry manifest. Indeed, upon defining

Qfl =e M, Qf2 =e 2, with Q1o € AL (ag), (4.32)
where A4 (az) denotes the simple positive roots of as, we can write

Zie(rtptpm=ee—e) = [ (1—e o)™, (4.33)
€A (az)

Here we have used the fact that mult(c;) = mult(ag) = 1. Using the Weyl character
formula, we can rewrite the product (4.33) as an orbit of the Weyl group

Z{l’,lrie('r tfl ) 7'5]"27 =€, €, —6) = Z (_1)@(11)) elu(ﬁ)—ﬁ ’ (434)
weEW(az)

where £ = a; + az is the Weyl vector and ¢(w) is the length of w € W(as), i.e. the number
of Weyl reflections that w is decomposed of: the Weyl reflections of ao are defined as
si: v — si(v) =7— (v,a))a; for i = 1,2, where o are the co-roots associated with

ai9, le. o = (aza;_). They are subject to the relations s? = s3 = (s182)% = 0. With this
notation we can check (4.34) by working out all non-equivalent Weyl reflections

weW) | w©) ¢ | tw)
1 0 0
S1 —Q 1
S9 0%) 1
51592 —201 — (i 2
$951 —a1 — 209 2
S$15951 —2a1 — 2a 3
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Therefore, (using (4.32)), we have
Z:lgiﬁe(T, tr,ty,m = €€ —€)
= E:(_gmwaﬁrézl_Qh—Qh+Q%Qﬁ+QﬁQ%—Q%Q%, (4.35)

’LUGW(GQ)

which indeed matches (4.31). Thus the partition function Zéiﬁe(T, m =€ty ,ty,, €, —€) can
be written in the form of a single Weyl-orbit of W(az).

In view of generalising (4.34) to the cases m = ne for n > 1, we prefer to write the
action of the Weyl group W(ay) = S3 in a slightly different and more intuitive manner.
To this end we introduce the simple weights (L1, Lo, L3) that span the dual of the Cartan
subalgebra b (as explained in appendix B) and identify

t; = Lo — Lot Va=1,2, (4.36)
which is compatible with (4.32). Furthermore, we introduce
Ty = el Vr=1,2,3, (4.37)
such that
Qf =x2/21, and Qf, = x3/x2. (4.38)

We note that the z,—1 2 3 are not independent, but satisfy x1x223 = 1 due to the constraint
Li+Ly+ L3 =0 (see (B.9)). Using the latter condition, we can write (4.35) in the following
fashion

Zlme(T, trsth, M =€€ —€) = 3:2:133 (x%xz — x%xg — :1:1:6% + xlmg + ZE%CL‘g — .CEQ.CL‘%)
0
=e ¢ Z sign(o 1)56 2) Lo(3) > (4.39)
oES3

where e=¢ = el3—L1 = = QpQp, = 1273 (and €& = e2l1+L2 = g275). The action of the Weyl
group in (4.39) can also be illustrated graphically by arranging all terms in the following
weight diagram:

2 2
et Ry, Qpy = w273 | et Qy = r1a2
+1 1

et Q% Q?‘z = .szg et = x%a@ (440)
—1 +1
e QpQF, = 113 et Qy, = xiws
+1 -1

where the blue numbers represent the factor sign(o) in (4.39). This picture indeed illus-
trates the S3 = W(az) symmetry inherent in ZhnO(T, tr,tp,, m=€€ —€).

Finally, before continuing with further examples with m = ne for n > 1 there are two
comments we would like to make
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e The prefactor e~¢ in (4.39) simply serves to arrange the various terms in the expansion
of Zhne(T, tr,ts,,m = €€ —€) to be concentric with respect to the origin of the weight
lattice spanned by (Li, Lo, L3).

e We can also add the ‘central point’ e~¢ (marked by a red circle in the above figure)
to the partition function Zhne(T, Ly g, m=¢,¢€ —€) in (4.39) since

e8> sign(o) 2y a0y adg = e (1 -1-1+1+1-1)=0. (4.41)
oES3

Therefore, we can write the partition function in the more suggestive form

Zhne(T’ tf17tf27m =66, _6) =t Z Z (_1)Z(w) ew()\) (4‘42)
AePH weW(az)

where Pir 1 is the fundamental Weyl chamber of the irreducible representation I'q 1
of (15))

P1+,1 ={0,&} ={0,2L; + Lo} . (4.43)

As we shall discuss in the following, the form (4.42) can be generalised to the cases
m = ne for n > 1.

4.2.2 Case ¢ = —¢9 and m = 2¢

Generalising the discussion of the previous subsection to the case €, = —es = € and m = 2¢
we find again specific conditions for the partitions v 2 in (3.14) to yield a non-vanishing
contribution to the partition function Zhne(T, tr,ts,, m = 2¢€ —€). As a consequence, the
latter is again polynomial in @), and ()7, with highest powers Qiﬁl and Q?Q respectively.
However, the coefficient of each term in this polynomial is no longer a constant (i.e. 1),
but rather a quotient of Jacobi theta functions, i.e. schematically

8
Zhne(T,tfl,th,m = 2¢,6,—€) = Z Q’}l H o(b (i ‘7 ) . apbr €7, (4.44)

= 6
2,7=1

where the integers a,(i,7) and b,(i,7) implicitly depend on i,j. However, as we shall
discuss presently, this expressions can still be written in a manner that makes the action
of as manifest. To this end, we group together all terms corresponding to a given quotient
of theta functions, however, rather than using the variables @,, we use the variables x, as
introduced in (4.37). In terms of the monomials Qécl Q}Q we have

Qlﬂ ;2 = 7t = latils — pigls ng, for 0<1,j<2n?. (4.45)

The relation L1 4+ Lo + L3 = 0 then implies x1x0x3 = 1, which allows us to a generic
monomial Q}l Qk as a polynomial of x123 with only positive powers. Specifically, for
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n = 2 we find:
Zhne(’]" tr,th,m=2€€ —€) = m§x§{¢[24 n (m?az% + msfxg + m§x§ + mgﬂz% + m%x‘f + :L’gac%)

+¢? 2,5) (xTxh + wlxd + aled + aled + alad + xlxd)
'*éwz (¢123 + wi2} + w373 + 5] + xiaf + wlas
‘+¢ﬁus($1$24‘$1x34‘$2$3)+'¢m(q(x14‘$24‘m
+¢%3
‘+¢%»1 #iwy + iy + x3as + a3at + ale] + alw
+tuy)
+h9)

ol g $1$24‘$1$34‘$2$3)+-¢B(q($14‘$24‘$3

2
3
.7)1332 + 1'1333 -+ l‘gl‘g + l‘gxl + 333.1'1 + 333.',5'2
2
2

)
)
( )
( 2)
(320 + 2323 + 2323 + 2521 + 2321 + 2329)
(zi23 + ool 4+ 2323 + ada? + xix? + 2323)
( )

)

2
+¢[1 1] (5U1$2 + CL’11L‘3 + fb‘gl‘g + 332$1 + 333901 + 3:3x2

+6%.0} 5 (4.46)
where the factors q§[201 02](7', €) depend on 7 and € and are given as follows
¢aAﬁ7}€)::1,
—01(7;3€)% + 01(7; €)%201 (75 5¢)
2 o 1 9 1 ) )
Pealr ) = h(7: ) |

01 (T; 2¢)?
2 42 _U1I\T,
¢53ﬁ73€)—-¢pﬁﬁ73€)—-]£z7;@2 g

01(7;2€)01(7; 3€)01 (7; 4e)
9 9 . 17, 17, ?
$i3,0(T €) = Pjo 3 (T: €) = =2 f1(7;¢€)3 ’

01(7; 3¢)

525[26,0] (1,€) = ¢[20,6] (1,€) =2

01(r5€)
Shy(T€) = i1 )01 (7 46)2;:6?;(7;26)291(7; 59
By (rre) = AT ;;(f%g 30).
I

01(7;2€)01(7; 4
¢[24,1] (1.€) = ¢[21,4] (1.¢) = (7—01 (67)_716572— d . (4.47)

The subscripts!! are chosen in such a way to make an action of the Weyl group W(az) = S3
of s((3,C) on Z}fﬂe(T, t,ts,, m = 2¢, € —e) (along the lines of (4.42) for n = 1) visible. They
can be identified with the Dynkin labels of the irreducible representation I'4 4, as we shall
explain in the following: as in the case of n = 1 (see eq. (4.39)), the Weyl group W(az)
acts as a permutation of the powers of a given monomial of the x1 2 3:

sg(azzlm%xlg) = xi(l)xi@)xfi@) , for o€ Ss, (4.48)

1The superscript has been added as a reminder of the fact that we are dealing with the case n = 2.
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which allows us to describe all monomials multiplying a given (Z)[ch c] B8 the Weyl orbit of
a single element. To describe the latter, we introduce the fundamental weights of as

w1 = Ly, and wo = L1+ Lo, (4.49)

which serve as a basis for the weight lattice of as and span the fundamental Weyl chamber.
Concretely, every weight vector can be written as

A= ciwi + cowo for c1,c9 € 7. (4.50)

For example the Weyl vector is given by & = w; 4 wa.
In order to illustrate the structure of the partition function Z}fﬁe(T, tr,ts,, m=2€€ —€)

graphically, we can represent each term in (4.46) in the weight lattice of ay

Lo
¢[24,4] ¢[25’2] ¢[26’O] ¢[22’5] ¢[24,4]
: Ll ae ‘aa a
2
¢[2o,6] .’
¢[25’2] 6 6 0
¢2
¢[24Y4] e . OOQ 6 ¢[24"4]

Oa5) Q

Ble.0)

Bfs o

:
e

2 2 2 ¢[24,4]
Pi2,5) ®0,6) és,2)

Bla s

where we have also indicated the fundamental Weyl chamber (spanned by the fundamental
2

[e1,c2]
representations of s[(3,C) (see appendix B.2 for a review), we can write the partition

weights wy 2) and attributed the factors ¢ accordingly. Comparing with the irreducible

function (4.46) as a sum over the Weyl orbits of the 13 representatives in the fundamental
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Weyl chamber of the irreducible representation I'y 4. Concretely, we have

Zélrie(T tf17tf27 = 2¢, €, —6) —ek Z ( 1)CI+C2 (b [c1,c2] (T7 6) Og\(tfl’th) ’
)\:[01,02}EP4J’F4
(4.51)

where the individual (normalised) Weyl orbits are labelled by the Dynkin labels [¢, c2] and
are given as

O?\:[cl,cg](tfl’t.ﬁ) = d>\ Z ’LU(>\) — d>\ ZS xClJrCQ 1;0_(2) 0_(3) 5 (452)
weW(az) oES3

and the normalisation factor is given by

% .. Cl =0 = 0
d _ |Orby(W(az))] _ ) cp1=0o0r cg =0 and (4.53)
Aleneal Wi(az)| 27 et 2] # 10,0) '
1 ... else

where |Orby(W(az))| is the order of the orbit of A under the Weyl group of as and W(asz)| =
|S3| = 6. Finally the following weights of I'4 4 are in the fundamental Weyl chamber

Pfy={[0,0],[1,1],(3,0],[0,3],[2,2], [4,1],[1,4],(3,3],[6,0], [0,6], [5, 2], [2,5] , [4,4]} .
(4.54)

For example we have explicitly'?

e Ok gt tp) = % voal(227 + 225 + 22%) = Q}, Q% (QHQp + Q1 Q) + Q1 Q1) .
(4.55)
Here the factors 2 (which cancel d3 ) = %) are due to the fact that e.g. 232929 = 232929,
such that z7 is invariant under two elements of S3. Notice also |Orbyz o (W (a2))| = 3.
Before further generalising this discussion to generic m = ne for n € N, there are a few

comments we would like to make

e Comparing (4.51) to (4.42), both are structurally very similar in the sense that they
are sums over Weyl orbits whose representatives are in the fundamental Weyl chamber
of a certain irreducible representation of s((3, C). However, in the case of (4.51), each
orbit is still multiplied by a non-trivial function which depends on 7 and e. Another
difference is the fact that the terms in each orbit in (4.52) come with the same relative
sign due to the absence of (—1)“*) which is present in (4.42).

e The arguments of the theta functions of the individual q§[201 c] BT€ related to the
Dynkin labels [c1,co]. Indeed, recall that the ‘25[2(;1 o] BTC quotients of Jacobi-theta
functions, schematically

H with ar, by €N (4.56)

61702]

2Tn order to make contact with the Q, and Q, we recall that upon using (4.45), a given monomial
in (4.44) can be written in the form Q% Q%, = el 20wrt(i=2j)ws
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Each such quotient has a well-defined index Z. under the action of SL(2,Z), (which

was introduced in (2.17)3)

at +b € . ab
(T, 6) — <c7’—+—d s C7‘—|—d> s with (C d> € SL(2,Z)7— . (457)

Specifically, Z, is given as

1
T (3 feren) = 5 (a7 = 07). (4.58)

r

which is related to the weight A\ = [¢1, co] of (;5[201 ca] through

1
IT(¢§\:[617C2]) = (457 45) - ()‘v >‘) =16 — 5(6% +cic2 + Cg) . (4'59)
Here (.,.) stands for the inner product in the basis (w1, ws2).

4.2.3 Case ¢; = —¢o and m = ne for generic n € N

The results of the previous two subsections show an emergent pattern which can be gener-
alised directly and which we conjecture!* to hold for generic n € N: for n a (finite) integer,
only a finite number of partitions v 2 can contribute to the partition function (3.8). There-
fore Zil,)ifie(T, tr,ts,, m = ne €, —e) is polynomial in the parameters Q¢ and Qy, with the
highest powers Q?X;Q and Q?gz Fach monomial Q}IQ;Q is multiplied by a quotient of
Jacobi-theta functions that depend on 7 and e. Specifically, we can write in a similar
fashion as in (4.44)

2n? .o
ine i ] G(GT(Z?])G)
Z:l)),l (T,m =ne,ty s, €, —€) = Z Q%, ;21_179(1) 00 ar, by €7, (4.60)
i,j=1 r AT

Using the same notation as in the previous subsection, we propose that we can re-write
the partition function in the following manner

lin _n2
23719(7_7 Ly try, m = MeE, €, _6) =e " ¢ E (_1)CI+C2 gb&hcz} (T, 6) O;L(tfmtfz) .
)\:[cl,cz]EP:z 2

(4.61)

Here OY(ts,,ts,) denotes the following normalised orbits of the Weyl group W(az) = S3
(with dy defined in (4.53))

O e ) (tristr) =dx Y (=) e = dy Y (sign(o)" 2l 1?22, 2l
wEW(az) g€S3
(4.62)

13Notice that SL(2,Z), remains a symmetry of the partition function even after the identification e; =
—ez = € and m = 2e.
14We have indeed verified the results further up to n = 6.
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while the representatives A fit into the irreducible representation I',2 2 of sl(3,C) (see
appendix B.2 for further information and notation) and are chosen from the fundamental
Weyl chamber, i.e.

Pl .= {[r—s,r+28]‘r20,...,n2 and s =0,...,min(r,n? —r)}
U{[r—l—Qs,r—er: 1,...,n* and s = 1,...,min(r,n? — r)}
= {[0,0], [1,1], [3,0], [0,3], [2,2],...,[n* —2,n® + 1], [n® + 1,n* — 1], [n*, n*]}.

(4.63)

Finally, the gb?cl 02](7', €) are quotients of theta functions and the first few of them are
given explicitly in appendix D.1. These expressions are compatible with (4.47): notice in
particular the appearance of the numerical overall factors 2 for the weights [k, 0] and [0, k]

(for k € N) or 6 for the weight [0, 0], e.g.

) 2 : . , L 00)
¢[n2—4,n2—1] }n:? — ¢[073] = -9 W or ¢[n2—4,n2—4] |n:2 = ¢[0,0] =6 W )

(4.64)

which agree with (4.47) and compensate the factor dy for the cases |Orby(W(az2))| < 6, in
order to avoid overcounting. Furthermore, just as in the case n = 2 in (4.47), the functions
Pley en] Can be assigned an index under the SL(2,Z), action defined in (4.57)

Z(¢K:[01702]) = (’I’L2£, n2£) - ()‘7 )‘) = TL4 - % (C% +cica + C%) . (465)

The structure of (4.61) can be made more transparent by arranging all terms on the weight
lattice of as as shown in figure 2. Here the red lines indicate the fundamental Weyl chamber
and we have attached the coefficients for each weight respectively. In this way the symmetry
under the Weyl group is made manifest. We notice, however, that for n odd, the weights
[c1,ca] for ¢; = 0 or ¢a = 0 do not contribute to the partition function. Indeed, in these
cases we have

n mn C 6 N
Ol tritp) =0=0p(tn tr), for n € No (4.66)

due to the sign factors sign(o) in the definition (4.62).1°

In order to further elucidate the connection between Z};ﬁe(T, tr,tf,m = ne €, —€)
and the irreducible representation I'y2 ,2 of aa, we remark another property of the ¢ (7, )
in (D.1). As explained in appendix B.2, the weight diagram of the representation I';2 .2 is
made from concentric hexagons whose weight spaces share the same multiplicity. Thus, one
would expect that the quotients of the theta-functions ¢ are elements of a vector space of
functions whose dimension corresponds to the latter multiplicity. Concretely, we expect

'5The vanishing is due to the same mechanism which leads to (4.41) for n = 1.
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multiplicity | weights

2

1 {[n2—2r,n2+r]]r:0,...,{%j}u{[n2+r,n2—2r]]r:1,...,{%1}

{[n2—1—2r,n2—1—|—7“]|7“:O,...,L"22_1J}U

2 2
{n?=14mn? —1-2]r =1,..., |25}
{[n2—2—21",n2—2—1—7‘]|7“:O,...,L"22_2J}U
3
{n?=2+mn? —2—2]r =1,..., | 252 ]}
. {In? = (k=1) = 2r,0% = (k= 1) 1]l = 0,..., | =51} U

{In? = (k=) +rm? = (k= 1) =2 =1, |52}

Comparing with the explicit expressions (D.1), we find that the functions ¢} with weights
A = [c1, c2] that are expected to be of multiplicity k& € N according to the above table, are
indeed linear combinations of theta-quotients of the following type:

s, _{9(np)“é"9(np+1)“<” )2 9(n + p — 1)1 0(n + p)
(14" <>b“> o(p —1)*’” ’
O+ 2 — p))™200(n + 4 — ) 2rf(n+5—p)5or ... O(n+p—4)40(n-+p—3)%s
01" 0(2)5” ... 0(p 2)”“

B(n +3— p)) % 20(n + 4 — p) s .. O(n+p—5)5rf(n+p — 4)"rB(n + p — 2)%
+ 1S b(z) 0(p— 2)b( )

)

6(1)r 6(2)02
o® o® ol o® o®
O(n+2—p)*2-rf(n+5—p)*5-rd(n+6 —p) 2 O(n+p—3)"»=30(n+p—4)%-1
(157 0(2)%” ... 0(p 3)”(3)
o® o® a 2@ o®
O(n+4—p)*»10(n+3—p)*-3...0(n+p—06) 6—179(n+p75) s-rf(n +p — 2)%2-»

0157 020 . o(p — 3)8 ,

+

O(n+2 fp)“gi)z’é’(n +24+k-— p)ag?k—P@(n +3+k— p)agjr)k ro..n+p—k-—1)° -
oA 02 .0 — )P
(k) (k (k) (k)
n O(n+k+1—p)*r-r-1 .. .9(n+p—k—3)“3+k*p9(n +p—k—2)%2+k—20(n+p— 2)%2-» }
oY 0(2)8" . 0(p — k)le-x ’

(4.67)

where p = 2n?4+1—c¢; —cp and a( " b(r) € N. Thus, according to the grouping in (4.67), the
@Yy are indeed elements of a space of functlons Si. whose dimension k£ matches the expected
mutliplicity. This is a further indication that the partition functions ZhnO(T, tp,tp,,m =

ne, €, —€) can be arranged according to the irreducible representation I'y2 2 of sl(3,C)
for n € N.
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Finally, we would like to comment on the relation between Zlme(T, m = ne,ty,ts,, € —€)
and Z%lfie(T, m = ne, ty, €, —€) from the point of view of the representation theory of sl(3, C)
and sl(2,C) respectively. Indeed, starting from the highest weight [n2, n?] of L2 2 and
acting with only a single root produces a highest weight representation of s[(2,C). Indeed,
considering the functions

{Qb?[;l?m?}? ¢&2+1,n2—2]7 ¢&2+27n2—4]7 s 7¢T”2+|.§J7”2_2|_n72” } (468)
they exactly correspond to the ™ defined in (4.12)—(4.18), that appear in the expansion
of Zhne(r, tr,m = ne e, —e€) in (4.9) and which we already argued in section 4.1.2 follow
the irreducible representations I',2 of sl(2,C). From a physical perspective, acting with
only a single root on the highest weight [n? n?] amounts to setting Q f» — 0 and thus
reducing the M-brane web configuration (N, M) = (3,1) to (2,1) by decoupling one of the
M5-branes.

4.3 Configurations (N, M) = (4,1) and (5,1)

We can repeat the above analysis for (N, M) = (4,1) and (5,1). For simplicity, we restrict
ourselves to the case m = € In the former case, the partition function (3.14) contains a sum
over non-trivial partitions (v1, 19, v3) and the relevant contributions are given by

lene(7'7 b tpy,ts, m=¢€¢€ — Z f((:11,1/2,1/3 (Tytp s tpystpy, €) (4.69)
V1,V2,V3
Z(ﬁw '”') 11 i
= fa a
v1,v2,v3 \a=1 (i.j)eva 91 )9 (73 z’j)

which are tabulated as follows

141 %) V3 f ((Z 11’)V2 vs) 141 2] V3 f ((4V 11 )
o fofo[ 1 | s [ B [§[-@@
m| 0 0 —Qp oD mm] O _Q?f)1 ?szfé
1) o 0 —Qy, 3
0 0 |o —Qr, - T |8 | ondh
2 N2
o 0 |o QrnQy, ” ; E “n
D | o |0] Qs ™ ™ |8 | 99
m} M 0 Qle% o Bj D Q?IQ:}QQ&
f |m |o Q%Qr m |B |H 7917,
0 | o |H Qr
@ - c; 2 m |@B | —Qfa
Dj - 2 3
g f: o En E _Q% :}2 ?3
m B |0 —Q7,
oo B |8 | -3 Z‘CQQ?;;
t = B §1Qf2Q?c3
4
u En t 7Qf1Q?}2Qf3 - H E Qfl
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Combining all these contributions, we find for the partition function

Zzlﬁe(Tv tpstfa, frsm = €6, —e)
= (1 - Qfl)(l - Qf2)(1 - Qfs)(l - QlefQ)(l - Qf2Qf3)(1 - Qleszf3) ) (4‘70)

which is polynomial in Qy, , ; and invariant under the exchange Qy, <> Q. By making
the following identifications with the simple roots of s((4, C)

Qs = e, Qs = e, Qpy = e %, (4.71)
we can write (4.70)
Z}i(rfl (T7 m = €, tf17tf27 ffaa €, *6) = H (1 - e_a)mult(a) . (4‘72)
a4 (a3)

As before, this can be rewritten, using the Weyl denominator formula, as a sum over the
Weyl group for the corresponding root lattice

Z;i(Tl (.m =€ tp,tp, fr6,—€) = Z e (4.73)
weW(az)

where £ = %al + 209 + %Oég is the Weyl vector for s[(4,C). In a similar fashion as in
the previous section we can give a graphical representation of the partition function by
arranging its various terms on the weight lattice of ag (see figure 3). This presentation of
the partition function indeed resembles a highest weight representation of ag = sl(4,C).
We have also performed checks for n > 1: in all cases the partition function still has the
structure of irreducible s((4, C) representations.

In the case (N,M) = (5,1), the partition function is a sum over four partitions
(v1,v2,v3,14). Analysing the individual contributions, we find that the partition function
can be written as

ZNC(r byt st m =66, =€) = (1= Q)1 = Q)1 = Qp)(1 = Q)(1 - Q Q)
x(1- szQf3)(1 - Qf3Qf4)(1_Qf1Qf2Qf3)(1 - szQf3Qf4)(1 - Qf1Qf2Qf3Qf4)
— H (1—e®). (4.74)

acA 4 (aq)

where we used
Qfp =e", i=1,2,3,4 (4.75)

As in the previous cases this can be rewritten as

Zéi,rie(,r? tflvtfzvff3>tf4vm = 6€, _6) = Z ew({)—f (476)

where £ = 2a; + 3ae + 3as + 2ay is the Weyl vector of ay.
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Figure 3. Structure of Z}ffie with the simple weights L; (red), La (blue), Lz (green) and L,
(yellow).

Comparing (4.4), (4.31), (4.70) and (4.74) we conjecture the following pattern

) N—-1 I N—-1-I+a
Z}{;l?le(T,tfl,...,th_l,m:6,6,—6): [H (1— H be>]
b=a

N—1 N—-2 e
= [H (1- Qfa)] [H (1- Q@ o)
a=1 b=1
2
X [H(l - chch+1 .- 'ch+N—3)] (1 - Qf1 s QfN—l) . (4-77)
c=1

which is independent of 7 and e.

4.4 Configuration (N, M) = (2,2)

After discussing examples of partition functions for non-compact configurations (N, M)
with M = 1, we can generalise the analysis to cases with M > 1. We recall that the
latter correspond to brane configurations with M5-branes probing a transverse Zy; orbifold
background (i.e. an ALE,,, ,-space). The simplest such configuration is (N, M) = (2, 2),
i.e. two M5-branes probing a transverse ALE 4, space.
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4.4.1 Choice ¢ = —¢g =cand m =c¢

We begin with the specific choice e, = —ez = m = € for the deformation parameters.
Analysing all integer partitions that may contribute to (3.13) in this case, we find

25{36(7-, Ti,tp,m=¢€¢€,—€) =Qy ijll ¢[12’]2(7', Ti,e) — (;5[16]2(7', Ti,e) +Qyp ¢[12}2(T, Ty, 6)] ,
(4.78)
where T} was defined in (3.9) and

O1(r; T — €)01(1; Th + €)
01(; T1)> '

o T T =1, and g YT (T e) = 2 (4.79)
Here we have added an additional superscript M in order to distinguish the coefficients from
their counterparts with M = 1 defined in (4.28). Moreover, similar to the configuration
(N,M) = (2,1), we can write (4.78) as a sum over Weyl orbits of representatives in the
fundamental Weyl chamber of the irreducible representation I'y of s((2, C). Indeed, similar
to (4.26), we can write

2Tty m=ce—c) = 3 (1716 (r T, 0% (), (4.80)
A=[c]eP;

where e™% = Q £ and Py corresponds to the sl(2,C) weights in the fundamental Weyl
chamber of Ty, i.e. P = {[0],[2]}. Furthermore, we have the following definition of the
Weyl orbits

O ) =dy Y W =ay (@ +Q3) (4.81)
weEW(ay)

where dy was defined in (4.53). Comparing Ozz[lc’]MZQ(t £) to its counterpart for M =1

and n = 1 defined in (4.29), we notice that there is no relative sign between the two factors
due to the absence of the factor (—1)%®). We can represent Z%ige(T, tr,m = €€ —€)

schematically in the following weight diagram
1,2 1,2
3] Ppz]

1,2
0]

The coefficient functions gbi’Q transform in a particular manner under modular transforma-
tions with respect to 7 (generalising the action of SL(2,Z) to the case M > 1 as in (3.15)).
Specifically, we have

[ i €2 T ~
o —l, E, ) = e T R T e (4.82)
[c] T T [c]
where for A = [¢] we have
12\ _ _ 1,
IT ((b)\:[c]) - (25725) - ()‘a A) =1- ZC s (483)
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where (.,.) denotes the inner product in the fundamental weight basis {w;} of a;. Gener-
alising (4.65) we call Z, the index of qﬁ}\’g under SL(2,Z),. We point out in particular that
the phase-factor (4.82) is independent of 77 and only depends on e.

Before generalising the above discussion to cases m = ne for n € N, we would like to
make a further remark: in section 3.2 we argued that the simplification of the partition
function Zy =1 for m = ne and €; = —ez; = € is due to the fact that the Spin(8)
holonomy charges are no longer linear independent over Z. Therefore, there are possible
cancellation among contributions with different charges with respect to U(1),, and U(1), x
U(1)e,. For M > 1, the same simplifications take place in the untwisted sector of the
orbifold action (2.13), leading to similar simplifications of the partition function, as is
indeed showcased in (4.78). However, along the same line of reasoning, identifying T = ke
for k € N, should lead to further cancellations among different contributions in the partition
function. Indeed, setting Ty = € in (4.78) we get qb[lo’f(T, €,€) = 0, such that

Zhne(T, Ty = ety e, —€) =1+ chl . (4.84)
This choice of parameters is still compatible with the SL(2,Z), transformation (4.82).

4.4.2 Choice ¢, = —ex = ¢ and m = ne for n > 1

Generalising the discussion of the previous subsubsection for m = ne with n > 1 the

partition function can schematically be written in the following form:'6

01(7; a1,0€)01 (75 ag re + Tl)
Zlme 7,T1,ts, m = ne, €, — E I | S . 4.85
( LA Qfl 91 7' b1 r€)91 (7'; b2,r€ + Tl) ( )

Analogously to the previous cases we propose that the partition function (4.85) can be
written by summing the Weyl orbits for the weights in the fudamental Weyl chamber PQ"; 2
of the irreducible representation I'y,,2 of sl(2, C)

n2—c =
2N (1, 1ty m = ne,e,—¢) =276 Y (1) N (r, 1, €) O3 MR (1)
/\eP;;ﬁ’QnQ
(4.86)
where e~2n" Qfl o = {[2k]|[k = 0,...,n?} and the Weyl orbits OV M2 (1) are

defined as
n,M=2 n
OpNPa) =dy > (DM ™ —dy (QpF Q). (s)
weW(ay)
which is equivalent to (4.81) since (—1)M"(®) = 1 for n € Z. Furthermore, the first few
coefficient functions gbﬁ’ﬁj:Q(T, Ty, €) are given by (for A = [¢] with ¢ > 0)
Spmoy = 1,
0(n)20(Ty — n)O(T1 +n)
6(1)26(T1)

Y

7,2 _
Pla(n2-1)]

16We have checked this expression explicitly up to n = 10 and conjecture that it holds in general.
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(4.88)

o2 _0(n)*0(Ty —n)20(n + T1)?
R2=2)1 7 9(1)10(Ty — 1)20(T, + 1)2
0(n — 1)0(n)20(n + 1)0(Ty —n — 1)0(T1 — n)0(T; +n — 1)0(T1 +n)
0(1)260(2)20(T1)20(Ty + 1)2
O(n —1)0(n)?0(n + 1)0(Ty — n)0(T1 —n + 1)0(Ty +n)0(Ty +n + 1)
0(1)26(2)26(T,)20(T1 + 1)2

+2

+ 2

Generalising (4.83) and using the notation (4.85), the index of the theta ratios is

n 1
Io(épy) = D _(af, +a3, —b], —b3,) = (2n%6,2n%¢) = (A, ) =n' — 2c*. (489)

r

Finally, as for the case n = 1, there are additional cancellations in the partition function
once we set T} = ke (with & € N) to be a(n integer) multiple of e. Notice, however, when
k < n the partition function Z%e(ﬂ T1 = ke, ty,m = ne, €, —€) appears to diverge due to
the fact that theta-functions in the denominator vanish. The choice k = n provides the
simplest expression in the sense that certain ¢§’M:2 vanish. Schematically, the vanishing
coefficient functions can be shown in the following weight diagram of sl(2, C):

B B
o o
a8 a &

n,2 S8 n,2 n,2 S8 n,2
Pl2n2) © o0 p) S Pp2n)
- - ¢nv2 - -
=3 i~ [0] =3 i~
DN N >N DN
2 % NG, 2 %

%)
| | 2 | |
= 3 ey o 3 =
) s@& & Z
! = = !
o 1 £0 =0 1 o
[en)

The vanishing theta-quotients correspond to the following powers of @4, in the partition
function: Qy,, Q%, cee Q?NQ?:‘Q_”, Q?ﬁf‘"‘*‘l, cee Q?{LZ—I, while for odd n also the power

2 . . .
Q?l is vanishing as well.

4.5 Configuration (N, M) = (3,2)
We can analyse the configuration (N, M) = (3,2) in a similar fashion. The latter corre-

sponds to a brane web with 3 M5-branes probing a transverse ALE 4, space.

4.5.1 Choice ¢; = —eg =€ and m = ¢

We again begin with the case m = e. In order to write the partition function, we use the
same notation as in section 4.2. In particular we use the variables x; 2 3 as defined in (4.37)
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to write

Zéi,ge(ﬂ T, tp,tp,,m =€ —€)
= 3eb{o%y (r Tio€) (afad + afad + aed + alef + alef + aled)
+ Sy (1. T €) (o + 23 + af)
+ ¢y (. T, ) (2 + wdad + aad)
+ ¢[11,721} (1,11, €) (2220 + 2323 + ix3 + 2ixy + 22x) + 22x0)
+ 0} (4.90)

where 2375 = e % = Q%Q% with £ the Weyl vector of ay and the gb[lc’icz} (1,T1,€) are
defined as follows

91 (Tl +26)01 (Tl *6)2 + 91 (Tl *26)(91 (Tl +6)2

¢1,2 _1, (;51,2 _ -
[2,2] [1,1] 01(T1)3
01 (Ty —2€) 01 (Ty +2¢) 1,2 1,2 01(Ty — €)01(T1 + ¢)
o2 = —6 _ . = = —2 - : (4.91)

As in section 4.2, the polynomials in z123 in (4.90) resemble orbits of the Weyl ac-
tion W(az) = S3 (and the subscripts in (4.91) correspond to weights of ay). More pre-
cisely, Z})’i’%e(r, Ti,tg,ty,, m = €,€,—€) can be expressed as a sum over the Weyl orbits of
the weights in the fundamental Weyl chamber Pg'f 5 of the irreducible representation I's o
of 51(3,C)

Z:1317r216(7-’ Tyt tr,, m = €€, —€) = o2 Z (b[lc’icz](T, T, e)(’)i(tfl,th) (4.92)

)\:[cl,cz]EP;’2

where PQE ={][0,0],[1,1],[0,3],[3,0],[2,2]} and the Weyl orbits are given by
Oi(tfutb) = d) Z e (4.93)
weWW

with dy defined in (4.53). As in section 4.4, the partition function Z},’ige(T, Ti,ty,tg,,m =
€, €, —e) transforms well under SL(2,Z),: following the transformation (4.82) we have for
example

1 T . o . - - : -
¢1,2 ( 1€ 1) _ em(—2e+T1)26m2(e+T1)26—m3T12¢[11,i] (r,6,T)) = 62m352¢1,2 (r,e,T1).

L\ 2 7 (1,1]
(4.94)
In general we can introduce the index
12\ _ B R 2
IT(CZ)[cl,CQ}) =(2£,28) — (M) =4 3 (ci 4+ crea +¢3). (4.95)

As in the previous section the partition function can be further simplified by setting T = 2e.
We can represent the partition function by the following diagram:
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The red circles correspond to the terms that are removed by the simplification.

4.5.2 Choice ¢; = —ex = ¢ and m = ne for n > 1

For n > 2 the number (and size) of all expressions grows very quickly. However, all terms
can still be arranged according to irreducible representations of as, as e.g. is graphically
shown below for n = 2

. VaAVAYAYAYAVAVAVAVA

NAVAVAYAVAVAVAVAVAVAS
AVAYAYAYAYAYAVAVAVAVA

/925[26,212]

¢[25,211]
avavavavavaVaVaVaVavavaVaVavyey
N AVAYAYAYAYAVAVAVAVAYAVAVAVAVANGS
AVAYAYAYAYAYaAVAYL T AV AV AYAYAVAVAGHS
NV aVaVaVaVaVavaVavaVaVaVaVavaVaV e
VAYAYAYAYAVAVAVAVAVAVAVAVAVAVI
N A avY avVavVavVaVavVaVavaVavaVinte

VaYaVaVaVaVavaVavaVaV,
NVAYAYAVAYAVAYAYAVAY
N aYaYaVavVavaVavaV
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where some of the (;5[2012 o] 1€ given by

2,2 . 22 22 (7‘ 46) 01 (7‘ 4e — T1)91(T 4e + Tl)
¢[878] (7—7 Tla E) =1 ) ¢[679} — ¢[9,6] = -2 9 (7- )291 (7-’ Tl)
2

1
7:4€)%0, (15 46 — T1)261 (15 4e + T1)

¢[zi 10] :¢[10 4 — i 7
’ ’ 01(7; )01 (m; € — T1)201 (15 € + T1)?
N 01(7;3¢)01(7; 4€)%01 (73 5€)01 (5 4 — T1)0y1 (7; 5e — T1)601 (73 3¢ + T1)01 (75 4e + T})
01(7; €)01(7; 2€)201 (75 2T1)201 (15 — T1)?
N 01(7; 3€)01 (75 4€)%01 (13 5€)01 (13 3¢ — T1)01 (73 4e — T1)01 (73 4e + T1)01 (73 5e + T1)
01(7; €)01 (73 2€)201 (15 217)201 (15 € + T1)?

(4.96)

Here again the red circles stand for the terms removed when setting 7} = 4e.!7

Based on the above results, for generic n > 2, we propose that the partition function
can then be expressed by summing the Weyl orbits for the weights in the fundamental
Weyl chamber P;;L 2 92 of the irreducible representation I'yp2 9,2

1m - 2
Zl e(T,t,m:ne,e, _6) = e e Z ¢[01 c2] (T,E)O;\l(tfl,th),
AePt

2n2, 2n2
with O;\l(tfl,tb) = d) Z ew()‘),
wew
and the SL(2,7Z), indices are
n 1
IT(¢)\E;]Z\147C2]) = (27&25, 27125) - ()‘7 )‘) = 4n* — g(C% +c1c2 + C%) (497)

5 Examples: compact brane configuration

After having discussed examples of partition functions of non-compact brane configurations
for the particular choice m = ne (with n € N), we now consider compact brane configu-
rations. The non-compact case can be recovered in the limit [[,_, Qr, = Q, — 0, as we
shall discuss in the following.

5.1 Configuration (N, M) = (2,1)

5.1.1 Choice ¢ = —¢g=cand m =¢

We start with the case of two Mb5-branes, in which case there are two different partitions
contributing to (3.11). To describe the configurations contributing, we introduce the fol-
lowing class of partitions

m, =Mnn—-1n-2,...,1), , (5.1)

17In general, cancellation of this type occur for generic n by setting Ty = 2ne.
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with size
n(n + 1)
|m,| = E = —" (5.2)

We also use the notation mg = (). With this notation, we only get the following three types
of contributions to the partition function (n € N)

2 01 (7525;) 01(T3055)
v V2 (Ha:l(_Qfa)IVa|> Ha 1 H (i,9)Eva 01 (r; wj)e (T;ugjj)
0 0 1
[]
| ! I n(n+1) n(n—1)
my = my_1 =[] (_Qﬁ) 2 (_QfQ) 2
[]
! I | n(n—1) n(n+1)
Mp—1 = my = (_Qﬁ) 2 (_Qf2) 2

Thus, the normalised partition function (3.7) is

o0
22’1(7—’ m=e€tp,tp,€ —€) =1+ Z(_
=1

|: n(n+1) n(n—1) n(n—1) n(n+1)

Qp® Qp° Q" @p°
This expression can also be written in the form

Zé{fl) (1,m =€ty ,ty,, € —€)

8

22,1(7',tf1,tf2,m =€,6,—€) =

i
I

,':]8

(1-Q5)(1-QnQ5 ) (1-QpQ"), (5-3)

k=1

where Q, = Q,Q f2.18 Following the discussion of the non-compact examples, we would
like to Identify the Kéhler parameters ty and ty, with the affine roots oy and @1, which
are introduced in appendix A.2. This involves choosing which ¢, contains the null root
0. The final answer does not depend on this choice as the exchange Qf <« @y, does not
change the partition function. Here we choose the following

Qfl = e_al ’ sz = QP/Qfl = ea1_6 = e—ao ’ QP =e™ (5'4)

and using expression (A.15) for the positive roots of @; we can write

Zy1(7t,m = €6, —¢) = (H(l - QlQZ)) (H(l - QZ/Ql)) (H(l - lec))

n=0 n=1 k=1
= JI a-¢9). (5.5)
ael (@)
"®Notice the relation Z¥1°(7,ts,,t,, m = €€, —€) = 52(11)(7', ty,,tr,, m = €€, —¢) relating compact to the

non-compact M-brane configurations.
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Using the affine Weyl denominator formula (5.5) can be written as a sum over elements of
the affine Weyl group (with mult(a) =1 for @ € A(ay))

22,1(7_7 tf17tf2a m =¢€,¢, _6) = Z (_1)l(w)€w(§)—§ (5'6)
wGW\

where £ = Gy + Oy = [1,1,0] is the affine Weyl vector. We recall the action of the affine
Weyl group W(a;) as given in (A.21)

solco, c1,1] = [—co,c1 + 2¢0,1 — o], and s1[co, c1,1] = [co + 2¢1, —c1,1] . (5.7)

We can work out the first few Weyl reflections to check (5.6)

o~

weW@) | w() l(w) | grade
1 0 0 0
S0 —&0 1 —1
S1 —&1 1 0
5150 —&0 — 3(/1\1 2 -1
5051 —3@0 — al 2 -3
515081 —3(/35\0 — 6&1 3 -3

Therefore, using (5.6), we have

Z5(T, L tr,,m =€€ —€) = Z (_1)Z(W)ew(§)—é
weW

=1-Qp —Qp, + Qf’lefQ + Q%Qﬁ, — Q%Q?}Q +... (5.8

which matches (5.3). While written as a sum of Weyl reflections of 2, we can also inter-
pret (5.8) as a sum over Weyl orbits of weights in the fundamental domain ]31+ , of the
highest weight representation IAHJ of a;:'? following the discussion of appendix A.2, every
affine weight of 5A[(2, C) can be decomposed into fundamental weights (&g, w;) as follows

/X:CQQQ—I—Cl@l—I—lé: [Co,cl,l], co,c1,l €7 (5.9)
such that the affine root ¢y, and a generic monomial Ql)"l ;2 are decomposed as
ty, = —2wo + 2w1 and Q}, @), = X wim0) =it (5.10)

Furthermore, in table 6 in appendix B.3 we give the the first few grades of the affine
representation generated by §A = [1,1,0]. The affine weights which are colored in red are
contained in the Weyl orbit of fA To make the connection to the remaining weights even
more manifest, we rewrite (5.8) in a slightly different manner: we observe that the Weyl-
orbit of the weight A = [1,1,7] for r € Z can be written as

—5 Z w([1,1,r]) _ —5 rd Z w([1,1,0]) —5 rd Z (w) w(§

wGW wGW wEW
(5.11)

19This directly generalises the discussion of section 4.1 to compact M5-brane configurations.
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such that

Z €3 (- w(ll,1,-1) — o~ (Z ez&) 3 (1)t ul

weWw =0 weWw
-£ _
€ ¢
T 10 Z (=1) () gle)
weW
Therefore, we can write
2271(7-’ tptpy, m = €€, _6) = 6_5(1 - QP) Z Oi:[co,chl} (tf1vtf2) ) (5'12)
XeP
where we defined
Oi\:[co,chl] (trotp) = Z (_1)5(111) e ) (5.13)
weW

and ]31+ 1 is the fundamental Weyl chamber of the affine representation generated by the
weight [1,1], i.e. ]31+1 = {[1,1,-1]|l € NU{0}}. Thus (up to a prefactor 6*2(1 - Qp)),
the partition function 2y (7,ty,,ts,,m = €,€, —€) can be written as a sum over the states
contained in f171.

Finally, before discussing more general cases m = ne with n > 1, we remark that in
the limit @), — 0 we reproduce the partition function Zhne( =€l € —¢€)

C}ifEOZQ,l(T,tfl,th,m:6,67 —€)=1-Qy, , (5.14)

which indeed agrees with (4.4). From the point of view of the irreducible representation
[1,1,0], due to (5.4), the limit @, — 0 corresponds to restricting to states with grade
[ = 0. Indeed, according to the weight diagram in table 6, the partition function can thus
be written as the sum of two states (A = [1,1,0] and A = [3,—1,0])

Z%“}e(T Ly, m=¢€6€ —€) = Ql/ijgo 2%2,1(7', trsth,m=€€ —€) = Z;(—l)l(“’)ew(f)*5
weW
1
wo+w1 Z Z ecow0+clw1+l6 — 1 o Qf
19
k=0 [co,c1,1]=[1,1,0]—kay
(5.15)

where we used the identification (5.4).

5.1.2 Choice ¢ = —¢g =ec¢and m =ne for n > 1

For m = ne with n > 1, the partition function is an infinite sum of ratios of theta functions:

0o
~ ; ’7' a
Z2,1(T’ P tflam = Ne, €, _6) = Z Q}l 9 7_ bré (516)

To illustrate this expression, we first consider in some detail the case n = 2 and generic
n later.
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n=2. Forn = 2 the first few terms of the partition function can be written in the following
suggestive form

e 4
= 4 2 4 4 12 4 4 12 46
Zo1(7, p b, m=2€,6,—€) = ¢ A0ten) {45[4,4,0] (efwotdun peliwomdun y pmdwotiin=do L )
+ (;5[26’270] (66w0+2w1 + elOwo—le 4 6—60.)04-140.11—65 4. )

+ (}3[28’070] (268w0 + 26780.704»160.)178(5 4 26240.)0716&)1785 4 )

2 2wo+6wi —d 14wo—6wi —0d —2wp+10w1—30
+ g1 (e te te

)
)

+ q/b\[28,0,—1} (268w0_6 + 2¢8wo 16wy —99 + 224w —16wy —94 + o )

+] (5.17)

+ ...
4 &;[24,47_1] (64w0+4w1—5 4 612&)0—4&)1—5 + 6—4w0+12w1—55 4+

where the notation is the same as in (5.9). Indeed, the q/[)\[QCO LS indexed by their Dynkin
labels ¢y, c; and their grade [

01(7; 3e)
oy — ) 0T
Pusa(me) =1, 00(me) =295
01(7; 3¢)? 61(7; 5e)

b2 A gV, _ _otilT;
¢[4,4771}(T’ €) = 01(T;€)2’ <Z5[8,0,—1}(7'7 €) 791(7_;@

™ _ _ Oi(7;2¢)°

¢[6,2,0}(77 €) = ¢[2,6,—1} (1,€) = —W (5.18)

Comparing with affine representations of sl(2,C) (as given in appendix B.3), we can write
the compact partition function (5.17) as a sum over Weyl orbits of the representatives in
the fundamental Weyl chamber PI 4 of the affine [4,4] representation

2271(7', pyti,ta, m = 2€,€,—€) = e~ Z (/5[200,61,” (1, 6)0%(75}01 , th) (5.19)
XePf,

where the individual Weyl orbits are given by

O%z[co,cl,l] (tr,ts,) =dx Z\ew(/\) (5.20)
weW

where the normalization is given by

1 .
~ )3 ifcg=00rc; =0
d)\:[co,q] = {1 olse (5.21)

The weights of the affine [4,4] that are in the fundamental Weyl chamber ﬁj 4 are those
with positive Dynkin labels

]3:4 ={[0,8,~1],[2,6, 1], [4,4, =], [6,2, =], [8,0, =] }1enu{o} (5.22)
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As for the finite case there are again weights that are fixed under the action of certain
elements of the Weyl group, e.g.

s0[0,8,—2] = [0,8,-2], speW (5.23)

As for the non-compact cases the arguments of the gb can be related to their corre-

[co,c1,!]

sponding affine weights A= [co, c1,1] through

~

~ o~ 1
T (B fepner ) = (4E14E) — (AX) +81 =4 — 2] — 8, (5.24)

where (.|.) stands for the inner product in the affine W; basis.
Before continuing to the case of generic n, we consider the decompactification limit
@, — 0. In this case only those weights with ¢ = 0 survive, such that (with (5.10))

pl_lfzn Z2 AT, pity,m = 2e,€,—€) = (1 + Q?ﬁ)a[QALA,O (@p + Qf1)¢ 620 T 2Qﬁ¢ 8,0,0]
26) 01(7; 3¢)
- (1 4 (7' 2
é”ie(T tr,m = 2¢,¢, —6) . (5.25)

This expression indeed agrees with (4.9) as expected, since in the limit @, — 0 the brane
setup corresponds to the non-compact configuration (N, M) = (2,1).

Generic n. The above analysis can be extended for n > 2 with a pattern arising which
allows us to conjecture the structure for generic n: indeed, we propose that the partition
function can be written as a sum over Weyl orbits of the representatives in the fundamental
Weyl chamber ]37;;712 of the affine [n?,n?] representation

~ _ 2/\ A~
2271(7', P tfl,m = MNE, €, —6) =e " 3 Z (;57[107617”(’7', e)og(tflﬁtfz) (526)
SeP
where the Weyl orbits are given by?"

Ol(tgtp,) = dy 3 (—1)" W) (5.27)
weW
The fundamental Weyl chamber ]3;'2 2 18 given by

ﬁ;gmz = {[Oa 2712, _l]a [27 2(’!12 - 1)7 _l]a SRR [2(%2 - 1)) 27 _l]a [2712, 07 _l]}lENU{O} . (528)

In this case the relation (5.24) becomes

level k

~ A~ ~ o~ ——
LB .er) = (M%EN*E) = AIN) + (co + 1) 1 =

4 2
L (5.29)

20Notice that dy = 1 for all A € ﬁf'l such that no normalisation is required in (5.13).
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Explicit expressions for the coefficient functions 57["20 or,1] ATe given in appendix D.2. Finally,
due to the fact that

¢[T20,01,l=0} (7, 6) = ¢E127c0;c1](7', 6) ) (5.30)
with (j)ﬁc] defined in (4.28), we have in the decompactification limit

lim 2271(7', Pty ,m =ne e, —€) = ;irie(T, tr, m = ne, € —€), Vn>1. (5.31)
P—100 ’

as is expected from the point of view of the brane configurations.

5.2 Configurations (N,1) for N > 2

We can generalise the discussion of the previous subsection to cases N > 2. For simplicity
we restrict to n = 1 and show that the partition function can be written as a product over
simple positive roots of ay_1.

The first case corresponds to N = 3, i.e. three M5-branes. For the partition function,
this requires to sum over three different partitions (v1, v, v3). Analysing the configurations

which lead to a non-trivial contribution, we summarise the first few in the following table
01(7;528;) 01(508;)

. (v1,v2,03) 3 Va 3 h
(with g5’y = (T0y (=Q5)"!) Tz Tagyen, ittty

ij

vy | va | 3 gggjl’)VQ’V3)
v vy U3 ggh’)’”’w)
0 0 0 1
B
oo 0| - H 795
0 | m —Q2.Q2,
] U] _Qf2 E] 271
U] 0 O —Qf B:D L] - 3%16’23"2@)”3
- M | -Qp 42 23
ool 6| e, H- 29
! 13 O H:D —Q2 Qf 4
0 T 0 Q?EQQfs fi f3
4 2
0|0 |m| Qe @j 0| d 1 QrQ%,
3]0 |0 ees 3 |F | o |-@ehes
2
0 |50 9 o | g e
0 . H Qf?Q?:s

The first few terms in the partition function therefore take the form

23,1(7_3 Uity tps, M = €€, —€)=1- (Qﬁ + sz + Qf‘s) (5.32)
+ (Q?ﬁ Qf? +Qf1 Q?‘z +Q3”1 Qf3 +Q3”2Qf3 +Qf1 Q?‘:ﬁ +Qf2Q?”3) - (Q?ﬁ Q?‘z +Q3”1 Q?‘s +Q§2Q?”3)
- (Q%Q%Qﬁi+Q?€1Q§2Qf3+Q§1Qf2Q?3+Qf1Q§2Q?3 + Q%QﬁQ;&s—l_QlefczQ%s) +..
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This expansion is matched by the expression?!

o0
= k
Z371(7_vtf17tf27tf3vm:evev H 3E,1) (rm=e stpstpatrs, € —€ €)

H (1-Qp*(1-Q5 ' Q1) (1-QF'Q2)(1-Q5 ' Q) (1-Qp@ N (1- Q5 1) (1-Q5 Q51
= II (1—e ), (5.33)

a€£+(’(l\2)

where A, (@) is the space of positive simple roots of @;. Notice the relation

1 =6
Z?El)(Tvm = G,tfl,th,tf3,€,—6).

lin
FT e e e =662 = (0 S0 QQp)
1 3

(5.34)

Repeating the computation for N = 4, we find up to order 6 in the expansion of Qy,
that the partition function can be written as

o0

= S(k

Za1(Toty tpy b, by, m = €€, —€) = H il)(T,m =€ tptpy,tp,th, € —€)
k=1

= [J-Q5?(1-QF'Qp)(1 - QE'Qp)(1 - QE'Qp)(1 - QE'Qy,)
k=1

X

(1-Qp/Qp)(1 = Qp/Qp)(1 — Qh/Qs)(1 = Q5/Qy,)
(1- Qﬂ%@ﬁ@ﬁﬂﬂr—QwKQbQﬁD(<—QZKQﬁQﬁDCP—Q§KQﬁQﬁD
= II (5.35)

eAL(

X

Q)

with Q, = Q1 Q,Q 1@y, Notice the relation

Zé”i (T, tptpy, tps try, m = €, €, —€)

_ Zﬁi,ll)(T’m:Eatflathatf3tf4,€, —€)
C (1-Qp)* (1= QpQs)(1 - Q1 QpQs)(1 - QnQpQy)

(5.36)

5.3 Configuration (N, M) = (2,2)

Finally we can similarly discuss cases (N, M) with M > 1. The simplest such case is the
configuration (2,2) and we shall limit ourselves to the choice m = €; = —es = €. Analysing
the partition function Z5o(T,t,m = €, €, —€) in the same fashion as above, we can write it

*"We have checked (5.33) up to order 12 in the expansion of Qy, , .
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in the following suggestive form
ZZQ(T, t, m=e,e, —6) :e—2(wo+w1) [(eQUJQ-i-le + 66w0—2w1 4 €—2w0+6w1—26+ elOUJO—GUJ1—25 o )

g 01(r;Th + €)01(m; Ty — )

4% —4 w1 —4 12050 —8w1 —4
(ew0+e Wo+8w1 5_|_€ 0o —8W1 5_‘_”‘)

01(;T1)2

. 2 01 (T7 T]- + G)HE(T? T]- B 6) (64@175 4 68@074@175 + 678&)\04»126.)\1795 o )
61(r;T1)?

Lo 91(7’;T1+26)«9}(7‘§ Ty —2¢) (ezao+2a1—5 4 SP0-201-8 |~ 20 +61 -3 b)) +...],
61(7;11)?

(5.37)

where we have used the same notation as in section 5.1. Comparing (5.37) with the previous
examples, we notice that the partition function can again be written as a sum of Weyl orbits
where the affine weights of the representatives lie in the fundamental Weyl chamber of the
affine representation ]32+ , with highest weight [2,2,0] (see appendix B.3)

2272(7', Ty, tp,tr,,m=¢,c¢, —€) = e 2t Z (;5[100’617”(7', Ti,€) Oi(tf17tf2) . (5.38)
XePy,

Here the Weyl orbits are given by

ifecg=0o0rc; =0 (5.39)

~ 1
1 T w(A . 7 2
Oi(tr,tp) =dy D €™, with  dy_jge, -y = { I else

weW

where the Weyl reflections are explicitly given as in (5.7) and the factor c?)\ takes into
account the presence of fixed points in the Weyl action. The fundamental Weyl chamber
is defined as

P2—t_2 - {[07 4, _l]7 [27 2, _l]v [4? 0, _l]}leNu{O} . (5'40)

and the %\:[co,cl,—l] in (5.38) are given by

. 61(T;T1+(2r+1)e)91(T;’1~"1—(27“+1)e) . o
5[10471](7,T1,6) = ? 01(m;11)? if 1=r(r+1)+1forreNU{0}
v 0 else
(5.41)
1 ifl=0
;Z)\[12,2,—l} (1,T1,€) = ¢ 2 el(T;TlJ;er(eT).%(;Tl_%e) if |=r%forreN (5.42)
0 else

01(r;11)2

0 (T;T1+(2’r‘+1)6)01(T;T17(27‘+1)€) . .

-2 if l=r(r+1) for r € NU{0}

Slao_y(T. T e) =
0 else

(5.43)
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We notice that the arguments of the (b are related to the affine weights by

[co,c1,l]
1 oA 1
LBl ) = (26128 ~ (R + 41 =1 3t —al. (5.44)

which directly generalises the cases M = 1 discussed above

Before closing this section we would like to make a further remark: the brane configura-
tion (N, M) = (2,2) is self-dual under the exchange of N and M. Furthermore, the appear-
ance of the symmetry ay_i—1 is due to the expansion of Z~2,2(T, Ti,p,tf,tp,m =€ € —€)
with respect to Q: i and we would expect a similar structure with respect to QLQ. It is
therefore interesting to see whether the partition function can be written in a fashion that
makes a symmetry ay_i1—1 ® ap—1—1 manifest. To this end, we first have to re-instate

the normalisation factor (WM:Q(@))N:2’ n (3.1). The latter can be read off

€1=—€x=m=c¢
from (5.5)
Wo@)| _ . _,._. = lim Z51(p, T1, To,m = €, ¢, —¢) (5.45)
€1 €o=m=¢€ P00
() - 00 B 1/2
= (H(l - Q@’ﬁ)) (H(l—@i/czl)(l—@)k) =—i-"g 1(; Th).
k=1 k=1 Q
Thus, multiplying the coefficient functions (5.41) — (5.43) with (W5(0))?| the

€1=—€eo=m=¢’
non-trivial QS}\ are (up to integer coefficients) of the form

?}4 01 (r: Ty + ke)or (v: Ty — ke) (5.46)

for k € NU{0}. Upon introducing

Ty = —2Ko + 2R1, Qr=¢e*, (5.47)
which mirror (5.10) and (5.4) such that
Q1 Q4 = XbmaFi=Fo)=bu Va,be N, (5.48)
we can write for (5.46)
Q1 [ F —2(Ro+7 ~
——1a 01(7; 11 + ke)0y (73 Ty — ke) = e 2(FoFF1) Z go[lcqul](k, €) O5(T1,T2) . (5.49)

XePy,

where we denote e 2(Fot+k1) — ¢ = as the Weyl vector of ap;_1—1 and

(e F@stD) L kst if | = 5(s 4+ 1) 4 1 for s € NU {0}
Blo.a,—y (ky€) (5.50)
0 else
ifl=0
4,0[22 4] (k,€) €2ks 42k if | = 52 for s € N (5.51)
else
. (e Fstl) 1 k@sHD)) if | = s(s+ 1) for s € NU {0}
Pla0,—1) (k> €) (5.52)
0 else
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which exactly mirror (5.50) — (5.52).
the form
Zy5(Tot,m = €6, —¢) = ¢ 2CH0) >

A1 X2€PS,

5%\1,)\2 (6) Oﬁ(tfﬂtfz) OX;(Tla TQ) .

Thus the partition function can be written in

(5.53)

where the non-vanishing coefficients p} ,, (€) are (with s,s' € NU {0} and r,r" € N)

2(67(254»1)(25,4»1)+E(25+1)(25/+1)) if (00’01)
-2 if (co,c1) =
_2( 7(2$+1)2r+ (2s+1)2r) if (C07 1)

) =

2( —(254+1)(28"+1) + 6(25+1)(s +1)) if (C(),Cl

Bl0.4,— s(s41)— 1] [co,er,—1) () =

=2 if (co,c1) = (0,4) and I = s'(s’" + 1) + 1
p[1220 1,[ —l]( €) = bl e) =22 and =0
o 2 if (co,c1) =(2,2) and Il =7
—2 if (co,c1) = (4,0) and [ = s'(s" + 1)
) (6727"(25'4»1) + E2r(2s’+1 ) (Co,Cl) — (
5[12 . l](e) _ 2 if (co,c1) = (2,
y2,—T<[,|C0,C1,— _ ’ ’
0,C1 2(6 4rs + 4'rs) (CO,CI) :(
_2( —2r(2s’4+1) i 2r(2s’ +1)) if (CO>CI) (4
2(67(2s+1)(2s/+1) + 6(2s+1)(2s’+1)) if (Co,Cl)
/ﬁl (E) _ —2 if (Co,Cl) =
[4,0,—s(s+1)],[cosc1,~1] _2(6—(23+1)2r +€(23+1)27‘) if (co,c1)
2(67(254»1)(25/«&»1) + 6(2s+1)(25’+1)) if (Co,cl)

Notice in particular that p} . (e)
of the partition function under the exchange (N, M)

—~ o~
=N N
S NN

(0,4) and I=s"(s'+1)+1
(2,2) and 1 =0
(2,2) and [ = r?
(4,0) and I = s'(s'+1)
(5.54)

(5.55)

4)and l=s'(s"+1)+1
2)and =0

2) and | = s'°

0) and I = s'(s" + 1)

(5.56)

(0,4) and I=5"(s'+1)+1

Yand Il =0
) and [ = r?
)and [ = s'(s'+1)
(5.57)

= ﬁ}\w\l (€). Therefore, the form (5.53) makes the duality
+— (M, N) manifest.

6 Generic configuration (IN, M) and representations

After the analysis of many specific cases we compile in this section generic relations that

we conjecture to hold for arbitrary N , M and n. As the non-compact case is obtained as

a limit of the compact case we start with the latter.

We propose that the normalised partition 3.7 can be written as a sum over the Weyl

orbits for the representative weights in the fundamental Weyl chamber ]3]"2”

affine highest weight representation generated by [M n?,
N

—Mn2E QASFM
COyeeey

ZVN’M(T,T,p,tf,m =ne,e,—€) =e
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> Mn2 of the

., Mn?,0] of sI(N, C)

(7, T,e)OF(ty) (6.1)



where 5 = Wg + -+ + Wn_1 denotes the affine Weyl vector for ;[(N ,C) defined in terms of
the fundamental weights &; and the Weyl orbits are given by

OX(ty) = > (1Ml (6.2)
weW

The ggt\LM are given by ratios of Jacobi theta functions. They transform under SL(2,Z),
transformations as

n, M 1 T e _ %nT. 2 n,M
¢[607“'7CN717” <_T’ ?7 ; =e ¢[007--~,CN71,Z] (T7 T7 6) ° (6'3)
where the index Z; is related to the Dynkin labels by
~n,M -~ ~ ~ o~
L (qs)\:[co,“.,cN,l,l]) = (MTL2§|M?’L2€) - (A|A) + Kl (64)

where (.|.) stands for the inner product in the basis of affine fundamental weights
(W1, ..., WON-1)-
The partition functions of non-compact brane configurations are obtained by taking
the limit
tfy 00 <& §—o00. (6.5)

From the point of view of affine representations this means that we only keep the weights
with grade [ = 0 as e — 0. The remaining states fall into the corresponding sl(N,C)
representations with the non-affine counterpart of A as highest weight vector

=Nk — A (6.6)

The affine Weyl group W reduces to the finite one W. Futhermore the a’s at grade 0 are
identified with their non-affine counterparts in the following way

S e (T =M (T, (6.7)

After taking the limit we are thus left with a sum over the Weyl orbits for the representative
weights in the fundamental Weyl chamber Pys,2  arp2 of the irreducible highest weight
representation I'ypp2 a2 of sI(IV, C)

in — 2
Z}V,%(Tatfla cee 7th_1>m = NE, €, _6) =€ Mn7¢ Z ¢[cl7...,cN—1](T76)O§(tf17 cee 7tN—1)7

+
AEPMnQ ,,,,, Mn?2

6.8
with the finite Weyl orbits given by o
OR(tpys oty y) = Y (—1)MmIlew) (6.9)
wew
The index (6.4) reduces to??
I = (Mn?¢, Mn?€) — (A, \), (6.10)
where (.,.) denotes the inner product in the basis of fundamental weights (w1, ...,wny_1).

*2Notice that the transformation (6.3) is compatible with the decompactification limit.
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7 Conclusions

In this paper we have studied the BPS partition functions of N parallel M5-branes probing
a transverse ALE,,, , space. We have distinguished cases of M5-branes separated along
St (with partition function Zy s defined in (3.1)) and along R (with partition function
Z}\‘,‘% defined in (3.13). The latter can be obtained from the former through the decom-
pactification limit that sends one of the distances ¢y, of the branes to infinity.

To regularise the BPS partition functions, a set of deformation parameters, denoted
by (m,€1,€2) needs to be introduced. For simplicity, we have chosen to work in the so-
called unrefined limit e = —ey = €. Furthermore, motivated by studying the holonomy
structure of the supercharges (from the point of view of the M-string world-sheet theory),
we have imposed m = ne for n € N. We have demonstrated in a large series of examples
(and conjecture that our results hold for generic values of N, M,n € N) that this limit
exhibits an ay_1 (or affine ay_1) symmetry of the BPS counting function. Indeed, in the
case of non-compact brane configurations, (after a suitable normalisation) Z]l\‘,“% depends
only polynomially on Qy, = e /. Upon identifying the latter with the roots of ay_1,
the partition function can be organised as a sum of orbits of S which is the Weyl group
of ay_1. Furthermore, the representatives of each orbit fall into the fundamental Weyl

chamber P]\—Zn » of the irreducible representation I'ps2  arn2 of an—1.

2...,Mn

For compyac;c brane configurations, the (suitably normalised) partition function
Zn,m(m = ne) is no longer polynomial in the Q. Nevertheless, it can be arranged
in a similar fashion as a sum over weights that form a single integrable representation of
the affine Lie algebra ay with highest weight [Mn?2,..., Mn? 0]. We have again demon-
strated this behaviour explicitly for a large number of examples and based on the emergent
pattern conjecture that it holds in general.

Finally, compact brane configurations enjoy the duality (N, M) «— (M, N). For the
case (N, M) = (2,2) we have made this duality manifest in the full partition function
299 by writing it as a double sum of weights in the fundamental domain ﬁ; o of aj. This
presentation of the partition function also makes the structure of Xgo = X 1/(Zg X Zs)
more tangible, which is dual to the M5-brane configuration.

These results make the algebraic properties of the BPS counting functions of specific
M-brane configurations very tangible: indeed, in certain regions of the parameter space,
the partition functions fall into the form of single highest weight representations of (affine)
Lie algebras that are related to the geometric backgrounds of the M-brane configurations.
While the results presented here are specific to the choice m = ne, the ay symmetries
are expected to be unbroken for generic deformations as well: indeed the dual Calabi-Yau
manifolds X as can be understood as elliptic fibrations over Ax_1. Thus, our results have
highlighted a region in the moduli space in which the latter are very manifest.

In view of the many other physical systems that are dual to the M-brane configurations
that we have studied here, we expect our results to have many applications in the future:
one of them is the study of little string theories (LSTs) [33-38] (see also [39, 40] for
reviews). Indeed, the compact brane configurations (N, M) are related to a particular class
of LSTs [29-31] with N = (1,0) supersymmetry. It will be interesting in the future to find

~ 51 —



further regions in the moduli spaces of LSTs which make more of their symmetries manifest
or possibly reveal new ones. Furthermore, our findings may also turn out useful to study
algebraic properties of double-quantised Seiberg-Witten geometry related to the topological
string partition function of Xy 5 and the definition of gg-characters (see [47-50] and [51-53]
for recent progress respectively, as well as [54] for an earlier connection between M-string
configurations and surface operators in 4d gauge theories using geometric transition).

Finally, an interesting open question remains why in the limits we have discussed in
this work, the partition function is governed by a single irreducible/integrable representa-
tion. While we have argued, based on the structure of the preserved supercharges, that
the choice (3.16) and (3.18) leads to cancellations among different states in the partition
function (and thus to massive simplifications) it does not fully explain why the remaining
contributions have the structure of a single representation. As was pointed out to us by
A. Igbal, it would be interesting to study these results from the point of view of Chern
Simons theory (see e.g. [43, 44]) to see if one can find an interpretation from this side. We
leave this possibility for future work.
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A Affine Lie algebras

A.1 Central extension of simple Lie algebras

In this appendix we follow [55] and [56]. Reviews of this material can also be found
in [57, 58].

The affine Lie algebra g has the following decomposition

§=g®C[t,t"!|®Ck & CLg (A.1)
————

g

where g corresponds to the so called loop algebra. For a generator J* € g the corresponding
elements of the loop algebra take the form

Jett=Jtcg, L€l (A.2)

The loop algebra is then centrally extended in a non-trivial way?? by the addition of % with
the property that it commutes with all the generators

-~

78, %] =0 (A.3)

23 All central extensions for simple Lie algebras turn out to be trivial [58].
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It can be shown [58] that this extension is unique.?* Lg is the so called grading operator
defined as a differential operator in ¢, whose eigenvalue [ in the sense

(Lo, Jf) = ~1J} (A.4)

is called the grade of J{. The eigenvectors under the action of ad(H{) and ad(k) on
the generators E}* are infinitely degenerate. It is thus necessary to introduce Ly so that

{HE, ... ,HS,E, Lo} forms a Cartan subalgebra.
An affine weight A\ can thus be denoted by its eigenvalues under the Cartan subalgebra

= (A ksl (A.5)

where A is the corresponding weight in the finite Lie algebra g. The inner product between
affine weights is defined as

(NR) = (N|) + kb + Kl (A.6)

where the first term on the right hand side is the inner product between finite weights.

At the level of the root system the construction can be seen as follows. The root system
A of any finite dimensional Lie algebra g (whose basis is given by the simple positive roots
«;) contains a highest root € A, such that

0+ a; ¢ A, Vi=1,...,r. (A.7)

We can use 0 to extend the root lattice Ay. To this end, we introduce the lattice et
spanned by {(1, f2} whose inner product satisfies

(B1lB2) =1, (B1|B1) = (B2]B2) =0, (Bilas) = (B2|as) =0 Vi=1,...,r. (A.8)

We now define the root lattice Ag of the new algebra g by

Ag =) Za, C AgpTIH!, (A.9)

a=0

which is spanned by the new set of simple affine roots
{ao=p1 —0,Qi=1,..}. (A.10)

In complete analogy to the finite simple Lie algebra g the affine Weyl group W is defined
to be the group generated by reflections with respect to the affine roots. As there is an
infinity of the latter the Weyl group is infinite as well. We will give further details for the
specific case Q.

The examples that we will mostly deal with in this work is the affine extension of a,
which we shall briefly discuss below.

Z4Notice that the abelian subalgebra {H&, .. .,HS,E} is not maximally abelian. To define the Cartan
subalgebra Lo needs to be included.
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A.2 Lie algebra a;
The affine counterpart to the highest root of a; is
0 =a; = (a1;0;0) (A.11)
The null root § is defined as
5 =01 =(0;0;1) (A.12)
The term null root comes from the fact (6]§) = 0. Thus, the simple positive roots of a; are
ap=0—a; = (—a;0;1), and a1 = (a1;0;0). (A.13)

The root system of a; contains inifnitely many (imaginary) roots and the explicit expression
can be found in [57]

A ={xa;+né|nezZyU{kd|keZ\{0}}, (A.14)
such that the positive roots are
A, = {a1+nd|neNU{0}}U{—@a1+né|neN}uU{kd|keN}. (A.15)

In analogy to the finite Lie algebras one can introduce the fundamental weights. In the
case of a1 they are given by

o = (0;1;0), and w1 = (1;2;0). (A.16)
Every affine weight X can be decomposed as
X = Ao+ M@ +16, Ao, ALIEZ (A.17)

where Ag, A\; are the so called Dynkin labels. A; corresponds to the finite Dynkin label
corresponding to the associated finite weight . g is related to the level eigenvalue k by

Xo=k—N\ (A.18)

Alternatively to (A.5) we can label the affine weights by their Dynkin labels and by
their grade
A= [, A1y ], (A.19)

which is the notation we will use in the main part of this work. In the affine case the Weyl
vector cannot be defined in terms of the positive roots as there is an infinity of them. The
definition as the sum of the fundamental weights is still valid

o~

The Weyl group W(ﬁl) is generated by two elements sg, s1 which correspond to the reflec-
tions with respect to ap and @;. Their action on affine weights is given as follows

50[)\07 >‘17l] = [_AO) )\1 + 2A0)l - )‘0]
81[)\0, A, l] = [)\0 4+ 2A1, = A1, l] (A.Ql)

From this we immediately see that the action of sy changes the grade whereas the action
of s1 does not affect it.
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B Representation theory of sl(2,C) and s[(3,C)

In this section we review representations of s[(2,C) and sl(3, C) which are relevant for the
discussion in section 4. Our notation mainly follows [59] (see also [60]).

B.1 Irreducible representations of sl(2,C)

We recall that the Lie algebra s[(2, C) is generated by (H, X,Y’) which satisfy the commu-
tation relations

[H,X] =2X, [H,Y] = -2V, (X,Y]=H. (B.1)

As explained in [59], irreducible representation I';, of s[(2,C) (with n € N) can be decom-
posed as

n
L= Viom- (B.2)
m=0

Here the one-dimensional eigenspaces V,, are eigenspaces of H with weight «, i.e.
H-v=av, Yv € Vg, (B.3)

while the operators X and Y map from one eigenspace to another

X : Vo — Vogo, and Y:V,— Voo, (B.4)
as well as
X -v=0, Yv eV,
Y - w=0, YweV_,. (B.5)

Graphically, the structure of V' (and the action of all generators) can be represented as

follows
X X X X X
7~ N NS N NS N
0 € v V—n ¢ v V—n+2 < ce € v Vn—2 (T an 0
@) @) @) @)
H H H H

Furthermore, for given n € N the irreducible representation I';, can be written as

I, = Sym"V, with vV =(C2. (B.6)
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Explicitly, apart from the trivial representation I'g, we present the first few irreducible
representations by specifying the weights of the underlying subspaces

—1 1
m=vVaieWh R  —
0 n
-2 0 2
o=V oV Vs e
n
-3 -1 1 3
I3=Vi3aV i0VidV3 4.—.—|—.—.—;1
0
—4 -2 0 2 4
— e & & & @&
T,=VaueVeaVheheV "

B.2 Irreducible representations of sl(3,C)

Following [59], in order to describe the structure of representations of s((3,C), we first
recall the Cartan-Weyl decomposition

sI(3,C)=h @ (EB ga> (B.7)

aesS

where b is the Cartan subalgebra, which is defined as

C1 00
h= 0c O c12,3 € Candecg+ca+c3=0; , (B.S)
0 0 c3
along with its dual (with ¢ = 1,2,3)
C1 00
h* = SpanC(Ll, Lo, L3)/{L1 + Lo+ L3 = 0} , with L; 0cy O =c¢. (B.g)
00 C3
Furthermore we have
S={L;—Ljli,j=1,2,3and i # j} C b* (B.10)

and the (one-dimensional) root-space g1, r; is generated by the 3 x 3 matrix Ej; whose
component (i,j) = 1, while all other entries are zero.

While each H C bh maps each of the g, into itself, we have for the adjoint action
ad(X)(Y) = [X,Y] (with X € g, and Y € gp)

ad(ga) © 98 — Ga15 - (B.11)

As in the case of sl(2,C), this action can be represented graphically in the form of ‘trans-
lations’ [59]. Indeed, while the subspaces g, can be graphically represented on a two-
dimensional (hexagonal) lattice, the adjoint action of a given X € g, acts through trans-
lation, e.g. for X € gr,_r, we have schematically
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Ly — Ly

Irreducible representations of sl(3, C) follow a similar pattern: indeed, as explained in [59],
for any two integers n,m € N there exists a finite dimensional irreducible representation
Vo,m which enjoys a weight decomposition V,,,, = @ V,. The (one-dimensional) sub-
spaces V,, are characterised through their weights and are created from the heighest weight
subspace V,,1,, —mr, through application of the generators Ea 1, F31 and E3 2.

Apart from the trivial representation (m = n = 0), we have the following weight
diagrams for I' o = C3 and its dual T 01

I‘1,0 : £ Ly and FO,l : 0 L

(B.12)

More generally, e.g. the weight diagram of a representation I'y, ,, for generic (m,n) consist
of hexagons and triangles that are concentric to the origin. The hexagons have vertices
at (m —i)L; — (n —4)L3 for i« = 0,...min(m,n) — 1 and the triangles have vertices at
(m—n—3j)Ly for j =0,...|[(m—n)/3], eg. for (m,n) = (2,4) we have
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2Ly — 4Ly 4L2 2Ly —4Ls

201 —4Ls

2L3 — 4L, —5L2 2Ly —4L»

The multiplicity (i.e. the dimension of the corresponding subspace of I'y, ;) is (i 4 1) for
the ith hexagon and min(m+1,n+ 1) for the triangles in the weight diagram. In the above
picture we have indicated the double multiplicity of certain weights by @ .

In the case of m = n (which is the most important for us) the diagram consists of
concentric regular hexagons (while for m=0 or n=0 it consists of equilateral triangles), e.g.

Ly — Ly Ly —Ls
F : L L & L L:
1,1 - 3 — L1 et 1—Ls
L3 — Ly Ly — L

2Ly — 2Ly 3L2 2Ly — 2L3

IPPE 2Ls — 2L, 2Ly — 2L

2L3 —2Ls —3L2 2Ly — 2L,
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B.3 Integrable representations of 5A[(2, C)

In order to describe the partition functions of compact M-brane configurations we also
need (certain) irreducible representations of s[(2,C) (i.e. the affine extension of sl(2, C)).
In this appendix we give a brief review of the specific representations required and we
refer the reader to [58] for a more rigorous and complete discussion of the representation
theory of sl(2, C).

The idea of constructing irreducible representation of affine algebras is similar to their
finite counterparts: we start with a highest weight state X and repeatedly subtract the
positive roots, which act as ladder operators. In the notation introduced in appendix A.2,
the latter can be written in the form

ap = [2,-2,1], and ar = [-2,2,0]. (B.13)

However, we have to take care that the action of a single one of the two roots (i.e. either ag or
o) creates a (finite dimensional) irreducible representation of s[(2, C) of the type explained
in appendix B.1 and in particular truncates after a finite number of steps. Starting with
the highest weight state?

[n,n, 0] for neN, (B.14)

(which is the case relevant for the discussion of partition functions of compact M-brane
configurations in section 5) we obtain the following weights at grade 0

,n,0] =2 [n+2,n—2,00 =% [n+4,n—4,00 =23 ... =% [3n,—n,00 =2 0 (B.15)

Notice that the weights {[n + 2r,n — 2r,0]|r =0, ...,n} indeed form the irreducible repre-
sentation I';, of sl(2,C). Similarly, acting with the root &y yields

n,n,0] =3 [n—2,n+2,—1] % [n—4,n+4,—2] oy % [—n,3n, —n] % 0,
(B.16)

which equally forms the irreducible representation I';,,. Acting with combinations of both
roots, generates all states of the [n,n] highest weight representation. In contrast to the
irreducible representations of s[(2,C), the highest weight representation [n,n] is infinite
dimensional.

Specifically, for n = 1 we obtain the weights shown in table 6. Here, the Weyl orbit of
the weight [1,1,0] is coloured in red. For the highest weight state [2,2,0] we find table 7.
Finally, repeating the analysis for the highest weight state [4,4,0] we find table 8.

C Recursive relation for the configuration (N, M) = (2,1)

In this appendix we provide more details on the recursive relation allowing to determine the

coefficients c,(cn) (7,€) (introduced in (4.19)) from Cl(cn_)l(T, €) through the action of an operator

ZNotice that the grade of the highest weight state has been chosen to be zero for convenience.
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Q)
=

[110} ;> [3r170}
) 0
131 =2 [1L1) 2 3] 25 53]
a9 a0 a9
[_173a_2] _—al> [1717_2] __6‘1> [3a_1a_2] _—al> [57_37_2]
s s s s
353 =2 [1,3-3] =25 [L1-3] =% [3-1-3] —2% [5,-3,3] —2% [7,-5,.3]
s s s s )
7(’1\1 a

[_3757'4] i> ['1737'4] i> [1717'4] [37_17'4] i> [57'37'4] ;m> [77'57'4]

}

2,2,00 —> [4,0,0] —5 [6,-2,0]

/FQ /FQ /FQ
[0,4,-1] N 12,2,-1] N [4,0,-1] N 6, -2, —1] N [8,—4, 1]
a0 oy oy B0 a0
ed - - - -
[-2,6,-2] —% [0,4,—2] —% [2,2,-2] —% [4,0,-2] —% [6,-2,—2] —L [8,—4,-2] —% [10,-6,—2]
oy ey oy ey a0
& & & & E
[=2,6,-3] —% [0,4,-3] — [2,2,-3] —% [4,0,-3] —% [6,-2,—3] — [8,—4,-3] —% [10,—6,—3]
a0 0 0 0 0 a0
s el el el el c
[—4,8,—4] =% [-2,6,—4] —=% [0,4,—4] — [2,2,-4] —% 2 (6,-2,—4] —% [8,—4,—4] = [10,—6,—4] — [12, -8, —4]

[4,0,—4]

Table 7. Representation with highest weight [2, 2, 0].

a ax —th

440 2% [620 -2 (8,00 —5 [10,-2,0] —2 [12,-4,0]

2,6,-1] —% [4,4,—1] —% [6,2,—-1] —% [8,0,—1] —% [10,-2,—1] — [12,-4,—-1] —% [14,-6,—1]

@ @ @ @ —ay —ay —ay

0,8,—-2] — [2,6,-2] —> [4,4,-2] —5 [6,2,—-2] — [8,0,-2] — [10,-2,-2] — [12,—4,-2] —> [14,-6,-2] — [16,—8,—2]

Table 8. Representation with highest weight [4, 4, 0].

Ry as in (4.25). We also supply as an example the explicit coefficients for k = 1,...,5 for
generic n.

We only discuss the action of Ry on c,(cn) for k < [#1, since all other cases are

determined through (4.10). As explained in section 4.1.2, the coefficients cggn) (1,€) are es-
sentially determined through a set of partitions of integers p(k,n) = (u1(k,n), ..., pe(k,n))

of length 0 < ¢ < k with

4

pa(k,n) > pari(k,n) and  pa(k,n) +2)  pa =2k, (C.1)
a=2
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for which ¢(u(k,n)) # 0. These partitions p(n, k) can be obtained iteratively in k: indeed
to obtain the former we begin with p(k — 1,n) (for which ¢(u(k — 1,n)) # 0) and increase
the pq(k — 1,n) by either 1 or 2 in one of the following fashions

e increase u1(k —1,n) by two
pn, k) = (pi(k—1,n)+2,u2(k—1,n),...,pue(k —1,n)). (C.2)
e increase one of the p,(k —1,n) (for a > 1) by 1
pln, k) = (u(k—1,n),pe(k—1,n),... ;pa(k —1,n)+1,...  u(k—1,n)). (C.3)
e add 1 at the end of u(k —1,n)

:u(nv k) = (Ml(k - 17”) a,UQ(k - 1?”)7' . nuﬁ(k - 17”) ) 1)7 (04)

For each of the resulting pu(k,n) = (u1(k,n),..., ue(k,n)), the coefficients c(u(k,n)) are
computed as follows

ta(k,n) — pgr1(ky,n) <2 Va=1,...,£—1 and
o it we(k,n) < 2 and
' {,ua(k:,n) — pta+1(k,n) =1 for at least one a € {1,...,£ — 1} or

pe(n, k) =1
c(p(k;n)) =
Lif ta(k,n) — pigr1(k,n) =0o0r 2 Ya=1,...,£—1 and
pe(k,n) =2

0 else

(C.5)
To illustrate this procedure we can compute explicitly the first few steps of this iteration:

e k= 0: for k = 0 the length of the partition is restricted by 0 < ¢ < 0, thus the only
partition which may contribute is 1(0,n) = () for which ¢() = 1, thus

A (re)=1. (C.6)
e k = 1: starting from p(0,n) = @) following (C.2) we have the only partition pu(1,n) =

(2), for which ¢((2)) = 1. Furthermore, in order to satisfy the condition (4.22) we
need to choose r; = 2, such that

V(7€) = . (C.7)

e k = 2: starting from p(l,n) = (2), applying (C.2) and (C.4) we find two new
partitions for £k =1

(4) [OIIo
w(2,n) = { (C.8)

2,1) H
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However, for the first possibility we have ¢((4)) = 0 since p1(2,n) =4 > 2, while for
the second possibility we have ¢((2,1)) = 2. Finally, in order to compute cgn) (1,€)
we need to find non-negative even integers ri o (< 4) that satisfy (4.22), i.e.

2n? +2(n* 4+ 1) —ry —4rg = 4n® — 8 — r=ry=2. (C.9)

Therefore we have

cg”) (1,€) = . (C.10)

e k = 3: starting from the partition p(2,n) = (2,1) we find with (C.2), (C.3) and (C.4)
three new partitions

(4,1)  [ITD with e((4,1)) = 0,

M(gv n) — (2, 2) Hﬂ with C((2, 2)) =1 y (Cll)

(2,1,1) E] with ¢((2,1,1)) = 2,

Here the coefficient ¢((4,1)) = 0 since g3 — p2 = 4 — 1 > 2. Finally, in order
to calculate the coefficients c&n)(e, 7), we still need to supplement each of the two
remaining partitions by suitable non-negative even integers (r1,72,73) (< 4) which
need to satisfy (4.22)

(2,2): 2n%4+4(n*+1) —ry —4ry — 9r3 = 6(n? — 3)
= (r1,ro,73) = (4,2),
(2,1,1): 202 +2(n? +1) +2(n? +4) — r| — 4ry — 973 = 6(n* — 3)
= (r1,ro,73) =(2,2,2).

Therefore, we find

O(n — 1)20(n)%0(n + 1)? N 29(n —2)0(n —1)0(n)%0(n + 1)0(n + 2) '

(n) _
% (7O = =My 3(1)26(2)%(3)?

(C.12)

We can tabulate the partitions in the following manner
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k w(k,n) Young diagram of u(k,n) | c¢(u(k,n)) T
0 0 — 1 (0)
1 (2) m 1 (2)
2 (2,1) 4 2 (2,2)
3 (2,2) —H 1 (4,2)
(2,1,1) @3 2 (2,2,2)
4 (4,2) —H 1 (2,4,2,0)
(2,2,1) ﬂﬂ 2 (4,2,0,2)
(2,1,1,1) f 2 (2,2,2,2)
51 (2,2,2) % 1 (4,4,0,0,2)
(4,2,1) - 2 (4,2,2,4,0)
(2,2,1,1) ? 2 (4,2,2,0,2)
(2,1,1,1,1) %j 2 (2,2,2,2,2)

which give rise to the coefficients c,(gn)(e, 7) in (4.18). We have furthermore checked, that
the algorithm described above correctly reproduces all coefficients c,gn)(e, T) up to k = 8.
and we therefore conjecture that it holds for generic k € N.

D Expansion coefficients

In this appendix we tabulate some of the expansion coefficients that appear for various
partition functions.

D.1 Non-compact brane configuration (N, M) = (3,1)

We list the first few coefficients gﬁ’[“q ca] appearing in the expansion (4.61) of

Zéiflle(T, tr,ts,, M =ne € —€)
P22 =1,

¢&2—2,n2+1} = ¢7[:z2+1,n2—2] = Wa
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¢ﬁl2—4,n2+2} - ¢ﬁ12+2,n2—4] =2 9(1)29(2)2

¢7[1n2—6,n2+3} - ¢ﬁ12+3,n2—6]
~ 0(n—1)%0(n)%0(n +1)?
B 0(1)%6(3) 0(1)%6(2)26(3)
n O(n — 1)0(n)?0(n + 1)
¢[n2—1,n2—1} = 9(1)4

O(n —2)0(n)30(n 4+ 1)2 + 0(n — 1)20(n)30(n + 2)

d)q[/;LQ*SvnQ} - ¢7[1n2771273] -

0(1)%6(2)2
n _ _ 0(n—2)8(n —1)8(n)*4(n + 1)8(n + 2)
¢[n2—5,n2+1} - ¢[n2+1,n2—5] - €(1)69(3>2
O(n —3)0(n —1)0(n)30(n + 1)%0(n +2) + 0(n — 2)0(n — 1)20(n)?0(n + 1)0(n + 3)
i 6(1)10(2)26(3)° ’
N " O(n — 2)0(n — 1)20(n)*0(n + 1)20(n + 2)
¢[n2—7,n2+2} = ¢[n2+2,n2—7] = 0(1)%0(2)%0(3)2
+wn—amn—U%mﬂwn+mmn+@2+wn—m%m—1wmﬂmn+m%m+3)
0(1)%0(2)%0(4)*
O(n —4)0(n — 2)0(n — 1)8(n)*0(n +1)*6(n + 2)8(n + 3)
i 6(1)"0(2)26(3)%0(4)2
+mn—$wn—m(n—nemﬁmn+n(n+mmn+®
0(1)10(2)%0(3)26(4) ’
n o ~ O(n—3)0(n—2)0(n —1)?0(n)*0(n + 1)?0(n + 2)6(n + 3)
¢[n2—9,n2+3} - ¢[n2+3,n2—9] - ( 69( ) ( )

n 0(n—3)0(n—1)30(n)*0(n + 1)%20(n + 2)% + 9(n —2)20(n — 1)20(n)*0(n+1)30(n + 3)
0(1)°0(2)%0(3)%0(4)
O(n —4)0(n —2)0(n 20(n)*0(n + 1)0(n + 2)20(n + 3)

_'_

~1
6(1)%6(
O(n —3)0(n —2)20(n — 1)0(n)*0(n + 1)20(n + 2)0(n + 4)
6(1)56(2)26(3)%60(5)2
O(n —5)0(n — 3)0(n — 2)0(n — 1)8(n)30(n + 1)20(n + 2)0(n + 3)0(n + 4)
* 0(1)70(2)20(3)20(4)20(5)2
O(n —4)0(n — 3)0(n —2)0(n — 1)20(n)20(n + 1)0(n + 2)0(n + 3)0(n + 5)

)20
2)20(3)20(5)2
1)0

_l’_

_l’_

0(1)10(2)20(3)20(4)%6(5) ’
" ~ 0(n—3)0(n)*0(n+1)* + 6(n — 1)36(n)*6(n + 3)
¢[n2—2,n2—2} - 9(1)40(2)4
29(n —2)0(n —1)20(n)?0(n + 1)%0(n + 2)
+ 8(1)%0(2)? !
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" " O(n —3)0(n —2)0(n — 1)0(n)30(n + 1)%0(n + 2)?
¢[n2—4,n2—1} = ¢[n2—1,n2—4] = 0(1)%6(2)46(3)2
O(n — 2)%0(n — 1)20(n)30(n + 1)0(n + 2)8(n + 3)
i 6(1)16(2)"9(3)2

N O(n —4)0(n — 1)0(n)*0(n + 1)30(n + 2) + 6(n — 2)0(n — 1)30(n)*0(n + 1)0(n + 4)
0(1)*0(2)*6(3)>

O(n —3)0(n — 1)20(n)30(n + 1)30(n + 2) + 0(n — 2)0(n — 1)30(n)20(n+1)20(n+3)

' 0(1%0(2)%0(3)° |
" O(n — 3)0(n — 1)*0(n)?0(n + 1)*0(n + 3)
o5 = 000!
n 20(71 —3)0(n —2)%0(n — 1)20(n)?0(n + 1)20(n + 2)20(n + 3)
0(1)6(2)*6(3)*
O(n —5)0(n —1)%0(n)*0(n + 1)30(n + 2)? + 0(n — 2)20(n—1)30(n)*0(n+1)20(n+5)

_l’_

0(1)10(2)0(3)*

n 29(n —4)0(n —2)0(n — 1)0(n)*0(n + 1)30(n + 2)2
0(1)56(2)%0(3)*
N 20(n —2)20(n — 1)30(n)*0(n + 1)0(n + 2)0(n + 4)
0(1)56(2)26(3)* '
n O(n —3)0(n — 2)*0(n —1)*0(n)*0(n +1)*0(n + 2)*4(n + 3)
Pt = 0(1)76(2)%0(3)"
o 0(n —4)0(n — 3)0(n — 1)30(n)°0(n + 1)30(n + 2)20(n + 3)
0(1)56(2)96(3)%0(4)
0(n — 3)0(n — 2)%0(n — 1)%0(n )56(n + 1)30(n +3)0(n + 4)
. 0(1)°0(2)°0(3)%6
N O(n —5)0(n —2)20(n — 1)20(n)*0(n + 1)49(n +2)%0(n + 3)
0(1)%0(2)*0(4)*
N O(n — 3)8(n — 2)%0(n — 1)*0(n)*0(n + 1)%0(n + 2)%0(n + 5)
0(1)%0(2)*0(4)*
Lo O(n —5)0(n — 4)0(n — 1)20(n)°0(n + 1)*0(n + 2)%0(n + 3)
0(1)10(2)%6(3)40(4)
Lo O(n — 3)0(n — 2)%0(n — 1)*0(n)°0(n + 1)%0(n + 4)8(n + 5)
0(1)16(2)%6(3)40(4)
Lo O(n —6)0(n — 3)0(n — 1)30(n)*0(n + 1)30(n + 2)30(n + 3)
0(1)56(2)*6(3)260(4)*
49 O(n —3)0(n —2)*0(n —1)*0(n)*(n +1)*9(n + 3)6(n + 6)
0(1)960(2)"6(3)20(4)*
49 O(n —5)0(n — 3)0(n —2)20(n — 1)0(n)*0(n + 1)20(n + 2)%0(n + 3)?
6(1)56(2)*0(3)%0(4)*
4o O(n —3)%0(n — 2)20(n — 1)20(n)*0(n + 1)0(n + 2)%0(n + 3)0(n + 5)
0(1)56(2)*0(3)%0(4)*
N O(n — 7)0(n — 2)%0(n — 1)20(n)*0(n + 1)30(n + 2)%0(n + 3)?
0(1)16(2)*0(3)10(4)*
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+ﬂn—$%mf»Fﬂn—D3(V(n+U%WHﬂfﬂn+ﬂ
0(1)%0(2)0(3)*0(4)*

49 O(n —4)0(n —2)20(n — 1)20(n)%0(n + 1)40(n + 2)%0(n + 4)
0(1)°0(2)%6 ( )
49 O(n —4)0(n — 3)20(n — 2)20(n — 1)20(n)20(n + 1)%20(n + 2)%0(n + 3)%0(n + 4)

9(1)49( )40(3)10(4)*
(D.1)

D.2 Compact brane configuration (N, M) = (2,1)

We list the first few coefficients qﬁ[Cl ea.l] appearing in the expansion (5.26) of
ZQ 1(7’ tfl th = NE, €, —6)

Pn2,n2,0) = 1

Plnz2,n2-2,0 = Pln2—2,n2+2,-1] = (1)

R O(n —1)0(n)20(n + 1)
On2+4.n2—4,0) = %2 4242 = 2 0(1)20(2)? 7

$[n2+6 n2-6,0] — qzS[nQ 6,n2+6,—3]
_ 6= 1%0(n)*0(n + 1)* | 0(n—2)0(n — 1)0(n)*0(n + 1)0(n +2)
- 6(1)16(3)2 " 6(1)26(2)%0(3)° ’

¢7[:L2+8,n2—8,0] = ¢ﬁz2—8,n2+8,—4]
_ 0(n—1)%0(n)*0(n + 1) 29(71 —2)0(n —1)%0(n)%0(n + 1)%0(n + 2)
T oaMEBeE 6(1)%(2)%(4)?

O(n —3)0(n — 2)0(n — 1)0(n)?0(n + 1)0(n + 2)0(n + 3)

0
0

+2

0(1)%6(2)%6(3)%0(4)
~, O(n — 2)%0(n — 1)20(n)20(n + 1)20(n + 2)?
Pln2+10,n2-10,0) = 0(1)46(2)46(5)2
n 20(n —2)0(n —1)20(n)*0(n + 1)%0(n + 2)
0(1)160(2)20(3)20(4)?
N 20(n —3)0(n —2)0(n — 1)20(n)%0(n + 1)20(n + 2)0(n + 3)

)2
0(1)%0(2)20(3)20(5)2
0(n—4)0(n—3)0(n—2)0(n—1)8(n)20(n+1)8(n+2)8(n+3)0(n+4)
0(1)20(2)20(3)20(4)26(5)? ’

+2

~ _ O(n— 1)20(n +1)2
¢[n2,n2,71] - 9(1)4

~n ~ O(n—2)0(n — 1)0(n)20(n +1)0(n + 2)
¢[n2+2,n2—2,—1] = ¢[n2—2,n2+2,—2] =2 9(1)49(2)2

$ﬁ2+4,n2—4,—1] = $ﬁ2—4,n2+4,—3]
_ 0(n—2)%0(n)*0(n + 2)*
N 6(1)60(3)2 6(1)40(2)26(3)2 ’
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~n ~n O(n — 2)%20(n — 1)20(n)?0(n + 1)20(n + 2)?
¢[n2+6,n2—6,—1] = ¢[n2_6,n2+6,—4] = 0(1)%0(2)%0(3)2
O(n —3)0(n — 2)0(n — 1)0(n)*0(n + 1)0(n + 2)0(n + 3)
0(1)06(2)%0(4)
O(n — 4)0(n — 2)0(n — 1)20(n)20(n + 1)20(n + 2)0(n + 4)
0(1)%6(2)26(3)20(4) ’
O(n — 2)%20(n — 1)%20(n + 1)20(n + 2)?

+2

+2

O, =2 o102’
8(n — 3)8(n — 1)0(n)30(n + 1)8(n + 3)
o 02" |
~ ~n 0 4)0(n — 1)20(n)*0(n + 1)%0(n — 4
Pln2qon2—2,-2] = Pln2—2n242,-3) = 2 (= 9(1§49((2))4 E 3)2 o =4)
20( —3)0(n —2)0(n — 1)20(n)%0(n + 1)%0(n + 2)0(n + 3)
* 0(1)50(2)26(3)?
O(n — 3)0(n — 2)%0(n — 1)0(n)20(n + 1)0(n + 2)20(n + 3)

0(1)%0(2)20(3)2) ’

¢[n2+4n2 4,-2] — gb[n? 4,n2+44,—4]
0(n — 3)6(n — 2)%0(n — 1°6(n)6(n + 1)°6(n + 2)%0(n + 3)

=2 0(1)10(2)%6(3)°

0(1)%6(2)* 9( )?6(4)?
O(n —5)0(n — 2)0(n — 1)20(n)*0(n + 1)20(n + 2)0(n + 5)
0(1)16(2)0(3)26(4) ’

o (D.2)

E Contributing partitions for (IN, M) = (3,1) and m = €

To analyse the restrictions on the sum over partitions in the case N = 3, we consider
two generic Young diagrams (vi,r2) and try to restrict their forms by analysing their
contributions to the partition function (3.14)

e contribution of the (27 — 1)th box in the first row of v

[ 1] Fj

[]

ip=1, Jo=1v21 —1 (E.1)

For this box, we have 292 1 = €(ra1 — 1= (v21 — 1)) = 0, therefore, the Young
diagram 14 is not allowed to have a second column, but is restricted to consist of a

single column.
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e contribution of the last box in the second row of 14

- i1=2, ' (E.2)

J1=r12

such that v(l)

e = —€(v12—2—1v12+2) =0, therefore, the Young diagram v; cannot

have a second row and is restricted to consist of a single row.

e restrictions on the form of 14
Here we have to distinguish four different possibilities

— v1 = (: in this case we have no restriction on the form of 1

— v =[: in this case we have zgll) = e(1+v4, — 1 — 1), which restricts v, to be

v =0, We{@,H,ﬁ,...}, (E.3)

and in particular excludes (v1,19) = (Od,0).

— v1 =[11: in this case we have zfl) = €(24v45,—1-1) and 25712) =€(2—-1-2) #0,
which restricts the form of 15

v =T, yze{D,H,ﬁ,...}, (E4)

which particularly excludes (vq,1v2) = (C17,0)

— vp =TT, with length v ; > 3: in this case we consider the contribution of
the box v1 1 — 1 in the first row of v

EEE B 11 =1, Ji=r1—-1>2, (E.5)

for which we have 283717171 =€(v1,1 —1—(v1,1 — 1)) = 0. Therefore, the length

v11 < 3 is restricted.

Summarising, we are left with the following three sets of configurations
(1,v2) € {@.0), 0.0) , @), (0.5) -} - (E.6)
(1, v) € {(D,@),(D,H) ,(D,@ } ,
(11, 0) € {(EI],D),(ED,B) (ED@) ) (E.8)

e restrictions on the form of vy
We can further constrain the three classes of contributions (E.6) — (E.7):
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— v1 =0 (see (E.6)): in this case we consider the first box in the second row of 1

0 19 =2, j2:17 (Eg)

which yields véQI) = —€(1p,1+0—-2—-1+42) =11 —1 and therefore only 151 =0
contributes, which restricts (E.6) to the following cases

(v, ) € {(0,0), (0,0}, (E.10)

— v; =0 (see (E.7)): the case ((1,0) contributes to the partition function, while
for the cases 179 # 0 we consider the first box in the third row of vy

] i2:37 j2: 17 (Ell)

which yields U:().21) = —€(v1 +1—-3—1+2) = —€(r21 — 1) and therefore only

Vg’l = 0 contributes, which restricts (E.7) to the following contributions

(v1,12) € {@,0),(3.H)} - (E.12)

— v; =[(see (E.8)): in this case we consider the first box in the third row of v,
m. ig =3, Je=1, (E.13)

which yields v§21) = —€(r21 +1—-3—1+2) = —€(r21 — 1) and therefore only
vp,1 = 0 contributes, which restricts (E.7) to the following contributions

(n, ) € {.0), C3,H)} (E.14)
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