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1. Introduction

The Dalang—Morton-Willinger theorem [5] asserts, for the discrete-time final
horizon frictionless market models, that the no-arbitrage property (NA) is
equivalent to the existence of an equivalent martingale measure and any of
these properties ensures that the set of super-replicated claims Az is closed
in probability.
The models with friction were first considered in the pioneering paper [10]
and, later, were extensively studied, e.g. in the papers [12], [8], [16], [7], [14].
With proportional transaction costs, it is classical to express the portfolio
processes as stochastic vectors of R?, d > 1. Indeed, in presence of transaction
costs, the exchanges are allowed between the assets at different rates so that
1
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it is not possible to describe them directly through the liquidation values (see
[13, Ch. 3]).

In the theory of markets with proportional transaction costs, the closest
analog of NA is the property NAY, i.e. the absence of strong arbitrage op-
portunities usually denoted. With the latter concepts, the DMW theorem
can be extended but only for two-asset models and only partially. The corre-
sponding result is known as the Grigoriev theorem, claiming that NA" holds
iff there is a consistent price system, accompanied by unexpected examples
where the set of all vector-valued terminal portfolio processes is not closed
under NAY, see [13, Ex. 1, Sect. 3.2.4 ]. Closedness is only proved under a
strong absence of arbitrage opportunity, i.e. a robust no-arbitrage property
NA", see [13, Lem. 3.2.8]. Actually, one can mention that closedness is the
important property to characterize the super-hedging prices (see [2] and [4]).

Here, we prove that the set of all terminal liquidation values is closed
under NAY for the two dimensional conic models. We then deduce a dual
characterization of the prices super hedging a contingent claim when they
are only expressed in the first asset.

2. Model and basic properties

Notations.

We define ¢; := (1,0) € R?, R% is the set of all vectors in R? having only
non negative components.

For a random set E, LP(E,F), p € [l,00) (resp. p = o0 or p = 0), is
the normed space of all measurable selections of the random set £ and the

superscript p denotes the selections belonging to the corresponding Lebesgue
space LP(E,F).

The Kabanov model. Let (2, IF := (F;):<r, P) be a discrete-time com-
plete stochastic basis. We consider a risk-free asset S = 1 and a risky asset
defined by bid and ask adapted prices S® > 0 and S® > 0. This is the
two-dimensional Kabanov model, [13, Ch. 3], equivalently defined by a IF-
adapted set-valued process with values in the set of closed sectors (convex
cones) (Gy)i<r of the real plane R? which are measurable in the sense that:

Graph G; i= {(w,2) € A x R?: 2 € Gy(w)} € F @ B(R?), t<T.

In finance, G, is interpreted as the set of all positions € R? it is possible to
liquidate at time ¢ without any debt. We have G; = {z € R? : L;(x) > 0}
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where the liquidation value process introduced in [1] is
Li(z) = 2" 4+ (2®)" 8! — (%) 758, z = (', 2%) € R% (2.1)

It is easy to check that the liquidation value satisfies the following:
Lemma 2.1.  Let L; be defined by (2.1).

1. The mapping x — L(x) is concave hence continuous.
2. Ly(2% 2) = 2° + L4((0, 2)) for all 2°, 2 € R.
3. & — Ly(z)ey € OGy for all v € R

The boundary 0G; = {x € R? : Ly(x) = 0} is composed of two rays
R, (5S¢, —1) and R, (—=S?,1). The dual G} := {z € R? : zx >0, Va € G;} has
the rays R, (1, 5?) and R, (1, S¢) as boundaries . We have G} \ {0} C int R?
and G} = cone ({1} x [S?, S4]) !

Definition 2.2. An adapted self-financing portfolio process (Vi)i<r starts
from an initial endowment Vo_ = V_1 and satisfies AV; € —Gy, Vt < T a.s.

We introduce the set of all terminal values at time ¢ < T' of the portfolio
processes starting from the zero initial endowment at time u <'t, i.e.

ZLO ~Gy, Fs).

The corresponding set of terminal liquidation values is:
Lo={L,(V): VeA}
We introduce a condition E satisfied by classical examples of markets:
Definition 2.3. Let T > 2. We say that condition E holds if the following

implications hold for allt <T — 1, for allu >t+ 1 and for all F\, € F,:

(i) If S = S® on F,, then there exists v > u such that S¢ > S on F,,

(1) If Sb S on F,, then there exists r > u such that Sb > Sb on F,.
Remark 2.4. Note that (S¢,—1) € G, iff S¢ > S* and (—5S?,1) € G, if and
only if S® > S?.

!The notation cone (A) designates the smallest cone containing A.
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Let us present some examples where condition E holds:

Example 1: This first example generalizes the model [8]. Let (S;);<r be
a mid-price adapted process and consider a process ()< of proportional
transaction cost rates with values in [0,1). We suppose that (S;);<r and
(€:):<7 are two independent processes and for every ¢ < u, one of the random
variables S, /S; and (1+¢)/(1 — €,) does not admit any atom. The bid and
ask prices are given by S? := S;(1 —¢), S¢ := S;(1+¢). Then, we show that
P(S¢ = S%) = 0 if u > t so that condition E trivially holds.

Example 2: We consider the Cox-Ross-Rubinstein model with bid-ask spreads
of [11, Sect. 4]. The bid and ask prices are S? = (14+¢})S2 4, S& = (1+¢2)S?_,,
where ¢ = (¢ ¢?) is such that 0 < S? < S¢ as. for all t < T. In [11, Sect.
4], ¢ and ¢* take two distinct values. Here, we suppose that P((? = 0) =
P(¢ =0) =0 for all t and, for all u > 2, 1+ (., > min,sg, S/ S8, 1
when 14 ¢, = S¢/S%., 1 and 1+ (&, < maX,>i44S2/SE 1 when we
have 1+ ¢f, = SV/S}.._;- In that case, condition E holds. On the other
hand, if we suppose that P((* = 0) = P(¢? = 0) = 0 for all ¢ and ¢?, ¢
are independent of F;_, while the ratios S¢,,/S¢ and SP,,/S?, r > 1 admit
densities, then condition E trivially holds.

Example 3: As in [8], we suppose that the bid and ask prices are S’ =
Sy —e and S7 = Sy + ¢, t < T. Here, S and € are two positive adapted
processes such that S > 0. Then, condition E trivially holds when S and ¢
are independent and one of them does not admit any atom.

3. Main result

Definition 3.1. We say that the market model G satisfies the weak no-
arbitrage property NA* if LI N L°(R ., Fr) = {0}.

For the models with proportional transaction costs, G strictly dominates
R2, i.e. R2 \ {0} C int Gy, and we may easily show the following:

Lemma 3.2. If Gy strictly dominates R2., then
LINLYRy, Fr) ={0} <= AL nL'R%, Fr) = {0}.

Recall that a consistent price system (CPS) is a martingale (Z;):<r satis-
fying Z; € Gy \ {0} for all t <T.
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Theorem 3.3. ( Grigoriev theorem, [6], [13, Th. 3.2.15]) The following con-

ditions are equivalent :
1 NA".
2 AT NLORE, Fr) = {0} %;
3 For any P ~ P, there exists a bounded CPS under P.
With friction, AZ is not necessarily closed, see [13, Ex. 1, Sect. 3.2.4].

Theorem 3.4. Suppose that condition E holds if T > 2. The following con-
ditions are equivalent:

1 NAY

2 LT is closed in probability and LI N L°(R,, Fr) = {0}.

3 There exists Q ~ P with dQ/dP € L> such that EqLy (V) < 0 for all
Ly(V) e L n LY(P).

4 There exists Q ~ P with dQ/dP € L*> such that, for allt < T — 1,
Eq(Sf1|F:) = Sy and Eq(S¢y,|F:) < SF.

5 There ezists Q ~ P with dQ/dP € L*® and a Q-martingale S € [S®, S%].

In the following, we denote by M>(P) the set of all @ ~ P such that
dQ/dP € L> and EgLr(V) < 0 for all Lp(V) € L£E. For any contingent
claim € € LY(R, Fr), we define the set I'¢ of all initial endowments of portfolio
processes whose terminal liquidation values coincide with &, i.e.

I¢:={reR: IV e Al: Ly(ze, + Vr) =&}

Corollary 3.5. Suppose that condition E holds. Let & € L°(R, Fr) be such
that Ep|€| < 0o. Then, under condition NAY, T'¢ = [Supge peo(py EQE, 00).

The following is suggested by C. Kithn and confirms the necessity of E.

Example 3.6. There exists a financial market model satisfying NAY but
condition B fails and such that L} is not closed.

Proof. Let us define Q = {wy; : kK € N\ {0}, i = 1,2} and T" = 2. Suppose
that Fo = {0,Q}, Fi = o{{wk1,wr2} : k > 1} and Fp = 2. The bid and
ask prices are defined by

2The closure is taken in L°.



Sp=8y=1, S'=1,5=2,

b a (_1)i+1 .
SQ(CU/M‘) = SQ (wk,i) =1+ L , ke N\ {0}, 1=1,2.

Moreover, we suppose that P({wy1}|F1) = P({wkz2}|F1) for all & > 1 so
that E(S5|F;) = 1. We deduce that Z; = (1,.5?) is a CPS so that NA“ holds
by the Grigoriev theorem. This is an example where condition E does not
hold at time ¢ = 0. Indeed, in the contrary case, as S§ = S? a.s., we should
have a.s. the existence of 7 > 1 such that S§j > S?. Necessary r = 2 so that
we should have 1 > S a.s., which is not the case.

Let us define H'™ = {wy; : k < n} and H* = {wio : k < n} for all
n € [1,00] and H* = H*®, i = 1,2. We may show by contradiction that the
payoff H = 11 —1p2 does not belong to £3. On the other hand, H = lim,, H"
where H" = 110 — 1g2.. We claim that H" € £2. Indeed, it suffices to buy
n + 1 risky assets at time t = 0, sell n +1 — k > 0 assets at time £ = 1 on
each {wg 1, w2} € Fi such that k£ < n and sell the n+ 1 assets otherwise. At
last, liquidating the position at time ¢ = 2, we finally get the payoff

[/{3(1 + (—1)i+1//{3 - /{Z:| 1k§n = H”(wk,i).

As H = lim,, H", we conclude that £I is not closed. O

4. Proofs of the main results
4.1. Proof of Theorem 3.4

The implication (2) = (3) follows from [13, Th. 2.1.4]. The implications
(3) = (1) and (2) = (1) are trivial. The implication (3) = (4) is deduced by
considering the liquidation values at time ¢ + 1 of the positions (S?, —1)1p,
and (=S¢, 1)1p, Fy € F;. The implication (4) = (5) is deduced from |3,
Th. 4.5]. At last, if (5) holds, Z = (p, pS) is a CPS with p, = E(dQ/dP|F,)

so that NA® holds. If NA“ holds, £ N L°(R,, Fr) = {0} by the Grigoriev
theorem, where the closure is in L'. We deduce (3) by [13, Th. 2.1.4].

Closedness. It remains to show that (1) = (2), i.e. LI is closed in probability.
With one step, this is immediate as £ = —L°(R, , Fr). We may show that,
for any v € LI, ve; = —gl € Al where g, u < t, is a general notation we
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introduce to designate a sum ¢! = >>'_ g, with g, € L(G,, F.), r < T.
Moreover, we may suppose w.l.o.g. that g, € 9G; for all t < T — 1. By the
Grigoriev theorem, there exists a CPS Z.

Two steps. Consider y° = lim,, 7} where vje; = —ggfl € LL . Define the

set I'r_y := {liminf |g}_,| = oo} € Fr_1. We normalize the sequences by

setting 3 .= 7¢/[9% 1|, 9271 1= 9771 /|gF_a|- As |gF_| = 1, we may assume

that g7, — 3%, € Gr_1, see [13, Lem. 2.1.2]. As lim,, ¥te; = 0, we deduce
that g3 — g7 € Gr and g7 | + g7 = 0 where g3° ; € 0Gr_; and g¥ € Gr.
We set g, = g = 0on Ary = Q\I'ry € Fr_y. Let Z be a CPS.
As Z7(g5° 1 + 3%°) = 0, we deduce that Zr_ 195 + E(Zrg¥|Fr_1) = 0.
By duality, we get that Zr_197°, = Z7g¥ = 0. As ¢ = —g¢7°, is Fr_1-
measurable, we get that 0 = E(Z7g%|Fr_1) = Z1r_195°. So, Zp 135 = Zrg5¥
hence Zp_1 € (R4 Z7)NGH. Therefore, Zr_1vier = —Zr 19} 1 —Zr_19% < 0
by duality. Since Zp_1e; > 0, we deduce that v < 0. So, vfe; = —g}?fll a.s.,
where gF_; = g% 11, € OGr_1 and § = ¢#1a,_, + (—74e1)1r,_, belongs
to L°(Gr, Fr). By construction, liminf, [§% ;| < oo hence we may suppose
that ¢, — ¢, € L%(Gr_1, Fr_1) by [13, Lem. 2.1.2]. We deduce that
g} — 97 € LO(Gr, Fr) hence 7 = =g € LT.;.

General case. Condition E is only used for 3 steps and more and we argue
by induction. Suppose closedness holds between the dates t + 1 and T > 2
and let us show the closedness holds between ¢ and T'. To do so, we suppose
that lim, 0% = 07 € L°(Rey, Fr) where 6% = —g/" € AT. We claim that
n—= —g/" + er, where —§" € AT satisfies sup,.q liminf, |§?] < oo a.s.
and lim,, €7 = 0 a.s. Moreover, g;' = ;"1 {limint, \gt"\<00}_' This holds for t = T—1
as shown above.

(i) We first work on A; := {liminf, |¢g}'| < oo} € F;. Consider the smallest
u >t + 1 such that P(liminf, |¢!'| = +o0|A;) > 0. As liminf, |¢] < oo a.s.,
we suppose that g — g, € L°(0G,, F,) by [13, Lem. 2.1.2] if r < u—1. Then,
we replace g by g, if r < u — 1, letting aside a residual error €} — 0 a.s.
and we only need to consider the case u < T — 1. We split A, into A, € F,
and I, = Q\ A,.

~ On T, we mormalize by dividing by |g;| and we get that on = —gl " where
7= 0%/|gr| and g := g /|gn| for r <T. As 6% and g, r < u — 1, tend to
0, we may suppose that liminf,, |§"| < co by the induction hypothesis on I,
if r > u. By [13, Lem. 2.1.2], we may suppose that §* — §° € L%(G,,F,)
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if 7 > u. Finally, we get that g2 = 0 and g° € L°(0G,, F,). We get that
g € L%(OGr, Fr) under NA™. Let us consider the stopping time 7 as the
first instant 7 > w + 1 such that g7>>° = 0. By Lemmas 4.1, 4.2, for all » > u,
there exists k, € L°(R, F,) such that §°°1,<, = k.§>°1,<,. Consider the first
instant o € [u + 1, 7] such that k, < 0. It exists since k, = 1 and §7** = 0.
We consider the case where §o°" > 0 and §5°® < 0, then §5°" < 0 and
Go. @ > 0. The symmetric case may be solved similarly.

Note that ¢ = k,g>° hence —k* ga = —g°. By NA", we get that
L, (5°) = 0. Since L, (3°) = L, (5 ) /~°°(2 5 /52°®) and then
S¢ = SbAs (giM@ = —(gr)® 5 @ 5 7% < 0. We may as-
sume that ji® < 0 and ( “")(2) < 0. Let us define 8" := (gi™)® /go®
in L°((0, ), F,)). With g/ ' =0 and §" = g — "§°, we rewrite 0% as

n u— -n N ~00 T
5T:_gt l_gu _B v — Gut1-

We may verify that g° = (gi ')®(S2 —1) is constant, and so satisfies
liminf, |§"| < 4+o00. On the set O | := {(gi"')® > 0}, we have L,(g") = 0.
This implies that g;lg1 € dG,. On the set O}, := (gt 1H® < 0}, we
have L, (g,) = 0 hence gyle: € 0G,.

Let us introduce gy := lo=rlez  gp € LO(0Gy, Fi). Then, gilg: = ghy-
At last, since (=" — gi7)® = 5% — 0 and u > t 4 1, the induction
hypothesis implies that —3"g2° — g1 = —g0" + & with g* € L°(G,, F,),
7 > u, such that sup,, liminf, |§| < co and & — 0 a.s. Finally, we write

5;1Atlf‘u = _gt 1]-F _gu 1F +€T7

where g = g21ey_ Ir, +§21r, and g7 = (Giles_, +3)1r, if k > u+ 1. By
construction liminf, [§7| < co a.s. and gi € L°(Gy, Fy) for all k.

On A,, we may suppose that ¢" — g, € L° (Gu,]—") by [13, Lem. 2.1.2]
and finally assume w.l.o.g. that 0715, = —g;'1a, — gu+11A We deduce that
O%1a, = 021, 1a, + 0214, 1p, may be written as 671, = —gi 11y, — g™
where liminf |g]'| < oo a.s. We then reiterate the procedure (i) on A; where
u is necessarily replaced by @ > u. We then conclude on A; as the number of
dates is finite .

(ii) On the set Ty := {liminf, |g}| = +o0}, we have 62 = —g; " where

v =/ gr] and g == g*/|gy| for all r > ¢. Since |g;'| = 1, we deduce an
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equality of the type gtT > =0. As g° # 0, let us consider the first instant
7 > t+ 1 such that g™ = 0. Then, for any CPS (Z,),>t, Zt, -, Z. € R\ Z,
by Lemma 4.1. It follows that Zy1 € Gy N Gjy; and (Z,);>¢41 is a CPS for
the market model from ¢ + 1 to T defined by Guy1 = G, U Gypq C (Zy)* and
G, = G, for u > ¢t +2. Then, the model (Gr)r>t+1 satisfies NAY and E since
SP v SP., and S A SZ., are the bid and ask prices at time ¢ 4 1.

Since g;' + g4 € L° (Gyi1, Fii1), we may apply the induction hypothesis
and deduce that —63 = g7t where g7 € L°(G,,, F,,) satisfies lim inf,, |§?| < oo
a.s. for u >t +2and g, = (97 + gt+1)1hm1nfn lgp+97, 1 [|<oo- SO, assume that
—07 = (97 +971) Liimint,, g7 +gt+1H<oo+gt+2 where each ¢!, u > t+2, converges.
As liminf, |g}'| = 400, we deduce by the normalisation procedure an equality
(f]t + gt-i-l)lliminfnHgf+g?+1||<oo = 0 where g, € LO(aGt,JT"t) and |f]t| = 1. As
Git1 € 0Gyy1 we deduce that S = SP.; when 7Y > 0and g°® < 0
and S? = S¢,, otherwise. On the set {gfo(l) > 0}, let us consider the first
instant 7 > ¢t + 1 such that (S, —1) € G;. By E and Remark 2.4, we get
that 7 < T and §* = g/'l;—, € L°(G,,F,) for all r >t + 1. We then write
g = g,/ Similarly, we rewrite g on the set {g;° W
by the induction hypothesis. O

< 0} and we conclude

4.2. Proof of Corollary 3.5

It is trivial that I'e C [supgepe(p) Eq€, 00). Consider x > supge v (py Eé
and suppose that x ¢ ['¢, ie. ¢ —x ¢ LI. As LI N LY(P) is closed in L'
under NA", we deduce by the Hahn-Banach theorem n € L™ and ¢ € R
such that E(nX) < ¢ < E(n(¢ — z)) for all X € £I' N L'(P). Since LT is a
cone, we deduce that E(nX) < 0 for all X € £I N L'(P). Moreover, as LI
contains —L°(R, Fr), we deduce that n > 0 and we may suppose E(n) = 1.
Consider ' = dQ/dP where Q € M>(P) # () and choose a € (0,1) so that
N = an+ (1 — a)n’ satisfies E(n(§ — x)) > 0 since ¢ > 0. By construction,
the probability measure Q ~ P such that dQ /dP = 1 belongs to M*>(P) in
contradiction with E(7(§ — z)) > 0, i.e. z < Ex¢. O

4.3. Auxiliary results

Lemma 4.1. Consider 7 = min{u >t : g = 0} where g, € L' (G, F,),
u > t, and suppose that 7 € [t + 1,T] a.s. Then, for all bounded CPS Z,
Z. €RLZy as. if r €[t 7T].



/ 10

Proof. Let us define g, = g,1u<,. Since Z7gl = 0, we deduce that

T T
0= E(ZrgulFi) = Y E(ZugulFo).
u=t u=t

Since Z,g, > 0, we have Z,g, = 0 if w > t. Since {T' < 7} € Fr_; and
ngTST = —gtT_lszT € LO(RQ,fT_1)7 we get that ZTQT =0= ZT—lgT and
Zp_1(gr—1+ gr) = 0. Suppose that Zugf = 0 where ©u > ¢t + 1. We deduce
that Z, 197 = 0 since §7 = —gf 1yer € LOR% Fu1). AS Zy 1Gu1 = 0
a.s., we get that Z, 1. ; = 0, i.e. we may conclude by induction.

In particular, Z, and Z,_; are orthogonal to g, r. As g, v # 0if u <7, we
deduce that Z, € R, Z, ;1 if u < 7. The conclusion follows. O

Lemma 4.2. Consider 7 = min{u >t : g = 0} where g, € L' (G, F.),
u > t, and suppose that T € [t+1,T] a.s. If NA" holds, there ezists a stopping
time o € [t + 1, 7] such that g, € R_g, a.s.

Proof. By NA"*, a bounded CPS Z exists and Z; € R, Z, a.s. if u < 7 by
Lemma 4.1. By lemma’s proof, Z;g,1,<, = 0 hence Z;g; = 0. As ¢, # 0 a.s.,
Gulu<r = kygr where ky, = k,1,<, € L°(R, F,). Therefore, (1+k{ ;)g: = 0 and
there is a first instant o > ¢+ 1 such that £k, < 0. We have g, = g,1o< = k0
so that ¢ € R_g, a.s. O
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