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Abstract. We study the Fluctuation Theorem (FT) for entropy production in chaotic discrete-time dynamical
systems on compact metric spaces, and extend it to empirical measures, all continuous potentials, and all weak
Gibbs states. In particular, we establish the FT in the phase transition regime. These results hold under minimal
chaoticity assumptions (expansiveness and specification) and require no ergodicity conditions. They are also
valid for systems that are not necessarily invertible and involutions other than time reversal. Further extensions
involve asymptotically additive potential sequences and the corresponding weak Gibbs measures. The generality
of these results allows to view the FT as a structural facet of the thermodynamic formalism of dynamical systems.

AMS subject classifications: 37A30, 37A50, 37A60, 37B10, 37D35, 47A35, 54H20, 60F10, 82CO05.

Keywords: chaotic dynamical systems, entropy production, fluctuation theorem, fluctuation relation, large
deviations, periodic orbits, Gibbs measures, non-equilibrium statistical mechanics.

Contents

0 Introduction 2

1 Prologue: what is the Fluctuation Theorem? 11
1.1 Transient fluctuation relations . . . . . . . . . . . ... 11
1.2 Fluctuation Theorem and Fluctuation Relation . . . . . . . . . .. ... ... .... 12
1.3 EntropiC Pressure . . . . . . . v v vttt e e e e e e e e e e e e 13
1.4 What does the Fluctuation Theorem mean? . . . . . .. .. ... ... ....... 14
1.5 Interpretation of Theorems AandB . . . . . . .. .. .. .. ... ... .. 16

1.6 Outlook . . . . . . . e 16



Cuneo, Jaksic, Pillet, Shirikyan 2

2 Preliminaries 17
2.1 A class of continuous dynamical systems . . . . . ... ... ... ... ... ... 17
2.2 Asymptotic additivity . . . . . . ... oL 18
2.3 Topological pressure . . . . . . . . . ..o e e e 20
24 EXPanSiVENESS . . . . . . v i i e e e e e e e e e e e e e 23
3 Periodic Orbits Fluctuation Principle 25
3.1 LDP for empirical measures . . . . . . . . . .. ... e e 25
3.2 Fluctuation Theorem and Fluctuation Relations . . . . ... ... ... ....... 26
4 Weak Gibbs measures 29
5 Large deviation principles 30
5.1 Mainresult and applications . . . . . . . . ... Lo 30
5.2 Proof of the LDP for empirical measures . . . . . . . ... ... ... ........ 33
5.3 Proof of the LDP for asymptotically additive sequences of functions . . . . ... .. 37
6 Conditions for asymptotic additivity 38
Frequently used notation 42
Bibliography 42

0 Introduction

This work concerns the mathematical theory of the so-called Fluctuation Relation (FR) and Fluctuation
Theorem (FT) in the setting of discrete-time continuous dynamical systems on compact metric spaces.
The FR is a universal property of the statistics of entropy production linked to time-reversal and the FT
refers to a related Large Deviation Principle (LDP).

The discovery of the FR goes back to numerical experiments on the probability of violation of the 274
Law of Thermodynamics [ ] and associated theoretical works [ s , s ]
in the early 90’s. In particular, the first formulation and mathematical proof of the FT were given
in [ ] in the context of Anosov diffeomorphisms of compact Riemannian manifolds. Further
steps in the mathematical development of the subject were taken in [ , , , 1.
These discoveries generated an enormous body of theoretical, numerical and experimental works
which have fundamentally altered our understanding of non-equilibrium physics, with applications
extending to chemistry and biology. For a review of these historical developments we refer the reader

to[ , , , s ] and to the forthcoming review articles [ , 1;
see also Example 0.7 below. The general mathematical structure and interpretation of the FR and FT
from a modern point of view is briefly discussed in Section 1; see [ , ] for additional
information.

We shall consider dynamical systems (M, ¢), where M is a compact metric space and ¢ : M — M isa
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continuous map. This is precisely the setting in which the FR and FT were initially discovered. We shall
also assume that (M, ¢) is chaotic in the sense that ¢ is expansive and satisfies Bowen’s specification
property.! We shall prove two sets of results. The first of them concerns the Periodic Orbits Fluctuation
Principle (POFP). The second concerns the extension of the classical Gibbs type FR and FT to weak
Gibbs measures, to which we shall refer as Gibbs Fluctuation Principle (GFP). Together they constitute
a technical and conceptual extension of the previously known results on FR and FT. For example, the
POFP holds for any continuous potential, and, more generally, for any asymptotically additive (not
necessarily continuous) potential sequence. In the case of two-sided subshifts of finite type, the GFP
holds for all Gibbs states (translation invariant or not) of any summable interaction ®. The first result
is new while the second (and only in part) was known to hold for interactions @ satisfying Bowen’s
regularity assumption and, in particular, admitting a unique Gibbs state; see Example 0.5 below.

In the usual sense, the FT and FR are related to time reversal and require the map ¢ to be invertible.
In this paper, we shall consider also involutions (other than time reversal) that do not require the
invertibility of (, and show that the FT and FR naturally extend to that case (see Section 3.2 for precise
definitions).

We now describe some of our typical results. For simplicity, we consider in the remaining part of
this introduction only the invertible case. We assume that ¢ is a homeomorphism, and introduce the
following notion of reversal map: we assume that there is a continuous map 6 : M — M such that

0 o6 =1Idyy, gpfl:Hngoe, 0.1

where 1d ), stands for the identity mapping on M. Although in the main text of the paper our results
are stated and proven in the general setting of the asymptotically additive thermodynamic formalism,
we shall start with the familiar additive setting before turning to that level of generality.” We fix an
arbitrary continuous function® G : M — R, and set

$,G=G+Gop+---+Goyp" L

We start with the POFP. Denote by M, the set of n-periodic points of ¢. Under our assumptions M,
is non-empty, finite, invariant under 6, and | J,, M,, is dense in M. We define a family of probability
measures on M by

Po(dy) = Z,' > 505, (dy), Zn=Zn(G)= D &5, 0.2)
CEEMn CEEMW,
where n > 1. Let
P, (dy) = (Pn 0 0)(dy) = Z,' Y 505, (dy). (0.3)
CEEMn

The measures I@n and PP, are absolutely continuous with respect to each other, and the logarithm of the
corresponding density is given by
dpP
log —"(x) = Spo(x) forz € M,,

n

ISee [ , Section 18.3.c] and Remark 2.1 below. This assumption is made only for simplicity of exposition—all our
results hold under a weaker assumption, see Section 2.1 for a precise statement.

2We shall freely use the standard notions of the usual thermodynamic formalism [ , ]. For the asymptotically
additive extensions see [ ] and Section 2.

3Following the usual terminology, we shall often refer to G as a potential. The adjective additive refers to the property
Sn+mG = SmG 4+ S G o ™ of the sequence {S,G}.
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where we write
c=G—-Gob

for the entropy production observable. Any weak limit point P of the sequence P, is an equilibrium
measure for G (see Proposition 2.8). Note that if ,,, — P, then @nk P = P o f. The mathematical
statement of the POFP is the Large Deviation Principle (LDP) for the empirical measures and ergodic
averages of ¢ with respect to IP,,. Its interpretation, on which we shall elaborate in Section 1, quantifies
the separation between ]?’n . and P, , as these sequences of measures approach their limits P and P.

Let P (M) be the set of all probability measures on M endowed with the topology of weak convergence.
The following theorem summarizes the POFP.

Theorem A. For any continuous function G : M — R, the following assertions hold.

Large deviations. There is a lower semicontinuous function 1 : P(M) — [0,4o00] such that the
sequence of empirical measures

n—1
1
o = 5 D Ogkie) 0.4)
k=0
under the law P,, satisfies the LDP with the rate function 1.

Fluctuation theorem. The sequence %Sna under the law P, satisfies the LDP with a rate function I
given by the contraction of 1 :

I(s) = inf{]I(Q) Qe P(M),/ cdQ = s}. 0.5)
M
Fluctuation relations. The rate functions 1 and I satisfy the relations
Q-1+ [ 0d0. (-5 =1(s)+s 06)
M

where Q € P(M), s € R are arbitrary, and @ =Qo.

Remark 0.1 The importance of periodic orbits for the study of chaotic dynamics in modern theory of
dynamical systems goes back to seminal works of Bowen [ ] and Manning [ ]. In the con-
text of the FT and FR, periodic orbits played an important role in the early numerical works [ 1.
Ruelle’s proof of the Gallavotti-Cohen fluctuation theorem for Anosov diffeomorphisms [ ] was
technically centered around periodic orbits. Further insights were obtained in [ ] where, following
the general scheme of [ , ], the pairs (P,,, IP,,) and the entropy production observable o were
introduced, and the transient fluctuation relation was discussed. The work [ ] primarily concerned
Gibbs type FT for Bowen-regular potentials G, and we shall comment further on it in Example 0.7
below.

We now turn to the GFP. We shall assume that P is a weak Gibbs measure for some potential G €
C(M)* (see Definition 4.1 with G,, = S,,G).

Theorem B. Let P be a weak Gibbs measure for a potential G : M — R. Then all three assertions
formulated in Theorem A remain valid if we replace P, with P.

*C(M)/B(M) denotes the usual Banach space of continuous/bounded Borel real-valued functions on M.
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Remark 0.2 On the technical level the key point of Theorems A and B is the LDP for the empirical
measures (0.4), while the remaining properties are an easy consequence of it. The respective rate
functions in Theorems A and B coincide.” The FR for the rate function I can be derived from an
explicit formula, while the FR for I is implied by the contraction relation (0.5). For a more conceptual
derivation of the FR for I see Section 1.1.

Remark 0.3 The LDP for empirical measures { . } in Theorems A and B follows from a more general
result that covers both cases and is stated and proven in Section 5. The proof of the LDP involves,
as usual, two steps: the LD upper bound, which is a simple consequence of the existence of pressure
(see Propositions 2.7 and 5.6), and the LD lower bound, which is more involved. A prototype of
our argument appeared in the proofs of Theorem 3.1 in Follmer—Orey [ ] and Theorem 2.1 in
Orey—Pelikan [ ], in which the Shannon-McMillan—-Breiman (SMB) theorem is used to derive
the LD lower bound for Gibbs states of Z¢ spin systems. By using Markov partitions, the same result
was established for transitive Anosov diffeomorphisms on compact manifolds [ 1.% In our context,
the SMB theorem is naturally replaced by its dynamical systems counterpart, the Brin—Katok local
entropy formula [ ]. The rest of our argument is related to the papers [ , , ] (see
also [ 1). Although there the Brin—Katok theorem is not used directly, the key estimates entering
Proposition 4.2 in [ ] and Proposition 3.1 in [ ] are also important ingredients in the proof
of the Brin—Katok formula and can be traced back to another work of Katok [ , Theorem 1.1].

Remark 0.4 As Remarks 0.2 and 0.3 indicate, on the technical level Theorems A and B are closely
related. We have separated them for historical reasons, for reasons of interpretation, and due to the
role the specification plays in the proofs. Regarding the first two points, see Example 0.7 below and
Section 1. Regarding the third one, in Theorem B, the specification is only needed to allow the use
of Proposition 2.2, whereas in Theorem A a weak form of specification is crucial also in the proof
of the lower bound of the LDP. There are alternative assumptions under which the conclusions of
Proposition 2.2 can be established. For example, Pfister and Sullivan [ ] prove it for dynamical
systems with the so-called g-product property and apply it to 3-shifts. Hence, Theorem B holds in that
setting.

Before turning to the asymptotically additive setting, we briefly discuss several prototypical additive
examples; see also Example 3.5 in Section 3.2. For the details and additional examples we refer the
reader to the accompanying review article [ 1.

Example 0.5 (Two-sided subshift of finite type) Let’ A = [1,] be a finite alphabet with discrete
metric and let = A% be the product space of two-sided sequences endowed with the usual metric

Ox0O> (ZE, y) — d(:ﬂ, y> —9- min{jeZ : xj#y; ora:_]-;éy_]-}'

The shift operator ¢ : Q — Q defined by (x); = x ;41 is obviously an expansive homeomorphism.
We assume that (M, ) is a subshift of finite type: given an ¢ x ¢ matrix A = [A;;] with entries
A;; € {0,1} and such that all entries of the matrix A" are strictly positive for some m > 1, one sets

M = {zx = (v5)jez : ¥j € A, Ay, = 1forall j € Z}.

Tj+1

SThis fact is related to the principle of regular entropic fluctuations introduced in [ ]; see Section 1.5.
®1t is interesting to note that this result and the contraction principle immediately yield the Gallavotti—-Cohen FT.
"Here and in the sequel [1,£] = [1,4] N Z.
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In this case, ¢ is topologically mixing and satisfies Bowen’s specification property. Let p be an
involutive permutation of .4 and set 6(z); = p(z_;). Then 6 is a homeomorphism of 2 satisfying (0.1).
Thus, if in addition 6 preserves M, then it is a reversal of (M, ¢). For a subshift of finite type, that is
the case whenever the adjacency matrix P associated to the map p commutes with A.

Theorem A applies to any (&, and hence in situations where GG exhibits phase transitions and the set
of equilibrium states for G is not a singleton. Theorem A also covers the cases where GG exhibits
pathological behaviour from the phase transition point of view; see [ , Section 3.17] and [ ,
Section V.2]. For example, if P = {Py,--- ,P,} is any finite collection of ergodic measure of the
dynamical system (M, ¢), then there exists a potential G whose set of ergodic equilibrium states is
precisely P. There is a dense set of G’s in C'(M) with uncountably many ergodic equilibrium states.
Although such general potentials could be considered non-physical, the POFP remains valid.

Regarding Theorem B, consider a spin chain whose set of allowed configurations is M, and let
¢ be a summable translation-invariant interaction. We shall follow the notation of the classical
monograph [ ], and assume that @ belongs to the Banach space B of interactions introduced in
Section 4.1 therein. We denote by K¢ C P(M) the set of all Gibbs states for . Then K is a closed
convex set and some elements of K may not be p-invariant. The set of p-invariant elements of K4
is precisely the set of equilibrium states for the potential Ag (the contribution of one lattice site to
the energy of a configuration) defined in Section 3.2 of [ ]. If Ay satisfies Bowen’s regularity
condition (see [ ]and [ , Definition 20.2.5]), then K¢ is a singleton, but in general K¢ may
have many distinct elements. However, it is not difficult to show that any P € K¢ is a weak Gibbs
measure for the potential Ag (see [ , Lemma 3.2] and [ ] for details), and Theorem B
applies. These results extend to {2 = A% for any d > 1.

Example 0.6 (Uniformly hyperbolic systems) Let €2 be a compact connected Riemannian manifold
and ¢ : Q — Q a C'-diffeomorphism. Let M C € be a locally maximal invariant hyperbolic set such
that |y is transitive. Then the map ¢ is an expansive homeomorphism of M satisfying Bowen’s
specification property. Hence Theorems A and B hold for (M, p); see [ , 1.

Example 0.7 (Anosov diffeomorphisms) Continuing with the previous example, if M = 2, then
(€2, ) is a transitive Anosov system. This is the original setting in which the first FR and FT were
proven.

We denote by D(x) = | det ¢'(x)| the Jacobian of ¢ at = and set
D¥"(w) = | det (' ()] yosu )

where Ef;/ “ denotes the stable/unstable tangent subspace at € M. The C'-regularity of ¢ implies
that the maps

z +— D(x), z — D/ (), (0.7)

are continuous. The potential
G(z) = —log D*(x) (0.8)
is of particular importance [ , ], and in the context of FR its relevance goes back to the
pioneering work [ ]. As a special case of Example 0.6, Theorem A holds for this G and any

continuous reversal . Theorem B holds for any weak Gibbs measure for G.

If  is C'+ for some o > 0, then the maps (0.7) are Holder continuous and the potential G has
a unique equilibrium state, the SRB probability measure P,,. In this case, denoting by P, the
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normalized Riemannian volume measure on M, the empirical measures (0.4) converge weakly to Pg.,
for P, -a.e. * € M. The measure Pg, enjoys very strong ergodic properties and, in particular, is
weak Gibbs for GG, and Theorem B applies to P}, In this case, the LDP part of Theorem B goes back
to[ ]. Since P, is also a weak Gibbs measure for G,* Theorem B applies to P, as well.

Example 0.8 (Anosov diffeomorphims: historical perspective) The original formulation of the Gal-
lavotti—-Cohen FT [ , ] concerns C' transitive Anosov diffeomorphisms with the
additional assumption that the reversal map 6 is C''. The entropy production observable is taken to be
the phase space contraction rate

o(x) = —log D(z), (0.9)

and the LDP concerns the time averages n~1.5,,(5). Since 6 is C, the tangent map ' () provides an
isomorphism between E2/" and Eg{;), and

log D% 060 = —log D® o o~ 1. (0.10)
As observed in [ ], this relation gives that for some C' > 0, all x € M and all n,
|Spo(x) — Spo(x)| < C,

where 0 = G — GG o 6 with GG given by (0.8). Hence, under the assumptions of [ , ], the
Gallavotti—-Cohen FT and the FT of Theorem B are identical statements.

The assumption that # is C'! is essential for the Gallavotti—-Cohen FT. Porta [ ] has exhibited
examples of C“ Anosov diffeomorphisms on the torus T? which admit continuous but not differentiable
reversals, and for which the Gallavotti-Cohen FT fails in the sense that the LDP rate function for the
averages n~ 1S, () does not satisfy the second relation in (0.6). For his examples Porta also identifies
the entropy production observable ¢ = G — G o § noticing that the LDP holds for it with a rate function
satisfying the FR (0.6).

Porta’s observation was a rediscovery of an important insight of Maes and Verbitskiy. Returning to our
general setting (M, ¢), in [ ] the entropy production observable ¢ = G — G o 8 is introduced
for an arbitrary potential G, and the Gibbs FR and FT were established for the averages n=1S,, (o)
assuming that G satisfies the Bowen regularity condition. In this case P is again the unique equilibrium
measure for G' and enjoys very strong ergodic properties. The proofs of [ ] are further simplified
in [ ]; see Section 1.3 below.

We now turn to the asymptotically additive setting.

Definition 0.9 A sequence of functions G = {Gp }n>1 C B(M) is called asymptotically additive if
there is a sequence {G*)} >, C C(M) such that

lim lim sup n_lHGn - SnG(k)H = 0. 0.11)

k—oo n—oo b

The set of all asymptotically additive sequences of functions on M is denoted by A(M), and a family
{G*)} k>1 C C(M) satisfying (0.11) is called an approximating sequence’ for G.

8This follows from the Volume Lemma; see [ , Lemma 4.7] and [ , Lemma 20.4.2].
Note that G,, is not required to be continuous, but G™ is. The notion of asymptotically additive potential was first
introduced in [ ], and there G, is required to be continuous (see Section 6 for a detailed discussion of this point).
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Except in Section 5.3, the elements of .A(M ) will play the role of potentials, and hence we shall often
refer to them as asymptotically additive potential sequences.

Remark 0.10 An obvious example of an asymptotically additive potential sequence is G = {S,G},
where G € C(M). We shall refer to this special case as additive. Some other conditions, which either
imply asymptotic additivity or are equivalent to it, are given in Theorem 6.1. There, we prove in
particular that if G = {S5,,G} (with G € B(M)) satisfies the tempered variation condition (which is
weaker than the continuity of ), then G is asymptotically additive. The tempered variation condition,
which to the best of our knowledge goes back to [ ] (see also [ 1), holds in particular if G
satisfies the bounded variation condition of [ ]. Another class of examples is given by weakly
almost additive potentials,'’ which are characterized by the following property: there is a sequence
{Cn}n>1 C R such that lim, oo n1C,, = 0 and

—Cn+ G+ Gro" <Gpun <Cpn+ G +Gpov™, m,n>0. (0.12)

If a family G C C'(M) is weakly almost additive, then it is asymptotically additive with G*) = k=1G},;
see Lemma 0.2.

Remark 0.11 Note that A(M) is a vector space and that
1G]l := limsupn || Gy lloo (0.13)

n—oo

defines a seminorm on .A(M ), which in turn gives a natural equivalence relation: G ~ G’ iff ||G—G'||. =
0 (finiteness of (0.13) follows immediately from (0.11)). As mentioned in [ , Remark A.6 (ii)]
(see also the beginning of Section 3.2 in [ ]), equivalent potential sequences share many important
properties and, in particular, have the same approximating sequences. Furthermore, if V, V' € C (M)
are such that V! = V + U — U o ¢ for some U € C(M), then {S,V} ~ {S,V'}, so that this
concept of equivalence generalizes the standard notion of equivalence for potentials. Moreover, by the
definition of asymptotic additivity, for all G € A(M) we have limj_,o |G — {S,,G®)}||« = 0, so that
the additive potential sequences are dense in the quotient space A(M)/~. Finally, we note that in each
equivalence class there exists an asymptotically additive potential sequence that consists of continuous
functions (see Remark 6.5).

Remark 0.12 To the best of our knowledge, the first extension of the classical thermodynamic for-
malism of Ruelle and Walters [ , ] beyond the additive setting goes back to the work of
Falconer [ ]. This and later extensions were principally motivated by the multifractal analysis
of certain classes of self-similar sets, and in this context the subject has developed rapidly; see for
example [ , , , , , ] and references therein.

It is likely that the subject will continue to flourish with an expanding number of applications that
cannot be reached with classical theory; see Example 0.14 below and recent works [ , ]
for applications to theory of repeated quantum measurement processes.

Theorems A and B extend to asymptotically additive potential sequences with the following notational
changes. Given G = {G,,} € A(M), one defines a sequence of probability measures on M by the
relations (cf. (0.2))

Po(dy) = Z, " Y 96, (dy),  Zn=Zu(G) = D ). (0.14)

weMn !L'GMn

'%In the literature, the special case where C,, = C is often called almost additive, and we shall use this convention in the
sequel; see [ ].
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The time-reversal operation is now defined as 6,, = 6 o "1, Let us set

Po(dy) = (B o 0n)(dy) = 2,1 Y eGnofod™ @5, (dy) (0.15)
x€EMy,

and remark that this relation coincides with (0.3) in the case of additive potentials. We also note that

dP
log —"(z) = on(z) forx € M,,
n

where we write
on =G, —G, 00, (0.16)

for the entropy production in time n. Accordingly, the ergodic averages n~'S,,o are now replaced by
n~1o,. With the above notational changes Theorems A and B hold for any G € A(M). Starting with
Section 2 we shall work exclusively in the asymptotically additive setting.

Example 0.13 (Boundary terms in spin chains) Consider the spin chains discussed in Example 0.5
in the case where M is the full two-sided shift (i.e., when A;; = 1 for all 4, j). The measures P,, of
Theorem A can be interpreted as Gibbs measures on finite-size systems, since to each configuration
of a system of n spins, one can associate an orbit of period n in M and vice versa. The case
G, = S, A then corresponds to periodic boundary conditions, while arbitrary boundary conditions
lead to asymptotically additive sequences of the kind G,, = S, Ag + g, where the boundary term g,,
satisfies 1im,, 0o 771 ||gnlloo = 0.

Example 0.14 (Matrix product potentials) Perhaps the best known examples of asymptotically ad-
ditive potential sequences arise through matrix products. Let M : M — My (C) be a continuous map
such that || M (z)M(p(x)) - M(e"1(x))|| # 0 foralln > 1 and x € M (here My is the vector
space of complex N x N matrices). The potential sequences of the form

Gn(@) = log || M(z)M(p(2)) - -- M(" ™ ()| (0.17)

arise in multifractal analysis of self-similar sets, see for example [ s , , , ].
Sequences of this type also describe the statistics of some important classes of repeated quantum
measurement processes [ , ]. Except in trivial cases, the sequence {G), } is not additive.
Note that the upper almost additivity

Gnim < C+ Gm + Grop™ (0.18)

always holds with a constant C' that depends only on the choice of the matrix norm on My (C)
appearing in (0.17). If the matrix entries of M (z) are strictly positive for all z € M, or if N = 2 and
M satisfies the cone condition of [ 1'" (in the context of nonconformal repellers), then one can
show that

—C 4G+ Gro™ < Gnim (0.19)

for some C' > 0, so that the sequence {G, } is almost additive. In many interesting examples, however,
(0.19) fails, but G remains asymptotically additive and hence our results apply. When the potential
defined in (0.17) is not asymptotically additive, it can exhibit a very singular behaviour from the
thermodynamic formalism point of view.'”> For reasons of space we postpone the discussion of the last

point to the forthcoming articles [ , 1.
"This type of condition can be traced back to [ ]. See also [ , Definition 11.2.1]
2In some cases, this singularity is dictated by the number theoretic properties of the entries of M(z); see [ ] fora

discussion.
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Example 0.15 Let (M, ) and € be as in Example 0.5, and let PP be any fully-supported invariant
measure on M. Foralln > 1, define G,, € C(M) by Gp,(z) =logP{y € M :y; = x;,i =1,...,n},
where z = (z1,22,...). Then, if G = {G,} is asymptotically additive, the measure [P is weak
Gibbs with respect to G, and hence Theorem B applies. In this setup, (0.12) is interpreted as “weak
dependence.” In particular, all invariant quasi-Bernoulli measures (i.e., satisfying (0.18) and (0.19)) on
M are weak Gibbs with respect to an asymptotically additive potential.

We finish with the following general remarks.

Remark 0.16 To summarize, the contribution of our paper is two-fold. Firstly, to the best of our
knowledge, the POFP has not appeared previously in the literature and provides rather general for-
mulation and proof of the FT and FR in the context of chaotic dynamical systems on compact metric
spaces. Furthermore, the GFP extends the FT and FR of [ ] to weak Gibbs measures (which do
not even need to be invariant). In particular, this extends the validity of the FT and FR to the phase
transition regime, as illustrated in Example 0.5. Both results hold for any asymptotically additive
potential sequence. Secondly, the FR for the rate function of empirical measures (the first relation
in (0.6)) is new and we plan to investigate it further in other models of relevance to non-equilibrium
statistical mechanics. Let us mention, however, that in the context of Markov jump processes, the FR
for trajectories and the related LDP contraction were previously discussed in [ , Section 5].

Remark 0.17 To the best of our knowledge, the FT and FR in the phase transition regime have not
been previously discussed in the physics and mathematics literature, apart from stochastic lattice
gases; see [ , ]. On the other hand, a considerable amount of efforts in the dynamical
systems community over the last two decades has been devoted to the extension of multifractal analysis
to the phase transition regime; for instance, see [ s , ]. Given the link between
multifractal analysis and large deviations theory [ s ], the two research directions are related,
and this connection remains to be investigated in the future.

Remark 0.18 Although the conceptual emphasis of this paper has been on the FT and FR for entropy
production generated by a reversal operation, the LDP parts of Theorems A and B are of independent

interest and have wider applicability; see [ ] for a more general approach than the one adopted
here, and [ ] for some concrete applications in the context of repeated quantum measurement
processes.

The paper is organized as follows. Section 1 is a continuation of the introduction where we review the
general mathematical structure and interpretation of the FR and FT from a modern point of view. In
Section 2 we collect preliminaries needed for the formulations and proofs of our results, including
an overview of the asymptotically additive thermodynamic formalism. Section 3 is devoted to the
POFP and Section 4 to the GFP. Our main technical results regarding the LDP are stated and proven in
Section 5. Finally, in Section 6 we discuss some properties and characterizations of asymptotically
additive potential sequences.

This work is accompanied by a review article [ ] where the reader can find additional information
and examples regarding the FT and FR.
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1 Prologue: what is the Fluctuation Theorem?

1.1 Transient fluctuation relations

Our starting point is a family of probability spaces (£2,,, Fy, P;,) indexed by a parameter n € N.
Each of these spaces is equipped with a measurable involution ©,, : €, — €, called reversal (the
mapping O,, is its own inverse). In many cases of interest the probability space (Q2,,, F,, P,) describes
the space-time statistics of the physical system under consideration over the finite time interval [0, ],
and the map ©,, is related to time-reversal.

Let us set @n = IP,, 0 ©,, and impose the following hypothesis:
(R) Regularity. The measures @n and P, are equivalent.

Under Assumption (R), one defines

on = log . (1.1)

n

This is a real-valued random variable on {2,,, and we denote by P, its law under IP,,. The very definition
of o, implies a number of simple, yet important properties.

Relative entropy. The relative entropy'® of P, with respect to P, is given by the relation

. P,
Ent(P, |P,) = / log (d/\> dP,, = / o,dP, = / s P, (ds).
dP,, n R

n

Since this quantity is non-negative, we obtain

/ s P,(ds) > 0, (1.2)
R

which in the physics literature is sometimes called Jarzynski’s inequality. This inequality asserts that
under the law P,,, positive values of o,, are favored.

Rényi entropy. Rényi’s relative a-entropy of ]/I\”n with respect to P, is defined by

N B, \"
Ento (P | Pr) = log/ <> dPy, = log/ e *7rdP, = log/ e P,(ds) = en(a).
o, \dPy, . R

13 Also called Kullback—Leibler divergence.
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The function R > a — ey, (a) €] — 00, +00] is convex and lower semicontinuous. It vanishes at v = 0
and o = 1, so that e, («) is non-positive and finite on [0, 1], and non-negative outside [0, 1]. It admits
an analytic continuation to the strip {z € C : 0 < Rez < 1} which is continuous on its closure.
Expressing the relation e, (1) = 0 in terms of P,,, we derive

/ e °P,(ds) = 1. (1.3)
R
In the physics literature this relation is sometimes called Jarzynski’s identity.

Proposition 1.1 In the above setting, the following two relations hold:

en(a) =ep(l —a) foraeR, (1.4)
dpP,
—(s) =¢° forseR, (1.5)
1 Pn( ) f
where P, is the image of P,, under the reflection 9(s) = —s.

Remark 1.2 Relations (1.4) and (1.5) are in fact equivalent: the validity of one of them implies the
other. We shall refer to them as the transient FR. It refines (and implies) the conclusion of the Jarzynski
inequality (1.2) and its basic appeal is its universal form. In applications to non-equilibrium physics,
the transient FR is a fingerprint of time-reversal symmetry breaking and emergence of the 2"d Law of
Thermodynamics.

Proof of Proposition 1.1. Relation (1.4) is a simple consequence of a symmetry property of Rényi’s

entropy:
en(1 — ) = Enty_o(Py | Pn) = Ento (P, | P,) = log/ endP,
= log/ eM”O@"d(@n 00,) = log/ e” Y ndP, = e, (@),
Qn Qn
where we used the elementary relation o, 0 ©,, = —0,.

To prove (1.5), we exponentiate (1.4) and rewrite the result in terms of P,;:

/R e3P, (ds) = /R e~(1-0)p (ds) = / =5 (e* B, ) (ds).

R

Using now the analyticity of the function e, (z) in the open strip 0 < Rez < 1, its continuity in
the closed strip 0 < Rez < 1, and the fact that the characteristic function uniquely defines the
corresponding measure, we deduce that P, (ds) and (e P, )(ds) coincide. This is equivalent to (1.5). O

1.2 Fluctuation Theorem and Fluctuation Relation

Definition 1.3 We shall say that the Fluctuation Theorem holds for the family (Qy,, Fr, Pp, O,) if
there is a lower semicontinuous function I : R — [0, 400| such that, for any Borel set ' C R,

—inf I(s) < liminf n~'log P, {n"to, € T}
(1.6)

< limsupn~!log }P’n{n_lan eI'} < —inf I(s),

n—00 sel
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where T /T denotes the interior/closure of T.
Let us note that P, {n "0, € I'} = P,(nT), so that (1.6) can be rewritten as

—inf I(s) < liminfn~!log P,(nI') < limsupn~'log P,(nI") < — inf I(s). (1.7)

sel n—00 n—00 sl

The following result shows that the transient FR implies a symmetry relation for the rate function in
the FT.

Proposition 1.4 Suppose that the FT holds for a family (Q,, Fn,Ppn, ©,,). Then the corresponding
rate function I satisfies the relation

I(—s)=1(s)+s forseR. (1.8)

Proof. In view of (1.5), for any Borel set I' C R we have
P,(T) < &Pl p,(-T).
Replacing I" with nI" and using (1.7) we see that

—inf I(s) < liminf n~"'log P,(nI') < limsupn ™! log(e"suPFPn(—nF)) <supl' — inf I(—s).

sel’ n—00 n—00 sel
Taking I' =]a — €, a + €[ with € > 0, we derive

inf I(s)< inf I(s)<a+e+ inf I(s). (1.9)
|stal<2e |stal<e |s—al<e

Since the function [ is lower semicontinuous, we have I(a) = lim. g inf|,_, < I(s). Passing to the
limit in (1.9) as € | 0, we obtain
I(—a) <a+I(a)

for any a € R. Replacing a by —a and comparing the two inequalities, we arrive at (1.8). O

1.3 Entropic pressure

Suppose that the Fluctuation Theorem (Definition 1.3) holds. Then under very general conditions
Varadhan’s lemma implies that the limit

e(a) = lim nte,(a) (1.10)
n—oo
exists for all o € R and that
e(a) = — inf (s + I(s)) = sup(—sa — I(s)). (1.11)
s€R seR

The function e(«v) is called the entropic pressure of the family (£2,,, Fy,, P, ©,,). Elementary arguments
show that:

(a) the function e(«v) is convex and lower semicontinuous;
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(b) it is non-positive on [0, 1] and non-negative outside [0, 1], with a global minimum at o = 1/2;

(c) it satisfies the relations e(0) = e(1) = 0 and

e(a) =e(l —a) foralla € R. (1.12)
If the rate function /(s) is convex (which is the case in the setting of this paper), then inverting the
Legendre transform (1.11) gives'
I(s) = — inf (sa + e(a)) = sup(sa — e(—a)). (1.13)
acR a€cR

The above discussion can be turned around. Suppose that limit (1.10) exists and that e(«) is differen-
tiable on R. Then the Gértner—Ellis theorem (see Section 2.3 in [ 1) implies that the Fluctuation
Theorem holds with the convex lower semicontinuous rate function I given by (1.13). This gives a
technical route to prove the Fluctuation Theorem. Since the seminal work [ ] this route has been
dominant in mathematical approaches to the FT.

Returning to the dynamical system (M, o), the above route yields a quick proof of Theorem A if the
potentials G and G o § are Bowen-regular. We follow [ ]. By a classical result of Bowen, the
limit
e(a) = lim 1 log/ e~ qp,
n—oo n o

exists for all @ € R and is equal to the topological pressure of the potential (1 — a)G + aG o 6;
see also Theorem 2.7 in Section 2.4. By another classical result of Bowen [ ], the potential
(1 — @)G 4 aG o 0 has unique equilibrium state for all «, and [ , Theorem 9.15] shows that
e(«) is differentiable on R. Thus, the Girtner—Ellis theorem applies and gives the FT and the second
FR in (0.6). Assuming that the vector space of all Bowen-regular potentials in dense in C'(M) (for
instance, this is the case in Examples 0.5-0.7 of the introduction), Kifer’s theorem [ ] implies that
the LDP part of Theorem A holds. In this case the first FR in (0.6) follows from a computation given
in Section 3.2. The same proof applies verbatim to Theorem B, and in particular recovers the results of

[ I

The novelty of Theorems A and B is that they hold for potentials G for which the entropic pressure
is not necessarily differentiable, hence in the phase transition regime. In this case the proof follows
a different strategy: one first proves the LDP for empirical measures, and then uses the contraction
principle to prove the FT. Another novelty is that these results also extend to asymptotically additive
potential sequences.

1.4 What does the Fluctuation Theorem mean?

Returning to the level of generality of Sections 1.1 and 1.2, the interpretation of the rate function [/
in the FT is given in terms of hypothesis testing error exponents of the family {(P,, @n)} These
exponents describe the rate of separation between measures PP, and ]@n as n — oo. If the elements
of N are instances of time and ©,, is related to time-reversal, these exponents quantify the emergence
of the arrow of time and can be viewed as a fine form of the second law of thermodynamics. Let us
recall the definition of three exponents relevant to our study and state some results without proofs,
which can be found in [ , ].

If T is not convex on R, the same relations holds if I is replaced by its convex envelope.



15 Fluctuation Theorem and Thermodynamic Formalism

Stein error exponent. Given y €10, 1], we set
5, (P, By) = inf{P, () : T € Fp, By (I°) < 7} (1.14)

The following result establishes a link between the large n asymptotics of s. (P, @n) and the weak
law of large numbers.

Proposition 1.5 Suppose that n~'o,, converges in probability" to a deterministic limit ep. Then

lim n~ " logs,(P,,P,) = —ep for any~ €]0,1]. (1.15)

n—o0

Moreover, the above limit coincides with the following (equal) quantities:

5= inf{liminf nt logI/E;’n(I‘n) : Ty, € Fy, ILm P, (T¢) = 0},

n—00

5= inf{lim supn ! logﬁ’n(l“n) Ty € F, ILm P, (I',) = O}-

n—oo

If in addition the entropic pressure e(«) is differentiable at o = 0, then

lim nilEnt(Pn@n) =ep = —¢'(0).

n—o0

Recall that, for two probability measures P and QQ on a measurable space (€2, F), the total variation
distance is given by

IP = @lhar = sup [B(T) - Q)| = 1 - [ (AA1)aQ,
reF Q
where the second relation holds if IP is absolutely continuous with respect to Q, and A stands for the

corresponding density.

Chernoff error exponents. The lower and upper Chernoff exponents are defined by

c= liniinf n~'log(l— [P, — I/Eanvar), ¢ = limsupn'log(1 — ||B, — I/Eanvar). (1.16)
n—oo n—o0

The following result provides a sufficient condition for these two quantities to be equal and expresses
them in terms of the entropic pressure.

Proposition 1.6 Suppose that the FT holds with the rate function (1.13). Then the upper and lower
Chernoff exponents coincide, and
c=tct=-¢e(1/2). (1.17)

Let us note that e(1/2) = —I(0). Thus, if 7(0) > 0, then the measures P,, and P,, concentrate on
the complementary subsets {0, > 0} and {0, < 0}, respectively, and separate with an exponential
rate —I(0):

lim n'logPu{o, <0} = lim n "logPy{o, > 0} = —I(0).

n—oo n—oo

'SFor instance, if the FT holds and the corresponding rate function I vanishes at a unique point so € R, then (1.15) holds
with ep = sp.
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Hoeffding error exponent. Given ¥ € R, we define

by = inf{liniinf n~log ]@H(Fn) :T,, € Fp,limsupn~* logP,(I'y) < —19},

n—oo

by = inf{lim supn* log]/I\Dn(Fn) Ty, € Fp, limsupn~tlog P, (I'¢) < —19},

n—o00 n—0o0
ho = inf{ lim 7" log B, (1) : Ty € F, limsupn ™ log Pp(T5) < —19},
n (o.¢] n—oo

where the infimum in the last relation is taken over all families {T'),} for which the limit exists.

As functions of 9, by, by, and by are non-decreasing and non-positive on [0, +oo, and are equal
to —oo on ] — oo, 0. Moreover, the inequalities hy < by < bhy < 0 hold for ¢ > 0.

Proposition 1.7 Suppose that the FT holds with the rate function (1.13). Then, for 9 € R, we have

— .. Va+e(a)
= = = f .
by =by =by B TR g

1.5 Interpretation of Theorems A and B

The FT part of Theorem A fits directly into the mathematical framework and interpretation of the FT
discussed in Section 1.4 with §2,, = M,,, IP,, defined by (0.2), and ©,, = o " 1.

The above interpretation does not apply to the setup of Theorem B. The FT part of Theorem B is related
to the principle of regular entropic fluctuations of [ ] adapted to the setting of this paper, and
provides a uniformity counterpart to the FT of Theorem A which is both of conceptual and practical
(numerical, experimental) importance. Here we shall briefly comment on this point, referring the reader
to [ , ] for additional discussion.

Let IP,, be as in Theorem A. For each fixed m > 0, since the function ¢ is bounded, the random
variables (n +m) 1S, 1,0 and n~1S,,0 are exponentially equivalent under the law PP,, |, as n — oo,
and the theorem implies that for any Borel set I' C R,

—inf I(s) < liminf n" og Ppim {nilsna € F}

sel n—o0

(1.18)
< limsupn = logPyim {nilsna € F} < —inf I(s).
n—00 sel

If along some subsequence IP,,,, — P, a natural question is whether (1.18) holds with P, |, replaced
with P. Theorem B gives a positive answer if P is a weak Gibbs measure with the same potential G as
in the sequence P,,, and further asserts that this is the only requirement for IP; neither weak convergence
nor invariance of IP play a role. Such level of uniformity is a somewhat surprising strengthening of the
principle of regular entropic fluctuations in the setting of chaotic dynamical systems on compact metric
spaces.

1.6 Outlook

The general mathematical framework and interpretation of the FT presented in this section are rooted
in pioneering works on the subject [ , , , , , ]. As formulated
here, they were developed in special cases in [ , ], and in full generality in [ 1.
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When additional mathematical/physical structure is available, one can say more. For example, for open
stochastic or Hamiltonian systems which carry energy fluxes generated by temperature differentials,
the entropy production observable coincides with thermodynamic entropy production; see [ ,

, ]. For the chaotic dynamical systems (M, ¢) considered in this paper, Theorems A
and B show that the FT is a structural feature of the thermodynamic formalism. Relaxing the chaoticity
assumptions (expansiveness and specification) brings forward a number of important open problems
that remain to be discussed in the future.

2 Preliminaries

2.1 A class of continuous dynamical systems

Let M be a compact metric space with metric d and Borel o-algebra B(M ). We recall that C' (M)
(respectively, B(M)) denotes the Banach space of continuous (bounded measurable) functions f :
M — R with the norm || f||cc = sup,cas |f(z)|. The set P(M) of Borel probability measures on M is
endowed with the topology of weak convergence (denoted —) and the corresponding Borel o-algebra.
Given V € C(M) and Q € P(M), we denote by (V, Q) the integral of V' with respect to Q. In the
following, we shall always assume:

(C) p: M — M is a continuous map.
On occasions, we shall strengthen the above standing assumption to
H) ¢ : M — M is a homeomorphism.

In the sequel we shall always explicitly mention when Condition (H) is assumed. The reversal operation
as defined in the introduction makes sense only if (H) holds. The transformations that lead to the FR
and FT for general continuous maps are defined in Section 3.2.

The set of (-invariant elements of P (M) is denoted by P, (), and the set of ¢-ergodic measures by
E,(M). The topological entropy of ¢ is denoted by htop(¢). The Kolmogorov—Sinai entropy of ¢
with respect to Q € P, (M) is denoted by h,(Q).

The orbit of a point z € M is defined as {*(z) }rez, . An orbit is said to be n-periodic if o"(z) = z,
and we denote by M, the set of fixed points of ™.

For I = [[I,m] C Z., we denote orbit segments by

! (x) = {" (@) her,

and call specification a finite family of such segments

¢ = {0" (@) biep -

The integers n and L(§) = max{|k — k| : k, k" € Ujc 5,y /i } are called the rank and the length of &
respectively. The specification & is N-separated whenever d(I;, I;) = ming,ey, k;er; |ki — kj| > N
for all distinct ¢, j € [1,n]. Itis e-shadowed by x € M whenever

d k k i) < €.
Do, ma (" (), " (1)) <€
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Givenz € M, n > 0, and € > 0, the Bowen ball is defined by

Bp(x,€) ={y € M :d(¢"(y), o"(x)) < e for 0 <k <n—1}.

Many variants of the specification property appear in the literature; see [ ] for a review. We shall
make use of the following two forms:

(WPS) ¢ has the weak periodic specification property if for any § > 0 there is a sequence of
integers {mgs(n)}n>n, such that 0 < mg(n) < n forn > ng, limg)o lim, 0o n"tmg(n) = 0,
and for any x € M and n > ng, we have My, N\ By, (n)(7,0) # 9.

(S) ¢ has the specification property if for any § > 0 there is N(0) > 1 such that any N (§)-separated
specification £ = {p' (%) }ie[1,n) is 6-shadowed by some x € M.

Remark 2.1 We shall also refer to Bowen’s specification property [ ] as the property (S) with
the additional constraint that x € M7 ¢y, y(s5)- Bowen’s specification obviously implies both (WPS)
and (S).

The weak periodic specification property is well suited for the LDP of Theorem A. Together with
expansiveness (see Definition 2.6 below), it is also sufficient to justify a large part of the thermodynamic
formalism involved in the proof of this result. It is not needed for Theorem B.

The specification Property (S) is involved in the proof of both Theorems A and B. However, it is only
needed to ensure the conclusion of the following proposition (see Theorem B in [ ], whose
proof given for case (H) extends without change to any continuous ). If the conclusion of the latter
can be obtained by a different argument, then Property (S) is not needed at all.

Proposition 2.2 Suppose that ¢ satisfies Condition (S). Then, the set E,(M) of ergodic measures is
entropy-dense in P, (M), i.e., for any P € P, (M) there exists a sequence {P,,,} C E,(M) such that

P, — P, heo(Pm) = ho(P)  asm — oo.

2.2 Asymptotic additivity

In this section we establish two technical results about asymptotically additive potential sequences. The
first result is related to [ , Proposition A.1 (1) and Lemma A.4]. See also [ , Proposition 3.2].

Lemma 2.3 ForallP € P,(M) and G € A(M), the limit

G(P) = lim n Y(G,,P) 2.1)

n—oo
exists and is finite. Moreover, for any approximating sequence {G (k)} of G we have

G(P) = lim (G®), P). (22)

k—o0

The convergence in (2.1) and (2.2) is uniform in P € P, (M), and the real-valued function P — G(IP)
is continuous on the space P, (M) endowed with the weak topology.
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Proof. For all k,m,n and all P € P, (M) we have

(G, P) — ;<Gm,P>’ < ';<Gn,]P’> - (G(k)’IP’>‘ + ‘;(Gm,ﬂ”) - <G(k),JP>>' 03

Ya, - s.a] + L - s.6®
| 1 |
n o] m

1
n

IN

o0

In view of (0.11), we conclude that {n~(G,,,P)} is a Cauchy sequence and hence the limit (2.1)
exists and is finite. Letting m — oo in (2.3) and using again (0.11), we conclude that the limit in (2.1)
is uniform in I € P,(M). Since

%(Gn,]}”) - (G(’“),]P’>‘ < % HGn - SnG(k)HOO ,

sup
PeP,

the uniform convergence in (2.1) and relation (0.11) give that the convergence in (2.2) is also uniform
inP € P,(M). This last uniform convergence and the continuity of P+ (G*), P) yield the continuity
of P — G(P). O

The second result concerns the variations of G € A(M).

Lemma 2.4 Forany G = {G,} € A(M),'°

limlimsup sup  sup f’Gn(y) - Gn(z)’ = 0. (2.4)
00 n—oo zeM y,z€Bp(2,6) T

Moreover, if ms(n) satisfies lims o lim sup,,_, .o 2ms(n) = 0, then

1
lim i - — Gl = 0, 2.
i lgﬂ_ganGn_ma(n) Ghnllo =0 (2.5)
1
lim lim sup sup sup —|Gn(y) — Gn(2)| = 0. (2.6)

40 n—oo zeM y7Z€Bn7'm5(n) (x76) n

Proof. We first prove (2.4). Let {G¥)} ¢ C(M) be an approximating sequence for G. Let ¢ > 0,
and fix k large enough so that n!||G,, — S, (G*) HOO < eforalln > N (k). Let 6 > 0 be such that
|G®) (21) — G®) (x5)| < € for d(zy, z2) < 20. Then, foralln > N(k),z € M, and y, z € B, (x,9),
we have

’Gn(y) - Gn(z)’ < 2ne + |SnG(k) (y) — SnG’(k)(z)’ < 3ne.

Since € > 0 is arbitrary, this establishes (2.4).

To prove (2.5), fix e > 0 and k, N large enough so that ||S,G*) — G, ||« < ne for n > N. Then, for
any fixed 6 > 0, we have for all n large enough that n — ms(n) > N, and hence that

< (n—m)e+ [|SnmG® = 5,GP)|| . + ne < 2ne +m || GP||,

16We note that (2.4) is proved in [ , Lemma 2.1].
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where m = mgs(n). Using the condition on ms(n), this gives
1
lim lim sup fHGn ms(n) — Gnlloo < 2.
10 n—oo
Since € > 0 is arbitrary, we obtain (2.5).

Finally, to prove (2.6), we observe that for each x € M and y, z € By,_,(z,0),
{Gn(y) - Gn(2)| < QHGn—m - GnHoo + ‘Gn—m(y) - Gn—m<z)‘-

The required relation (2.6) follows now from (2.4), (2.5), and the condition on mg(n). O

2.3 Topological pressure

We now introduce a notion of topological pressure associated with ¢ which generalizes the usual
concept of topological pressure to asymptotically additive potential sequences. Given € > 0 and an
integer n > 1, a finite set £ C M is called (e, n)-separated if y ¢ By, (x, €) for any distinct z,y € E,
and (e, n)-spanning if { By (z, €)}zer covers M. For G = {G,} € A(M),e > 0,andn > 1 we
define

S(G,e,n) = inf{z (@) Fis (e,n)—spanning}, 2.7)

el
N(G,e,n) = sup{z e : Eis (e,n)- separated} (2.8)

zel

We shall show that
lim li log S = lim li f—l S 29
61&)1 1TILn_>S£pnog (G,e,n) gg 1nrr_1>£ nog (G,e,m), (2.9)
1

lim li log N = lim li f—l N 2.10
i lim sup - log (G,e,n) i %ng ~log (G,e,n). (2.10)

Moreover, these two quantities coincide and their common value, which we denote by p¢(g ), will
be called the topological pressure of ¢ with respect to G. This result is of course well known in the
additive case G = {S,,(G)} when G € C'(M), and we shall write

Po(G) = po({SaGY).

Besides existence, we shall also establish some basic properties of p,. They will be proven by
approximation arguments, starting from the corresponding well-known results in the additive case.

Proposition 2.5 (1) The relations (2.9) and (2.10) hold and the respective quantities coincide. More-
over, the map

A(M) 3 G = py(G) €] — 00, +00]
is convex, and either p,(G) = +o0 forall G € A(M), or p,(G) € R forall G € A(M).
(2) If {G®} is an approximating sequence for G, then

Po(G) = lim p(G™). 2.11)

k—o0
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(3) The topological entropy of  satisfies

hiop(@) =p2(0) = sup hy,(Q) = sup hy(Q). (2.12)
QePy (M) Qe&yH (M)

In particular, p,(G) is finite for all G € A(M) if and only if ¢ has finite topological entropy.

(4) If the topological entropy of ¢ is finite, then for any G,G' € A(M) we have

po(G) = p(G) < 11G = G'lls. (2.13)
(5) Forany G € A(M) we have
Pe(G) = sup (G(P)+ hy(P)). (2.14)
PEP, (M)

(6) If the entropy map P,(M) > P — h(P) is upper semicontinuous, then for any P € P, (M),

hoB) = inf | (0(G) ~ G(B)), @15)

and for any G € A(M) and P € P (M) we have

hy(P) = Geig(fM)(Pgo(gG) - Ga(P)), (2.16)

where Gg = {G,, + S,G}.

Proof. Proof of (1) and (2). As we have already mentioned, if G = {S,,G} for some G € C (M), then it
is well known (see Sections 3.1.b and 20.2 of [ ] or Section 9.1 of [ ]) that the four quantities
in (2.9) and (2.10) are equal and define p?o(G). To extend this result to any G = {G,,} € A(M), we
start with (2.9). Note that for any finite set £ C M and any G’ = {G,} € A(M) we have

1logZeG"("“”) — llogZeG%(I) < lHGn —G;LHOO. 2.17)
" eE " eE "

It follows that , 1
- log S(G,€,n) —log S(G', €,n)| < EHGn -Gl (2.18)

Taking G’ = {S,,G¥)} for some approximating sequence {G'¥)} of G, we find

1 1
- ‘log S(G,e,n) — log S({S,G*)Y, e,n)‘ < =G - S (G®)]) .

Relation (0.11) and the fact that pg(G(k)) is well defined for all k£ give that (2.9) holds and that the

limits are equal to limy_, pg(G(k)). Relation (2.17) gives that (2.18) also holds for log N (-, €,n),
and the above argument yields that the all four limits in (2.9) and (2.10) are equal and that (2.11)
holds.!”

Since G, = log " % (®) is convex by Hélder’s inequality, we obtain that so is G po(9).

7See also [ ,Lemma 1.1.] and [ , Lemma 2.3] for proofs of (2.11).
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By applying (0.13) to the asymptotically additive potential G — G’, we obtain that the right-hand side
of (2.18) is bounded uniformly in n. As a consequence, we have p,(G) = co <= p,(G') = oo,
which yields the last statement of Part (1).

Proof of (3) and (4). Relations (2.12) are well known (see Theorem 8.6 and Theorem 9.7 (i) in [ D,
and (2.13) immediately follows from (2.18).

Proof of (5). The variational principle (2.14) is established in [ , Theorem 3.1] for asymptotically
sub-additive potential sequences. We include here a proof in the (simpler) asymptotically additive case
(see also [ , Theorem 7.2.1]).

If hy(P) = +o0 for some P € P, (M), then p,(0) = +o0, so that p,(G) = +oo forall G € A(M).
Relation (2.14) is obvious in this case. Assume now that h,(P) < +oc forall P € P,(M). By [ ,
Theorem 9.10], for any G € C'(M),

pl(G) = sup (hy(P)+(G,P)). (2.19)
PEP, (M)

By Lemma 2.3, the sequence fi,(P) := (G*) | P) + h,(P) converges uniformly to G(P) + h(P)
on P, (M). It follows that

Po(9) = lim p2(GM)) = lim sup fi(P)

k—o0 k—o0 PEP¢(M)
= sup lim fi(P)= sup (G(P)+hy(P)),
PeP, (M) k—00 PeP, (M)

where the second equality uses (2.19).

Proof of (6). We start by recalling (see [ , Theorem 9.12]) that if P, (M) > P — hy(IP) is upper
semicontinuous, then for all P € P,

_ 0/ _
ho(B) = inf (53(G) — (G.). (2.20)

We now prove (2.15) and (2.16). Both “<” inequalities are an immediate consequence of (2.14).

The “>” inequality in (2.15) is immediate by (2.20) since for G € C(M) and G = {S,,G} we have
p,(G) —G(P) = pg(G) — (G, P). To prove the “>" inequality in (2.16), fix € > 0 and use (2.20) to
find W, € C(M) such that

he(Q) > pg(We) — (We, Q) —e. (2.21)

Consider the sequence G, = W, — G¥), where {G (k)} is an approximating sequence for G. In view
of (2.2) and (2.13), we have

G6,(Q) = (We,Q),  pu(Ga,) = pp(We)  ask — oo,

Combining this with (2.21), we see that for a sufficiently large k,

G6,,(Q) = pp(Gv;) = (We, Q) — po(We) — € > —hy(Q) — 2e.

Since € > 0 is arbitrary, the proof is complete. O
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2.4 Expansiveness

Besides the specification properties (WPS) and (S), we shall need the following assumptions to
formulate our main results. The first concerns the regularity of the entropy map and is needed in the
proof of both Theorems A and B. The second concerns the approximation of the pressure in terms of
periodic orbits and is only needed in the proof of Theorem A.

(USCE) ¢ has finite topological entropy, and the map Q € P, (M) — h,(Q) is upper semicontinuous.
(PAP) For any n > 1 the set M, is finite, and for any G € A(M), the topological pressure satisfies

1
Pe(G) = lim ~log > efnlo), (2.22)
CEEMn

We note that, by Proposition 2.5, Condition (USCE) implies that the pressure p,,(G) is finite for all
G € A(M) and that the entropy satisfies the variational principle (2.15). In particular, h,(Q) € [0, o[
forall Q € P,.

We now discuss some criteria ensuring Conditions (USCE) and (PAP). Together with the specification
property, expansiveness is often considered as characteristic of chaotic dynamics.

Definition 2.6 The map ¢ is said to be forward expansive if there is v > 0 such that if x,y € M
satisfy the inequality d(o* (), 0% (y)) < rforall k € 7., then x = y. A homeomorphism ¢ is called
expansive if there is v > 0 such that if x,y € M satisfy the inequality d(¢"(z), ¢*(y)) < r for all
k €Z, thenz = y.

The number r for which this property hold is called the expansiveness (or expansivity) constant of ¢.
We note that the expansiveness constant depends on the metric d, whereas expansiveness only depends
on the induced topology on M.

Theorem 2.7 (1) If ¢ is forward expansive or expansive, then Condition (USCE) holds.
(2) If; in addition, o satisfies Condition (WPS), then Condition (PAP) holds.

Proof. Part (1) follows from Corollary 7.11.1 in [ ], whose proof immediately extends from
case (H) to case (C) (see also [ , Lemma 2.4.4]).

Part (2) is also well known in the additive case, and the proof requires only notational modifications in
the asymptotically additive case. We include the proof for completeness.

Let Z = Z in the forward expansive case, and Z = Z in the expansive case. The uniform continuity
of ¢ and periodicity imply that there is > 0 such that if z,y € M, and d(z,y) < J, then
d(p*(x), " (y)) < rforall k € Z, where 7 is the expansivity constant. By expansiveness, such points
must coincide, and compactness implies that M,, may contain only finitely many points.

Let G € A(M), and let ¢ € ]0,7[. Then, in view of periodicity, for any n > 1 the set M, is
(e,m)-separated. It follows that
Z @ < N(G, e, n),
x€M,
whence, recalling representation (2.10) for the pressure, we conclude that

lim supllog > el <p (G). (2.23)

n
n—oo {L’EMn
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On the other hand, since ¢ satisfies Condition (WPS), the set M, is (¢,n — m.(n))-spanning. It
follows that
Z c“(®) > S(G, e,n — me(n)).

CEGMn

Combining this with representation (2.9), and using the condition on m.(n), we see that

hnrggfalog D @ > (). (2.24)
$€Mn
Inequalities (2.23) and (2.24) imply the required relation (2.22). O

Recall the variational principle (2.14). A measure P € P, (M) is called an equilibrium state for
G e AM)if

p,(G) = G(P) + hy(P). (2.25)
We refer the reader to Section 9.5 in [ ] for a discussion of equilibrium states. The following

proposition implies, in particular, that there always exists at least one equilibrium state if (USCE)
and (PAP) are assumed.

Proposition 2.8 Assume that Conditions (USCE) and (PAP) hold, and let
_ 1l A
= - Z P, op™ ",
i=0

where Py, is defined by (0.14). If P is a weak limit point of the sequence {P,}, then P is an equilibrium
state for G. In particular, if G is additive, then P,, = P,,, and any limit point of {P,, } is an equilibrium
state.

Proof. Let a sequence np — oo be such that @nk — P. Since P, is invariant for all n, so is P.
In view of Holder’s inequality, the function G — log Z,(G) € R is convex. Moreover, for any
G,G" € A(M), the function f(«) := log Z,(G + «G’) differentiable, and its derivative at zero is given
by f/(0) = (G,,,P,,). By convexity, we have f(1) — f(0) > f/(0), which gives

log Zn<g + g/) - log Zn(g) > <G;w Pn)

Replacing G = {G},} and G’ = {G",} with {G,, o ©'} and {G’, o '}, respectively, using the relation
Zn(G) = Zn({Gr 0 ¢'}), and averaging with respect to n, we derive

log Zu(G + ') — log Z,(G) = (G, P).

We take n = ny, divide the above inequality by ng, and pass to the limit as k& — co. By (2.1)
and the uniformity of the limit on invariant measures, the right-hand side converges to G'(P), and
in view of (2.22), the left-hand side converges to p,,(G + G’) — p,(G). This leads to the inequality
p,(G+G") —p,(G) > G'(IP), which can be rewritten as

Po(G+7G) = (G+G)(P) 2 pe(G) - G(P).

Taking the supremum over G’ € A(M) and invoking (2.15), we arrive at (2.25). The statement about
the case where G is additive is immediate, since then IP,, is invariant. a
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Remark 2.9 None of the quantities appearing in (2.25) depend on the specific choice of potential G
within a given equivalence class (in the sense of Remark 0.11), and hence the equilibrium states depend
only on the equivalence class. The limit points of {IP,,}, however, may depend on the specific choice
of G in the equivalence class. It is an interesting question to describe potentials G € A(M) for which
the invariant weak limit points of {IP,, } are equilibrium states.

3 Periodic Orbits Fluctuation Principle

3.1 LDP for empirical measures

Let G € A(M). Recall that the sequence of probability measures {IP,,} is defined by (0.14), and the
sequence of empirical measures { % } by (0.4). For a fixed n > 1, we regard p as a random variable
on M with range in the space of probability measures P (M) endowed with the weak topology.

Theorem 3.1 Suppose that Conditions (USCE), (WPS), (S) and (PAP) hold. Then:

(1) The LDP holds for {u,,} under the laws IP,,, with the lower semicontinuous convex rate function 1 :

P(M) — [0, +oc] defined by

H(Q) — { _g((@) - h@(@) + p@(g) fOI”Q € 'P@(M), (3‘1)

400 otherwise.
In other words, for any Borel subset T' C P(M ), we have

— inf I(Q) < liminf n"'logP,{y;, €'}
QEIL‘ n—oo

(3.2)

<limsupn~"log P, {y, € I'} < — inf 1(Q),
n—00 Qerl

where I and T stand, respectively, for the interior and closure of T

(2) ForanyV = {V,} € A(M), the sequence LV,, under the laws P,, satisfies the LDP with the good
convex rate function I : R — [0, +00] defined by the contraction relation'®

I(s) = inf{I(Q) : Q € P,(M),V(Q) = s}. (3.3)
In other words, for any Borel subset ' C R, we have

—inf I(s) < liminf n!logP, {n_an €T}

SEF n—oo
(3.4)
< limsupn ! logIP’n{n_lvn eI} < —inf I(s).

n—oo sel

Moreover, I is the Legendre transform of the function o — p,(G + aV) — po,(G).

Remark 3.2 An immediate consequence of (3.1) is that the function I is affine on P, ().

'8Recall that for V € A(M), the quantity V(Q) is defined as (2.1).
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Remark 3.3 If V = {S,,V'} for some V' € C'(M ), then Part (2) follows from Part (1) by an application
of the contraction principle [ , Theorem 4.2.1]. When V is only asymptotically additive, an
approximation argument is required (see Section 5.3). This applies, in particular, to the entropy
production sequence {o,, } defined by (0.16), see below.

Obviously, Part (1) of Theorem 3.1 yields the LDP part of Theorem A in the asymptotically additive
setting.

The proof of Theorem 3.1 is postponed to Section 5, more precisely to Theorem 5.2. There some more
general measures P, are considered, in order to give a unified treatment to the measures P, in (0.14)
and the weak Gibbs measures considered in Section 4.

3.2 Fluctuation Theorem and Fluctuation Relations

In this subsection we prove the FT and FR parts of Theorem A in the general setting of the previous
subsection. To this end, in addition to Conditions (USCE), (WPS), (S) and (PAP) which are needed
for the LDP, we impose one of the following assumptions to ensure the validity of FR.

(C-Commutation) There is a homeomorphism 6 : M — M such that @ o0 = Idy; and p = 0o po 6.

(R-Reversal) The map ¢ is a homeomorphism and there is a homeomorphism 0 : M — M such that
fof=1dy and ! =00 ¢pold.

Let us remark that in both cases, if Q € P, (M), then Q:=Qofe Py,(M). Indeed, in case (R ), for
any V € C(M) we have

(Voup,Q)=(VopodQ =(Volop™ Q)= (Vo Q) =(V,Q).

A similar argument applies in case (C).

Condition (R) is the standard dynamical system reversal condition that appears in virtually all works
on the FT and FR. To the best of our knowledge, it was not previously remarked that (C) also suffices
to derive the FR. Since (C) does not require that ¢ be a homeomorphism, it allows one to expand the
class of examples for which the FR can be established.

Example 3.4 Let X be a compact metric space and ¢ : X — X a continuous map. Set M = X x X
and 0(z,y) = (y,x). Then (C) holds for the map ¢ : (z,y) — (¢(z), ¢(y)). If ¢ is a homeomorphism,
then (R) holds for the homeomorphism ¢ : (x,7) — (¢(z), o1 (y)).

Example 3.5 An interesting concrete setting of Example 3.4 is the case X = [0, 1]. The classical
examples of interval maps ¢ : [0,1] — [0,1] such as the tent map, Farey map, or the Pomeau-
Manneville map are not bijections and (R) cannot hold whereas (C) applies. We refer the reader to
[ ] for a discussion of the FT and FR for this class of examples.

Observe that Condition (R)/(C) implies

Su(Vol)(z)= > Voboph(x)= > Vop™ob(x)=(SV)(0i(x)) (35)

0<k<n 0<k<n
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where
0, =00y " for (R), 6 =0 for (C).

Note that the map 6F is an involution: in the case (C) this is immediate, and in the case (R) we have

(95)71 — (plfn o 071 _ SOlfn 0 =60o SOnfl — 0

For G = {G,} € A(M), we define G o 0 := {G,, 0 0}.

Lemma 3.6 If G is asymptotically additive with approximating sequence {G(k)}, then G o 0 is asymp-
totically additive with approximating sequence {G(k‘) 06}.

Proof. By (3.5), we have

|G o 0 = Su(GP 00)|| L =||Gn o8 — Su(GP) 08| = |G — SuGW||

00 )
and the result follows. O

It follows from Lemmas 2.3 and 3.6 that

(G00)(Q) = lim (G*) 00,Q) = lim (G*),Q) = G(Q), Qe Py(M). (3.6)

k—o00 k—o0

In addition, we have

Lemma 3.7 The following holds:

~

he(Q) = hp(Q)  for Q € Py (M), 3.7
pp(G o) =p,(G) forGe A(M). (3.8)

Proof. Let 1) = 0 o p o f. Since the Kolmogorov—Sinai entropy is conjugacy invariant (see [ ,
Theorem 4.11]), hy(Q) = hy(Q 0 8) = hy(Q). In case (C) we have ) = ¢, and (3.7) follows. In
case (R) we note that by [ , Theorem 4.13], hy,(Q) = hy,-1(Q) = hy,(Q). Thus (3.7) holds in
both cases.

In order to prove (3.8), we observe that, by (2.14), (3.6) and (3.7),

Pe(Gof) = sup ((Go)(Q) +hy(Q) = sup (G(Q)+h,(Q))

QePy(M) QeP,(M)
= sup (g(@) + hcp(@)) = pw(g)y
QEP,H(M)
which completes the proof. O

The entropy production in time n is defined by

On =0n(G) =Gp — GpobE. (3.9)

Observing that M, is strictly invariant under 6., the following result is immediate.
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Lemma 3.8 Let G € A(M). Then Z,(G) = Z,(G 0 0) =: Z,. Moreover, P,, o 0 is the measure
given by (0.14) for the potential sequence G o 0, i.e.,

Poobf = 2,1 3 efnotn@s,,
reEM,

Finally, the measures P,, and Py, o 6% are equivalent, and we have

dP,

log —
&P, 0 0F

=0op.

Condition (PAP) implies that the limit defining the entropic pressure

1
e(a) = lim log/ e ndP,

n—oo N

exists for all o € R and is given by
e(a) =py((1 —a)G+aGob).

For Q € P, (M), let
ep(Q) = G(Q) — (G0 0)(Q). (3.10)

Note that

ep(Q) = —ep(Q), (3.11)
and that if G,, = S,V and Q € P, (M), then ep(Q) = (V — V 00,Q) = (V,Q — Q).
Theorem 3.9 In addition to the hypotheses of Theorem 3.1, suppose that Condition (C)/(R) holds.

Then the rate function I of the LDP for the empirical measures (0.4) under the laws P, satisfies the
relation'’

~

I(Q) = Q) +ep(Q) forany Q € P,(M). (3.12)
Furthermore, the sequence %O‘n under the laws P, satisfies the LDP (3.4) with the good convex rate
function given by
I(s) = inf{I(Q) : Q € P,(M),ep(Q) = s}. (3.13)
The rate function I satisfies the relation
I(—s)=1(s)+s (3.14)

forall s € R and is the Legendre transform of e(—«).

Proof. Recall that the rate function I is given by (3.1). By (3.6) and (3.7), for any Q € P, (M)

~ ~ ~

[(Q) = =6(Q) = ho(Q) + pp(9) = =(G 0 0)(Q) — hypo(Q) + pp(9),

and (3.12) follows.

“Note that (3.12) implies (0.6) for Q € P, (M). On the other hand, when @Q is not invariant, both sides of (0.6) are +oo,
whereas in the asymptoticatically additive setup, the quantity ep(Q) is defined only for Q € P, (M).
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To obtain the LDP for n~'0,,, we first observe that, by Lemma 3.6, the sequence {c,, } is asymptotically
additive with approximating sequence o) = G*) — G(¥) o 9. The LDP with rate function (3.13) then
follows from Part (2) of Theorem 3.1.

Finally, the FR (3.14) follows from Proposition 1.4, but it also can be directly deduced as follows.
Combining (3.11) with (3.12) and (3.13), we see that

I(—s) = inf{I(Q) : Q € Py(M),ep(Q) = —s}
— inf{I(Q) — ep(Q) : Q € P,(M),ep(Q) = —s}
= inf{I(Q") : Q" € Py(M),ep(Q) = s} + 5= I(s) + s,

where we used the fact that Q € P, (M) if and only if Qe P,(M). This completes the proof of
Theorem 3.9. O

4 Weak Gibbs measures

Definition 4.1 We say that P € P(M) is a weak Gibbs measure for G € A(M) if for any n > 1 and
any € > 0 there is K,,(€) > 1 such that

Kp(e) ' en@=me(9) < P(B,(2,€)) < Ky (e) e ®)mwe(9), 4.1)
leii%l li7rln_>S£p % log K,(¢) =0, (4.2)

where (4.1) holds for every x € M.

Remark 4.2 It is easy to see that if a probability measure P € P (M) is weak Gibbs for two potential
sequences G, G’ € A(M), then (G, —np,(G))n>1 and (G}, —np,(G'))n>1 are equivalent in the sense
of Remark 0.11. Conversely, if G ~ G, then P is weak Gibbs for G iff it is weak Gibbs for G'.

We emphasize that the definition of weak Gibbs measure does not require P € P, (M ). Notice also
that it follows from (4.1) that the support of P coincides with M. The following lemma shows that
if the latter property is satisfied, then it suffices to require the validity of (4.1) almost everywhere.
This observation is technically useful when the transfer operators are used to construct weak Gibbs
measures; see [ , Section 2], [ , Appendix B], and [ ].

Lemma4.3 Let G = {G,,} € A(M), and let P € P(M) be a measure such that supp(P) = M.
Assume that for all € > 0, (4.1) holds for P-almost every x € M, with { K,,(¢)} satisfying (4.2). Then
P is weak Gibbs for G.

Proof. Define

1
Y(n,€) :==sup sup —|Gn(y) — Gn(z)|. 4.3)
TEM y,2€ By (x,¢) T
By (2.4),
lim lim sup y(n, €) = 0. (4.4)

el0 n—oco
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For givenn > 1 and € > 0, lﬁt A C M be a set of full P-measure on which (4.1) holds and let z € M
be an arbitrary point. Since A = M, we can find 2’ € AN B, (z,€/2), so that

P(By(x,€)) > P(Bn(2/,€/2)) > Kp(e/2) @709 > [ (e)~LeCnl®)mmpe(9),
P(Bn(z,€)) < P(Bn(2',2¢)) < K, (2€)eCn @) =me(9) < K (¢)eCn(@)=po(9),

where
K (€) = e max (K, (2€), K, (¢/2)).

Relation (4.4) gives that
1
lim lim sup — log K, (¢) = 0

el0 nsoco M
and the statement follows. O

The following result is again a special case of Theorem 5.2.

Theorem 4.4 Assume that Conditions (USCE) and (S) hold and that P is a weak Gibbs measure for
G € A(M). Then the conclusions of Theorem 3.1 hold with P, replaced with P.

Recall that ¢, is defined by (3.9). By Lemma 5.4 below, the limit

1
e(a) ;== lim log/ e *ndP
M

n—oo N
exists for all o € R and is given by
e(a) =p,((1 —a)G+aGob).
The proof of the following result is exactly the same as that of Theorem 3.9.

Theorem 4.5 [f in addition to the hypotheses of Theorem 4.4, Condition (C)/(R) holds, then all the
conclusions of Theorem 3.9 hold with P,, replaced with P.

Remark 4.6 Weak Gibbs measures have been extensively studied in the recent literature on multifractal
formalism; see [ ] for references and additional information.

5 Large deviation principles

5.1 Main result and applications

In this subsection we establish the LDP for the empirical measures {4} } defined in (0.4) and for
asymptotically additive potential sequences under some assumptions that cover both the sequence
measures (0.14) concentrated on periodic trajectories and the weak Gibbs measures.

We begin with the identification of the rate function for the LDP. Given G = {G,,} € A(M) and V €
C(M),weset Gy = {G, + S,(V)} and defineamap I : P(M) — [0, o] by

[(Q) = sup ((V,Q) —pyu(Gv) +pe(G)). (5.1)

Ve (M)
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Note that it follows from (2.13) that for any fixed G we have

po(Gv) = Pe(Gv) < IV = V']l

and in particular that the map V' — p,(Gy) is continuous.

Lemma 5.1 The map P(M) > Q — I(Q) € [0, +o0] is lower semicontinuous and convex. Moreover,
if Condition (USCE) holds, then

1(Q) = { —G(Q) = he(Q) +pp(G)  for Q € Py(M), (52)

a +00 otherwise.

An immediate consequence of (5.2) is that the map P, (M) > Q — I(Q) is affine if ¢ satisfies (USCE).

Proof. By definition (5.1), the function I is the pointwise supremum of a family of continuous affine
maps. Therefore it is convex and lower semicontinuous.

If Q ¢ Py(M), then there is V' € C'(M) such that 6 := (V,Q) — (V o »,Q) > 0. Thus, letting
Vin = m(V — V o ) and observing that ||S,(Vin)||eo < 2m||V |00, we deduce from (2.13) that
po(Gv,,.) = po(G). Since (Vi,,, Q) = mé, we conclude that the supremum in (5.1) is equal to +o0.

To prove (5.2) in the case Q € P, (M), we rewrite (5.1) as

I(Q) = sup (gV(Q) - pw(gv)) -G(Q) + pw(g)'

Vec(M)
The required result now follows by the variational principle (2.16). O

Given a sequence {IP,, },,>1 C P(M) and a function V' € C(M), we define

A (V) = /M VIR, (dz) = /M V@B, (dz).

Theorem 5.2 Suppose that Conditions (S) and (USCE) hold. Let {P,} C P(M) and G € A(M).
Suppose also that the following holds:

(C1) ForallV e C(M), we have

1
lim —log A, (V) = pp(Gv) — pp(G). (5.3)

n—oo N

(C2) Forany 0 < § < 1 there is an integer ny(6) > 1 and sequences K, (5) > 1, mg(n) € N, such

that
Kn((S)*1 eCn(@)—mwe(9) < p (anm(;(n) (, 6)) forx € M, n > ny(9), (5.4)
lim lim sup l(log K, (8) + ms(n)) = 0. (5.5)
00 nosco M

Then.:

(1) The LDP (3.2) holds with the rate function 1 given by (5.2).
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(2) ForanyV = {V,,} € A(M), the sequence V), satisfies the LDP (3.4) with the good convex rate
function I : R — [0, 400] defined by the contraction relation

I(s) = inf{I(Q) : Q € P,(M),V(Q) = s}. (5.6)
Moreover, I is the Legendre transform of the function o — p,(G + aV) — po,(G).

The two parts of Theorem 5.2 are proved in Sections 5.2 and 5.3 below. Here we prove that Theorem 5.2
applies to the sequences (0.14) and to weak Gibbs measures.

Lemma 5.3 Assume that ¢ satisfies Conditions (WPS) and (PAP). Then the measures defined by
(0.14) satisfy Conditions (C1) and (C2) of Theorem 5.2.

Proof. Since

log A,, = log Z eGn(m)-‘rSnV(;r) —log Z, = log Z eGn(x)—I—SnV(:v) —log Z eGn(x)7
x€EM, x€My, x€M,

(PAP) yields (5.3) and (C1).
To prove (C2), let ms(n) and ng(d) be as in the definition of (WPS). Set

1

and let y(n, 0) be defined by (4.3). It follows from Lemma 2.4 that

lim lim sup(y(n, 8) + A(n, d)) = 0. (5.8)

30 pnooo

By (WPS), for any n > ng() the intersection M, N B, (») (7, d) contains at least one point xy,, s
that, by writing n’(6) = n — mg(n), we have
loan(Bn/((;)(:L‘,5)) > Gri(s)(wn) — log Z,y (s
> G s)(x) —1'(8)7(n'(9),6) — log Zy(s)
> Gn(x) —nA(n,8) —n'(8)v(n'(9),0) —log Z, (5
> Gn(x) —npy(G) — log Kn(0),

where
K, (8) = exp{nX(n,d) +n'(8)y(n'(6), ) + | log Zp(5) — 7P (G)|}-

Condition (C2) now follows from (5.8) and the definition of topological pressure. O

Lemma 5.4 Suppose that Condition (USCE) holds and that P € P(M) is a weak Gibbs measure for
G € A(M). Then forall G’ € A(M) we have

1 /
lim -~ log (%%, P) = p (G + &) — p,(G). (5.9)

n—oo N
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Proof. The proof follows Proposition 3.2 in [ ] (see also Proposition 10.3 in [ 1); since an
additional limiting argument is needed, we include it for the sake of completeness.

For any € > 0, n > 1, and any (€, n)-spanning set E ,,, using (4.1) we derive

<eG;1,IP’> < Z <1Bn(x,e)eG%vP>§em(n’€) Z eG%(I)P(Bn(x,e))

ZEEEe’n $€Ee,n

< K () m=be0) 3 (Grlo)+Ci o)

$€Ee,n

where 7(n, €) is defined by (4.3). It follows that

lim sup 1 log <eG%,IP’> < limsup(n~'log K,,(€) +v(n,e) + n ' log S(G + G',€,n)) — p,(G).

n—oo M n—00

Sending € — 0 and using expression (2.9) for p,(G + G'), we obtain the “<” inequality in (5.9).

To prove the other inequality, we proceed similarly, observing that for any (e, n)-separated set E , we
have

<eG;’]p>> > K (e)e MM -mhe(@) §7 Gnl@) G @),
r€Ee n

Taking the supremum over all (¢, n)-separated sets, repeating the above argument, and using expres-
sion (2.10) for p,(G + G'), we obtain the desired result. O

Lemma 5.5 Let P € P(M) be a weak Gibbs measure. Then Conditions (C1) and (C2) of Theorem 5.2
hold for P,, = P.

Proof. (C1) follows from the special case G’ = {S,V'} in Lemma 5.4. (C2) with ms(n) = 0 follows
from Definition 4.1. O

5.2 Proof of the LDP for empirical measures

We first give the proof of Theorem 5.2 (1), which is completed in the following two steps.

Step 1: LD upper bound.

Proposition 5.6 If Condition (USCE) holds, then

1
limsup — log P, {1, € F'} < —(iyng]l((@) (5.10)
€

n—oo M

holds for any closed set F' C P(M).

Proof. It is a well-known fact (see [ , Theorem 2.1] and also [ , Section 4.5.1]) that the
existence of limit (5.3) implies inequality (5.10) with a rate function I given by the Legendre transform
of p,(Gv) — p,(G) with respect to V, i.e., by (5.1). O
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Step 2: LD lower bound. We need to prove that, for any open set O C P(M),

1
S | . . '
liminf - log Pn{p;, € O} > — inf 1(Q)

This inequality will be established if we prove that, for any Q € O,

liminf = log Pa{i, € O} > —I(Q). (5.11)
n

n—o0

Moreover, we only need to consider Q € P, (M) since otherwise I(Q) = +o0, and (5.11) is trivially
satisfied. To prove (5.11) for Q € P, (M), we follow a strategy that goes back to [ ], see also
[ , 1, and first consider the special case Q € £,(M). In the argument we shall need the
following consequence of Birkhoff’s ergodic theorem (cf. [ , Proposition A.1]).

Lemma 5.7 Let Q € £,(M) and G € A(M). Then, for Q-almost every x € M we have

lim =G (2) = G(Q).

n—o0 N

Proof. Let {G(*)} be an approximating sequence for G. By Birkhoff’s ergodic theorem, for any k > 1
we have

lim L8,G® (z) = (G™), Q)

n—oo n

for Q-almost every z € M. By (2.2), the right-hand side converges to G(Q) when k — oo, and (0.11)
completes the proof. O

Proposition 5.8 Assume (5.4). Then inequality (5.11) holds for any open set O C P(M) and any
QeON&LM).

Proof. Fix O C P(M)and Q € ONEL(M). Given Vi,...,V,, € C(M) and € > 0 we set
Re=R(Vi,...,Vim) = [ {Q € P(M) : |(V};, Q) = (V};, Q)] < €}.
j=1
Since O > Q is open, we can find finitely many functions V1, ..., V,, € C(M) and a number ¢y > 0
such that Ry, C O. Let € €]0, ¢o[ and let X}, be the set of points x € M such that
In'Gu(z) - G(Q) <e, |ntS,Vj(z) = (V;,Q)| <e forj=1,...,m.

Note that
XeCX*C{reM:ute Ry} C{zeM:pukeO}.

Since Q is ergodic, it follows from Lemma 5.7 that

lim Q(X¢) = 1. (5.12)

n—o0

For § > 0 and n > ng(d) we define

Y(8) = {2 € M : Q(Byopmy () (@, 8)) < e e @9},
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Invoking the ergodicity of @Q, the Brin—Katok local entropy formula (see [ ]) implies that

1
laiin limsup ~10g Q(By ;o (n) (%)) = —hy,(Q)  for Q-almost every z € M.

n—oo

(We have used also that lims o lim inf;, %/Q(n) = limg o lim sup,, %ﬂ(n) = 1.) Com-
bining this with a simple measure-theoretic argument (similar to the one used to prove Egorov’s
theorem), we see that

C e ¢ .

1g£1%£f@(yn(5))_ 1. (5.13)
It follows from (5.12) and (5.13) that for all small enough § > 0 there is an integer n1(5) > ng(0)
such that

Q(X;NYS(8)) >3 foralln > ny. (5.14)

Moreover, by (2.6) (applied to G, and to the potential sequences {S,,V;}) and (5.5), we can assume,
by possibly decreasing § and increasing n1, that for all n > ny,

1
sup sup —|Gn(y) — Gn(2)| <, (5.15)
zeM yvzeBn—mé (n)(116/2) n
/2
1
sup sup —|SnV](y) — San(z)‘ <e forj=1,...,m, (5.16)
zeM yszBn7m6/2(n)(1‘75/2) n
1
—log K,(6/2) < e. (5.17)
n
Suppose that, for sufficiently large n, we have constructed points z1, ..., z,, € X5 NY<(d) such that

the balls B,,_,; . (n) (x4,0/2) are pairwise disjoint, and

Tn

U Bn—m(;/g(n) (74,0/2) C X?zea X, NY;(6) C U Bn—m5/2(n) (74,0). (5.18)
=1 =1

In this case, we can write

Tn

Po{ps;, € O} > Pu(X2) 2> Pu(Buom, o(n) (@15 5/2))
i=1

n Pn(Bn—m(; (n)(xla(s/Q))
/2
- Q(Br—my (n) (i, 9)). (5.19)
i=1 Q(Bn—mé/z(n)(xi’ 3)) oz
Since x; € Y,5(9), we have
Q(Bn—my o) (i, 6)) < e "hel@70) (5.20)

for n > ngy. Moreover, (5.4) and z; € X, imply that

P, (Bn—mé/Q(n) (21, 5/2)) > Kn((;/Q)fleGn(zi)*”Pw(g)

5.21
> K, (6/2) 1end(@-ne—npp(G), (5.21)
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Thus, using (5.19), (5.20), (5.21), the second inclusion in (5.18), and (5.14), we derive

Po{ji, € O} > % K, (5/2) Len(G(@+he (@) -2ne=npe (9)

> %Kn(é/Q)_le_nH(Q)_%ze,

where the second inequality follows from (5.2). Together with (5.17) this gives
liminf n~log P, {p;, € O} > —1(Q) — 2e.
n—oo

Since € €]0, €g[ can be chosen arbitrarily small, (5.11) follows.

It remains to construct points z1, ..., x,, € X5 NY,5(d) such that the balls By ja(n) (x4,0/2) are
disjoint and (5.18) holds.

First, it follows from (5.15) and (5.16) that for all y € B,y ,(n) (z,0/2),
[n71Gy) — G(Q)] < €+ [0~ Gul2) — G(Q)] < 26,
‘n_lanj(y) —(V;,Q)| < e+ ‘n_lanj(x) —(V;,Q)| <2¢ forj=1,...,m,

and so
2 € X, = By, u(m)(#,0/2) C X3¢ (5.22)

forall n > ny. Now let B = {B,,_, ,(n)(2i,6/2) : 1 < i < ry} be any maximal®’ collection
of disjoint balls included in X2¢ such that x; € XS N Y,$(5). The first inclusion in (5.18) follows
from (5.22). To prove the second one, suppose that x, € X N Y,S(d) does not belong to any of the
balls By, ,(n) (24,0). Then By ja(n) (x4,9/2) does not intersect the balls in B and, by (5.22), is
included in X 2¢, and the collection B is not maximal. This completes the proof of the proposition. O

The following proposition completes the proof of Part (1) of Theorem 5.2.

Proposition 5.9 [f, in addition to the hypotheses of Proposition 5.8, Condition (S) holds, then inequal-
ity (5.11) holds for any open set O C P(M) and any Q € O NP, (M).

Proof. Let Q € O NP, (M). By Proposition 2.2, there exists a sequence {Q(™} C &,(M) such that
Q(m) — Q, hw(Q(m)) — hy(Q),
as m — oo. In this case, in view of (5.2) and the continuity assertion in Lemma 2.3, we have
IQ™) = ~6(Q™) = he(@™) +po(G) = ~G(Q) — ho(Q) +po(@) =TQ)  (523)
as m — co. Since O is open, Q™) € O for large enough m, and by Proposition 5.8, we have
lim, inf =" log Py {4, € O} > —I(Q™)).

Passing to the limit m — oo and using (5.23) we obtain inequality (5.11). O

2Such a maximal collection exists, since (5.4) gives an absolute upper bound on r,.
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5.3 Proof of the LDP for asymptotically additive sequences of functions

Part (2) of Theorem 5.2 is a special case of Theorem 4.2.23 in [ ].2! For the reader’s convenience,
we outline the proof in our case.

Let V = {V,} € A(M) with approximating sequence {V*)}. We define the random variables
&n = %Vn and

1 .

and consider them under the law [P,. By the definition of V) we have

hm limsup [|€F — &u o0 = 0. (5.24)
n—oo
By the usual contraction principle [ , Theorem 4.2.1], for each £ the family {ﬁﬁ}nzl satisfies the
LDP with the good convex rate function
I(s) = inf{I(Q) : Q € Py(M), (VP Q) = s}. (5.25)

We now show that &, satisfies the LDP with the rate function

I = li f inf I .
(s) = supliminf_inf = Ii(2)

It is immediate that [ is lower semicontinuous. By (5.24), for all § > 0,

li log P B(s,8)} < —liminf inf T,
ﬂi‘ipn ogPp{én € B(s,0)} imin yeggm) k(y),

li f*annEBé>_1 b it o Te(y)-
1m1n og P, {¢ (s,0)} lknlg.} yeBl(r;6/2) 2

Hence we obtain

sup lim sup — logIP’n{ﬁn € B(s,0)} =sup hnllnf—log}P> {& € B(s,0)} = I(s).

>0 n—oo §>0 Moo

A standard argument [ , Theorem 4.1.11] implies that &, satisfies the weak LDP with rate
function I. Since the family {¢,,} is bounded (recall Remark 0.11), &, actually satisfies the full LDP,
and I is a good rate function. It remains to show that I(s) = J(s), where

J(s) = nf{I(Q) : @ € P,(M), V(Q) = ).

Note that J is lower semicontinuous, since Q — V(Q) is continuous on P, (M ) by Lemma 2.3, and is
obviously convex. It follows from (5.25) that

I(s) = suplim inf inf{I(Q) : Q € Po(M), (v® Q) € B(s,4)},
>0 R—00

while the lower semicontinuity of J gives

J(s) =sup inf J(s)=supinf{l(Q): Q € P,(M),V(Q) € B(s,9)}.
6>0 YE€B(s,6) 6>0

Using that (V*), Q) — V(Q) uniformly on P, (M) (recall (2.2)), we derive that J(s) = I(s). This
completes the proof of Part (2) of Theorem 5.2.

?'In the notation therein, X = P(M), Y = R, fn(Q) = (V™ Q) and f(Q) is defined by V(Q) when Q € P, (M)
and arbitrarily when Q € P(M) \ P,(M).
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6 Conditions for asymptotic additivity

In this section we give some necessary and sufficient conditions for a potential sequence to be
asymptotically additive.

A sequence G = {G,} C B(M) is said to have tempered variation if

1
limlimsup sup  sup —|Gn(y) - Gn(z)| =0. (6.1)
0 n—oo zeEM y 2B, (z,e)

We have shown in Lemma 2.4 that asymptotic additivity implies (6.1). Below, we shall sometimes take
(6.1) as an assumption (along with others), in order to obtain asymptotic additivity.

We recall that {G,} C B(M) is called weakly almost additive if for all n,m > 1,
O+ G+ Grop™ <Guman <Cp+ Gy + Gro™, (6.2)

where lim,, oo n~1C,, = 0.

The main result of this section is

Theorem 6.1 IfG = {G, },>1 C B(M) satisfies any of the following conditions, then G is asymptoti-
cally additive.

(1) G, = S,G for eachn, with G € C(M).
(2) Gy, = SnG for eachn, with G € B(M), and G has tempered variation.
(3) G is weakly almost additive, and G,, € C(M) for each n.

(4) G is weakly almost additive and has tempered variation.
Moreover, if G C C(M), then the following assertion is equivalent to asymptotic additivity of G.

(5) G satisfies

1
lim lim sup n_lHGn - -
k—00 n—oo k

SnGrl, = 0. (6.3)
Finally, for G C B(M), each of the following assertions is equivalent to asymptotic additivity of G.

(6) G has tempered variation and satisfies (6.3).

(7) G has tempered variation and there exists a sequence {G(k)} C B(M) such that

lim limsup n~'||G,, — S,GP|| _ = 0. (6.4)

k—00 n—oo

(8) There exists a sequence {G'*)} C B(M) such that (6.4) holds, and

lim limlimsup sup  sup %‘SnG(k) (y) — SnG(k)(z)‘ = 0. (6.5)

k=00 el0 n—oo zeM y,2€B, ()
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Let us mention that various partial results contained in Theorem 6.1 were known earlier (e.g., see the
papers [ , , ] and the references therein). However, the equivalence relationships
stated above seem to be new.

We start with the following lemma, which was established in [ , Proposition A.5] and [ ,
Proposition 2.1] in the almost additive case, that is, when {C,, } in (6.2) is a constant sequence.

Lemma 6.2 Assume that {G,} C B(M) is weakly almost additive. Then (6.3) holds.

Proof. Given two positive integers n and k, we write ny, for the integer part of n/k and, for a function
V', denote

n—1

Sky = Z Vo™,
r=0

Suppose that for any € > 0 we can find k. > 1 such that

lim sup Hn_lGn — n_lekaHoo <e fork > k.. (6.6)

n—oo

For a fixed k > k. and any £ € [1,k — 1], replacing « by ¢f(z) in (6.6) and using an elementary
estimate for the ergodic average, we derive

limsup ||[n~ Gy o’ —n'Sk ) Grogt||  <e fork> ke

n—o0

Combining this with the relation

lim ||(n+ O G —n"Gh o gpeHoo =0

n—oo

which follows from (6.2), we obtain

lim sup HnilGn — nilST]kak o apZHOO <e fork > k.. (6.7)

n—oo

Now note that

k—1
k! Z kaGk o goz = k‘flsknka.
=0

Comparing with (6.7) we get that for k& > k.,

lim sup HnilGn — nilkflSknkaHoo = lim sup HnilGn — nilk:*lSnGkHoo <e.

n—oo n—oo

Since € > 0 is arbitrary, the relation (6.3) follows.

We now prove (6.6). Let us fix an integer £ > 1 and write, for n large, n = kny + ¢, where
0 < ¢ <k — 1. Applying inequality (6.2) consecutively ny times, we derive

nk—l

G < knCr + Z G 0 0™ + Gy o Fme.
r=0

This gives
lim sup sup (n_lGn(x) - n_IkaGk(fL’)) < E7Cy.

n—oo x&M
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Replacing G, by —G,,, we derive
liminf inf (n_lGn(:U) - n_lSik(Gk)(x)) > kL0

n—oo xeM

Combining the last two inequalities and recalling that n='C,, — 0, we arrive at (6.6). O

Lemma 6.3 Let G = {G,,} C B(M) be such that there exists {G*)} C B(M) satisfying (6.4). Then
(6.3) holds.

Proof. For all j we have

1Gn — k9 Gilloe < [|Gn = SnGWlo + [[SnGY) — k715, 5k G|
+ kY508 GY) — S, Gk lso.
Applying Lemma 6.2 to {S,,G/)} we obtain that for each j,
hm lim sup —||S GU) — k718,5,GV)]| o =
k—oo n—oo

Fix now ¢ > 0. If j is large enough, then by (6.4) we have

hmsup—||G — 5G9 <e,

n—0o0

. 1 .
lim sup lim sup %HSnSkG(J) — 51Gilloo < limsup%HSkG(J) — Gilloo < e
k—o0

k—o0 n—o0

We thus obtain
hmbuphmsup—HG — k718, Ghloo < 26

k—o00 n—00

Since e is arbitrary, this completes the proof. O

Lemma 6.4 Let f € B(M) be such that for some fixed n, €, o« we have

sup sup |f(y) = f(z)] < e
xEM y€Bp(x,€)

Then there exists a continuous function g such that || f — gllc < .

Proof. Let £ = {x1,x2,...,2,} be any finite (n, €)-spanning set. Let p1,. .., p, be a partition of
unity subordinated to the collection { B, (z;,€) : i = 1,...,r} (i.e., p; is continuous, vanishes outside
By (xi,€),and ), p; = 1). We claim that the continuous function

9= pif(x)
=1

satisfies the required properties. Let x € M and let J C {1,...,r} be the largest set such that
z € (jes Bn(z;, €). We then have

l9(x) = F@)] = 1Y pi(@)f(xs) = f@)| = | ps(@)(f(25) = f(2))] <

jedJ j€J
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and the result follows. O

Proof of Proposition 6.1. In case (1) we can obviously choose G*) = G as an approximating
sequence for G. Next, (2) is a special case of (4) with C;, = 0. In case (3), we obtain by Lemma 6.2
that (6.3) holds so that we are in case (5). In case (4), (6.3) also holds by Lemma 6.2, and hence we
find ourselves in the case (6).

That (5) implies asymptotic additivity is immediate, with G*) := k~1 G}, as an approximating sequence.
The reverse implication follows immediately from Lemma 6.3 applied to ¢,, and any approximating
sequence {G*)1.

We now prove that (6) implies asymptotic additivity. First, it follows from (6.1) that there exists a
sequence {€y };>1 such that

1
lim sup sup —|Gi(z) — Gi(y)| = 0. (6.8)
k—oo ze M yE By (x,ek)

Indeed, by (6.1), for each ¢ € N, there exists €(¢) and k(¢) such that for all & > ko(¢) we have
SUPge M SUPye By (2,(0)) $|Gr(z) — Gi(y)| < €71 Let {¢;} be such that £;, — 0o and k > ko(¢y,) for
all k. Setting e, = €({},) establishes (6.8).

Let G be the regularization of %G % obtained in Lemma 6.4 with respect to the Bowen balls By (x, €f,),
with €, as in (6.8). The function GG (k) is continuous and

lim [|k7'Gp — G ||s = 0. (6.9)
k—o00
Since

LG = $uGW e < ~Gr— kS0 Cill + ~ s [1Ge—c®]|| .
n n n

o
relations (6.3) and (6.9) give that G&,, is asymptotically additive.

Next, Lemma 6.3 immediately implies that (7) is a special case of (6). Finally, assuming (6.4), it is
easy to see that (6.1) and (6.5) are equivalent. Thus, (7) and (8) are equivalent.

We have shown that (8) <= (7) = (6) = G € A(M). Since by Lemma 2.4 asymptotic additivity
implies (7), the statements (6), (7), (8) are all equivalent to G € A(M). O

Remark 6.5 Note that by the characterization given in (5), if G,, € C(M) for all n, then the approx-
imating sequence can be chosen to be G*) = k~1G},. Moreover, the proof gives that when these
functions are not continuous, G*) can be chosen as a regularization of k~'G}.. By the finiteness of
(0.13), this specific choice of G¥) satisfies supy ||G*)||o < oo (this is not true of all approximating
sequences). Finally, if G = {G,} C B(M) is agymptotically additive, then there exists an asymptoti-
cally additive potential sequence {G},} C C(M) in the same class as G in the sense of Remark 0.11, i.e.,
such that lim sup,,_,, 7 }||Gy, — G} ||eo = 0. Indeed, it suffices to take an approximating sequence
{G®)} ¢ C(M) for G, and then to define G, = S,,G¥") for some well-chosen sequence k,, — oo
(which is obtained with an argument similar to that leading to (6.8)).

Remark 6.6 The reader may check that G, = logn gives a sequence which is weakly almost additive
but not almost additive.”> Moreover, choosing G,, = \/n when n is even, and G,, = 0 when n is odd,

2We recall that a sequence is almost additive if (6.2) holds with C,, independent of n.
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gives a sequence which is asymptotically additive but not weakly almost additive. We note that these
two potential sequences are actually equivalent (in the sense of Remark 0.11) to the potential which is
identically zero. It remains an open question whether one can find an asymptotically additive potential
G such that there is no additive potential in the same equivalence class.

Frequently used notation

S) specification property, page 18

(WPS) weak periodic specification property, page 18
(USCE) upper semi-continuity of entropy, page 23
(PAP) periodic approximation of pressure, page 23
© ( is continuous, page 17

(H)  is a homeomorphism, page 17
(C-Commutation) commutation hypothesis, page 26
(R-Reversal) reversal hypothesis, page 26

M compact metric space

%) continuous mapping of the space M into itself
M, set of fixed points of the mapping "

C(M) space of continuous functions V' : M — R with the supremum norm || - ||
B(M) space of bounded measurable functions V' : M — R with the norm || - || oo
A(M) space of asymptotically additive sequences of functions, page 7
P(M) set of probability measures on the space M with the Borel o-algebra
Py (M) set of invariant measures for a mapping ¢
Eo(M) set of ergodic invariant measures for ¢
hrop () topological entropy of ¢
h(Q) Kolmogorov—Sinai entropy of ¢
P, (G) topological pressure of a continuous map ¢ with respectto G € A(M ), page 20
14 empirical measures, page 4
On the entropy production in time n, page 27
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