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Abstract

We consider the Stokes system in a thin porous medium ). of thickness € which is perforated by periodically
distributed solid cylinders of size . On the boundary of the cylinders we prescribe non-homogeneous Fourier
boundary condition depending on a parameter . The aim is to give the asymptotic behavior of the velocity
and the pressure of the fluid as € goes to zero. Using an adaptation of the unfolding method, we give, following
the values of ~, different limit systems.
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1 Introduction

We consider a viscous fluid obeying the Stokes system in a thin porous medium 2. of thickness ¢ which is perforated
by periodically distributed solid cylinders of size €. On the boundary of the solid cylinders, we prescribe a non-
homogeneous Fourier boundary condition depending on a parameter v € R. The aim of this work is to prove the
convergence of the homogenization process depending on the different values of ~.

The domain: the periodic porous medium is defined by a domain w and an associated microstructure, or periodic
cell Y/ = [-1/2,1/2]?, which is made of two complementary parts: the fluid part Y}, and the solid part 7"
(Y;UT' =Y’ and Y/(NT" = @). More precisely, we assume that w is a smooth, bounded, connected set in R2
and that T’ is an open connected subset of Y’ with a smooth boundary 97", such that T” is strictly included in Y”.

The microscale of a porous medium is a small positive number . The domain w is covered by a regular mesh
of square of size ¢: for k' € Z2, each cell Yir . = ek’ + Y’ is divided in a fluid part Y‘;k_/,a and a solid part T}, _,
i.e. is similar to the unit cell Y’ rescaled to size e. We define Y = Y’ x (0,1) C R3, which is divided in a fluid part
Yy = YJ{ x (0,1) and a solid part T'=T" x (0,1), and consequently Yy, . = Y}, _ x (0,1) C R3, which is also divided
in a fluid part Y, . and a solid part Tj/ .

Figure 1: Views of a periodic cell in 2D (left) and 3D (right)

The fluid part w. C R? of a porous medium is defined by we = w\ Uy e, Tis o, where K. = {k' € Z* : Y}, .Nw #
0}.

The whole fluid part Q. C R3 in the thin porous medium is defined by (see Figures 3 and 2)

QE :{((Eh;[,'z,fljg) € We XRZO<.’L’3 <5}. (11)

e -9 QQ

<>

E €

B ..

|

Figure 2: Views from lateral (left) and from above (right)

We denote by S the set of the solid cylinders contained in Q, i.e. Sc = Uy e, Tir o % (0,¢).
We define B
Qe =we x (0,1), Q=wx(0,1), A:=wx(0,¢). (1.2)

We observe that QE =0\ Uk’elcg Tk,’g, and we define T, = Uk'elcg T}« as the set of the solid cylinders contained
in ﬁs.
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Figure 3: View of the domain ).

The problem: let us consider the following Stokes system in ()., with a Dirichlet boundary condition on the
exterior boundary dA. and a non-homogeneous Fourier boundary condition on the cylinders 0S;:

—pAu. +Vp. = f.  in Q,
divu. =0 in €,

1.3
u: =0 on OA., (13)

Oou,
—De M+ N% +ag’u. =g. on 95,

where u: = (ug 1, Ue 2, Ue 3) denotes the velocity field, p. is the (scalar) pressure, fo = (fz1(z1,22), fe2(x1,22),0)
is the field of exterior body force and g. = (ge,1(%1, z2), ge,2(x1,22),0) is the field of exterior surface forces. The
constants « and «y are given, with « > 0, p is the viscosity and n is the outward normal to S..

This choice of f and g is usual when we deal with thin domains. Since the thickness of the domain, €, is small
then vertical component of the forces can be neglected and, moreover the force can be considered independent of
vertical variable.

The boundary condition on 0S. means that the stress vector gives rise to a breaking phenomenon due to the
presence of the term ae”u. and to a proportionality with the exterior surface forces due to the presence of g. (see
[1] for more details).

Problem (1.3) models in particular the flow of an incompressible viscous fluid through a thin porous medium
under the action of an exterior electric field. This system is derived from a physical model well detailed in the
literature (see Cioranescu et al. [1], Sanchez-Palencia [2] and references therein for more details).

The Stokes problem in a periodically perforated domain with holes of the same size as the periodic has been
treated in the literature. More precisely, with Dirichlet conditions on the boundary of the holes was studied by
Ene and Sanchez-Palencia [3], where the limit law describing the homogenized medium is a Darcy’s law. And with
non-homogeneous Fourier boundary condition was studied by Cioranescu et al. [1], where using the variational
method introduced by Tartar [4], a Darcy’s law, a Brinkmann-type equation or a Stokes-type equation are obtained
depending of the valued of ~.

The Stokes and Navier-Stokes equations in a perforated domain with holes of size r., with r. < € is considered
by Allaire [5]. On the boundary of the holes, the normal component of the velocity is equal to zero and the
tangential velocity is proportional to the tangential component of the normal stress. The type of the limit law is
determined by the size r., i.e. by the geometry of the domain.

The earlier results relate to a fixed height domain. For a thin domain, in [6] Anguiano considers a non-
stationary incompressible non-Newtonian Stokes system, in a thin porous medium of thickness ¢ that is perforated
by periodically distributed solid cylinders of size a., with Dirichlet conditions on the boundary of the cylinders.
Applying an adaptation of the unfolding method introduced by Cioranescu et al. [7], time-dependent Darcy’s laws
are obtained rigorously. The behavior observed when a. &~ ¢ has motived the fact of considering non-homogeneous
Fourier conditions on the boundary of the cylinders. In this sense, our aim in the present paper is to consider a
Newtonian fluid flow, in the thin porous medium (1.1), with a non-homogeneous Fourier boundary condition. We
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prove the convergence of the homogenization process depending on the different values of . One of the major
difficulty in the present paper is to treat the surface integrals. The papers mentioned above about problems
with non-homogeneous boundary conditions use a generalization (see Cioranescu and Donato [8]) of the technique
introduced by Vanninathan [9] for the Steklov problem, which transforms the surface integrals into volume integrals.
An excellent alternative, in our opinion, of this technique was made possible with the development of the unfolding
method (see Cioranescu et al. [7]), which allows to treat quite elementary in the surface integrals. In the present
paper, we extend some abstract results for thin domains, using an adaptation of the unfolding method, in order to
treat all the surface integrals and we obtain in this way directly the corresponding homogenized terms. A similar
approach is made by Cioranescu et al. [10], Zaki [11] and Capatina and Ene [12] for a fixed height domain.

We show that the asymptotic behavior of the system (1.3) depends on the values of :

- For v < —1, we obtained a 2D Darcy’s law as an homogenized model. The flow is only driven by the pressure.

- For —1 < v < 1, we also obtain a 2D Darcy’s law but in this case the flow depends on the pressure, the
external body forces and the mean value of the external surface forces.

- For v > 1, we obtain a 2D Darcy’s law where the flow is only driven by the pressure. The flow behaves as if
there were not any solid cylinders.

The paper is organized as follows. In Section 2, we formulate the problem and state or main result, which is
proved in Section 3.

2 Main result

Along this paper, the points € R?® will be decomposed as © = (2, 23) with 2/ € R?, 3 € R. We also use the
notation z’ to denote a generic vector of R2.

In this section we describe the asymptotic behavior of a viscous fluid obeying (1.3) in the geometry . described
n (1.1). The proof of the corresponding results will be given in the next section.

The variational formulation: let us introduce the spaces
H. = {(p cH (Q.)® : ¢=0o0n aAg} ,

and - ~
Hs:{géeHl(QE)?’ : @:OOHaQ}.

Then, the variational formulation of system (1.3) is the following one:

u/DuE:Dgodx—/pgdiwpdx—i—aE”/ u€~g0da(:v):/f€'-ap’dx+/ gr-¢'do(x), Ve H,,
a. Q. os Q. 0s.

=

/ ue - Vipdr =0, Y e D).
Qa
(2.4)

Assume that f. € L?(Q)? and g.(x) = g(2'/e), where g is a Y'-periodic function in L?(dT)?. Under these
assumptions, it is well known that (2.4) has a unique solution (u.,p.) € H. x L?(2.). This solution is unique up
to an additive constant for p., i.e. it is unique if we consider the corresponding equivalence class: p. € L?(Q.)/R
(see [13] for more details).

Our aim is to study the asymptotic behavior of u. and p. when ¢ tends to zero. For this purpose, we use the

dilatation in the variable x3, i.e.
T3

_ 3 2.
Y3 E’ ( 5)



Marfa Anguiano and Francisco J. Sudrez-Grau

in order to have the functions defined in the open set with fixed height €. defined by (1.2).
Namely, we define u. € I?E, Pe € L2(S~25)/R by

ae(x/7y3) = ue(x/7€y3)7 ﬁ&(x/7y3) = pa($,7593)7 a.e. ('ley?)) S QE'

Using the transformation (2.5), the system (1.3) can be rewritten as

7/1Am/as - 572#@33&5 + Varpe + 571814313563 = f. in €.,

divy @ + e 10yt s = 0 in Q. (2.6)
e =0 on 09,
with non-homogeneous Fourier boundary condition,
) di.
—Pe -1+ e + ae’t, = g. on IT, (2.7)

where ez = (0,0,1)".

Taking in (2.4) as test function @ (2, z3/¢) with ¢ € H. and 1 (¢, z3/¢) with ¢ € D(Q.), applying the change
of variables (2.5) and taking into account that do(z) = edo(x’)dys, the variational formulation of system (2.6)-(2.7)
is then the following one:

p | Dt : D.pda'dys — /~ Pe dive @ da’dys + ozs'y/ te - @ do(z")dys
e Qe oT-

Q
=/~ fé-@’dm’dy3+/ gL+ @ do(a')dys, V¢ € H., (2.8)
Qe oT:

/~ (a; Yo+ g*las,gaysi)) dz =0, Vi€ DA.).
Q

€

In the sequel, we assume that the data f/ satisfies that there exists f’ € L?(2)? such that

efl — f  weakly in L?(Q)% (2.9)

Main result: our goal then is to describe the asymptotic behavior of this new sequence (., p.). The sequence
of solutions (i, p.) € H. x L*(2:)/R is not defined in a fixed domain independent of ¢ but rather in a varying set

Q.. In order to pass the limit if € tends to zero, convergences in fixed Sobolev spaces (Ndeﬁ{led in Q) are used which
requires first that (@, p.) be extended to the whole domain €. Then, an extension (U, P.) € H}(Q)3 x L%(Q)/R
of (@, pe) is defined on Q and coincides with (@, pe) on Q..

Our main result referred to the asymptotic behavior of the solution of (2.8) is given by the following theorem.
Theorem 2.1. We distingue three cases:

i) For~y < —1, then (e 'U.,e 7 P.) converges weakly to (i(z',ys), p(z')), in H*(0,1; L?(w)?) x L*(w)/R, with
i3 = 0. Moreover, we have that (0,p) satisfies the following Darcy law:
Y/
|f||v$’}5($/)

() = —
(=) «o|oT’ n w, (2.10)

where v(z') = fol w(z',y3)dys.
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i) For —1 <~ < 1, then (¢7U.,eP.) converges weakly to (i(x',ys),p(x")) in H'(0,1; L?(w)?) x L?(w)/R, with
i3 =0 and @' =0 on y3 = {0,1}. Moreover, we have that (¢',p) satisfies the following Darcy law:

OO L | I or’
) = a7 = Vanta) + B Mar 191

in w, (2.11)

where v(z') = fol (', ys3)dys.
iii) For v > 1, then (U.,eP.) converges weakly to (i(x',ys),p(z")) in H'(0,1; L?(w)?) x L?(w)/R, with @& = 0
on y3 = {0,1}. Moreover, we have that (0',p) satisfies the following Darcy law:

~1(o 0 __L S0 1 .
'(2") = 12MVI/p(gc) in w, (2.12)

where ' ( fo (2, y3)dys.

Remark 2.2. We have to point out that in the homogenized problems related to system (2.6)-(2.7), the limit
function does not satisfy the incompressibility condition. This is a consequence of the fact that the normal component
of e does not vanish on the boundary of the solid cylinders.

3 Proof of the main result

In this section we prove our main result. In particular, Theorem 2.1 is proved in Subsection 3.3 by means of an
adaptation of the unfolding method (see Arbogast et al. [14] and Cioranescu et al. [7, 10]), which is strongly
related to the two-scale convergence method (see Allaire [15] and Nguetseng [16]). To apply this method, a priori
estimates are established in Subsection 3.1 and some compactness results are proved in Subsection 3.2.

Some notations: in order to apply the unfolding method, we need the following notation: for k’ € Z?2, we define
k:R? = Z2% by
k(a') =k <= 2" €Y} . (3.13)

Remark that « is well defined up to a set of zero measure in R?, which is given by Uy ez2 3Yk’,)1. Moreover, for
every € > 0, we have

x/
K () =K <= ey,

Now, let us introduce some notation which will be useful in the following: for a vectorial function v = (v’,v3) and
a scalar function w, we introduce the operators: D., V. and div., by

1
(Dov)iyj = Ogyvs for i=1,2,3, j=1,2, (Dev)ig = —0y,v; for i =1,2,3,
3

1 1
Vew = (Vpw, =0y, w)’, divev = divy v’ + =0y, vs.
€ €

We denote by |O| the Lebesgue measure of |O| (3-dimensional if O is a 3-dimensional open set, 2-dimensional
of O is a curve).

For every bounded set O and if ¢ € L'(0O), we define the average of ¢ on O by

Mo[w](2|/0<pdx. (3.14)
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Similarly, for every compact set K of Y, if ¢ € L'(0K) then

is the average of ¢ over 0K.

We denote by LﬂQ (Y), Hﬁl(Y), the functional spaces
Lg(y) = {U € leoc(Y) : / |’U|2dy < +OO,’U(y/ + k/ayfi) = U(y) Vk/ € Zza a.e. y &€ Y}7
Y

and
Hi(Y) = {v €HL(Y)NL(Y): /Y |V, u2dy < +oo}.

We denote by : the full contraction of two matrices, i.e. for A = (a;;)1<i <2 and B = (b; ;)1<i j<2, we have
2
A:B= Zi,j:l aijbij.
Finally, we denote by O, a generic real sequence, which tends to zero with € and can change from line to line,
and by C' a generic positive constant which also can change from line to line.

3.1 Some abstract results for thin domains and a priori estimates

The a priori estimates independent of € for @, and p. will be obtained by using an adaptation of the unfolding
method.

Some abstract results for thin domains: let us introduce the adaption of the unfolding method in which we
divide the domain ). in cubes of lateral lengths ¢ and vertical length 1. For this purpose, given ¢ € LP(€.)3,
1 < p < 400, (assuming @ extended by zero outside of w.), we define ¢. € LP(R? x Y)? by

/

puta') = (en (Z) verm) . ne (@) <R <y (3.15)

where the function  is defined in (3.13).

Remark 3.1. The restriction of ¢., to YJZ;Q’E x Yy does not depend on x’, whereas as a function of y it is obtained

from v, by using the change of variables
/ !/
, a' —¢€k

= , 3.16
y 5 (3.16)
which transforms Yy, , ¢ into Yy.
Proposition 3.2. We have the following estimates:
i) for every ¢ € Lp(flg), 1 < p—+ oo, we have
1@elzoqexyyys = 1Yl o s (3.17)

where @, is given by (3.15),

ii) for every g € WHP(Q.)3, 1 < p < +o0, we have that ¢, given by (5.15), belongs to LP(R* WP (Y})3), and

~ 1 ~
1Dy el o gaxyyyos = eV [FIIDe@l g yonc- (3.18)
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Proof. Let us prove ¢). Using Remark 3.1 and definition (3.15), we have

/ (Ge(asy) P da'dy = / / o) P da'dy
R2><Yf . Yy

k'ez?

Z / / o(ek’ + ey, y3)|pd:17 dy.
Yy

k' €Z?

We observe that ¢ does not depend on z’, then we can deduce

/ (e (e, y) P da'dy = 2|V Z/ Sk + ey, ys)|” dy.
]R2><Yf

k' €72
For every k' € Z?, by the change of variable (3.16), we have

z’ dz’
k'—|—y/=z, dy = —

= Oy =<0, (3.19)

and we obtain
[ elraray = W[ )l ditd,
R2xYy (0,1)

which gives (3.17).

Let us prove #i). Taking into account the definition (3.15) of ¢. and observing that ¢ does not depend on a’,
then we can deduce

L, Dbt )l ey =) S [ 1Dy Rk ey )y
R2x Yy K €z2

By (3.19), we obtain

/ Dy ¢e(a',y)|" da'dy = PV Z/ / |Dor g (2 y3)[” da’dys
R2 XY

k' €72

= e’y |D (', y3)|” da’ dys. (3.20)
we X (0,1)

For the partial of the vertical variable, proceeding similarly to (3.17), we obtain

/ |a?/3 Pe (xlv y)|p dz'dy = |Yl| |0y, Qb(x/v y3)|p dx’ dys
R2xYy wex(0,1) )

dz'dys ,

1
= Y| 20y p(a’, y3)

we % (0,1)
which together with (3.20) gives (3.18). O
In a similar way, let us introduce the adaption of the unfolding method on the boundary of the solid cylinders

OT. (see Cioranescu et al. [10] for more details). For this purpose, given ¢ € LP(9T.)%, 1 < p < 400, we define
¢t € LP(R? x 9T)® b

/
Q' y) = (E:‘i (m ) + ey, y3> ae. (2/,y) € R? x 9T, (3.21)
where the function  is defined in (3.13).

Remark 3.3. Observe that from this definition, if we consider ¢ € LP(9T), 1 < p < 400, a Y'-periodic function,
and we define ¢.(2',y3) = @(z' /e, y3), it follows that ¢°(x',y) = (y).
Observe that for ¢ € WhP(Q.)3, ¢ is the trace on OT of ¢p.. Therefore $° has a similar properties as ..
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We have the following property.

Proposition 3.4. If $ € LP(9T.)3, 1 < p < +oo, then

N 1 1.
820 e ®exarys = e? Y|P ||l Lo (ar.ye » (3.22)

where Q¥ is given by (3.21).

Proof. We take (2',y3) € 0Ty .. Taking into account (3.21), we obtain

/ G2 )P de'do(y) = €2 Z/ 5k + ey ys)I? do(y).
R2x0T

k'€Z?

For every k' € Z2, by taking o’ = (k' +y'), we have do (') = edo(y’). Since the thickness of the solid cylinders is
one, we have that do(z')dys = edo(y). Hence

/ (! )P de'do(y) = Y] / B! ys)|P do(a’)dys,
R2x0T
which gives (3.22). O

Now, let us give two results which will be useful for obtaining a priori estimates of the solution (., p.) of
problem (2.6)-(2.7). These results are an extension of Cioranescu et al. (Proposition 5.3 and Corollary 5.4 in [17])
to the thin domain case.

Proposition 3.5. Let g € L?(9T")3 and ¢ € Hl(ﬁg)g, extended by zero in outside of we.. Let o, be given by
(3.15). Then, there exists a positive constant C, independent of €, such that

/ 9(y') - ¢=(2',y) dw'da(y)‘ < CMor[g] (II@IILQ@E)S +€||DE¢HL2(§~25)3><3) : (3.23)
R2x 0T

In particular, if g = 1, there exists a positive constant C', independent of €, such that

/ pe(a,y) dx’do<y>\ < C (18l 2 @.y0 + EIDePll g yons ) - (3.24)
R2x0T
Proof. Due to density properties, it is enough to prove this estimate for functions in D(R?)3. Let ¢ € D(R?)3, one

has
/ 9(y') - ¢ (2, y) da'do(y
R2x0T

g
Jorg 208 (55 (2 tas) i
Jorr (o (5) ) o)

Jorag#0- (3 (o) o) =5 (55 (2) ) ) e

S CM{)T/[Q] (||<‘5HL2((~15)3 + EHDQ:/¢||L2(§E)3><3)

< CMor[9) (18] 2, ys + 1Dl 2y )

<

_|_




Marfa Anguiano and Francisco J. Sudrez-Grau

which implies (3.23). In particular, if g = 1, proceeding as above, we have

[, e arint)

o) )i

Lo () ) 'aot0)

Jon (3 (e (%) wartm) =2 (o0 (%) ) ) atot0)

< C (18l a.y0 + =1 De Bl 1 g, p9x5)

<

_|_

<C (||¢||Ll(§g)3 +€||Ds§5||L1(§E)3><3> )

which implies (3.24).
O

Corollary 3.6. Let g € L*(9T)3 be a Y'-periodic function. Then, for every ¢ € H'(2.)?, we have that there exists
a positive constant C, independent of €, such that

C /. -
< = (18025 + €1DeBl 2 poxs) - (3.25)

/ oe' ) - Bl ys)do(a'dys
oT.

In particular, if g = 1, there exists a positive constant C, independent of €, such that

Cr- .
< ; (HSO”Ll(ﬁE)IB + EHDEQD”Ll(ﬁE):sxs) . (326)

/ (2’ ys)do(')dys
oT-

Proof. Since @ € H'(€.)3, then ¢ has similar properties as .. By using Proposition 3.4 with p = 1 and Remark
3.3, we have
1

e|lY’|

)

/ o(&'J€) - (' ys)do (& )dys
oT-

/’ oy - Bela,y) da'do(y)
R2x0T

and by Proposition 3.5, we can deduce estimates (3.25) and (3.26).

O

Moreover, for the proof of the a priori estimates for the velocity, we need the following lemma due to Conca
[18] generalized to a thin domain Q..

Lemma 3.7. There exists a constant C' independent of €, such that, for any function ¢ € H., one has
1l z2gays < € (€1D@ll (g, yoms + X llel2gosys) - (3:27)

Proof. We observe that the microscale of the porous medium ¢ is similar than the thickness of the domain &, which
lead us to divide the domain €2, in small cubes of lateral length ¢ and vertical length €. We consider the periodic

1/2
cell Y. The function ¢ — (HDQDHQLg(Yf)ng + HQD||2L2(8T)3) is a norm in H'(Y})3, equivalent to the H'(Y})3-norm
(see Necas [19]). Therefore, for any function ¢(z) € H'(Y})3, we have

/ lpl*dz < C </ IDzw\2dz+/ IsDQdU(Z)>7 (3.28)
Yy Yy ar

10
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where the constant C' depends only on Y.
Then, for every k' € Z2, by the change of variable

/
T T3 dx
K42 =", z3="2, de=
€

s o 0, = €0y, do(x)=e?do(z), (3.29)

we rescale (3.28) from Yy to Qy,, e =Y} _ x (0,¢). This yields that, for any function ¢(z) € H(Qy,, ), one has

/ lp?de < C 52/
Q Q

with the same constant C' as in (3.28). Summing the inequality (3.30) for all the periods Qy,, - and T}, _ x (0,¢),

gives
/ lp|*de < 0(52/ |Dmgo|2dw+5/ |g0|2dcr(x)>.
Q. Qe 0S.

In fact, we must consider separately the periods containing a portion of dw, but they yield at a distance O(g) of dw,
where ¢ is zero. Therefore, using Poincare’s inequality one can easily verify that in this part (3.27) holds without
considering the boundary term occuring in (3.27).

|Dol? da + e/

Twé,vs x(0,¢)

ol dcr(ﬂﬂ)) : (3.30)

frr-e fir-e

O

Considering the change of variables given in (2.5) and taking into account that do(z) = edo(x')dys, we obtain
the following result for the domain €2..

Corollary 3.8. There exists a constant C' independent of €, such that, for any function ¢ € IA—L, one has

~ ~ EET
Bl < C (108l aq@ o + <X IBlz2omye) (3.31)

The presence in (1.3) of the stress tensor in the boundary condition implies that the extension of the velocity is
no longer obvious. If we consider the Stokes system with Dirichlet boundary condition on the solid cylinders, the
velocity would be extended by zero in the solid cylinders. However, in this case, we need another kind of extension
(see Conca [18] for more details).

Lemma 3.9. There exists an extension operator II. € L(H; H}(A:)?) and a positive constant C, independent of
€, such that

Iep(z) = o(z), if =€,
||DH690HL2(A5)3><3 < CHD@HLQ(QE)?,XS, V(p S HE.

Proof. From Cioranescu and Saint-Jean Paulin [20], we have that there exist an extension operator
IT € L(HY(Yy)3 HY(Y)?) such that
IIo(z) = p(2), if z€Yy,

and a positive constant C', independent of ¢, such that
||DHQ0||L2(y)3><3 < C||D‘P||L2(Yf)3><3» Ve H! (Yf)3. (3.32)

We define II. by applying II to each Q. =Y}, . x (0,¢). Using the change of variable (3.29), we rescale (3.32)
from Y, Yy to Qi ¢, Qy,, , respectively. And proceeding as the proof of Lemma 3.7, we deduce the desired result.

O

Considering the change of variables given in (2.5), we obtain the following result for the domain Q..

11
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Corollary 3.10. There ezists an extension operator II. € E(ﬁg; HY(Q)?) and a positive constant C, independent
of €, such that

Hs@(x/ay3) = @(x,7y3)7 Zf (‘rlvyl’)) € (267
HDaﬁ,e@”LQ(Q)M?' < CHDEQ)HL?(QE)W& V(ﬁ € ﬁa-

Using Corollary 3.10, we obtain a Poincaré inequality in H..
Corollary 3.11. There exists a constant C' independent of €, such that, for any function ¢ € IAL, one has
18l 12@.y6 < C D@l 2@,y - (3.33)
Proof. We observe that _ _
18l oy < M@l V€ A (3.34)

Since II.¢ € H}(Q)3, we can apply the Poincaré inequality in H} () and then taking into account Corollary 3.10,
we get ~ _ _
||H695HL2(Q)3 < C”DHESZHL?(Q)3X3 < C||DEHE‘»5||LZ(Q)?’Xs < OHDECﬁHLZ(ﬁE)SXS-

This together with (3.34) gives (3.33). O

Now, for the proof of the a priori estimates for the pressure, we also need the following lemma due to Conca
[18] generalized to a thin domain Q..

Lemma 3.12. There exists a constant C independent of €, such that, for each q € L*(S).), there exists ¢ = ¢(q) €
H_, such that
divy = q in Q, (3.35)

c
ez < Clldllizns  1DellL2@asxs < —llallzz .- (3.36)
€

Proof. Let q € L?(2.) be given. We extend ¢ inside the cylinders by means of the function:

q(z) if zeQ

Qz) = ﬁ/ q(z)de if zeA—Q..
e~ Nke| JQ

It is follows that @ € L?(A.)/R and

1 2
Qscan =il + gy (] atwae) (3.37)

Since |A; — .| is bounded from below by a positive number, it follows from (3.37) and Cauchy-Schwartz inequality
that

1Qll2a.) < Cllallz2 (.- (3.38)

Besides that, since Q € L?(A.)/R, it follows from Marusi¢ and Marusié-Paloka (Lemma 20 in [21]) that we can
find ¢ € H(A.)? such that
divep=Q in A, (3.39)

C
lellzzanys < CllRIL2a,  [1DPllLzansxe < — QL2 (a.)- (3.40)
€

Let us consider ¢|q_: it belongs to H.. Moreover, (3.35) follows from (3.39) and the estimates (3.36) follows from
(3.40) and (3.38).

O

12



Marfa Anguiano and Francisco J. Sudrez-Grau

Considering the change of variables given in (2.5), we obtain the following result for the domain (..

Corollary 3.13. There exists a constant C independent of €, such that, for each ¢ € LQ(QE); there exists ¢ =
&(q) € He, such that

dive ¢ = G in ),

- - 5 C. .
H‘P”Lz(ﬁsp < C”‘I”m(ﬁs)a ||D690||L2(§5)3x3 < ;HCI”Lz(ﬁE)-

A priori estimates for (i, p.) in (NZE: first, let us obtain some a priori estimates for . for different values of
.

Lemma 3.14. We distinguish three cases:

i) For v < —1, then there exists a constant C independent of €, such that

HaEHLZ(ﬁE)S < Ck, ||Daﬂ£||L2(§E)3><3 <C. (3.41)

it) For —1 <~ < 1, then there exists a constant C' independent of e, such that

- _ - 1ty
HUEHL2(§5)3 <Ce™7, HDEUE||L2(§E)3X3 <Ce 2 (3.42)
i) For ~ > 1, then there exists a constant C' independent of €, such that
||716HL2(§~25)3 < 05_17 ||DaaaHL2(ﬁe)3><3 < Ce™t. (3.43)
Proof. Taking i, € H. as function test in (2.8), we have
Dy + 0 [l = [ 12 TLdo'dys+ [ gt dola!dya. (3.44)
Q. aT.
Using Cauchy-Schwarz’s inequality and f! € L?(Q)?, we obtain that
[ g et < Ol e
and by using that ¢’ € L?(9T)? is a Y’-periodic function and estimate (3.25), we have
ro~1 / C ~ -
| oty < 2 (ficl s yo + el Detclagaons) -
oT. I € €
Putting these estimates in (3.44), we get
~ 2 ~ ~ _ ~
HID o, oo + 027 e 32 o ys < © (1D i yons + & el oy ) - (3.45)
In particular, if we use the Poincaré inequality (3.33) in (3.45), we have
. C
||Dsus||L2(ﬁ )3x3 < —, (3-46)
c €
therefore (independently of v € R), using again (3.33), we get
. C
HUEHH(QE):s < P (3.47)

13
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These estimates can be refined following the different values of 7. To do so, observe that from estimate (3.31) we

have )
571”@5“[12(@5)3 <C (”Dsﬂs”[,z(ﬁa)sxs +€7§”ﬂ5“L2(8T5)3) .

Using Young’s inequality, we get

1y~ _l4y oy 2 4 o
€7 2||te||z2(amys < €77 €2 ||t L2 (omye < o€ ! 'Y+§5’*||ug\|%2(6T5)3.

Consequently, from (3.45), we get
I Dziicll}a g, e + 57 Nelzomys < C (IDeticll g yoxs +7277)
which applying in a suitable way the Young inequality gives
plID-ac| [0 g o5 + 027 || |[F2 (7,00 < C (14777 (3.48)
For the case when v < —1, estimate (3.48) reads
[ Detic|l 2@, ysxs < C, el L2(om)s < Ce 3.

Then, estimate (3.31) gives
Y 11—y
]l 2.y < Cle+e777) < Co,

since 1 < (1 —+)/2, and so, we have proved (3.41).

For v > —1, estimate (3.48) reads

||Daa5||L2(§E)3x3 < C€_HTW, ||'&EHL2(5TE)3 < 05_%_7,

Applying estimate (3.31), we get
1
H’&EHLZ(QEP < C(fTW + 6_7) < Ce ™

since —y < (1 —«)/2. Then, we have proved (3.42) for —1 < ~ < 1. Observe that for v > 1, the estimates

(3.46)-(3.47) are the optimal ones, so we have (3.43).

We will prove now a priori estimates for the pressure p. for different values of ~.

Lemma 3.15. We distinguish three cases:

i) For vy < —1, then there exists a constant C independent of €, such that

HﬁsHLz(ﬁs)/R <Cegv. (3.49)

i1) For —1 <~ < 1, then there exists a constant C' independent of £, such that

Hf)e”Lz(ﬁE)/R <Cce (3.50)

i1i) For~y > 1, then there exists a constant C' independent of €, such that

Hﬁe||L2(§5)/R <Ce? (3.51)

14
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Proof. Let & € L*(9.). From Corollary 3.13, there exists ¢ € H, such that

L L - - C =
dive ¢ = @ in ., ||80||L2(§5)3 <cC ||Q5||L2(§5)7 HDE‘PHLZ(()E)SXS < ;HQ)HB(QE)- (3.52)

Taking ¢ € H. as function test in (2.8), we have

/~ De édl‘ldy3 <u ||DE’&'8||L2(§5)3><3 ||D5¢||L2((~25)3><3 + aeg” / Ug - sZJdU(fU/)dys
Q. oT.
(3.53)
+C Il 2@ye + || 92 ¢ do(a)dys| .
(€2) oT.
By using that g € L?(9T)? is a Y'-periodic function and estimate (3.25), we have
| at g o] < O (=1l n g+ IDeBl s o) -
Te
Analogously, using estimate (3.26) and the Cauchy- Schwarz inequality, a simple computation gives
ac” / .- pdo(a)dys| < 771 C Haa||L2(§E)||%5||L2(§5) +e7C Haenm(ﬁs)HDs‘ﬁHm(ﬁe)
oT.
+¢&7 C|| Detie HLz(ﬁs) ||85||L2(§5)-
Then, turning back to (3.53) and using (3.52), one has
‘[ ﬁgéd(p’dyg <C (5_1 + 57) ”DE’ELE”LQ(QE)”“ Hé”LZ(QE)
Q. (3.54)

+C (27 el agays +7) 192 -
The a priori estimates for the pressure follow now from (3.54) and estimates (3.41)-(3.42) and (3.43), corresponding
to the different values of ~.
O

A priori estimates for the extension of (i., p.) to the whole domain : for the velocity, we will denote
U, = II.u. the continuation of . in €2, where II. is given in Corollary 3.10. For the pressure, we proceed as in the

proof of Lemma 3.12, and we will denote by P. the continuation of p. in .

Lemma 3.16. We distinguish three cases:

i) For vy < —1, then there exists a constant C independent of €, such that

Ul L2 ()s < Ce,  |IDUe| 2 aysxs < C, (3.55)
1P| 2 (ym < Ce. (3.56)

it) For —1 <~ < 1, then there exists a constant C' independent of &, such that
1Uellz2(yp < Ce™,  [IDeUe| p2(ayaxs < Ce (3.57)
1P|l p2(qym < Ce™t (3.58)

iit) For v > 1, then there exists a constant C independent of €, such that

I0e (e < O™, 1DUel|2qayens < Ce71, (3.59)
1P| 2y < Ce™2. (3.60)

Proof. For the velocity, using Corollary 3.10 and the a priori estimates in ﬁs given in Lemma 3.14, we deduce the
a priori estimates in . For the pressure, taking into account the change of variable (2.5) in (3.38) and the a priori

estimates in . given in Lemma 3.15, we deduce the a priori estimates in 2. O

15



Marfa Anguiano and Francisco J. Sudrez-Grau

A priori estimates of the unfolding functions (4., p.): let us obtain some a priori estimates for the sequences
(tie, pe) where @, and p. are obtained by applying the change of variable (3.15) to (e, pe)-

Lemma 3.17. We distinguish three cases:
i) For v < —1, then there exists a constant C independent of €, such that

il oqwr vy < Cor IDyiellagaancy, s < Ce. (3.61)
||ﬁs||L2(R2fo) < Ce. (3.62)

i1) For —1 <~ < 1, then there exists a constant C' independent of £, such that
el L2 (goxyyye < Ce77, ||Dya5||L2(R2ny)3xs <CeT, (3.63)
1<l 22 vyy < Ce71 (3.64)

i) For ~ > 1, then there exists a constant C' independent of €, such that

el L2 rexyyye < Ce™h I1Dyliell poga oy, ysxs < C (3.65)
1Pell L2ze v,y < Ce™. (3.66)

Proof. Using properties (3.17) and (3.18) with p = 2 and the a priori estimates given in Lemma 3.14 and Lemma
3.15, we have the desired result.

O

3.2 Some compactness results

In this subsection we obtain some compactness results about the behavior of the sequences (U., P.) and (i, p.)
satisfying a priori estimates given in Lemma 3.16 and Lemma 3.17, respectively.

Let us start giving a convergence result for the extended pressure P..

Lemma 3.18. We distinguish three cases:
i) For v < —1, then for a subsequence of ¢ still denote by €, there exists p € L*(2)/R such that
e YP. —~pin L*(Q)/R. (3.67)
i) For —1 <~ < 1, then for a subsequence of € still denote by e, there exists p € L?(Q)/R such that
eP. — pin L*(Q)/R. (3.68)
iii) For -y > 1, then for a subsequence of € still denote by ¢, there exists p € L?(Q)/R such that
e?P. —~pin L*(Q)/R. (3.69)

Proof. These convergences are a consequence of the a priori estimates of the extended pressure (3.56), (3.58) and
(3.60).

O

Now, we have a convergence result for the extended velocity U..
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Lemma 3.19. We distinguish three cases:

i) For v < —1, then for a subsequence of ¢ still denote by €, there exists i € H'(0,1; L*(w)®) where @ = 0 on
ys = {0,1}, such that i
e U =@ in H'(0,1; L*(w)?). (3.70)

ii) For —1 < v < 1, then for a subsequence of € still denote by e, there exists i € L*(Q)3 where @ = 0 on
ys = {0,1}, such that N
SFYUE — U in LQ(Q)S' (371)

iti) For v > 1, then for a subsequence of ¢ still denote by e, there exists 4 € H'(0,1; L?(w)?) where @ = 0 on
y3 = {0,1}, such that

U. — @ in HY0,1;L*(w)?). (3.72)

Proof. From the a prioriestimates (3.55) and (3.57), we deduce the desired results for the two first cases. For the last
one, using the a priori estimate (3.59) and Dirichlet boundary condition, we deduce ||U.||z2(qys < ||0y; Uell12(0)3 <
C, and then we obtain the desired result.

O
Finally, we give a convergence result for ..
Lemma 3.20. We distinguish three cases:
i) For v < —1, then for a subsequence of ¢ still denote by €, there exists i € L?(R?; Hﬁ1 (Y)?), such that
e ta. —~a in L*(R* H' (Y})?), (3.73)
e V. —a in LA(R? H? (0T)?), (3.74)
‘Y}‘My/ [@) =4 a.e. in Q. (3.75)
Y

i) For =1 <~ <1, then for a subsequence of ¢ still denote by ¢, there exists there exists 4 € L*(R*; H} (Y})?),
independent of y, such that

v, —a in L*(R* HY(Y})?), (3.76)

. — 4 in L2(R% H?(0T)%), (3.77)
Y/

U= :Yf/| a  a.e. in Q. (3.78)

ii) For v > 1, then for a subsequence of € still denote by e, there ewists there exists 4 € L*(R* H}(Yy)?),
independent of y, such that

et —a in L*(R* H'(Y})%), (3.79)
et — @ in L2(R% H?(0T)%). (3.80)

Proof. We proceed in three steps:

Step 1. For v < —1, using (3.61), there exists @ : R? x Yy — R?, such that convergence (3.73) holds. Passing
to the limit by semicontinuity and using estimates (3.61), we get

/ la|® da'dy < C, |D, i) da'dy < C,
R2><Yf RZXYf
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which, once we prove the Y’-periodicity of @ in y', shows that @ € L*(R? H,(YF)?).

It remains to prove the Y’-periodicity of @ in 3. To do this, we observe that by definition of @. given by (3.15)
applied to u., we have

’&s(xl + &,T2, —1/27112711/3) = ﬁ5($/7 1/273/2’ yS) a.e. (95/73/2, yS) € RQ X (_1/2> 1/2) X (07 1) .

1

Multiplying by e~' and passing to the limit by (3.73), we get

12(.13/, _1/27 Y2, 213) = ,&(x/, 1/2a Y2, y3) a.c. (Z‘/, Y2, yS) € RQ X (_1/27 1/2) X (07 1) .
Analogously, we can prove
ﬁ(x’, Y1, 71/27 y3) = ﬁ(xl’ Y1, 1/23 y3) a.e. (xlv Y1, y3) cwX (71/23 1/2) X (07 1) .

These equalities prove that 4 is periodic with respect to Y'. Convergence (3.74) is straightforward from the
definition (3.21) and the Sobolev injections.

Finally, using Proposition 3.2, we can deduce

1 N -
v [y = [ g de'dys,
| | ]R2><Yf Qe

and multiplying by e~! and taking into account the first item in Corollary 3.10, we have

1

E:|}/'/| RQXYf

1
te (2, y)da'dy = g/ e (2, y3)da' dys.
Q

Using convergences (3.70) and (3.73), we have (3.75).

Step 2. For —1 < < 1, using (3.63) and taking into account that e < 77, then there exists 4 : R? x Yy —
R?, such that convergence (3.76) holds. Convergence (3.77) is straightforward from the definition (3.21) and the
Sobolev injections.

On the other hand, since €7D, t. = EVTHEWTADyﬁE and E%Dyﬂe is bounded in L?(R? x Y§)3*3, using (3.76)

we can deduce that Dy4 = 0. This implies that 4 is independent of y. Finally, (3.78) is obtained similarly to the
Step 1.

Step 3. For vy > 1, using the first a priori estimate in (3.65), we can deduce that there exists @ € L?(R? x Y;)?
such that
ed. —a in L*(R? x Y;)?,

and by the second a priori estimate in (3.65) we deduce that
eDyi. —0 in L*(R? x Yj)**3,

which implies that @& does not depend on y. Convergence (3.80) is straightforward from the definition (3.21) and
the Sobolev injections.

O

3.3 Proof of Theorem 2.1

In this section, we will multiply system (2.8) by a test function having the form of the limit @ (as explicated in
Lemma 3.20), and we will use the convergences given in the previous section in order to identify the homogenized
model in every cases.
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Proof of Theorem 2.1: We proceed in three steps.

Step 1. For v < —1. Let ¢ € D(Q)3 be a test function in (2.8). By Proposition 3.4, one has

~y—1

/ D.i. : D¢ dx'dys —/~ pe div. G da'dys + o - ¢e da'do(y)
Q

0]
€ |Y/| wxoT :

:/~ f£~<2>’d:v’dy3+€—,/ i ¢ de'do(y),
Qe |Y| wXxoT

- - - - - . - 1 - N
I /N Dyl = Dy @ da'dys + 6% /~ Dys e - Dy P di’dys — /~ pe divy @' da'dys — R /N Pe Oy P3 da’dys
QE € QE

1 (3.81)

B ~ /
VT oy e ety /ff dxdyf’ﬂy%/wﬂ P da'do(y).

First, we prove that p does not depend on y3. Let ¢ = (0,677 153) € D(Q)3 be a test function in (3.81), we
have

et [ Voriies - Vo @y da'dys + pe" /~ By e 50y, B3 da'dys — £ / Be 8,y 33 da'dys
Qe Qe

Q.
a ~ ~ ’
+7/ Ue 3 * Pe,3 dx da(y) =0.
‘Y | wxoT
Taking into account that P. is the extension of p. in €, we have
/~ De ayg@S dI/dy3 = / ]55 8y3¢3 dx/dyBa
Q. Q
and by the second a priori estimate (3.41), the convergences (3.67) and (3.74), passing to the limit we have
/ ﬁay:s@?) dI/dyB = Oa
Q

so p does not depend on ys3.

Let ¢ = (779 (', y3), e Y @3(x")) € D(Q)? be a test function in (3.81), we have

/ Dyl 2 Dy @' da'dys —l—,u5_7_2/ Dy L. - Oy, @' d'dys — 5_"’/~ Pe divy @' da'dys

€
—y—1

A - @ldx'do(y) =€ ’Y/ 1l <pdmdy3—|—€ - / g - oLdr'do(y),
‘Y| x0T

‘Y/| wxoT

and

,ugi’y ~ vx/u£3 Vi ¢3d$d93+04

7 u5,3 @5,3 dx’da(y) =0.
Qe |Y | wxoT

Taking into account that P. is the extension of p. in 2, we have
/~ Pedivy @ da'dys = | P.divy ¢ da'dys.
Q. Q

Using that @. converges strongly to ¢ in L?(w x 0T)? (see Proposition 2.6 in [17] for more details) and by the
second a priori estimate (3.41), the convergences (3.67) and (3.74), passing to the limit we have

1
—/ p(a) divey &' (2, ys)da'dys + i,/ / W' (@, y) - ¢ (2, ys)da'do(y')dys = 0,
0 Y| Joxor

19



Marfa Anguiano and Francisco J. Sudrez-Grau

and
o

o [ ) el etdoty) =0,
|Y‘ wXxoT

which implies that Mgp[t3] = 0.

Taking into account that

/ / (@) - @ (o ys)da'do(ydys = |0T"| / Mo (@)’ ys) - & (@ ys) dadys,
wXxoT’

implies that
oz(?T’
/V 'l (2, y3) da'dys = ||Y’ |/M0T (2’ y3) - @' (2, y3) da'dys . (3.82)

In order to obtain the homogenized system (2.10), we introduce the auxiliary problem

07"

Myl ys), in Y},

0
a—:i =14, on 0T,

MY} [X] = Oa

x(y) Y’ — periodic,

for a.e. (2/,y3) € Q, which has a unique solution in Hl(Y;) (see Chapter 2, Section 7.3 in Lions and Magenes [22]).
Using this auxiliary problem, we conclude that

| Morfi)- sy = [ Myfa)- o'y, (3.89)
Q Q

which together with (3.82) and My [is] = 0 gives

oo Y .
MYf’ [a'] (2", y3) = *mvm/iﬁ(x )
and
MY;[QS] = 07

which together with (3.75) gives

(2 y3) = — ¥/l Vep(z'), us(x’,y3) =0.
b a‘aT/| T b

This implies (2.10).

Step 2. For —1 < + < 1. First, we prove that p does not depend on y3. Let » = (0,£2%3) € D(Q)3 be a test
function in (3.81). Reasoning as Step 1 and by the second a priori estimate (3.42), the convergence (3.68) and
(3.77), passing to the limit we deduce that p does not depend on ys.

Let ¢ = (e¢/(2',y3),ep3(z")) € D(Q)? be a test function in (3.81). Reasoning as Step 1 and by the second a
priori estimate (3.42), the convergences (2.9), (3.68) and (3.77), passing to the limit we have

- [ Ay div @t + g [ / )+ (!, s e do(y' )y
xoT”

/f (@, y3)dz'dys + |Y’|/ BT/ (2, y3)dx'do(y")dys,
X ’
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and

which implies that a3 = 0.

Taking into account that

/ / (o', ys)da' do (' )dys = |OT"| / ). & (2 o) da’dys,
wXxoT"’

implies that

aloT’|
V o DT (2, y3) dx' dys + I (2, y3) da'dys
/
/f (2, y3)dx'dys + Y,/./VlaT/ &' (@, y3)da' dys,

which together with (3.78) gives (2.11) after integrating the vertical variable y3 between 0 and 1. gives

Step 3. For oy > 1. First, we prove that § does not depend on y3. Let ¢ = (0,£3p3) € D(2)? be a test function
n (3.81). Reasoning as Step 1 and by the second a priori estimate (3.59), the convergences (3.69) and (3.80),
passing to the limit we deduce that p does not depend on ys.

Let ¢ = (e2¢'(2',y3),0) € D(Q)? be a test function in (3.81). Reasoning as Step 1 and by the second a priori
estimate (3.59), the convergences (2.9), (3.69), (3.72) and (3.80), passing to the limit we have

M/ Oy, 0’ - Oy, @' da' dys — / pdivy @ da'dys = 0,
Q Q

which is equivalent
—1
a' (2, y3) = %Vﬂﬁ(m') a.e. in €.
I

Integrating the vertical variable y3 between 0 and 1 gives (2.12).
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