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A TWO-PHASE TWO-FLUXES DEGENERATE CAHN-HILLIARD MODEL AS
CONSTRAINED WASSERSTEIN GRADIENT FLOW

CLEMENT CANCES, DANIEL MATTHES, AND FLORE NABET

ABSTRACT. We study a so-called non-local Cahn-Hilliard model obtained as a constrained Wasser-
stein gradient flow of some Ginzburg-Landau energy. When compared to the more classical local
degenerate Cahn-Hilliard model studied in [C. M. Elliott and H. Garcke, STAM J. Math. Anal.,
27(2):404-423, 1996], the non-local model appears to take advantage of a larger flexibility on the
phase fluxes to dissipate faster the energy, as confirmed by numerical simulations. We prove the
existence of a solution to non-local problem by proving the convergence of the JKO minimizing
movement scheme.

Keywords. Multiphase flow, Cahn-Hilliard type system, constrained Wasserstein gradient flow

AMS subjects classification. 35K65, 35K41, 49J40, 76T99

1. MOTIVATION AND PRESENTATION OF THE MODEL

1.1. Motivation. The celebrated Cahn-Hilliard model was introduced by Cahn and Hilliard [12]
in order to model the evolution of metallic alloys in which each phase aims at being pure and
to have a minimal perimeter. A similar approach was proposed by de Gennes [19] to model the
segregation of polymer blends. In the two-phase case, only one of the two phases is described with
its concentration ¢; € [0, 1] and its flux J;. The local conservation of mass

(9t01+V'J1:0

holds, and the other phase whose concentration c; is equal to 1 — ¢; is assumed to have a flux equal
to Jo = —J; (the total flux is therefore equal to 0). The flux J; is equal to the opposite of some
degenerate mobility times the gradient of the generalized chemical potential:

J1 = —n(c1)Vp,

with n(0) = n(1) = 0 (typically, n(c1) = mci(1 — ¢1)). In the above relation, p is the functional
derivative of some Ginzburg-Landau energy

£(c) :/(%\VCFH?(C)) dz,

where, in absence of thermal agitation, F' : [0,1] — R is assumed to be concave with minima in
0 and 1, typically F(c) = xc(1 — ¢) (see for instance [7]). This modeling has been justified by
Gurtin [27] by assuming the presence of micro-forces in the material.

The Cahn-Hilliard model has been used later on in the context of multiphase fluid flows because
of its capacity to separate different phases (see for instance [9, 10]). In this setting, rather than
the micro-force balance, it is natural to assume that the total flux Jior = J1 + J2 is divergence
free but not equal to 0 in general. In this work, we propose a model of Cahn-Hilliard type where
the total flux Jo¢ is not equal to 0. This nonlocal model is closely related to the model derived
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2 CLEMENT CANCES, DANIEL MATTHES, AND FLORE NABET

by E and Palffy-Muhoray in [22]. This model is obtained as a Wasserstein gradient flow of the
Ginzburg-Landau energy but in the situation where both phases are allowed to move independently
under the constraint that ¢; +c2 = 1. This property was depicted by Otto and E in [40] but without
thorough justification.

The nonlocal model is derived formally in Section 1.2, then compared to the classical (or local)
degenerate Cahn-Hilliard model in Section 1.3. Numerical illustrations of its behavior are given
in Section 1.4. In Section 2, we introduce the necessary material to prove our main result, that
is the existence of a weak solution to our model. This existence result is obtained by showing the
convergence of a minimizing movement scheme d la Jordan, Kinderlehrer, and Otto [29]. Finally,
Section 3 is devoted to the proof of the convergence of the minimizing movement scheme.

1.2. Derivation of the model. We consider an incompressible mixture composed of two phases
flowing within an open convex subset Q of R? with d < 3. The fluid is incompressible, so its
composition at time ¢ > 0 is fully described by the saturations ¢;(x,t) € [0,1], i € {1,2}, i.e., the
volume ratio of the phase i in the fluid. This leads to the constraint

(1) catec=1 in Q x (0,00).
The motions of each phase is governed by a linear transport equation
(2) Oe; + V- (¢v;) =0 in Q x (0,00),

where v; : Q x Ry — R? denotes the speed of the phase i, and V = (vq,vs). At the initial time
t = 0, the composition of the mixture is given by ¢® = (c,¢3) : 2 — [0,1]2, and we assume that

(3) A+h=1 in Q.
We assume that

0</c(1Jd:B<|Q|7
Q

excluding the trivial situation where ¢; = 1 or ¢; = 0. The boundary 92 of ) is impervious, hence
the speed wv; belongs to

Z(c)z{V:Q—)(Rd)Q‘civi-nzo},

where n denotes the outward normal to 02. As a consequence, the volume of the phase i is
conserved along time:

(4) / ci(z, t)dx = / A (x)dz, t>0,ie{1,2}.
Q Q

At each time t > 0, the saturations c(t) belongs to the set
A=A x Ay,

of the admissible saturation states, where

A = {ci € LQR,) ’ / ci(@)da = / c?(a:)dsc} L ie{12).
Q Q
To any configuration ¢ € A, we can associate an energy

5(0) = gDir(c) + gcllerrl(c) + Etherm(c) + gcons(c) + Eext(c)-
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The Dirichlet energy
3 %/ IVe2dz if e € HY(Q)?,
Epir(e) = ¢ icf1.2) Q a; >0,
400 otherwise;

penalizes the variations of the saturation profiles. The chemical energy is assumed to be proportional
to the saturation of both phases:

Echem(C) = X/ cicodx, with y > 0.
Q

The term Eiperm Originates from the thermal agitation and is given by

5therm(c) - Z 01/ H(Cz)d.’ll, 01 ZO
Q

ie{1,2}
where H is the Boltzmann entropy
H(c) = clog(c) —c+1>0, Ve > 0.
The case 01 = 2 = 0 is called the deep quench limit [11]. The constraint (1) is incorporated directly
in the energy by setting
0 ife; +ec0=1,
+00 otherwise.

gcons(c) = / Econs(c)dmv where Econs(c) = {
Q

The component ., comes from an exterior potential that acts on the volume of the fluid, like for
instance gravity or electrostatic forces. We assume that there exist external potentials ¥; € W11(Q)
with ¥y — Wy € L?(Q2) such that

Erle)= 3 / () U (x)da
ic{1,21 /¢
The chemical part Eqem of the energy functional is not convex but is smooth, whereas the other
components Epir, Econs, and Eherm are all convex (in the usual linear sense: Ep;i, and Eqons are not

displacement convex in McCann’s sense [37]). As a consequence, the energy functional £ admits a
(local) subdifferential € (c) at each admissible ¢ € A defined by

65(0) = {'w = (’LUl,’lUQ) Q- RQ

£@) ~ &)~ | w(@-ejde 0 (Ile - c||L1(Q))} .

Denote by H*(Q2) the dual set of {u € H'(Q)| [, ude = 0}, and by

X ={ce HY (O R,)? ’cl +c2 =1lae. inQ}
the domain of &, i.e.,
(5) ()< & ceX.

It follows from elementary calculations (similar to those of [14] in the context of porous media flows)
that the subdifferential A€ (c) of € at ¢ € AN X is made of the elements w = (wy, wy) of (H*(2))?
such that

(6) w1, — Wy = —OéACl + X(l - 261) + f(Cl) + (\111 — \Ifg),
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where we have set @« = a1 + a9 and
01

(7) fle1) = log <(1_0101)02> = 01 1og(c1) — 02 log(cz).

We define then the chemical potential u; of the phase i by

(8) i = w; — 0;log(c;) — Uy, i€ {1,2},
so that (6) turns to

(9) 1 — p2 = —alAey + x(1 = 2¢1).

Until now, p is only defined up to an additive constant. This degree of freedom is eliminated by
imposing for almost all ¢ > 0 that

(10) / o(x,t)de =0, where L = 11 + copio.
Q

The relation (9) is complemented by homogeneous Neumann boundary conditions
(11) — Ve -n=0 ondQdxR;.

We are interested in the rigorous derivation of the PDEs that govern the gradient flow of the
energy £(c) in A endowed with a tensorized Wasserstein distance to be introduced in Section 2.1.
To this end, we prove the convergence of the minimizing movement (or JKO) scheme [29]. But let us
first provide formal calculations based on the framework of generalized gradient flows of [38, 41, 14]
in order to identify the underlying PDEs.

The motion of the phases induces a viscous dissipation given by

(12) D(c, V) = E%:?} erni /ch‘|’vz'|2d337 Veec A, Yv € 2%

where m; is the mobility coefficient of the phase . We suppose as in [14] that at each time t > 0,
the phase speeds V' = (v1,v2) is selected by the following steepest descent condition:

V € argmin | D(¢, V) + max Z /Ci’l)i - Vw;dz
Q

VeZ(e) wEBS(c)ie{lz}

Assume that the min and the max can be swapped in the above formula, then optimizing over V'
first yields

(13) v; = —m;Vw,; on {¢; >0} fori e {1,2}.

Maximizing the result over the elements w € 9€(c) leads to the elliptic equation

-V Z mzc,sz =0.
1€{1,2}

The above equation combined with (2) and (13) implies that d:(¢c; + c2) = 0, hence that the
algebraic constraint (1) on the saturation remains satisfied along time. To sum up, the system of
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partial differential equations corresponding to the variational modeling presented above is obtained
by combining the equations (1), (2), (6), (11), and (13). It leads to the system

Oic; — V - (mZCIle) =0 forie {1, 2},
(14) c1+co =1,

w1, — Wy = 70&A61 + X(l — 261) + f(Cl) + (\Ifl — \I/Q),

to be satisfied in some appropriate sense in © x (0,00). Introducing the chemical potential p; as
in (8), the problem rewrites

Ope; — V- (mie;V (u; + ;) = mi0;Ac;  for i € {1,2},
ci+co=1,
1 — p2 = —aley + x(1 —2¢1).

The system is complemented with initial conditions

(15) (ci)j,_y = ¢} € H'(Q) with ¢ > 0and ¢} + ¢ =1in Q,
and boundary conditions
(16) ¢iV(u; +7;)-n=Ve¢-n=0ond x (0,00).

In the next section, we highlight some differences between the non-local model (14) and the local
degenerate Cahn-Hilliard model that has been studied for instance in [23].

1.3. Comparison with the classical degenerate Cahn-Hilliard model. Even in the simple
situation where the external potentials ¥; are equal to 0 and where 6; = 02 = 0, the system (14)
differs as soon as d > 2 from the local degenerate Cahn-Hilliard model that can be written as

mymac(l — c)

(17) %=V -(n(e)Vp) =0, p=-alc+x(l-2c), nlc)= e+ ma(l—0)

We refer to [23] for the existence of weak solutions to (17) (complemented with suitable boundary

conditions) and to [4] for the extension of the model to the case of N phases (N > 3). Here, y is

the generalized chemical potential that is defined as the difference of the phase chemical potentials.
The energy £ associated to (17) is similar to the one of our problem, i.e.,

E(e) = %/Q|Vc|2dw+x/ﬂc(1—c)dw.

But both the equation governing the motion (2) and the dissipation (12) have to be modified. More
precisely, the continuity equation (2) must be replaced by its nonlinear counterpart
O+ V - (n(c)v) =0,

while the dissipation is now given by

@(c,v):/ﬂn(c)|v|2dw.

Therefore, the PDEs (17) can still be interpreted as the gradient flow of the energy E , but the
geometry is different: rather than considering some classical quadratic Wasserstein distance for
each phase and to constrain the sum of the concentrations to be equal to 1 (as it will be the case
for our approach), the set

A:{ceLl(Q;R+) ‘ /Qc(a:,t)dw:/gc?(ac)dm}
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has to be equipped with the weighted Wasserstein metric corresponding to the concave mobility 7.
We refer to [21] for the description of the corresponding metric and to [33] for the rigorous recovery
of (17) by a gradient flow approach.

The difference between the non-local model (14) and the local one (17) can also be seen as
follows. Summing the first equation of (14) for i € {1,2} yields

(18) V - Jiot =0, where Jyo = Z Civ; = — Z mic; V ;.
i€{1,2} ie{1,2}
The equation for ¢; can then be rewritten

(19) s + V- (p(e1) Trop — 1(c1)V (i — pz)) = 0, with p(c) = e

mic+ma(l—c)

Thus our model (14) boils down to the local Cahn-Hilliard equation as soon as Jyot = 0. This is
the case when d = 1 because of (18), but no longer if d > 2. Since our non-local model does not

impose that J; = —J3, it allows for additional motions. These motions —corresponding to the
transport term V - (p(c1)Jtot) in (19)— contribute to the dissipation as shows the formula
|Jtot |2 =~
Q(Ca—vﬂ) = dm+©(ca_v(ul _M2))'

Q mic1 + mac

Therefore, and as already noticed by Otto and E in [40], the instantaneous dissipation corresponding
to a phase configuration c¢ is greater for the non-local model (14) than for the local model (17) and
the energy decreases faster.

1.4. Numerical illustration. The goal of this section is to illustrate the behavior of the model (14)
and to compare it with the classical degenerate Cahn-Hilliard problem (17). In order to solve
numerically (14) we use an implicit in time finite volume scheme with upstream mobility described
in [17] and inspired from the oil engineering context [25]. The mesh is triangular and assumed
to fulfill the so-called orthogonality condition [28, 24] (this amounts to requiring the mesh to be
Delaunay) so that the diffusive fluxes can be approximated thanks to a two-point flux approximation
in a consistent way. As it is exposed in [17], the scheme is positivity preserving (i.e., 0 < ¢;p, <1),
it is energy diminishing (the discrete counterpart of the energy is decreasing) and entropy stable. It
leads to a nonlinear system of algebraic equations to be solved at each time step. It is shown in [17]
that this system admits (at least) one solution that is computed thanks to the Newton-Raphson
method.

Concerning the problem (17), we use a similar approach, but since the mobility function 7 is no
longer monotone, we have to use an implicit Godunov scheme to discretize it as a generalization of
the upstream mobility (see for instance [16]). Here again, the discrete solution remains bounded
between 0 and 1, the energy is decreasing and the entropy remains bounded. Here again, the
resulting nonlinear system is solved at each time step by the mean of the Newton-Raphson method.

Remark 1.1. Alternative numerical methods have been proposed in order to solve degenerate Cahn-
Hilliard problems. We won’t perform here an exhaustive list, but let us mention the contributions of
Barrett et al. based on conformal finite elements [3, 4]. Even though very efficient, these methods
have the drawback of requiring a small stabilization to be tuned following the mesh size. Unless one
considers non-smooth energies as in [8], the scheme does not preserve the bounds 0 < cin < 1.
These difficulties are overpassed in our approach by using some entropy stable hyperbolic fluxes to
discretize the mobilities.
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Since our model has a Wasserstein gradient flow structure, it would be natural to use a La-
grangian method as for instance in [6, 35, 30, 18]. The main problem with this approach is that both
phase move with their own speed, therefore such an approach would impose to move two meshes
stmultaneously. It is then rather unclear how to manage the constraint (1) in this case. For this
reason, it seems more suitable to stick to an Eulerian description. An alternative approach to solve
numerically our problem would therefore be to adapt the ALG2-JKO algorithm of Benamou et al. [5]
to our setting.

We propose two different test cases that will allow to illustrate the difference between the local
model (17) and the non-local model (14). For both of them, we do not consider any exterior
potential, i.e., ¥; = 0, and we neglect the thermal diffusion, i.e., #; = 0. Both phase mobilities m;
are assumed to be equal to 1, and we choose o = 3.10~% and x = 0.96.

1.4.1. Test case 1: from a cross to a circle. We start from an initial data that is the characteristic
function of a cross. Since a < ¥, it follows from the Modica and Mortola’ result [39] that the free
energy is close to the perimeter of a characteristic set (up to a multiplicative constant). This means
that (up to a small regularization) both the local and the non-local Cahn-Hilliard models aim at
minimizing the perimeter of the sets {¢; = 0} and {¢; = 1} corresponding to pure phases. Since
the non-local model allows for more movements (cf. Section 1.3), the energy (thus the perimeter)
should decay faster for the nonlocal model. This is indeed what we observe on Figures 1 and 2.

1072

T
—— non-local

e local

0 0.2 0.4 0.6 0.8 1
Time

FIGURE 1. Evolution of the energy £(c) along time for the non-local model (14)
and the local one (17). The decay of the energy is faster for the non-local model,
as shown in Section 1.3.

1.4.2. Test case 2: Spinodal decomposition. Similarly to the local model, the non-local model is
able to reproduce the spinodal decomposition for mixtures. In order to illustrate this fact, we start
from an initial data which consists in a constant concentration plus a small random perturbation:

A(x) = 0.5+ r(x), r < 1.

Since ¢; = 0.5 is very unfavorable from an energetic point of view, both phase will separate very
rapidly, letting areas with pure phase appear. Then these area will cluster in order to minimize
their perimeter. We plot on Figure 3 some snapshots to illustrate the spinodal decomposition
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FiGURE 2. Evolution along time of the numerical solution to the non-local prob-
lem (14) (top) and to the local problem (17) (bottom). Snapshots at time t = 1072
(left), ¢ = 2.1072 (middle), and ¢ = 10~ (right).

corresponding to models (14) and (17). On Figure 4, we compare the evolution of the energy along
time for spinodal decomposition corresponding to both models. As expected, the energy decay is
faster for the non-local model than for the local one. But contrarily to Test case 1, the solutions
seem to converge towards different steady states.

2. WASSERSTEIN GRADIENT FLOW, JKO SCHEME AND MAIN RESULT

2.1. Wasserstein distance. As a preliminary to the introduction of the minimizing movement
scheme, we introduce some necessary material related to Wasserstein (or Monge-Kantorovich) dis-
tances between nonnegative measures of prescribed mass that are absolutely continuous w.r.t. to
the Lebesgue measure. We refer to Santambrogio’s monograph [42] for an introduction to optimal
transportation and to the Wasserstein distances, and to Villani’s big book [43] for a more complete
presentation.

Given two elements ¢; and ¢ of A; (i € {1,2}), amap ¢t : @ — Q is said to send ¢; on & (we
write ¢&; = t#c¢;) if

/ ¢i(x)dx = / ci(x)de, for all Borel subset A of Q.
A t-1(4)

The Wasserstein distance W;(¢;, ¢;) with quadratic cost function between ¢; and ¢; is then defined
by

. 1 ) bz )
(20) Wieno) =, i, (4 [le-t@Paeia) . ic )

In (20), the infimum is in fact a minimum, and ¢ is the gradient of a convex function. In our
context of fluid flows, the cost for moving the mass of the phase ¢ from a configuration c¢; to another
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FIGURE 3. Snapshots at times t = 6.1072 (left), t = 5.1072 (middle), and ¢ = 1
(right) illustrating the spinodal decomposition governed by model (14) (top) and
model (17) (bottom).

0.3 T
——non-local

025 — local B

Time

FIGURE 4. Evolution of the energy £(c) along time for the non-local model (14)
and the local one (17) for the spinodal decomposition test case.

configuration ¢&; regardless to the other phase is equal to W2(c;, &). The multiplying factor 1/m; is
natural since the more mobile is the phase, the less expensive are its displacements. We can then
define the tensorized Wasserstein distance W on A by

W?(c, &) = Wi(er,é1) + W3 (ca, éa), Ve,e € A
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In the core of the proof, we will make an extensive use of the Kantorovich dual problem. More
precisely, we will use the fact that

Wi(ci, &) = sup /Q Ci(w)%(w)dﬁc‘F/ ¢i(y)vi(y)dy.

@i €L (i), €LY (&;) Q
2
@i(m)+'¢i('y)§%

(21) -

Here, L'(p) denotes the sets of integrable functions for the measure with density p. Here again, the
supremum is in fact a maximum, and the Kantorovich potentials (y;, ;) achieving the sup in (21)
are dc; ® dé; unique up to an additive constant. The optimal transportation ¢; sending ¢; on ¢;
achieving the inf in (20) is related to the Kantorovich potential by

tz(sr:) =T — TRIV()OZ(SC), Vo € Q

with ¢; achieving the sup in (21). As a consequence, the formula (20) provides
(22) WiZ(Ci, éi) = mi/ C; |V<pi|2 dw, 1€ {1, 2}

Q
to be used in the sequel.

2.2. The JKO scheme and the approximate solution. We have now all the necessary material
at hand to define the minimizing movement scheme. Let 7 > 0 and ¢"~! € AN X, then define the
functional F* : A — RU {400} by setting

Fr(e) :é’(c)—l—QiWQ(c,c"_l)7 Ve € A.
T

The functional F” is bounded from below since all its components are (recall that ¥, € L(Q)).
Then we define

(23) c" € argmin F'(c).
ceA

The existence of such a minimizer is the purpose of the following statement.

Proposition 2.1. For any ¢c"~! € AN X, there exists (at least) one solution c* € AN X to the
minimization scheme (23).

Proof. Let (c”’k)k>0 be a minimizing sequence with ¢™° = ¢"~!, then
(24) E(c™M) <& ) <o  VE>0.

We infer from (5) that ¢™* € X, hence 0 < c?’k <1 for all Kk > 0 and i € {1,2}. Moreover, it
follows from the definition of the energy £ that HVC?’]C”LZ(Q) < C for all k£ > 0. Hence, using
the Poincaré-Wirtinger inequality, we get that ||c:lk|| m( < C. In particular, we can assume
that the sequence (c"’k)k>o converges weakly in H'(2)2, in the L>()? weak-x sense and almost

everywhere (hence strongly in LP(Q)? for all p € (1,+00)) towards ¢” € X. It follows from the
lower-semi continuity of £ w.r.t. the weak-x topology of L> N H(Q)? (all the components of £ are
continuous, excepted Epi, that is merely l.s.c.) that

E(c™) < liminf S(c"’k).
k—o0
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Besides, since ¢™* tends to ¢" in L'(2)2, and thanks to the lower semi-continuity of W w.r.t. the
topology induced on A by L(£2)2, then

W(c", c¢" 1) < liminf W (c™* " 1),

k—o0

As a consequence, ¢" is a minimizer of F. (]

From a sequence (c"), -, of iterated solutions to the scheme (23), we deduce a discrete solution
¢ Ry — AN X defined by

(25) c.(0) =c°, c.(t)y=c"ift e (n—1)1,n7l.

We can also build approximate phase potentials (p"), ;. More precisely, for all n > 1, let " =
o n—1

(%, %) and Y™ = (YT, 7)) be Kantorovich potentials sending ¢ on ¢

1
(26) Wi = 3 ( [ereraat [ c?—lw?dy),
Q Q

ie{1,2}

, i.e.,

then ¢ and 9] can be shifted vertically by some arbitrary o' € R without changing the value of
the right-hand side in the above expression. As it will be established in the proof of Lemma 3.5,
there are suitable vertical shifts and functions F)* such that FJ* = 0 a.e. in {¢; > 0} such that

(27) pwy= —% — U, — 6;log(c}) + F"

satisfies
W i = —aAG) + xeic  and /Q (chul + i) da = 0.
We can then define pu, () = (p1,+(t), p2,-(t)) for t > 0 by setting p; - (t) = pl* for t € ((n — 1)1, n7).

2.3. Weak solutions. The goal of this section is to state our main result, that is the convergence
of the JKO scheme. It requires the introduction of the notion of weak solution that will be obtained
at the limit when the approximation parameter 7 tends to 0.

Definition 2.2. (¢, p) is said to be a weak solution to the problem (14), (15), and (16) if
e the phase concentrations c; belong to L>°(Ry; HY(Q)) N L2 ((0,T); H*(Q)) N C(Ry; L*(Q)) with

loc
ci(0,)=c2, Ve, mn=00n 00 xRy and ey +ca =1 a.e. in Q2 xRy ;
e the phase potentials p; belong to L2 (R.; LY4=1(Q)) and are such that \/e;V u; € L*(Ry, L2(2))?

loc
and

/ (e (@, s (,1) + co(@, Dpa(a, ) dw = 0, for ae. t > 0;
Q

o the relation (9) on the difference of the phase potentials holds almost everywhere in  x Ry ;
o for all £ € C*(Q2) and all t1,ty € Ry with ty > ty, there holds

(28) /Q(ci(a:,tg) —c¢i(z, t1))é(x)dx + mz/t ’ /Q (e;V (i +9;) +60,Ve;) - Védedt = 0.

Here is the convergence theorem for the minimization scheme. The existence of a weak solution
is a by-product.
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Theorem 2.3 (Convergence of the minimizing movement scheme). Let (7,),>; C (0,1) be a

sequence tending to 0 as n tends to co, and let (cTn,uTn) be a corresponding sequence of ap-

n>1
proximate solution, then, up to the extraction of a subsequence,

Cir, — ¢ in the L=((0,T); H'(Q))-weak-x sense,
n—r oo
leir, () = ci( DllL2@) —2 0 for allt €[0,T],
Cir, = ¢ i L2((0,T); (),
Cir, — c; weakly in L*((0,T); H*()),
n—oo
Hisrn = Hi for the weak topology ofLQ((O,T);Ld/d_l(Q)),
Ciyrn V Mir, > GV g weakly in L*(Qr)?,
where (¢, p) is a weak solution in the sense of Definition 2.2.

The approximation of the weak solution thanks to a minimizing movement scheme provides a
rigorous foundation to the fact that our model can be reinterpreted as a gradient flow in the metric
space A endowed with the Wasserstein metric W. The remaining of the paper is devoted to proof
of the Theorem 2.3. Tt is based on compactness arguments applied to the sequence (¢, i, )r>o-

3. PROOF OF THEOREM 2.3

We first establish some estimates on the approximate solution ¢,. The very classical energy
estimate and some straightforward consequences are stated in Sections 3.1. In Section 3.2, we show
that the approximate solution remains bounded away from 0 and 1 if the thermal diffusion coeffi-
cients 6; are positive. Section 3.3 where the flow interchange technique initially introduced in [34]
is applied. The Euler-Lagrange equation are then obtained in Section 3.4 thanks to a linearization
technic inspired from the work of Maury et al. [36]. The convergence of the approximate solution
is finally established in Section 3.5.

3.1. Energy and distance estimate. Testing by ¢! in (23) yields

1
(29) E(c) + 2—W2(c”’,c"_1) < E(eh), Vn > 1.
T

Summing (29) over n, and using that £(¢) > £, > —oo for all ¢ € A, we obtain the square distance
estimate

1 2¢.n n—1 0
(30) T;W(c,c ) <2(E(”) = &) < Ho0.
This readily gives the approximate 1/2-Holder estimate
(31) W(c™, ™) < Cv/Ing — |7, Vnq,ng > 0.
Bearing in mind the definition (25) of the approximate solution ¢,, we get that
(32) W (e (t), e (s) < C\/t —s|+ 7, Vs, t > 0.
We also deduce from the energy estimate (29) that
(33) E(c") < &(Y) < 0.
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We deduce that
2

4 220 < = 0 U, 11 > 0.
(34) /Q|Vcl p< 2 6@+ Y MWl | <o, Va0

ie{1,2}

3.2. Positivity of the discrete solution in presence of thermal agitation. The formula (27)
suggests to give a proper sense to the quantity 6; log(c!"). This is the purpose of the following lemma,
which is an adaptation to our framework of [42, Lemma 8.6].

Lemma 3.1. Let ¢” be a minimizer of FI' as in (23). Assume that 0; > 0, then ¢ > 0 a.e. in Q.
Moreover, 6;log(c?) € L().

Proof. We define € = (¢1,¢2) the constant element of X N A given by

— 1 0
;= — [ dx > 0.
Ci |Q| /ch T >

Then given € € (0, 1), we introduce ¢ € X N A which is defined by
(35) i =¢€c;+ (1 =€)t = +€(c; —cf).
Note that ¢f > 0 everywhere in 2. By optimality of ¢”, the inequality
Etherm (€") = Etherm (€) < Epir(€?) — Epir(€™) + Echem (€°) — Echem(€”)
+ Eoxt(€F) — Eoxt (") + % (W3(cf, "1 = W3(c™, e )
holds for all € € (0,1). It follows from (35) that
Epir(c?) < Epir(c™),
that

gchcm(ce) S Echcm(cn) + 6/(él - C?)(l - 26?)d$ S gchcm(cn) + CG;
Q

and that

Eext (€°) = Eext (") + € Z (ci' —¢i, \I’i>H1A,(H1)’ < Eexi(c™) + Ce.
ie{1,2}

Moreover, the convexity of W? yields
W2(cs, ") <We" ") + e (WPe, e 1) = W™, e 1)) < WP(c™, e ) + Ce

Here and all along this proof, C' may depend on n but not e. Combining the above inequalities, we
obtain that

(36) Eunorm (") — Enem(c) = 3 0, / (H(c?) — H(cH))dm < Ce.

ie{1,2y ¢
Let i € {1,2} be such that 6; > 0, then denote by A = {& € Q|c’(x) > 0}. Then convexity of H
implies that

(37) H(cl) — H(c5) = (ef —c5)log(cs) = e(cl! —¢;)log(cs) a.e. in A.

3 K3

On the other hand, we remark that
(38) H(c(x)) — H(c;(x)) =1 — H(ec;) = —ec; log(ec;) + ecy, Vo € A°.

7 (3
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Integrating (37) over A and (38) over A° and using (36), we obtain that
(39) —¢;log(ec;)|AC| + /A(c? —¢;)log(cy) < C.
Since (¢! —¢;)log(c5) > (¢ —¢;)log(c;), one gets that

—¢; log(ec;)|A°| + /A(c? —¢;)log(e) < C.

We let € tend to 0 and get a contradiction unless |A¢| = 0. Thus we have proved that A = Q (up

to a negligible set). The function (¢ — ¢;)log(c§) is bounded from below by (¢! — ¢;) log(c;) that

belongs to L'(€2), then we can apply Fatou’s Lemma when ¢ — 0 and claim that

/(cf —¢;)log(cl)dx < lim inf/ (i — ;) log(cs)dxe < C.
Q Q

e—0

This latter inequality imposes that log(c?) belongs to L(£). O

3.3. Flow interchange and entropy estimate. In the next lemma, our goal is to get an improved
regularity estimate on ¢ by the mean of the flow interchange technique.

Lemma 3.2. There exists C' depending only on «,x, ¥;,c°, m;, T, such that

T
(40) / / |Ac,|?dzdt < C, VT > 0.
0 Q

Since € is convex, it implies
(41) lerllz2(o.r):m2(0)) < C.
Proof. Let ¢ (i € {1,2}) be the unique solution to

Oé; — A¢ =0 in Q x (0,00),
(42) Ve -n=0 on 99 x (0, 00),

(éi)ltzo =c} in Q.

Then it is easy to check that ¢i(-,t) + é2(-,t) = 1 and that [, & (e, t)dt = [, ¢} (z)dez, whereas
¢i(+,t) > 0 owing to the maximum principle. Therefore, & = (¢1,¢2) belongs to AN X and is an
admissible competitor in (23).

The heat equation (42) can be reinterpreted as the gradient flow of the Boltzmann entropy
H(c) = fQ clog(c)dx, which is displacement convex. Therefore, applying the Fvolution Variational
Inequality [1, Definition 4.5] centered at ¢!~ * to the flow yields

1d
S WD), e < (@) — HE ()
Dividing the previous inequality by 7m; and summing over 7 leads to
d (1 . o H(c ™) = H(@()
4 — | = t),c" < L t .
(13) i (gwiene )< ¥ AL s

ie{1,2}
The solution ¢; of (42) belongs to C>°((0,00); H*()) with & (x,t) > 0 if £ > 0, so the solution is
regular enough to justify the chain rules in the calculations below that give
d
—&
dt

(44) (é(t)) = ADir (t) + Achem(t) + Atherm (t) + Aext (t)
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In the above relation, the term Ap;,(¢) comes from the Dirichlet energy and writes

(45) Api(t dt2 / (Ve (t)Pda = —a/ A1 ()0 (¢ = —a/ |AG ()
The term Agpem comes from the chemical energy and writes
d
Aaen(®) = S0 [ 601 - e1(0)da
" Ja

= x/ (1 —2¢1(t))0¢¢1 (t)d = 2x/ (Ve (t)]2de.
Q Q
Since the Dirichlet energy is decreasing along the trajectories of the heat equation (42), we get that
(46) Achem (t) < QX/ Vel 2de < C
Q

thanks to (34). The term Atpherm coming from the thermal diffusion is non-positive. Indeed,

Aperm(t) = Y / H(e = ) 4 / log (&;(£))é; (t)da

= 2} ie{1,2}
Z 0; / log(¢;(t))Ac,(t) Z / Vlog(¢:(t)) - Ve, (t)de
ie{1,2} ie{1,2}

Since ¢;(t) is smooth on 9 and bounded away from 0, we can write that
(47) Apperm(t) = 4 3 6, / IV /&) 2d < 0.
ic{1,2y 79
The contributions Aeyt is related to the potential energy Eoy and writes
d
Aext(t) = — Z / \Ilzél(t)da: = / (\I/l — \Ilg)atél(t)dw
dt Q )
i€{1,2}
. QA 2 1 2
= [@ - w)aa(de < S1Ac O + 50 - Bl
Q o
It follows from (45) that
(48) Apir(t) + Aext(t) < —ZlAG1 (A7 + €, V>0,

Since € remains in X, there is no contribution coming from the constraint E.ons in (44). The
combination of (43)—(48) ensures that

(2 — H(a ()
&}' et /|A01 )|Pde < C 1+E{212} - , vt > 0.

The solution ¢; to (42) belongs to C([0,00); LP(£2)) (see for instance [13]), hence H(¢;(t)) tends to

H(cl) as t tends to 0. Since ¢” is a minimizer in (23), one has necessarily that

limsup d —F(e(t)) >0,
to+ di
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otherwise ¢&(t) for some small ¢ > 0 would be a better competitor than ¢ in (23). Therefore, we
obtain that

- H(cp ™) = H(E()

> 2 i )
liminf /Q|Acl B de<C |1+ E =

t—0+ .
i€{1,2}

Let (tg) ¢>1 C Ry be a sequence tending to 0 achieving the liminf in the previous inequality, then
the sequence (A¢1(t¢)),>; is bounded in L2(Q2). Since ¢ (t;) tends to ¢} in L?(€), we can identify
the limit as Act. The lower semi-continuity of the norm for the weak convergence yields

/|AC§L|2dw§hminf / |AG (t)2da.
Q t—0+ Q

As a consequence, we obtain that

n—1y n
/|Ac’f|2daz <o+ X G )ZHE) ) s
Q ic{1,2} T
Multiplying by 7 and summing over n € {17 RN {%1} for a finite time horizon T > 7 leads to

T
(49) / / |Ac,|?dzdt < C,
0o Ja

where we have used 0 < H(e) < C for all ¢ € X N A, and that |Ach| = |Ac}|. Thus ¢” solves a
Poisson equation with homogeneous Neumann boundary condition and L? right-hand side, hence
(41) holds (see for instance [31] for the case of a smooth 9 and to [26] in the non-smooth case). O

3.4. Euler Lagrange equations. The goal of this section is to characterize the minimizer c¢"
of (23). The first step consists in recovering the homogeneous Neumann boundary condition (11)
for the approximate solution c.

Lemma 3.3. Let ¢™ be a solution to (23), then

(50) Vel -n=0 on 09.

Proof. Let us first remark that the above property is trivial if ¢ = 0 or ¢ = 1, since in these cases,
one has ¢} =0 or ¢} =1 respectively. In what follows, we will assume that

1
(51) 0< @/Qc?dw <1.

Since d < 4, H?(f2) is embedded in C(Q). Hence there exists @, € 2, n > 0, and p > 0 such that
n<cf(x) <1—mnforal € Q such that | — x,,| < p. We assume without loss of generality that
Bg,,., C .

Let € € (0, p), then define the cut-off function

. +
Ve () = <1_dl5t(m’m)) . Voel

€
Let h € H'(Q) be such that 0 < ¢} + h < 1 a.e. in ©, then, for € smaller than some €y € (0,1), we
set
¢ =ct + hv+re
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where 7¢ € C2°(By,, ,—c) is such that

/ cide = / crdx = / Adz, 0<c <1, Ve € (0, €).
Q Q Q

Since 7€ is just there to fulfill the preservation of mass, we can assume that it has a constant sign,
so that
(52)

Il < 1090, Il < 10Q0e, e < Ce, [ Vrlze < Ce, el — el < 2000,

Denoting by ¢ = (¢§,1 — ¢§) € AN X, the optimality (23) of ¢™ implies that
1 1
(53) E(c) + > W2(c, e 1) > E(c™) + Q—WQ(C”, c"h, Ve € (0, €).
T T

Let (¢™,%™) be some Kantorovich potentials corresponding to the optimal transport between c”
and ¢"~! as in (26), then because of (21), one has

W2 (e e <2 Yy (/ cj@?dx—i—/c?_lzb?dy).
Q Q

1€{1,2}
Hence, subtracting (26) to the previous relation, one gets that
W2(cs e ) < WA ") +2 Y e = Al o] e o)-
ie{1,2}

Since © is bounded, ¢} is Lipschitz continuous and we can assume that [, pfde = 0, so that
[lpilloo < C. Therefore, using (52), we obtain that

(54) W2(c, e < W2 (e, ¢ ) 4 Ck, Ve € (0, €p).
Thanks to (52), one gets that
(55) gext (Ce) + gchem (ce) + gtherm (Ce) S gext (Cn) + gchem<cn) + gtherm(ce) + CE?

with ¢ — 0 as € — 0. Concerning the Dirichlet energy, we infer from (52) that
(56) Epir(c) < Epir(c™) + cv/ Vet - Vhvedx + a/ V¢t - Vvchdz + Ce.
Q Q
Since ¢} belongs to H2(Q) C W15(Q) (recall that d < 3), it follows from Hélder inequality that

(57) < HVC?HLﬁ(Q)”VhHL?(Q)HVeHLS(Q) < Cel?.

/ Vcl - Vhvedax

Q
Combining (54)—-(57) in (53) and letting € tend to 0 leads to
(58) Vel -nhdr = nn%/ Vel -Vuhde >0,  VYhe HY2(09)st. 0 < +h < 1.
o0 «=VJa
We have used above that V¢ admits a strong trace in H/2(Q)? on 99 since ¢} belongs to H?(Q).
Its normal component is characterized by

—ci(@ —en(@)) for a.e. x € 9N.

Vi (z) - n(x) = lim ci ()

e—0 €

This last relation implies that
(59a) Vel -n>0 onTW .={xedQ|cix)=

1},
(59b) Vel -n<0 onT® .={xecd|f(x)=0}
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The combination of (58) with (59) yields (50). O
The next step consists in getting a linearized version of the optimality condition on ¢”. Recall

6
that f(c) = log (ﬁ) :

Lemma 3.4. There exists a solution c" € ANX to (23) such that, denoting by ™ = (P, 4) the
corresponding (backward) Kantorovich potentials, and by

(60) Fr=PL 22 AL FE) Ex(1— 28+ 0 — Ty, V>,
T T

then the following linearized optimality condition is fulfilled:
(61) / F"c}dx < / F"cyde, Ve = (c1,c2) € A.
Q Q

Proof. The proof is directly inspired from [36, Lemma 3.1], see also [15, Lemma 3.2]. Assume

first that 0?71 > 0 almost everywhere in (2, so that the Kantorovich potentials ¢}, ¢} from ¢} to

a 1 are uniquely defined after normalizing ©i(@rer) = 0 for some arbitrary x.ef € 2. Let ¢ be an

arbitrary element of AN X, then we perturb ¢” into
(62) c=(1-¢€c" +ec, Ve € (0,1).

Clearly, c¢ belongs to AN X. Defining (¢5, 1¢) the Kantorovich potential from ¢ to c?_l, we infer
from (21) that

) = [ ded@ie+ [ v @i,
WA ) > 7%( )i (@ )d:c+/¢ vl (w)dy.

Subtracting the two above relations and using the definition (62) of c¢, one gets

3 (Weca) =W ) <e [ £ (a—a)ae
Hence, using ¢, c € X', one gets that
1 € €
(63) E (W2(Ce’cn—1) _ W2(cn7cn—1)) < EA (f_l — f_2> (Cl — CEL) dx.

On the other hand, the convexity of £pir and Eperm, the linearity of oy, and the concavity of Ecpem
yield

(64) /Q (E(c)—=&(c)) < e/QaVci -V(c; — f)dx + e/ﬂx(l —2c1)(ey — ef)dx
e/ f(e§)(er — )dx + e/ (U7 — ¥3) (1 — cf)de.
Q Q

Bearing in mind that ¢} is a minimizer, the combination of (63) with (64) leads to

0 < T =77 S/ (wl_% (e —c1>dw+/aVci~V<c1—c’f>dw
Q

€ T T Q

+/ x(1—=2c})(er — cP)de + | f(ci)(e1 — cf)de +/ (U — Uy) (¢1 — cf)de, Ve> 0.
Q Q Q
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We can consider the limit € — 0 in the right-hand side of the above expression. Bearing in mind the
definition (62) of c¢, it is clear that ¢§ converges in H'(f2) towards ¢} and that f(c§) converges in
LY (Q) towards f(c}), while ¢ converges uniformly towards ¢! (see for instance [42, Theorem 1.52]),
so that (61) holds thanks to Lemma 3.3.

Assume now that c?_l = 0 on some part of €2, then we first evolve ¢ on a small time § > 0
thanks to the flow (42), yields ¢" 19 = (¢} 1% ¢ 1%) € AN X with ¢ ° = ¢,(8) > 0 in €. This
allows to define

n—1

W?2(e,e"10)

Frie) = =—5°

+ &(e),

as well as
c™’ € argmin F™°
ce ANX
one of its minimizers. Define F™% by replacing in (60) ¢ by c?"s and ¢ by the Kantorovich
potential go?’é sending C?’5 to 0?71’6, then we get from the reasoning above that

(65) / F™(¢; — ) >0, Ve = (c1,62) € AN X.
Q

It results from Lemma 3.2 that —Ac}" is uniformly bounded in L2(Q) w.r.t. §, hence (c'f"s)g
>0

is sequentially relatively compact in H'(Q). Up to the extraction of a subsequence, ¢™° con-
verges strongly in H'(€2)2 towards ¢”, while f(c¢!*°) converges in L'(€) towards f(c}) and —Ac°
converges weakly to —Act. The Kantorovich potentials gof’é converge uniformly towards the Kan-
torovich potential 7 sending ¢ to ¢/~ ' (cf. [42, Theorem 1.52]). Since the solutions to (42) belong
to C(Ry; LY(Q)?), 0?71’6 tends to ¢! in L'(Q) as § tends to 0. Therefore, the functional F7+
I-converges towards F7 as ¢ tends to 0, thus the limit ¢” of ¢™? is a minimizer of F”. Passing to
the limit 6 — 0 in (65) provides that (61) holds even though ¢} vanishes on some parts of Q. O

Lemma 3.5. Let ¢” be a minimizer of (23) such that (61) holds, then there exists p™ = (U, u3) :
Q — R? such that

(66) pi = py = —aAcd + x(1 = 2¢7),
1o
(67) = . - U, —0;log(cl') dcl-a.e. inQ,
T
(68) / p'dxe =0, where T"=ctul +ciul.
Q

Moreover, we have the following uniform estimates w.r.t. T:
(69)  Mpirll 2 (o,m);Larca-n () < C, s — w272 @r) < C, H\/Ci,‘rvﬂi,THp(QT) <C.

Proof. Since (61) holds and since 0 < ¢} < 1, the bathtub principle [32, Theorem 1.14] implies the
existence of some ¢ € R such that

ne oy JO Af F () > 4, neon )1 A F () > 4,
(70) Cl(w)_{1 if F*(z) < ¢, CQ(m)_{o if F*(2) < 0.
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Up to a vertical shift of the Kantorovich potential ¢}, we can assume without loss of generality
that ¢ = 0. Define
p= 2w atos(e) + (), ad g =2y Gylog(eh) + (FT)_,

then (66) holds in view of (60). It follows from (49) that

(71) // ,U,l T T M2, 7-) dadt < C.

Moreover, it results from (70) that
(F")4+ =0 dcf-ae. inQ, (F")_ =0 dcy-ae. inQ,

so that (67) is fulfilled. Now, shifting vertically both Kantorovich potentials ¢ by the same
constant, we can assume without loss of generality that (68) holds. The definition of 7™ implies
that

Vit =Y @Vl + Ve (uf — )
i€{1,2}
vor
—— > (e ¥ Vw09 ) Ve - ).
ie{1,2}

Using the triangle inequality, Cauchy-Schwarz inequality, and 0 < ¢’ < 1, we get

1 1/2 1/2
Vi) < — </ c?) (/ |Vl 2dw>
IVE" L) < — | > ., A Vi

i€{1,2}
+ Z VWil + Vel ||L2(Q (|Q|1/2(91 +62) + ||t — N3||L2(Q)) :
i€{1,2}
Since ¢" € A, one has [, cPde = [, ¢)de. Thus it follows from (22), (30), (34) and (71) that
[+

(72) TIVE" 710y < C.
0

BRI

n

Bearing (68) in mind, we can use the Poincaré-Sobolev inequality and get that

(73) 172N 20,7500/ )y < C.
Since
pt =p"+eg(w —pg),  opy =+ (pg — ),
we deduce from (71) the desired L?((0,T); L%(?=1)(Q)) estimates on the phase potentials 7. Fi-
nally, the combination of the relations (67), (22) and (30) yield

I,

The following lemma is a first step towards the recovery of the weak formulation (28).
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Lemma 3.6. For any & € C?(Q), there holds
1
@) | [ = cda s s [ (@9 i+ 90 +09eD) - Vede] < GWECE D%

Proof. The optimal transport map
tl(x) =x —m; Vi (x), Vo € Q

sending ¢! to ¢! maps Q into itself because Q is convex. Therefore, since ¢/~ = tP#c? and

thanks to (67), one gets that
/ (cf —c ") gda + Tmi/ (Y (Ul + ;) +6,Vcl) - Vide
Q Q
= /Q (§(x) = £(t] (=) —miVE(x) - Vi (z)) ¢f (@) da
for all ¢ € C%(Q). The Taylor expansion of £ at point & provides

(] () — () + miVE(x) - V()| < %IIDQfSIIooIt?(w) —zf’,  Vweq,
so that

/ (e} — c?il)gdw + Tmi/ (AV (u + ;) 4+ 6;,Vcl) - Védx
Q Q

1 n n
< 5ID%€l [ 1t7(@) - 2l (e)d.
which is exactly the desired result. O

3.5. Convergence towards a weak solution. The goal of this section is to consider the limit
7 — 0. This requires some compactness on the approximate phase field ¢, and on the approximate
potential .. In what follows, A is equipped with the topology corresponding to the distance W.

Proposition 3.7. There ezist ¢ € C([0,T]; L*(Q)) N L2((0,T); H2(2)) N L>=((0,T); HY(Q)) with

c(t) € ANX for a.e. t €[0,T], and p € L*((0,T); L¥(@=1(Q)) such that, up to the extraction of
a subsequence, the following convergence properties hold:

(75a) Cisr ——7 i in the L>((0,T); H*(Q))-weak-x sense,

(75b) llci (1) —ci(-, D)l 2 I 0 forallt € [0,T],

(75¢) Cir =3 Ci in L2((0,T); Wh4(Q)),

(75d) Cir =3 Ci weakly in L*((0,T); H*(2)),

(75¢€) Hisr =% Hi for the weak topology of L*((0,T); L¥4~1(Q)),
(751) Ci-Vikir s iV weakly in L*(Qr).

Proof. All the convergence properties stated below occur up to the extraction of a subsequence when
7 tends to 0. We deduce from Estimate (34) that the family (¢,), - is bounded in L>((0, T); H*(12)).
Hence we can assume that ¢, tends to some c in the L°°((0,7); H'()))-weak-x sense. Moreover,
since 0 < ¢; » <1, we also have that 0 < ¢; <1 a.e. in Q7. We also infer from Estimate (41) that
¢, converges weakly in L2((0,7); H%(Q)) towards c.
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As a consequence of the L* bound on ¢; - and of the Benamou-Brenier formula, we get that
1eD — ey < miiWi(Cz('l)’C('Q))’ vel®, o e A,
(see more precisely [42, Lemma 3.4]). Therefore, we infer from (32) that
leir(t) = cir($)|mry <CVIE—s|+7, Vs, t€0,T).
Let At > 0 and let ¢ € [0,T — At], then
lleir(t+ At) = cir (Ol 120 = lleir (t + At) = cir (O m leir (t+ AL) — i (D)l ary < CVAL+T.

Bearing in mind the L*°((0,7); H'(Q2)) estimate on ¢; ,, we can apply a refined version of the
Arzela-Ascoli theorem [2, Prop. 3.3.1] to obtain that ¢; € C([0, T]; L?(2)) and that

¢ir(t) — ci(t) in L3(Q) for all t € [0, 7).
T—

Together with the estimate 0 < ¢; » < 1, we deduce that ¢ € C([0,T]; LP(2))? and that
e ¢ in LP(Qr)?, Vp € [1,+00).
T—

This implies in particular some strong convergence in L?(Q7), which can be combined with the
weak convergence in L2((0,T); H?(Q2)) thanks to interpolation arguments to derive some strong
convergence in L2((0,T); H*(£2)) for any s < 2. The continuous embedding of H*(f2) into W4(Q)
when s > 1+ max(0, 452) (see for instance [20, Theorem 6.7]) ensures that

(76) cr —e in L2((0,7); Wh4(Q))2,

Let us switch to the phase potentials p. Thanks to Lemma 3.5, we have (uniform w.r.t. )
L2((0,7); L¥(@=1(Q)) estimates on j; .. Hence there exists p in L?((0,T); L% (4=1(Q))? such
that

(77) P ——7 M weakly in L2((0,T); L¥ @~ (Q)).

T—
In Lemma 3.5, we also established a (uniform w.r.t. 7) L?(Qr)? estimate on (‘/ci,TVui,T)TW.
Since 0 < ¢;, < 1, it implies a uniform L?(Q7)? estimate on (cirVitiz), <o Therefore, there
exists 9; € L?(Qr)? such that ¢i,+ Vi r converges weakly in L?(Qr)? to ¥; as 7 tends to 0. It
remains to show that 9¥; = ¢; V ;. First, the distributions ¢; and Vu; can be multiplied since ¢;

belongs to L2((0,T); Wh4(Q)) and V; belongs to L((0,T); W—14/(d=1)(Q)). Moreover, for all
¢ € C(Q7)?, one has

// ¢ Vs - pladt = — // pir (Ve &t 2V - ) dadl.
T Qr

Thanks to (76) and (77), we can pass in the limit in the right-hand side of the above expression.
This leads to

// Cir Vi - pdadt - // wi (Vei-p+¢,V-@)dedt = (¢;Vu, , ¢)pp.
Qr T T

As a consequence, 9; = ¢;V; in the distributional sense, thus also in L?(Qr).
Since ¢, (t) converges in L?(2)? towards c(t) for all ¢ € [0, 1], there holds

/ ¢i(t)de = / Ade, c1(z,t) + co(x,t) =1 forallt € [0,T].
Q Q
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Moreover, since ¢(t) belongs to H(2) for a.e. t € (0,T), c(t) belongs to AN X for a.e. t € (0,T).
This concludes the proof of Proposition 3.7. O

We have all the necessary convergence properties to pass to the limit 7 — 0 and to identify the
limit (e, ) exhibited in Proposition 3.7 as a weak solution in the sense of Definition 2.2.

Proposition 3.8. Let (¢, ) be as in Proposition 3.7, then (¢, p) is a weak solution to the prob-
lem (14), (15)—(16) in the sense of Definition 2.2.

Proof. Since ¢; » and p; , tend weakly in L2((0,T); H*(Q)) and L2((0,T); LY 4=1(Q)) towards ¢;
and pu; respectively, we can pass to the limit in (66). Moreover, one can also pass to the limit in
the relation 0 = V¢; ; - n established in Lemma 3.3, leading to Ve; - = 0 on 09.

It only remains to recover the weak formulation (28). Let ¢1,t2 € [0,7] with t2 > ¢;, then
summing (74) over n € {{%ﬂ +1,..., [%]} yields

/(CiT(tQ) _Ci'r(tl))gdw""mi/'—?—h/ (cis V (pir +¥;) +0;Ve; 7) - VEdadt
Q ' [w]r Ja ' '

[2]
1
<SID%e 3D W) <O,
w12
the last inequality being the consequence of the squared distance estimate (30). We can pass to the

limit 7 — 0 in the above relation thanks to Proposition 3.7.
|

We have finally proved Theorem 2.3 that is a combination of Propositions 3.7 and 3.8.
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