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A norm for signed measures, with application to non local transport
equation with source term

Benedetto Piccoli * Francesco Rossi | Magali Tournus *

Abstract

We provide a norm on the space of signed Radon measures with finite mass, based on the
generalized Wasserstein distance for measures with different masses. We describe converging
sequences for this norm, that might be neither uniformly bounded nor uniformly tight.

This norm enables us to obtain existence and uniqueness for solutions to non-local and non-
linear transport equations with source terms, when the initial condition is a signed measure. It
can be found as the limit of a convergent scheme.

Key-words. Wasserstein distance, Transport equation, Signed measures.

AMS subject classifications. 28A33, 35A01.

1 Introduction

The goal of the paper is to provide a framework to guarantee the well-posedness of the non local
transport equation with source term,

Oppre () + div (v[pe] () pe () = hluel (), pye=o(@) = po(2), (1)

for x € R and pg € M*(RY), where M*(R%) is the space of signed Radon measures with finite
mass on R%. Equation has already been studied in the framework of positive measures where it
has natural interpretations such that the evolution of a crowd density. The motivation for studying
equation in the framework of signed measure is the interpretation of u; as the spatial derivative
of the entropy solution p(z,t) to a scalar conservation law. A link between scalar conservation
laws and non local transport equation has been initiated [2], but until now, studies are restricted
to convex fluxes and a monotonous initial conditions, so that the spatial derivative u; is a positive
measure for all ¢ > 0 with a preserved mass.

1.1 A family of generalized Wasserstein norms

The first main content of this paper is the definition of the norm ||.||*® on M?*(R?) where a and
b are any positive real numbers, (Definition [5)) and the statement of the topological properties of
(ME(RD), [[.[|**) in Theorems and . The usual Wasserstein distance W), (1, v) was defined between
two measures p and v of same mass |u| = |v|, see more details in [I1]. A transference plan between
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two measures of same mass p and v is a probability measure 7 € P(R? R?) which satisfies for all

A, B € B(R%)

A
r(A xR = PA) gy o
|l
We denote by II(u, v) the set of transference plans between p and v. The p-Wasserstein distance

for positive Radon measures of same mass is defined as

v(B)

vl

1

1 . P

Wyt = ul? (_amin [ o= yPan(an)
Rd x R4

mell(p,v)

It was extended to positive measures having possibly different mass in [10], where the authors
introduce the distance W' * on the space M(R?) of Radon measures with finite mass.

Definition 1 (Generalized Wasserstein distance [9]). Let p,v be two positive measures in M(R?).
The generalized Wasserstein distance between p and v is given by

1/p

inf  a?(|pu—fi — B|)? + PWE (fi, 7 : 2
E%(Rd)a(!u fl+ v = o))P + "W (i, v) (2)

[al=I7]

ab __
Wy =

Hy

A part of the mass i < p is transported onto a mass v < v with a weight b, the rest being
canceled with a weight a. Notice that for a/b = a' /¥ the distance W = b/’ W2 "', Notice that the
infimum in is always attained, moreover at least one minimizer satisfies the additional constraint
i < u,v < wv. Alternative distances on the space of positive measures were introduced at the same
period (see [4] [6], [7]).

The authors of [I] suggested to extend the usual Wasserstein distance Wj to the couples of
signed measures p = u* — =~ and v = v — v~ such that |uT| + |v7| = |u~| + |vT]| by the formula
Wi (u,v) = Wy (ut + v, u~ +vT). This procedure fails for p # 1, since triangular inequality is lost
(see counter-example in [I]). We use the same trick to turn the generalized Wasserstein distance
into a distance for signed measure and define W‘f’b(u, v) as Wla7b(/,t+ +v~,u~ +vT). The space of
signed measures being a vectorial space, we also define a norm ||||%* = W®®(1,0). Notice that to
define the norm ||.||*®, we need to restrict ourselves to Radon measures with finite mass, since the
generalized Wasserstein distance [9] is not defined for Radon measures with infinite mass.

1.2 A framework for the transport equation for signed measures

The second main content of the present paper is the well-posedness of the transport equation .
The regularity assumptions made in this paper on the velocity field and on the source term are the
following
H-1 There exists K such that for all u,v € M*(R%) it holds

[olu] = vV]lleoray < Kllp — v]|*?. (3)
H-2 There exist L, M such that for all z,y € R, for all u € M*(R?) it holds

[olpl(x) = vlpl()| < Llx =yl |olpl(@)] < M. (4)



H-3 There exist Q, P, R such that for all 4 € M*(R?) it holds

Ihlu] = A1 < Qllu—v|**,  |alull < P, supp(hlu]) C Bo(R). ()

We emphasize that the assumptions and are incompatible with a direct interpre-
tation of the solution of as the spatial derivative of a conservation law and need to be relaxed
in a future work. Indeed, to draw a parallel between conservation laws and non-local equations,
discontinuous velocity fields need to be considered.

Throughout the paper, B(RY) is the space of Borelian sets on R?, M(R?) is the space of Radon
measures (i.e. Borel regular, positive, and finite on every compact set), MS(Rd) is the space of
signed Radon measures, i.e. measures y that can be written as u = py — p_ with py, p_ € M(R?).
For i € M*(R?), we define |u| = |uf|+ |u” | where (uf, u”) is the unique Jordan decomposition of
73

In Section [2| we state and prove preliminary results which are needed for the rest of the paper.
In Section [3] we define the generalized Wasserstein distance for signed measures, we show that it
can be used to define a norm, and prove some topological properties. Section [4] is devoted to the
use of the norm defined here to guarantee existence, uniqueness, and stability to initial condition
for the transport equation .

2 Preliminary results

In this section, we introduce the notations and state preliminary results.

2.1 Recall on measure theory
In this section, y and v are in M(R%).
Definition 2. We say that
o u<<vifVA€ B(R?), (v(A) =0) = (u(A) =0)
e 1 <vifVA € B(R?), u(A) <v(A)
e 11 L v if there exists E € B(R?) such that VA € B(R?), u(A) = u(ANE) and v(A) = v(ANE®)
The concept of largest common mass between measures is now recalled.

Lemma 1. We consider i and v two measures in M(R?). Then, there exists a unique measure
© A v which satisfies

pAv<p, pAv<v, M<pandn<v)=n<pAv. (6)

We refer to u A v as the largest common mass to p and v. Moreover, denoting by f the Radon
Nikodym derivative of p with respect to v, i.e. the unique measurable function f such that p =
fv4+vy, withv, 1 v, we have

pwAv=min{f,1}v. (7)

Proof. The uniqueness is clear using @ Existence is given by formula @ as follows. First, it is
obvious that min{f,1}v < v and using u = fv + v, it is also clear that min{f, 1}v < u. Let us
now assume by contradiction the existence of a measure  and of A € B(R?) such that

n<u m<v n(d)> /A min{ f(z), 1}du(z). (8)
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Since v, L v, there exists E € B(R?) such that VA € B(RY), v(A) = v(ANE) and v, (A) =
v (AN E°). Since n < v, we have

n(ANE)=n(A) > / min{ f(z), 1}dv(z).

ANE
We define
B={zxe€ ANE, f(x)>1}.
Then

n(B)+n((ANE)\B)=n(ANE) > /Bmin{f(x), 1}dv(x) + /(AmE)\B min{ f(z),1}dv(z)

=v(B)+u((ANE)\ B) —v. ((ANE)\ B)
=v(B) +u((ANE)\ B)

which contradicts the fact that < v and 5 < p. This implies that 7 satisfying does not exist,
and then holds. O

Lemma 2. We consider u and v two measures in M(R?). The following properties hold.
1. plvesunr=0
2. (w—pAv)L(v—pAv)
3. n<pu+vimpliesn— (uAn) <v
4. w<nandv <nimplies p+v— (uAv)<n.

Proof. 1. If u L v, then the unique Radon Nikodym decomposition gives f =0, v a.e. and u = v,
and thus using , u A v =0. Conversely, if u A v =0, then, using again , min{ f, 1}r = 0, thus
the Radon decomposition gives y = fv +v; = v, with v, 1 v, which implies p 1 v.

2. We write p = fv+ v, with v, L v. Then, p — (u Av) = v; + max{0, f — 1}r and
p— (pAv)=max{0,1 — flv. We pick F such that v, (4) = v, (AN E) and v(A) = v(ANE).
Considering F' = {z € E|f(x) < 1}, it is easy to check that (u— (uAv))(A) = (u— (uAV))(ANF°)
and (v — (LA V))(A) = (v —(uAv))(ANF), and the result holds.

3. We write u = fn+mn,, with n; L n. Then n A p = min{f, 1}n, and we can write n(A4) —
(A w)(A) = [, (1 - min{f(x),l})dn(x). Defining B = {z € A|f(z) < 1}, and E such that
n(ANE)=mn(A) and n, (AN E°) =n,(A), we have

n(A) = Ap)(A) = /BQE(l — f(@))dn(z) =n(BNE)+n(BNE)—u(BNE) <v(BNE) <v(A).

4. We write p A v = min{f,1}r, with p = frv +v;. Then w = p+v — (puAv) = fv+
vy — min{f,1}v 4+ v, which is w(4) = [, (1 + f(z) — min{f(x), 1}>dy(:c) + v, (A). Defining
B ={z € A|f(x) <1}, and E such that v(ANE) =v(A) and v, (AN E¢) = v, (A), we have

w(A) =v(B) + / f(x)dv(z) + v (A) =v(B)+ u(ANB°) —v (AN B°) + v (A)
ANBe¢
= v(B) + u(AN BY) + v, (B)
and then, since v < nand v} < p <7,

w(A)=v(BNE)+u(ANB) +v, (BNE) <n(BNE)+n(AN B +n(BnNE°) =n(A).



To end this section, we recall the definition of tightness for a sequence of M*(R?).

Definition 3. A sequence (jtn)nen of measures of M(R?) is tight if for all e > 0, there is a compact
set K C R such that for alln > 0, u,(R*\ K) < . A sequence (pin)nen of signed measures of
M?(R?) is tight if the sequences (i ) nen and (u; )nen given by the Jordan decomposition are both
tight.

2.2 Properties of the generalized Wasserstein distance

In this section, we recall key properties of the generalized Wasserstein distance.

Lemma 3. Let pi,v be two measures of M(R?) of same mass. Givenn € M(R?) a measure of finite
mass, there exists a transference plan w realizing the 1-Wasserstein distance Wi (p +n,v +n) such
that n is the image of n under m, i.e. ™ can be decomposed as ™ = m + wo with w1 € (u,v) and
mo € II(n,n) and the restriction of m to my € II(n, n) is supported on the diagonal {x = y}.

Proof. First, writing ¢ = |u|g and v = |u|v, the Kantorovich-Rubinstein duality gives us the
equality

Wil ) = W2 1.) =l sup [ p@d(a-)@) = swp [ o=@
llellLip<1JR4 llellLip<1JRd

= sup /w(x)d(wrn—v—n)(m)=W1(u+n,V+n)-
el Lip<1 /R

Let us now denote by 7 € II(u, v) one optimal plan realizing Wi (p, ). We claim here that there is
a plan 7 € II(u + n, v + n) such that n is the image of n under 7 and such that the restriction of =
to «' € Il(n,n) is supported on the diagonal {z = y}, 7™ being given by the formula

_ n(A)n(B)
-

il (|ul7 + (Id, Id)#n),  where ((Id,1d)#n)(A x B)

Then we have
u+77|/ |z — yldr(z,y) =/ |z —yldm(z,y) = Wi(p,v) = Wi(p+n,v +1n),
R x R4 R xRd

and thus the plan 7 realizes the distance Wi (u +n,v + 7). O

We notice that Lemma (3| is only valid for p = 1 and is trivially false for p # 1 since W, (d¢ +
1 1
61,01+ 62) =27 (3|1 = 0P + 3|2 — 1|P) = 2» < 2 = W,(J0, 62).

Lemma 4 (Properties of the generalized Wasserstein distance). Let u,v,n, u1, o, v1,v2 be some
positive measures with finite mass on RE. The following properties hold

1. WEP (i + pay v+ v2) < WP (pn, 1) + Wil (u2, 19).

,b b
2. W (p+n,v+n) =W (u,v),



Proof. The first property is taken from [9] Proposition 11. We only prove the second property. The
first inequality is clear,

Wi (u+n,v+n) = min {a(|p+n—mpu|+ [v+n—my]) + Wi (my,m,)}
muéuin
mySv-rnmn

<minfa(jpt+n=(@E+ml+ytn—@+n)+0WlE+nr+0)} )
A<p

v<v

= min{a (s = il + v = 7)) + OW1(3,2)} = W ().

v<v

To prove the reverse inequality, we need to check that the minimum realizing W' ’b(,u +n,v+n)
can be attained for some gt >n, v > 1.
Step 1. As a first step, we notice that we can assume that u L v. Indeed, if the result holds
for u, v satisfying p 1 v, then, for any u, v positive measures,
Wi, v) < Wi(n—pAv,v —pAv)  using (9)
= Wl‘l’b(u—u/\V+,u/\u+n,y—u/\y+,u/\y+n) using LemmaQ,
= WP+, v+ ).
From now on, we assume p | v.
Step 2. We choose two minimizers m,, and m,, satisfying Wf’b(,u, v)=a(|p—mu|l+ v —my|)+
bWi(my, my). We decompose here m,, and m,, as
my = U+ Ny + Ne, (10)
my =V + My + Ne,
with
B<p, VSV, Nut iyt e <,

defined above, see Figure [I] This decomposition may not be unique, but there exists at least one
that we exhibit. We first define

By construction, it holds fi < p and ¥ < v. Then, calling i := m, — i and U :=m, — v, we set

~

Ne =[NV, Ny = =T, =701
We have m, < p+n and then i = m, —m, A p < n using Lemma 3, and samely, 7 < 7. As a
consequence,
77u+77u+77c=ﬂ+19—ﬂ/\ﬁé77
using Lemma [2J4. Finally, we check that
ft+ne+nu=myAp+aANv+p—pANo=myAp+my—my Ap=my, and U +n.+n, = m,.
Step 3. Using decomposition , we write

,b _ — _ _
Wi (u+n,v+n) = a(lp— il + =1 — nel + v — ol + |n = — ne]) +OWL(B4n, 410, 7+10+1c)

We denote by 7 the optimal plan realizing Wi(a + 1y + 1, 7 + 1, + 1.). Using Lemma (3| we
can assume that 7 sends 7. to 7.. The mass [ is then split by 7 into two pieces. Let us denote by



um e

I

TNe

v

v n

Figure 1: Representation of the measures u, v and 7 in the simple case where their supports do not

overlap.

p* < [ the mass which is sent to v, the remainder ( — p*) being sent on 7,. Let us also denote by
v* the image of y* under 7. We have then

W= e = e <l B =+ el = 7 = v+ ], and thus - [7 = 0" < |n,[. (11)
We claim now that the minimum realizing W' ’b(u +n,v +n) is also attained for
W=p+n V=v+n.
Indeed, we have
= p |+ v =v = lp—al+ p—p' [+ v =]+ 7 =7

<l|p—pl+nl+v—vl+ |77H|7 using
<lp—pl+n—ne—nul + v =+ In—ne —nyl,
and
Wi(e" +n,v" +n) < Wi(p®,v*) < Wi+ 0y + e, 7 + 1y + 1),

since the optimal plan = € II( + 1, + 7e, 7 + My + 1) , can be restricted to © € II(u*,v*) (by
definition of p* and v*). Then, we can assume that the minimum realizing Wy’ P+ n,v+ 1) is
attained for m, >, m, > 7, and the inequality in @ in an equality. ]

Notice that this property is not verified for p # 1: the results only holds true for p = 1 because
the cost ¢(z,y) = |z — y| is a metric (see [11], Corollary 1.16).



3 Generalized Wasserstein norm for signed measures

In this section, we define the generalized Wasserstein distance for signed measures and prove some
of its properties. The idea is to follow what was already done in [I] for generalizing the classical
Wasserstein distance.

Definition 4 (Generalized Wasserstein distance extended to signed measures). For u, v two signed
measures with finite mass over R, we define

7b 7b
Wfll (H’V):Wla (M++V—>/~L—+V+)7
where piy, pu_, vy and v_ are any measures in M(RY) such that = py —p_ and v =v, —v_.

Proposition 1. The operator Wcll’b is a distance on the space M*(R?) of signed measures with finite
mass on RY.

Proof. First, we point out that the definition does not depend on the decomposition. Indeed, if

we consider two distinct decompositions, p = py — p— = ui —pl,andv=v, —v_ = l/i —v_7,

with the second one being the Jordan decomposition, then we have (uy + v_) — (uf +v/) =
(p +vy) — (ul + I/J{), and this is a positive measure since py > ,u‘fr and vy > 1/:{. The first
property of Lemma |4/ then gives us Wf’b(ui +vlopwd + ) = Wla’b(ui +vd + (py +vo) — (p] +
v ) ud v+ (e +vg) — () +vl) = Wiy + oo e + o).

We now prove that W‘f’b(u, v) = 0 implies yu = v. We saw that we can assume that we use the
Jordan decomposition. Since W' bis a distance, we obtain p4+ + v— = p— + v4. The orthogonality
of uy and p— and of vy and v_ implies that py = v4 and gy = v_, and thus p = v.

We now prove the triangle inequality. We have W‘f’b(u,n) = I/Vla’b(/ur +n—, — + n4). Using
Lemma [t] we have W§™(s1,m) = Wi (s + 1= + v+ vy e g v o) < WP (g + v e +
v) + WP (- + vy, ny +v_) which is WP (1, 1) + WP (1, 7). O

As a particular case, for any x,y € R? it holds W‘f’b((sm, —0y) = 2a.
We also state the following lemma about adding and removing masses.

Lemma 5. Let u,v,n, i1, 2, v1, V2 in M*(R?) with finite mass on R?. The following properties
hold

b b
o W' (u+n,v+mn) =W (u,v),
o WP (1 + pio, o1 +v2) < WP (g, 1) + W (2, o).

Proof. The proof is direct. For the first item, it holds W (i +n,v + 1) = W (uy + vy + 1y +
N pi +ve g +no) which is Wi (g + vy, pe +vo) = WP (u,v),

For the second item, it holds W‘ll’b(,ul + o, vy +1o) = Wla’b(,ul,Jr +pg g+ —ve vy +ro g+
p1,— +p2 ) < Wf’b(M1,+ ‘v vg o)+ W{z’b(u2,+ +va,_,ve 4 + po,—) which is W‘f’b(ul, V1) +
WP (g, ). O

Definition 5. For u € M*(R?%) and a >0, b> 0, we define

b b
%P = WS (1, 0) = Wi (pge, pi),

where iy and p_ are any measures of M(R®) such that p = py — ji_.



Proposition 2. The space of signed measures (M?*(R?), ||.|*?) is a normed vector space.

Proof. First, we notice that ||u||*® = 0 implies that Wla’b(,u,,u,) = 0, which is gy = p— so that
p = py — p— = 0. For triangular inequality, we write that for p,v,n € M*(R?), ||u + n||** =
W(f’b(,u +n,0) < W‘f’b(u,O) + W(f’b(n, 0) using the second property of Lemma |5, and this is equal
+ |In]|*®.  Homogeneity is obtained by writing for A > 0, = WOP(Ap,0) =
WAy, M) where 1 = puy — p_. We denote by fiy,fi_ the minimum realizing W’ (uy, p_),
which is Wf’b(MJmM—) = C(ﬁ+7ﬁ—) =a (|,u+ - /]+| + ‘:u— - /]—D + le(llj"l_’/j_)’ then, one mini-
mum realizing Wf’b(/\u+,)\u_) for A > 0 is A\fiq, A\i— so that Wf’b(/\ﬂ+,)\u_) = O\(May, Ni—) =
a (A — Ao | + [ Ap— — Aa—|) + bWi (Mg, Ai—). This comes from the fact that for all positive
Radon measures j1, v, we have AC(u, v) = Cx(Ap, Av). Then WAy, Ap_) = AW (uy, ) =
AWS® (11, 0) = A2, O

to

3.1 Topological properties
Proposition 3. For a >0, b > 0, the norm ||.||*? is equivalent to ||.|[*.
Proof. For pi € M*(R?) denote by (m ym ) the positive measures such that

’ab ab)

,b
Il = alps — m2¥] + alp_ —m™] + bV (2, m

By definition of the minimzers, we have

ab — alps — mi’b| +alp_ — a’b| + le(mi’b, “76)
bl
L) 4 bW (T m) < masa, B} ],

1,1
< aljus — m

and in the same way, we obtain

O]

We give now, as it was done in [I0], an equivalent of the Rubinstein-Kantorovich duality for the
new distance. We denote by C? (Rd; R) the set of continuous functions on R¢ with compact support.
For f € C?(R%R), we define

1 llzip = sup L& =S W
T ety vl

We introduce .
CS’L”D ={f¢ CS(Rd; R) | [|fllzip < oo}

In the next proposition, we prove the identity between W‘f’b and the flat metric extended to signed
measures.

Proposition 4 (The flat metric). The signed generalized Wasserstein distance W‘f’b coincides with
the flat metric in the sense that for u, v in M*(R%),

b |
Wi, = s [ o =) € O ol < 1 ol < 1



Proof. The proof comes directly from the equivalent property for I/Vl1 1 given in [10]. We have

WP () = Wi (g + v vg + o)

= sup{/ (s — p— = (v = v2)); 9 € PP, flolloe < 1, llollLip < 13

= s [ | dln =) 9 € O, ol < 1 lolip < 1)
[
Proposition 5. For p,, u € M*(R%), we have
o —ull* 5 0 = Ve CURY, [ v, o [ i
n—r00 Rd n—00 JRpd
Proof. The proof comes directly from Proposition [4 O

The converse statement is not true, take for instance p, = ;.

We emphasize that a sequence p, of M?*(R) which satisfies ||z ||*"

— 0 is not necessarily
. . . . . nﬁm
tight, and its mass is not necessarily bounded. For instance, we have

fn=md1 —nd_1

n? T nZ

2bn
|t = —5 for n sufficiently large (depending on a and b, it may be less expensive to
n

satisfies |||
cancel the mass than to transport it), so that ||y |*" = 0 whereas |u,| = 2n is not bounded.
n—oo
The sequence
Up =0p — 9, 41

is not tight, whereas it satisfies for n sufficiently large |[v,[|** =2 — 0.
n—oo

Proposition 6. Assume that ||p,||*®* — 0, then Am,, = |ut| — |pu;| — 0.
n—oo n

—00

Proof. We have by definition ||z, ||** = WP (ut, u). We denote by i, i, the minimizers realizing
the distance Wy" ®(u, 1), We have

Il = a (|} — BF 1+ |pn — By ) +0Wa (50, By ), S = | |-

’a,b

Since || pn — 0, each of the three terms is going to zero as well. Thus,
n—oo

et | = ||| = it = mh + mh | = 1, — B + iy ||

= ||t — |+ |Es | =y — i | = | 1|
=l = fin | = gy = A 1| — 0.

Theorem 1. The two following statements are equivalent:

. _ a,b
(@) M = pl*” = 0.

10



(ii) There exists 2\, z7, mi, m; € M(R?)
b4 -
Wi (e, ) = 0,
+ _ .+ + abe o+ +
= m sy ) 2 0
P = Zp + My, Wb (my u™) — 0,

n—o0

{m}}, and {m, }, are tight and bounded in mass,

where = ut — p~ is the Jordan decomposition, and j, = " — u, is any decomposition.

Proof. We start by proving (i) = (ii). We have ||, — u||*® = W‘f’b(un,u) = Wf’b(uf{ +u, ey, +
pt) = — 0. Let us denote by a, < (uf + p~) and b, < (u,, + p) the minimizers realizing

n—00 -
Wf’b(/ﬁ{ + w4+ pt). We call 1, the transference plan from a,, to by,.
Step 1. The removed mass. We define by a;} and b;, the largest transported mass which is
respectively below p,b and

ay = py ANan, by =y Aby,
a, =ap —a,, bl =b,—b,.

The mass which is removed is then r,, = rf + 7, = (u}t —a))+ (= —ay,) and 7 = ry” + et =
(e, —by,) + (uT —b}). The removed mass r, and 7} are expressed here as the sum of two positive
measures. Indeed, it is clear by definition that af < ', and since a, < p} + p~, Lemma
3 gives that a, = a, — ap A b < p~. We reason the same way for r%. Then, we have
Wt 4 1™,y + ) = a (i — at | + |~ — ag |+ |uy — by |+ [ = bt]) + bW (an, by). Since
wy ’b(/ﬁ{ + p”, 1, + put) goes to zero, each of the five terms of the above decomposition goes to
zero, and in particular, |u — a;| = 0 and |, — by, | T 0 which implies that that

n
n—oo n—oo

Wit = at,00 = 0, Wil(u, —b,,0) = 0. (12)

Step 2. The transported mass. The mass a, is split into two pieces: v, is sent to u,,, and
&, is sent to ut. Denote by a,l the image of a,} under m,,, then we define v} = a,;’ A u,,. We denote
by vy, the image of v}; under m,. Then, we define &, such that a;f = v, + &,, and we denote by &
the image of &, under m,. By definition, we have

Wl(am bn) =W (Vna V:L) + Wl(fna 5;) + Wl(wna w;) + W (am a:)a (13)

with a) = vy, + &, w}; is defined so that b, = v} +w},, wy, is the image of w}, under m,, oy, is defined
so that 4~ = wy, + ay, o is the image of o, under m,, and it can be checked that pu* = & + .
Since W1 (ap,b,) — 0, each of the four term of the sum is going to zero.
n—oo
Step 3. Conclusion.

Let us write

Zy = Un+(py —an), Zy =ty — b)), my =8, my, = wy

We show here that the sequences defined hereinabove satisfy the conditions stated in (ii). First, we

have zF + m} = v + (u}h —a}) + &, = pt and similarly, 2z, +m,, = v} + (u, —b,,) +wi = p,, .

11



Then, we have

Wi (2t 20) = Wi (v + (e — ) v + (= b))
< Wf’b(’/m vy) + Wla’b(un — an i, —b,) using Lemma@
< Wilvn,vp) + Wf’b(ui —a;f,0) + W0, iy — b))

o 0, using ) and .

Here, we also used that for |u| = |v|, W"(u,v) < Wi(p,v). This is trivial with the definition of
wy * Now, we also have

W?b(mrf,/ﬁ) = Wla’b(gna/fr) < W1a7b(§n7£:;,) + Wf’b(ﬁz, br) + Wy b(bn ,1uT)  (triangular inequality)
= Wf’b(ﬁméﬁ) + Wf’b(az, 0) + Wla’b(lu _ bt 0)

n?

since a + &% = b, We know that W*°(&,, &) < Wi (&, &) —_ 0 using (T3), and that Wb (ut —
n—oo

b,0) — Ousing (12). Let us explain now why Wf’b(a:, 0) — 0. Werecall that Wi (ap,a)) —
n—oo n— oo

n—o0

0, an < a, <p, o <bl <u'. Since (o) is uniformly bounded in mass, then there exists a €

M(R?) such that Qpm) — a (weak compactness of uniformly bounded in mass Radon measures,
n—oo

see [5]). We have also that (a., ))n is tight, since a,(,) < p~ which has a finite mass. Using Theorem

13 of [8], we deduce that W{"*(« Qp(n) > ) = 0 Then, Wi**(a Oy @) < Wb (o %) Qp(n)) T

Wf’b(aw(n),a) < W5 Qp(n)) + Wf’b(aw(n),a) —_ 0. Then, using again Theorem 13 of 18],
we deduce that o —
0(n) pooo

a < ut. Since u= L uT, we have o = 0. We have Wla’b(oz

a Since ay, < p~, we have a < p~. Likewise, o < ™ implies

b
o(n)> 0) n—_>>oo 0 and W{l (a¢(n),0) njoo 0.
The sequence (o), is such that every of its subsequence has a converging subsequence going to
zero. Thus, we have that the whole sequence is converging to zero, i.e. W;" (an, 0) iy 0 and
n—oo
Wf’b(a;,()) = 0. Lastly, the tightness of (m;),, and (m,,), is given again by Theorem 13 of [§],
n oo
since Wl‘l’b(mf,ui) — 0.

n—oo
We prove now that (i) = (i). Let us assume (ii). We have

b S b _ _
it = | = WP+ 7y + ) = WP (5 +myy 2, +my, + )

< WPt 20) + Wi (mt, 1t + WP (u™ my)

— 0,
n—0o0

which is (i). O

The space (M(R?), W?) is a Banach space. The proof is based on the fact that a Cauchy
sequence of positive measures is both uniformly bounded in mass and tight. This is not true
anymore for a Cauchy sequence of signed measures.

Remark 1. Observe that (M?*(R%),|.||%*) is not a Banach space. Indeed, take the sequence

i = Zn: (%; ~61 )

. 2°
=1

12
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+ - — +
oy 1 fn 7

Figure 2: Illustration of the decomposition introduced in the proof of Theorem [I} This picture is

only a help for visualization, the shape of the measures represented here may be more complex.

It is a Cauchy sequence in (M*(R%),].]|*?), since it holds

) n+k 400 1
WS (tims k) <26 5 <2 dooo— o

2 n—oo
1=n-+1 i=n-+1

However, such sequence does not converge in (M*(R%), ||.|%?). As seen in Proposition @ the
convergence for the norm ||.||** implies the convergence in the sense of distributions. In the sense

of distributions we have
“+o00

o = =y (%A - 51‘_;) ¢ M(R).

; 2°
=1

Indeed, for all p € CF(R), since ¢ is compactly supported, it holds
= 1 1
(tin — 11, 0) =i:zn£1 («p (Z+ 5) —¢ (z— 5)) = 0.

Theorem 2. A Cauchy sequence in (M*(R%), ||.||**) uniformly bounded in mass and tight converges

in (M3(R?), ||.|[*?).

Take a tight Cauchy sequence (i), € M?*(R%) such that the sequences given by the Jordan
decomposition |uf| and |p;; | are uniformly bounded. Then, by weak compactness of bounded
sets in M(R?), there exists y* and p~ in M(R?) and ¢ non decreasing such that, u;f( -

n) oo

put and Moy = H~ . Since wt and p,, are assumed to be tight, WY ’b(,u;f(n),ﬁ) — 0 and
n

n—oo —00

13



Wla’b(,u;(n), u~) — 0 (see Theorem 13 [9]). Then we have

n—00

+ ‘a,b a,b

W =l — ptp) |+ oy — (0 = 17)
a a,b — -
< lpn = pro(m) I + W (d oy + 175 1y + 17)

a a,b a,b _
< H,Un - :uso(n)H b + Wl (M;(n)7u+) + Wl (M<p(n)71u’ ) — 0

n—o0

[t — (™ — )

since (puy)y is a Cauchy sequence.

4 Application to the transport equation with source term

This section is devoted to the use of the norm defined in Definition [5| to guarantee existence,
uniqueness, and stability to initial condition for the transport equation (|1]).

4.1 Preliminary definitions and estimates

In this section, we extend the action of flows on probability measures to signed measures, and state
some estimates about the variation of ||u — v||*? after action of a flow on u and v. Notice that for
p € M*(R?) and T a map, we have T#pu = TH#Hut — T#pu~, where p = p+ — p~ is the Jordan
decomposition of p. Then for € M*(R?) , we only have [T#pu| < |p|, even though it holds
|TH#u| = |p| if T is injective.

Lemma 6. For v(t,x) continuous in time and Lipschitz in space, we denote by ®} the flow it
generates, i.e. the unique solution to

d
Sap=u(@)),  ej=1,

Given by ug € Ms(Rd), then, uy = ®Y#po is the unique solution of the linear transport equation

0
& e+ V.ol ) =0,
Hit=0 = HO
in C((0,T), M*(R%)).
Proof. The proof is a direct consequence of Theorem 5.34 [I1] combined with Theorem 2.1.1 [3]. O

Lemma 7. Let v and w be two vector fields, both satisfying for t € R and xz,y € R, |v(t,z) —
v(t,y)| < Llz —y| and |v(t,z)| < M. Let p and v be two measures of M*(R%). Then

o ||pF#u — oY #v|
o [l —gp#ul|*® <bt MuRY), R =pt(RY) + p=(RY)

o [0y — oP#ul* < u(RHET v — w]|eo

o |[Qy#u — o H#v

a,b < eLt”,u _ V”a,b

eLt

-1
%0 < | — w]|*? 4+ (RO o — w]|eo

14



Proof. The first three inequalities follow from Proposition 10 [I0]. For the first inequality, we write
gy #n — Sp#vI|™ = WP (67 #p, o #v) = WP (¢r#pt — op#tp™, op#vt — oj#v7)
= WP (@F (™ +v7) o # (™ +vT)
= Wi (o #(ut +v7),0{# ™ + ) (Prop. 10 [10])
< eLtha’b(,u+ +v o, u vt

a,b

=eu—v
For the second inequality,
W, & #p) = WO (it + gf# i + dp#ut)
< W, o) + Wi (0™, df ) (Lemmald)
< bt oot (RY) + p~(RY)  (Prop. 10 [I0])
=bt|v]cop(R?) since = T — p~ is the Jordan decomposition.
The third inequality is given by
gyt — e #ull ™ = Wi (7 s + ¢ #u™, o #hu™ + o) #n")
< WGt SP T + WO i, o)
= Wi #u™, ¢ #u") + Wi(of#u™, o) #0”)

oLt _
< (4 Y

The last inequality is deduced from the first and the third one using triangular inequality. [

[v — wl|coray using Prop. 10 [10] with p = v.

4.2 Existence and uniqueness of the solution to the transport equation

In this section, we build a solution to as the limit of a sequence of approximated solutions
defined in the following scheme. We then prove that admits a unique solution.

Consider p1g € M*(R?) such that supp(uo) € K, K compact, and consider v € C°(M?*(R%),C°(R?))
and h € CO(M?*(R%), M?*(RY)) satisfying (H-1), (H-2), ([-3). We define a sequence (u});, through
the following iteration scheme.

SCHEME

1
Initialization. Fix k& € N. Define At = T Set uf = po.

Induction. Given p;a; for i € [|0,2"]], define v}y, := v[uf,,] and

b = Bttty 4 (E— AR ],  t € AL (i 4+ 1AL, (14)

Proposition 7. The sequence (,uf)k defined via the scheme is a Cauchy sequence in the space
CO([0, 1], M*(RY), |I.11) with
el = sup g
te(0,1]
Moreover, it is uniformly bounded in mass, i.e.
sup || < oc. (15)
te(0,1]

15



Proof. We first notice that the sequence built by the scheme satisfies
| < P+ uol, ¢ €[0,1]. (16)
Indeed, for t € [iAt, (i + 1)At]
k| < 12 #piagl + Atlhlpba ]| < |uing| + AP,

and the result follows by induction. This proves . The sequence (1F)gen is also uniformly tight

with respect to time, since using and , ,
supp{uf} C Bo(R) U K¢,
with
supp{p} = supp{p"} Usupp{p~}, where (u", ") is the Jordan decomposition of s,

and
Kiari={z €RY 2 =ax+2/, ax €K, ||| < tM}.

We now set the same notations than in [§] and define mJ = u e f = v[mk

;] and the corresponding

. ok
flow fi* := ¢,’. Fix k € N and ¢ € [0,1]. Define j € [0, 2"] such that ¢ € ]ik JZL,}}

First case. If t € } 2;, ﬁ—ﬂ}, wecall t/ =t — ik < Qk% and we obtain

WO (uf, i) = WP (F5 mb ¢ B[mb), £ mb Y 4 ¢ )
< WP gmb, F mb ) + WO (R [mE], ¢ h[mb )
1)

!

Lt'\yasbe koo k+1 k(e k 1 bk k+1
< MW (m, my ) + |mf| [0} — 05 lcogray + QWS (mk, mb+H)

L
/ 1 /
< W k) (e (P D = 1)+ 0Q)

Since
Lt k+1 (eLt/ -1) k41
e <1420t <2p2~ (kD) — < 29~ (k+1),
we have
” kE k+1Ha,b< H k 1Hab<1+2 (k+1) (2L+2(P+‘ |)+Q)) te i ﬂ
He — Hy s N;k Nzg H ok’ ok+1
(17)

Second case. If t € ] 33;:11, ]2%1} ,wecall t/ =t — zﬂll < 2k+1 and we have,

k pik k 1 k1 ik ik koo
Mt_ft/+2kl+1#mj+<t +2k+1>h[mj]_ft/ #fﬁ#ijrth[ H‘Wh[ M,

E+1 _ p2j+1k+1 27,k+1 k+1 k+1 27,k+1 k+1 k+1
H t/J # (fQ;_ #m + Wh[m% ]) + t'h |:f2i+1 #m + Wh[m% ]:|

27+1,k+1 27,k+1 21k1 27,k+1
tl]+ Jk+ #fi"r # ’2€+1 ]+ + #h[mg;'l]—{—th[fj + # k’+1+ h[mg‘;—l]]

2k+1 SFFT 2k+1
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and thus

1 (s e T

||Nt
2k+l
2k+1wab( im ]f2]+1 k+1#h[ k+1]) (18)
a.b k 2j k+1 k:+1 k+1
w1t [P ek L))

We have first, using Lemma [7]
j j k k
wi? (fff’“#f]gl g, o T £ e ’““)
2
— i,k ik _
< (14 2L2- k+Dyweb <ka1+1 #mk, fQIZ{Jrfl#mgjl) + 27U P ok — wE L o ray
2 2

Since, according to the first case,

Wi (% g, £ ) < = b (127000 (2L 2P+ )
2

2k+1
and
bk b+l bk k+l b, kil ka1l
va QHIHCO RY) < KWy (mﬂ’m2j++1) < KWT(mj mz;r ) + KW (ms + ,m2;‘L+1)
< R ) W
;b b 2j,k+1
= KW} (m m§j1)+KWC{ (mlgjl’fz+j #mk+1)
2
= KWab(mk,‘ mé:]—‘rl) _’_}'(']\4'2—(164-1)7
we have

b i 2t 1,k+1 4 p25.k+1 4 k1
W(f <f #f] #mj ) f J #f Zlﬂ #mQ;_ )
2

(19)
< |lmk — m§j1||avb (1 +27®D (4p 4 2P+ 10D+ L) + 2KP)) + 2729 p R M
Secondly,
WP (R, f7 el )
< Wlll,b < im ] f23+1 k+1#h[ ]) +Wab ( t2/j+1,k+1#h[ ] f2g+1 k+1#h[mk{rl]) (20)
<t'MP + ' Q[mf — mb] (14202 FED) [mb — m;
and third
ab 2j,k+1 k+1 k+1
W ( jvfﬁ # +Wh[m2] ])
ab [k p25k+1 k+1 (k+1)\p/a:b k1
< : h
< Wg <mj, et #m ) +27 Wy <0 [ms; ]) 21)

SW?L,b (mk m§j1> +Wclt,b< k+17f23 k—i—l# k+1> + o=+, p

2k+1

< [ —my |0+ 27D (W0 + P(1+a)).
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Plugging (19| . and ( into ( , and combining with ( gives us

ko k b —k k k b —9k J J+1
g — M| < (142 Cl)Hmj_mQjHHa’ + 0277, tE]ka ok },

with
1
Cr=A4+3L+P+°)A+L)+KP+Q), Cy= J(MP(1+2K) + 1] + P(1+a)).

By induction on j, we obtain

2k—1
C
k k — 2 —
I = 1< Qe = mB L[ < D (L 27HC 270y < (e - 127
7=0
Since the right hand side is the term of a convergent series, then (,ul’f) k is a Cauchy sequence. [

Theorem 3 (Existence and uniqueness). Let v and h satisfy (H-1), (H-2)), (H-3) and po €
M3 (RY) compactly supported given. Then, there exists a unique distributional solution to m
CO ((0, 1),M5(Rd)).

Proof. The proof is based on the proof of the same result for positive measures written in [10]. We
first focus on existence.

Step 1. Existence. Since the sequence given by the scheme (u¥); is a Cauchy sequence
(Proposition which is uniformly bounded in mass, in the space (C°(0,1), M*(R%)), we can define
using Theorem

pt = lim :U’fa CO ((07 1)7M8(Rd)) :
k—ro0

The goal is to prove that for all ¢ € D((0,1) x RY)

1
|t G ptt,2) + o) Volt. o))+l ot ) =0, () o= [ olt.)dpula) @2

We first notice that

2 G+nA
S [ a (i dupttn) + olidsd Vit o) + Bl et a))) 0
j=0 JIAt o)

Indeed, ju; := ¢y #po is a weak solution of %,ut + V. (v(x)pe) and py = po +th(z) is a weak solution
of 8ut = h(z), so that

| QZ /(Ajﬂ)mdt (41 Bup(t, 2) + ol Violt, @) + Rlk], o(t,2) ) |
j=0 798t

2°-1 L (j+1)At . .
s / dt ((t — JADEA vl Vio(t, 2)
o Jiat

< MP||Vplloo2~F+1) 0.
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Now, to guarantee , it is enough to prove that

1
lim | /0 dt ({10, Oup(t, ) + 0] Veplt, 2)) + hljad, ol 2)))

k—o0

2"-1 L(j+1)At
3 [ (Gt )+ ol o) + Bl 0,0 | =0
j=0 JIAt

We have

1 2°-1 c(j+1)At
[ atudettan = 3 [ e (tuk,aett o) | < 10ilelie — ] 2
0 j=0 JAL k—o0

1 2P -1 (1At 3 N
[ttt oteay = 3 [ dethlu) ot )| < Qllelie — bl 3
0 =0 JAt k—o0

and

1 2°-1 L(j+1)AL
| [t ol Dot = X [ dtlu ol Vit a)
=073

221 a(j+D)AE i i 271 (j+1)AL i i i
<[ - olad Vettan |+ | [ dblu (wldiad - olu) Veolti)
=0 jAL =0 JAt

271 A(j+1)At
s / dt{uk, vlpu] — vlpf)) Vip(t, )|

=0 Jint

< Veelloo (Mllae = il + LM(P + paol)27540 4 (P + o) Llse = wf ) — 0.
Step 2. Any weak solution to (|l) is Lipschitz in time. In this step, we prove that any
weak solution to the transport equation satisfies for some generic constant C' > 0

lpesr = el < Ly, 620, 720, (23)

with C' = P+ bM (P + |po|). To do so, we consider a solution p to (). We define the velocity field
w(t,x) := v[u(z) and the signed measure by = hfu]. The velocity field w is continuous in time,
since by definition, u; is continuous in time and v is Lipschitz with respect to pu. Then, u; is the
unique solution of

Dupie() + div . (w(t, () = (), Hyol@) = po(a). (24)

Uniqueness of the linear equation is a direct consequence of Lemma @ Thus, the unique
solution i to can be obtained as the limit of scheme defined above. We have for £ > 0

’a,b |a,b ’a,b
)

k b k k k
literr — |7 = [lpe — o 17 + g — i 17 + g r — tesr]

where i is given by the scheme. The two outside terms can be rendered as small as desired for
k > ko large enough, and for ¢ := min{i € {1,...,2F}, ¢t < &}, j:=min{i € {1,...,2F}, [t +7 <
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2%} with the notations of the scheme

ik~ I =

j—1
um;?—m’zuavb:HZ(mfﬂ By[|b = HZ Sk 1 AthlmE] — mE)|ed

< Z Iguimil g

+ At Zh f1eb.
Using (H-3|), we have

P
At||Zh |‘”’< £P<P T+ o

and using Lemma [7| and
k j—4 bM (P + |po
D oar emf = mb| < LombM (P + |pol) < BM(P + o) + w

which proves .
Step 3. Any weak solution to satisfies

e — (20 + Th[p]) | < K72, (25)

for some K; > 0. Indeed, let us consider a solution p; to . As in the previous step, p; is the

unique solution to , and thus it can be obtained as the limit of the sequence provided by the
scheme. With the notations used in Step 2 and using Lemmal 7]

e — (@2 1y + Thlpe]) |

|a,b

=B (e — (6P el 4 k) e
k] = Bl + [ @Ule gy — U g o,

The first, third and fourth terms can be rendered as small as needed for k sufficiently large, we
focus then on the second term. Assume for simplicity that ¢ = (At and t + 7 = (¢ 4+ n)At, we have

Il — (P2 gk + R[]

For n = 2, we have

0 = mfy, — (S Hm) + n At Bmf)) |

Imbs — (Gt timt + 28 BfmED) [0 = s by + At Bk, ] — our st ml — 28 o
= oy (S et + A hlk) + At bl ] — 07 A0 e — 280 B¢
— ol gtk 1 At G ] + A Rl ] — o8tk — 9at nimb] o
< gttty — gl gt I kot 1 A2 ) k] + Rk, ] — 2h{mE)|"?
Using Step 3, we have Hm?_m —m§|| < LinAt, then, using Lemma
Iy, — (St mb + 28 hmf)) | < €A
By induction on ¢ = 1...n, we prove that there is a constant C' such that

m ., — (6"t At BmA)||*0 < C(nALY?,
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and follows.

Step 4. Uniqueness of the solution to . Assume that u; and v; are two solutions to

and define £(t) = || — v¢|**. We denote

et +7) = [perr — verr | = |02V B0y + Thlue] + Ryu(t, ) — o2 #0, — 7h[v] — Ru(t,7)
< oy — P |0 4 7 R[] — R |+ || Ry (8, )10 + (| R (8, 7|

Ru(t,7) = pipr — (2 + Th[p]),  Ru(t,7) = vesr — (62040 + Th[1)).
Using Lemma |7 and Step 3, and e® < 1+ 2a for 0 < a < In(2), we have

a,b

elm —1

a,b + 2K17‘2

< <€LT+(P+|M0D K+Q> T

< (14 7(2L 4 2K(P + |po|) + Q) |ljue — v4]|*° + 2K, 72,

which is

t+7)—elt In(2

MO ey rarin 150,72 2D M oar ok (P+ ) +Q. (20
;.

Letting 7 go to zero, we deduce €'(t) < Me(t) and Gronwall Lemma implies that e(t) < Me(0).
This proves uniqueness of the solution.

O]
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