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A norm for signed measures. Application to non local transport
equation with source term

Benedetto Piccoli * Francesco Rossi | Magali Tournus *

Abstract

We provide a norm on the space of signed Radon measures with finite mass, based on the
generalized Wasserstein distance for measures of different mass. We explain precisely what is
a converging sequence for this norm, in particular, it may be not uniformly bounded and not
uniformly tight. This norm enables us to obtain existence and uniqueness of non local and non
linear transport equations with source term when initial condition is a signed measure, as the
unique limit of a convergent scheme.

Key-words. Wasserstein distance, Transport equation, Signed measures.
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1 Introduction

The goal of the paper is to provide a framework to guarantee the well-posedness of the non local
transport equation with source term,

Oppue () + div - (vlpe) (2) pe () = hlpel (@), pe=o(2) = po(), (1)

for x € R and pg € M*(RY), where M*(R%) is the space of signed Radon measures with finite
mass on R%. Equation has already been studied in the framework of positive measures where it
has natural interpretations such that the evolution of a crowd density. The motivation for studying
equation in the framework of signed measure is the interpretation of u; as the spatial derivative
of the entropy solution p(z,t) to a scalar conservation law. A link between scalar conservation
laws and non local transport equation has been initiated [2], but until now, studies are restricted
to convex fluxes and a monotonous initial conditions, so that the spatial derivative u; is a positive
measure for all ¢ > 0 with a preserved mass.

1.1 A family of generalized Wasserstein norms

The first main content of this paper is the definition of the norm ||.||*® on M?*(R?) where a and
b are any positive real numbers, (Definition and the statement of the topological properties
of (M?*(R?),]|.]|*)(Theorems [1| and . The usual Wasserstein distance Wy,(u,v)[10] was defined
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between two measures p and v of same mass |u| = |v|. A transference plan between two measures
of same mass y and v is a probability measure m € P(R? R?) which satisfies for all A, B € B(R?)

(A xR?) = uA) (R x B) =

)

We denote by II(u, v) the set of transference plans between p and v. The p-Wasserstein distance
for positive Radon measures of same mass is defined as

v(B)

vl

1

1 , P

Wyt = ul? (g [ o= ypanan)”
mell(p,v) JRdxR

It was extended to positive measures having possibly different mass in [9], where the authors
. . a,b
introduce the distance W),"".

Definition 1 (Generalized Wasserstein distance [8]). Let p, v be two positive measures of finte mass
in M(R?). The generalized Wasserstein distance between M(R?) and v is given by

1/p

Wit = | min (= il = 71+ EWEG9)
|al=[7|

A part of the mass i < pu is transported onto a mass v < v with a weight b, the rest being
canceled with a weight a. Notice that for a/b = a’/b/ the distance W = b/b' W, ¥ Alternative
distances on the space of positive measures were introduced at the same period (see [5], [6]).

The authors of [I] suggested to extend the usual Wasserstein distance W; to the couples of
signed measures = u™ — p~ and v = v — v~ such that |ut| + [v7| = |u~| + [¢T| by the formula
Wi (p,v) = Wi (ut + v, u~ +vT). This procedure fails for p # 1, since triangular inequality is lost
(see counter-example in [I]). We use the same trick to turn the generalized Wasserstein distance
into a distance for signed measure and define W‘f’b(p, V) as Wf’b(,tﬁ + v ,u~ +v). The space of
signed measures being a vectorial space, we also define a norm ||u||*? = W%®(1,0). Notice that to
define the norm ||.||*%, we need to restrict ourselves to Radon measures with finite mass, since the
generalized Wasserstein distance [7] is not defined for Radon measure with infinite mass.

1.2 A framework for the transport equation for signed measures

The second main content of the present paper is the well-posedness of the transport equation .
The regularity assumptions made in this paper on the velocity field and on the source term are the
following
H-1 There exists K such that for all u,v € M*(R?) with finite mass
b
[olp] = v[Vlllcorey < Kllpw —v[|*”. (2)
H-2 There exist L, M such that for all z,y € RY, for all u € M*(R%),

olpl(z) —vlpl(y)| < Ll —yl,  Jolp](z)] < M. (3)



H-3 There exist Q, P, R such that for all 4 € M?*(R?) with finite mass,

hlu], A" < Qllw = vl |hlu]l < P, supp(hlu]) € Bo(R). (4)

We emphasize that the assumptions and are incompatible with a direct interpre-
tation of the solution of as the spatial derivative of a conservation law and need to be relaxed
in a future work. Indeed, to draw a parallel between conservation laws and non-local equations,
discontinuous velocity fields need to be considered.

Throughout the paper, B(RY) is the space of Borelian sets on R?, M(R?) is the space of Radon
measures (i.e. Borel regular, positive, and finite on every compact set), MS(Rd) is the space of signed
Radon measures, i.e. measures p that can be written as u = py — p_ with (uy, u_) € M(R?). For
1€ M3(R?), we define |u| = || + || where (u], u?) is the unique Jordan decomposition of .

In Section [2| we state and prove preliminary results which are needed for the rest of the paper.
In Section [3) we define the generalized Wasserstein distance for signed measures, show that it can
be used to define a norm, state and prove some topological properties. Section [4 is devoted to the
application of our norm to guarantee existence, uniqueness, and stability to initial condition for the
transport equation ([1)).

2 Preliminary results

In this section, we introduce the notations and state preliminary results.

2.1 Recall on measure theory
In this part, u and v are in M(R%).
Definition 2. We say that
o n<<vifVA € B(RY), (v(A) =0)= (u(A) =0)
e 1<y if VA € B(RY), u(A) < v(A)
e 11 L v ifthere exists E € B(RY) such that VA € B(R?), u(A) = pn(ANE) and v(A) = v(ANE®)
The concept of largest common mass between is introduced below

Lemma 1. We consider p and v two measures in M(R?). Then, there exists a unique measure
A v which satisfies

uAv<upu, pAv<v, M<pandn<v)=n<uAv. (5)

We refer to u A v as the largest common mass to p and v. Moreover, denoting by f the Radon
Nikodym derivative of p with respect to v, i.e. the unique measurable function f such that p =
fv—+py, with py 1 v, we have

wAv=min{f, 1}v. (6)

Proof. The uniqueness is clear using (5]). Existence is given by formula (6] as follows. First, it is
obvious that min{f,1}v < v and using u = fv + v, it is also clear that min{f, 1}v < u. Let us
now assume by contradiction the existence of a measure  and of A € B(R?) such that

n< . mw,mm>AmMﬂme@- (7)
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Since v; L v, there exists E € B(R?) such that VA € B(R?), v(A) = v(ANE) and v, (A) =
v (AN E°). Since n < v, we have

n(ANE)=n(A) > / min{ f(z), 1}dv(z).

ANE
We define
B={zxe€ ANE, f(x)>1}.
Then

n(B)+n((ANE)\B)=n(ANE) > /Bmin{f(x), 1}dv(x) + /(AmE)\B min{ f(z),1}dv(z)

=v(B)+u((ANE)\ B) —v, ((ANE)\ B)
=v(B) +u((ANE)\ B)

which contradicts the fact that < v and 5 < p. This implies that 7 satisfying does not exist,
and then @ holds. O

Lemma 2. We consider u and v two measures in M(R?). The following properties hold.
1. plvesunr=0
2. (w—pAv)L(v—pAv)
3. n<pu+vimpliesn— (uAn) <v
4. w<nandv <nimplies p+v— (uAv)<n.

Proof. 1. If u L v, then the unique Radon Nikodym decomposition gives f =0, v a.e. and u = v,
and thus using @, A v =0. Conversely, if u A v = 0, then, using again @, min{ f,1}r =0, and
thus the Radon decomposition gives y = fv + v, = v, with v, 1 v, which implies p 1 v.

2. We write p = fv+ v, with v, L v. Then, p — (u Av) = v; + max{0, f — 1}r and
p— (pAv)=max{0,1 — f}v. We pick F such that v, (4) = v, (AN E) and v(A) = v(ANE).
Considering F' = {z € E|f(x) < 1}, it is easy to check that (u— (uAv))(A) = (u— (uAV))(ANF°)
and (v — (L AV))(A) = (v —(uAv))(ANF), and the result holds.

3. We write u = fn+mn,, with n; L n. Then n A p = min{f, 1}n, and we can write n(A) —
(A w)(A) = [, (1 - min{f(x),l})dn(x). Defining B = {z € A|f(z) < 1}, and E such that
n(ANE)=n(A) and n, (AN E°) =n,(A), we have

n(A) = Ap)(A) = /BQE(l — f(@))dn(z) =n(BNE)+n(BNE)—u(BNE) <v(BNE) <v(A).

4. We write p A v = min{f,1}r, with p = frv +v;. Then w = p+v — (puAv) = fv+
vy — min{f,1}v 4+ v, which is w(4) = [, (1 + f(z) — min{f(x), 1}>dy(:c) + v, (A). Defining
B ={z € A|f(x) <1}, and E such that v(ANFE) =v(A) and v, (AN E¢) = v, (A), we have

w(A) =v(B) + / f(@)dv(z) + v (A) =v(B)+ u(ANB®) —v (AN B°) + v (A)
ANBe¢
= v(B) + u(AN BY) + v, (B)
and then, since v < n and v} < p <7,

w(A)=v(BNE)+u(ANB) +v, (BNE) <n(BNE)+n(AN B +n(BnNE°) =n(A).



To end this section, we recall the definition of tightness for a sequence of M*(R?).

Definition 3. A sequence (jin)nen of measures of M(R?) is tight if for all e > 0, there is a compact
set K C R? such that for all n > 0, u,(R*\ K) < . A sequence (in)nen of signed measures of
ME(RY) is tight if the sequences (p; )nen and (p;; Jnen given by the Jordan decomposition are both
tight.

2.2 Properties of the generalized Wasserstein distance

Lemma 3. We consider p and v two measures of M(R?) of same mass. Given n € M(R?)
a measure of finite mass, there exists a transference plan m realizing the 1-Wasserstein distance
Wi(w + n,v+n) such that n is the image of n under m and the restriction of © to «' € 1l(n,n) is
supported on the diagonal {x = y}.

Proof. First, writing u = |p|p and v = |u|v, the Kantorovich-Rubinstein duality gives us the
equality

Wiloe) = W1 (1.2) =l s [ pl@da=n)a) = s [ pla)dle-r)()

lellLip<i lellLip<1

— s /sO(x)d(qun—v—n)(x)—Wl(u+n,V+n)-
lellLip<1JRE

Let us now denote by 7 € II(u, v) one optimal plan realizing Wi (p, ). We claim here that there is
a plan w € II(u + n, v + n) such that n is the image of n under 7 and such that the restriction of =
to 7’ € II(n,n) is supported on the diagonal {x = y}, m being given by the formula

(ul + (Id. Tdy#n),  where ((Id, Id)#n)(A x B) = TH1B).

m =
1+ bl

Then we have
u+n|/ |z — yldr(z,y) =/ |z —yldm(z,y) = Wi(p,v) = Wi(p +n,v +1n),
Rd xRd RdxRd

and thus the plan 7 realizes the distance Wi (u +n,v + 7). O

Lemma 4 (Properties of the generalized Wasserstein distance). Let u,v,n, p1, pa, v1,v2 be some
positive measures with finite mass on RY. The following properties hold

1 WE (1 + pgs v1 + v2) < WEP(ua, 1) + Wb (g, v2).
,b b
2. Wi (w+n,v+n) = Wi (u,v),

Proof. The first property is taken from [§] Proposition 11. We only prove the second property. The
first inequality is clear,

W (u+mnv+n) = min {a(jp+n—mu+|v+n—m|) + Wi (m,my)}

my Sp+n
my <v+n

<minfa(lptn—(@E+nl+ly+n—@+n))+WiE+n.r+n}t g

v<v

= min{a (i — il + v = 7)) + OW1 (3, 2)} = W (. ).

v<v
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Figure 1: Representation of the measures p, v and 7 in the simple case where their support does
not overlap.

To prove the reverse inequality, we need to check that the minimum realizing W' ’b(,u +n,v+n)
can be attained for some gt >n, v > 1.

Step 1. As a first step, we notice that we can assume that g | v. Indeed, if the result holds
for p, v satisfying p L v, then, for any u, v positive measures,

Wb, v) < WP (u—pAv,v — A v) using (8)
— W —pAv+pAv+nv—pAv+pAv+n) using Lemmald 2,
b
= Wi (p+n,v+1n).

From now on, we assume p L v.
Step 2. We decompose here the minimizer m, and v as

my, = b=+ Ny + Ne,
my =V + 1My + e,

with

p<p, v, 77u+77u+77cg777
defined above, see Figure [1] This decomposition may not be unique, but there exists at least one
that we exhibit. First, we define

p=myANp, v=myAU.

It is obvious that zi < p and v < v. Then, calling fi :=m, — it and ¥ := m, — U, we set

Ne =[NV, Ny=f="Tc, Ny="0V—1e



We have m, < p+n and then i = m, —m, A p < n using Lemma 3, and samely, 7 < 7. As a
consequence,
Mut M +ne=p+0—pAD <1
using Lemma [2]4. Finally, we check that
fAne+nu=muyAp+aANv+p—pA0=myAp+my—my Ap=my, and U+ n.+n, = m,.
Step 3. Using decomposition @, we write

b _ _ _ _
Wi (u+n,v+n) = a(lp— al + =1 —nel + v = ol 4+ |n = — ne]) oW1 (40,41, 7+10+1c)

We denote by 7 the optimal plan realizing Wi(f + 1, + 1, 7 + 1, + 1.). Using Lemma (3| we
can assume that 7 sends 7. to 7.. The mass j is then split by 7 into two pieces. Let us denote by
p* < [ the mass which is sent to v, the remainder ( — p*) being sent on 7,. Let us also denote by
v* the image of y* under 7. We have then

W =17 lp=w <l = w4+ el = 7 = v+ In], and thus [z — 2] <[n,]|. (10)
We claim now that the minimum realizing W' ’b(u +n,v +n) is also attained for
p=pt+n, V=v4n
Indeed, we have
= p |+ v =v = lp—al+ p—p [+ v = v+ |7 =7

< |M—ﬂ|+|77u|+|’/_’7|+|77u|7 uSing
<lp—pl+1n=ne—nul+ v =2+ n—nc—ml

and
Wip® +mn,v"+n) < Wi, v") < Wil +nu + e, 7+ ny + 1c),

since the optimal plan = € II( + 1, + 7e, 7 + My + 1) , can be restricted to © € II(p*,v*) (by
definition of x* and v*). Then, we can assume that the minimum realizing Wy’ ’b(p +n,v+mn)is
attained for m, >, m, > n, and the inequality in in an equality. O

Notice that this property is not verified for p # 1: the results only holds true for p = 1 because
the cost c(z,y) = |z — y| is a metric (see [10], Corollary 1.16).

Similarly to what was already done in [I] for classical Wasserstein distance, we extend the
definition of generalized Wasserstein distance for Radon measures of different masses to signed
Radon measures of different masses.

3 Generalized Wasserstein norm for signed measures

3.1 Definition

Definition 4 (Generalized Wasserstein distance extended to signed measures). For p, v two signed
measures with finite mass over R, we define

?b )b
W (1, v) = Wi (s + v pe + ),

where piy, u_, vy and v_ are any measures in M(RY) such that = py —p_ and v =v, —v_.



Proposition 1. The operator W(f’b is a distance on the space M*(R?) of signed measures with finite
mass on RY.

Proof. First, we point out that the definition does not depend on the decomposition. Indeed, if

we consider two distinct decompositions, p = py — p— = ui —p/,and v =vy —v_ = yi —v_7,

with the second one being the Jordan decomposition, then we have (puy + v_) — (uf +v/) =
(p— +vy) — (ul + VJ{), and this is a positive measure since g4 > ui and vy > Vj{. The first

property of Lemma |4/ then gives us V[/la’b(u;]r +vdoud + Vi) = Wla’b(ui +vd 4 (g +vo) — (ui +
v )l vl 4 (e +vg) — (ud +vl) = Wiy + oo e + o).

We now prove that W‘f’b(u, v) = 0 implies u = v. We saw that we can assume that we use the
Jordan decomposition. Since W' b s a distance, we obtain puy +v_ = u_ + v4. The orthogonality
of uy and p— and of vy and v_ implies that py = v4 and p— = v_, and thus p = v.

We now prove the triangle inequality. We have W’ (u,n) = W (uy +n_, 4+ ny). Using
Lemma [t] we have W§™(s1,m) = Wi (s + 1 + v+ v, e g+ v o) < WP (g + v, e +
vy) + Wf’b(n_ + vy, n4 +v_) which is W‘f’b(,u, v)+ W‘f’b(l/, n). O

For any z,y € R, W‘f’b(fsx, —dy) = 2a

Lemma 5. Let p,v,n, ju1, 2, v1, vo in M*(R?) with finite mass on RL. The following properties
hold

b b
o WiP(u+m,v+n) =W (u,v),
o W (1 + iz, v1 + 1) < WP (1, v1) + WP (2, ).

Proof. The proof is direct. We have W‘f’b(/ﬁ—n, v+n) = I/Vla’b(;ur +vp e+, p—+rv_+ny+n-)
which is Wla’b(,u+ —;— Vi fi— +v_) = W‘f’b(,u, v) for the first item, and for the se(lj)ond item ch’b(m +
po v+ ve) = Wi (g + pog v+ oo v Fvag i+ pe o) S W (g v g+
pi—) + Wf’b(/.//27+ + vy, v 4 + po,—) which is W‘f’b(ul, V) + W?’b(ug, V). O

Definition 5. For u € M*(R?%) and a >0, b> 0, we define

b
b = W(f (MJM M*):

1121
where py and p_ are any measure of M(R?) such that p = py — pi_.
Proposition 2. The space of signed measures (M?*(R?), ||.|%?) is a normed vector space.

Proof. First, we notice that ||u||*® = 0 implies that Wf’b(,u,u,) = 0, which is gy = p— so that
p = py — p— = 0. For triangular inequality, we write that for p,v,n € M*(R?), ||u + n||** =
W‘ll’b(,u +n,0) < W‘f’b(u,O) + W‘f’b(n, 0) using the second property of Lemma |5, and this is equal
to | “b = WP, 0) =
Wf’b()\p+, Ap—) where g = py — p—. We denote by fiy, fi— the minimum realizing Wf’b(p+,p,),
which is Wiy, ) = C(ip, Bo) = a (s — el + i — B_|) + BWi(is, A), then, one mini-
mum realizing W (Apy, Au_) for A > 0 is Miy, Mi so that WAy, M) = Cx(Mig, Mi_) =
a (A — Mo | + [ Ap— — Aa—|) + bWi (Mg, Afi—). This comes from the fact that for all positive
Radon measures 11, v, we have AC(p, ) = Cx(Ap, Av). Then Wi (App, Au_) = AW (py, p) =
AWS® (11, 0) = A2, O

|20+ ||In]|**. Homogeneity is obtained by writing for A > 0, || Ayl




3.2 Topological properties

Proposition 3. Fora >0, b > 0, the norm ||.||*? is equivalent to ||.|[*.

Proof. For pi € M*(R?) denote by (m®" T me ) the positive measures such that

’ab al’).

b
] —a|,u+—m+ | +alp— —m7| + oWy (m+ , 1T

By definition of the minimzers, we have

b — aluy —m2®| + alu_ — “ﬂ+bwum+,m“>
< aljs —mb | 4 alps — mB| 4+ bW (mh, mbY) < maxa, by ]

and in the same way, we obtain

min{a, b}|u " < " <

O]

We give now, as it was done in [9], an equivalent of the Rubinstein-Kantorovich duality for the
new distance. We denote by C?(R?;R) the set of continuous functions on R? with compact support.
For f € C°(R%R), we define

f@) — [y
17 = sup LD =T
Ty |x - y|

We introduce
COMP = {f € CARYR) | [|f oo < o0}

The next proposition identifies the topology of Wl’ . with flat metric extended to signed measures.

Proposition 4 (The flat metric). The signed generalized Wasserstein distance W%’l coincides with
the flat metric in the sense that for p, v in M*(R%),

WAL (4, ) —wm/ )i 0 € COMP Jlplloe < 1, ¢ lloc < 1}

Proof. The proof comes directly from the equivalent property for I/Vl1 1 [9] We have
1,1 L1
Wy (p,v) = Wi (pg +ve, vy + o)

= sup{/ d(ps = pe = (v = v2)); 9 €COMP flolloe < 1, [1¢ e < 1}

= sup{ | dl=v); € CV, o < L1 lc < 11
O
Proposition 5. For ji,, n € M*(R%), we have
o =l 5 0 = Ve CURY, [ pdn o [ v
n—oo Rd n—oo Rd
Proof. The proof comes directly from Proposition O



The converse statement is not true, take for instance p, = ;.
We emphasize that a sequence p,, of M*(R) which satisfies ||it,||*® — 0 is not necessarily
n—oo

tight, and its mass is not necessarily bounded. For instance, we have

fn=md1 —nd

L _ L

’a,b

n
satisfies || |®® = P for n sufficiently large (depending on a and b, it may be less expensive to

|a,b

cancel the mass than to transport it), so that ||u,| = 0 whereas |u,| = 2n is not bounded.
n—oo

The sequence
Up =0p—0, 1

is not tight, whereas it satisfies for n sufficiently large |[v,[|** =2 — 0.
n—oo

Proposition 6. Assume that ||u,||*® — 0, then Am, = |ut| — |u,;| — 0.
n—oo n—oo

Proof. We have by definition ||, [|¢° = W} b(,un , b, )- We denote by fi,}, fi;; the minimizers realizing
the distance Wy" ®(u, 1), We have

|a,b —

ey a (i = B | + i = B 1) + O (AL Fiy ), || = 1y |-

Since ||t ]|%? = 0, each of the three terms is going to zero as well. Thus,
n oo

bl =l | = [t — un+un\—\un fin + [y, ||
= ||t = |+ k| =l — i | = | 1]
= |l — n!—lun —pnll = 0.

Theorem 1. The two following statements are equivalent:
. o a,b
@) ln— ™ 0.
(i4) There exists 2, z, mF, m, € M(R%)

7b -
Wit ) o 0

—00
+ _ 4+ + ab e+ -+
By = 2y + My, Wla’b(m;’ /’L_) njoo 07

{m},, and {m;, }, are tight and bounded in mass,

where p = ut — p~ is the Jordan decomposition, and i, = " — u,, is any decomposition.

Proof. We start by proving (i) = (ii). We have ||, — u||*® = Wab(un, 1) = WEP (it + 0=y +
pt) = — 0. Let us denote by a, < (uf + ) and b, < (u,, + p) the minimizers realizing

n—oo

Wf’b(,u;'{ + p, w4+ ). We call 7, the transference plan from a,, to by,.

10



Step 1. The removed mass. We define by a,} and b;, the largest transported mass which is
respectively below p,b and pu,

::M;’z—/\anv by, = iy A i,
S =an —a) bt =b, — b, .

The mass which is removed is then r, = r + 7 == (uf —a}t) + (u~ —a;) and 7% =iy~ 4" =
(u;, — b))+ (u™ —b). The removed mass r,, and 7 are expressed here as the sum of two positive
measures. Indeed, it is clear by definition that af < wu', and since a, < ! + p~, Lemma
3 gives that a, = a, — ap A pf < p~. We reason the same way for 7. Then, we have
W“b(un i ) = ally —ap+ T —ap |+ | = by 4 1T = by [) + bWi(an, bn). Since
Wi b(,un + p”, 1, + 1) goes to zero, each of the five terms of the above decomposition goes to
zero, and in particular, |} —af| — 0and g, —b,| — 0 which implies that that
n—oo n—oo
—at,0) — 0, W, —b,,0) — 0. (11)

no n no
n—00 n—oo

,b
Wi (hay

n

Step 2. The transported mass. The mass a, is split into two pieces: v, is sent to u,,, and
& is sent to ut. Denote by @, the image of a;” under m,, then we define v} = a,;’ A p,,. We denote
by v, the image of v under m,. Then, we define &, such that a} = v, + &,, and we denote by &
the image of &, under m,. By definition, we have

Wl(ana bn) = Wl(VTw V:L) + Wl(fm 5;:) +Wh (wn’ w;) + W (am a:L)’ (12)

with a7 = v, +&,, w} is defined so that b, = v +w}, w, is the image of w¥ under ,, o, is defined

so that 4~ = wy, + ayp, o is the image of o, under m,, and it can be checked that pu* = & + .

Since Wi (ap, by) = 0, each of the four term of the sum (|12) is going to zero.
n—oo

Step 3. Conclusion.
Let us write

= vn+ (e —at), oz =4 (py —by), mb =&, m; =uw;.

We show here that the sequences defined hereinabove satisfy the conditions stated in (ii). First, we
have zF + m} = v + (uh —a}) + &, = pt and similarly, 2z, +m,, = v} + (u, —b,,) +wi = p,, .
Then, we have

Witz 20) = Wi (v + (i — aib), v + (i — b))
< W{l’b(’/ml/n) Wi (Mn — an,un —b,) using Lemma []
< Wi (v, V) + Wf’bmn —a},0) + W0, 1, — by)

e 0, using ) and .

Here, we also used that for |u| = |v/, Wf’b(,u, v) < Wi(p,v). This is trivial with the definition of
wy * Now, we also have

Wi (myf, 1) = Wil (€n, 1t) < WP (&, €5) + W€, b)) + WP (b, 1) (triangular inequality)

= W (& &) + W0, 0) + W (u* = b1, 0)
since o + & = b, We know that Wla’b@n, &) < W&, &) —_Ousing (12), and that Wla’b(;ﬁ' -
b, 0) —_Ousing (). Let us explain now why Wi"*(a%, 0) —_ 0. Werecall that ), (ap, ) —

n—o0

11



*

+ - — +

oy 1 fn 7
Figure 2: Illustration of the decomposition introduced in the proof of Theorem [I} This picture is
only a help for visualization, the shape of the measures represented here may be more complex.

0, an < a, <p, o <bl <u'. Since (ay)y is uniformly bounded in mass, then there exists a €
M(R?) such that Qp(n) %« (weak compactness of uniformly bounded in mass Radon measures,
n o

see [4]). We have also that (aw(n))n is tight, since a,(,) < p~ which has a finite mass. Using Theorem

a7b a,b * Cl/,b *
13 of [7], we deduce that W (a¢(n),a) njoo 0. Then, Wj (a(p(n),a) < Wy (aw(n),aw(n)) +
Wla’b(a@(n),a) < Wl(a:;(n),a@(n)) + Wla’b(ago(n),a) = 0. Then, using again Theorem 13 of [7],
we deduce that o —
©(n) pooo

a < put. Since u= L pT, we have o = 0. We have Wf’b(aw(n), 0) iy 0 and Wf’b(aw(n),O) — 0.
n o

n—oo
The sequence (ay,)y is such that every of its subsequence has a converging subsequence going to

a Since ay, < p~, we have a < p~. Likewise, o < puT implies

zero. Thus, we have that the whole sequence is converging to zero, i.e. W} ’b(an,O) > 0 and
n—od
Wla’b(a;';, 0) = 0. Lastly, the tightness of (m.}),, and (m,,), is given again by Theorem 13 of [7],
n—oo
since Wl‘l’b(mf,ui) — 0.

n—oo

We prove now that (i) = (i). Let us assume (ii). We have

b - b - _
it = pll ™ = W (4 sy + %) = WP (2 g + 7, 2, +my, + )

>b - 7b ’b - -
<SWI (58, 2) + W (myb, p ) + Wi (n™,my,))

n

— 0,

n—oo
which is (i). O

The space (M(RY), W ) is a Banach space. The proof is based on the fact that a Cauchy
sequence of positive measure is both uniformly bounded in mass and tight. This is not true anymore
for a Cauchy sequence of signed measures.

12



Remark 1. (M?*(R%),].||*?) is not a Banach space.

Proof. The sequence

i=1

is a Cauchy sequence in (M*(R?),||.||*"). Indeed,

) n+k 1 +o0 1

a,

Wl (Mn»ﬂn+k>§2bAZ §§2bz ?n—_goo 0.
i=n+1 i=n+1

However, it does not converges in (M*(R%), ||.|[*?). As seen in Proposition the convergence for
the norm |[.]|*® implies the convergence in the sense of distributions. In the sense of distributions

we have
—+o0

=t 3 (e oy ) £ MOR)

i=1

Indeed, for all ¢ € CZ(R), since ¢ is compactly supported

+oo
o1 o1
(ttn — 11, 0) = ';1 (w (z+2i> —<P<Z—2i>> = 0.

O]

Theorem 2. A Cauchy sequence in (M?*(R%),|.]|*?) uniformly bounded in mass and tight converges

in (M5(R®), ||.||*?).

Take a tight Cauchy sequence (un), € M?*(R?) such that the sequences given by the Jordan
decomposition |u| and |u, | are uniformly bounded. Then, by weak compactness of bounded
sets in M(R?), there exists ut and p~ in M(R?) and ¢ non decreasing such that, ,u;(n) —

n—oo
pt and Homy =5 M- Since yu and p,, are assumed to be tight, Wf’b(/ﬁ

+
n—00 @(n)’u ) n——>)oo 0 and

W{l’b(,u;(n), wo) . 0 (see Theorem 13 [8]). Then we have

+ ‘a,b |a,b + ab

=llpn = o) 17 + lpmy — (0" —p7)
a a,b _
< H:u'ﬂ - :uap(n) H b + Wl (M;(n) +up 7,U<p(n) + ,U,+)

a a,b a,b —
< Nl =ty 1"+ W (7 + W (™) = 0

n—o0

[t — (T = 7))

since (fn)r is a Cauchy sequence.

4 Application to the transport equation with source term

We first extend the action of flows on probability measures to signed measures, and state some
estimates about the variation of || — v||*® after action of a flow on p and v.

13



4.1 Preliminary definitions and estimates

Definition 6. For i € M*(RY) and T a map, we define T#5p := TH#Hput—TH#u~, where p = p+—p~
1s the Jordan decomposition of p.

We only have [¢p#5u| < |u| (whereas |¢#pu| = |u|) since (¢p#u™ — ¢p#p™) may not be the Jordan
decomposition of ¢#pu.

Lemma 6. For v(t,x) continuous in time and Lipschitz in space, we denote by ®} the flow it
generates, i.e. the unique solution to

d v v v
S =u(®)),  Bj=1I.

Given by ug € ./\/ls(Rd), then, ue = ®Y#° 1o is the unique solution of the linear transport equation

StV (ult, 2)p) =0,
Hit=0 = HO

in C((0,T), M*(R)).

Proof. The proof is a direct consequence of Theorem 5.34 [10] combined with Theorme 2.1.1 [3]. O

Lemma 7. Let v and w be two vector fields, both satisfying for t € R and z,y € R, |v(t,z) —
v(t,y)| < Llz —y| and |v(t,z)| < M. Let p and v be two measures of M*(R%). Then

o |lpv#su — pp#v|| b < elt|jp—v
o [[p—p#ul|*® <bt Mu(RY), p(RY) =pt(RY) + p~ (R

o [V — P # u* < p(RYE [0 — w]leo

—1
o oy — op e r] @ < eMlp — vl|*? + p(RY D o — w]leo

Proof. The first three inequalities follow from Proposition 10 [9]. For the first inequality, we write

V| = W (G4 s 64 w) = W (S it — Gy, o v — givT)

= WGP (T + v ), Gy (™ + )

= Wit (ey# it +v7), 0% +vT))  (Prop. 10 [))
< MWt v )

= Ml —v|*".

l0F#° 1 — &f

For the second inequality,

WG, @) = WP (™ + SP#tn™, w™ + o)
< WPt o7 ) + WP 07 n7) - (Lemma )
< bt follen (5 (RY) + p~(RY)  (Prop. 10 [)
=bt|v]cop(R?) since = p — p~ is the Jordan decomposition.
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The third inequality is given by
©b = WP (U™ + A T O + S B T)
< W@y #nt, Pt + Wi (S5, ¢4 n™)
= Wi(Qp#u™, oF #u™) + Wi #°u™, ¢7#°17)
(e —1)
L

DF#°1 — O #°

< (I + 7)) o~ wlles ey using prop 10 [9] with i = v.

The last inequality is deduced from the first and the third one using triangular inequality. [

4.2 Existence and uniqueness for the transport equation

We build a solution to as the limit of a sequence of approximated solutions defined in the
following scheme. Consider po € M?*(R?) such that supp(uo) € K, K compact, and consider
v € COM?*(R%),C°R?)) and h € CO(M*(R?), M*(RY)) satisfying ([-1)), ((-2), (A-3). We define a

sequence (uF); through the following iteration scheme.

SCHEME

1
Initialization. Fix k € N. Define At = ok Set ub = po.

Induction. Given p;a, for i € [|0,2%|], define vy, := v[uky,] and

pE = @PA b+ (t— iADRE], €€ AL (i + 1)A). (13)

Proposition 7. The sequence (uf)k defined via the scheme is a Cauchy sequence in the space

0([0, 1], M*(RY), |I.||) with
el = sup pel| ™.
te(0,1]

Moreover, it is uniformly bounded in mass, i.e.

sup |uf| < co. (14)
te(0,1]

Proof. We first notice that the sequence built by the scheme satisfies
uf| < P+ |pol, teo,1]. (15)
Indeed, for t € [iAt, (i + 1)At]
g < [P H° piag| + AtR[ial| < pine] + AP,

and the result follows by induction. This proves . The sequence (1¥)ren is also uniformly tight
with respect to time, since using and (H-2), (H-3)),

supp{} C Bo(R) UKy,
with

supp{p} = supp{p"} Usupp{p~}, where (u", ") is the Jordan decomposition of s,

15



and
Kini={z €RY, o =+ 2/, ax €K, ||2'| < tM}.

We now set the same notations than in [7] and define m* v¥

j = = pk 4 vj = v[mf] and the corresponding

. ’U]-C
flow fi* := ¢,’. Fix k € N and ¢ € [0,1]. Define j € [0, 2%] such that ¢ € ]ik Jzi,j}

First case. If t € } J éj,ﬂ} we call t/ =t — ik < 21«% and we obtain

W“b(ut,uf“): (fi* #sm + R[], fP M mE ¢ hmE )

(S mb, PR e mb )+ WP (R [mE), ¢ hmb )

e —1), & w1 ab k1
TH’U]—UQ llco Rd)—i—tQW (m Mgy )

/ 1 /
< Wil ) (4 (P D e - 1)+ 0Q)

a,b
1
a
1

< eLthCf b(mk mgjl) + |m§|

Since
Lt / k+1 (eLt, -1) k+1
et <1+ 2Lt §2L2*(+)7 T§22*(+),

we have

j 25+1
i = 1 < Iy — g (127650 2L+ 2P+ 0D +Q)) e | E
2k

9k’ 9k+1
(16)
Second case. If t € ] 23111, ];;1} we call ¢/ = 23“ < 2k+1 and we have,
1 k) _ pik s pik k|

k+1 2j+1,k+1 27,k+1 k+1 k+1 27,k+1 k 1 k+1
pett = t/] #° (J:Zl+1 #ms) +Wh[m2f ]> +th[f 0y +ﬁh[m2f ]}

2J+1 k+1 27,k+1 k+1 2j+1,k+1 k+1 2] k+1 k+1 k+1
# f2k+1 #my; 2k+1f #°hlmay; ] +t'h [ e #imy; -+ 2k+1h{m2y @
and thus
k a b [ pdk Jik s 2]-1—1 E+1 s 025,k+1 s k+1
— m
I 1 (4015 om e e
b 2j4+1,k+1
g We? (R, 72 ) (7)
b k 2j7,k+1 k+1 1 k+1
+ Wy <h[mj],h [fQZH #°my, + 2k+1h[m2j ]]) .

We have first, using Lemma [7]

2k+l ok+1

b ik ik 2 i1, k+1 25 k+1 k+1
W(1l < t]’ #Sfj L #m J #f ]1 #Sm2j>

< (1 + 202~ F+FDyweb ( P25 4ol 2 ’“*1#sm’5jl> +27 2P of — o H o ray

2k+1

Since, according to the first case,
b j ko 24,k+1
Wit (P8 gt ) < =m0 (1427040 L4 2P 4 %))
2 2
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and
k bk kbl bk k+1 b k+1 ket
[vf — U23+1”CO R4) < KWy (m]7m2]++1) < KWy (mj m2]+ ) + KWy (m2]+ m2]++1)
b k bk k
< KW} (m m2]+1)+KWCf (mQ;rl,mQ;-Zrll)
_ KWa b(m ml2€]+1) +chlt,b( k+17f21 kH#s k+1)
_ KWa b(mk mé}]—‘rl) +KM2_(k+l),

we have

b ik ik 2j+1,k+1 2j,k+1
wi (fff LR Y s #Sméﬁ)
2

(18)
< [Jmf — mb e (1 +27® D (4p 4 2P+ 0D+ L) + 2KP)) + 22+ o PR M
Secondly,
WP (lmb, £ e hl )
J
< WP (fml], 7T gl ) + Wt (£ el T e n ) (19)
<YMP + "' Q|lmh — m}] )+ (1 + 2027 FHD) Ik — bt e,
and third
Wb 25,k+1 45 k+1 BImkt1
1 ( J’f2k+1 ##om +2k+1 [ma; ]
a,b k 256+ s k41 —(k+1)\p/ab k+1
< : !
_Wl <m]7f2k1+1 # m2] )+2 Wl <Ovh[m2j ]) (20)

<wp? (mk myF 1) +wed (mgfla fjiifl“#smgfl) + 2 (kg p
< ||ml? - mk“Ha’b + 2_(k+1)(|ﬂof + P(1+ a))-

Plugging ([18§] and ( into ( , and combining with ( gives us

- - | j+1
laf = g < (1 27O =m0 4 Cy2 7, te]] ? }

ok’ ok
with
1
Ci=1+3L+P+|°)(1+L)+KP+Q), C’zzZ(MP(1+2K)+|MOI+P(1+CL)).

By induction on j, we obtain

2k_1
- Cs _
o = s H < Nl = mlgf 0 < 37 (14 27ROy < (e - 12
7=0

Since the right hand side is the term of a convergent series, then (u¥)y is a Cauchy sequence. [

Theorem 3 (Existence and uniqueness). Let v and h satisfy (H-1), (H-2)), (H-3) and po €
M? (Rd) compactly supported given. Then, there exists a unique distributional solution to m
CO ((O, 1),MS(Rd)).
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Proof. The proof is based on the proof of the same result for positive measures written in [9]. We
first focus on existence.

Step 1. Existence. Since the sequence given by the scheme (uF); is a Cauchy sequence
(Proposition which is uniformly bounded in mass, in the space (CO(O, 1), MS(Rd)), we can define
using Theorem [2]

pe= Tim f, 0 ((0,1), M(RY).

k—oo

The goal is to prove that for all ¢ € D((0,1) x R%)

1
|t gt ) + ol Volto)) + Gl ot ) =0, () = [ olt.)dpula) @D

We first notice that

2°-1 L(j+1)At
2 /A dt ({f, rp(t, ) + olibad- Vip(t, @) + (bl (2, 2)) ) — 0

§=0
Indeed, p; := @§ #°up is a weak solution of %Mt +V. (v(z)pe) and py = po+th(x) is a weak solution
of %Mt = h(z), so that

27l pGrnat
3 [ (G et o)+ ol Fote o) + (i ot a) |
o’

251 L(j+1)AL
=130 [ (e annmlad oliad Velt )

=0 Jint

< MP||Vo|joo2™® ) —5 0.
k—o0

Now, to guarantee , it is enough to prove that

k—o0

lim ‘/0 dt ((ue, Opp(t, ) + v[w] . Vep(t, z)) + (h[w], o(t, 2)))

271 ,(j+1)At
-/ Ut (b Gl ) + ol Vet o) + (Bl pt.) ) | = 0
J

=0 Jint

We have

1 271 L(j+1)At i i
[ttt = X [ e (tuk,att o) | < 10iglelie — ] 3 0
0 =0 JAt k—o0

1 2°-1 L(j+1)AL i i
[ttt oty = 3 [ bl ot )| < Qllelie — bl .
0 j=0 JiAt —00
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and

1 2" -1 L(+1)AL
| [t ol Dot = 3 [t ol Dt a)

%1 L(ina 2 (j+1)At
<| X[tk - ol Vet ol |+ | [ et ol - oluf)-Vote )
JAt Jj= At
"1 L(j+1)At
| X[ et wliel = ol T )|

=0

< IVeelloo (Mllae = il + LM(P + pao])27540) 4 (P + o) Llse = wf ) — 0.

Step 2. Any weak solution to (1) is Lipschitz in time. In this step, we prove that any
weak solution to the transport equation satisfies for some L > 0

lperr — el ®® < Lyr,  t>0, 7 >0, (22)

with Ly = P+bM (P + |po]). To do so, we consider a solution i to (1). We define the velocity field
w(t,x) := v[u(z) and the signed measure by = hfu]. The velocity field w is continuous in time,
since by definition, u; is continuous in time and v is Lipschitz with respect to pu. Then, u; is the
unique solution of

Dupae() + div.(w(t, D) () = (@), Holw) = po(a). (23)

Uniqueness of the linear equation is a direct consequence of Lemma @ Thus, the unique
solution py to can be obtained as the limit of scheme defined above. We have for k > 0

b ke ||a,b k_ ko |ab k b
e = pel|®” = [l = 17 + o = s 17 + s — g 17

where i is given by the scheme. The two outside terms can be rendered as small as desired for
k > ko large enough, and for ¢ := min{i € {1,...,2F}, ¢t < %}, j:=min{i € {1,...,2F}, ;t+7 <
2%} with the notations of the scheme

j—1 Jj—1
k Ekab k Ejab k kyjjab _ [m}] k k Ey(jab
g s = pf |0 = mf —mp | =) (mfy = mf)||*? = HZ(@&T #°m; + Athlm;] —m;)||*
i=0 '

j—1 X
<3l ol ’“ummuzh e,

i=t
(24)
Using (H-3|), we have
E P
AtS hmf| < _“p<p 2
| Z Al T+ o (25)
and using Lemma |7 and

.7 ¢ bM (P + | o

Z sty o I Loba (Pt lol) < o0t (P+ gy -+ POl o)
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which proves .
Step 3. Any weak solution to satisfies

ptr — (U5 1y 4+ Th[u]) | < Ko7 (27)

with Ky = Ly + bM (P + |uo|) + P. Indeed, let us consider a solution y to (I)). As in the previous
step, p; is the unique solution to , and thus it can be obtained as the limit of the sequence
provided by the scheme. With the notations used in Step 2 and using Lemma [7]

[ ptr — (245 1y + Th ) ab

| ||k — (OIS b 4 TR )
+ [l e (py — k)
< (L4 P [l per — s |0 + b — (@2l + Th )| 0.

The first term can be rendered as small as needed for k sufficiently large, we focus then on the
second term

1y — (P2 1 T h[pe )| < [|pfyr — pF )| @0 4 (|l — S ¥ + 7 ] |

1
< (L1 +bM(P + |po|) + P)T + ﬁ(P +bM (P + |ol)),

0 <t = ifar

|a,b

which proves .
Step 4. Uniqueness of the solution to . Assume that p; and vy are two solutions to
and define e(t) = ||y — v4]|*®. We denote
Ru(t,7) = s — (@050 + 7)), Ru(t,7) = vigr — (20450 + Th{ng)).
Using Lemma [7] and Step 3, and e* < 1+ a for 0 < a < 1, we have
e(t +7) = [lierr = viar |0 = 162098 s + Thlp] + Ryu(t,7) — 920450, — hiv] — Ry (¢, 7) ||
< (|l o uy — IR |90 4 7| R fpae] — Al + Rt TP + || R (8, 7|
Lt
< <€LT-F(F”+|M0D

-1
7 K+ Q) e — v|*° + 2K, 7
< (1+7(L+ P+ |pol + Q) lue — vl + 2Ky 7,

e

which is
e(t+7)—e(t)

T

< Mr, t>0,7<—, M =L+ P+|uol+ Q. (28)

S

Gronwall Lemma implies that

e(t)+ M < Me(0) + M2K;t, t>0,

1 1
which is e(t) < Ke(0) for ¢t < Y7o This proves uniqueness of the solution for ¢ < TR and a
1 1
bootstrap argument guarantees uniqueness for all time.

O
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