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Abstract

We study integrals of the form [, f (dwi,...,dwn), where m > 1 is
a given integer, 1 < k; < n are integers and w; is a (k; — 1)-form for all
1 <i<mand f:][", A" (R") — R is a continuous function. We
introduce the appropriate notions of convexity, namely vectorial ext. one
convexity, vectorial ext. quasiconvexity and vectorial ext. polyconvexity.
We prove weak lower semicontinuity theorems and weak continuity the-
orems and conclude with applications to minimization problems. These
results generalize the corresponding results in both classical vectorial cal-
culus of variations and the calculus of variations for a single differential
form.

Keywords: calculus of variations, quasiconvexity, polyconvexity, exterior con-
vexity, differential form, wedge products, weak lower semicontinuity, weak con-
tinuity, minimization.
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1. Introduction

In this article, we study integrals of the form

/f(dwh...,dwm),
Q

where 2 C R” is open and bounded, m > 1 is a given integer, 1 < k; < n are
integers and w; is a (k; — 1)-form for all 1 <i <m and f:[[-, A¥ (R") - R
is a continuous function. When m = 1, this problem reduces to the study of the
integrals

Q



which was studied systematically in Bandyopadhyay-Dacorogna-Sil [4]. On the
other hand, when k; = 1 for all 1 < i < m, the problem can be identified with

the study of the integrals
JRED!
Q

when u : Q C R® — R™ is an R™-valued function, which is the classical problem
of the calculus of variations, where m = 1 is called the scalar case and m > 1
is called the vectorial case. Thus the study of the integrals fQ f(dws, ..., dwn)
unifies the classical calculus of variations and the calculus of variations for a
single differential form under a single framework.

The convexity properties of f plays a crucial role. Generalizing the notions
introduced in Bandyopadhyay-Dacorogna-Sil [4], here we introduce the follow-
ing terminology: wvectorial ext. one convexity, vectorial ext. quasiconverity and
vectorial ext. polyconvexity. These notions play analogous roles of the classical
notions of rank one convexity, quasiconvexity and polyconvexity (see, for ex-
ample Dacorogna [8]) respectively and reduce to precisely those notions in the
special case when k; = 1 for all 1 < i < m. The characterization theorem for
vectorially ext. quasiaffine functions, obtained for the first time in Sil [25], is
proved. As a corollary, this gives a new proof of the celebrated characterization
theorem of Ball [2] for quasiaffine functions in the classical case.

The necessity and sufficiency of vectorial ext. quasiconvexity of the map
&1y &m) = f(x, &1, ..., &m), with usual power-type growth condition on f,
for the sequential weak lower semicontinuity of integrals of the form

/f(x,dwl,...,dwm),
Q

in the larger space W%P(2; A¥~1) is shown, with an additional assumption on
traces if p; = 1 but k; # 1 for some 1 < ¢ < m. . Unlike the classical calculus
of variations, in general, W%P_ instead of WP, is the relevant space from the
point of view of coercivity. A counterexample shows the result to be optimal in
the sense that the semicontinuity result is false if we allow explicit dependence
on w;s in general. This failure is essentially due to the lack of Sobolev inequality
in WP,

Equivalence of vectorial ext. quasiaffinity with sequential weak continuity
of the integrals

/f(dwl,...,dwm),
Q

on W%P(Q; A*~1) is proved. Sufficiency part of this result however has es-
sentially been obtained in Robbin-Rogers-Temple [23]. In the spirit of the dis-
tributional Jacobian determinant in the classical case, two distinct notions of
distributional wedge product of exact forms are introduced, one generalizing
Brezis-Nguyen [5] and the other following Iwaniec [15]. Distributional weak
convergence results for such products are proved.



Existence theorems for minimization problems for vectorially ext. quasi-
convex and vectorially ext. polyconvex functions, with possible explicit x-
dependence are obtained. A counterexample is given to show that minimizer
might not exist in general if we allow the integrand to depend explicitly on w;.

This achieved unification also both clarifies and raises a number of interesting
points, which merit further study.

e The so-called ‘divergence structure’ and cancellations of the determinants,
giving rise to improved integrability and weak continuity, is well-known in
the classical calculus of variations. It has been exploited in various con-
texts, namely nonlinear elasticity (beginning with Ball[2]), theory of ‘com-
pensated compactness’ (Coifman-Lions-Meyer-Semmes [6], DiPerna [10],
Murat[22], Tartar[26]), theory of quasiconformal maps and the associated
Beltrami fields (Iwaniec [14], Iwaniec-Sbordone [17]), very weak solutions
of PDEs (Sbordone [24]) etc. The unified framework views these ideas as
central to the calculus of variations as a whole and puts these ideas in
their most general and natural setting - the exterior algebra. By isolating
and clarifying the fundamental core of these ideas, which already proved
to be immensely powerful in myriad contexts, the unification can poten-
tially open doorways to new advances in nonlinear analysis, especially in
a geometric setting.

e On the other hand, from the unified perspective, our ability to settle min-
imization problems when the integrand have quite general explicit depen-
dence on the w;s is a feature specific to the classical calculus of variations
and does not extend beyond it. This failure, however, highlights another
very fundamental issue, the so-called ‘gauge invariance’ of the minimiza-
tion problem. Even when m = 1 but k > 1, the integrand and thus the

minimization problem for / f(z,dw) is invariant under translation by

the infinite dimensional subs%ace of closed (k — 1)-forms with vanishing
boundary values. The lack of coercivity on WP, unavailability of Sobolev
inequality in WP, the space on which the functional is coercive and the
counterexamples to both the semicontinuity and the existence results when
general explicit dependence on w is allowed are all manifestations of this
invariance. Also, the crucial fact which allows us to derive existence of
minimizers in WP is essentially a ‘gauge fixing procedure’ (see lemma
6.3). In the general setting of gauge field theories, Uhlenbeck [27] proved
a gauge fixing result to study Yang-Mills fields, where the energy func-
tional is convex. A better understanding of the interplay between gauge
invariance issues and the introduced convexity notions will likely serve as
a stepping stone to generalizations of gauge field theories with non-convex
energies.

The rest of the article is organized as follows. Section 2 collects all the
notations used throughout the article. Section 3 introduces the convexity no-
tions, derives some basic properties and proves the characterization theorem



for vectorially quasiaffine functions. Section 4 and Section 5 discuss sequential
weak lower semicontinuity and sequential weak continuity results, respectively.
Section 6 discusses existence theorems for vectorially ext. quasiconvex and vec-
torially ext. polyconvex integrands.

2. Notations

We gather here the notations which we use throughout this article. We reserve
boldface english or greek letters to denote m-tuples of integers, real numbers,
exterior forms etc as explained below.

1. Let m,n > 1 be integers.

e A, 1, (, ) and * denote the exterior product, the interior product,
the scalar product and the Hodge star operator , respectively.

e k stands for an m-tuple of integers, k = (k1, ..., kn), where 1 < k; <
n for all 1 < ¢ < m, where m > 1 is a positive integer. We write
m

A*(R™) (or simply A*) to denote the Cartesian product H AR (R™),
i=1
where A¥: (R") denotes the vector space of all alternating k;-linear
maps f: R" x .-+ x R" — R. For any integer r, we also employ the
—_——
k;-times
m
shorthand A**™ to stand for the product H AR (R™) . We denote
i=1
elements of A by boldface greek letters, except a, which we reserve
for multiindices (see below). For example, we write & € A* to mean
&= (&,...,&,) is an m-tuple of exterior forms, with ¢; € A¥i(R") for
1

m 2
all 1 < i <m. We also write |£] = <§:|£Z|2 . In general, boldface
i=1

greek letters always mean an m-tuple of the concerned objects.

e If k is an m-tuple as defined above, we reserve the boldface greek
letter o for a multiindex, i.e an m-tuple of integers (aq,...,qmn)

with 0 < oy < [kﬂ} for all 1 <4 < m. We write |a| and |ka] for the

m m
sums Z a; and Z k;a;, respectively.

i=1 i=1
e For any k and a, as defined above, such that 1 < |ka| < n, we write
£ for the wedge product

CUNLLNES = E N NELA N Em A A € ARI(RM),
—_—— ~———

«1-times Q. -times

Clearly, if a; = 0 for some 1 < ¢ < m, &; is absent from the product.



e Let k and « be as defined above. Then for any £ € A* and for any
integer 1 < s < mn, T(&) stands for the vector with components £,
where o varies over all possible choices such that |a| = s, as long as
there is at least one such non-trivial wedge power. As an example, if
m = 3, then we immediately see that

T1(§) = (§1,62,63)
To(€) = (6,6 N &, & N E3, &5, & N &3, &5) et
N (k) stands for the largest integer s for which there is at least one
such non-trivial wedge power, i.e
N(k) = max {s € N: Ja with || = s such that £€* # 0
for some & € Ak} .

T'(€) stands for the vector T(€) = (T1(£), ..., Tn)(€)) , whose num-
ber of components is denoted by 7(n, k), i.e T(&) € R7(k),

2. Let p = (p1,-.-,pm) where 1 < p; < oo for all 1 <i < m. Let Q C R"
be open, bounded and smooth. Let v = (v4,...,v,) denote the outer

normal on 912, identified with the 1-form v = Z v;e'. Note that v used as
i=1

a subscript or superscript still denotes just an index and not the normal.

There is little chance of confusion since the intended meaning is always

clear from the context.

e Let 0 <k <n—1be an integer and 1 < p < co. Then we define the
following spaces.
WP (Q; AY) = {w € LP(Q;A%), dw € LP(Q; AV},
WEP(Q AF) = {w € LP(Q; AF), dw € LP(Q; A1), v Aw = 0 on 90}
WP (9 A%) = {w € LP(Q; AF), dw € LP(Q; A*1), v 0w = 0 on 90},
7 (

and similarly the spaces W ”(€; A¥) and WP (Q; AF). Also, we de-
fine,

Wi A%) = fuw € Wik (@ A%) s 6w = 0 in 0},

and similarly Wél_ 2(Q; AF). We also denote harmonic k-fields, har-
monic k-fields with vanishing tangential component on the bound-
ary and harmonic k-fields with vanishing normal component on the
boundary by the symbols H (2, A¥), Hr(Q, A¥) and Hy(Q, A*), re-
spectively.

e We define the spaces LP(Q, A¥), WIP(Q, A*¥), WaP(Q, AF), and also
the spaces Wy P(Q, A*), WEP(Q, A¥), Wf’ff(ﬂ, AF) etc, to be the cor-
responding product spaces. E.g. 7

WP (Q, AF) = [T WP (2, A%).

i=1



They are obviously also endowed with the corresponding product
norms. When p; = oo for all 1 < i < m, we denote the corresponding
spaces by L™ , W1 etc.

e In the same manner, w’ — w in WP (Q;Ak_l) will stand for a
shorthand of

w! — w; in Wpi (Q;Aki*l) (= if p; = 00),
for all 1 <7 < m, and f(dw”) — f (dw) in D'(Q) will mean

fldwy,. .. dwh) — f(dws,...,dwy,) in D'(Q).

3. Notions of Convexity

3.1. Definitions

We start with the different notions of convexity and affinity. From here onwards,
we are going to employ the boldface multiindex notations quite freely (Section
2 lists in detail all the notations that are employed).

Definition 3.1 Let 1 < k; <n forall1 <i<m and f : HA’” (R") = R.
i=1
(i) We say that f is vectorially ext. one convex, if the function

g:it—=gt)=f(&G +tanPr,la+tanBy, ..., &n+taABn)

is convex for every collection of & € AF, 1 <i<m, a € A and B; € AF~!
for all 1 < i < m. If the function g is affine we say that f is vectorially ext.
one affine.

(i) A Borel measurable and locally bounded function f is said to be vectori-
ally ext. quasiconvex, if for every bounded open set (2,

Kll/ﬂf(fl +dwy (), & + dwa(x), ... & + dwm () > f(&1,&2,-- -, 6m)

for every collection of & € A* and w; € VVol’Oo (Q;Aki_l) with 1 < i < m. If
equality holds, we say that f is vectorially ext. quasiaffine.

(#ii) We say that f is vectorially ext. polyconvex, if there exists a convex
function F such that

(&) =F(T(),

where T'(&) stands for the vector with components €%, where o varies over all
possible choices such that 1 < |ka| < n. (see section 2 for the notations). If F
1s affine, we say that f is vectorially ext. polyaffine.



Remark 3.2 (i) The abbreviation ext. stands for exterior, which refers to the
exterior product in the first and third definitions and for the exterior derivative
for the second one.

(ii) When m = 1, the notions of wvectorial ext. polyconvexity, vectorial ext.
quasiconvexity and vectorial ext. one convexity reduce to the ones introduced
in [4], namely, ext. polyconvexity, ext. quasiconvexity and ext. one convexity
respectively.

Remark 3.3 The definition of vectorial ext. quasiconvexity already appeared
in Twaniec-Lutoborski [16], which the authors simply called quasiconvexity. In
the same article, the authors also introduce another convexity notion, which they
called polyconvexity. But the definition of polyconvexity introduced in Twaniec-
Lutoborski [16] is not equivalent to vectorial ext. polyconvezity. See remark 3.8
for more on this.

Remark 3.4 When k; = 1 for all 1 < i < m, for each & € A*, by identifying
& € Al as the i-th row, &€ can be written as a m x n matriz. With this identifi-
cation, the notions of vectorial ext. polyconvezxity, vectorial ext. quasiconvexity
and vectorial ext. one convexity are exactly the notions of polyconvexity, quasi-
convexity and rank one convexity, respectively.

By requiring these properties to hold for each factor while the others are
kept fixed, we can define the corresponding ‘separate convexity’ notions.

m
Definition 3.5 Let 1 < k; <n forall1<i<m and f : HA’“ (R") = R.
i=1
(i) We say that f is separately ext. one convex or ext. one convex with
respect to each factor, if for every 1 < i < m, the function g; : A¥ — R, given
by,
91(5) = f(nla cee 7771‘—1’57771‘—1-17 LRI 77m)
is ext. one convex for every collection of n; € A*, 1< j<m, j#i. Wesay f
is separately ext. one affine if g;s are ext. one affine.
(ii) A Borel measurable and locally bounded function f is said to be sepa-

rately ext. quasiconvex or ext. quasiconvex with respect to each factor, if for
every 1 < i < m, the function g; : A¥ — R, given by,

gl(g) = f(nla cee 7771'—1357772'4-17 .. anm)

is ext. quasiconvex for every collection of n; € A 1< j<m,j#i We say
f is separately ext. quasiaffine if g;s are ext. quasiaffine.

(ii) We say that f is separately ext. polyconvex or ext. polyconvex with
respect to each factor, if for every 1 < i < m, the function g; : A¥ — R, given
by,

Gi(§) = F(Ms e s i1, 6 Mik 15+ -+ 5 )

is ext. polyconvex for every collection of n; € A*, 1< j <m, j+#i. Wesay f
1s separately ext. polyaffine if g;s are ext. polyaffine.



Note that the notions of separately ext. one affine, separately ext. quasiaffine
and separately ext. polyaffine are all equivalent. It is easy to see from the
definitions, using the relations between ext. polyconvexity, ext. quasiconvexity
and ext. one convexity (cf. Theorem 2.8(i) in [4]), that

o [ vectorially ext. one conver = f separately ext. one convex.

o f wvectorially ext. quasiconvex = f separately ext. quasiconver

= f separately ext. one convex.

o f wvectorially ext. polyconver = f separately ext. polyconvex
= f separately ext. quasiconvex

= f separately ext. one convex.

Note that the notion of a separately convex function is very different. For f to
be separately convex, we require convexity with respect to each component, not
each factor. All the convexity notions above implies separate convexity of f, but
none is implied by it. As an example, the function defined by the multiplication

m
of all the components of all the factors, i.e f(&1,...,6m) = [ [I &, is clearly
i=11eTwi
separately convex, but not separately ext. one convex and thus none of the
others as well.

As in [4], we can use Hodge duality to extend these notions of convexity to
the ones related to interior product and §-operator. We shall discuss vectorial
ext. convexity properties only. Vectorial int. convexity notions can be handled
analogously.

3.2. Basic Properties

The different notions of vectorial ext. convexity are related as follows.

Theorem 3.6 Let f: A¥ = R. Then

feonver = f wvectorially ext. polyconver = f wvectorially ext. quasiconver

= f wvectorially ext. one conver.

Moreover if f : A® (R™) — R is vectorially ext. one convex, then f is locally
Lipschitz.

Proof The proof is very similar to the proof of theorem 2.8 in [4] (see [25] for
a more detailed proof). We only mention here the essential differences. The
implication that f convex implies f vectorially ext. polyconvex is trivial.

To prove the implication,

f vectorially ext. polyconvex = f vectorially ext. quasiconvex ,



the argument using Jensen’s inequality is exactly the same as in theorem 2.8 in
[4], as soon as we show

/ (€ + dw)™ = £€¥ meas (),
Q

for any &€ € A¥, for any w € W01’°°(Q, AF) and for any multiindex a.. We prove
this using induction over |c|. The case || = 1 easily follows from integration
by parts. So we assume || > 1. Thus, there exists ¢ such that a; > 2. Now, we
have,

(€ +dw)™ =& A (€ + dw)® + dw; A (€ + dw)”
zfi/\(&'—I—dw)ﬁ—kd[wi/\(ﬁ—l—dw)ﬁ} :

where B is a multiindex with 8; = o; — 1 and 8; = a; for all 1 < j < m, i # j.
Since |B| = |a| — 1, integrating the above and using induction for the first
integral and integration by parts along with the fact that w; = 0 on 99 for the
second, we obtain the result.

The implication
f vectorially ext. quasiconvex =- f vectorially ext. one convex,

is proved by the same arguments as in theorem 2.8 in [4], using lemma 2.7 in
[4] for each factor.

The fact that f is locally Lipschitz follows once again from the observation that
any separately ext. one convex function is separately convex. m

We can have another formulation of vectorial ext. polyconvexity. The proof of
which is similar to Proposition 2.14 in [4] and is omitted.

Proposition 3.7 Let f : A®* — R. Then, the function f is ext. polyconvex if
and only if, for every & € A®, there exist co = ca (&) € ARl(R™), for every o
with 0 < |ka| < n, such that

Fm) = F€)+ (s (€)in™ —€%),  for cverym € A¥.

Remark 3.8 Comparison with the definition of polyconvexity introduced in
definition 10.1 in Iwaniec-Lutoborski [16], one easily sees that their definition
allows only the case a; € {0,1} for all 1 < i < m. We remark that unless k;s
are all odd integers, these two classes of polyconvexr functions do not coincide
and ours is strictly larger. For example, identifying R with A™, the function
f1: AR x ARz 5 R given by,

fi(€1,6) = (&1 N&)  for every & € AP & € AP

where ¢ € A¥1H52) 45 g constant form, is polyaffine in the sense of Iwaniec-
Lutoborski [16] and also vectorially ext. polyaffine. However, the function
fo: ARt x A2 5 R given by,

fo(&,&) = (& NE&)  for every & € AP & € AF2



where ¢ € A**' s a constant, is vectorially ext. polyaffine, but not polyaffine
in the sense of Iwaniec-Lutoborski [16], unless ki is odd or 2ky > n. Note that
the crucial point is the self-wedge product, not the fact that fs is independent of
&. f1+ f2 is also vectorially ext. polyaffine, but not polyaffine in the sense of
Twaniec-Lutoborski [16]. Note also that it is easy to see, by integrating by parts
that f1, fo and fi1 + fo are all vectorially ext. quasiaffine and hence are also
quasiaffine in the sense of Iwaniec-Lutoborski [16]. Also, when m =1, i.e there
s only one differential form, reducing the problem to the functionals having the
form fQ f(dw), their definition of polyconvexity coincide with usual convexity.
On the other hand, when m = 1, vectorial ext. polyconvexity reduces to ext.
polyconvexity, which is much weaker than convexity and has been discussed in
detail in [4].

3.3. The quasiaffine case

We now prove the basic characterization theorem for vectorially ext. quasiaffine
functions. In the special case when k; = 1 for all 1 < ¢ < m, this immediately
implies classical theorem of Ball [2] with a new proof. In a sense, this theorem
also ‘explains’ the appearance of determinants and adjugates in the classical
theorem. Determinants and adjugates appear as they are precisely the ‘wedge
products’ in the classical case.

Theorem 3.9 Let f : A* — R. The following statements are then equivalent.
(i) f is vectorially ext. polyaffine.
(ii) f is vectorially ext. quasiaffine.
(iii) f is vectorially ext. one affine.
(iv) There exist c, € AFR(R™), for every a = (au,..., ) such that
0< o < [%} forall1 <i<m and 0 < |ka| < n, such that for every & € Ak,

FE&O= > (i€

o,
0<|ka|<n

Remark 3.10 If k; = 1 for all 1 < i < m, then this theorem recovers the
characterization theorem for quasiaffine functions in classical vectorial calculus
of variation as a special case. Indeed, let X € R™*"™ be a matriz, then setting

n

& = ZXijej for all 1 < i < m, we recover exactly the classical results (cf.
j=1

Theorem 5.20 in [8]).

Proof (i) = (ii) = (i4i) follows from Theorem 3.6. (iv) = (i) is immediate
from the definition of vectorial ext. polyconvexity. So we only need to show
(#it) = (iv).

We show this by induction on m. Clearly, for m = 1, this is just the charac-
terization theorem for ext. one affine functions, given in theorem 3.3 in [4]. We

10



assume the result to be true for m < p — 1 and show it for m = p. Now since f
is vectorially ext. one affine, it is separately ext. one affine and using ext. one
affinity with respect to £, keeping the other variables fixed, we obtain,

N
[

FE) = (eal€rs &1)i65),
s=1
p—1
where for each 1 < s < [%], the functions c; : H Akt — A®k» are such that
i=1

the map (&1,...,&p—1) — f(&1,...,&—1,&p) is vectorially ext. one affine for

any &, € A*». Arguing by degree of homogeneity, this implies that for each 1 <

s < [#£], every component cg is vectorially ext. one affine, i.e (&,...,&-1) —
P

cl(&, ..., &-1) is vectorially ext. one affine for any I € Ty,. Applying the
induction hypothesis to each of these components and multiplying out, we indeed
obtain the desired result. m

Remark 3.11 Note that since the proof of Theorem 3.3 in [4] does not use the
classical result about quasiaffine functions, this really yields a new proof even in
the special case of k; =1 for all 1 < i <m.

4. Weak lower semicontinuity

Now we investigate the relationship between vectorial ext. quasiconvexity of the
integrand and sequential weak lower semicontinuity of the integral functionals.
4.1. Necessary condition

Theorem 4.1 (Necessary condition) Let Q@ C R"™ be open, bounded. Let
f:Qx AF=1 x A* = R be a Carathéodory function satisfying, for almost all
x € Q and for all (w,€) € AR~ x AF,

[f(z,w,8)| < a(z) +b(w, §), (1)

where a € L*(R"), b € C (A*=1 x A*) is non-negative. Let the functional
I:Wdoe (Q;Ak_l) — R, defined by

I(w) := /Qf (z,w(z),dw(x)) dz, for allw € W (Q; AR,

be weak % lower semicontinuous in W™ (Q; Ak_l). Then, for almost all o €
Q and for all wg € A1, £€o € A* and ¢ € WEH® (D;Ak),

/D f (20, wo, €0 + dp()) da > f (10, wo, £o)

where D = (0,1)™ C R™. In particular, & — f(z,w,&) is vectorially ext.
quasiconvex for a.e x € Q and for every w € A*~1

11



Remark 4.2 Since I being weak % lower semicontinuous in W% (Q; Ak_l) 18
a necessary condition for I to be weak lower semicontinuous in WP (Q; Ak_l)
for any p, f being vectorially ext. quasiconvex is a necessary condition for weak
lower semicontinuity in WP (Q; Ak_l) as well.

The proof of this result is a long but straightforward adaptation of the classical
proof (due to Acerbi-Fusco [1]) for the gradient case (cf. Theorem 3.15 in [8])
and is omitted. See [25] for a detailed proof.

4.2. Lower semicontinuity for quasiconvex functions with-
out lower order terms

We now turn to sufficient conditions for sequential weak lower semicontinuity.
We begin by defining the appropriate growth conditions.

Definition 4.3 (Growth condition I) Let Q C R™ be open, bounded and let
f:A* = R. Let p be given.
f is said to be of growth (Cp), if for every & = (€1,...,&m) € A*, f satisfies,

o <1 + ZG%(@-)) <f<a (1 + ZGE‘@)) ! 2
i=1 i=1

where o > 0 is a constant and the functions Gls in the lower bound and the
functions G}'s in the upper bound has the following form:

o Ifp;, =1, then,
GL(&) = G (&) = ail&] for some constant a; > 0.

o If1 < p; < oo, then,
Gi(&) = ail&|™  and  GH(&) = ailé;

for some 1 < q; < p; and for some constant a; > 0.

Di
)

o Ifp; = o0, then,
Gi(&) = Gi&) =i (1&]) -
for some nonnegative, continuous, increasing function n;.

Now we need a lemma which is essentially an analogue of the result relating
quasiconvexity with WP-quasiconvexity in the classical case (see Ball-Murat
[3]) and is proved in a similar manner.

Lemma 4.4 (W%P-quasiconvexity) Let Q@ C R" be open, bounded, smooth.
Let f: A® — R satisfy, for every € = (&1,...,&n) € AF,

f(§) <a (1 + ZG;*(@-)) :

i=1

where o > 0 is a constant and the functions Gi's are as defined above, with a
given p. Then the following are equivalent.

12



(i) f is vectorially ext. quasiconver.

(i) For every q such that p; < q; < oo for every i =1,...,m, we have,

1
m/ﬂf@‘f'CW)Zf(ﬁ),

for every ¢ € W1 (Q; AR

Proof For any ¢ € Wg’q (Q; A*=1), we find {¢*} C C2° (Q; A*~1) such that
{¢”} is uniformly bounded in WP (Q; A¥~1) and d¢” — d¢ for a.e z € Q.
Since f is continuous, applying Fatou’s lemma we obtain,

liyrggf/ [a (HZG?(@”)) — f(§+do")
i=1

Q
>/
Q

Since li_>m (1 + g Gf(cﬁl”)) = / (1 + E Gf(q§1)> , by dominated con-
v—00 : Q :
Q i=1 i=1

vergence theorem, vectorial ext. quasiconvexity of f yields the result. m

a <1 + _ZG?(@-)) — f(& +do)

We now generalize an elementary proposition from convex analysis in this
setting. The proof is straightforward and is just a matter of iterating the argu-
ment in the proof of Proposition 2.32 in [8]. So we provide only a brief sketch.

Proposition 4.5 Let p = (p1,...,pm) with 1 < p; < oo for all 1 <i < m and
let Q C R™ be open, bounded, smooth. Let f : A¥ — R be separately convex and
satisfy, for every & = (&1,...,&m) € AR,

Pz‘) ,

f(&)] < a (1 + _Zm

where a > 0 is a constant. Then there exist constants §; > 0,i =1,...,m such
that

E) — 101 <5 1+Z(§wf+|@vf) & — Gl
i=1 j=1

for every &€ = (&1,..,&m), ¢ = (C1y--+,Cm) € AR, where p, is the Holder
conjugate of exponent of p;.

Proof We know that for any convex function g : R — R, we have, for every
A > p >0 and for every t € R,

glt£p) —g(t) _ gt +A) —g(t)
1 - A '

13



Now let -
i,
gi(t) = f(t.€"),
where El’ is the vector whose components are precisely all the components of

€ except &!. Choosing = ¢! —¢F and A = 1+ |&] + G|+ Z|§J\m we obtain,
J#i

olch) —o(el) = (el + ) —oeh) < 2T NI

The same can be done for g(¢!)—g(¢!) as well. Now, using the growth conditions
and writing f(€) — f(¢) as a sum of differences, the estimate follows. m

Remark 4.6 A similar looking inequality was claimed in ITwaniec-Lutoborski
([16], (10.3)), which however is easily seen to be false. Take for example, the
function W : A¥ x A"=F — A" defined by W (&,n) = € An. It is easy to see that

(W, n)| < C (\§|2 + |T]\2) , for some constant C > 0. Now, choose £1,& € AF

and n € A"% such that (&, — &) An # 0. Now, for any A € R, applying the
inequality for the points (£1, ) and (&2, An) gives

A& = &) Anl < C (el +16) 7V ja - &l
Letting |\| — oo, it is clear that no such constant C > 0 can ewist.

This proposition can be easily generalized to cover the case where some of the
p;s can be oo as well.

Proposition 4.7 Let 0 < r < m be an integer. Let p = (p1,...,pm) where
1<p;,<ooforalll<i<randpy+1 =...= Dy = 00. Let Q C R™ be open,
bounded, smooth. Let f : A¥ — R be separately convex and satisfy, for every

€= (,...,6n) € AR,

1 (¢ |<a<1+2|&|p1+ > mi (&) )

i=r+1

where o > 0 is a constant and n;s are some nonnegative, continuous, increasing
functions. Let

m

Q:=[- CC]HZH " cc H AP
1=r+1
be a cube and define
K:=A" x ... x AP x Q.

Then there exist constants 8; = B;(K) > 0,i=1,...,m such that

1@ -1 = m (142 (I 16 ) |l -
i=1 j=1

+ Z Bi 1+Z G177+ G ) 16 =Gl (2)

i=r+1

14



for every & = (&1,...,&m), ¢ = (C1y---,Cm) € K, where p} is the Holder
conjugate of exponent of p;.

Remark 4.8 Clearly, when r = m, the last term and when r = 0, the first
term is not present in the inequality (2). Also the assumption on the naming
of the variable is clearly not a restriction at all, since we can always relabel the
variables.

Proof We Spht f(s) - f(C) as a sum of f(E) - f(ch .- '7CT7£7‘+17 .o ,fm) and
f(C, Gty oo Em) — f(€). Now the first term is estimated using propo-
sition 4.5, using the fact that 7;s are bounded on [-C,C] for r + 1 < i < m.
For the second term, we note that for any convex function ¢ : R — R, for any

x,y € [-C,C], we have the estimate |g(z) — g(y)| < 2 (I ‘Iggxl |g(t)|) |z — yl.
t|<C+

Using separate convexity along with this estimate, we obtain the result. m

Now we need a decomposition lemma, which lets us replace a uniformly bounded
sequence of exterior derivatives in LP by a sequence with equiintegrable one,
upto sets of small measure.

Lemma 4.9 Let p = (p1,...,pm) where 1 < p; < oo for all 1 < i < m. Let
Q C R"™ be open, bounded, smooth and

wh—=w in WP (AR

Then there exist a subsequence {w*} and a sequence {v®} C LP (Q;A*) such
that {|vf|Pi} is equiintegrable and

v$ — dw; in LP(Q, AF)
forall1 <i<m and
lim meas Qg =0,
S— 00

where
Qg :={x € Q:v)(x) # dwj(z) for some i€ {1,...,m}}.

Proof Since 1 < p; < oo for all 1 < i < m, for every r, we find 8" €
WP (Q; AF), such that,

dB" =dw” and 68" =0 inQ,
v =0 on 99,

and there exists ¢; > 0 such that
18" [lwre < c1|dw”[| Lo

Therefore, up to the extraction of a subsequence which we do not relabel, there
exists B3 € WP (Q; Ak_l) such that

BT =B  in WP (Q;AFTY).

15



Using a well-known decomposition lemma in calculus of variations (cf. Lemma
2.15 in [13]) to find a subsequence {3°} and a sequence {u®} C WP (Q; A*—1)
such that {|Vu|Pi} is equiintegrable for all 1 <4 < m and

u® — Bin WhHP(Q, AR~

V—r 00 i=1
{z € Q: Vui(z) # Vi (x)}, for all 1 < i < r. Setting v® = du® proves the
lemma. m

and lim measQ, = 0 where €, = |J Qf with Q% := {2 € Q: ui(z) # 85 (z)} U

Remark 4.10 (i) In contrast to the classical case, when k; > 1 for some i,
this lemma does not allow us to replace the sequence {w*®} up to a set of small
measure.

(ii) The hypothesis of the lemma can be weakened a bit. The conclusion of the
lemma still holds if we only require dw” — dw in LP(Q; A*) with the same
proof.

With lemma 4.4 at hand, using De Giorgi’s slicing technique [9] (see also

[1],[20],[21]) as in the proof of its analogue in classical case (cf. Lemma 8.7
in [8]), we can deduce the following lemma.

Lemma 4.11 Let p = (p1,...,pm) where 1 < p; < oo for all 1 < i < m.
Let D C R™ be a cube parallel to the azes. Let & = (&1,...,&n) € AR, Let
f: AF — R be vectorially ext. quasiconvex satisfying the growth condition (Cp) .
Let

¢” =0 in WP (D;ARTY) (B if pi = o0),

together with
¢ =0 in L' (D;ARTY) ifp =1

Then

vV—00

lim inf/D f&+do”) > f(€) meas(D).

Proof Note that by solving a boundary value problem as in the previous lemma,
we can assume ¢ — 0 in WBPi for all ¢ with 1 < p; < co. By compactness
of the embedding, this implies ¢¥ — 0 in LP (D;Aki_l) . If p; = oo, then by
solving the same boundary value problem for some n < g < co, we can assume
#Y — 01in Wt (D; Aki*l) . Compact embedding result then implies ¢ — 0 in
L (D; Aki*l) . Thus, we can assume that

d¢” =0 in LP (D;A*) (& if p; = 00),
and
¢ —0 in LP (D;A*™1).

Now we choose a nested sequence of cubes, each having sides parallel to the
axes and each being compactly contained in the next. More precisely, we write

16



DcD'c...c D* c...c DM C D, where M > 1 is a positive integer,
1

R = 5oust(DO,aD) and dist(D",0D*) = %R, for all 1 < p < M. Then we

choose 0, € C°(D),1 < pu < M, such that

1 if z e DP!

aM
0<6,<1, |V, <—, 0, =
Stusl | “|*R . {0 if x € D\ DV,

where a > 0 is a constant. We now set wy, = 0,¢" € W%’p (Q; Ak_l) and use
lemma 4.4 to obtain,

/f /f£+dw<))

= [ e+ [ perad@+ [ e o)
D\D# Dr\Dr—1 Dr—1t
This implies,
o< [ serasrn-[ - serdre ] sierduie)

Using the growth conditions and enlarging the domain of integration to D\ D°,
it is easy to see that the integral over D\ D*~! can be made arbitrarily small by
choosing R small enough. Growth conditions, bounds for §,, V6, and uniform
bounds for ¢¥ in W% if p; = oo gives,

Lo f<s+dw;:<x>>|

< o / 1+ <’Yi|§¢
s |12

p;iF00

Pt oy

M Pi
pi r(a v|pi
+ 71, ( R |¢1

Now we sum over 1 <y < M and since the sum of the integrals over D*\ pr—1
telescopes, we get, after dividing by M,

/f.£+d¢ ( ZmeasD“) (&

M Pi
pi v fa v|pi

We let v — oo. Using the fact that ¢? — 0 in L??, choosing R small enough, we
get,

T

DM\DO
pﬁ‘éoo

1"

/f£+dd)" ( Zmeas D“) f&>- _aﬁ.
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Since meas(Dg) < £ Ziil meas(D#) < meas(D), letting M — oo proves the
lemma. m

Remark 4.12 (i) Since the lemma is essentially about changing the boundary
values of a sequence up to a set of small measure, we can replace the additional
assumption of strong convergence ¢V — 0 in L (D;Ak’i’l) if pi = 1, by the
assumption that @) C Wq‘%’l (D;A”“_l) for p; = 1,k; > 1. In that case, we set
wypi =& if pi =1 and k; > 1 and wy, ; = 0,0 otherwise. Rest of the proof
remains exactly the same as above.

(ii) If both k; = p; = 1, then the extra assumption of strong convergence is
automatically satisfied, thanks to compactness of the embedding.

(iii) The strong convergence assumption in L' or the assumption of the same
boundary values, is quite common already in the classical calculus of variations if
we weaken the assumption of weak convergence of the gradients, see for example

[11], [12], also [18], [19].

Theorem 4.13 Let 0 < r < m be an integer. p = (p1,...,pm) where 1 < p; <
oo foralll < i <7 and pry1 = ... = py = 00. Let  C R™ be open, bounded,
smooth. Let f : A¥ — R be vectorially ext. quasiconvex, satisfying the growth
condition (Cp) . Let

v

W @ in WP (D:ART) (5 if pi = ),
together with,

ifpi=1, but k; #1 { either wy — w; in Lt (D;Akiﬂ)
| 7 or w; —w; € Wg’l (D;Akifl) .

Then
hmlnf/ﬂf(dw”) Z/Qf(dw).

V—r 00

Remark 4.14 The theorem allows p; = 1 for some (or all) i, with the men-
tioned additional assumption if k; > 1 as well. However, even for m =1 and
k =1, this is not enough for minimization problems in W11, as in well-known
in the classical calculus of variations. Since W' is non-reflexive, minimizing
sequences, even if uniformly bounded in Wb' norm, need not weakly converge
to a weak limit in W11,

Proof We need to show that

liminf I(w”) > I(w),

V—00

for any sequence

W = w  in WP (AR (S if p = o0).
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We divide the proof into several steps.

Step 1 First we show that it is enough to prove the theorem under the
additional hypotheses that |dw!|P7 is equiintegrable for every 1 < i < r. Suppose
we have shown the theorem with this additional assumption. Then for any
sequence

w’ = w in WP (Q;Ak_l) ,

we first restrict our attention to a subsequence, still denoted by {w”} such that
the limit inferior is realized, i.e

L :=lim inf/Q fdw”(z)) de = lim [ f(dw”(x)) dz.

v—00 v—0oo o

Now we use lemma 4.9 to find, passing to a subsequence if necessary, a
sequence {vY} C LPi such that {|v/|P} is equiintegrable and

vY — dw; in LPi(Q, AF)
and

lim meas(), =0,
V—00

where

Qz/ = {fﬂ €Q: v;j(f) 7é dwé’(m)},

for all 1 < ¢ < r with p; > 1. Note also that if p; = 1, we can take v} = dw},
since equiintegrability follows from the weak convergence.
Now, we have, using (Cp),

F (dw (2)) dxz/ F @), (@) de 1 (@), disl (o)) da

A\,
—a/ C+ Z|dw§’|ai ,
2y i=1

where C' is a positive constant, depending on the uniform L* bounds of {dw}}
and ;s in (Cp), for all 7 +1 <4 < m and ¢; = ¢;, as given in (Cp), if p; > 1 and
g =1ifp;=1for any 1 <i <m.

Using (Cp) again, we obtain,

Q

/Q F (dw”(2) > /Q O 0 Aty ety

—oz/QV <c+§ (1der P)) .

Now we have lim, o meas€2, = 0, {|[v}[P"} is equiintegrable by construction
and {|dw!|%} is equiintegrable since ¢; = ¢; < p; if p; > 1 and ¢; =1 if p; = 1.

T+ oy
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Using these facts, we obtain,

L= lim | f(dw”(x)) dac>hm1nf/f oY vl dwl . dwl )

v—00 Jo V—00 B
dw d

Step 2 Now by Step 1, we can assume, in addition that |dwY|P7 is equiintegrable
for every 1 < ¢ < r. Now we approximate ) by a union of cubes D, with sides
parallel to the axes and whose edge length is %, where h is an integer. We
denote this union by Hj and choose h large enough such that

meas(Q — Hp) <§  where Hy, := UDS‘

by hypotheses. This proves our claim.

Also, we define the average of dwi over each of the cubes D to be,

&= / dw; € A%
meas(D

Also, let & 1= ( S,...,{“m) and &(z) := Esxp, (x) for every x € Hy. Since as
the size of the cubes shrink to zero, dw; converges to §; in LP: (Q; Aki) for each
1 <1 < r, we obtain, by choosing h large enough,

1

(Z /D |dw; —é“élp'i) i < Che, (3)

for every 1 < i < r. Also, by the same argument, we obtain, by choosing h large

enough,
> [ law =€l < Cue. (4)

for every r +1 < i < m.
Now consider

I(w”) — I(w) =/ [f (dw”(2)) — f (dw(2))] dz

Q
=L+ 1+ I3+ 14,

where

o= [ (e (@) - f (dfa)] da.
L=Y / [f (dw + (dw” — dw)) — f (€4 + (dw” — dw))] dx,
B 3 [ 1F (€t (do? — dw) - £ (&) o



Now we need to estimate I, s and Is. The estimate of I; is similar to the
classical case using the growth condition (Cp). We only show the estimate on
I, as the estimate of I can be proved similarly.

Estimation of Iy: Since f is vectorially ext. quasiconvex, it is separately
convex and since both {dw; + (dw? — dw;)} and {& + (dw! — dw;)} is uniformly
bounded in L*° (Q; Ak'i) for every r+1 < i < m, using proposition 4.7, we have,

P D 1+Z(|dw;%+|5z:+<dw;—dwj>|%) s — €]
s Jj=1

s =1
Y /D ST B |14+ 37 (1dwt P + [ + (dw — duy)P) | ldews — €1
S s g=r+1 j=1

The terms in the first sum can be easily estimated by using Holder inequality
and the estimate (3). Note also that the exponents % are the precise exponents

i

for this to work. For the second sum, we have, for some positive constants (;s,

3 /D S B [ 132 (dw 7 + [ + (dut — deoy) ) | Jdeos — €]
s j=1

s g=r+1

<Z/D Do B[ 1D (1w P [dewy — ELPPT) | Jdu — €2,

s j=r+1 j=1

Now the terms of the form
Z/ Bildw; — €1
s Ds

can be easily estimated using estimate (4). For the other terms, for any i, j,
r+1<i<mand1<j<r, wehave,

3 / Bildw; — €117 |dwr — €8] < 2Bl dwill =y / dwy — €35, (5)
s /Ds ~ /b,

Using the estimate (3), these terms can be made as small as we please by
choosing h large enough. Now we estimate the terms of the type

> [ Bildwg el - €3l
s Ds
Since {|dw![P7} is uniformly bounded in L' and is equiintegrable, we know,

lim sup |dw [P = 0.
M—oco
QN{|dw? 73 > M}
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This implies, for any e > 0, there exists M = M (¢) such that

|dw;|pj < ﬁ for all v.
Qﬂ{|dw;|P.7>M} 51” Wz‘”Loo(Q)

Thus, we have, for any 4,5, r+1<i<mand 1 <j <,
> [ Bldwy e - €l
s D,

- / Bildw? [P |du; — €] + / Bildw [P |dw; — €]

Han{|dwt 73 >M} Han{|dwt 73 <M}
<erBM Y [ gl
s 7 Ds

Estimate (4) concludes the argument.

Using all the estimates and taking the limit v — oo, we obtain,

liminf [(w”) — I(w) > —(Cr, + Cr, + C7, )€

V—00
. . v —
+ Z lim inf . [/ (&s + (dw” — dw)) — f (£)] du
Since
dw” —dw — 0 in WP (Dg; AR
and either

G I (DAY or wf - € W (AR,

if p; = 1, but k; # 1, for every s, using lemma 4.11, remark 4.12(i) and the fact
that e is arbitrary, we have finished the proof of the theorem. m

4.3. Lower semicontinuity for general quasiconvex functions

We first show that the explicit dependence on x, but no explicit dependence on
w for a vectorially ext. quasiconvex functions can be handled in the standard
way. We start by defining the growth conditions that we need for this case.

Definition 4.15 (Growth conditions IT) Let Q C R™ be open, bounded. Let
f:Qx A* = R be a Carathéodory function.

[ is said to be of growth (CL), if , for almost every x € Q and for every & =
(€1,...,&m) € A", f satisfies,

ZGl &) < f(,6) < Blx +ZG“ &), ()

where 3 € L*(Q) is nonnegative and the functions Gls in the lower bound and
the functions G}'s in the upper bound has the following form:
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o Ifp;, =1, then,
GL(&) = GH&) = ail&] for some constant a; > 0.

o If1 < p; < oo, then,
Gi(&) = ail&|™  and G (&) = gi(x)|&,

for some 1 < q; < p; and for some constant a;; > 0 and some non-negative
measurable function g;.

o Ifp; =00, then,
Gi(fz‘) =Gi(&) =mn (1&]) -
for some nonnegative, continuous, increasing function n;.
Under these growth conditions, we can prove the semicontinuity result for func-
tionals with explicit dependence on z. With theorem 4.13 in hand, the proof is

very similar to classical way to handle measurable dependence on z in semicon-
tinuity theorems (cf. theorem 8.8 and theorem 8.11 in [8]).

Theorem 4.16 (Sufficient condition) Let 0 < r < m be an integer. p =
(p1y---s0m) where 1 < p; < oo foralll <i <7 and ppy1 = ... = Py = 0.
Let Q C R™ be open, bounded, smooth. Let f : Q x A®¥ — R be a Carathéodory
function, satisfying the growth condition (C;) and &€ — f(x, &) is vectorially ext.
quasiconvez for a.e x € ). Let

174

e WA (DA (= o),
together with,
i1, but ks £1, {either Wl = w; dlm L1 (D AR
or wf —w; € Wt (D AR 1)

Then
liminf/f(z,dw”) Z/f(z,dw).
V—r 00 Q Q

Proof The argument works in two stages. First we show that to prove the
theorem,

(Al) We can assume f satisfies a slightly more restrictive growth condition,
namely, for almost every x €  and for every & € A¥,

m
’

P D mlEh,  (©)

i=r+1

—Zazl&|<f(x£ < Bz Zazm

Pz—l

for some nonnegative 3 € L'(Q), where a; > 0 for all 1 < i < r are
constants and 7;s are some nonnegative, continuous, increasing function
foreachr +1<i<m.
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(A2) We can restrict our attention to sequences w” — w in W%P (Q;Ak_l)
with the property that {|dw!|P?} is equiintegrable for all 1 < i < r.

(A3) We can assume 2 C R™ is an open cube with sides parallel to axes.

To show (A1), first note that for a sequence w” — w in WP (Q; Ak_l), there

exist constants y; > 0 such that ||dw? ||~ < 7; for every r +1 < i < m. Also,

if 1 < ¢; < p;, then for every € > 0, there exists a constant k; = k;(¢) > 0 such
m

“forall & € A, Set k= > kit > ().

1=r+1

that ¢|¢;

Pit ky < ol

i
1<p;<oco

and define

Py k.

fe(a, &) = f(a,€) + B(z) + ¢ Z €

%
1<p;<oo

It is easy to see that if f satisfies (CZ), then f. satisfies,

m

=Y alsl < f@ <@+ P adsl+ Y a@lal+ Y mh-

[ i=r+1
pl_l pz_l 1<p;<oco

()
fe is clearly vectorially ext. quasiconvex and letting ¢ — 0, we can deduce It?he
semicontinuity result for f, along the sequence w”, from the one for f.. This
shows that we can replace the conditions (C;) by (C;”). To prove (Al), it only
remains to show that we can replace the functions g;(x) with constants. We
define, for every natural number p,

1 if max gj(x) <p
1<p:<oo
i .f
Pt (x) = ok if otherwise .
e [g:(7)]
1<p;<oo

Setting fu(x,&) = ¢*(x)f(z,§), we see that f, satisfies Cgl for every p and
f(z,§) = sup, fu(x,§) = lim, o0 fu(x,§). Thus, semicontinuity result for f
follows from that of f,,. This proves (Al). Proceeding as in Step 1 of the proof
of Theorem 4.13 above, we prove (A2). (A3) is shown by approximating 2 from
the inside by a finite union of disjoint open cubes with sides parallel to axes, up
to a set of small measure and using equiintegrability.

Next we show the theorem under the additional assumptions (A1),(A2),(A3).
The strategy is standard. We freeze the points and then use Theorem 4.13.

For any given & > 0, for every 1 < i < r, there exist constants M{ > 1,
independent of v, such that the sets K7 , := {x € Q : [dwY [P or |dw;["* > M},
T

satisfy meas (K ) < £, for every v. We set Q. := Q\ |J K ,. Also, for every

i=1
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r+1 <i < m, ie there exist constants v; > 0 such that ||dwY| L~ < ~; for all

v. We define k := Z n;(7v:) and since B € L*(2) and nonnegative, given any
i=r+1
e >0, we can find M <1 such that meas(Q2\ E.) < £ and fQ\EE Bz)dz < e,

where E. := {z € Q: B(z) < MP}. Now by the Scorza-Dragoni theorem (cf.
theorem 3.8 in [8]), we find a compact set K. C . with meas(Q. \ K;) < ¢
such that f: K. x Sc — R is continuous, where

SE::{EEA’“:|§|”"SMEZ'foralllgigr7 |€] < 5; for all r+1 < i < m}.

Now we subdivide €2 into a finite union of cubes D, of side length % such that
meas (Q \UDs ) =0. Fix z; € D, for all s. Now using the uniform continuity

S
of f on the sets E.NK_NDy, the lower bound and the upper bound, respectively,
in (A1) and choosing h large enough, we can find the estimates

/Qf(x,dw”)ZZS:/DSf(a:s,dw”)_Rl(g)’
ZS:/DSf(xs,dw)Z/Qf(a:,dw)_Rg(g%

where R; (g), Rz () — 0 as € — 0. In view of theorem 4.13, this concludes the
proof. m

As was pointed out to the author by Kristensen (private communication), it
is also possible to give a different proof of both theorem 4.13 and theorem 4.16,
utilizing the blow-up argument of Fonseca-Miiller [13].

4.4. Failure of semicontinuity in W% for general functional

Vectorial ext. quasiconvexity of the map & — f(z,w,§), along with usual
growth conditions, is not sufficient for weak lower semicontinuity in W%P of
functionals with explicit dependence on w, i.e for functionals of the form,

/ f(z,w,dw) dz.
Q

For example, even when m = 1, for k > 2, we have the following.

Proposition 4.17 (Counterexample to semicontinuity) Let n > 2. Also
let2<k<n,1<p<ooandlet Q CR™ Let

1 1
I(w) == - / |dw|P — — / lw[P, for all w € WP (Q;Akil) .
P Ja b Ja

Then I is not weakly lower semicontinuous in W %P (Q; Ak’l) .
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Proof Consider a sequence of exact forms {df,} C L? (Q; Ak—l) such that
df, — df in L (Q; AF~1) but db, A d6 in LP (Q; A*1)

for some df € LP (Q; Ak_l). Note that finding such a sequence is impossible if
k =1 and always possible for 2 < k < n. But, then we have,

1 1
lim inf 7(df,) = lim inf (—/|d0,,|p> = —flimsup/ |d6,|P
v—00 v—00 P Ja P v—ooo JO

1 1
< ffliminf/\d0y|p < 77/|d9\p:1(d9).
Q P Ja

p V—r 00

But if I is weakly lower semicontinuous, this implies lim inf I(df, ) = I(df). But

V—r00
this is impossible since that would imply,

lim supl|d6, ||7, = lim inf||d6, ||, = lim ||df, |7, = [|d0||7,.
v—00 v—00 V—00

Since df,, — df in LP, this implies the strong convergence in LP, which contra-
dicts the fact that df, # df in LP (Q; A*=1) . m

However, if k; = 1 for all 1 <7 < m, the functional [, f (z,w, dw) dz is weakly
lower semicontinuous in W®P precisely because in this case W%P and WP are
the same space. Indeed, it is possible to show the more general result that the
functional [, f (z,w,dw(x)) dx is always weakly lower semicontinuous in W%
with appropriate growth conditions on f.

4.5. Semicontinuity in WP for general functional

We first define the appropriate growth conditions in this setting.

Definition 4.18 (Growth condition III) Let Q C R™ be open, bounded. Let
f:Qx A1 x A* - R be a Carathéodory function.

f is said to be of growth (C;f’“), if , for almost every x € Q and for every
(u, &) € A*=1 x A® f satisfies,

m

—B) = 3 Ghus &) < flau€) < B@) + > Gr(un&), (€Y

=1 =1

where 3 € L*(Q) is nonnegative and the functions Gls in the lower bound and
the functions G's in the upper bound has the following form:

o Ifp;, =1, then,

Gé(ui,ﬁi) = G} (ui, &) = o4& for some constant a; > 0.

o If1 < p; < oo, then,
Gli(ui, &) = a; (1617 + |us™)  and G (ui, &) = gz, )&

for some1 < q <p;, 1 <ry<np;/(n—p;) if p; <n and 1 <r; < oo if
pi > n, g; s a nonnegative Carathéodory function and for some constant
(67 Z 0.

Pi
b
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o Ifp; = o0, then,
Gh(ui &) = G (ui &) = ni (Juil, &) -

for some nonnegative, continuous, increasing (in each argument) function
Ni-

With these growth conditions on f, it is possible to show that the functional
fQ f (z,w,dw(x)) dx is always weakly lower semicontinuous in WP, The proof
is very similar to the proof of Theorem 4.16. In this case too, it is possible to de-
rive all the necessary estimates after freezing both x and w. Some modifications
are required to handle the explicit dependence on w, but these modifications
essentially use the Sobolev embedding and is quite standard (see theorem 8.8
and theorem 8.11 in [8] for the classical case). We state the theorem below and
omit the proof.

Theorem 4.19 Let Q C R" be open, bounded, smooth. Let f : Q x AF~1 x
A* — R be a Carathéodory function, satisfying the growth condition (C;’“)
and € — f(x,u,&) is vectorially ext. quasiconvex for a.e x €  and for every
we AR Let I: WP (Q;Ak_l) — R defined by

I(w) = | f(z,w,dw)dz, for alwe WP (Q;AF1).
Q

Then I is weakly lower semicontinuous in W1HP (Q;Ak_l) (weakly * in i-th
factor if p; = 00).

Remark 4.20 In the special case when k; = 1 for all 1 < i < m, this theorem
recovers the classical result with the improvement that the p;s are allowed to be
different from one another. If we take, p; = p for every 1 < i < m, as well,
then we obtain precisely the classical results, i.e theorem 8.8 or theorem 8.11 in
[8], depending on whether p =00 or 1 < p < co.

5. Weak Continuity

We now turn our attention to characterizing all sequentially weakly continuous
functions in W4P(Q; Ak—1).

Definition 5.1 (Weak continuity) Let Q C R" be open and let f : A¥ — R
be continuous. We say that f is weakly continuous on WP (Q; Ak_l), if for ev-
ery sequence {w"}o.  C WP (2 Ak_l) satisfying w’ — w in WP (Q;Ak_l)

for some w € WP (Q; Ak_l) , we have

[ (dw”) = f(dw) in D'(Q).
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5.1. Necessary condition

Theorem 5.2 (Necessary condition) Let @ C R™ be open, bounded and let
f: A*F — R be weakly continuous on W (Q; Ak) . Then, f is vectorially ext.
one affine, and hence, is of the form

F& = Y (cai&®) forall§ € A", (6)
0<lkal<n
where co € AFI(R™), for every a with 0 < |ka| < n.

Remark 5.3 Asin remark 4.2, f being vectorially ext. one affine is a necessary
condition for weak continuity in WP (Q; Ak_l) as well.

Proof Since f is Weakly continuous on Wd > (€; A¥), then for any ¢ € C°(1),

the integrals [, ¢(x)f(dw) and — [, ¢(z) f(dw) are both weakly lower semicon-
tinuous in W®° (Q Ak) Using Theorem 4.1, we obtain that
§— o(x)f(€)

must be vectorially ext. quasiaffine. Since ¢ € C2°(Q) is arbitrary, this implies
& — f(&) must be vectorially ext. quasiaffine. This finishes the proof. =
5.2. Weak continuity of wedge products

5.2.1. Weak wedge products for exact forms

Before moving on to results concerning sufficient condition for weak continuity,
we first develop the notion of weak or distributional wedge products in this
subsection. We start with some terminology for the integrability exponents.

Definition 5.4 (Admissible Sobolev and Hélder exponent) Given k, «,
we call p an admissible Sobolev exponent (with respect to o and k), if p =
(p1y- -y Dm), where 1 < p; < oo for all 1 < i < m, satisfies

TR0
and
1>-—— (8)

for all 1 <1 < m. We call g an admissible Holder exponent with respect to o
and k, if ¢ = (q1,...,qm) where 1 < g; < oo for all 1 < i < m, satisfies

‘ Q

(9)

E\H
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and

1 1
1>=-—-= (10)
P 4

foralll <i<m.

1 1
Remark 5.5 Note that the assumed upper bound on — — — is only a restriction

o

K3
if p; > n. The last inequality just means that at most one of the q;s can be oo
and o; =1 if ¢; = oo for some 1.

Definition 5.6 (Associated exponent pair) Let p be an admissible Sobolev
exponent and q be either an admissible Sobolev exponent or an admissible Holder
exponent with respect to given o and k.

We call (p,q) an associated exponent pair if for alli=1,...,m, we have,
na:
Di = g if q; < oo,
n+q;
pi>n if gi = oo.

Furthermore, if the inequalities are strict for all 1 < i < m, we call (p,q) an
associated compact exponent pair.

Remark 5.7 Note that if #qjh <1 for some i, then the condition p; > % 18
not a restriction since p; > 1 anyway.

Now we need a lemma which shows how a bound of the exterior derivative
implies improved regularity of the coexact part in the Hodge decomposition.

Lemma 5.8 Let Q C R™ be open, bounded and smooth. Let 1 < k < n. Let
w € LI AR dw € LP(Q; A*) with 1 < p < oo and 1 < q < co. Then there
exists a decomposition of w such that

W = Wegact T Weoezact T Whar mn Qv

such that Wezaer 15 exact, Whay is a harmonic field and weoezact € WP (2 AF71).
In other words, Wegaer = dp with @ € WHT(Q; A*=2) for all 1 <r < q if g < 00
orl <r <ooifq=o0 and duper = OWher = 0 in Q. Moreover, we have the
estimates

lellwrr < cllwlra, wharllegs, < cllwliza and [lweoeractllwr < ¢fldwl| L.

loc

Proof Fix 1 < 7 < oo such that » < ¢. Then since w € L9(Q; A*~1) implies
w € L"(9; A*~1), we use Theorem 6.9(iii) of [7] to obtain the decomposition

w=da+db+h and da=db=dh=7F6h=01in Q,
vAa=wvib=0 on 0.
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with a € W5 (Q;A2), b € Wx"(Q;AF) and h € H(Q; A¥~1). Moreover, we
also have the estimates

lallwrr < cllw|

s llog, < dlwllor

loc

Now since dw € LP(Q, A¥), we see that d(db) = dw € LP(Q,A¥), §(5b) = 0
in Q and v1db = 0 in 01, as vub = 0 in 9f). Regularity result for this first
order elliptic system implies 6b € WP with the estimate. Setting wezaer = da,
Whar = h and Wepegact = 0b concludes the proof. m

Remark 5.9 If we assume v Aw = 0 on 0N, it is possible to use Hodge de-
composition with vanishing tangential components (see Theorem 6.9(i) of [7])
to prove the lemma, in which case we would also have wpq, € Hr(L; Akil) and
VA Weoezact = 0 on 9N

We call Wegqets Whar and Wepezact, respectively, the exact part, harmonic part and
the coezact part of w. Now we are ready to define weak wedge products. We
start with the case of exact forms first.

Definition 5.10 (Weak wedge product for exact forms) Let Q C R" be
open, bounded and smooth. Let p be an admissible Sobolev exponent with respect

to o and k. Then for any componentwise exact k-form dw = (dwy, ..., dwn,) €
LP(Q; AF), we define (dw®),,,., € D'(% AlR(R™)), by the actions

(dwa>weak} (’l/})
= —(—1)Niji / (85w A A dwl T A Wicoemact A dw® T A LA dwm),
Q
(11)

for all vy € CSO(Q;AW’"(R”)), where Wi coexact Stands for the coexact part of w;
i—1

and NZJ‘ =ki(j; — 1) —l—ijozj, foranyi=1,....m, j,=1,..., ;.
j=1

Remark 5.11 Lemma 5.8, Sobolev embedding and the conditions (7) and (8)
together ensure that the integrals on the right hand side of (11) are all finite. It
18 easy to see that they are also equal and if 1 > %, then

(dw®), . = dw® in D'(€; ARl (R™)).

weak

This is not the only possible definition of weak wedge products for exact forms.
We can require even less integrability on dw if we assume some integrability of
w. The following definition is a generalization of the definition used by Brezis-
Nguyen [5] for the Jacobian determinant in the classical case.

Definition 5.12 (Very weak product) Let Q C R"™ be open, bounded and
smooth. Let p,q satisfy 1 < p; < 00, 1 < ¢; < 00 and
11 1

1> —4+- - =, foralll <i<m,
a 0
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1 G
where 7= Z % Then for any w € LI(Q; AR¥~1) with dw € LP(Q; A¥), we
i=1 1

define (dw™) e,y wear € D' (; AlRel(R™)), by the actions

(dwa)very weak (w)

= (—1)N /Q<61p;dw§“ A ANdwl T Awp Adw® T A LA dwm), (12)

i1
for all b € C°(Q; A*l(R™)), where N7 = k;(j; — 1) + ijaj, for any i =
j=1
1,...,m, Jz :1,...,041'.

Note that there are integrability exponents for which only one of them is well-
defined. Even in the classical case, for the Jacobian determinant of a func-

2
tion u € W71 (Q;R™), only the first one is defined and for a function u €
Whn=1(Q;R™) N L>®°(Q;R"), only the second one is defined. However, it is not
difficult to show that when both are well-defined, we have,

(™), = (™)

weak

in D' (Q; ARl (R™)).

very weak
We also have the following general telescopic estimate.

Lemma 5.13 Let Q2 C R"™ be open, bounded and smooth. Let k, o, p,q be given.
Let p be given by,

1 1 1
l=—4+-—-— forall1 <i<m.
wi 0 p;

(i) If p is an admissible Sobolev exponent, then for any two componentwise
exact k-form d€,d¢ € LP(Q; A*), there exists a constant C > 0 such that

[(A€%) ear = () ) )]

067‘,—1
Pi)

IT (1dgsll,, + 4, )

S OZO&Z ||6ql)||oo ||£i,coezact - Ci,coe:ractHMi (Hdé‘l

=1

e

<
Sl

<

for all o € C°(Q; Alke(R™)).
(ii) If p,q are as in definition 5.12, then for any &, ¢ € LI(Q; A*~1) with
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d¢,d¢ € LP(Q; A*), there exists a constant C > 0 such that

(™) ry e = () ery ()

n Oéifl
<Y aillovlg 6 = Gill,, (N&il,, + Idill,,)
=1
IT (g, + lacil,, )™
j=1
J#i

for all 1 € C°(Q; Alkal(R™)).

Proof It is just a matter of rewriting as a telescopic sum. We show only one,
the other being similar. Note that we have,

[ (déa)weak - (dca)weak ] (1/})

m

=3 (de A ndT (G = G AT AL ndgg) (),

y - weak
=1 j=1

Using the definition of weak wedge product, the estimate follows from Hoélder
inequality. m

This immediately implies the weak continuity results for wedge product of exact
forms.

Theorem 5.14 Let Q2 C R"™ be open, bounded and smooth. Let k, a be given.

1 1
(i) Let p be an admissible Sobolev exponent such that 1+ — > 7 and d§s —
n
dg¢ in LP(Q; A®), then

(dgg)weak - (dsa)weak in D/(Q; A‘ka‘ (Rn))
. 1
Moreover, if 1 > ik then
dg> — dg>  in D'(Q; ARl (R™)).

1
If1 > 7 then we also have,

dg> — dg>  in LP(Q; AFI(R™)).

(ii) Let p,q be as in definition 5.12 and d€; — d€ in LP(; A¥) and €, — €
in L9(Q; AF—1), then

(dfg)very weak - (dga)very weak in D,(Q; Alkal(Rn))
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Proof The second conclusion is immediate form the telescopic estimate. For the
first one, note that the hypotheses on p implies that the embeddings W1Pi —
L#i are compact for all 1 < ¢ < m. Thus dw,; — dw; in LP* implies

#i_>0

||ws,i,coea:act - wi,coezact|

for all 1 < ¢ < m. The convergence in distribution follows. The weak conver-
gence in LY follows from the fact that in that case, {d€2} is uniformly bounded
in L? and thus has a weak limit in L. Uniqueness of the weak limit concludes
the proof. m

5.2.2. Weak wedge product for general forms

The first definition, i.e the definition of weak wedge products for exact forms can
be used, together with Hodge decomposition to define weak wedge products for
general forms w with some integrability of dw. To fix ideas, we start with two

1 < p1,p2 < 0. Using Hodge decomposition, we have, formally,

vy Avg = (day + 6by + hl) A (das + 6bs + hg)
= day N das + day A (6ba + ho) + (6b1 + h1) A (dag + dba + ha).  (13)

Note that by lemma 5.8, Sobolev embedding and Hélder inequality, every term
except the first in the right hand side of (13) is indeed in L. But the first term
day N das is a wedge product of exact forms and we can use the notion of weak
wedge product in such cases. Using that definition, we can now define

('Ul AN UQ)weak = (da1 A dag)weak +da1/\(5b2+h2)+(5b1 +h1)/\(d@2+(5b2+h2)

Observe also that the regularity of da; depends on the regularity of v;, whereas
the improved regularity of §b; +h; comes from the regularity of dv;. Suppose v; €
Lo (Q; AF1(R™)) with dvy € LP* (Q; AR F1(R™)) and vy € L% (€5 AF2(R™))

1
Wlth va € Lr= (Q;Ak2+l(Rn))7 Where 1 < q1,92,P1,P2 < oo, — + — S 17
q1 q2
1 1

1
— 4+ = <14 =, andp; > 24 for i =1,2. Then we have da; A das € L' and
P11 P2 n nta
we obtain

(day A dasg),,,;. = day A day in D'(Q; AF1 TRz (R™)),

wea

1 1 1
But since — + — < 14 =, all other terms are in L' as before. Thus, we obtain,
p1 P2 n

V1 Avg = (U1 AV2) o 0 D/(Q; AFTTR2(R™)).

All of these can be done for the general case. If p is an admissible Sobolev
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exponent, then given w € WP (Q; Ak), we can define the distribution

(W) wear = ((wemct)a)weak + all other terms in the

. (a7
formal expansion of (Wegact +Weoeract + Phar)

in D' (Q; Al (R)).

Using this definition, we can prove the following result, due to Iwaniec [15],
which is a generalization of the classical ‘div-curl’ lemma or ‘compensated com-
pactness’ lemma of Murat [22] and Tartar [26].

Theorem 5.15 Let Q C R™ be open, bounded and smooth. Let k, o be given.

11
Let p be an admissible Sobolev exponent such that 1 + — > 5
n

(i) Let €5 — & in WEP(Q; A®). Then

(£g)weak - (Ea)weak i D/(Q7 Alka‘(Rn))

1
Moreover, if 1 > ik then

2 —¢>  in D' (AR (RY)),
1
If1 > 7 then we also have,
€5 =& in LY@ ARI(R™)).
(i) Let q be an admissible Holder exponent such that (p,q) is an associated
compact exponent pair. Let £, — € in LI(Q; A*) and dé; — d€ in
LP(Q; AF+1). Then

£2 — &> in D' (Q AR(R™).
1
If1 > S then we also have,

£X — > qn LP(Q; ARl(R™)).

6. Existence of minimizers

In this section, we discuss existence theorems for minimization problems. But
first we begin by showing that unlike the classical calculus of variations, here in
general we can not always expect a minimizer to exist if the integrand depends
explicitly on w.
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6.1. Nonexistence results

Even when the explicit dependence on w is a convex, additive term, we have the
following counterexample already for m = 1, as soon as k > 2.

Proposition 6.1 (Counterexample to existence of minimizer) Let n >
2. Also let 2 < k < n and let Q@ C R™ be open, bounded and smooth and
contractible. Then for any wy € WH2(Q; AP=1) with v Awy = 0 but wy # 0 on
01, the problem

1 1
it {10) = 3 [1aul? + 5 [lof s €+ W32 @A) L =,
2 Ja 2 Ja
does not admit a minimizer.

Proof Suppose the problem admits a minimizer a € w0+W()1’2 (Q; Ak_l) . Then
« satisfies the weak form of the Euler-Lagrange equation, i.e

/(da,dgb) +/<a,q§> =0 for all ¢ € Wy (A1),
Q Q

Choosing ¢ = df for some 6§ € C° (Q;A*72), we see immediately that this
implies da = 0 in distributions. Now for any ¢ € W;’Q (Q;Akfl) , there exist
¢ € Wol’2 (Q;Ak_l) and n € Wg’2 (Q; Ak_z) such that

= ¢+ dn.

Indeed, since €2 is contractible, we can solve the following two problems one
after another (see e.g Theorem 8.16 in [7]).

dp =dyp in Q, d dn=1v%—¢ in (,
¢p=0 on 0N). o n=20 on 0f).

This gives the desired decomposition. Thus, we have,
/(da,d¢> + / (a,90) =0 for all ¢ € W;E’Q (Q;Ak_l) )
Q Q

But this implies « is also a minimizer of the problem

1 1
inf{[(w):/|dw2+/|w|2:wewgfw (Q;Ak—l)}:m.
2 Jq 2 Ja ’

But it is easy to show that the minimizer of this problem is unique and 0 is a
minimizer. Thus o = 0, which is impossible since wy # 0 on 9€). This concludes
the proof. m

Remark 6.2 This counterexample can easily be generalized for any 1 < p < oo.
Also note that the term depending on dw is convex, thus ext. polyconvexr and
ext. quasiconver as well.
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6.2. Existence theorems

In view of the previous subsection, we can expect general existence theorems
to hold only when the explicit dependence on w is rather special, if any. We
now show that an additive term which is linear in w, still allows fairly general
existence results. We start with a lemma.

Lemma 6.3 Let p = (p1,...,pm) where 1 < p; < oo for all 1 < i < m.
Let wg € WP (Q;Ak_l) be given. Let {w*} C wo + W;f’p (Q;Ak_l) be a
sequence such that ||dws||Lp(QiAk) is uniformly bounded. Then there ezist w €

wo + Wy P (AR Bew+ W;’Tp (Q; AF=1) satisfying
dB =dw in{,

and a sequence {3°} C wo + Wg)’g (Q; A*=1) such that

d@3® =dw® inQ, for every s

and
B°— B in WP (Q; A*1).
Proof First for every s, we find 8° € wg + Wg;g((z; AF), such that,
{dﬁs =dw® and 68°=0 inQ,

vAB® =vAw® =V Awg on 09,

and there exist constants c1,co > 0 such that
18°[lwre < c1 {[|dew’||Le + [lwollwre} < ca.

Therefore, up to the extraction of a subsequence which we do not relabel, there
exists B € wg + W;;; (92; A*~1) such that

B —p3 in Whe (Q; AR~
Since v A 3 = v A wg on 0f), we can find w € wg + Wol’p (Q; Ak_l) such that
dw =dpg in Q,
w = Qg on 0f).

This concludes the proof. m

6.2.1. Existence theorem for quasiconvex functions

Theorem 6.4 Let p = (p1,...,pm) where 1 < p; < oo for all 1 < i < m. Let
Q C R™ be open, bounded, smooth. Let f : Q x A¥ — R be a Carathéodory
function, satisfying for a.e x € Q, for every & = (&1,...,&m) € AF,

& f(z,8) is vectorially ext. quasiconver,

+ Zal 7.|£2

i=1

P f(2,6) < (e +Za21\a

; (14)
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where az; > a1; > 0 for all 1 < i < m and y1,72 € LY(Q). Let g €

2 (; AR=1) be such that g = 0 in the sense of distributions and wo €
WP (Q; AR=1) | Let

(P,) inf {I(w) = /Q [f (z, dw) + (g;w)] : w € wo + Wy P (Q;Ak_l)} =m.

Then the problem (P,) has a minimizer.

Remark 6.5 (i) If k; = 1 for some i € {1,...,m}, the condition 6g; = 0
in the sense of distributions, is automatically satisfied for all g; € LPi(§2)
and hence is not a restriction.

(i) However, as soon as k; > 2 for some i € {1,...,m}, g; being coclosed
is a mon-trivial restriction and the theorem does mot hold without this
assumption. In fact, we can show that if (P,) admits a minimizer and
2 <k < n for some i € {1,...,m}, then we must have dg; = 0 in
the sense of distributions. Indeed, suppose w € wo + Wy P (Q; A%
is a minimizer for (P,). Now if 0g; # 0, since k; > 2, there exists a
0 € C(Q;A*=2) such that /(gi;d0> < 0. Define @ = (61, ...,0,,) such

Q
that for all 1 < j <m,

0  otherwise.

Hj_{e if i = j,

Then w + dO € wo + W, P (9Q; AF=1) and we have,

I(w + dB)) = /

[f (2 dw) + (g: )] + / (g::d0) <m,
Q Q

which is impossible since w is a minimizer.

(iii) Note that if f : Q x A¥ — R satisfies the hypotheses of the theorem for
some p, then for any G € ) (Q;Ak) , the function F : Q@ x A¥ = R,
defined by,

F(z,€) = [(2,€) +(G;€)  for every & € A,

also satisfies all the hypotheses with the same p.

Proof Step 1 First we show that we can assume g = 0. Since g € Lp' (€; AR—1)

satisfies g = 0 in the sense of distributions, we can find G € Wl’p’(Q;Ak),
such that,
dG=0 and G =g inQ,
vANG=0 on Jf).
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Thus, for any w € wg + Wol’p (Q; Ak_l) , we have,

/Q<g;w> =/Q<6G;w> - —/Q<G; dw>+/m<wG;w0>.

Given wg € W'P (Q; AF~1) and g € j7 (AR, [ (vaG;wo) is just a real
number which does not matter for minimization. Now the claim follows from
remark 6.5(iii).

Step 2 By step 1, we assume from now on that g = 0. Let {w®} be a
minimizing sequence of (P,). By the growth condition (14), there exists a
constant ¢ > 0 such that

”dws”Lp(Q;Ak) <ec.

Hence by lemma 6.3, there exist maps w € wg + VVol’p (Q;Ak_l) and 3 €
wo + WP (9; A*—1) satisfying

dB=dw inQ,
and a sequence {8°} C wo + WP (9; A*=1) such that

dw’® =dB° inQ, for every s
and
B° — Bin WP (Q; AR

Using theorem 4.16, we obtain,

§—00

m = 1iminf/ﬂf(x7dws) = lisrgirgf/gf(x,dﬂs) > /Qf(a:,dﬂ)
= / f(z,dw) > m.
Q

This concludes the proof of the theorem. m

Remark 6.6 [t is easy to see that B in the proof of theorem 6.4 is a minimizer
to the problem

(Psp) inf {/ [f (z,dw) + (g;w)] : w € wo + Wg’:,'? (2 Ak_l)} =ms,
Q
under the hypotheses of the theorem 6.4 and thus msr = m.

6.2.2. Existence theorem for polyconvex functions
Theorem 6.7 Let  C R™ be open, bounded, smooth and let k be given. Let

p=(p1,-.,pm) where 1 < p; < oo for all 1 <i < m be such thatZ%<1
—1 Di
=1

for any o such that there exists € € A¥ with € # 0. Let F : Q x RT(mk)
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R U {400} be a Carathéodory function, satisfying for a.e x € §, for every
EeRTR)
ZE—F(x, =) is convez,
and
F(z,2) > a(z) + bl|E: |7, (15)
where = (21,...,Exw)) ERT™F a e L1(Q), b> 0 and

m

=P = |=

i=1

Pi where 2, = (21,...,E7) € AR,

Let g € L”' (; A=) be such that 6g = 0 in the sense of distributions and
wo € WhHP (Q;Ak_l) . Let

(P) it {10) = [ [F (0.7 (@) + (g:0)] s € wo + WGP (05857 | =

Then the problem (P) has a minimizer.

Proof By the same argument as in the proof of theorem 6.4, Step 1, we can
assume that g = 0. Let {w®} be a minimizing sequence of (P). By (15), there
exists a constant ¢ > 0 such that

||dws||Lp(Q;Ak) S C.

Thus we have
dw® — ¢ in LP (Q; AF).

By the weak convergence, it also follows that d¢ = 0 in the sense of distributions
and v A ¢ = v A dwg on 0f). Thus, we can find w € wg + Wol’p (Q;Ak_l) such

that
dw=( in Q,
w = wo on 0f2.

Thus, we have,
dw® — dw in LP (Q;A%).

Then by the assumption on p, theorem 5.15 implies,
T(dw®) = T (dw) in L} (Q;RT(””“)) . (16)

Since E — F(z,E) is convex, we obtain I(w) =m. ®

Remark 6.8 The pointwise coercivity condition (15) used here can be unnec-
essarily strong in practice for applications. Indeed, any condition that ensures
the convergence (16) for all minimizing sequences is enough, as the proof shows.
As an example, the ‘mean coercivity’ condition introduced in Twaniec- Lutoborski
([16], definition 9.1) works as well.
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