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EXPONENTIAL CONVERGENCE OF TESTING ERROR
FOR STOCHASTIC GRADIENT METHODS

LOUCAS PILLAUD-VIVIEN, ALESSANDRO RUDI, FRANCIS BACH

ABSTRACT. We consider binary classification problems with positive definite kernels and square loss, and study
the convergence rates of stochastic gradient methods. We show that while the excess testing loss (squared loss)
converges slowly to zero as the number of observations (and thus iterations) goes to infinity, the testing error
(classification error) converges exponentially fast if low-noise conditions are assumed. To achieve these rates of
convergence we show sharper high-probability bounds with respect to the number of observations for stochastic
gradient descent.

1. INTRODUCTION

Stochastic gradient methods are now ubiquitous in machine learning, both from the practical side, as a
simple algorithm that can learn from a single or a few passes over the data [BLCO05], and from the theoretical
side, as it leads to optimal rates for estimation problems in a variety of situations [NY83, PJ92].

They follow a simple principle [RM51]: to find a minimizer of a function F' defined on a vector space
from noisy gradients, simply follow the negative stochastic gradient and the algorithm will converge to
a stationary point, local minimum or global minimum of F' (depending on the properties of the function
F), with a rate of convergence that decays with the number of gradient steps n typically as O(1/+/n), or
O(1/n) depending on the assumptions which are made on the problem [PJ92, NV08, NJLS09, SSSS07,
Xial0, BM11, BM13, DFB17].

On the one hand, these rates are optimal for the estimation of the minimizer of a function given access to
noisy gradients [NY83], which is essentially the usual machine learning set-up where the function F’ is the
expected loss, e.g., logistic or hinge for classification, or least-squares for regression, and the noisy gradients
are obtained from sampling a single pair of observations.

On the other hand, although these rates as O(1/+/n) or O(1/n) are optimal, there are a variety of extra
assumptions that allow for faster rates, even exponential rates.

First, for stochastic gradient from a finite pool, that is for F' = %Zle F;, a sequence of works
starting from SAG [LSB12], SVRG [JZ13], SAGA [DBLIJ14], have shown explicit exponential convergence.
However, these results, once applied to machine learning where the function F; is the loss function associated
with the i-th observation of a finite training data set of size k, say nothing about the loss on unseen data (test
loss). The rates we present in this paper are on unseen data.

Second, assuming that at the optimum all stochastic gradients are equal to zero, then for strongly-convex
problems (e.g., linear predictions with low-correlated features), linear convergence rates can be obtained
for test losses [Sol98, SL13]. However, for supervised machine learning, this has limited relevance as
having zero gradients for all stochastic gradients at the optimum essentially implies prediction problems
with no uncertainty (that is, the output is a deterministic function of the input). Moreover, we can only get
an exponential rate for strongly-convex problems and thus this imposes a parametric noiseless problem,
which limits the applicability (even if the problem was noiseless, this can only reasonably be in a non-
parametric way with neural networks or positive definite kernels). Our rates are on noisy problems and on
infinite-dimensional problems where we can hope that we approach the optimal prediction function with
large numbers of observations. For prediction functions described by a reproducing kernel Hilbert space,
and for the square loss, the excess testing loss (equal to testing loss minus the minimal testing loss over all
measurable prediction functions) is known to converge to zero at a subexponential rate typically greater than
O(1/n) [DB16, DFB17], these rates being optimal for the estimation of testing losses.
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Going back to the origins of supervised machine learning with binary labels, we will not consider getting
to the optimal testing /oss (using a convex surrogate such as logistic, hinge or least-squares) but the testing
error (number of mistakes in predictions), also referred to as the 0-1 loss.

It is known that the excess testing error (testing error minus the minimal testing error over all measurable
prediction functions) is upper bounded by a function of the excess testing loss [Zha04, BIMO06], but always
with a loss in the convergence rate (e.g., no difference or taking square roots). Thus a slow rate in O(1/n) or
O(1/+/n) on the excess loss leads to a slow(er) rate on the excess testing error.

Such general relationships between excess loss and excess error have been refined with the use of margin
conditions, which characterize how hard the prediction problems are [MT99]. Simplest input points are
points where the label is deterministic (i.e., conditional probabilities of the label are equal to zero or one),
while hardest points are the ones where the conditional probabilities are equal to 1/2. Margin conditions
quantify the mass of input points which are hardest to predict, and lead to improved transfer functions from
testing losses to testing errors, but still no exponential convergence rates [BJIMO06].

In this paper, we consider the strongest margin condition, that is conditional probabilities are bounded
away from 1/2, but not necessarily equal to 0 or 1. This assumption on the learning problem has been used
in the past to show that regularized empirical (convex) risk minimization leads to exponential convergence
rates [AT07, KB05]. Our main contribution is to show that stochastic gradient descent also achieves similar
rates (see an empirical illustration in Figure 2 in the Appendix A). This requires several side contributions
that are interesting on their own, that is, a new and simple formalization of the learning problem that
allows exponential rates of estimation (regardless of the algorithms used to find the estimator) and a new
concentration result for averaged stochastic gradient descent (SGD) applied to least-squares, which is finer
than existing work [BM13].

The paper is organized as follows: in Section 2, we present the learning set-up, namely binary clas-
sification with positive definite kernels, with a particular focus on the relationship between errors and
losses. Our main results rely on a generic condition for which we give concrete examples in Section 3. In
Section 4, we present our version of stochastic gradient descent, with the use of tail averaging [JKKT16],
and provide new deviation inequalities, which we apply in Section 5 to our learning problem, leading to ex-
ponential convergence rates for the testing errors. We conclude in Section 6 by providing several avenues for
future work. Finally, synthetic experiments illustrating our results can be found in Section A of the Appendix.

Main contributions of the paper. We would like to underline that our main contributions are in the two
following results; (a) we show in Theorem 4 the exponential convergence of stochastic gradient descent on
the testing error, and (b) this result strongly rests on a new deviation inequality stated in Corollary 1 for
stochastic gradient descent for least-square problems. This last result is interesting on its own and gives
an improved high-probability result which does not depend on the dimension of the problem and has a
tighter dependence on the strongly convex parameter —through the effective dimension of the problem, see
[CDV07, DB16].

2. PROBLEM SET-UP

In this section, we present the general machine learning set-up, from generic assumptions to more specific
assumptions.

2.1. Generic assumptions

We consider a measurable set X and a probability distribution p on data (z,y) € X x {—1,1}; we denote
by px the marginal probability on x, and by p(£1|x) the conditional probability that y = +1 given x. We
have E(y|z) = p(1|z) — p(—1|z). Our main margin condition is the following (and independent of the
learning framework):

(A1) |E(y|x)| = § almost surely for some § € (0, 1].

This margin condition (often referred to as a low-noise condition) is commonly used in the theoretical study
of binary classification [MT99, AT07, KB05], and usually takes the following form: Vé > 0, P(|E(y|z)| <
4) = O(8%) for a > 0. Here, however, 0 is a fixed constant. Our stronger margin condition (A1) is necessary
to show exponential convergence rates but we give also explicit rates in the case of the latter low-noise
condition. This extension is derived in Appendix J and more precisely in Corollary 4. Note that the smaller
the «, the larger the mass of inputs with hard-to-predict labels. Our condition corresponds to av = +00, and
simply states that for all inputs, the problem is never totally ambiguous, and the degree of non-ambiguity is
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bounded from below by §. When § = 1, then the label y € {—1, 1} is a deterministic function of x, but our
results apply for all § € (0, 1] and thus to noisy problems (with low noise). Note that problems like image
classification or object recognition are well characterized by (A1). Indeed, the noise in classifying an image
between two disparate classes (cars/pedestrians, bikes/airplanes) is usually way smaller that 1/2.

We will consider learning functions in a reproducing kernel Hilbert space (RKHS) 3 with kernel function
K : X x X — R and dot-product (-, -)5c. We make the following standard assumptions on J:

(A2) K is a separable Hilbert space and there exists R > 0, such that for all v € X, K (z,x) < R

For 2 € X, we consider the function K, : X — R defined as K,(2') = K(x,’). We have the classical

reproducing property for g € H, g(x) = (g, K, )5 [STC04, SS02]. We will consider other norms, beyond

the RKHS norm || g||s¢, that is the Ly-norm (always with respect to px), defined as ||g||7, = [ 9(x)?dpx (),

as well as the Loo-norm || - || .. on the support of px.. A key property is that (A2) implies ||g||.. < Rl|g]|-
Finally, we will consider observations with standard assumptions:

(A3)  The observations (xn,yn) € X x {—1,1},n € Z* are independent and identically distributed with
respect to the distribution p.

2.2. Ridge regression

In this paper, we focus primarily on least-squares estimation to obtain estimators. We define g, as the
minimizer over Lo of
Bly— 9@ = [ (- g@)dpla.y).
Xx{-1,1}
We always have g.(z) = E(y|z) = p(1]|z) — p(—1|z), but we do not require g. € H. We also consider the
ridge regression problem [CDV07] and denote by g, the unique (when A > 0) minimizer in I of

E(y — g(x))* + Mlgll5-
The function gy always exists for A > 0 and is always an element of H{. When J is dense in Ly our results
depend on the L-error ||gx — g«||co,» Which is weaker than ||gx — g.||7¢c which itself only exists when
g« € H (which we do not assume). When H is not dense we simply define g. as the orthonormal projector
for the Ly norm on H of g. = E(y|z) so that our bound will the depend on ||gx — §«||oo- Note that g, is the
minimizer of E(y — g(x))? with respect to g in the closure of 3 in L.
Moreover our main technical assumption is:

)
(Ad4)  There exists \ > 0 such that almost surely, sign(E(y|x))gx(z) = 2

In the assumption above, we could replace §/2 by any multiplicative constants in (0, 1) times § (instead
of 1/2). Note that with (A4), A depends on § and on the probability measure p, which are both fixed
(respectively by (A1) and the problem), so that ) is fixed too. It implies that for any estimator ¢ such that
llgx — gllL.. < /2, the predictions from g (obtained by taking the sign of g(z) for any x), are the same as
the sign of the optimal prediction sign(E(y|z)). Note that a sufficient condition is ||gx — §l/sc < §/(2R)
(which does not assume that g, € H), see next subsection.

Note that more generally, for all problems for which (A1) is true and ridge regression (in the population
case) is so that ||gx — g«|| .. tends to zero as A tends to zero then (A4) is satisfied, since ||gx — g |1, < /2
for A\ small enough, together with (A1) then implies (A4).

In Section 3, we provide concrete examples where (A4) is satisfied and we then present the SGD algorithm
and our convergence results. Before we relate excess testing losses to excess testing errors.

2.3. From testing losses to testing error

Here we provide some results that will be useful to prove exponential rates for classification with squared
loss and stochastic gradient descent. First we define the 0-1 loss defining the classification error:

R(g) = p({(z,y) : sign(g(z)) # y}),

where signu = +1 for v > 0 and —1 for u < 0. In particular denote by R* the so-called Bayes risk
R* = R(E (y|x)) which is the minimum achievable classification error [DGL13].

A well known approach to bound the testing errors by testing losses is via transfer functions. In particular
we recall the following result [DGL13, BIMOG6], let g, (z) be equal to E (y|z) a.e., then

R(g) — R < d(llg — g:)172), Vg € L*(dpx),
3



with ¢(u) = /u (or ¢(u) = uP, with 8 € [1/2,1], depending on some properties of p [BIM06]. While
this result does not require (A1) or (A4), it does not readily lead to exponential rates since the squared loss
excess risk has minimax lower bounds that are polynomial in n [CDVO07].

Here we follow a different approach, requiring via (A4) the existence of g, having the same sign as g.
and with absolute value uniformly bounded from below. Then we can bound the 0-1 error with respect to the
distance in HH of the estimator g from g, as shown in the next lemma (proof in Appendix C). This will lead
to exponential rates when the distribution satisfies a margin condition (A1) as we prove in the next section
and in Section 5. Note also that for the sake of completeness we recalled in Appendix D that exponential
rates could be achieved for kernel ridge regression.

Lemma 1 (From approximately correct sign to 0-1 error)

Letq € (0,1). Under (A1), (A2), (A4), g € H a random function such that Hfj — QAH:}C < %, with
probability at least 1 — q. Then

R(g) = R*, with probability at least 1 — ¢, and in particular E[R(g) — R*] < q.

In the next section we provide sufficient conditions and explicit settings naturally satisfying (A4).

3. CONCRETE EXAMPLES AND RELATED WORK

In this section we illustrate specific settings that naturally satisfy (A4). We start by the following simple
result showing that the existence of g, € HH such that g, (z) = E (y|z) a.e. on the support of px, is sufficient
to have (A4) (proof in Appendix E.1).

Proposition 1

Under (A1), assume that there exists g. € H such that g.(x) := E (y|x) on the support of py, then for
]
2

any 9, there exists A > 0 satisfying (A4), that is, sign(E(y|z))gx(x) >

We are going to use the proposition above to derive more specific settings. In particular we consider the case
where the positive and negative classes are separated by a margin that is strictly positive. Let X C R¢ and
denote by 8 the support of the probability px and by 8, = {x € X : g.(z) > 0} the part associated to the
positive class, and by S_ the one associated with the negative class. Consider the following assumption:

(AS)  There exists pu > 0 such that minges, zes_ ||z — 2| > p.

Denote by W %2 the Sobolev space of order s defined with respect to the L? norm, on R? (see [AF03] and
Appendix E.2). We also introduce the following assumption:

(A6) X C R and the kernel is such that W2 C H, with s > d/2.

An example of kernel such that H = W*2, with s > d/2 is the Abel kernel K (z, ') = e~ = l==='ll_ for
o > 0. In the following proposition we show that if there exist two functions in 3, one matching E (y|z) on
84 and the second matching E (y|x) on S_ and if the kernel satisfies (A6), then (A4) is satisfied.

Proposition 2

Under (A1), (A5), (A6), if there exist two functions g7 , g* € W2 such that g (x) = E(y|lx) on 8
and g* (z) = E (y|z) on 8_, then (A4) is satisfied.

Finally we are able to introduce another setting where (A4) is naturally satisfied (the proof of the proposition
above and the example below are given in Appendix E.2).

Example 1 (Independent noise on the labels)

Let px be a probability distribution on X C R and let §;,8_ C X be a partition of the support of px
satisfying px(S4), px(S—) > 0 and (A5). Letn € Z*. For 1 < i < n, x; independently sampled from
px and the label y; defined by the law

o G ifz; € S+
YT ¢ ife €S,
with (; independently distributed as (; = —1 with probability p € [0,1/2) and {; = 1 with probability

1 — p. Then (A1) is satisfied with § = 1 — 2p and (A4) is satisfied as soon as (A2) and (A6) are, that is,
the kernel is bounded and HH is rich enough (see an example in Appendix E Figure 4).
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Finally note that the results of this section can be easily generalized from X = R to any Polish space, by
using a separating kernel [DVRT14, RCDVR14] instead of (A6).

4. STOCHASTIC GRADIENT DESCENT

We now consider the stochastic gradient algorithm to solve the ridge regression problem with a fixed
strictly positive regularization parameter A. We consider solving the regularized problem with regularization
lg — gol|%; through stochastic approximation starting from a function go € H (typically 0).' Denote by
F : H — R, the functional

F(g) =E(Y — g(X))* =E(Y - (Kx,9))?,
where the last identity is due to the reproducing property of the RKHS . Note that F has the following
gradient VF(g) = —2E [(Y — (Kx, g)) K x]. We consider also F = F+\||-—go||3, for which VF)(g) =

VF(g) + 2X\(g — go), and we have for each pair of observation (z,,,y,) that Fx(g) = E[F,x(g)] =

E((g, Kz,.) = yn)* + Mg = goll3e, with Fi x(9) = (9, Kz,,) = yn)? + Allg — goll5-
Denoting ¥ = E[K,, ® K,, | the covariance operator defined as a linear operator from 3 to 3 (see
[FBJ04] and references therein), we have the optimality conditions for gy and g.:

¥gxr — E (ynKz,) + A(gx — g0) =0, E [(yn — g«(wn)) Kfcn] =0,

see [CDVO07] or Appendix F.1 for the proof of the last identity. Let (v,),>1 be a positive sequence; we
consider the stochastic gradient recursion” in J started at go:

Tn
9n = 9Gn—-1 — Ean,)\(gnfl) =09n—-1 — Tn [(<Kw,,mgn71> - yn)Kmn + )‘(gnfl - 90)] . (1)

We are going to consider Polyak-Ruppert averaging [PJ92], that is g, = %-H > gi, as well as the
tail-averaging estimate g = T}zj > iz |n/2) 9i> studied by [JKKT16]. For the sake of clarity, all the
results in the main text are for the tail averaged estimate but note that all of them have been also proved for
the full average in Appendix 1.

As explained earlier (see Lemma 1), we need to show the convergence of g, to g, in J{-norm. We are
going to consider two cases: (1) for the non-averaged recursion (v, ) is a decreasing sequence, with the
important particular case ,, = v/n, for a € [0, 1]; (2) for the averaged or tail-averaged functions (7,,) is a
constant sequence equal to . For all the proofs of this section see Appendix G. In the next subsection we
reformulate the recursion in Eq. (1) as a least-squares recursion converging to gy .

4.1. Reformulation as noisy recursion

We can first reformulate the SGD recursion equation in Eq. (1) as a regular least-squares SGD recursion
with noise, with the notation &, = y,, — g (), which satisfies E [, K,,,| = 0. This is the object of the
following lemma (for the proof see Appendix F.2.):

Lemma 2
The SGD recursion can be rewritten as follows:
In—9r = [I =1 (Ks, ® Ky, + M)](9n-1— 92) + Tnen, 2)
with the noise term e, = £, Ky, + (G«(zx) — gx(2x)) Kzp — E[(Gs(zx) — gr(21)) Kz, ] € H.
We are thus in presence of a least-squares problem in the Hilbert space I, to estimate a function gy € H
with a specific noise ¢,, in the gradient and feature vector K. In the next section, we will consider the

generic recursion above, which will require some bounds on the noise. In our setting, we have the following
almost sure bounds and the noise (see Lemma 9 of Appendix G):

lenllac < R(1+2[|g« — grllL..)
Elen ®en] < 2(1+ 13— aal) =,

where ¥ = E [K v, @K xn] is the covariance operator.

INote that go is the initialization of the recursion, and is not the limit of g, when X tends to zero (this limit being g ).
2The complexity of n steps of the recursion is O(n?) if using kernel functions or O(7n) when using explicit feature representations,
with 7 the complexity of computing dot-products and adding feature vectors.
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4.2. SGD for general Least-Square problems

We now consider results on (averaged) SGD for least-squares that are interesting on their own. As said
before, we show results in two different settings depending on the step-size sequence. First, we consider (7,,)
as a decreasing sequence, second we take (y,,) constant but prove the convergence of the (tail-)averaged
iterates.

Since the results we need could be of interest (even for finite-dimensional models), in this section, we
study the following general recursion:

M = (I - 'YHn)T]nfl + Ynén, 3)
We make the following assumptions:

(H1)  We start at some ng € I

(H2) (Hp,€n)n>1 are iid. and H,, is a positive self-adjoint operator so that almost surely H,, = A1,
and H :=EH,,.

(H3) Noise: Eep, = 0, |len]|sc < c/? almost surely and E(e,, ® €,,) < C, with C' commuting with H.
Note that one consequence of this assumption is E||e,,||2; < trC.

(H4) Foralln>1, E{HRCH*IHH} <75 1C and v < .

(H5) A is a positive self-adjoint operator which commutes with H.

Note that we will later apply the results of this sectionto H,, = K, @ K, + A, H=YX4+X,C =%
and A € {I,X}. We first consider the non-averaged SGD recursion, then the (tail-)averaged recursion. The
key difference with existing bounds is the need for precise probabilistic deviation results.

For least-squares, one can always separate the impact of the initial condition 7y and of the noise terms ¢y,
namely 7,, = nias 4 praiance where 7013 is the recursion with no noise (¢ = 0), and 1214 ig the recursion

started at 79 = 0. The final performance will be bounded by the sum of the two separate performances (see,
e.g.,[DB15]). Hence all of our bounds will depend on these two. See more details in Appendix G.

4.3. Non-averaged SGD

In this section, we prove results for the recursion defined by Eq. (3) in the case where for « € [0, 1],
Yn = 7v/n®. These results extend the ones of [BM11] by providing deviation inequalities, but are limited to
least-squares. For general loss functions and in the strongly-convex case, see also [KT09].

Theorem 1 (SGD, decreasing step size: v, = v/n%)

Assume (H1), (H2), (H3), v, = v/n%, vA < 1 and denote by 1),, € H the n-th iterate of the recursion
in Eq. (3). We have fort > 0,n > 1 and « € (0,1),

) .
oo = anlloe < exp (=725 (17 1)) oo = gl + Vi

12
almost surely for n large enough , with P (V,, > t) < 2e — -n® ).
y forn larg g (Vo 2 1) XP( Sy C/n 42t >

We can make the following observations:

e The proof technique (see Appendix G.1 for the detailed proof) relies on the following scheme: we
notice that 7,, can be decomposed in two terms, (a) the bias: obtained from a product of n contractant
operators, and (b) the variance: a sum of increments of a martingale. We treat separately the two
terms. For the second one, we prove almost sure bounds on the increments and on the variance that
lead to a Bernstein-type concentration result on the tail P(V,, > t). Following this proof technique,
the coefficient in the latter exponential is composed of the variance bound plus the almost sure
bound of the increments of martingale times ¢.

e Note that we only presented in Theorem 1 the case where o € (0, 1). Indeed, we only focused on the
case where we had exponential convergence (see the whole result in the Appendix: Proposition 6).
Actually, that there are three different regimes. For o = 0 (constant step-size), the algorithm is not
converging, as the tail probability bound on P (V,, > t) is not dependent on n. For o = 1, confirming
results from [BM11], there is no exponential forgetting of initial conditions. And for o € (0, 1),
the forgetting of initial conditions and the tail probability are converging to zero exponentially
fast, respectively, as exp(—Cn'~%) and exp(—Cn®), for a constant C, hence the natural choice of
a = 1/2 in our experiments.



4.4. Averaged and Tail-averaged SGD with constant step-size

In the subsection, we take: Vn > 1, , = 7. We first start with a result on the variance term, whose proof
extends the work of [DFB17] to deviation inequalities which are sharper than the ones from [BM13].
Theorem 2 (Convergence of the variance term in averaged SGD)

Assume (H1), (H2), (H3), (H4), (H5) and consider the average of the n + 1 first iterates of the sequence
defined in Eq. (3): Nln = 7 o1 i- Assume 19 = 0. We have fort > 0,n > 1:

n+ 1)t
(], > 1) <2ew |55, ¢
|5 exp z, “4)
where E; is defined with respect to the constants introduced in the assumptions:
201/2(| A1/2
E; = 4tr(AH2C) + 2 NA  op t. (5)

3\

The work that remains to be done is to bound the bias term of the recursion 72/, We have done it for the full

averaged sequence (see Appendix 1.1 Theorem 6) but as it is quite technical and could lower a bit the clarity

of the reasoning, we have decided to leave it in the Appendix. We present here another approach and consider
Stail 1

the tail-averaged recursion, 7,." = Tzl S Ln/2) i (as proposed by [JKK ™16, Shal1]). For this, we use

the simple almost sure bound [|79™[|3¢ < (1 — Xy)*[[nollsc, such that [|785% P15 [l5c < (1 — Ay)™/2 (o]l
For the variance term, we can simply use the result above for n and n/2, as 7@ = 27,, — 7, /2- This leads to:

Corollary 1 (Convergence of tail-averaged SGD)

Assume (H1), (H2), (H3), (H4), (H5) and consider the tail-average of the sequence defined in Eq. (3):

il = ﬁ Z?:[n/QJ n;. We have fort > 0,n > 1:

< @@= )"2IAY 2 oplimolls + L, with ©)

1/2 —tail

P(L, >t) < dexp(—(n+1)t*/(4E,)), (7)

where L, is defined in the proof (see Appendix G.3) and is the variance term of the tail-averaged recursion.

We can make the following observations on the two previous results:

e The proof technique (see Appendix G.2 and G.3 for the detailed proofs) relies on concentration
inequality of Bernstein type. Indeed, we notice that (in the setting of Theorem 2) ,, is a sum of
increments of a martingale. We prove almost sure bounds on the increments and on the variance
(following the proof technique of [DFB17]) that lead to a Bernstein type concentration result on the
tail P(V,, > t). Following the proof technique summed-up before, we see that F; is composed of
the variance bound plus the almost sure bound times ¢.

e Remark that classically, A and C' are proportional to H for excess risk predictions. In the finite
d-dimensional setting this leads us to the usual variance bound proportional to the dimension d:
tr(AH2C) = tr] = d. The result is general in the sense that we can apply it for all matrices A
commuting with H (this can be used to prove results in Ly or in ).

e Finally, note that we improved the variance bound with respect to the strong convexity parameter A
which is usually of the order 1/\? (see [Shall]), and is here tr(AH ~2C'). Indeed, in our setting,
we will apply it for A = C = Y and H = ¥ + M, so that tr(AH ~2C) is upper bounded by the
effective dimension tr(3X(X + AI)~1) which can be way smaller than 1/\? (see [CDV07, DB16]).

e The complete proof for the full average is written in Appendix I.1 and more precisely in Theorem 6.
In this case the initial conditions are not forgotten exponentially fast though.

5. EXPONENTIALLY CONVERGENT SGD FOR CLASSIFICATION ERROR

In this section we want to show our main results, on the error made (on unseen data) by the n-th iterate of
the regularized SGD algorithm. Hence, we go back to the original SGD recursion defined in Eq. (2). Let us
recall it:

In — 9r = [I = 1 (Ka, @ Ky, + A (gn-1 — g2) + YnEn,
with the noise term €, = Ky, + (G«(2k) — 92 (1)) Kz, — E[(§4(vx) — ga(zr)) Ky, ] € H. Like in
the previous section we are going to state two results in two different settings, the first one for SGD with
7



decreasing step-size (7, = v/n%) and the second one for tail averaged SGD with constant step-size. For all
the proofs of this section see the Appendix (section H).

5.1. SGD with decreasing step-size

In this section, we focus on decreasing step-sizes v, = v/n® for « € (0, 1), which lead to exponential
convergence rates. Results for « = 1 and o = 0 can be derived in a similar way (but do not lead to
exponential rates).

Theorem 3
Assume (A1), (A2), (A3), (A4) and ~,, = v/n%, a € (0,1) for any n and yA < 1. Let g, be the
n-th iterate of the recursion defined in Eq. (2), as soon as n satisfies exp (—% ((n + 1)1_CY — 1)) <

6/(5Rllgo — gallsc), then

52
R(gn) = R*, with probability at least 1 — 2 exp (_C -na> ,
R
with Cg = 2°TTyR2trS (14 ||gs — gall%) /A + 8vR25(1 + 2(|g. — galloo)/3. and in particular

2
E[R(g,) — R'] < 2exp (-gR n) |

Note that Theorem 3 shows that with probability at least 1 — 2 exp (_C% . na>, the predictions of g,, are
perfect. We can also make the following observations:

e The idea of the proof (see Appendix H.1 for the detailed proof) is the following: we know that as
soon as ||gn, — gal|l5c < 0/(2R), the predictions of g,, are perfect (Lemma 1). We just have to apply
Theorem 1 for to the original SGD recursion and make sure to bound each term by §/(4R). Similar
results for non-averaged SGD could be derived beyond least-squares (e.g., hinge or logistic loss)
using results from [KTO09].

e Also note that the larger the «, the smaller the bound. However, it is only valid for n larger that a
certain quantity depending of Ay. A good trade-off is « = 1/2, for which we get an excess error of

1/2), which is valid as soon as n > log(10R||go — gx||5¢/)/(4\?+?). Notice also

2exp (— g—ln
that we should go for large v\ to increase the factor in the exponential and make the condition
happen as soon as possible.

o If we want to emphasize the dependence of the bound on the important parameters, we can write
that: E[R(gn) — R*] < 2exp (—A6%n*/R?).

e When the condition on n is not met, then we still have the usual bound obtained by taking directly
the excess loss [BJMO06] but we lose exponential convergence.

5.2. Tail averaged SGD with constant step-size
We now consider the tail-averaged recursion®, with the following result:

Theorem 4
Assume (A1), (A2), (A3), (A4) and vy, = v for any n, YA < landy < 7y = (R? +2)\)~L. Let
gn be the n-th iterate of the recursion defined in Eq. (2), and gi! = ﬁ ZZL: \n/2) 9i» as soon as

n > 2/(\) (3Rl go — g loc/6). then
R(ge") = R*, with probability at least 1 — 4exp (—6*Kg(n + 1)),
with K" = 29R2 (14 |7 — ga]%) tr(S(S + A1) "2) + 326R(1 + 2|3, — gall<)/(31), and in

particular ‘
E[R(g%") — R*] < 4exp (62 Kn(n+1)).

Theorem 4 shows that with probability at least 1 —4 exp (—52 Kgr(n+ 1)) the predictions of gt are perfect.
We can also make the following observations:
e The idea of the proof (see Appendix H.2 for the detailed proof) is the following: we know that as
soon as ||g&! — gy||sc < §/(2R), the predictions of gi! are perfect (Lemma 1). We just have to
apply Corollary 1 to the original SGD recursion, and make sure to bound each term by 6/(4R).

4The full averaging result corresponding to Theorem 4 is proved in Appendix 1.2, Theorem 7.
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e If we want to emphasize the dependence of the bound on the important parameters, we can write
that: E[R(g,) — R*] < 2exp (—A%6%n/R*) . Note that the A* could be made much smaller with
assumptions on the decrease of eigenvalues of 3 (it has been shown [CDV07] that if the decay
happens at speed 1/n°: trX(X + A)~2 < A2 (X + A1)~ < R2/AIHYP),

e We want to take v\ as big as possible to satisfy quickly the condition. In comparison to the
convergence rate in the case of decreasing step-sizes, the dependence on n is improved as the
convergence is really an exponential of n (and not of some power of n as in the previous result).

e Finally, the complete proof for the full average is contained in Appendix 1.2 and more precisely in
Theorem 7.

6. CONCLUSION

In this paper, we have shown that stochastic gradient could be exponentially convergent, once some
margin conditions are assumed; and even if a weaker margin condition is assumed, fast rates can be achieved
(see Appendix J). This is obtained by running averaged stochastic gradient on a least-squares problem, and
proving new deviation inequalities.

Our work could be extended in several natural ways: (a) our work relies on new concentration results
for the least-mean-squares algorithm (i.e., SGD for square loss), it is natural to extend it to other losses,
such as the logistic or hinge loss; (b) going beyond binary classification is also natural with the square
loss [CRR16, OBLJ17] or without [TCKGO5]; (c) in our experiments, we use regularization, but we have
experimented with unregularized recursions, which do exhibit fast convergence, but for which proofs
are usually harder [DB16]; finally, (d) in order to avoid the O(n?) complexity, extending the results
of [RCR17, RR17] would lead to a subquadratic complexity.
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Organization of the Appendix

A. Experiments
where the experiments and their settings are explained.
B. Probabilistic lemmas
where concentration inequalities in Hilbert spaces used in section G are recalled.
C. From H to 0-1 loss
where, from high probability bound for || - ||4¢, we derived bound for the 0-1 error.
D. Proofs of Exponential rates for Kernel Ridge Regression
where exponential rates for Kernel Ridge Regression are proven (Theorem 5).
E. Proofs and additional results about concrete examples
where additional results and croncrete examples to satisfy (A4) are given.
F. Preliminaries for Stochastic Gradient Descent
where the SGD recursion is derived.
G. Proof of stochastic gradient descent results
where high probability bounds for the general SGD recursion are shown (Theorems 1 and 2).
H. Exponentially convergent SGD for classification error
where exponential convergence of test error are shown (Theorems 3 and 4).
1. Extension for the full averaged case
where previous results are extended for full averaged SGD (instead of tail-averaged).
J. Convergence under weaker margin assumption
where previous results are extended in the case of a weaker margin assumption.

APPENDIX A. EXPERIMENTS

To illustrate our results, we consider one-dimensional synthetic examples (X = [0, 1]) for which our
assumptions are easily satisfied. Indeed, we consider the following set-up that fulfils our assumptions:

e (A1), (A3) We consider here X ~ U ([0, (1 —¢)/2]U[(1 +¢€)/2,1]) and with the notations of
Example 1, we take 8, = [0,(1 —¢)/2] and S_ = [(1 +¢€)/2,1]. For 1 < i < n, z; independently
sampled from px we definey; = 1ifz; € S, andy; = —1ifx; € S_.

e (A2) We take the kernel to be the exponential kernel K (x,2") = exp(—|z — «’|) for which the
RKHS is a Sobolev space H = Ws2 with s > d/2, which is dense in Lo [AF03].

e (A4) With this setting we could find a closed form for g, and checked that it verified (A4). Indeed
we could solve the optimality equation satisfied by g :

Ve 1] [ K@ @dox(@) 30 = | K 2)gy@)dpx (@),

the solution being a linear combination of exponentials in each set : [0, (1 —¢)/2], [(1 — ¢)/2, (1 +
€)/2] and [(1 +¢€)/2,1].

05}

N

—osl| T 9 1
- Px

-1.0f| — /E[y|x}

! L L L
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. Representing the p- density (uniform with e-margin), the best estimator, i.e.,
E(z|y) and gy used for the simulations (A = 0.01).

In the case of SGD with decreasing step size, we computed only the test error E(R(g,,) — R*)). For
tail averaged SGD with constant step size, we computed the test error as well as the training error, the test
11



loss (which corresponds to the Ls loss : fol (gn(x) — gx(x))%dp(x)) and the training loss. In all cases we
computed the errors of the n-th iterate with respect to the calculated gy, taking go = 0. Forany n > 1,

9n = Gn—1 — Un [(gn—l(xn) - yn)Kxn + Agn—l]-

We can use representants to find the recursion on the coefficients. Indeed, if g, = >~ ; al" K,,, then the
following recursion for the (al*) reads :

fori<n—1,a = (1-yNa!
n—1
ap = *’Yn(z a?_lK(xn,fi) - yn)
i=1

From (al), we can also compute the coefficients of g, and g'! that we note a?* and d?’mﬂ respectively:

k .
ar = >, na_f_l and d?’mll = ﬁ Sore n/2] a¥. To show our theoretical results we have decided to

present the following figures:

e For the exponential convergence of the averaged and tail averaged cases, we plotted the error
log;o E(R(gpn) — R*)) as a function of n. With this scale and following our results it goes as a line
after a certain n (Figures 2 and 3 right).

e We recover the results of [DFB17] that show convergence at speed 1/n for the loss (Figure 2 left).
We adapted the scale to compare with the error plot.

e For Figure 3 left, we plotted — log(— log(E(R(g,) — R*))) of the excess error with respect to the
log of n to show a line of slope —1/2. It meets our theoretical bound of the form exp(—K+/n),

Note that for the plots where we plotted the expected excess errors, i.e., E(R(g,) — R*), we plotted the
mean of the errors over 1000 replications until n = 200, whereas for the plots where we plotted the losses,
i.e., a function of ||g, — g«||2, we plotted the mean of the loss over 100 replications until n = 2000.

0 ‘ —~ 0 .
N — train_loss & — train_error
< -1 — test_loss -1 — test_error
> - | -
l: ol /g ol
Dﬁ SN—
T -3 -3t
) &
%0 -4 % —4|
< o0
‘ ‘ ‘ 2 ‘ ‘ ‘
-5 —~ =5
0 500 1000 1500 2000 0 50 100 150 200
n n

FIGURE 2. Showing linear convergence for the L°" errors in the case of margin of width e. Left
figure corresponds to the test and training loss in the averaged case whereas the right one corresponds
to the error in the same setting. Note that the y-axis is the same while the x-axis is different of a
factor 10. The fact that the error plot is a line after a certain n matches our theoretical results. We
took the following parameters : € = 0.05, v = 0.25, A = 0.01.

We can make the following observations:

First remark that between plots of losses and errors (Figure 2 left and right resp.), there is a factor 10
between the numbers of samples (200 for errors and 2000 for losses) and another factor 10 between errors
and losses (10~ for errors and 1073 for losses). That underlines well our theoretical result which is the
difference between exponential rates of convergence of the excess error and 1/n rate of convergence of the
loss.

Moreover, we see that even if the excess error with tail averaging seems a bit faster, we have linear rates
too for the convergence of the excess error in the averaged case. Finally, we remark that the error on the train
set is always below the one for a unknown test set (of what seems to be close to a factor 2).

APPENDIX B. PROBABILISTIC LEMMAS

In this section we recall two fundamental results for concentration inequalities in Hilbert spaces shown in
[Pin94].
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FIGURE 3. Left plot shows the error in the non-averaged case for 7, = 7/+/n and right compares
the test error between averaged and tail averaged case. We took the following parameters : € = 0.05,
v =0.25, A = 0.01.

Proposition 3

Let (X%)ren be a sequence of vectors of H adapted to a non decreasing sequence of o-fields (Fy,)
such that E [ X |Fy_1] = 0, supy.c,, | Xi|| < an and 32— E [|| X]|*|Fr—1] < b} for some sequences

(an), (byn) € (Ri)N. Then, forallt > 0,n > 1,
t t b ta,

IP( >t><2exp<<+g)1n<1+a>). (8)
an, an a3 by,

Proof: As[E[X;|F_1] = 0, the F;-adapted sequence (f;) defined by f; = 37 _, X}, is a martingale and so is
the stopped-martingale (f;jan). By applying Theorem 3.4 of [Pin94] to the martingale (fjn ), we have the result. H

n

S

k=1

Corollary 2

Let (Xj)ren be a sequence of vectors of 3 adapted to a non decreasing sequence of o-fields (Fy,)
such that E [X|Fr_1] = 0, supy.c,, | Xx|| < an and 3 E [|| X||?|Fr—1] < b} for some sequences

(an), (bn) € (Ri)N. Then, forallt > 0,n > 1,

n
t2
P Xl 2t <2exp| ——5——7= | - 9
<; k|| = >\ p< z(b%ant/g)) ©)
Proof: We apply 3 and simply notice that
t t bl ta v, ant ant  ant
—~ (= +22 ) n(1+=) = - 2((1+22)In(14+22) -2
o () m (1 52) 3 ((+5)m (%) - %)
. b% ant
= —atle )

2

where ¢(u) = (1 4+ u) In(1 4+ u) — u for u > 0. Moreover ¢(u) > m, so that:
2 2 212 2
i, i+b7" In 1+m7" \,bin (a"t/bn) = — t . m
an an a2 by, a? 2 (14 ant/3b3) 2 (b2 + ant/3)

APPENDIX C. FROM H TO 0-1 LOSS

In this section we prove Lemma 1. Note that (A4) requires the existence of g, having the same sign of g,
almost everywhere on the support of py and with absolute value uniformly bounded from below. In Lemma 1
we prove that we can bound the 0-1 error with respect to the distance in H of the estimator g form gy.
Proof of Lemma 1: Denote by W the event such that || — gx H&c < 0/(2R). Note that for any f € I,

F(@) = Koge < [[Kellgol| Fllse < BRI lse0
for any x € X. So for g € W, we have

9(z) — ga(z)| < R||g — gal,, <6/2 VzeX.
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Let z be in the support of px. By (Ad) |gx(z)| > §/2 ae.. Let g € W and = € X such that gx(z) > 0, we
have

9(x) = ga(z) — (9a(z) — g(2)) = gr(2) — [ga(x) — g(2)[ > O,
so sign(g(z)) = sign(gx(z)) = +1. Similarly let g € W and = € X such that g (z) < 0, we have
9(x) = gr(x) + (9(x) — g9a(2)) < gr(x) + |ga(x) — g(x)[ <O,
so sign(g(z)) = sign(gx(z)) = —1. Finally note that for any g € 3, by (A4), either gx(xz) > 0 or gr(z) <0
a.e., so sign(g(x)) = sign(gx(z)) a.e.
Now note that by (A1), (A4) we have that sign(g.(z)) = sign(gx(z)) a.e., where g.(z) := E (y|z). So
when g € W, we have that sign(g(z)) = sign(gx(z)) = sign(g«(z)) a.e., so
R@) = p({(z,y) : sign(g(x)) # y}) = p({(z, y) : sign(g«(x)) # y}) = R".
Finally note that
E[R(9)] = E[R(g)1w] + E[R(g)1we],
where 1y is 1 on the set W and 0 outside, W€ is the complement set of W. So, when g € W, we have
E[R(G)1w] = R'E[lw] < X",
while
ER(@)1we] <E[lwe] <gq. [

APPENDIX D. EXPONENTIAL RATES FOR KERNEL RIDGE REGRESSION

D.1. Results

In this section, we first specialize some results already known in literature about the consistency of kernel
ridge least-squares regression (KRLS) in J{-norm [CDV07] and then we derive exponential classification
learning rates. Let (x;, y;)"_, be n examples independently and identically distributed according to p, that is

Assumption (A3). Denote by X, 3 the linear operators on J{ defined by
~ 1<
=— K, @ K,,, Y= K, ® K;)d ,
RZ; L ® Ky, /x( ® K. )dpx(2)

referred to as the covariance and empirical (non-centered) covariance operators (see [FBJ04] and references
therein). We recall that the KRLS estimator g, € 3, which minimizes the regularized empirical risk, is
defined as follows in terms of X,

~ 1 <&
=0 (13
Moreover we recall that the population regularized estimator g, is characterized by see ((CDV07])
g = (E+ )T E[YAL]) -

The following lemma bounds the empirical regularized estimator with respect to the population one in terms
of \,n and is essentially contained in the work of [CDV07]; here we rederive it in a subcase (see below for
the proof).

Lemma 3

Under assumption (A2), (A3) for any X > 0, note u,, = ||+ 3" y; Ky, — E[yK,]||3c and v, =

12— i”op, we have:

u,  Ruv,

o\ — < .
19 — gallac < 3\ =+ 2

By using deviation inequalities for u,,, v,, in Lemma 3 and then applying Lemma 1, we obtain the following
exponential bound for kernel ridge regression (see complete proof below):

Theorem 5
Under (A1),(A2),(A3),(A4) we have that for any n € Z,

RS
72(1 + AR?)2.

~ . . . Co1s?
R(gx) — R* = 0 with probability at least 1 — 4exp | — nj.

Moreover, E[R(g)) — R*] < 4exp (—CoA*6%n/R®) , with Cy "
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The result above is a refinement of Thm. 2.6 from [YRCO07]. We improved the dependency in n and removed
the requirements that g* € H or g* = X"w for aw € L?(dpx) and r > 1/2. Similar results exist for
losses that are usually considered more suitable for classification, like the hinge or logistic loss and more
generally losses that are non-decreasing [KB05]. With respect to this latter work, our analysis uses the
explicit characterization of the kernel ridge regression estimator in terms of linear operators on H [CDV07].
This, together with (A4), allows us to use analytic tools specific to reproducing kernel Hilbert spaces, leading
to proofs that are comparatively simpler, with explicit constants and a clearer problem setting (consisting
essentially in (A1), (A4) and no assumptions on E (y|z)).

Finally note that the exponent of A could be reduced by using a refined analysis under additional regularity
assumption of px and E (y|x) (as source condition and intrinsic dimension from [CDV07]), but it is beyond
the scope of this paper.

D.2. Proofs

Here we prove that Kernel Ridge Regression achieves exponential classification rates under assump-
tions (A1), (A4). In particular by Lemma 3 we bound H/g\,\ — 9/\H}c in high probability and then we use

Lemma 1 that gives exponential classfication rates when Hﬁ)\ — gx H}C is small enough in high probability.

Proof of Lemma 3: Denote by S the operator $ 4 AI and with X the operator 3 + AI. We have

. a1 [ 1w _
Gr—gr =537 (n Z«%Kﬂc> - 53N (E[yK.))
i=1

~ (1 o _
=53 <nzyiKIi _E[szO + (53 =2 )EK,).
1=1

For the first term, since Hf];l ||op < 27!, we have

a1 ae 1<
1957 (43w By < 55 Yo, ~ ol
=1 =1

1,1
< 15> ik, — By
=1

For the second term, since || X} ' [lop < A" and |E[yK]|| < E[||lyK.||] < R, we have

[EX = S HERE]|,, = 2312 - £S5 By K] |,

~ ~ N R ~
<IE M = Bl B3 B K]l < 55112 = 2, m

op op

Proof of Theorem 5: Let 7 > 0. By Lemma 2 we know that

—~ Unp, Ruv,
—_ < —
195 = gxllse < = + =5

with up = [|2 37 (4iKa, — E[yKa))|l3c and v, = || — $[|op. For u, we can apply Pinelis inequality
(Thm. 3.5, [Pin94]), since (x5, ¥; )j—, are sampled independently according to the probability p and that y; K5, —
E[y K] is zero mean. Since

a.e. and J{ is a Hilbert space, then we apply Pinelis inequality with b2 = # and D = 1, obtaining

1

n

(K, — ElyEG)) o < 2

8R2T
Up < ,
n

with probability at least 1 — 2e™ . Now, denote by H H 11 the Hilbert-Schmidt norm and recall that HH < H . H s
To bound v,, we apply again the Pinelis inequality [RBV10] considering that the space of Hilbert-Schmidt
operators is again a Hilbert space and that > = % > Koy ® Koy, that (z;)7-; are independently sampled
from px and that E[K,, ® K,,] = X. In particular we apply it with D = 1 and b2 = %, S0

S8R4T

on =28l <2 -S4 <5

with probability 1 — 2e™ 7. Finally we take the intersection bound of the two events obtaining, with probability at

least 1 — 4e™ ",
5x — aallsc < [8R2T + /8RST
Ir T IAIE =\ Tz, An
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By selecting 7 = s , we obtain ||gx — gallsc < with probability 1 — 4e™". Now we can

02 ([ 342+ 3422 e
apply Lemma 1 to have the exponential bound for the classification error. |

APPENDIX E. PROOFS AND ADDITIONAL RESULTS ABOUT CONCRETE EXAMPLES

In the next subsection we prove that g, € J{ is sufficient to satisfy (A4), while in subsection E.2 we prove
that specific settings naturally satisfy (A4).

E.1. From g, € H to (A4)

Here we assume that there exists g, € H such that g, (z) = E (y|z) a.e. on the support of px. First we
introduce A()), that is a quantity related to the approximation error of gy with respect to g, and we study
its behavior when A — 0. Then we express || gx — G« H% in terms of A()). Finally we prove that for any §
given by (A1), there exists A such that (A4) is satisfied.

Let (o, ut)tez be an eigenbasis of ¥ with 01 > 02 > --- > 0, and let a; = (g«, u;) we introduce the

following quantity
2
E oy

tiop <A
Lemma 4
Under (A2), A(\) is decreasing for any A > 0 and
lim A(\) =

A—=0

Proof: Under (A2) and the linearity of trace, we have that

Z o;j =tr(X) = /tr (Ke ® Kz)dpx(z) = / (Ko, Kz) g dpx(z /K z,x)dpx(z) <

JEN

Denote by ¢t € Z, the number min{t € Z | o, < A}. Since the (0;),cz is a non-decreasing summable sequence,

then it converges to 0, then
lim ty = 0.

Finally, since (a7 ) ez is a summable sequence we have that

. 2_
}\li)I%)A 7>1\1LnOZatfhmZoz7hmZaJ70. -

tiop <A Jj=tx

Here we express ng — g%

4 In terms of ‘

x| 4, and of A(VN).
Lemma 5

Under (A2), for any A > 0 we have
o = - llac < VAl [ + AW,

Proof: Denote by X, the operator X + AI. Note that since g. € H, then
ElyK.] = Elg. ()K.] = E[(K. ® K.)g.] = E[K, ® K.]g. = Sg.,
then gx = ¥} 'E[yK,] = ¥, 'g.. So we have
lox = g+ll5 = =X 29 = gully = (X2 = Dgellse = M= g
Moreover
A+ AD) g < VAL A2 VA S+ 2D,
Now we express \f“ ¥+ )\I)’l/Qg*H% in terms of A(\). We have that

< V(B + A7

¢ 5

AE+AD 20,2 = Mg, (B + D)™ g*>—)\<g*, > o+ Ny @ uy g*>
JEL
-3 Aaj
jezngr)"



Now divide the series in two parts

3 hej =S50 + 500, SN = > J SN = > Ao
U]+)\_ 1 2 ) 1 - O']"—A’ 2 == O'J+)\

JEZ j:o'jZ\/X j:Uj<\/X

For each term in S1, since 7 is selected such that o; > +/A we have that A(o; + )™ < AM(VA+XN)7! <

MV < VA, so
SN VA Y a2 <A o = Vil

j:on\/X JEL
For S», we have that A(g; + A) ™! < 1, so

SN < > af =AW,
j:Uj<\/X |

Proof of Proposition 1: By Lemma 5 we have that

o = g+l < VVAlge [+ AG).

Now note that the r.h.s. is non-decreasing in A, and is 0 when A — 0, due to Lemma 4. Then there exists A such
that [|gx — g [, < 5.
Since |f(x)] < RH f H 5 forany f € 3 when the kernel satisfies (A2) and moreover (A1) holds, we have that

for any x € X such that g.(x) > 0 we have

9r(z) = g+(2) = (9+(2) = ga(2)) = g+ (2) = |g+(2) — gr(2)| = 0 = Rl|gx — g.[| > 6/2,

so sign(g«(z)) = sign(gx(z)) = +1 and sign(g«(x))gxr(x) > §/2. Analogously for any = € X such that
g«(x) < 0 we have

9r(x) = g«(z) + (9r(2) — gu(2)) < gul@) + [gu(2) — ga(z)| < =6+ R||gr — g+|| < —6/2,

so sign(g«(z)) = sign(gx(z)) = —1 and sign(g«(z))gr(z) > §/2. Note finally that g.(x) = 0 on a zero
measure set by (A4). |

E.2. Examples

In this subsection we first introduce some notation and basic results about Sobolev spaces, then we prove
Prop. 2 and Example 1.

In what follows denote by A; the ¢-fattening of a set A C R, thatis A; = {J,c p Bi(x) where By(x) is
the open ball of ray ¢ centered in . We denote by W*2(R?) the Sobolev space endowed with norm

Il = {1 € 1@ 0 c2R)

[ S0P+ Py s < o

R4

Finally we define the function ¢ : X — R, that will be used in the proofs as follows
¢s,t(x) = qdys t—d 1{0}t($) (1- Hx/t”2)37d/27

with gq s = 7~Y2T(1 + s)/T(1 + s — d/2) and t > 0, s > d/2. Note that ¢ () is supported on {0},
satisfies

¢s,t(y)dy = ]-
R

and it is continuous and belongs to W2 (R9).
Proposition 4

Let P, N two compact subsets of R? with Hausdorff distance at least ¢ > 0. There exists g pN € W52
such that
gpn(z)=1, Vax e P, gpn(z) =0, Yz € N.

In particular gp N = 1p,,, * P c/2-
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FIGURE 4. Pictorial representation of a model in 1D satisfying Example 1, (p = 0.15).
Blue: px, green: E (y|z), red: g.

Proof: Denote by v, the function (1 — ||2z/¢||?)*~%/2. We have
9o (@) = ause/D™ [ 1r e =) 10,0 0) veslo) dy

= qas(e/2) / 15, o (2 — 4) ves(y) dy
{0}e/2

qs(e/2) / 15,5 () vers(y — ) dy
{z}e/2

Now when x € P, then {z}./2 C P, /2,50

das(e/2)”" / 15,0 (4) vers(y — 2) dy
{z}e/2

gp,n(z)

= qd,s(6/2)7d/ Ves(y —z)dy = qd,se’d/ Ve,s(Y)dy
{z}e/2 {0}e/2

= aee/2 ™ [ Lopn @iy = [ buepiy = 1
Rd R4
Conversely, when z € N, then {z}c/o N P./2 =0, so

gpn (@) = qas(e/2)” /{ ) ey dy = 0
Tie/2

Now we prove that gp x € W2, First note that P, /2 is compact whenever P is compact. This implies that
lp, , isin L?(R%). Since gs is the convolution of an L?(R%) function and a W*?2, then it belongs to W2, ]

Proof of Proposition 2: Since we are under (A5), we can apply Prop. 4 that prove the existence two functions
qs.,s_s4qs_,s, € W*?2 with the property to be respectively equalto lon 8§4,0onS_,and 1onS_, 0 on 8.
Since W**? is a Banach algebra [AF03], then gh € W*2 for any g, h € W*2. So in particular

g« = giqs, s — 9°qs_ sy,

belongs to W**? (and so to J() and is equal to E (y|z) a.e. on the support of px by definition. Finally, (A4) is

satisfied, by Prop. 1. |

Proof of Example 1: By definition of y, we have that
E(ylz) = (1—-2p)g(z), g(z)=1s, —1s_.

In particular note that (A1) is satisfied with 6 = 1 — 2p > 0 since p € [0,1/2). Moreover note that E (y|z) is
constant 6 on 8 and —¢ on S_. Note now that there exists two functions in W2 C H (due to (A6)) that are,
respectively 6 on 8+ and —& on §_. They are exactly g7 := dgs, s_ and g~ = —dgs_ s, from Prop. 4. So we
can apply Prop. 2, that given g7}, g* guarantees that (A4) is satisfied. See an example in Figure 4. |
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APPENDIX F. PRELIMINARIES FOR STOCHASTIC GRADIENT DESCENT

In this section we show two preliminary results on stochastic gradient descent.

F.1. Proof of the optimality condition on g.

In this subsection we prove the optimality condition on g,:

E[(yn — g«(2n)) K, ] = 0.

Let us recall that as J{ is not necessarily dense in Lo, we have defined g. as the orthonormal projector for
the Ly norm on K of g, = E(y|z) which is the minimizer over all g € Ly of E(y — g(z))?. Let F be the

linear space H{%2 equipped with the L, norm, remark that g, verifies §, = argmin|lg — g. |7, and that
geT

[(yn — E(ynlzn) + E(ynlzn) — Gu(2n)) Ko, ]

E((yn = gu(2n)) Ko, ] = E
E[(yn — E(ynlzn)) Kz, | + E[(g«(zn) = gu(n)) Ko, |
E
0,

[Pace (g:)(2n) Ko, ]

where the last equality is true because we have < Pqc1 (g4), K (-, 2) >1,= 0 and,
2

I [Pocs () (2n) K, ] 3 =

/aw@mmm@m>

H

/%H% /ﬁwy* K(w,2)dp(x) | dp(z) = 0.

=0

F.2. Proof of Lemma 2: reformulation of SGD as noisy recursion
Letn > 1 and gg € H, we start form the SGD recursion defined by (1):
In = gn—1 = [({(Keps Gn—1) = Yn) Ko, + Mgn—1— 90)]
= gn-1— Y0 [Kon ® K, Gn-1 — YnKa,, + Mgn-1 — 90)]
=gn1—Vn[Ke, © Ko, gn1 — §u(@n)Ka,, — En Ko, + Mgn—1 — 90)],
leading to (using the optimality conditions for gy and g.):
Gn = 9 = Gn-1 — 9r — Vn [ Kz, @ Ko, (gn-1 — g2) + Mgn—1 — 90)
+ (Kp, @ Ki, )gx = §u(@0) Ko, | +mén K
= gn-1—9r — M [Ke, @ Ka, (gn-1 — 92) + Mgn-1 — 90)
+ (Kp, @ Ky — )95 + 295 — Gu(@0) Ky, ] + 1m€n K.
=gn-1—9x — M| Kz, ® Kz, (gn-1—9x) + Agn—1 + (Ko, @ Kz, — X)ga
— A9 + E[Ge(20) Ko, ] — G (xn)Kmn] + Mmén K.
= gn—1 = 9 = Y [(Kz, ® Ku,, + A)(gn-1 = 92) + (Kz, © Kz, — E)gn
+E[G(20)Ke, ] = §u(0) Ko, | +ménKe,
= [I = y(Ks, @ Koy + AD](gn-1— 92)
+ Y [n Ko, + (8 — Ko, @ Ko, )gx + G (20) Ko, — E[gu(2n) Kz, ]]
= I —Y(Kqs, ® Kz, + M) (gn-1— 9»)
+ M [ Ka,, — (Ko, ® Ku )gx + G (20) Kz, + 2gx — E (g (20) K, ]|
= [I — yu(Kqs, @ Ko, +M)](gn-1— 95)

+ T [gnK.Ln + (g*(xn) - g/\(mn))Kwn —-E [(g* (xn) - g)\(ﬂfn))Kan .
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APPENDIX G. PROOF OF STOCHASTIC GRADIENT DESCENT RESULTS
Let us recall for the Appendix the SGD recursion defined in Eq. (3):
- (I - ’YHn)nnfl + Yn€n,

for which we assume (H1), (H2), (H3),(H4), (H5).
Notations. We define the following notations, which will be useful during all the proofs of the section:

o the following contractant operators: for ¢ > k,
M(i,k)=(I —~H;)--- (I —vHy), and M (i,i+1) =1,
o the following sequences Z, = M (n,k + 1)ex and W,, = Y1 v Zp.

then,
Tn = M(n7 n)nn—l + In€n (10)
n
n :M(nal)n0+z’ykM(n7k+1)6k7 (11)
k=1
Note that in all this section, when there is no ambiguity, we will use || - || instead of || - ||5¢.

G.1. Non-averaged SGD - Proof of Theorem 1

n

In this section, we define the three following sequences: o, = H(l — YA,

i=1
ka H 1—yA)?and G =supye [[ (12— 7).
k=1 i=kt1 ksn sk
We can decompose 7,, in two terms:
N—— ~

Biais term Noise term

e The biais term represents the speed at which we forget initial conditions. It is the product of n
contracting operators

n
[ M (n, 1)mol| < H L=\ |moll = enlmoll-
=1

e The noise term W,, which is a martingale. We are going to show by using a concentration inequality
that the probability of the event {||W,, || > ¢} goes to zero exponentially fast.

G.1.1. General result for all (7). As W, = >_7'_, ViZx, we want to apply Corollary 2 of section B to
(Vi Zk ) ken that is why we need the following lemma:

Lemma 6

We have the following bounds:
sup | Zil| < ¢'/2G, and (13)
k<n

SCE[ImZel?|Fi-a] < 0By, (14)
k=1

where ¢ and C' are defined by (H3).

. «
Proof: First, [|7sZill = v [M(n, b + Dell < e IM(n, b+ Dllop llenll < 7o = llewll < Gne'/?

Second,
> E (I Zel®Fea] < ZCT;%%EH%H?
k=1 k=1 kK
. a% 2
< >z 5 trC.

20



Hence,

n n

STE[IezZel®IFea] < Doy [ @ —v?eC
k=1

k=1 =1 i=k+1

= trCpBhn. -
Proposition 5§
We have the following inequality: fort > 0,n > 1,
[l < anllnoll + Vi,  with (15)
t2

P(V,>2t) < 2exp|— . 16
( n = ) X p( 2(trC’Bn+cl/2Cnt/3)) (16)
Proof: We just need to apply Lemma 6 and Corollary 2 to the martingale W, and V,, = ||W,,|| for all n. |

G.1.2. Result for v, = v/n®. We now derive estimates of a,, 3,, and (,, to have explicit bound for the

previous result in the case where ,, = la for @ € [0, 1]. Some of the estimations are taken from [BM11].
n

Lemma 7

In the interesting particular case where ~y,, = la for o € [0,1]:
n

o fora =1, i.e y, = l, then ¢, = %am and we have the following estimations for
n -7
YA < 1/2:
: I 2(1 —yA) 472 v
1) ay < W, (i) Bn < WW, (i) ¢, < W

e fora =0, i.ey, =, then (,, = y, and we have the following:
i) an = (1= 3N)" (i) B < 1. i) G =7

e fora €]0,1[, ¢, = max {%7 17)\04”}, and we have the following estimations:
-7
A
(i) an < exp (—170[ (n 1)t - 1)),

(i) Denoting Lo, = 22221~ (1 - (%)ka), we distinguish three cases:
-a>1/2, B, <2 231 exp (—Lanlfa) + 22

v 2« An‘;’
- a=1/2, B, <~¥*In(3n)exp (—Lan'~*) + inz,
1—-2« o
Vi 5e exp (—Lan' ™) + 32

(iii) ¢ < max{l_fyﬂ exp (—% ((n + 1)t — 1)) , nl‘)‘} )
Note that in this case for n large enough we have the following estimations:

. N e o 2
(i) @ < exp <_21—°‘Z1—a>"1 “>, (i) B < ST D) Gu < -

Proof: First we show for a € [0, 1] the equality for . Denote ax = & [[;—;.,(1 — 7)), we want to find

Cn = SUpP«,, ak. We show for vy, = X that (ax)r>1 decreases then increases so that (,, = max{a1, an}. Let
= na
kE<n-—1,
A1 _ Ykl 1
ax Yo (1 —k41A)
_ 1
- Ve _
Y41 ryk}\
Hence, 1=k kA — 1. Take a € ]0, 1], in this case where v, = l’
At Ve+1 "

(23 1\ A
-1=(1+-)] —— -1
Ak+1 ( * k) ko
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1

A rapid study of the function fo(x) = (1 + 7) A
z

— — —1in ]Ri shows that it decreases until z, =
xa
1
(yA)@@=1 — 1 then increases. This concludes the proof for o € ]0,1[. By a direct calculation for & = 1,
1—~A . . .
Gk _ 1 = 7 > 0 thus ay is non increasing and {, = a1 = 7
Ak+1 k 1—9A

LI YA < 0 thus ay, is increasing and (, = an = Yn.

ap. Similarly, for a = 0,

Ak+1
We show now the different estimations we have for au,, 8, and (,, for the three cases above.

o foraa =1,

n TLl
Ina, = Zln(l—%)é—’y)\zgg—’y)\lnn
i=1

i=1

N

Qn

Then,

2 1 1
b Y e (-0 3 )

N
2

[ V]
[~]=
%]~
@

]
o

+ /I\/—\

NS
3
>
5
VRS
>3

+
==
~
~_

N
2
[V}
| —
/N
3|
+
=] =
——
[V}
2
>

VAN
[
2
>
)
3
| —
7 N
| &
N——
S
3
>

4“’72 2y A—2
< >R

n2'y>\
k=1
1 _ 1 2(1 — 4\
Moreoverfor*y)\<§,kzzlk27)‘ 2<1_2'y>\—1: l(_zzA),hence,
< 2(1 — yA) 4772
P < 1—29\ n2?
Finally,
0 v 1
= n < —
¢ 1fy)\a Sl —AAnA
e fora =0,
an == =0-yN"
=1
Then,
2 = = 2 _ 2 = 2(n—k) 1 v
= 1—9A)" = 1—9A <—F——— < .
B ’YZ‘H( W =9"> (1= e <A
k=1i=k+1 k=1
Finally,
Ch=""n=7
e fora €]0,1],
- YA "1 (n4+1i> -1
Ina, = In{1—-—] <=9\ — < A
na z( 2) < MY <
an < exp (—% ((n+ ' — 1))



To have an estimation on 3,,, we are going to split it into two sums. Let m € [1,n],

Bo= v [[ =N ka H (1—7:) Z i H (1—7)

k=1 i=k+1 k=1 i=k+1 k=m+1 i=k+1

Bn <D Aiexp <2)\ Z %) Z H (1= 7A)? Mk
k=1

i=m+1 k=m+1i=k+1
<) viexp <—2>\ i %‘)
k=1 i=m—+1
> [ [T == T a-w2a %A)]
k=m+1 Li=k+1 i=k+1
nykexp 2 Z %’) _~_’77m Z [ H (1—%)\)2—1_[(1—%)\)2]
k=m~+1 Li=k+1 i=k

Z’Ykexp
kaeXp< 2 Z %‘>+7

i=m+1

S

2\ Z %> o (1— ﬁ (1—%-/\)2)

i=m+1 i=m+1

By taking v, = n—a and m = ng we get:

2 Z — exp (—2)\’}/ Z ;) + /2\:;/

Bn <
=13 ]+1
@ e (-G )
< Ee (e ()6 T))
< e (e (- 0)7))

Calling S;; = >7_, kéa and noting that: for v > 1/2, S5 < 32%, a = 1/2, S < In(3n) and
a<1/2, Sy < ﬁ we have the expected result.
Finally,

na

cngmax{ljw\ exp (71’y—>\a ((n+1)1’a71)),l}, -

With this estimations we can easily show the Theorem 1. In the following we recall the main result of this
Theorem and give an extension for & = 0 and o = 1 that cannot be found in the main text.

Proposition 6 (SGD, decreasing step size: v, = ~v/n%)
Assume (H1), (H2), (H3), vy, = v/n%, vA < 1 and denote by 1,, € H the n-th iterate of the recursion
in Eq. (3). We have fort > 0,n > 1

o fora=1andv\ <1/2, |gn — gxll5c < M + V,., almost surely, with
n

t2
P(V,>1t) <2 — M)
(Vo> 1) e’“’( RGO (1= 2™ + 4t 273 " )

o fora=0, — gallse < (@ —=~vN)"lg0 — gallsc + Vi, almost surely, with

t2
]P n 2 t < 2 - )
(Vo 21) < 2exp ( 27 (trC/ X + tc1/2 /3))
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o fora € (0,1), [[gn — gxllsc < exp ( 22 ((n+ 1) 1)) llgo — gallsc + Vi, almost surely

for n large enough >, with

t2
P(V,>t) <2 — -n® ).
( ) exXp < 7(2“‘*‘2’51"0/)\ + 201/2t/3) n )

Proof of Theorem 1: We apply Proposition 5, and the bound found on ay,, 85, and ¢, in Lemma 7 to get the results. ll

G.2. Averaged SGD for the variance term (79 = 0) - Proof of Theorem 2
We consider the same recursion but with ~,, = ~:
= (I = vHp)n—1 + Y&n,

started at g = 0 and with assumptions (H1), (H2), (H3),(H4), (HS).
However, in this section, we consider the averaged:

_ 1 ¢
777L:n+1;7]i-

Thus, we get

n i n n n

vy . Y >

Mk +1)ej, = —— ( M(i, k 1) - Zs.

12_:7 — (5, & + )ex n+ 14 Z (6, +1) e n+14 k
=0 k=1 k=1 i=k k=1

Our the goal is to bound P (||7,,|| > t) using Propostion 3 that is going to lead us to some Bernstein
n

concentration inquality. Calling, as above, Z;, = Z M (i, k 4 1)ey, and as E [ Z,|Fy—1] = 0 we just need
i=k

to bound, supy.«,, || Zk| and -, E || Zk||*|F—1]. For a more general result, we consider in the following

lemma (AY2Zy,)y.

Lemma 8
Assuming (H1), (H2), (H3),(H4), (H5), we have the following bounds for Z;, = Z M(i, k+ ey
i=k
B /21 A 1/2
sup HAl/QZk” < m (7)
k<n YA
- 1/27 12 1 1 -2
Y E [||A ZiP|Fpn| < n—g——n—tr (AH2-C). (18)
Pt 7 1=7/2%
Proof : First || A2 7| < ||A||1/2||Zk|| and we have, almost surely, ||ex|| < ¢'/? and H,, = A1, thus for all k, as
YA 1, T —~vHy < (1 —yA) 1. Hence, || M (i, k + 1)lop < (1 —yA)*~ 2 and,
B 2 o1/2?
125l < ||Ek||2||Mlk+1 llop < Zl—vk STy

i=k

Second, we need an upper bound on E [||141/2Z/1C I |S"k_1] , we are going to find it in two steps:

o Step 1: we first show that the upper bound depends of the trace of some operator involving H .
E [||A1/2Zk||2‘§k_1] < QZtr “YE[M(i, k+ 1)CM i,k +1)7])

e Step 2: we then upperbound this sum to a telescopic one involving H 2 to finally show:

1 1

Bz <
1AY2 2, ]*| Ty T

24
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Step 1: We write,

E [‘|A1/22k||2|?k71:| E Z <A1/2M(Z7k+1)8/97A1/2M(]7k+1)€k> |3~k*1

k<i,j<n

E (M(i,k—‘rl)ak,AM(j,k‘-i-l)&‘k) |5tk71
k

N
N

i,J<n

- Etr (M(i, k+1)*AM G,k +1) - ex ® ex)]
k<i,j

>t (B[MG,k+1)"AM(j, k+1)] - E [ ® ex]) .

k<i,js<n

N

n

We have E [e, ® €x] < C so that as every operators are positive semi-definite,

EIAZT] < Y tr(EIMG,k+1)7AMGG,k+1)]-C).

k<i,j<n

We now bound the last expression by dividing it into two terms, noting M (i, k) = M, for more compact notations
(only until the end of the proof),

St (B[Mi M) - ) = S (B My AME] )
i=k

k<i,j<n
+2 3w (IE [M,iH*AM,ZH] ~O).
k<i<j<n
Moreover,
Yo (]E [M,iH*AM,zH] .C)
k<i<j<n
- Y (E [M,iH*A(I—yH)j‘iM,iH] -c)
k<i<j<n
= i:tr <E |:Mli+l*A Zn: (I —~yH)' ™" M4y 'C>
i=k j=it1
= Y (B [Mi A= m) (1= (1= yH)") ()] M ] - €)
i=k
< Yu(E[Min Al0m " - 1] -0)
1=k
< Su (B[ A T M- C) -3 (5[ AM ] )
i=k i=k

Hence,

3 o (IE [M,i+1*AMg+1] -C)

bign
Sl aa] ) T (el o)
<2 Zkt (B [Min A () M- ©) - Zkt (B [Mi"Aris] -C)
< 2§;tr (B [Min"A(H) " Miy] - ©)
< 2;:“ (A B M oML )

This concludes step 1.
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Step 2: Let us now try to bound itr (A (’yH)71 E [M,iHCM,iH*D. We will do so by bounding it by a
telescopic sum. Indeed, =
E [MEAC (V)™ M| = B [Migy (T = yHi) C (vH) ™ (I = yHign) Miga ]
—E [M,i.HIE [C(vH)™ = CH "Hy1y — HipnCH™' 4 yHi CH ™ Hyp1] M,iH*]
—E [M,i+lc (vH)™* M,§+1*] —2E [Mg+1CM,§+1*] +1E [M,i+1JE [Hip1CH  Hipi] M£+1*] ,
such that, by multiplying the previous equality by A (vH )_1 and taking the trace we have,
tr (AGH) " E[MIC () M) =t (AGH) T E M © (0H) T M)
— 2tr (A (vH)'E [M,3+10M,1+1*D
+ytr (A (yH)'E [M;HJE [Hip 1 CH Hypi] M,i+1*]) :

And asE[HkCH_lHk] < %*10 we have,

vt (AGH) B [Mi B [Hin OH ™ Hes] Mia"]) </t (AGH) 7 B [Mi oML ),

thus,
tr (AGH) T E [MC () T M) <t (AGH) T E MO (vH) T M)
— 2tr (A (vH)'E [M,iHCM,iH*D
+  v/vtr (A(’YH)_IE[MIiHCMIiH*D

tr (A (vH) 'E [M;'HCM;H*D

(1 (AGH) & [V 1) Miar']) -t (A B [asiiC Gy a5 )

X

1
2 _
Yo

If we take all the calculations from the beginning,

E[IA220 0] < 3 w(B[Min AM,]-0)
k<i,j<n
< zznjtr (A (vH)"'E [Mg+1oM,i+1*])
© e (aom s fuac o i)
—tr (4 (vH) B (MO )T M)
< ﬁtr (A B [MEC ) k)
< %%tr(AH_?C),

which concludes the proof if we sum this inequality from 1 to n.

We can now prove Theorem 2:

Proof of Theorem 2: We apply Corollary 2 to the sequence (nLHAl/ 2Zk> thanks to Lemma 8. We have:
k<n

B

1/2 A1/2H
A1/2Z < ¢ ||
P TR I e
° 1/2 1 1 —2
E A Zy, < ——tr(AH "~ ,
{ 1715 1] n+t11—7/27v r( c)

k=
26



so that,

2

_ Y 412 t
IP’(HAI/2 "H A Z < 2ex —

! Z ’ o (AHZ20) | cl2jat/2

(n4+1)(1—~/27v0) 3A(n+1)
1)¢2
IP(HAlﬂ_n >t> <2exp | — (n+ 1)t .
2tr(AH*2-C) 2||AL/2]c1/2t -
(1=v/2v0) 3X

G.3. Tail-averaged SGD - Proof of Corollary 1
‘We now prove the result for tail-averaging that allow us to relax the assumption that 9 = 0. The proof
relies on the fact that the bias term can easily be bounded as [|7%% 2|5 < (1 — Ay)™2||no||3¢. For the
variance term, we can simply use the Theorem 2 for n and n/2, as 71! = an T2
Proof Proof of Corollary 1: Letn > 1 and n an even number for the sake of clarity (the case where n is an odd
number can be solved similarly),

—tai 1 -
AV = o) > AV
k=n/2
1 n n
= — > AYVPM(k, o+ > AVPwy
n/2 k=n/2 /2k n/2
1 — —
= o5 > AVEM(k 1)mo + 24V W, — AVEW, .
k=n/2

Hence,

a2 < Z AV, V| + 2 [ AV | 4[| 42770

n/2

Il 2 |43 | + [ 427

1 1/2
< — AYV2 M (k1
’I’L/2 kZMQ" ( ) op

|

Let Ly = 2 || AY2W, | + || 42,

[ < s S 1At = 2" il + L
k=n/2
|42 < @ =214 op lnoll + L,
And finally for ¢ > 0,
P(L,>t) = P(QHA”?W,LH+HA1/2WW > 1)
< B2 e (0w 2

¢ () o (220)]

Let us remark that F; > < F:. Hence,

P(Ln>t) < 2 {exp (—%) texp (‘%)}

(n+ 1)t2) .

< 4dexp (f iE,

APPENDIX H. EXPONENTIALLY CONVERGENT SGD FOR CLASSIFICATION ERROR

In this section we prove the results for the error in the case of SGD. Let us recall the recursion:
In — gx = [I - fYn(Kwn ® K:z:n + )\I)] (gnfl - g)\) + Yn€n,

with the noise term €, = §, Ky, + (G4 (k) — 92 (1)) Kz, — E (g4 (r) — ga(z1)) Ky, ] € H. This is the
same recursion as in Eq (3):
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I = (I - P)’Hn)nnfl + YnEn,

with H,, = K, K ® K, + Al and n,, = g, — g». First we begin by showing that for this recursion and

assuming (A2), (A3), we can show (H1), (H2), (H3),(H4).
Lemma 9 (Showing (H1), (H2), (H3),(H4) for SGD recursion.)
Let us assume (A2), (A3),

e (HI1) We start at some gy — g € H.

withH =EH, =X + \l.
e (H3) We have the two following bounds on the noise:
lenll < ROA+2[gc —gallz.) = c!/?
Een®en < 2(1+ 3 —aal%)E=C
Ellenl® < 2(1+ (|7« — gall%) trE = trC.
o (H4) We have:

E[H,CHT Hy| < (B2 +20)C=75'C.

Proof: (H1), (H2) are obviously satisfied.
Let us show (H3):

€n Kz, + (35 (2n) — ga(zn)) Ko, — E[(Gx(zn) — ga(zn)) Ko, ] ||
([€nl + 19« (@n) — gr(@n) DI Kz, | + E (|« (2n) — gr(@n) |1 Ka, |]]
L+ 119+ = grlloc) R+ |3+ — galloc R

R(1+2[|g« — galloc)

llenl]

N IN

We have %
en @en X 26nKay, @ EnKay +2((G+(2n) — gr(wn)) Ka, — E[(G4(2n) — ga(2n)) Ka,])
® ((g+(@n) = gr(@n)) Kz, — E[(g«(20) — gr(20)) Ko, ])

Moreover, E[¢, Ky, ® &nKy, | = E[¢2 K., ® Kz,] <, And,

E[((g«(zn) — gr(2n)) Ko, = E[(G«(zn) — gr(2n) Ko, ])

® (G (zn) — gr(2n)) Ko,y — E[(Gx(zn) — ga(20)) K2, ])]
=E [(«(@n) = 9r(@n))* (@n) Ko, © Ko, ] = E[(Gu(2n) — gr(20)) Ko, ]
QE[(g«(zn) — gr(2n)) Ko, ]

A

E [(§«(xn) — gr(z0))* (@) Ka,, @ Ko, |
< e — arll%%
So that,
Een @en <2 (1 + |lg« — gA||io) z
Finally Ee,, ® e < 2 (14 [|§+ — gall%) =, we have trEe,, @ en < 2 (1 + [|§+ — gal|%) tr3, thus
trEe, ® en = Etre, @ e = Ellen]|? <2 (1 + [|gx — g)\||io) tr.
To conclude the proof of this lemma, let us show (H4). We have:
E [(sz ® Kap + A)S(E + M) (K, @ Koy + )J)] = E[sz ® Koy X(S + M) Ky, © sz]
FASE(Z+ AN AR
Moreover, \ASS(Z + M) = AZ(Z + A = AD(Z + AI)7! = A — A2X(Z 4+ M)~ < AX, and similarly,
]E[sz ® K, S(S+A) K, ®sz] - E[(sz ®sz)2] 4112[1(% @K, (D+ M) K., ®sz] <
R*%.
Finally we obtainIE[(sz®sz+/\I)E(E+AI)*1(K%®KI,€+/\I)] X RESHASHAY = (RP+20)%.

SWe use the following inequality: for all a and b € H, (a +b) ® (a + b) <X 2a ® a + 2b ® b. Indeed, for all z € K,
(2, (0 + ) ® (a+ b)z) = ({a+b,2))* = ({a, 2} + (b, 2))? < 2(a, 2)? +2(b,2)? = 2z, (a ® a)z) + 2z, (b® b)z).
28
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H.1. SGD with decreasing step-size: proof of Theorem 3

Proof of Theorem 3: Let us apply Theorem 1 to g, — gx. We assume (A2), (A3) and A = I, such that (A2), (A3),
we can show that (H1), (H2), (H3),(H4), (H5) are verified (Lemma 9). Let § correspond to the one of (A4). We
have fort = 6 /(4R),n > 1:

A —a .
o = 9l < 0 (=25 (0 177 = 1)) lgo = galo + W, s, wit
2

P (|Wallsc = 6/(4R)) < 2exp (f%na) . Cr=~(2°"°R*xC/\ + 8Rc/?5/3).

5
Then if n is such that exp (—“’_—A n+17e -1 ) <——n )
e (D7 =) < SR T

2
lgn — gallse < % + %, with probability 1 — 2 exp (7%#) ,

2
lgn — gallse < with probability 1 — 2 exp (fé—na) .

0

2R’ Cr

Now assume (A1), (A4), we simply apply Lemma 1 to g,, with ¢ = 2 exp (—%na) And
Cr =~v(2°*°R%trC/X + 8Rc'/?5/3)

22T R2rY (1 + |13« — gall%)  S8R26(1 + 2||dx — galloo
CR__7< (L+13- —9all%) | 8R*5(1+2g. — grlloe) |

A 3 ]
H.2. Tail averaged SGD with constant step-size: proof of Theorem 4
Proof of Theorem 4: Let us apply Corollary 1 to g, — gx. We assume (A2), (A3) and A = I, such that (H1), (H2),
(H3),(H4), (H5) are verified (Lemma 9). Let ¢ correspond to the one of (A4). We have fort = §/(4R),n > 1:
|9 = gr],. < @=30"llgo — gallac + L, with
P(L, >t) < dexp(—(n+1)t°/(4Ey)).
1)
Then as soon as (1 — yA LI . —
ST PRy e
gal g H < 2+ % \ith probability 1 — dexp (—(n + 1)6%/(64R*Es am))
TP S BRT AR P y 5/(4R)))
gt — g)‘qu < %, with probability 1 — 4 exp (—(n + 1)52/(64R2E5/(4R))) .
Now assume (A1), (A4), we simply apply Lemma 1 to gi" with ¢ = 4exp (—(n + 1)6>/Kr)). And
_ 212§
Kr =64R’E, = 64R? ( 4tr(H? .2
r = 64R 5/(4R) 64R < tI‘( C)+ 3N 4R>
~ _ 326R%(1 + 2||§« — oo
=512R* (1 + [|G« — ga]l%) tr((S + A)°%) + (L+ 3!9 9allee) .

APPENDIX I. EXTENSION OF COROLLARY 1 AND THEOREM 4 FOR THE FULL AVERAGED CASE.

L.1. Extension of Corollary 1 for the full averaged case.
Let us recall the SGD abstract recursion defined in Eq. (3) that we are going to further apply with
M =9n —gr, Hn = K;, ® K, + X and H =¥ + \I:

M = (I - ’VHn)nn—l + Ynén,

N = M(n, )no + Z M (n, k+ ey .
—_——’

f k=1
e

nvariunce
n
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Notations. The second term, na@¢¢ s treated by Theorem 2 of the article. Now consider that 79 # 0 and

let us bound the initial condition term i.e., n2% = M (n, 1)n. Let us define also an auxiliary sequence (,,)
that follows the same recursion as 72 but with H:

M = (I — yHp)nh™,
Un = (I - 'VH)un—la Ug = Ugias =To-
We define w,, = n2* — wu,, and as always we consider the first n average of each of these sequences that we

are going to denote w,,, N5 and i, respectively.

Note &, = (H — H,,)n°%*, and H,, = H, then w,, follows the recursion : wy = 0, and
Thus, w,, follows the same recursion as Eq.(3) with (I:I nsEn). We thus have the following corollary:
Corollary 3

Assume that the sequence (w,,) defined in Eq. (19) verifies (H1), (H2), (H3), (H4) and (H5) with
(Hy,&p), then fort > 0,n > 1:
2
P (HAl/anH > t) < 2exp [—W} ,
H FE;
where E, is defined with respect to the constants introduced in the assumptions (with a tilde):
22 A2y

E, = 4tr(AH2C) + I

Proof: Apply Theorem 2 to the sequence (wy) defined in Eq. (19). ]

Now, we can decompose 7,, in three terms: 7,, = n2ias 4 pyaiance — 4, 4 g, 4 p¥ariance We can thus state
the following general result:

Theorem 6

Assume (H1), (H2), (H3), (H4), (H5) for both (H,,,,,) and (f]n, €n), and consider the average of the
sequence defined in Eq. (3). We have fort > 0,n > 1:

AY2| ol
A1/2*nH < 1A molloc 20
H | ¢ (n+ 1)\ + W (20)
2
PLn>t) < 4@(10((”“”~ ) @
max(EhEt)

Proof of Theorem 6: As 7, = 7o% + 7400 — @ + @, + 7. we are going to bound &, then the sum

—variance

?‘Dn +77n .
First, |G| = 1 Zn:uk < L i”ukH < 15 (1 =) Imol| < M
n+1e~ n+1&= n+1 e~ (n+ )y
Thus, we have:
HAl/Qﬁ H - HAl/QH HUOH n HA1/2u_) H + HAl/Zﬁvariance
R TR Vo " ml
Let L, = HAl/anH + HAI/QT]ZL"‘“"‘“CS ,fort >0,
P(Ln > t) _ HD(HAl/anH + HAl/Q,r_]’\r/Lariance > t)
< P(HAI/an 2 t) +P(HA1/2ﬁrlariance > t)
(n+1)t2} [ (n+1)t2”
< 2 ex — = +eX —_—— .
[ p{ E; P E;
Hence,
(n+41)t? )
P(L, >t < dexp| —m—F— ).
( - ) = p( max(Et,Et) u
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1.2. Extension of Theorem 4 for the full averaged case.
Same situation here, we want to apply full averaged SGD instead of the tail-averaged technique.

Theorem 7
Assume (A1), (A2), (A3), (A4) and ~,, = ~y forany n, YA < 1 and v < 7o = (R?> + \)~ . Let g,, be the
5R||go —
average of the first n iterate of the SGD recursion defined in Eq. (2), as soon as: n > w,
then
R(ge") = R*, with probability at least 1 — 4exp (—6*Kg(n + 1)),
and in particular ‘
ER(g“") — R* < dexp (—0°Kr(n + 1)),
with

8R2(1 + 2”9* - gAHOO)
3\

128R? (1 + (|3« — gall%) tr((Z + A1) 728) +

" 16R*(|go — g/\||9c.
3A

Kgl = max
64R*|lgo — gallactr((Z + A) %)

Proof of Theorem 7: We want to apply Theorem 6 to the SGD recursion. We thus want to check that assumptions
(H1), (H2), (H3), (H4), (H5) are verified for both (H,,e,) and (fIn, &n). For the recursion involving (H,,, &x,),
this corresponds to Lemma 9. For the recursion involving (H,, = H, &, = (H — H,)M(n —1,1)(go — g»),
this corresponds to the following lemma:

Lemma 10 (Showing (H1), (H2), (H3), (H4) for the auxiliary recursion.)

Let us assume (A2), (A3),
e (H1) We start at some go — gx € JH.
e (H2) (ﬁn, €n) 1id. and H, is a positive self-adjoint operator so that almost surely H, » M, with H =
EH, = X+ Al.
e (H3) We have the two following bounds on the noise:

el < 2R?llgo — gallsc = &2

B ©&n < RPlgo—aalls2=C
Ellall> < R*|lgo — gallsctrs = txC.
e (H4) We have:
]E[ﬁkC'H’lfIk] < (RR+NC=7"'C.

Proof: (H1), (H2) are obviously satisfied.
Let us show (H3): For the first one:

Enll = I[(H — Ha)M(n — 1,1)(go — gl
<X = Kap @ Kz )[HIM (0 — 1, 1) {lgo — gall
< 2R%||go — gallac.

énll = [I(H — Hn)M(n — 1,1)(go — gx)ll
<N(E = Ka,, @ Ko, )| [[M (0 —1,1)[[ |90 — gall
< 2R%|\go — gallac.

And for the second inquality:
E[En @ 2lFacs] = E [(Z = Kap ® Ko ) i 1" (8 = Ko, @ Ka,) [T
= 0" @ T - 250, @ S + E [Kxn ® Koy @ 1" K, © Kxn,]
=-Ip* @n L +E [(Kzn, )Y’ Ka, ® Kzn}

< R*(|lgo — gall3S
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Finally, we have for (H4) :
E[H.CH ] = HC = R lgo = gallsc (5> +A) < B llgo = galc(IZllop + 2)T
2 ~ - —1 5
< (R +)\)C=’Yo C. -
Let us apply now Theorem 6 to g, — gx. We assume (A2), (A3) and A = I, such that (H1), (H2), (H3),

(H4), (H5) are verified for both problems ((H.,, £, ) and (f[n, €n)) (Lemma 9,10). Let ¢ correspond to the one of
Assumption (A4). We have for t = 6/(4R),n > 1:

_ HQO - gAH}( .
n — < —————+4+ L, ,with
Gn — gxll5 CEN wi
2
P(L, >t) < dexp (—%) .
maX(Et,Et)
1)
Then as soon as < R
(n+ 1)y = 5R[lgo — gallsc
_ 0 0 . o (n+1)5°
n — < —= + —, with probability 1 —4exp [ — = ,
||g g)\HJf 5R 4R p Yy p ( 16R2 maX(E6/4R7E6/4R)
_ ) . - (n+1)5°
n — < ——=, with probability 1 —4exp | — = .
lGn — gallsc R p y P ( 16R2 max(Es jan, Bs/an)

Now assume (A1), (A4), we now only have to apply Lemma 1 to the estimator g, with the probability

2
g=4exp | — (n +1)0 = . And,
16 R?2 max(Es/ar, Es/ar)

Kyp' = 16R? maX(E6/4RaE6/4R)

S8R2(1 4 2[|g« — galloo)
3\

128R? (1 + (|G — gal|%) tr((S + A1) 7°%) +

16R*|lgo — gallsc
3\ '

= Imax

64R"||lgo — gallsctr((Z + AI)7°%) +

APPENDIX J. CONVERGENCE RATE UNDER WEAKER MARGIN ASSUMPTION

We make the following assumptions:

(A7) V5 >0, P(|g.| <20) <6
(A8)  There exists " > 0 such that VA > 0, [|gs — gxlloo < \7.
(A9)  The eigenvalues of ¥ decrease as 1/nP for 3 > 1.

Note that (A7) is weaker than (A1) and to balance this we need a stronger condition on g, than (A4) which
is (A8). (A9) is just a technical assumption needed to give explicit rate. The following Corollary corresponds
to Theorem 4 with the new assumptions. Note that it could also be shown for the full average sequence g, .

Corollary 4 (Explicit onvergence rate under weaker margin condition)

Assume (A2), (A3), (A7), (A8) and (A9). Let~y, =~y forany n,yA < 1 andy < o = (R? +2\)7L.

Let g be the n-th iterate of the recursion defined in Eq. (2), and g = ﬁ S \n/2] Yi- as soon as

5R||go — gxllac
( 1)

2
n>—In ), then
YA

Ca,p

nxay.p°

E [R(gy") = R*] <

Proof: The proof technique follows the one of [ATO07].
Let §, A > 0, such that ||g« — gx]loo < 6. Remark that Vj € N,
P (sign(g+(X))gr(X) < 276) <P (|ga(X)| < 276) <P (|g«(X)] < 27H16) < 276
Note Ay = {x € X| sign(g.)gr < 6} andforj > 1, A; = {z € X| 29716 < sign(g.)g» < 275}. Then,

TThis assumption is verified for the following source condition 3g € H,r > 0 s.t. P3¢(g) = X" gx. If the additionnal assumption

(A9) is verified then (A8) is verified with y = 5—%/Z [CDVO7].
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E[RG - 7] = 3 E[(RGE) - R) 14,

JEN

=E [(R(gsﬂ) - R*) 1sign(g*)gA<6} + ZE [(R(ggu) - R*) lAj]
i1

< P (sign(g-(X))ga(X) < 8) + Y E [(R(G") = R”) Lasmtscsmnto. ()19 ()24

j>1

—tail *
< 5 + ZEX Ewlw-;xn (R(QS ) -R ) 121_16<sign(g*(X))gA(X) ‘xh ceey T

Jjz1

Theorem 4
Liign(g. (X))gx (X)<276)
<5* 43P (sign(g*(X))gA(X) < zfa) exp (—(2j5)2KR(5)(n + 1))
j=1
<6 46> 2% exp (7(2j5)2KR(6)(n + 1)) ,
i>1

2 a J—
+ 320R7°(1 + 2[1g — galloc) . Let us now choose

and Kp(8) ™" = 2°R? (1 + [|gs — ga]1%) tr(Z(Z+ A1) 7?)
¢ as a function of n to cancel the dependence on n in the exponential term. In the following, as we assumed
(A8), we chose A = §'/7 such that lg« — gallce < A7 = 4. Second, (A9) implies (see [CDV07]) that

tr(Z(Z 4 M) 7?) < For § small enough, we have:

~1 10 BR? (v=1)/~ p2
Kr(6)™t <2 s +32607 YR
(B-1)5" =
2
Kr(0)™' < anﬁf IR

Hence, if we take 626 T1V/87 = 1/n, ., § = n =7/ H1H1/8) \ye have:
1+30,., 2% exp (—47(8 — 1)/ (2" BR?))
nov/(2y+1+1/8) '
As the sum converges, we have proved the result. |

2[R -] <
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