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We study relaxation of nonconvex integrals of the calculus
of variations in the setting of Cheeger—Sobolev spaces when
the integrand does not have polynomial growth and can take
infinite values.
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1. Introduction

In this paper we are concerned with relaxation of integrals of type

/L(x, Vou(x))dp(z), (1.1)

X
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where (X, d, p) is a metric measure space, with (X, d) a length space, i.e., the distance
between any two points equals infimum of lengths of curves connecting the points, sep-
arable and compact, satisfying a weak (1,p)-Poincaré inequality with p > 1 and such
that p is a doubling positive Radon measure on X, u € Wl}’p(X;Rm) with m > 1 an
integer and V,u is the p-gradient of w, and L : X x M — [0, 0] is a Borel measurable
integrand not necessarily convex with respect to & € M, where M denotes the space of
all m x N matrices with NV > 1 an integer. Such a relaxation problem in such a metric
measure setting was studied for the first time in [10] (see also [14,39,2,27,3,40,43,35] and
the references therein) when L has p-growth, i.e., there exist «, § > 0 such that for every
x € X and every & € M,

alg]” < L(z,§) < B(1+[¢]7), (1.2)

where it is proved (see [10, Theorem 2.21 and Corollary 2.27]) that if (1.2) holds then
the relaxation of (1.1) with respect to the norm of L7 (X;R™) is given by

/ Oy L(w, Vyyu(x))dp(z),
X

where u € W, P(X;R™) and Q, L : X x M — [0,00], called the p-quasiconvexification
of L, is defined by

QuL(w,€) = T inf ][ L(y.€ + Vyw(y))du(y) - w e WE(Qu(x):R™) b (1.3)
Qp()

where Q,(x) is the open ball centered at x € X with radius p > 0, and, for each open
set A of X, W;:g(A; R™) is the closure of Lip,(A; R™) with respect to W, P-norm with
Lipy(A;R™) := {u € Lip(X;R™) : w = 0 on X \ A}, where Lip(X;R™) is the class of
Lipschitz functions from X to R™ (see §3.1 for more details).

Our motivation for developing relaxation, and more generally calculus of variations, in
the setting of metric measure spaces comes from applications to hyperelasticity. In fact,
the interest of considering a general measure is that its support can be interpretated as
a hyperelastic structure together with its singularities like for example thin dimensions,
corners, junctions, etc. Such mechanical singular objects naturally lead to develop cal-
culus of variations in the setting of metric measure spaces. Indeed, for example, a low
multi-dimensional structures can be described by a finite number of smooth compact
manifolds S; of dimension k; on which a superficial measure p; = H*

s, is attached.
Such a situation leads to deal with the finite union of manifolds S;, i.e., X = U;S;,
together with the finite sum of measures p;, i.e., 4 = >, jt;, whose mathematical frame-
work is that of metric measure spaces (for more examples, we refer the reader to [14,
50,20] and [22, Chapter 2, §10] and the references therein). In this way, having in mind



the two basic conditions of hyperelasticity, i.e., “the non-interpenetration of the matter”
and “the necessity of an infinite amount of energy to compress a finite piece of matter
into a point”, it is then of interest to study relaxation of nonconvex integrals of type
(1.1) when the integrand does not have p-growth and can take infinite values: this is
the general purpose of the present paper. Note that although our framework needs some
“convexity” assumptions (see especially (2.7) which implies that domain of L(z, -) is con-
vex) it is consistent with the two above conditions of hyperelasticity (see [6, §2.2] and
[11, §9]). Nevertheless, this dose of convexity makes our framework not consistent with
another condition of hyperelasticity that is “frame-indifference” (see [11, Remark 9.1]).
(For more details on the theory of hyperelasticity we refer the reader to [42].)

For related works in the Euclidean case, i.e., when (X,d, ) = (Q,|- — - |, L) where
2 is a bounded open subset of RY and Ly is the Lebesgue measure, we refer the reader
to [47,48,4,5,49,1,8,41,18,44,45] and the references therein.

Generally speaking, in this paper our main contribution (see §2.1, §2.2 and §2.3 for

more details and more precisely Theorem 2.7) is to prove that for p > &k, with k :=
In(Cy)
ln(2(§
semicontinuous, i.e., there exists a € L,(X};]0, 00]) such that

where Cy > 1 is the doubling constant, see (2.1), if L is radially uniformly upper

m sup sup L(x7t§) _L((E,g) g 0’
t—1- zex ¢eL, a(x)+ L(x,&)

where L, denotes the effective domain of L(x,-), and if L has G-growth, i.e., there exist
a, 8 > 0 such that for every x € X and every £ € M,

aG(x, &) < L(x, &) < (1 + G(x,8)), (1.4)

where G : X x M — [0,00] is a Borel measurable and p-coercive integrand satisfying
some “convexity” assumptions, see (2.6), (2.7), (2.10) and (2.11), then the relaxation of
(1.1) with respect to the norm of L% (X;R™) is given by

/ 0, L(z, Vu(x))du(x),
X

where éu\L : X xM — [0, 0] is defined by

0, L(x,¢) := lim Q,L(x,tf).

t—1-

Moreover, we also prove (see Corollary 2.8) that if, in addition, @, G = G and, for each
z e X, Q,L(x,-) is lower semicontinuous on the interior int(L,) of L, then

Q. L(x,¢) if v € X and € € int(L,)
Q”\L(%g) — tl_i)r{{ Q,L(z,t¢) ifr€ X and € € IL,

00 otherwise.



In the p-growth (and finite) case, i.e., when (1.2) holds, which was already studied
in [10], it is not necessary to assume that L is radially uniformly upper semicontinuous,
so that the relaxed integrand is simply given by (1.3). The main novelty of the paper is
to deal, in the setting of metric measure spaces, with the relaxation of functionals with
non-finite integrands satisfying non-homogeneous growth conditions of type (1.4), and to
establish an integral representation of corresponding relaxed functionals in this context.

The plan of the paper is as follows. The main result (see Theorem 2.7 and also Corol-
lary 2.8) is given in Section 2. The proof of Theorem 2.7 is established in Section 4,
whereas Corollary 2.8, which is a consequence of Theorem 2.7, is proved at the end
of Section 2. Section 3 is devoted to several auxiliary results needed for proving Theo-
rem 2.7.

Notation. The open and closed balls centered at x € X with radius p > 0 are denoted
by:

Qp(z) = {y € X :d(z,y) < p};

Q@) = {y € X d(a,y) < p}.
For z € X and p > 0 we set
0Q,(@) = Q@) \ Q@) = {y € X :d(w,y) = p}.
For A C X, the diameter of A (resp. the distance from a point 2 € X to the subset A)

is defined by diam(A) := sup, ,c 4 d(z,y) (resp. dist(z, A) := infyec 4 d(z,y)).
The symbol f stands for the mean-value integral

g[fdu= ﬁB/fdw

2. Main results
2.1. Setting of the problem

Let (X,d,u) be a metric measure space, where (X,d) is a length space which is
separable and compact, and u is a positive Radon measure on X. In what follows, we
assume that p is doubling, i.e., there exists a constant Cy > 1 (called doubling constant)
such that

#(Q)(@) < Can (Q5 (=) (2.1)



for all z € X and all p > 0, and X enjoys a weak (1,p)-Poincaré inequality with
1 < p < o0, i.e., there exist Cp > 0 and o > 1 such that for every x € X and every
p>0,

][ fe ][ fdp|dp < pCp ][ g"du (22)

Qp(x) Qp(z) Qoo ()

for every f € L, (X) and every p-weak upper gradient g € LF,(X) for f. (For the definition
of the concept of p-weak upper gradient, see Definition 3.2.) As p is doubling, for each
Q. (z) with r > 0 and & € X we have

wQp(®)) _ o (P\"
waey >+ () @3

for all z € Q,(Z) and all 0 < p < r, where k := hllrgg‘;) (see [30, Lemma 4.7]).
From now on, we suppose p > x and we fix an integer m > 1.
Let O(X) be the class of open subsets of X and let E : W, P(X;R™) x O(X) — [0, o0

be the variational integral defined by

E(u, A) = / L, V,u(e))du(z), (2.4)
A

where L : X x M — [0, o0] is a Borel measurable integrand not necessarily convex with
respect to £ € M, where M denotes the space of all m x N matrices with V > 1 an
integer.

The space Wﬁ’p (X;R™) denotes the class of p-Cheeger—Sobolev functions from X to
R™ and V,u is the p-gradient of u (see §3.1 for more details).

Let E : WiP(X;R™) x O(X) — [0,00] be the “relaxed” variational functional of the
variational integral F with respect to the strong convergence in Lﬁ(X ;R™), e,

E(u, A) :== inf{ lim E(un, A): up g u} .

n—oQ

The object of the paper is to study the problem of finding an integral representation for
E(-, X) in the case where L does not have p-growth and can take infinite values.

2.2. General growth and ru-usc condition

Let G : X x M — [0,00] be a Borel measurable integrand which is p-coercive, i.e.,
there exists ¢ > 0 such that for every x € X and every £ € M,

G(z,€) = g, (2.5)



and for which there exists » > 0 such that

lz&p G(-,¢) € L}A(X). (2.6)

Remark 2.1. If sup ¢, G(-,§) € L7 (X) then (2.6) is satisfied. In particular, this latter
condition holds when G depends only on £ and is convex.

We also assume that there exists v > 0 such that for every x € X, every t €]0, 1[ and
every &, € M,

Gzt + (1 = 1)¢) <v(1+ G(x,8) + G(x, (). (2.7)

Remark 2.2. If (2.7) holds and if 0 € int({{ € M : G(-,§) € L}(X)}) then (2.6) is
verified, see [8, Lemma 4.1].

Remark 2.3. If (2.7) holds then the effective domain G, of G(z,-) is convex.

Let G,G : Wi P(X;R™) — [0, 00] be the integral functionals defined by:

G(u) = [ G,V u(a) duo); (23
X
G(u) == inf{ lim G(uy) : up Lj u} . (2.9)

Let us denote the effective domains of the functionals G and G by & and & respectively.
We furthermore assume that:

6 = 6; (2.10)

if u € & then 1imo ][ |G(y, Vu(z)) — Gz, Vyu(z)|du(y) = 0 for praa. z € X.(2.11)
T—
Qr(z)

Remark 2.4. The assumptions (2.11) is satisfied in the following cases:

(1) if G(-,€) € L,,(X) for all £ € M then (2.11) holds;

(2) if G only depends on & then (2.11) holds;

(3) if G(x,£) = Gi(x) + G2(€) for all z € X and all £ € M and if G; € L},(X) then
(2.11) holds;

(4) if G(x,€) = G1(x)G2(€) for all z € X and all £ € M and if Gy € L},(X) then (2.11)
holds.



Throughout the paper, we assume that L has G-growth, i.e., there exist «, 8 > 0 such
that for every x € X and every £ € M,

aGl,€) < L(z,€) < B(1+ G(x,€)). (2.12)

Remark 2.5. If (2.7) and (2.12) hold then the effective domain L, of L(z,-) is equal to
G, and so is convex.

Remark 2.6. If (2.12) is satisfied then the effective domain of the functional E(:, X) is
equal to &, and so to & when (2.10) holds.

When G(z,-) = |- |P we say that L has p-growth. The p-growth case was already
studied in [10]. The object of this paper is to deal with the G-growth case. For this, in
addition, we need to suppose that L is radially uniformly upper semicontinuous (ru-usc),
i.e., there exists a € L, (X;]0,0c]) such that

lim A% (t) <0 (2.13)

t—1—

with A9 :[0,1] —] — 00, 00] given by

a o L(l’,tf) B L(:Eaf)
AL = sup sup = ey Y T (,8)

(For more details on the concept of ru-usc, see §3.3.)

2.3. Integral representation theorem

In(Cy)
In(2)
and m > 1. Let Q,L : X x M — [0, 00|, called the p-quasiconvexification of L, be given

by

In what follows p > k, where k := with Cy > 1 given by the inequality (2.1),

QuLw &) =T int 3 [ L€+ Vuww)dn(u) s w € WiB(QulaiR™) . (210
Qp(2)

where, for each A € O(X), Wi:g(A;Rm) is the closure of Lip,(A;R™) with respect to
W bP-norm with Lipy(A4; R™) := {u € Lip(X;R™):u=0on X\ A}, where Lip(X;R™)
is the class of Lipschitz functions from X to R™ (see §3.1 for more details). The main
result of the paper is the following.



Theorem 2.7. If (2.5), (2.6), (2.7), (2.10), (2.11), (2.12) and (2.13) hold then

[ G Ve inte) Fues
3\ x

E(u, X) (2.15)

00 if ue WiP(X;R™)\ 6,
where Q/\HL : X x M — [0, 00] is given by

Q,L(z,6) = lim Q,L(,t).

t—1—
As a consequence of Theorem 2.7, we have
Corollary 2.8. Under the hypotheses of Theorem 2.7, if Q,,G = G and if, for eachx € X,

QuL(z,-) is Isc on the interior int(ILy,) of the effective domain L, of L(x,-), then (2.15)
holds and

QuL(x,§) if v € X and £ € int(L,)
Q/\ML(%Q - tl_i}r{lﬁ QuL(z,t§) ifxe X and § € 0L, (2.16)
%) otherwise.

Proof. As Q,,G = G we have Q,L, =L, for all z € X, where QL, denotes the effective
domain of Q, L(x,-). Moreover, from (2.7) is easily seen that L, is convex for all z € X,
hence (3.38) holds, and (2.16) follows from Theorem 3.23. O

3. Auxiliary results
3.1. The p-Cheeger—Sobolev spaces

Let p > 1 be a real number, let (X, d, ) be a metric measure space, where (X, d) is a
length space which is separable and compact, and p is a positive Radon measure on X.
We begin with the concept of upper gradient introduced by Heinonen and Koskela (see
[33]).

Definition 3.1. A Borel function g : X — [0,00] is said to be an upper gradient for
f: X = Rif [f(e(1) — f(e(0)] < fol g(c(s))ds for all continuous rectifiable curves
c:[0,1] = X.

The concept of upper gradient has been generalized by Cheeger as follows (see [19,
Definition 2.8]).

Definition 3.2. A function g € Lf, (X) is said to be a p-weak upper gradient for f € LE(X )
if there exist {fn}, C LL(X) and {gn}n C L (X) such that for each n > 1, g,, is an
upper gradient for f,,, f, — f in L} (X) and g, — g in L} (X).



Denote the algebra of Lipschitz functions from X to R by Lip(X). (As X is compact,
every Lipschitz function from X to R is bounded.) From Cheeger and Keith (see [19,
Theorem 4.38] and [38, Definition 2.1.1 and Theorem 2.3.1]) we have

Theorem 3.3. If p is doubling, i.e., (2.1) holds, and X enjoys a weak (1,p)-Poincaré in-
equality, i.e., (2.2) holds, then there exists a countable family {( Xy, £¥)}x of u-measurable
disjoint subsets Xy of X with u(X \ UpXx) = 0 and of functions ¥ = (&F,--- ,ﬁﬁf(k)) :
X — RN with ¢F € Lip(X) satisfying the following properties:

(a) there exists an integer N > 1 such that N(k) € {1,--- ,N} for all k;

(b) for every k and every f € Lip(X) there is a unique Dﬁf € LZO(Xk;RN(k)) such that
for p-a.e. r € X,

o1
Jimy ;Hf = fallLz (@, (2)) =0,
where f, € Lip(X) is given by fo(y) := f(z)+ Dy f(x)- (" (y) —&¥(2)); in particular
k k :
D/Jfl’(y) = Duf(x) for p-a.a.y € Xk7
(c) the operator D), : Lip(X) — LY (X;RN) given by

Duf:=Y 1x,D}f,
k

where 1x, denotes the characteristic function of Xy, is linear and, for each f,g €
Lip(X), one has

Du(fg) = fDug +9Duf§

(d) forevery f € Lip(X), D, f = 0 p-a.e. on every p-measurable set where f is constant.

Remark 3.4. Theorem 3.3 is true without the assumption that (X, d) is a length space.
Let Lip(X;R™) := [Lip(X)]™ and let V,, : Lip(X;R™) — L7°(X; M) given by

D#ul
Vo = : with w = (w1, ,Um).
D, um,

From Theorem 3.3(c) we see that for every u € Lip(X;R™) and every f € Lip(X),
one has

Vu(fu) = fVuu+D,f @u. (3.1)



Definition 3.5. The p-Cheeger—Sobolev space Wj’p (X;R™) is defined as the completion
of Lip(X; R™) with respect to the norm

Hu||Wj’p(X;Rm) = ”uHLﬁ(X;Rm) + HvuuHLﬁ(X;M)- (32)

Taking Proposition 3.7(a) below into account, since ||V ullrz xmy < lullyyiexmm)
for all u € Lip(X;R™) the linear map V,, from Lip(X;R™) to L% (X; M) has a unique
extension to W, *(X;R™) which will still be denoted by V, and will be called the
p-gradient.

Remark 3.6. When X is a the closure of a bounded open subset Q of RY and pu is
the Lebesgue measure on Q, we retrieve the (classical) Sobolev spaces WP (€Q; R™). If
X is a compact manifold M and if p is the superficial measure on M, we obtain the
(classical) Sobolev spaces W1P(M;R™) on the compact manifold M. For more details
on the various possible extensions of the classical theory of the Sobolev spaces to the
setting of metric measure spaces, we refer to [31, §10-14] (see also [19,46,29,30]).

The following proposition (whose proof is given below, see also [10, Proposition 2.28])
provides useful properties for dealing with calculus of variations in the metric measure
setting.

Proposition 3.7. Under the hypotheses of Theorem 3.3, we have:

(a) the p-gradient is closable in WP (X;R™), i.e., for everyu € W, P(X;R™) and every
A€ O(X), if u(x) =0 for p-a.a. x € A then V,u(x) =0 for p-a.a. x € A;
(b) X enjoys a p-Sobolev inequality, i.e., there exist C's > 0 and x > 1 such that

3=

1
[ pran| <pcs| [ 19l (3.3)
Qp(x) Qo ()

for all 0 < p < po, with pg > 0, and all v € W;:g(Qp(x);Rm), where, for each
A e 0(X), W;:S(A;Rm) is the closure of Lipy(A; R™) with respect to W P-norm
defined in (3.2) with

Lipg(A;R™) := {u € Lip(X;R™) :u=0 on X \ A};

(c) X satisfies the Vitali covering theorem, i.e., for every A C X and every family F
of closed balls in X, if inf{p > 0: Q,(x) € F} = 0 for all x € A then there exists
a countable disjoint subfamily G of F such that (A \ UgegQ) = 0; in other words,
A C (Ugeg Q) UN with p(N) = 0;

(d) for every u € WyP(X;R™) and p-a.e. x € X there exists u, € WyP(X;R™) such
that:



Vg (y) = Vyu(z) for p-a.a. y € X; (3.4)
.1 .
;1_{% ;HU — gL (Q,(z)rm) =0 if p> K, (3.5)

In(Cy)
In(2)
(e) for every x € X, every p > 0 and every T €]0, 1] there exists a Urysohn function

¢ € Lip(X) for the pair (X \ Q,(x),Q,,(x))" such that

where Kk 1= with Cy > 1 given by the inequality (2.1);

0

|1 Dpl Lo (x:rN) < ———
Iz o (X5RY) p(l—T)

for some 6 > 0;
(f) for p-a.e. z € X,

lim li_mwz lim lim

717 p—0 :U'(Qp(ﬁﬁ)) 7—1- p—0 m =1 (3-6)

Remark 3.8. As p is a Radon measure, if X satisfies the Vitali covering theorem, i.e.,
Proposition 3.7(c) holds, then for every A € O(X) and every € > 0 there exists a
countable family {Q,,(z;)}icr of disjoint open balls of A with x; € A, p; €]0,¢[ and
w(0Q,, (x;)) = 0 such that (A \ UierQ,, (z;)) = 0.

Proof of Proposition 3.7. Firstly, X satisfies the Vitali covering theorem, i.e., the prop-
erty (c) holds, because p is doubling (see [25, Theorem 2.8.18]). Secondly, the closabil-
ity of the p-gradient in Lip(X;R™), given by Theorem 3.3(d), can be extended from
Lip(X;R™) to WI}J’(X ;R™) by using the closability theorem of Franchi, Hajlasz and
Koskela (see [26, Theorem 10]). Thus, the property (a) is satisfied. Thirdly, according to
Cheeger (see [19, §4, p. 450] and also [32,34]), since u is doubling and X enjoys a weak
(1, p)-Poincaré inequality, we can assert that there exist ¢ > 0 and x > 1 such that for
every 0 < p < po, with pg = 0, every v € W;”g (X;R™) and every p-weak upper gradient
g € LE(X;R™) for v,

xp

/Ile”du < pe /Igl”du ~ (3.7)

Qo () Qp ()

k-l

On the other hand, from Cheeger (see [19, Theorems 2.10 and 2.18]), for each w €
Wbp (X) there exists a unique p-weak upper gradient for w, denoted by g, € L (X)
and called the minimal p-weak upper gradient for w, such that for every p-weak upper

1 Given a metric space (X, d), by a Urysohn function from X to R for the pair (X\V, K), where K C V C X
with K compact and V open, we mean a continuous function ¢ : X — R such that p(z) € [0,1] for all
€ X, p(z)y=0forallz € X \V and p(z) =1 for all z € K.



gradient g € LE(X) for w, gu(z) < g(z) for p-a.a. x € X. Moreover (see [19, §4] and
also [13, §B.2, p. 363], [16] and [28, Remark 2.15]), there exists € > 1 such that for every
we W,P(X) and p-a.e. z € X,

20u(w) < Dy (a)] < Ogu(e). (38)

As for v = (vi)i=1,... .m € WyP(X;R™) we have V,v = (Dyv;)i=1,... m, it follows that

5190(@)] < 19,0(2)] < Olg. () (39)

for p-a.a. x € X, where g, := (gy, )i=1,.. m is naturally called the minimal p-weak upper
gradient for v. Combining (3.7) with (3.9) we obtain the property (b). Fourthly, from
Bjorn (see [16, Corollary 4.6(ii)] we see that for every k, every u € WjP(X;R™) and
p-a.e. x € Xg,

Vyuug(y) = Vyu(z) for pra.a. y € Xy,

where u, € W, ?(X;R™) is given by

ua(y) = uly) — u(z) = Vyu(@) - (€5 (y) - € (2)),

and if p >  then w is Lj-differentiable at z, i.e.,

1
tim =~ u(y) — e ()12 @, r2m) = 0.

Hence the property (d) is verified. Fifthly, given p > 0, 7 €]0,1[ and = € X, there exists

a Urysohn function ¢ € Lip(X) for the pair (X \ Q,(z)), @, ,(x)) such

1
L. [=S] g 1
ILipe|l Lee () ST

where for every y € X,

) —  lo(y) — ()]
L = 1 LAt A
pely) = dm i)

But, since p is doubling and X enjoys a weak (1, p)-Poincaré inequality, from Cheeger
(see [19, Theorem 6.1]) we have Lipp(y) = g,(y) for p-a.a. y € X, where g, is the
minimal p-weak upper gradient for ¢. Hence

0

DSOLOOX']RN <7
|| H ” “( H ) p(lf’]')



because |D,¢(y)| < 0|gy(y)| for p-a.a. y € X. Consequently the property (e) holds.
Finally, as (X, d) is a length space, from Colding and Minicozzi (see [21] and [19, Propo-
sition 6.12]) we can assert that there exists 6 > 0 such that for every € X, every p > 0
and every 7 €]0, 1],

Q@) \ Qrp(x)) < 2°(1 = 7)°w(Qp(2)),
which implies the property (f). O

The following result comes from Hajlasz and Koskela (see [34, Theorem 5.1 and [30,
Theorem 9.7 and Remark 9.8]).

1n(Cd)
In(2)
where Cy = 1 is given by the inequality (2.1). If p > K then for every r > 0 and every

Z € X there exists C(r,Z) > 0 such that

Theorem 3.9. Assume that the assumptions of Theorem 3.3 hold and let k =

uly) ~u(2)] < CO D). 2)'F | [ 19,

Jor alluw e WLP(X;R™) and all y, z € Q. (T).

Proof of Theorem 3.9. Since (X,d, u) is a compact (and so complete) doubling metric
space, (X,d, ) is proper, i.e., every closed ball is compact (see [36, Lemma 4.1.14]).
Moreover, as (X, d) is a length space, from [30, Theorem 9.7 and Remark 9.8] we can
assert that there exists ¢ > 0 such that

w(y) - w(z)| < erfd(y, 2)' 5 fgwu (3.10)

for all w € WP%”’(X)7 all 7 € X, all » > 0 and all y,z € Q,(z), where g, € L% (X)
denotes the minimal p-weak upper gradient for w. On the other hand, from (2.3) it is
easy to see that for every r > 0 and every & € X there exists 6(r,z) > 0 such that

w(@r(2)) = 0(r, 2)r".

Moreover, by the left inequality in (3.8) we have JCQp(m) ghdp < aP JCQp(m) |D,w[Pdy.
Thus, for each r > 0, each z € X and each y,z € Q,(Z), (3.10) can be rewritten as
follows



with C(r,Z) = ﬁ > 0. It follows that for every r > 0 and every € X, we have

=

[u(y) — u(2)] < Clr, D)y, 2) 5 S / |Dyui Py

=1 Qn (@)

=

<Coi. ' 5| [ 3D
@@ T

1

= O(r, D)d(y, ) / IV, ulPdy
Qr(T)

for all u € Wﬁ’p(X; R™) and all y, z € Q. (%), and the proof is complete. O

Denote the space of continuous functions from X to R™ by C(X;R™). As a conse-
quence of Theorem 3.9 we have

Corollary 3.10. Under the assumptions of Theorem 3.3, if p > Kk then Wj’p(X;Rm)
continuously embeds into C(X;R™), i.e., Wy P(X;R™) C O(X;R™) and there exists
Ky > 0 such that

Hu||C(X;Rm) < KOH“Hw}”(x;Rm) (3.11)

for allu e W;’p(X; R™). Moreover, there exists K1 > 0 such that

July) —u(2)| < Kid(y, 2)' ™7 |Vl g oxan) (3.12)
Jor allu e WLP(X;R™) and all y,z € X.

Proof of Corollary 3.10. Applying Theorem 3.9 with r = diam(X) and for a fixed z =
xzo € X, where diam(X) = sup{d(y, z) : y,2z € X} < oo because (X,d) is compact, we
see that

u(y) — u(z)] (diam(X), o) d(y, 2)' ™7 |V sl £ )

< O (diam
< O (diam(X), o) diam(X )~ #» IV wull L (3.13)

for all u € W}?(X;R™) and all y, z € X. Hence (3.12) holds with K; = C (diam(X), zo)
and every u € W, P(X;R™) is (1 — +)-Hélder continuous. In particular, it follows that
W,}*p(X;]Rm) C C(X;R™). On the other hand, given any u € Wﬁ’p(X;Rm) and any
y € X, we have |u(y)|? < 2?7 (Ju(y) — u(z)? + |u(z)[?) for all z € X, and consequently



=

w(X)7lu(y)| < 27 (X/u@) —u(2)Pdu(z) |+ 25 uf o - (3.14)

But, by (3.13) we have

T=

S

/\U(y)—U(Z)Ipdu(Z) < (X)) C (diam(X), zo) diam (X) "™ # ||V ull £z (x:0)-
X

(3.15)
Hence, combining (3.14) and (3.15) we deduce that for every y € X,
1+1 1-= 2!t
u(y)] <2777 C (diam(X), zo) diam (X) ™7 |V ul| g (x ) + ?)%HUHL‘Z(X;RW)

< KOHuHWi’p(X;]R"”)

1

with Ky = sup {QH%C(diam(X),xo) diam(X)' ™%, 21+l }, and (3.11) follows. O
w(X)r

As a consequence of Corollary 3.10 we have the following L7°-compactness result in
the framework of the p-Cheeger—Sobolev spaces with p > k.

Corollary 3.11. Under the assumptions of Theorem 3.3, if p > k and if u € W;’p(X; R™)
and {un}n C WiP(X;R™) are such that

nh—>120 lun —ulle(x;gm)y =0 and su;; IV punll e (x ) < 00, (3.16)
nz

then, up to a subsequence,
nl;ngo|\un 7UHL‘0LQ(X;RM) =0. (317)

Proof of Corollary 3.11. From (3.16) we deduce that sup,> [[unly17(xgm) < 00, and
using Corollary 3.10 we can assert that sup,, > [|[unllc(x;rm) < 00, i.e., {t, }n is bounded
in C(X;R™) with (X,d) a compact metric space. On the other hand, using (3.12) it
is easy to see that {u,}, is equicontinuous, and (3.17) follows from Arzela—Ascoli’s
theorem. 0O

3.2. The De Giorgi—Letta lemma

Let X = (X, d) be a metric space, let O(X) be the class of open subsets of X and let
B(X) be the class of Borel subsets of X i.e., the smallest o-algebra containing the open



(or equivalently the closed) subsets of X. The following result is due to De Giorgi and
Letta (see [24] and also [17, Lemma 3.3.6, p. 105]).

Lemma 3.12. Let S : O(X) — [0,00] be an increasing set function, i.e., S(A) < S(B)
for all A, B € O(X) such A C B, satisfying the following four conditions:

(a) S(@) =0;

(b) S is superadditive, i.e., S(AU B) > S(A) + S(B) for all A,B € O(X) such that
ANB = g,

(c) S is subadditive, i.e., S(AUB) < S(A) + S(B) for all A,B € O(X);

(d) there exists a finite Radon measure v on X such that S(A) < v(A) for all A € O(X).

Then, S can be uniquely extended to a finite positive Radon measure on X which is
absolutely continuous with respect to v.

3.3. Integral representation of the Vitali envelope of a set function

What follows was first developed in [15,12] (see also [37]). Here we only recall what
is needed for proving Theorem 2.7. Let (X, d) be a metric space, let O(X) be the class
of open subsets of X and let i be a positive finite Radon measure on X. We begin with
the concept of differentiability with respect to u of a set function.

Definition 3.13. We say that a set function © : O(X) — R is differentiable with respect
to p if

0,0(x) = lim (m (3.18)

exists and is finite for p-a.e. x € X.

Remark 3.14. It is easy to see that the limit in (3.18) exists and is finite if and only if
—00 < d}0 < d,;0 < oo, where d,;© : X — [~00,00[ and dfO : X —] — 00, 00] are
given by:

d,0(z):= /1)1_% d, O(z, p) with d, O(x, p) := inf {% Q€ Ba(X,x,p)} ;o (3.19)
dfe(z) = ;% df©(z,p) with dfO(z, p) := sup {% Q€ Ba(X,:mp)} . (3.20)

where Ba(X, x, p) denotes the class of open balls @ of X such that z € @, diam(Q) €]0, p|
and p(0Q) = 0, where 9Q := @ \ Q. We then have d,0 = d, 6= d;f@.

Remark 3.15. In (3.19) and (3.20) we can replace Ba(X,z, p) by Ba(A, z, p) whenever
A€ O(X) and z € A.



For each € > 0 and each A € O(X), we denote the class of countable families {Q; :=
Qp; (z) }icr of disjoint open balls of A with z; € A, p; = diam(Q;) €]0,e[ and p(0Q;) =0
such that p(A\ Uier@:) = 0 by V-(4).

Definition 3.16. Given © : O(X) — R, for each ¢ > 0 we define ©° : O(X) — [—00, 0]
by

©°(A) := inf {Z 0(Q:) : {Qs}ier € Vs(A)} . (3.21)

iel
By the Vitali envelope of © we denote the set function ©* : O(X) — [—00, 00] defined
by

©*(A) := sup ©°(A) = lim O°(A). (3.22)

£>0 e—0

The interest of Definition 3.16 comes from the following integral representation result
whose proof is given below.

Theorem 3.17. Let © : O(X) — R be a set function satisfying the following two condi-
tions:

(a) there exists a finite Radon measure v on X which is absolutely continuous with
respect to p such that |©(A)| < v(A) for all A € O(X);

(b) © is subadditive, i.e., O(A) < O(B)+0O(C) for all A,B,C € O(X) with B,C C A,
BNnC =@ and u(A\BUC) =0.

Then © is differentiable with respect to p, d,,© € L}A(X) and
o' (4) = [ dO)in(z)
A

for all A € O(X).

As a direct consequence, we have

Corollary 3.18. Let © : O(X) — R be a set function satisfying the assumptions (a) and
(b) of Theorem 3.17. Then © and ©* are differentiable with respect to p and d,,©* = d,©.

Proof of Theorem 3.17. First of all, from (a) we see that —d,v < d,;0 < dfO© < d,v.
Hence d,0,d/0 ¢ L}L(X ) because v is a finite Radon measure which is absolutely
continuous with respect to the finite Radon measure p. So A~ (A),\T(A) € R for all
A € O(X), where A=, AT : O(X) — R are given by:



In what follows, we consider © : O(X) — R defined by
07 (4) nﬁmm{E:@ {ng,evcm} (3.23)
i€l

(It is clear that ©* < ©". In fact, we are going to prove that under the assumptions (a)
and (b) of Theorem 3.17 we have ©%(A) = 0 (A) = [ 4 d.0(x)dp(x) for all A € O(X).)
We divide the proof into three steps.

Step 1: proving that ®* = A~ and ©" = At. Define 0=, : O(X) — R by:

9TA)=9U0 WA%
o+ (A) == ©

In what follows, 8* (resp. é*) is defined by (3.22) (resp. (3.23)) with © replaced by 6~
(resp. 671).
Substep 1-1: an auxiliary lemma.

Lemma 3.19. Under the assumption (a) of Theorem 3.17 we have 6* = 6 =o0.

Proof of Lemma 3.19. We only prove that 6* = 0. (The proof of 6" = 0 follows from
similar arguments and is left to the reader.)
First of all, from the assumption (a) it is clear that

67 (4)] < #(4) (3.24)

for all A € O(X), where ¥ := v+ |v| is absolutely continuous with respect to p (with ||
denoting the total variation of v).
Secondly, we can assert that

.6~ =0, (3.25)

where for any set function s : O(X) — R, the function d;s : X — [~00,00[ (resp.
dfs: X —]—o00,00]) is defined by (3.19) (resp. (3.20)) with © replaced by s. Indeed, for
any x € X, it is easily seen that



for all p > 0, and letting p — 0, we obtain

— + — — — — — —
d,0(x) —d; " (z) <d, 0 (z) <d,0(x) —d, A\ (x).
But d, A\~ () = df A\~ (z) = d,,©(x), hence d,, 6~ (z) = 0.

Finally, to conclude we prove that (3.24) and (3.25) imply 6* = 0. For this, we are
going to prove the following two assertions:

if d, 0~ <0 then 0* <0; (3.26)
under (3.24), if d; 0~ > 0 then " > 0. (3.27)

Proof of (3.26). Fix A € O(X). Fix any € > 0. Then d,0~ < ¢, and so in particular
lim,—0d, 0~ (z,p) < ¢ for all ¥ € A. Hence, for each = € A there exists {pz,,}n C|0,¢[
with p; , — 0 as n — oo such that d;; 0~ (z, pz,n) < € for all n > 1. Taking Remark 3.15
into account, it follows that for each x € A and each n > 1 there is Q,,, € Ba(A4,x, py.n)
such that for each z € A and each n > 1,

0 (Qen) _ (3.28)

M(me)

Moreover, since diam(@m’n) = diam(Qy,n) < Pz for all z € A and all n > 1, we have
inf {diam(@m’n) n > 1} = 0 (where @In denotes the closed ball corresponding to the
open ball Q). Let Fy be the family of closed balls of X given by

Fo = {@w)n::ceAandn> 1}.

As X satisfies the Vitali covering theorem, from the above we deduce that there exists
a disjoint countable subfamily {Q; }ic1, of closed balls of Fy (with Q; C A, u(9Q;) =0
and diam(Q;) €]0, ¢[) such that p(A\U;er,@;) = 0, which means that {Q; }icr, € V=(4).
From (3.28) we see that 07 (Q;) < eu(Q;) for all ¢ € Iy, hence

ST07(Qi) <e > Qi) =ep(A).

i€lp i€lp

Consequently 67¢(A) < eu(A) for all € > 0, where 67° is defined by (3.21) with ©
replaced by 67, and letting ¢ — 0 we obtain 8*(A) < 0.

Proof of (3.27). Fix A € O(X). By Egorov’s theorem, there exists a sequence {B,,},, of
Borel subsets of A such that:

li_{n w(A\ By) = 0; (3.29)
lim sup |d, 6 (x) —d, 0 (z,e)] =0 for all n > 1. (3.30)

e—0 zEB,



As 1 is absolutely continuous with respect to u, by (3.29) we have

lim o(A\ B,) =0. (3.31)

n—oo

Moreover, as d,, 0~ > 0, from (3.30) we deduce that

lim inf d, 607 (z,e) >0 for all n > 1. (3.32)

e—>0TEBy

Fix any n > 1 and any € > 0. By definition of ¢, there exists {Q;}icr € V-(4) such
that

THA) > D Q) —e (3.33)

icl

Set I, := {z el:Q;NB, # @}. Using (3.24) we have

DO@Q)=D0(Q)+ > 07(Q) =D 07(Q)— >, Q)

i€l i€l, ieI\In iel, ieI\In
0~ (Qi) N ( )
> Cgi -V U C?i )
; 1(Qq) HQ) i€\,

and, choosing x; € Q; N B, for each i € I,, and noticing that U;ep, Qi C A\ By, it
follows that

S07(Q) > Y dyb(wi, (@) — (A B)

iel iel,

> inf .07 (0,6) D pl@Q) ~ (A\ Ba).

r€B,
1€l
Taking (3.33) into account, we conclude that

07HA) > inf 407 (2.0) Y ulQ) — P4\ By) -

rz€B
i€l,

for all ¢ > 0 and all n > 1, which gives 6*(A) > 0 by letting ¢ — 0 and using (3.32) and
then by letting n — oo and using (3.31). O

Substep 1-2: using Lemma 3.19. As A\~ and A" are absolutely continuous with respect
to u, it is easy to see that:

0" = O — A\~
9 =0" -\t

Hence ©* = A\~ and © = AT by Lemma 3.19.



Step 2: proving that ®* = O". We only need to prove that 0" < ©*. For this, it is
sufficient to show that for each open ball @ of X with u(0Q) = 0, one has

0(Q) < 0%(Q). (3.34)

Fix any € > 0. By definition of ©¢, there exists {Q;}icr € V-(Q) such that

> 0(Q:) < O°(Q) +=. (3.35)

iel

Since M(Q \ UieIQi) = 0 there is a sequence {I,,},, of finite subsets of I such that

Tim u(Q\g Qi) _— u( y Qi) —0. (3.36)

n—o0 i€I\I,

Fix any n > 1. As O is subadditive by assumption (b), we have

e (éﬂ Qz-) <D 0@

i€l

Moreover, 11 (Q \ [(User, Qi) U (Q \ Uicr,,Q;)]) = 0 because 1(8Q;) = 0 for all i € I,,, so
that

< . 0.
o <oy a)+e(e\ga)
by using again the subadditivity of ©, and consequently

> 0@ >0@-6(e\ 5 a).

iely

Thus, using the assumption (a), we get

ZG(Qi) = Z 0(Qi) + Z 0(Q:)

iel i€\, icl,
> 3 o) e -6 (e\ 5 a)
i€\, "
0@ -v( 0 @) -v(\ T @)

But, v(0Q;) = 0 for all i € I,, because v is absolutely with respect to p, so that

v (Q \ ign Qi> =v (Q \ ZGL}H Qz’) =v <Z_€R1n Qi) ;



and thus

>e) = 0@ -2 ( 1y, ). (3.37)

e\,
il i€l

Combining (3.35) with (3.37) we conclude that

G(QK@E(QH?V( U Qi)+e,

i€I\I,
and (3.34) follows by letting n — oo and using (3.36) and then by letting e — 0.

Step 3: end of the proof. From steps 1 and 2 we have

*

/d;@(m)du(x) =0"(X)=06 (X)= /d;@(x)du(a:).

X X
Thus [y (d}O(z) — d,O(x))du(r) = 0. But dt© > d;0, ie., df© —d,;© > 0, hence
dfO®—d,0=0,ie., dfO© =d, O, and the proof of Theorem 3.17 is complete. O

3.4. Ru-usc integrands

Let (X, d, 1) be a metric space measure, where pu is a positive Radon measure on X,
and let L : X x M — [0,00] be a Borel measurable integrand. For each x € X, we
denote the effective domain of L(x, ) by L, and, for each a € Llloc, M(X ;]0, 00]), we define
A9 :1]0,1] =] — 00, 0] by

a o L((E,tf) B L(Z’,f)
AL(T) = sup WP = e Y T(w,6)

(When (X, d) is compact, Lllo(w(X; ]0, 00]) can be replaced by L/, (X;]0, oc]).)

Definition 3.20. We say that L is radially uniformly upper semicontinuous (ru-usc) if
there exists a € L{,. ,(X;]0,00]) such that

lim A% (t) <0.
t—1—
The concept of ru-usc integrand was introduced in [1] and then developed in [6-8,
41,9,11]. (Recently, this concept was used by Duerinckx and Gloria in [23] to deal with
stochastic homogenization of unbounded nonconvex integrals with convex growth.)

Remark 3.21. If L is ru-usc then lim,_,;- L(z,t£) < L(z,¢) for all z € X and all £ € L,.
On the other hand, if there exist z € X and £ € L, such that L(z,-) is Isc at £ then,
for each a € Li _(U;]0,00]), lim, ;- A%(t) > 0, and so if in addition L is ru-usc then

lim; ,1- A% (t) = 0 for some a € Llloc’H(X;]O, o0)).



Remark 3.22. If, for every € X, L(x,-) is convex and 0 € L,, then L is ru-usc.

The interest of Definition 3.20 comes from the following theorem. (For a proof we
refer to [6, Theorem 3.5].) Recall that L : X x M — [0, 00] is defined by

L(z,€) := lim L(x,t€).

t—1—

Theorem 3.23. If L is ru-usc and if for every x € X,
tL, C int(L,) for all t €]0,1] (3.38)

and L(z,-) is lsc on int(L;), where int(IL,) denotes the interior of L,, then:

L(z,€) if § € nt(L)
(a) L(z,€) = [lim L(z, ) if &€ DLy
00 otherwise;

(b) L is ru-usc;

(c) for every x € X, L(x, ) is the Isc envelope of L(z,-).

For each p > 0, let Hf,L : X x M — [0, oc] be given by

HOL(x,€) = inf ][ L(y.€ + V,w(y))du(y) - w € WEE(Q,(2):R™)
QF’(I)

Then, we have
QuL(x,§) = Fl)i_r&)HﬁL(x,f)

for all x € X and all £ € M. The following proposition shows that ru-usc is conserved
under p-quasiconvexification.

Proposition 3.24. If L is ru-usc then Q, L is ru-usc.

Proof of Proposition 3.24. Fix any t € [0, 1], any « € X and any ¢ € Q,LL, where Q,L,
denotes the effective domain of Q,, L(x, ). Then Q,, L(z, &) = lim,_,o HEL(x,€) < oo and
without loss of generality we can suppose that HZL(I‘, &) < oo for all p > 0.

Fix any p > 0. By definition, there exists {wy, }n C Wﬁ”g(Qp(ac); R™) such that:

L) = lim L€+ V0 )du(o) (3.39)
Qp(x)
E+V,wy(y) €Ly forall n > 1 and p-a.a. y € Q,(x). (3.40)



Moreover, for every n > 1,
LGt < [ L(t(€ + Vywn()du(y
Qp(x)
since tw,, € Wﬁ:g(Qp(:c);Rm), and so
HY L(z,t§) — HY L(z,§)

< lim (L(y,t(f + Vuwn(y))) — L(y, € + vuwn(y)))dﬂ(y)' (3.41)

n—oo

Qﬂ(m)

But L is ru-usc, i.e., there exists a € Ll (X;]0,00]) such that lim,_,;- A% (¢) < 0 with

loc, i
A% :[0,1] =] — 00,00] defined by A} (t) := sup,cx supgey, % So, taking

(3.40) into account, for every n > 1 and p-a.e. y € Q,(x),

L(?/vt(§ + vuwn(y))) - L(y,§ + Vuwn(y)) <AL() (a(y) + L(y, & + Vuwz(y)))-

Hence

(L(y, t(€ + Vuwn () — L(y, &£ + Vawn(y))) dp
Qp(w)

<AL () f aly)du + ][ L(y.€ + Vwa(y))du
Qp(w) Qp(w)

for all n > 1. Letting n — oo and using (3.39) and (3.41), it follows that

Lo, t6) ~ ML €) < 250 | alo)duly) + HL (2.8 (3.42)
Qﬂ(z)

for all p > 0, and so
QuL(w,t€) — QuL(x,€) < AL(t) (a(x) + QuL(,9))

by letting p — 0 in (3.42), which implies that A% 1 (t) < A7 (t) for all ¢ € [0,1], and the
proof is complete. O

4. Proof of the integral representation theorem

This section is devoted to the proof of Theorem 2.7 which is divided into six steps.



Step 1: integral representation of the E. For each u € Wl}’p(X ; R™) we consider the set
function S, : O(X) — [0, 00| given by

Su(A) := E(u, A).

Recall that & is the effective domain of the functional u — [, G(z, V u(zx))du(z).
Step 1 consists of proving the following lemma.

Lemma 4.1. If (2.5), (2.6), (2.7), (2.12) and (2.13) hold then
Su(A) = [ Au(@)dp(z)
[

for allu € & and all A € O(X) with A\, € L},(X) given by

SU(Qp(x))

Au(2) = lim 22eer))

=0 (Qp())

Proof of Lemma 4.1. Fix u € &. Using the right inequality in (2.12) we see that
Su(4) < Bu(A) + 8 [ Gla. V,ulo)dn(o) < oc (4.1)
A

for all A € O(X). Thus, the condition (d) of Lemma 3.12 is satisfied with v = 8(1 +
G(z,V,u(z)))dp (which is absolutely continuous with respect to ). On the other hand,
it is easily seen that the conditions (a) and (b) of Lemma 3.12 are satisfied. Hence, the
proof is completed provided we prove the condition (c) of Lemma 3.12, i.e.,

Su(AUB) < Sy(A) + Su(B) for all A, B € O(X). (4.2)

Indeed, by Lemma 3.12, the set function S, can be (uniquely) extended to a (finite)
positive Radon measure which is absolutely continuous with respect to p, and the the-
orem follows by using Radon—Nikodym’s theorem and then Lebesgue’s differentiation
theorem.

Remark 4.2. In fact, Lemma 4.1 establishes that for every u € &, E(u, -) can be uniquely
extended to a finite positive Radon measure on X which is absolutely continuous with
respect to p.

Substep 1-2: an auxiliary result for proving Lemma 4.1. To show (4.2) we need the
following lemma.



Lemma 4.3. If U,V,Z, T € O(X) are such that Z C U and T C V, then
Su(ZUT) <S8, (U) + S, (V). (4.3)

Proof of Lemma 4.3. Let {uy}, and {v,}, be two sequences in W?(X;R"™) such that:

[un — ulle (xmmy = 0; (4.4)

lvn — ull Lz (xmm) = 03 (4.5)

T [ Lz, Vyn (@)d(e) = Su(U) < (46)
U

Tt [ La, V,00(2)du(e) = 8,(V) < oo, (4.7)
v

Since L is p-coercive (see (2.5) and the left inequality in (2.12)), from (4.6) and (4.7)
we see that sup,, |V unll Lz (xm) < 00 and sup,, |V, pp(xm) < 00. As p > &, taking
(4.4) and (4.5) into account, by Corollary 3.11 we can assert, up to a subsequence, that:

Hun - 'U/”Llc;o(X;Rm) — 07 (48)

v — ull Lo (x;Rm) — 0. (4.9)

Fix 6 €]0,dist(Z, OU)[ with U := U\ U, fix any ¢ > 1 and consider W;,”, W, C X given
by:

i —1)6
W, = {:L‘GX:dist(x,Z)éng (i-1) };

1 3q
T
Whi=<zeX: S < dist(zx, Z) ¢,
3 3q
where ¢ € {1,---,q}. For every i € {1,---,q} there exists a Urysohn function ¢; €

Lip(X) for the pair (W;",W;7). Fix any n > 1 and define w}, € W, »(X;R™) by
wh = @iun + (1 — ;) vn. (4.10)

Fix any ¢ €]0,1[. Setting W; := X \ (W;,” UW,") and using Theorem 3.3(d) and (3.1) we
have

V. (twh) = tV

tv,uun in Wii
=< (1- t)ﬁDugai ® (up — vp) + t(gpivuun +(1- goi)Vuvn) in W;
tV, v, in W;.



Noticing that ZUT = (ZUT)NW, )U(WNW;)U(TNW;t) with (ZUT)NnW,; C U,
TNWcVandW:=Tn{zxeU: g < dist(z, Z) < 2—;} we deduce that for every
(XS {17 7Q}7

/ L(x,tV wh)du < /L(w,tvuun)du—l—/L(ac,tVMUn)du
ZuT U v
+ / L(x, tV ,wh)dp. (4.11)
Wwnw;

Fix any ¢ € {1,--- ,¢}. From the right inequality in (2.12) and the inequality (2.7) we
see that

/ Lz, tV wh)du < Bu(W N W;) + B / G(@,tV wy, )dp

WnWw; wnw;
< B +7)u(W N W)

+6’Y / G(xa @lvuun + (1 - @z)V,ﬂzn)du
Wnw;

t
+67 / G (:U, 1—_tDuS0i ® (un - Un)) du,

WwWnw;

and by using again the inequality (2.7) and the left inequality in (2.12) we obtain

[ L@t < 50+ 2w 0w

Wnw;
(W/ L(z,Vun)dp + / L(z,V,v,)dp

WnW;

+5v G (:17, = Du% ® (uy — vn)> dj. (4.12)
wAw;

On the other hand, we have

t t

T Dupil®) @ (un(@) = vn<m>>! S1o¢

—: ||Du90i||ij°(X)||un - vn”Ljf(X;RM)

for pra.a. x € X. But limp o0 [[un — vn|[ 12 (x;rm) = 0 by (4.8) and (4.9), hence for each
t €]0,1[ and each 7 € {1,--- , g} there exists n;; > 1 such that

t
T Pupi(@) © (un(z) —vn(2))| <7



for pra.a. € X and all n > n; ; with r > 0 given by (2.6). Hence

/ ¢ (x %Du% ® (tun — m) du < / sup G(x, €)du(z) (4.13)

lgl<r
WnWw; wnw;

for all n > N, , with N, , = max{n;; :¢ € {1,---,¢q}}. Moreover, we have:

/ L(2, 0V )t < / L(, ¥, )dp + AG (1) / a(@)dp(z) + / L(2, V yun)dpe |

U U U U

(4.14)
/L(x,tvuvn /L x, Vyop)dp + AL (t /a Ydp(z +/L x,Vuop)du |,
4 4 v 4

(4.15)

where a € L/,(X;]0,00]) is given by (2.13) (and lim,_,;- Af (t) < 0 because L is ru-usc).

Taking (4.13) into account and substituting (4.12), (4.14) and (4.15) into (4.11) and
then averaging these inequalities, it follows that for every ¢ > 1, every ¢ €]0, 1] and every
n > Ny g, there exists i, 44 € {1,--- , ¢} such that

L(x, V. (twirt))dp

ZJT

</ (x, Vyup)du + AL (t) /a Ydp(z) + /L(x,Vuun)du

U

-

—|—/L Vvn)du + A (t /a Yz +/L , Vyon)dp
v 14 1%

+§ /sup G(m,{)d,u—&-/L(x,Vuun du+/L x, V,un)d
[€l<r
U %

with ¢ = max {B(1+v+7%) +1, 5772}, where [ supj¢|<, G(z,§)dp < oo by (2.6). Thus,
letting n — 0o, t — 17 and ¢ — oo and using (4.6) and (4.7), we get

lim lim lim Lz, V,(twirt))dp < Sy (U) + Su (V). (4.16)

q—00 t—1— Nn—00
ZJT

On the other hand, taking (4.10) into account and using (4.4) and (4.5) we see that

lim lim lim |[twimte — ull 2z (xrmy = 0.
q—00 t—1— N—r00



By diagonalization, there exist increasing mappings n — t,, and n — ¢, with ¢, — 1~
and ¢, — oo such that:

lim L(z,V by, )dp < lim /L(x,V#uA/n)du

n—00 n—00
ZJT ZUT

T T T int, .
< Jm lim B [ Lz, V(b)) du;
ZuT

Jim [Jdn —ul g xmm) =0,

N int,
where 0, := t,w,"™ . Hence

Su ZUT < 1'— 1._ 1._ L 7V t Tn,t,q d ,
( )< lim lim lim / (@, Vyu(twyt1))dp
ZUuT

and (4.3) follows from (4.16). O

Substep 1-2: end of the proof of Lemma 4.1. We now prove (4.2). Fix A, B € O(X). Fix
any € > 0 and consider C, D € O(X) such that C C A, D C B and

Bu(E) +6/gu(x)dﬂ(w) <e
E

with B := AUB\ CUD. Then S,(E) < € by (4.1). Let C,D € O(X) be such that
cccC,Cc A, Dc D and D c B. Applying Lemma 4.3 with U = CuD,V=T=E
and Z=CUD (resp. U=A, V=B, Z=C and T = D) we obtain

Su(AUB) < S,(CUD) +¢ (resp. S,(CUD) < Su(A) + Su(B)),
and (4.2) follows by letting e — 0. O

Step 2: another formula for E. Let Eq : W, ?(X;R™) x O(X) — [0, 00] given by

— LP
Eo(u, A) := inf{ lm E(up, A) : Wb (AR™) 3 up —u =5 0} .

n—oo

Step 2 consists of proving the following lemma.

Lemma 4.4. If (2.5), (2.6), (2.7), (2.12) and (2.13) hold then for every u € & and every
A€ O(X), one has:

E(u, A) < Eo(u, A); (4.17)
Eo(tu, A) < (14 AL (1) E(u, A) + A7 ()llallLyay for all t €]0,1], (4.18)



where a € L},(X;]0,00]) is given by (2.13). As a direct consequence we have

E(u,A) = lim Eg(tu, A) (4.19)

t—1—

for allu € & and all A € O(X).
Proof of Lemma 4.4. Fix u € & and A € O(X). Clearly, Eo(u; A) > E(u, A) because

W;:g(A;Rm) C WiP(X;R™). So (4.17) is satisfied. Thus, it remains to prove (4.18). Let
{un}n C WP(X;R™) be such that:

u, — win L (X5R™); (4.20)
li_>m L(x, Vun(z))dp(z) = E(u, A) < . (4.21)
A

Remark 4.5. Without loss of generality we can always suppose that E(u, A) < oco. So,
in fact, if we furthermore assume that (2.10) is satisfied, Lemma 4.4 remains true if we
replace “u € &” by “u € W, P(X;R™)".

Since L is p-coercive (see (2.5) and the left inequality in (2.12)), from (4.21) we see
that sup,, |V unl Lz (xm) < 00. As p > &, taking (4.20) into account, by Corollary 3.11
we can assert, up to a subsequence, that:

||un - u”LEo(X;RNL) — 0. (4.22)

Fix § > 0 and set As := {z € A : dist(z,0A4) > 6} with A := A\ A. Fix any n > 1 and
any ¢ > 1 and consider W™, W;r C X given by

K3

Wit = {x € X: g + % < dist(x,A,;)},

W = {.T € X :dist(z, As) < %—i— %};

7

where ¢ € {1,---,q}. (Note that W~ C A.) For every i € {1,---,¢} there exists a
Urysohn function ¢; € Lip(X) for the pair (W;", W,”). Define w!, : X — R™ by

K] K3
w! = iy + (1 — p;)u. (4.23)

Then w!, —u € Wi:g(A;Rm). Fix any t €]0, 1[. Setting W; := X \ (W,” UW,;") C A and
using Theorem 3.3(d) and (3.1) we have
Vu(tw;) = tvuw:z

tV Uy in W~
=8 (1=t)75Dup; ® (up —u) + t(9iVytn + (1 — ;)V,u)  in Wi
tV,u in W,



Noticing that A = W,” UW; U (AN W;") we deduce that for every i € {1,--- ,q},

/L(x,tvuwfl)dué/L(x,tvuun)du—l— / L(x,tV, u)dp (4.24)
A A Anw;t
+/L(x,tvuwﬁl)du.
Wi

Fix any ¢ € {1,--- ,q}. From the right inequality in (2.12) and the inequality (2.7) we
see that

/L(x,tvuw%)du < Bu(W;) + ﬁ/G(w,tvuw;)du
< B+ 7)pu(Ws)

+8vy / G(z, i Vyuun + (1 — ) V,u)dp
W;

t
+08y / G (177 mD”% ® (up — U)) du,

i

and by using again the inequality (2.7) and the left inequality in (2.12) we obtain

/ L(z, tV,wh)dp < B(1+ v + ) u(W;)

W,
By’
+7 L(z,Vun)dp+ | L(z, V,u)dp

W;

+By / G <x, %D#% ® (un — u)) du. (4.25)

Remark 4.6. As u € & and (2.12) holds, we have [, L(x, V u)du < oo for all E € O(X).
On the other hand, we have

%Dm@i(x) ® (un(z) — u(z))

t
S _t”Dﬂ%”LZ"(X)HUn — Ul oo (xjmm)

for pra.a. x € X. But limp oo lun — ullzee(xm) = 0 by (4.22), hence for each i €
{1,---, q} there exists n; > 1 such that

t

1—_tD#<pi(x) ® (un(z) —u(z))| <r



for p-a.a. z € X and all n > n; with r > 0 given by (2.6). Hence

4
[ 6 (oD ) dus [ s Gaodue)  @20)
s . lgl<r
for all n > N, with Ny = max{n, : i € {1,--- ,q}}. Moreover, we have:

/ L(2, 0V )t < / L, ¥, )dp + AS (1) / a(@)dp(z) + / L(2, V yun)dpe |

A A A A
(4.27)
/L(m,tvuu)d,ug / L(z,V,u)du
ANW;F ANW;F
+ A% (t) / a(z)dp(x) + / L(z,V,u)dp |, (4.28)

nw;t Anw;t

where a € L},(X;]0,00]) is given by (2.13) (and lim,_,;- Af (t) < 0 because L is ru-usc).

Taking (4.26) into account and substituting (4.25), (4.27) and (4.28) into (4.24) and
then averaging these inequalities, it follows that for every ¢ > 1 and every n > NN, there
exists in,q4 € {1,--- , ¢} such that

[ B Vatewiz )

A

< / L, V ) dpt + A% (1) / a(z)dp() + / L, V) dp

A A A

+3 A/ L, Vu)dp + A% (1) / a(2)dp(z) + / L, V)

A A

+ 2| [ sw G+ [ L Vaudat [ L)

q <r
% 1€1< 4 4

with ¢ = max {B(14+~+72) +1, 5772}, where [, supj¢ <, G(2,&)du < oo by (2.6). Thus,
letting n — oo and ¢ — oo and using (4.21), we get

Tm T [ Lz, Y, (twire))dp < (1 + A%(6) B(u, A) + ALt /a (). (4.29)

q—00 N—00
A A



On the other hand, taking (4.23) into account and using (4.20) we see that

Jim, iy s = ol ) =0

By diagonalization, there exists an increasing mapping n +— ¢, with ¢, — oo such that:

lim [ L(x,V,i,)dp < lim [ L(z,V,ib,)dp < lim lim L(x,VM(twfl”"?))du;
n— 00 n—o00 q—00 N—00

A A

Jim (| @n = ull g (xmm) =0,

where b, := tw,""" is such that 1,, — tu € W;:g(A; R™). Hence

Eo(tu, A) < q@o n@ L(x, V,(twir))dp,
A

and (4.18) follows from (4.29).
From (4.18) we deduce that

lim FEy(tu, A) < E(u, A).

t—1—

Moreover, from (4.17) we have

E(u,A) < lim E(tu, A) < lim Eo(tu, A),

t—1— t—1—

which gives (4.19). O

Step 3: using the Vitali envelope. For each u € Wl} P(X;R™) we consider the set function
m, : O(X) — [0, o] defined by

i, (A) == Tm myeu(A), (4.30)

t—1—
where, for each z € W P(X;R™), m, : O(X) — [0,00] is given by
m,(A) := inf {E(v, A)iv—ze W;;g(A;Rm)}. (4.31)
For each ¢ > 0 and each A € O(X), denote the class of countable families {Q; :=

Qp: () }icr of disjoint open balls of A with z; € A, p; = diam(Q;) €]0,e[ and p(0Q;) =0
such that (A \ UierQ;) = 0 by V.- (A), consider i, : O(X) — [0, 0] given by

m,, (A) := inf {Z My (Qi) : {Qitier € VE(A)} ;

icl



and define m., : O(X) — [0, 00] by

i, (A) := supin, (A) = lim m;, (A).
£>0 e—0

The set function rYlZ is called the Vitali envelope of 1m,, see §3.3 for more details. (Note
that as X satisfies the Vitali covering theorem, see Proposition 3.7(c) and Remark 3.8,
we have V. (A) # @ for all A € O(X) and all € > 0.)

Step 3 consists of proving the following lemma.

Lemma 4.7. If (2.5), (2.6), (2.7), (2.12) and (2.13) hold then
E(u, A) = in,, (A) (4.32)
for allu € & and all A € O(X).

Proof of Lemma 4.7. Fix u € &. Given any A € O(X), it is easy to see that my,(4) <
Eo(tu, A) for all t €]0, 1], hence

My (A) = lim mg,(A) < lim Eg(tu, A) = E(u, A)

t—1— t—1—

by Lemma 4.4, and consequently
m, (4) < E(u, A)

because in the proof of Lemma 4.1 it is established that E(u, -) can be uniquely extended
to a finite positive Radon measure on X, see Remark 4.2. Hence, to establish (4.32), it
remains to prove that

E(u, A) < ifi,,(A) (4.33)

with i, (A) < oco. Fix any € > 0. By definition of m;, (A) there exists {Q;}ies € V-(A)
such that

D (@) <y (A) +

icl

%. (4.34)

Fix any ¢ > 0. For each i € I, by definition of my,(Q;) there exists v; € W, ?(Q;;R™)
such that v{ — tu € ng(@z, R™) and

ep(Q;)
2u(A)

B(vf, Qi) < meu(Qi) + (4.35)
Define u; : X — R™ by

R {tu in X\A

Uy 1= .
t U;L in Ql



Then uf — tu € WJ:S(A;RT”). Moreover, because of Proposition 3.7(a), V,ui(z) =
V,vi(z) for prae. x € Q;. From (4.35) we see that

utv § mtu z 77

i€l
hence lim,_,;- E(uf, A) < i, (A) + ¢ by using (4.34), and consequently

Iim Tim E(uf, A) < m, (A). (4.36)

e—=0t—1—

On the other hand, we have

1 = gy < 27 [ = b0l sy 08 = g s |

X

_p / g = tulPdp | (1= Ol o g

X |=

—2 (X / o = PP |+ (1= 07l o e
zGI

X |-

<P Z lvi — tu[}Pdp |+ (1 — t)p|‘u||i/>jp(X;Rm)
i€l

with x > 1 given by (3.3). As X enjoys a p-Sobolev inequality, see Proposition 3.7(b),
and diam(Q;) €]0, ¢ for all ¢ € I, we have

/|v — tulXPdu EPCPZ/|V vy — tV ulPdu
el

€y,

with Cg > 0 given by (3.3), hence

/\v —tu[Pdp | < 2PePCY Z/W vt|pdu+t”/|v ulPdp |,
i€l

’LEI
and consequently

lug — uHpr xapm) S < 2%ePCh Z/|V vt|pdu+tp/\v ulPdp
16[ ‘A

+ 2p(1 - t) Hu”Lffp(X;Rm)' (437)



Taking (2.5), the left inequality in (2.12), (4.34) and (4.35) into account, from (4.37) we
deduce that

1
< e _ P D YP D ~ € p
t]_l}rlﬂi [lus u||L§p(X;Rm) < 2PC%e —ac(mu(A) +€)+/|Vu“| dp |,

which gives

;I_I}%) tlil)r{li ||ut UHLXP X: ]Rm) 0 (438)

because lim. o i, (A) = m, (A) < co. According to (4.36) and (4.38), by diagonalization
there exists a mapping € — t., with . — 17 as ¢ — 0, such that:

lim [lwe = wllpxe (xzm) = 03 (4.39)
lim E(w., A) < i, (A) (4.40)
e—0

with we := uj_. Since xp > p, w. — w in LF (X;R™) by (4.39), and (4.33) follows from
(4.40) by noticing that E(u; A) < lim,_,, E(we, A). O

Step 4: differentiation with respect to p. This step consists of applying Theorem 3.17
(with ©® = m,, where u € &). More precisely, Step 4 consists of proving the following
lemma.

Lemma 4.8. If (2.6), (2.7) and the left inequality in (2.12) hold then

- Q)
L(A) = A/ tim Bt (4.41)

for all w € & and all A € O(X). As a consequence, if furthermore (2.5), the right
inequality in (2.12) and (2.13) hold then

BE(u, A) = / lim Tm el @o@) oy (4.42)

iy B =@, )

for allu € & and all A € O(X).

Proof of Lemma 4.8. Fix u € &. The integral representation of E(u,-) in (4.42) follows
from (4.41) by using Lemma 4.7 and the definition of m,, in (4.30). So, we only need to
establish (4.41). For this, it is sufficient to prove that m,, is subadditive and there exists
a finite Radon measure v on X which is absolutely continuous with respect to p such
that



i, (A) < v(A) (4.43)

for all A € O(X), and then to apply Theorem 3.17. For each t €]0, 1], from the definition
of my, in (4.31), it is easy to see that for every A, B,C € O(X) with B,C C A, BNC = &
and u(A\ BUC) =0,

mtu(A) < mtu(B) + mtu(c)v
and so

m meu(A) < Tm me(B) + Im my(C), ie., iy (A) < g (B) + i (0),

t—1— t—1— t—1—

which shows the subadditivity of m,. On the other hand, given any t €]0, 1], by using
the right inequality in (2.12) we have

e, (4) < Gl) 4 B [ GlantVu(@)dn(o)
A

But, from (2.7) we see that G(z,tV, u(z)) < v(1 + G(z,V,u(z)) + G(z,0)) for pra.a.
z € X, hence

0, (4) < Bu(4) + Bl ) + 57 [ (6l V,ula)) + G 0))du(o).

Letting ¢ — 17, we conclude that

i (4) <e | pu(a)+ / (6. Vyu(a)) + G, 0))du(a) |

with ¢ := B(1 + «). Thus (4.43) is satisfied with the Radon measure v := c(1 +
G(z, Vyu(x)) + G(x,0))dp which is necessarily finite since v € & and G(-,0) € L;,(X)
because G(-,0) < supj¢ <, G(-,€) and supg| <, G(-,€) € L,,(X) by (2.6). O

Step 5: linking the relaxed integrand to the differentiation of the Vitali envelope. Ac-
cording to (4.42), the proof of Theorem 2.7 will be completed (see Substep 5-2 and also
Step 6) if we prove that for each u € & and p-a.e. x € X, we have:

> lim T e (@(2)

@) 7 ot 0 Q@)
(Qp(@) 1o M Q)
) =

lim lim

SR Q) )



My, (Qp(7))

by Q) S AR 0@
Q) | mi (@)
beo I Q@) S AR 0 (4.45)

where u, € W,P(Q;R™) is given by Proposition 3.7(d) (and satisfies (3.4) and (3.5)).

Substep 5-1: proof of (4.44) and (4.45). We only give the proof of (4.44). As the proof
of (4.45) uses the same method, details are left to the reader.

Fix v € 6. Fix any ¢ > 0, any 7 €]0, 1], any p €]0,¢[, any ¢ €]0,1[ and any s €]¢t,1].
By definition of m,,(Q;,(x)), where there is no loss of generality in assuming that
1(0Q+,(x)) = 0, there exists w : X — R™ such that w — su € W 0(Qrp(x); R™) and

/ Ly, Vw(y))dp(y) < ma(Qrp(2)) + ep(Qrp())- (4.46)
Qrp(x)

By Proposition 3.7(e) there is a Urysohn function ¢ € Lip(X) for the pair (X \
Qp(x),Q,,(x)) such that

D oo (X < 4.47
Dl cxm) < (a.47)
for some 6 > 0 (which does not depend on p). Define v € W, P(Q,(x); R™) by
t t
vi=p-u+ (1 —@)—ug.
s s

Then v — tu, € Wi:g(Qp(a:);Rm). Using Theorem 3.3(d) and (3.1) we have

\V4 (SU) — v#(tu) in Q‘rp(‘r) .
g tDup ® (u = uz) + 5(p5Vauu + (1= @) Vyu(z))  in Qp(x) \ Qr,(x)
— Vﬂ(tu) in @Tp(x) .
(1= )15 Dup ® (u— ) + 1V, + (1~ @)V,u(@)  in Qple) \ @rpla):

As tw—tu € Wl’p( o(2);R™) we have sv + (fw — tu) — tu, € VV;:g(Qp(x);Rm).
Noticing that pu(0Q.,(x)) = 0 and, because of Proposition 3.7(a), V,(tw — tu)(y) = 0

S

for p-a.e. y € Q,(z) \ Q,,(x), we see that

mtuz(Qp(x)) < 1
1(Qrp(x))  ~ (Qrp(x))

t
/ L (y, V,(sv) + VH(;w — tu)) du
Qp($)

:m/ L<y,VM(tu)+V#(£w—tu)>d,u

Q. (@)



1
+,U'(Q7'p(x)) / L<yavu(sv))d/’b
Qp(@N\Q,(2)

= m / L (y, éV,ﬂu) du

(T

Ly, V. (sv))dp.
QP(I)\QTp(i)

It follows that

mt“z(Qp(x)) 1 "
1(Qrp()) <M(Qm(m)) / Ly, V,w)dp

Qp(x)
ot 1(Qp(2)) a R .
=) (’“‘(QT”W f ot g | o W)
Q@) Q@)
1
+/U(Q7'p(x)) / L<y’VU(sv))dM7
Qp(@)\Qrp ()

where a € L},(X;]0,00]) is given by (2.13) (and lim,_,;- A% (r) < 0 because L is ru-usc).
Taking (4.46), (2.7) and the right inequality in (2.12) into account we deduce that

Sy < (0o () Gty +)

#5 (5) :532(2;)@#]({ | i

t
G <y, EDM‘P ® (u — Uz)) dp
Qp(z)\QTp(z)

(G(y, Vyu) + G(y, V,u(x)))dp

1(Qrp(x))
QP (I)\QTP (I)

(i Y

with ¢ := 8+ By + Bv2, where v > 0 and 3 > 0 given by (2.7) and (2.12) respectively.
Thus, noticing that p(Q,(z)) > pn(Q-,(x)) and letting s — 17, we obtain

St <0 m e (5) Cigliy +)




wJim o (5) g f e

p(w

c t

= — D _

WICHE) & (1 qPue e (=) ) do
Qp(r)\QTp(-T)

T Q@) (G(y. V) + Gy, V,ou(x))) dp

Qp(@)\Qrp (@)

Q)
e <u<c2m<z>> 1) ' (4.48)

On the other hand, by (4.47) we have

t t
D)8 ) - us(0)] < 1Dl = vl

< L
S (-t -7)p wllLg (@ (@)Rm)

for p-a.a. y € Q,(x) \ Qrp(x). But, since p > &, lim,_o %Hu — Us || Lo (@, (2);Rm) = 0 by
(3.5), hence there exists pg > 0 (which depends on ¢ and 7) such that

t
T Puey) @ (uly) —us(y))| <7

for pra.a. y € Q,(x) \ Qrp(x) and all p €]0, po[ with 7 > 0 given by (2.6). Hence

t
G <y T Dup @ (u— um)> du < / Sup G(y,)duly)  (4.49)
Qp (@0 Q1 () Qo@NQrp(@)

for all p €]0, po[. Moreover, it easy to see that:

sup Gy, €)du(y) < 1(Qy(x)) ][ sup G(y,€) — sup C(x,€)| du(y)
[g1<r [g1<r [€1<r
Qp(w)\Q‘rp(w) Qp(m)
+1(Qp(x) \ Qrp(z)) lz‘_&p G(x,8); (4.50)
Gy, Vuu(y)du(y) < p(Qp(x)) ][ |Gy, Vyuu(y)) — Gz, Vu(x))|dp(y)
Qp(2)\Qrp(x) Qp(x)
+ 1(Qp() \ Qrp(®)) G, V() (4.51)
/ Gy, V,u(@))du(y) < 1(@p(x) ][ Gy, V() — Gz, Vu(@)) | da(y)
Qp(a:)\Q‘rp(a:) Qp(‘r)

1 (Qp() \ Qrp(2)) Gz, Vu()). (4.52)



Combining (4.49) with (4.50), (4.51) and (4.52) we deduce that
Sy (e (1) (gt +)
o

+ B A ()m( éc))))J[ a(y)du(v)

Q=)
c M(Qp(w)) - . i
" u(QTp(x))Q][ lgler(M) |€|<pTG( )| du(y)
QTpx) ][ |Gy, Vu(y)) — Gz, Vuu()) | dp(y)
Qp(m)
M) 1Y s Gl
e <M(Qm(w)) 1) sup G(w:¢)
wQp(z)) B 5T ula
”C(u(czm(z)) 1) Gz, V(@)
@)
e <M(QTP(x)) 1)' (4.53)

As supj¢|<, G(+,§) € L, (X) by (2.6), and p is a doubling measure, we have

sup G(y, &) — sup G(z,§)
l€|<r le|<r

du(y) = 0. (4.54)

In the same way, as u € &, i.e., G(-, V,u(-)) € L},(X) (and p is a doubling measure) we
can assert that

lig G0 V) = G, Vu(a)) | dly) = 0 (455)

1’]—>

Qy(w)

and by (2.11) we have

lim ][ Gy, V() — Gle, V)| duly) = 0. (4.56)

n—0

QT/(I)



Moreover, since a € L},(X;]0,00]), it is clear that

lim a(y)du(y) = a(x). (4.57)

n—0

Qn(m)

Letting p — 0 in (4.53) and using (4.54), (4.55), (4.56) and (4.57) we see that

) e
o fony ) g 6w

Q) N oo
2 (11“ CE) 1) Gl Vyule))

Q)
(55% CNE) 1)‘ (4.58)

Letting ¢t — 1~ and 7 — 1~ in (4.58) and using (3.6) we deduce that

i Ty 2 00 < (1 tim o (1) ) (1 S5 )

+ lim Tm AY (Z) a(z). (4.59)

t—1- s—17

But, by diagonalization there exists a mapping s — t; with t; — 1~ as s — 1~ such
that:

t
lim = =1;
s—1— S

t _— t
lim lim A% < ) < lim A% <S>
t—1— s—1— S s—1— S
But lim, ,1- A9 (r) < 0 because L is ru-usc, hence

lim T A%G)go,
S

t—1- s—17

and so from (4.59) we conclude that

My, (Qp(m» im rYlu(Qp(w))
Jun T = 0@ < @, (@)

and (4.44) follows by letting € — 0.




Substep 5-2: establishing the relaxation formula. By (4.44) and (4.45) we have

Q) _ i e (Qp(0)
p—0 M(Qp(x)) t—1— pP—0 M(Qp(x)) .

On the other hand, it is easily seen that

fim My, (Qp(@)

p—0 N(Qp(-T» = Q#L(xavﬂu(x))a

where Q,, L is the p-quasiconvexification of L defined in (2.14). Hence

i (@ ()
P Q@)

Step 6: end of the proof. From (2.12) we see that

= QuL(z,Vyu(x)).

aG(u) < E(u, X) < (14 G(u))

for all u € WpP(X;R™), where G is defined (2.9). Hence, E(u,X) = oo if u €
WLP(X;R™)\ 6, where & is the effective domain of G, and (2.15) follows because it is
assumed that & = &, where & denotes the effective domain of G defined in (2.8). O
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