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STATISTICAL ESTIMATION IN A RANDOMLY STRUCTURED
BRANCHING POPULATION

MARC HOFFMANN AND ALINE MARGUET

ABSTRACT. We consider a binary branching process structured by a stochastic trait that evolves
according to a diffusion process that triggers the branching events, in the spirit of Kimmel’s
model of cell division with parasite infection. Based on the observation of the trait at birth of
the first n generations of the process, we construct nonparametric estimator of the transition of
the associated bifurcating chain and study the parametric estimation of the branching rate. In
the limit n — oo, we obtain asymptotic efficiency in the parametric case and minimax optimality
in the nonparametric case.

Mathematics Subject Classification (2010): 62G05, 62M05, 60J80, 60J20, 92D25.
Keywords: Branching processes, bifurcating Markov chains, statistical estimation, geometric ergodicity,
scalar diffusions.

1. INTRODUCTION

1.1. Motivation. The study of structured populations, with a strong input from evolutionary or
cell division modelling in mathematical biology (see for instance the textbooks [29, 32] and the
references therein) has driven the statistics of branching Markov processes over the last few years.
Several models have been considered, with data processed either in discrete or continuous time.
In this context, one typically addresses the inference of critical parameters like branching rates,
modelled as functions of biological traits like age, size and so on. In many cases, this approach is
linked to certain piecewise deterministic Markov models or bifurcating Markov chains (BMC) in
discrete time. These models are well understood from a probabilist point of view (in discrete time
Guyon [19], Bitseki-Penda et al. [8, 9], in continuous time Bansaye and Méléard [4], Bansaye et al.
[3] or more recently Marguet [28] for a general approach). For the statistical estimation, we refer
to [10, 16, 17, 23, 5], and the references therein, see also Bitseki-Penda and Olivier [31], de Saporta
et al. [14, 15], Azais et al. [1] or recently Bitseki-Penda and Roche [7]. In these models, the traits
of a population between branching events like cell division evolve through time according to a dy-
namical system. The next logical step is to replace this deterministic evolution by a random flow,
that allows one to account for traits that may have their own random evolution according to some
exogeneous input. A paradigmatic example is Kimmel’s model (see Kimmel [24] and Bansaye [2])
where the trait is given by a density of parasites within a cell that evolve according to a diffusion
process. The statistical analysis of such models is the topic of the present paper.

We consider a population model with binary division triggered by a trait € X where X C R is
an open (possibly unbounded) interval. The trait ¢,(t) of each individual evolves according to

(1) Ao (t) = 1(Px(t))dt + 0 (P ())dW:, ¢2(0) =,

where 7,0 : X — X are regular functions and (W;);>o is a standard Brownian motion. Each
individual with trait = dies according to a killing or rather division rate  — B(x), i.e. an
1
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individual with trait ¢, (¢) at time ¢ dies with probability B(¢.(t))dt during the interval [¢, ¢ + dt].
At division, a particle with trait y is replaced by two new individuals with trait at birth given
respectively by 0y and (1 — 8)y where 6 is drawn according to x(y)dy for some probability density
function x(y) on [0, 1].The model is described by the traits of the population, formally given as a
Markov process

(2) X(t) = (X1 (), Xa(t), ...), £20

with values in | J,~, X*, where the X;(t) denote the (ordered) traits of the living particles at time
t. Its distribution is entirely determined by an initial condition at ¢ = 0 and by the parameters
(r,o, B, K).

1.2. Statistical setting by reduction to a bifurcating Markov chain model. We assume
we have data at branching events (i.e. at cell division) and we wish to make inference on the
parameters of the model. Using the Ulam-Harris-Neveu notation, for m > 0, let G, = {0,1}™
(with Go = {0}) and introduce the infinite genealogical tree

T=|]J Gnm.

meN

For u € Gy, set |u| = m and define the concatenation u0 = (u,0) € G417 and ul = (u,1) € Gppp1.
For n > 0, let T,, = |J',_, Gy, denote the genealogical tree up to the n-th generation and |T,|
denote its cardinality. We denote by X, the trait at birth of an individual v € T. From the
branching events, we assume that we observe

X" = (Xu)uGUn )

where U,, C T,, is what we call a regular incomplete tree, that is a connected subtree of T,, that
contains at least one individual at the n-th generation (see the formal definition 8 in Section 2.2
below) and with cardinality of order 29" for some 0 < ¢ < 1. This observation scheme is moti-
vated by typical datasets available in biological experiments, see e.g. Robert et al. [34] and the
refrences therein: when moving from generation m — 1 to m (for m = 1,...,n) we possibly lose
some information, quantified by o, due to experimental anomalies or simply because of the design
of the experimental process (for instance, in the extreme case ¢ = 0, it may well happen that one
observes only a single lineage of the bifurcating process due to experimental constraints, as some
datasets studied in [34]). We thus have approximately 29" random variables with value in X with a
certain Markov structure. Asymptotics are taken as n grows to infinity. An example of trajectory
is represented on Figure 1 with the associated genealogy.

There are several objects of interest that we may try to infer from the data X™. First, one may
notice that the Markov structure of X in (2) turns (X,,u € T) into a bifurcating Markov chain
according to the terminology introduced Basawa and Zhou [5], later highlighted by Guyon [19]. A
bifurcating Markov chain is specified by 1) a measurable state space, here X (endowed with its
Borel sigma-field) with a Markov kernel P from X to X x X and 2) a filtered probability space
(Q,F, (Fm)m>0,P). Following Guyon, [19], Definition 2, we have the

Definition 1. A bifurcating Markov chain (BMC) is a family (Xy)uer of random variables with
value in X such that X, is I, -measurable for every u € T and

(3) El [ ¢ Xuo, Xut) | Fm] = [ Pul(X0)

ueG, ueG,



ESTIMATION IN A RANDOMLY STRUCTURED BRANCHING POPULATION 3

Xy

00 01 10 11

F1GURE 1. Example of a trajectory and its associated genealogy.

for every m > 0 and any family of (bounded) measurable functions (Vy)uce,,, where P(x) =

Joesne (@, y1, y2)P(2, dyrdyz) denotes the action of P on 1).

m?

The distribution of (X, )yer is thus entirely determined by P and an initial distribution for Xp.
A key role for understanding the asymptotic behavior of the bifurcating Markov chain is the so-
called tagged-branch chain, that consists in picking a lineage at random in the population (X, )uer:
it is a Markov chain with value in X defined by Y, = Xy and for m > 1:

Ym = X@el.

C€m)

where (€,)m>1 is a sequence of independent Bernoulli random variables with parameter 1/2,
independent of (X,),er, with transition

(4) Q= (Po+P1)/2

obtained from the marginal transitions of P:

Po(z, dy) :/ P(x,dydy;) and Pq(z,dy) :/ P(x, dyody).
y1€X YyoEX
Guyon proves in [19] that if (Y,)m>0 is ergodic with invariant measure v(dx) on X, then a con-
vergence of the type

1
(5) %T: V(X X0, Xu1) = /xﬂ’w(x)u(da:)

T, -
holds as n — oo for appropriate test functions g, almost surely and appended with appropriate cen-
tral limit theorems (Theorem 19 in [19]). Under appropriate regularity assumptions, an analogous
result shall hold when T,, is replaced by a regular incomplete tree U,,.

1.3. Main results. In this context, there are several quantities that can be inferred from the data
X,, as n grows and that are important in order to understand the dynamics of (X, )uer. Under
suitable assumptions on the stochastic flow (1), the transition Q admits an invariant measure v
and we have fast convergence of the tagged-chain (Y;,,)m>1 to equilibrium. This enables us to
construct in a first part nonparametric estimators of ¥ and Q with an optimal rate of convergence
and reveals the structure of the underlying BMC.
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However, estimators of v and Q do not give us any insight about the parameters (r, o, B, k) of the
model. In a second part, we investigate the inference of the division rate x — B(x) as a function
of the trait € X when the other parameters r,0 and k(z) are known. This seemingly stringent
assumption is necessary given the observation scheme X". If extraneous data were available,
estimators of the parameters r, 0 and k could be obtained in a relatively straightforward manner:

i) As soon as a discretisation of the values of the flow are available, standard techniques
about inference in ergodic diffusions can be applied to recover z — 7(x) and x — o(z)?,
see for instance [22, 25].

ii) The fact that an individual u distributed its traits to its offspring in a conservative way
enables one to recover the fraction 6, distributed among the children. Indeed the individual
u born at b, with lifespan d,, — b, has trait ¢x, (d, — b,) at its time of death. It follows
that its children have trait at birth given by

XuO = 9u¢Xu (du - bu)7 Xul = (1 - 6u)¢Xu (du - bu)7

where the 6, are drawn independently from the distribution k(z)dx and therefore, the
relationship i“o = 13“9 identifies #,,. In turn, the estimation of x — k(z) reduces to a
uq u

standard density estimation problem from data (6, )ucu, , see for instance [21].

The identification and estimation of the branching rate  — B(x) from data X™ is more delicate
and is the topic of the second part of the paper. Under minimal regularity assumptions developed
in Section 2 below, it is not difficult to obtain an explicit representation of the transition Q(z, dy) =
Qp(z,dy) = qp(z,y)dy that reads

1 o)
©) anteo) = [ (R By oty E] [T e Py o) ds
0 0

where LY (¢$,) denotes the local time at ¢ in y of the semimartingale (¢, (¢))¢>0. Assuming (r, 0, k)
known (or identified by extraneous observation schemes) we study the estimation of z — B(x)
when B belongs to a parametric class of functions {By, ¥ € ©} for some regular subset of the
Euclidean space R?. Under a certain ordering property (Definition 15 in Section 3.2 below) that
ensures identifiability of the model and suitable standard regularity properties, we realise a standard
maximum likelihood proxy estimation of B thanks to (6) by maximising the contrast

9 [] a8,(Xu- Xu), 0 €O,
ueU}

(with U} = U, \ Gy and where u~ denotes the unique parent of u) and we prove that it achieves
asymptotic efficiency and discuss its practical implementation. It is noteworthy that for the para-
metric estimation of B, there is no straightforward contrast minimisation procedure (at least we
could not find any) whereas ¢p(z,y) is explicit. The fairly intricate dependence of B in the
representation (6) makes however the whole scheme relatively delicate, both mathematically and
numerically.

Clearly, other observation schemes are relevant in the context of cell division modelling. For in-
stance, one could consider a (large) time T > 0 and observe the branching process X; defined in (2)
for every ¢ € [0, T]. This entails the possibility to extract the times (T3,) at which branching events
occur, like e.g. in [23]. However, the continuous time setting is drastically different and introduce
the additional difficulty of bias sampling, an issue we avoid in the present context. Alternatively,
one could consider the augmented statistical experiment where one observes (X, Ty)uecu,, but
the underlying mathematical structure is presumably not simpler. Our results show in particular
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that for the parametric estimation of the branching rate B, although the times at which branching
event occur are statistically informative, their observation is not necessary to obtain optimal rates
of convergence as soon as (r, 0, k) are known.

1.4. Organisation of the paper. Section 2.1 is devoted to the construction of the stochastic
model, our assumptions and the accompanying statistical experiments. In particular, we have a
nice structure enough so that explicit representations of P and Q are available (Proposition 5).
We give a first result on the geometric ergodicity of the model via an explicit Lyapunov function
in Proposition 6 and derive in Proposition 9 a rate of convergence for the variance of empirical
measures of the data X" = (X,)ycu, against test functions ¢(X,) or ¥(X,-, X,) with a sharp
control in terms of adequate norms for ¢, that do not follow from the standard application
of the geometric ergodicity of Proposition 6. This is crucial for the subsequent applications to
the nonparametric estimation of Q and its invariant measure v that are given in Theorem 12 of
Section 3.1. Section 3.2 is devoted to the parametric estimation of the branching rate, where an
asymptotically efficient result is proved for a maximum likelihood estimator in Theorem 22. Tt is
based on a relatively sharp study of the transition Q, thanks to local time properties of the stochastic
flow that triggers the branching events. Section 4 is devoted to the numerical implementation of
the parametric estimator of B. In particular, in order to avoid the computational cost of the
explicit computation of gy(X,-, X, ), we take advantage of our preceding results and implement
a nonparametric estimator on Monte-Carlo simulations instead, resulting in a feasible procedure
for practical purposes. The proofs are postponed to Section 5 and an Appendix Section 6 contains
useful auxiliary results.

2. A CELL DIVISION MODEL STRUCTURED BY A STOCHASTIC FLOW

2.1. Assumptions and well-posedness of the stochastic model.

Dynamics of the traits. Remember that X C R is an open, possibly unbounded interval. The flow
is specified by r,o : X — X which are measurable and that satisfy the following assumption:

Assumption 2. For some r1,01,02 > 0, we have |r(z)| < r1(1 + |z|) and 01 < o(z) < 09, for
every © € X. Moreover, for some ro > 0, we have sgn(z)r(z) < 0 for |z| > ro (with sgn(x) =
1¢zs01 — liz<oy)-

Under Assumption 2, there is a unique strong solution to (1) (for instance [30], Theorem 5.2.1.).
We denote by (®,(t),t > 0) the unique solution to (1) with initial condition 2 € X. In particular,
(®,(t),t > 0) is a strong Markov process and is ergodic (cf. [25], Theorem 1.16.). Note that when
X is bounded, the drift condition sgn(z)r(z) < 0 for large enough x can be dropped.

Division events. An individual with trait = dies at an instantaneous rate x — B(x), where B :
X — [0, 00) satisfies the following condition:

Assumption 3. The function © — B(z) is continuous. Moreover, for some by,ba > 0 and v > 0,
we have by < B(x) < by |x|” + by for every x € X.

Under Assumptions 2 and 3, the process X in (2) is well defined and the size of the population
does not explode in finite time almost-surely, see for instance Marguet [28]. Note that the lower
bounds for ¢ and B are not needed for the well-posedness of X but rather for later statistical
purposes.
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Fragmentation of the trait at division. Finally, we make an additional set of assumptions on the
fragmentation distribution x(z)dz that ensures in particular the non-degeneracy of the process.

Assumption 4. We have
supp(k) C [e,1 —¢] for some 0 < e < 1/2,
infze[s,lfs] H(Z) >9.

This assumption is slightly technical and may presumably be relaxed. We emphasize that the
density x(z) needs not be symmetric.

Representations of P and Q. Under Assumptions 2, 3 and 4, we obtain closed-form formulae for
the transition P defined via (3) and the mean or marginal transition Q of the BMC (X, )uer,
see (4) that also gives the transition probability of the discrete Markov chain with value in X
corresponding to the trait at birth along an ancestral lineage. These representations are crucial
for the subsequent analysis of the variance of the estimators of P and of the invariant measure v.

Proposition 5. Work under Assumptions 2, 3 and 4. For every x,y,y1,y2 € X, we have
Pla, dyrdyz) = p(z,y1,y2)dyrdyz and Q(z, dy) = q(x,y)dy,

with
+ -
(1) pla,y,ye) = K(yly/l(yi y2y2)) B (y1 +y2) oy + y2)72E[/0 e o B(%(S))dsdf??ﬁ”(%)}
and
1~ 0
0 oto.0) = [ B0t 2 [ e BBy (o,)]ax

where £(z) = 3(r(2) + k(1 — 2)) and L} (¢,) denotes the local time at t in y of the semimartingale

(¢ (t))e>o0-

Notice that in the case of a symmetric fragmentation kernel, we have k = k.

2.2. Convergence of empirical measures. We study the convergence of empirical means of the
form

(9) My, () = Wl—‘ S (X, X,)

ueUy

towards vQ(¢) if U, is a rich enough incomplete tree, for test functions ¢ : X x X — R. (If
@ : X = R we set My, (¢) = [Un| " 3, cp, #(Xu) = v(p) and we have a formal correspondence
between the two expressions by writing ¢ (z,y) = ¢(y) as a function of the second variable.) In
order to derive nonparametric estimators of v and Q by means of kernel functions 1 that shall
depend on n, we need sharp estimates in terms of ¢, see Remark 1) after Proposition 9 below.

Convergence of Q to equilibrium. Assumptions 2, 3 and 4 imply a drift condition for the Lyapunov
function V(z) = 2? on X and a minorisation condition over a small set so that in turn Q is
geometrically ergodic.

Let Q = Q(ri, bi,04,7,,9,% = 1,2) be the class of all transitions Q = Q(r, o, B, k) defined over X
that satisfy Assumptions 2, 3 and 4 with appropriate constants. An invariant probability measure
for Q is a probability v on X such that ¥Q = v, where vQ(dy) = [, . v(d2)Q(z, dy). Define

Q" (x, dy) = /Q(:v,dz)Q"_l(z,dy) with Q%(z, dy) = 6,(dy)
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for the r-th iteration of Q. For ¢ : X — R, we set

oy @)
= R T V)

and write v(p) = [, ¢(z)v(dz) when no confusion is possible.

Proposition 6 (Convergence to equilibrium). Work under Assumptions 2, 3 and 4. Then any
Q € Q admits an invariant probability distribution v. Moreover, for V(x) = 22, there exist C =
C(Q) > 0 and p = p(Q) € (0,1) such that for every m > 1, the bound

Q™ —v(p)|,, < Cp™ e —v(p)|,
holds as soon as ||y < oo. Moreover, supgeq C(Q) < 00 and supgeq p(Q) < 1.

In particular, if |p|oc = sup,ex [¢(2)| is finite, we have |Q™p(x) — v(p)| < Cp™ (1 +V (x))|p —
v(p)|oo for every z € X.

Sharp controls of empirical variances. Proposition 6 is the key ingredient in order to control the rate
of convergence of empirical means of the form (9) for appropriate observation schemes U,, C T,,.

We need some notation. We denote by | - |; the usual L*-norm w.r.t. the Lebesgue measure on
XxX. For a function ¢ = X x X — R we set ¢*(z) = sup e [¢(z,y)| and ¥, (y) = sup ¢y [¥(2, )]
and define

= min ([ fotepldady, | suplogalay).

Note in particular that when (x,y) = ¢(y) is a function of y only, we may have that |i,|; =
Jx le(y)|dy is finite while ¢ is not integrable on X x X as a function of two variables. For a positive
measure p on X, let also

], = /x ) lp(da)dy + ol

We write P, for the law of (X, ),er with initial distribution x for Xj. Remember that V (z) = z*
from Proposition 6. We shall further restrict our study to transitions Q € Q for which the geometric
rate of convergence to equilibrium p = p(Q) given in Proposition 6 satisfies p(Q) < 1/2. Let
Q1/2 C Q denote the set of such transitions.

Remark 7. It is delicate to check in general that p < 1/2 but it is for instance satisfied in the
following example:

i) ¢x(t) is an Ornstein-Uhlenbeck process on X = R: we have r(x) = —fx and o(x) = o for
every x € X and some 3,0 > 0,
il) the division rate is constant: we have B(x) = b for every x € X and some b > 0,
iii) the fragmentation distribution is uniform: we have k(z) = 1/(1 —2¢) on [e,1 —¢€] for some
e>0.
Adapting the proof of Proposition 24 below to this special case and using the explicit formula of p
given Theorem 1.2 in [20], we show in Appendiz 6.1 that for B small enough, we have p < 1/2 in
this example.

Finally we consider observation schemes U,, that satisfy a certain sparsity condition that we
quantify in the following definition

Definition 8. A regular incomplete tree is a subset U, C T, (for n > 1) such that
(i) v e U, implies u~ € Uy,
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(ii) We have 0 < liminf, 2’"9|Un N Gn| < limsup,,_, ., 27"9|Un N Gn| < oo for some
0<o<1.

Proposition 9. Work under Assumptions 2, 3 and 4. Let u be a probability measure on X such
that u(V?) < oco. Let ¢ : X x X — R a bounded function such that 1, is compactly supported. If
U, is a regular incomplete tree, the following estimate holds true:

By [(Mu, () = v(99))°] S [Un[ 7 (183t + [* 010 + (14 p(VD) |01 01,

where the symbol < means up to an explicitly computable constant that depends on Q and on
supp(1y.) only. Moreover, the estimate is uniform in Q € Qi/2-

Several remarks are in order: 1) We have a sharp order in terms of the test functions 1), that
behave no worse than fx2 % under minimal regularity on v which is satisfied, see Lemma 27 below
(and of course p, although this restriction could be relaxed). This behaviour is the one expected
for instance in the IID case and is crucial for the subsequent statistical application of Theorem 12
where the functions ¢ will be kernel depending on n. 2) The proof heavily relies on the techniques
developed in Biteski Penda et al. [8] or Guyon [19] (more specifically, Theorems 11 and 12 of [19]
or Theorem 2.11 and 2.1 of [8], see also [10, 7]). However, we need a slight refinement here, in
order to obtain a sharp control in terms of the trial function v, similar to the behaviour of fxz P2,
while the aformentioned references would give a term of order sup, , [¢(z,y)| that would not be
sufficiently sharp for the nonparametric statistical analysis. 3) Proposition 9 has an analog in [17]
for piecewise deterministic growth-fragmentation models, but our proof is somewhat simpler here
and sharper (we do not pay the superfluous logarithmic term in [17]). 4) Finally, note that in
Proposition 9, the observation U,, must be deterministic (or at least independent of (Xy)yer, )
otherwise biased selection may occur that would result in completely different behaviours of the
empirical means (like for instance if U, is allowed to contain stopping times on the tree).

3. STATISTICAL ESTIMATION

3.1. Nonparametric estimation of Q and v. Under Assumptions 2, 3 and 4, any Q(z,dy) =
q(z,y)dy admits an invariant probability measure v(dx) = v(x)dz, the regularity of v(x) being
inherited from that of Q via v(z) = [y q(z,z)v(dz).

Fix (20,90) € X x X. We are interested in constructing estimators of q(xg,yo) and v(zg) from
the observation X™ when both functions satisfy some Holder regularity properties in the vicinity
of (zg,y0). To that end, we need approximating kernels.

Definition 10. A function G : X — R is a kernel of order k if it is compactly supported and
satisfies [ #'G(x)dx = 1—gy for £=0,... k.

The construction and numerical tractability of approximating kernels is documented in numerous
textbooks, see for instance Tsybakov [36, Chapter 1]. For bandwidth parameters h, hy, hy > 0, we
set

Gn(y) = h™'G(h™y)
and
Giiny (,9) = by thy ' G(hy ' 2)G (s ')

and obtain approximations of v(yg) and q(x,yo) by setting

Grpxv(yo) = /xGh(yo —yv(y)dy
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and
Grxq(z0,y0) = G%ihz (zo — 2,90 — y)v(2)q(w, y)dzdy.
XxX
The convergence of My, (¢) to v(p) suggests to pick ¢ = Gp(xo—-). Then My, (Gp(xo—")) is close
to Gp, x v(xg) for small enough h and can be used as a proxy of v(zp). We obtain the estimator

Un(0) = Mu, (Gr(zo —-)),

specified by the choice of h > 0 and the kernel G. Likewise, with ¢ = Gp, n,(xo — -, %0 — -), an
estimator of ¢(zo,yo) is obtained by considering the quotient estimator with numerator My, (¢))
that is close to Gp,n, * (¥(-)q(-,-))(20,90) and denominator Uy ,(zo) in order to balance the
superfluous weight v(zg) in the numerator. We obtain the estimator

My, (G%i;m (zo— 50 —-))
MIU" (Gh(xo - )) V w ’

specified by the choice of h, h1, hy > 0, a threshold @ > 0 and the kernel G. In order to quantify the
kernel approximation, we introduce anisotropic Holder classes. For o > 0, we write a = |a] + {a}
with |« an integer and 0 < {a} < 1.

an(x(% yO) =

Definition 11. Let o, 8 > 0 and V4, and Vy, be bounded neighbourhoods of xo and yo.
i) The function ¢ : Vy, — R belongs to the Hélder class H*(xo) if

(10) LD (y) — LD (@)] < Cly — 2l for every @,y € V.
ii) The function ¥ : Vy, x Vy, — R belongs to the anisotropic Hélder class H*P(xo, o) if
z = P(x, o) € H(x0) and y— ¢(x0,y) € H’ (yo)
hold simultaneously.

We obtain a semi-norm on H*(zo) by setting |¢|aca (sy) = supycv, |@(#)|+ calep), where ca(y)
is the smallest constant for which (10) holds. Likewise, we equip H*#(x¢, o) with the semi-norm

|1/J|%a,5(x07y0) = [ (-, yo) |3t (wo) + [¥(0, -)|;C5(y0). The space H“’ﬁ(xo, yo) is appended with (semi)
Holder balls

}CQ’B(I(),Z,/())(R) = {ﬂ) A xX — R, |¢|g—(n,[5($07y0) S R}, R>0.
We are ready to state our convergence result over transitions Q that belong to

Q75 (R) = Qi N H*?(20,90)(R), R>0,
with a slight abuse of notation.

Theorem 12. Work under Assumptions 2, 3 and j. Assume that the initial distribution p is
absolutely continuous w.r.t. the Lebesgue measure with a locally bounded density function and
satisfies u(V?) < oo.

Let a, 3 > 0. Specify Un(yo) by a kernel of order k > max{a,3} and h = [U,|~Y/Z+D) and
Gn (0, 0) with the same kernel and hy = |U, |3/ (@rB)2s(.f)+1) ", — U, |~5(@B)/B(2s(@.B8)+1)
and w = wy, — 0. Then, if U, is an o-regular incomplete tree, for every R > 0,

sup (B [(Palyo) — v(w0))?])"? S U, |72/ 384D
Q€Qs;5(R)
and

sup (B, [(Gn (70, 90) — a(z0,30))°])"* S oy U, | ~5(B)/ @s(e0B)+1)
Q€Qy5(R)
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hold true, where s(a, )™ = (a A B)~1 + B~ is the effective anisotropic smoothness associated

with («, B).

Several remarks are in order: 1) We obtain an optimal result in the minimax sense for esti-
mating v(yo) and in the case § > « for estimating ¢(zg,yo). This stems from the fact that the
representation v(z) = fx v(y)q(y, v)dy henceforth ¢ € H*# implies that v € H?. In turn, the
numerator of , (2o, o) is based on the estimation of the function v(x)q(z,y) € H* 8. 2) In the
estimation of q(wg, o), we have a superfluous term <, * in the error that can be taken arbitrarily
small, and that comes from the denominator of the estimator. It can be removed, however at a
significant technical cost. Alternatively, one can get rid of it by weakening the error loss: it is not
difficult to prove

(B[ (@n (20, y0) — Q(l’ovyo))p})l/p < |U, st/ @sleBHD) for every 0 < p < 2,

and the result of course also holds in probability. 3) The assumption that u is absolutely continuous
can also be removed. 4) Finally, a slightly annoying fact is that the estimators 7, (xo) and g, (zo, o)
require the knowledge of (o, 8) to be tuned optimally, and this is not reasonable in practice. It is
possible to tune our estimators in practice by cross-validation in the same spirit as in [23], but an
adaptive estimation theory still needs to be established. This lies beyond the scope of the paper,
and requires concentration inequalities, a result we do not have here, due to the fact that the model
is not uniformly geometrically ergodic (otherwise, we could apply the same strategy as in [10, 7]).

3.2. Parametric estimation of the division rate. In order to conduct inference on the division
rate  — B(z), we need more stringent assumptions on the model so that we can apply the results
of Proposition 9. The main difficulty lies in the fact that we need to apply Proposition 9 to test
functions of the form 1 (z,y) = log ¢(z,y) when applied to the loglikelihood of the data, and that
these functions are possibly unbounded.

A stochastic trait model as a diffusion on a compact with reflection at the boundary. We circumvent
this difficulty by assuming that the trait ¢,(t) of each individual evolves in a bounded interval
with reflections at the boundary and with no loss of generality, we take X = [0, L] for some L > 0.
The dynamics of the traits now follows

(11) do(t) = r(¢e(t))dt + o(dx(t))dWy + dly,

where the solution (¢;)¢>0 to ¢, = fot(l{%(s):o} + 144, (s)=r})dls accounts for the reflection at the
boundary and (W,);>¢ is a standard Brownian motion. Under Assumption 2 (that reduces here to
the boundedness of r, o and the ellipticity of o) there exists a unique strong solution to (11), see
for instance Theorem 4.1. in [35].

A slight modification of Proposition 5 gives the following explicit formulae for the transitions P
and Q. Remember that by Assumption 4, we have supp(k) C [¢,1 — ¢]. Define

D={0<y <el, =y <y < == U{eL <y < (1 —o)L, 152y <y < 2}

Then the explicit formula for p(z, y1,y2) given in (7) remains unchanged provided (z,y1,y2) € XxD
and it vanishes outside of X x D. For ¢(z,y), the formula (8) now becomes

2w = [ st | [T e ke, i

/L 0
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for (z,y) € X x [0,(1 — ¢)L] and 0 otherwise.

Adapting the proof of Proposition 6 to the case of a diffusion living on a compact interval (for-
mally replacing [—w, w] by [0, L] in the proof of Proposition 24 below) one checks that Proposition
6 remains valid in this setting (applying for instance Theorem 4.3.16 in [11]). In turn, Proposition
9 also holds true in the case of a reflected diffusion. For parametric estimation, the control on the
variance of My, (¢) is less demanding and we will simply need the following

Corollary 13. Work under Assumptions 2, 3 and /J in the case of a reflected diffusion on [0, L]
for the evolution of the trait (¢, (t), t > 0). Let ¢ : X x X — R. Then, for any probability measure
w, if Uy, is a o-reqular incomplete tree, we have

sup  E, [(My, () — v(Q¢))?] < [Un|™" sup (z,)*.

Q€Qy/2 z,y

Mazimum likelihood estimation. From now on, we fix a triplet (19, 00, ko) and we let the division
rate x — B(z) belong to a parametric class

B={B:X—R,B(zx)=By¥,z),z X0},

where = + By(x, 1) is known up to the parameter 9 € ©, and © C R? for some d > 1 is a compact
subset of the Euclidean space. In this setting, the model is entirely characterised by 1 which is
our parameter of interest. A first minimal stability requirement of the parametric model is the
following

Assumption 14. We have Q(B) = {Q = Q(ro, 00, B, k), B € B} C Qy/s.

A second minimal requirement is the identifiability of the class B, namely the fact that the map

B Q(To, o, B, I{())

from B to Q is injective. This is satisfied in particular if B satisfies a certain orderliness property.
Definition 15. A class B of functions from X — [0,00) is orderly if p1,p2 € B implies either
v1(z) < a(x) for every x € X or pa(x) < p1(x) for every x € X.
Proposition 16. Let B be orderly in the sense of Definition 15 and Q(B) C Q for some (rg, 09, Ko)-
Then B — Q(ro, 00, B, ko) is injective.

We further stress the dependence on ¢ by introducing a subscript in the notation whenever
relevant. We formally obtain a statistical experiment

e {]P’Z., 9 e @}

by letting P¥ denote the law of X" = (X,,,u € U,,) under Py with initial condition Xy distributed
according to vy on the product space XUl endowed with its Borel sigma-field. Therefore, the

process is supposed to be stationary for simplicity. The experiment " is dominated by the
Lebesgue measure on X!™! and we obtain a likelihood-type function by setting

(13) Lo(9, (X, ueUpn)) = [] ao(Xu-, Xu).
uelUs
Taking any maximiser of (13) we obtain a maximum likelihood estimator

5,1 € argmax L, (19, X")
Ve

provided a maximiser exists. As noted by a referee, in the case where we observe the full tree, i.e.
U, = T,, and thus ¢ = 1 in Definition 8, we have access to the observation (X, X,, + X,,) for
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every u € T, _1. Going back to the expression of the transition density of the bifurcating process
itself in (7), we may alternatively maximise the contrast

9 — H By (Xu, Xuo, Xu1)

UET:L
"{(XuO/(XuO + Xul)) /oo _[tR X X
= By (Xuo + Xu1)E Jo Bo(éx, (9)ds g1 Xuo+Xur 7
ul;l-[* (Xuo + Xu1)o(Xuo + Xu1)? 2 (Xuo 1) [ 0 € t (dx, )}

or equivalently

9 [] Bs (XqurXul)]E[ / e~ o Bo(dxu ()ds g XuotXur (g 31,
0

u€TH

In particular, the latter contrast does not depend on x which is merely a nuisance parameter
here and that can be ignored, in this specific setting, where one can observe the complete tree
(Xu,u eTy).

Convergence results and asymptotic efficiency. We first have an existence and consistency result
of ¥,, under the following non-degeneracy assumption that strengthens Assumption 3.

Assumption 17. The function By : © x X — [0,00) is continuous and for some positive bs, by,
we have

0<bs < beBQ(ﬁ,(E) < SupBo(ﬁ,iﬂ) < by
T ¢,z

Moreover, the class B = {Bo(ﬂ, )0 € @} is orderly in the sense of Definition 15.

Theorem 18. Work under Assumptions 2, 4, 1/ and 17. Then, for every ¥ € O, 3,1 converges to
¥ in probability as n — oco.

Our next result gives an explicit rate of convergence and asymptotic normality for 571 We need
further regularity assumptions.

Assumption 19. The set © has non empty interior and, for every x € X the map ¥ — By(9, x)
is three times continuously differentiable. Moreover, for every 1 <1i,j,k < d:

sup |0y, Bo (¥, z)| + Zup |8§“9]_BO(19,33)| + %up |8g“9j19k30(19,x)| < 00.
Introduce the Fisher information operator ¥(9) = vyQy ((&9 log ¢y)(0y log qﬁ)T) at point ¥ € ©
as the d x d-matrix with entries:
09,99 0y, qﬂ) B / 09,q9(x,y) D9, q9(x,y)
e AxX a9 (%, y)?

V() = VﬂQﬂ( vy(r)qe(x,y)drdy,

for 1 <i,5 <d.
Assumption 20. For every ¥ in the interior of ©, the matriz V() is nonsingular.

Although standard in regular parametric estimation, Assumption 20 is not obviously satisfied
even if we have the explicit formula (12), for gg(x,y), due to its relatively intricate form. We can
however show that it is satisfied in the special case of a trait evolving as a reflected diffusion with
constant drift. More general parametrisations are presumably possible, adapting the proof delayed
until Appendix 6.5.
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Proposition 21. Assume d = 1, Bo(¢,2) = 9 for every x € X, with © = [¥1,92] C (0,00),
r(x) =r1 <0 and o(x) = ¢ > 0 for every x € X. Let k(z) = (1 —2¢)~! for every z € [,1 —€].
There exists an explicit open interval 3 C (0,1/2) such that Assumption 20 is satisfied as soon as
eel

We are ready to state our final result on asymptotic normality of 1%

Theorem 22. Work under Assumptions 2, 4, 14, 17, 19 and 20. For every v in the interior of
0, if U, is a o-reqular incomplete tree, we have

1/2

UL | (90 —9) — N(0,(9) 1)

in distribution as n — oo, where N(0,¥(9)~1) denote the d-dimensional Gaussian distribution
with mean 0 and covariance the inverse of the Fisher matriz U(1).

Several remarks are in order: 1) Although asymptotically optimal, the practical implementation
of 1% is a challenging question that we plan to address in a systematic way. 2) As for classical
estimation in diffusion processes (see e.g. [13, 18]), the assumptions of Theorem 22, especially
Assumption 20 are standard. However, the fact that they hold true in the simple case of Proposition
21 and a glance at the proof is an indication that they are certainly true in wider generality.

4. NUMERICAL IMPLEMENTATION

We consider the implementation of the estimator 1/9\n in the case of a branching population
structured by a trait drawn according to a Brownian motion reflected on [0, 1], namely

t
Gu(t) =2+ Wi+ Ly, by = / (Lig.()=0y + (g, (s)=1})dls, t >0,
0

where (Wy);>0 is a standard Brownian motion. We pick x(z) = (1 — 2¢)7'1.1_(2) so that
an individual with trait  at division splits into two individuals with traits Uz and (1 — U)z
respectively, where U is uniformly distributed on [, 1 — &]. We pick ¢ = 10~*.

4.1. Generation of simulated data. We test our estimation procedure on simulated data. Given
a division rate B and an initial trait zo € R, we construct a dataset constituted of a full tree of
size |T,| = 2"*! — 1 using a queue.

Initialisation step. We begin with one individual in the queue with trait xy at time 0. It is the
ancestor of the population

While step. While the queue is not empty, we pick w in the queue,

i) we simulate the dynamics (¢x, (¢),0 <t < T) for the trait of u using the Euler scheme for
reflected stochastic differential equations of [26] with initial condition X, and time step
At until time T, for some T sufficiently large,

ii) we draw the lifetime ¢, of u by rejection sampling,

i) if |u| < n—1, we add to the queue two new individuals with respective traits at birth given
by X0 = nz and X,; = (1 —n)x where 7 is a realisation of a uniform random variable on
[e,1 —¢] and = ¢x, (Cy) is the trait of u at division,

iv) we add the pairs (X, Xy0) and (Xy, Xu1) to the dataset,

v) we remove the individual u from the queue.
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FIGURE 2. The contrast £, (¢, (Xy,u € Ty)) for n = 14 and B(z,9) = 2 with
AY = 0.05 (left) and A¢ = 0.01 (right). We look at the results only for A¢ = 0.05
because for smaller values of the increment, the noise due to computational errors
is too important compared to the different values of the contrast.

4.2. Implementation of the maximum likelihood type contrast. We pick U, = T,. For
a given dataset X", we approximate £, (¢, (Xy,u € T,)) using, for a given ¥, the nonparametric
estimator ¢, (X,-, X, ) introduced in Section 3.1.

Mo, (G, (m0=30—)
My, (G (zo—)) veo
mesh n; ! x ny ' of [0,1] x [0, 1] with ny = ny = 200, G(x) = (27)~Y/2 exp(—22/2), h = 2|T,| /3,
hi = hy = 107! - AY/2 @ = 107%. We next use an interpolation scheme with splines provided
by the package Interpolations in Julia [6] to compute the value of the transition at each point
of the dataset (X,-,X,) € X". For synthetic data, we pick n = 19, resulting in a tree of size

220 _ 1 = 1048575 with initial value zo = 0.5 and At =5 x 10~

More specifically, we implement g, (zo,yo) = for every (zo,y0) on a grid of

4.3. Results. We consider the following parametric classes By(J,z) = ¢ and By (J,z) = 1 + Jz.
We compute 300 Monte-Carlo samples of size |T,| = 2% — 1 = 32767 for ¥ = ¥J; = 2 and
¥ = ¥ = 15 in both cases. Therefore, we apply our results to four different cases. In each case,
we approximate gy(X,-,X,) for different values of ¥ € © = [Umin, Imax] and we compute the
corresponding 0. We progressively reduce the increment A4 for the choice of ¥ until the contrast
of likelihood starts to be noisy (see Figure 2), adapting at each level the choice for the upper and
lower bounds of ©. The results are displayed in Table 1. We recover the parameter in all four
cases, with various accuracies. The most accurate value is obtained for B; with a small value of
the parameter, i.e. ¥ = 2. We did not reach the optimal accuracy |T%|~'/2 ~ 6 x 1073. One
could presumably obtain a better accuracy by choosing a finer discretisation of [0, 1] x [0, 1] for the
computation of the g,. But this choice leads to an important increase of the computational time.
The results in the case of a linear division rate are less accurate. Those results could also probably
be improved using a cross-validation procedure for the choice of the bandwidth parameters h, h1, hs.
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B | 9 | Mean | Std Dev. | Umin | Umax | AV
By | 2 [1.9908 | 0.0845 1.8 2.2 | 0.05
15 | 15.029 | 0.4763 14 16 0.25
By | 2 (21392 | 0.3485 | 1.375 3 0.125
15 | 15.023 | 0.6425 | 13.75| 16.5 | 0.25

TABLE 1. Results for B in By and By. For each parametric class of functions
By and By, we display the results for 9 = 2 and 9 = 15. The third and fourth
columns corresponds respectively to the mean value and the standard deviation
of @n, computed with 300 different data sets of size 2"*! — 1 = 32767. The fifth
and sixth columns correspond to a 95% confidence interval. The last column
corresponds to the value of the step for the discretisation of ©, which limits the
accuracy of the result.

5. PROOFS

5.1. Proof of Proposition 5. We first prove (7). By (3), for any bounded ¢ : X3 — R and
x € X, we have

P0) <[ [ 5(e) [ (050,00, (1= 2)620) Bonl0) e 2t
1 o]
= / / (v, 5 )B(yo/z)a(yo/z)’2E[ / e*fotB<¢w<s>>deL§°/z(¢m)}L(z)dzdyo
RJO 0 z

#(yo/(yo + 1)) B (yo + 1) /°° — S B(6s(s))ds g yo+
= x, Yo, E e Jo w(8))ds g yoTin ) | dyody,
/1)1/)( vor11) Yo + U1 o(yo + y1)? [ 0 ce )} o

(LY (¢2))t>0 is the local time

where we set y; = 1=2
of ¢, at y € X. The integral is taken over the domain

D= {(yo.y1) ER?*, =20 <1 < ==y} C supp((yo, v1) = £(Yo/ (Yo + 11)))

therefore the above integral is well defined and the representation (7) is proved. We turn to (8).
From (14), we get

Pocte) = [ [ otnBluo/2)otuo/ 2B ] [ e e ar 5] "y

and

Pro(x // B(yo/z)o (yo/z)‘ZE[/OOOe—fJB(%(S))deLif“/z(%)}"(Zz)dzdyo

1

Z

where the second equahty is given by two successive changes of variables y; = yoand z =1—=z.

Finally,
p(x) = 5(Pop(x) + Pro(x))

1 foe) ~
= [ [ ewnt2)ow 2] [ e simeonany=o,)]) sy,
RJO z
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where %(2) = 1(k(z) + £(1 — z)). Since supp(k) C [e,1 — €], the above integrals are well defined

and (8) is established.

5.2. Proof of Proposition 6. The proof goes along a classical path: we establish a drift and a
minorisation condition in Proposition 23 and 24 below, and then apply for instance Theorem 1.2.
in [20], see also the references therein.

Proposition 23 (Drift condition). Let V(z) = 2. Work under Assumptions 2, 3 and j. There
exist explicitly computable 0 < vy = v1(e) < 1 and vy = va(e,r1,72,01,02,b1) > 0 such that

QV(x) < v V(x) + va.

Proposition 24 (Minorisation condition). Work under Assumption 2, 3 and 4. For large enough
w > 0, there exists A € (0,1) and a probability measure p on X such that

inf Oz, A) > Au(A)

{z;|z|<w}
for every Borel set A C X.

Proof of Proposition 23. Fix x € X and let m(k) = fol 2%(z)dz. By It6 formula, we obtain the
decomposition

QV(z) = /0 1 R(z) /0 TR [z%x (t)*B(¢,(t))e o B<¢w<8>>d8] dtdz = m(k)(I + 11+ IIT+1V),

where
=2 /OO E[B(%(t)) IS Blon ] g,
II = 2/ [ (1)) du B (¢ (t)) e S0 B(¢I(S))dsj|dt,
IIT = / /0 o ) du B(¢, (1)) Jo B<¢r<$>>d8} dt,
V=2 / [ 0 (62 (u)) AW, B (6 (1)) e 5 PO gy,
First, note that [~ B(¢s(t))e™ J5 B(9=()ds gy — 1 holds since B(¢y(t)) > by > 0 by Assumption 3,

therefore I = x? by Fubini’s theorem. We turn to I1. By Fubini’s theorem again:

11 = 2E] /0 " b (ba(w)) ( / " B(0u(0)e B OO0 gr)
— QE{/OOO b ()7 (¢ (w)) e~ Jo B(%(S))d‘gdu}

- 2/ zr(z)U(Z)_QE[/OO e o B(%(s))ddef(%)}d&
R

0

where we used again that e~ Jo~ B(¢=(5)ds — ( since B(¢,(t)) > by > 0 by Assumption 3 for the
second equality and the occupation times formula for the last equality. By Assumption 2 we have
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zr(z) < 0 for |z| > rq, therefore:

I < 2/ zr(z)a(z)fQ]E[/ e~ Jo B(%(s))dsdlztz(@bx)}dz
0

iy _ t
E{/O e Jo B(%(s))dsdl}f(%)}dz

ra

< 2rire(1+ Tl)afz /

—7o

< 2ryro(1+ 7"1)01_2/ e*bltP( — 1y < P (t) < Tg)dt < 2ryro(1+ 7"1)(71_2b1_1.
0

using successively Assumption 2, 3 and the occupation times formula. For the term I17, by Fubini’s
theorem, we have

17 = /O T Efo (6 (w)’ / B(6,(1))e™ I3 BN gy
:/“E[U(%( ))2e Jot Bloxts ))ds] du
0

and this last quantity is less than o3 f e~bitdt = J%bfl by Assumption 2 and 3. Similarly for
the term IV, we have

IV = QE[/OOOU(%(u))/u B(¢x(t))e™ Jo B@Dds gy, }
ZQE[/OOU(%(U))@— g"B(m(s))ddeu}
0

and this last quantity vanishes. Putting the estimates for I, I, 111 and IV together, we conclude
QV(x) < m(k)x? +m(r)(2rira(1 + 7)oy 2 + o5)b L.
Since supp(k) C [g,1—¢], we have m(k) < (1—¢)? < 1 and this completes the proof with v; = m(x)
and vg = m(k)(2r1r2(1 + 7)oy 2 + 03)b L.
O

Proof of Proposition 2. Step 1). Let x € [—w,w] and A C X be a Borel set. Applying Assumption

3, introducing the event W(¢,(t)) = {2w < ¢,(t) < 2w+/(1 —€)/e)}, applying Fubini’s theorem
and a change of variable, we successively obtain

1 o0
1 0o t
> b1/ E(Z)/ E[lw(%(t))l{zd)m(t)eﬂ}ef Jo B(¢z(s))ds] dtds
0 0

o b (t)
=bl/ [1W(¢ (e w’“”“/ 1{y€A}E(y/¢z(t))¢$(t)_1dy}dt'
0 0

Using again Fubini’s theorem, we get

Q(xv"q') > /Rl{yeﬂ}f(xvy)dy»

with f(z,y) = b1 5~ E[Lw(o, ) Ly<o.mype™ 0 PO U (y/ 60 (1)) da ()] d.
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Step 2). We now prove that f is bounded below independently of x. By Assumption 4, E(y/gbr(t)) >
d for all y € [ep, (%), (1 — &)y (t)] so that

flz,y) > 5b1/ E{IW(%@))1{&%(t>§y§(1—s)¢z(t)}f s B(%(S))ds@(t)fl}dt'
0

Next, as W(x(t)) (edx(t) <y < (1 —2)ga(t)} 2 W(p(t)) N{2wy/e(l —¢) <y < 2w(l —¢)},

we get

W

2w\/(1—¢)/e {Qw\/s(l—e)SySQw(l—s)}
where h(z,y) = [;° E[Llw(s, )€~ Jo B(és (Nds]dt. Let A = (1 + /(1 —¢)/e)w denote the mid-

point of the interval [2w, 2w/ (1 — €)/¢]. Let also 7,7 = inf {t > 0, ¢,(t) > y} denote the exit time
of the interval (inf X,y) by (¢4(t))i>0. It follows that

h(l’,y) Z ]E|:/ 1W(¢m(t))€ fo dsdt]
T_t

f(@,y) = h(z,y),

oo P,
:/ E[ Ly, qrgpe o BO9 gy
0

:/ IE_]-W(qﬁm(t-i-TT e JTA B(¢a(s))ds o= Jo B(¢a( s+TA))ds}dt
0 L

Z/ E [y (g, gy e TR0 Ji BOa(o+T2) ds}dt
o L

by Assumption 3 and because ¢, (s) < A for every s < TX. Applying the strong Markov property,
we further obtain

o0
(15) h(w,y) > / ]E[1w<¢A(t))e_Tz(bzAubl)e_ o B(M(s))ds} at
0
since ¢, (T%) = A for z < w < A. Introduce next T4 = inf{t > 0, da(t) ¢ [2w,2w\/(1 — €)/e]},
i.e. the exit time of 2w, 2w+/(1 — €)/e] by (#a(t))i>0. By (15) and Assumption 3 again, it follows
that

TA
h(z,y) > ]E[/ R e e f(f(bz'%(s)'”bl)dsdt}
0

>E

T )
/0 1w<¢A(t))6T’A(bzA”bﬂef”sdt],

using that ¢, (¢) < 2wy/(1 —¢)/e for t < TL and where v3 = by(2w+/(1 —£)/e)” + by. Since
g bx(t) ( )/ w

A > —w, the event {TX < T, “} holds almost-surely for every x € [—w, w] and therefore
(16) h(z,y) > E[/Tﬁ) o~ Ta" (b2A7+b1) *t’l)3dt:| > vy ' EleT (b2m+b1)] [1- e*TxAvvs].
0
by the independence of T@ and T, . Furthermore, for every a,2 € X with « < a, we have
P(T7 < ) = UEIPOO m,

where s(z) = [ exp(=2 [ . 7(2)0(2)"2dz)dy, is the scale function associated to (¢q(t))i>0.
By the classical Feller classification of scalar diffusions (see e.g. Revuz and Yor [33]), we have



ESTIMATION IN A RANDOMLY STRUCTURED BRANCHING POPULATION 19

the equivalence P (T < c0) = 0 if only if f uix S(x)dx = 0 but that latter property contradicts
Assumption 2. Therefore, there exist wq, 01 > 0 such that P(T" < wq) > 6;. It follows that

(17) E[e~Ta" (207400 > Eemvr(aa74b) > e (b2AT+0)

{Tgwéwl}] =
and since 7, \,% > 0 almost surely, there exists do > 0, independent of x, such that
(18) E[l — e %] > 6.
Back to (16), putting together (17) and (18), we obtain

h(z,y) > Ugléle_wl(b"‘A”'bl)ég
and eventually

0b18102 _ ~
> w1 (b2 A7 +b1)
f(x,y) =~ ow (1 — 6)/61)3 1{2w\/5(1—5)§y§2w(1—5)}e ’
Step 3). Define the probability measure u(dy) = f(y)dy on X by
(v) = 1 U S
fly) = 2w(l—e— \/m) {2w s(l—s)§y§2w(1—6)}’
—(1—c— TY) 10818y —wi (oA +b1)
and let A = (1 —¢ e(1 5))\/mvse 1(%2 1), We may assume that 0 < A < 1 (the
lower bound remains valid if we replace § by §’ < § for instance) and we thus have established
Q(z,4) > Mi(A),
for an arbitrary Borel set A C X. The proof of Proposition 24 is complete. O

5.3. Proof of Proposition 9.

Preparations. We first state a useful estimate on the local time of LY(¢,) as t — oo. Its proof is
delayed until Appendix 6.2.

Lemma 25. Work under Assumption 2. For every compact X C X and for every t > 0, we have

sup  E[L} ()] S 1+,
zeX,yeX

up to a constant that only depends on r1, 9 and oo. In particular, for every ¢ > 0, the function
Y / “sup E[LY (¢,)] dt
zeX
is well-defined and locally bounded, uniformly over Q.

Lemma 25 enables us to obtain estimates on the action of P and Q on functions ¢ : X x X - R
with nice behaviours that will prove essential for obtaining Proposition 9. We set

= [ v 20ew@ = [ s m)dnd,
X
where p(z,y1,y2) and ¢(z,y) are given in Proposition 5
Lemma 26. Work under Assumptions 2, 3 and 4. Let 1 : X x X — R be bounded and such that

Y. has compact support. There exists a constant cepp(y,) depending on supp(vy) (and Q) such
that, fori=20,1:

(19) Pii()] < Couppion) /x iz, )y
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and
[P0 & 0@ < cappto¥ (@) | ol
Note in particular that (19) implies in turn the estimates
(20) 190()] < G | 00l

and, for i =0, 1:

19Pitb()] < a9 A Canppion /x G @)dy| < [lar.

Proof. By Assumption 3, we have
ol =| [ 5 [ B 20)B(6a0)e P e
< [0 [ R0 )| on 0 + 1)
g/01H(z)/m]E[|¢(x,z¢x(t))|(b2|¢$(t)|7+b1)/oobleblSds]dtdz.

0 t

Next, by Fubini’s theorem and the occupation times formula, we derive
Pov(a) / / bt / (|46, 260 ()] (bal o ()] + by)] dtdsdz
< / () / e [ 1ol 29) (alal” + b)) B0, dydsds
- / e / e~ [ [0 9) by /=l + b)o /=) *ELLY/ (0, dydsd:
< Gt | [0 )lds
and (19) is proved for i = 0 with

— swp  balbaly/a oty e [ e BILY6,))ds
yesupp (¢4 ),z€X,2€[e,1—¢] 0

This last quantity is finite by Lemma 25. Following the same steps as for P; we get (19) for i = 1.
For the second estimate, we have

1 00
P @ ¥)(@)| < / w(2) / E [t (2, 262 (£) 0 (x, (1 = 2)60 (1)) | B (t))e Jo PO (D] g
< |Pot()| sup ()|

and we conclude by applying (20). O
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Completion of proof of Proposition 9. Without loss of generality, we may assume that v(Qy) = 0,
the general case being obtained by considering the function ¥ (z,y) — v(Qv). Of course, the com-
pact support property is lost by adding a constant and one has to be careful when revisiting the
estimates of Step 2) to Step 4) below. They exhibit additional error terms that all have the right
order using Lemma 26 and the fact that P1 =91 = 1.

By (ii) of Definition 8 we may (and will) assume that for some 0 < p < 1 and some positive
constants c1, co that do not depend on n, we have

c12°™ < |Gm ﬂ[Un| < 29 for every m=1,...,n.

We first consider the case o > 0. The case ¢ = 0 requires a slightly different method and will be
handled in a second phase.

Step 1). We start with a standard preliminary decomposition, see for instance [8, 9], expanding
the sum in u € Uy.
We have

E, My, ()% = U5 2EL (Y. 0 w(Xe-. X))

m=1u€G,,NU,
o n 97\ 1/24 2
<2 (X (B[ Y e x)]) )
m=1 u€G,,,NU,
by triangle inequality. Thus Proposition 9 amounts to control
2
Eu (Y. (X, X)) | = I + I,
ue€G,,NU,
with
I, :]E/_L[ Z w(Xu—vXu)2]»
u€G,NU,

11, :E,u[ Z 77Z)(AXVu*7)(u)q/}()(v*7)(1))]7

U, WEG, NU,, ,urv

and the convention ) 5 = 0.
Step 2). The control of the term I, is straightforward: by Lemma 26 we have

B =61 1 U (Q07) < 26y [ 0l ulda)dy for m =1,
AxX
In = |G NUn| u(Q79?) < 022gm(c§upp(w*)‘w2|1 A Csupp(%)th) for m > 2,

therefore I,,, < 2¢™|¢)2|,, holds for every m > 1. In the case v(Qi) # 0, we replace |/?|,, by |[¢?|,+.-

Step 3). We further decompose the main term 1, = II1,, + IV,,, having

111, =E,| > (X, X)) (X, Xun)]
WEGy, —1NU,,(wl,wl)el2
IVm :E/L[ Z Z ﬂ}(XuaXui)?/}(Xvaj)]

UVEG 1 MU uv i, wj€Un,i,j=0,1
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The control of 111, is straightforward:
I =E,[ Y PR@y)(Xe)] =[Cn1 N p(Q" Py @ ¢)).

weG,, —1NU,
In the same way as for the term I,,,, by Lemma 26, one readily checks that |IT1,,| < 2¢(m—1) [v* |,
Step 4). We now turn to the main term IV;,. Writing here u A v for the most common recent an-

cestor of v and v, conditioning w.r.t. F|,n|+1 and using the conditional independence of (X, Xu;)
and (Xy, Xyj;) given Fjypy41 thanks to the BMC property (3), we successively obtain

IV = ]EH _ Z Z Eu [¢(Xu7 Xuz)w(va ij)|3:\u/\v|+1] ]
T uWEG,—1NUy,u#v  ui,wj€Up,i,j=0,1
= ]E;L Z Z E,u [¢(Xu7Xuz)|?\u/\v|+l] E,u ["/}(vaij)‘iﬂu/\m-&-l] :|
T uWEG, —1NUy,u#v  ui,wj€Up,i,j=0,1
= ]Ep, Z Z Ey [:Pzw(Xu)|?\u/\v|+l] Eu [Tj¢(Xv)‘9:|u/\v\+l] ]
T uWEG, —1NUy,u#v  ui,wj€Up,i,j=0,1
=E] Y ST QIR (X, )Qm R (X,

uWEGm—1NUn,u#v  wi,wj€Un,i,j=0,1

where u* (respectively v*) is the descendant of u A v which is an ancestor of u (respectively v).
Conditioning further w.r.t. Fj, 5, we obtain

UCELTEDS > PR © 9P ) (X )|

U0EGy _1NUp,uv  ui,wj€ly,,i,j=0,1

Z Z M(Q\u/\U|U)(Qm—2—|uAv\zyiw ® Qm—Z—\u/\v“ij))
U, VEG, —1NUy,,u#v  ui,vj€l,,i,j=0,1

m—1

2 2. > n(@rTRET P @ 0 P),

=1 u,v€G,,—1NUp,|uAv|=m—I1—1 ui,wj€lUy,i,j=0,1

obtaining the last term by rearranging the sum u, v € G,,—1 that expands over indexes |u|—|uAv| =
m—1—|uAwv| that vary from 1 to m—1. By Lemma 26 and Proposition 6 one obtains the following
estimates for all 4,7 =0, 1:

1 (Q 2P (Pip @ i) | S [ula|tplar for 1=1,
and for | > 2:
w(Qm PP @ QT P)) | S (WA A pPUT D (@M TTIP((L+ V) @ (1+ V).
In the case v(Qv) # 0, we replace |1|a1 by |¥],. We claim that
(21) p(QmTIP(L+ V)@ (14 V) S 1+ pu(V?)
and postpone the proof of (21) to Step 6 below. Notice also that for I =1,...,m — 1,
Hu#v € Gpo1 NUp, [uhv|=m—1—1} S 2™ x 2,

where 29™ is an upper bound for the number of choices for u (the first descendant in generation
m — 1 of the ancestor from generation m — [ — 1) and 2! is the (order of the) number of choices of v
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(the second descendant, satisfying u A v € G,,—;—1) in the worst case where there is a full subtree
with [ generations. It follows that for any p > 1:

[[Vinl S 277 ulalto ] + 297 2" (1130 A pPC V3 (14 1(V?)))
=1

< 2l + 27 (0, Y2 + 1+ ) Y 27 20))

=1 l=p+1

S 21l + 22 (163,27 + a3 (1+ u(V3))27)

where we crucially used the fact that p < 27!. Then, taking the infimum over all p > 1, we get

IV,,| < 20™|4p, R om |y V2 f V(A1 op | ¥sl1 5y '
| v, |N2 |¢ |1|¢| 1+2 WJ ‘1|1/1|A1(1+/L( ))1 (|¢*|12 + ‘1)[}'/\12 )

As ||a1 < |¥hi]1, we get that inf,>4 (\wme n

IlM
|IVm‘ S 2pm(1 + M(VZ))|¢*|1W|A1-

Step 5). Putting together the estimates obtained for I,,, in Step 2, I11,, in Step 3 and IV}, in Step
4, and recalling I1,, = II1,, + IV,, we eventually derive:

EJO Y (X, X)) S 297 (03] + [0l + (14 (V) i ]

u€G,,NU,

In the case v(Qy) # 0, we replace [1?|, by |1?|,+v and [1h|a1 by [1], as follows from Step 2 and 4.
Taking square root, summing in 1 < m < n, taking square again and normalising by |U%|~2 which
is of order 272¢" we obtain Proposition 9.

Step 6). It remains to establish (21). We only sketch the argument which is similar to the proof
of Proposition 23. First, one obtains

P(I+V)2(1+V)) S1+QV(2) + V3 (1),
and it follows that

pQ" P14+ V)@ (1+ V) S 1+ p(Q V) + u(Q™'V?)
S 14 p(V) +p(Qm'V?)

by Proposition 23. Applying It6’s formula and using Assumptions 2 and 3 on can check that
V3 (2) S1+V(x)? +QV(z) S14+V(z)?

by Proposition 23 again. We obtain (21) by integrating w.r.t. u. Finally the case o = 0 has to be
treated separately mainly for notational reason, the proof following the same line as in the case
o > 0. We delay it until Appendix 6.3.

5.4. Proof of Theorem 12.
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Preparations. We first establish local estimates on the invariant density v.

Lemma 27. Work under Assumptions 2, 3 and 4. Let Q € Q and let v be the associated invariant
density of Proposition 6. Let xo € X. There exist positive constants ¢; = ¢;(xo, Q) and a bounded
neighbourhood 'V, with non-empty interior such that

0<e < inf viz) < sup v(z) < co.
z€Vag €V

Moreover, 0 < infoeq c1(w0, Q) < supgeq ca(wo, Q) < oo.
Proof. Let V,, = [a,b] C X be a bounded neighbourhood of zy and
Ve, = la/(L—¢)Aa/e, bleVb/(1—¢)].

Let z € V,,. By Proposition 5, using Assumptions 2 and 3, we obtain

z

= /xy(y) /01 7{(Z)B(:zs/z)o(ﬂc/z)_QIE[/OOO e Jo B(%(s))ddef/zwy)} dzdy

k(z

S/xu(y) /01(b2|x/z|7+b1)01_2E{/000 e*bltde/z(q&y)}dzdy.

z

Noticing that for all z € [¢,1 —¢] and = € V,, /2 € V5 and using Assumption 4, we get

oo
(@) < (balal” + b)) sup B[ [ e taLio,)]dy
X zGV;O 0

= (bale + b= oy [ wly) [ et sup B[LE(6)]ddy
x 0 zeVE,

where the last equality comes from the integration by parts formula, see Appendix 6.4 for a detailed
version. By Lemma 25, we have sup,cy. E[L? (¢,)] < 1+ ¢3/2 uniformly over Q and the first
zQ

part of the lemma follows. For the second part of the lemma, we have

oo
o) 2 bio? [ oto) ing B[ [ e ROtz g, ) ay
x IGV;O 0

T
> 6102‘2/ v(y) inf ]E{/ e OMTHALE (6,) T a6, 01 <0} | Ay
[-N,N]NX z€VE, 0 =

> b1052e‘(”2M”b1)T/ v(y) inf B[LT(6y)Lisup, or 1oy (0)<m1] 4y
[-N,N]nX zeV5 =

for arbitrary constants M, N,T > 0. Since E[L%(qby)l{suptq \¢y(t)|§M}} T E[L‘;‘l(q&y)] uniformly in

(z,y) € V4, X [-N,N] as M grows, pick M large enough so that for every y € [-N, N] N X, we

have

inf B[L3(00) L supcp 10y 1<ay] 2 5 f E[L7(6,)].
z

€
B

Next, we use the fact that Assumption 2 implies that the law of the random variable ¢, (¢) admits
a density pi(y, z) w.r.t. the Lebesgue measure and that this density is bounded away from zero on
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compact sets in (y,z), see for instance [13, 18]. In turn E[L%(¢,)] = fOT pi(y, x)dt > mp > 0 for
some 7p depending also on M and N and we infer

Vo) = Ty e AT [ ygay
[-N,N]NnX

and we obtain the result by taking N sufficiently large. The proof is complete. O

Completion of proof of Theorem 12. Step 1). Write Uy, (yo) — v(yo) = I + 11, with

1
I= . Z Gh(yo — Xu) —v(QGh(yo — ) and IT = Ghxv(yo) — v(yo)-
n uel,

We plan to apply Proposition 9 to I with ¥ (x,y) = ¢(y) = Gr(yo — y). By Lemma 27, v is locally
bounded and we check that

s < /x G (o — 9)?Idy < b / Gly)dy < h Y,

], < sup |G (y)| /R G (o —y)ldy S h ™,
Yy
and

[Vsl1|¥lar S (/x |Gr(yo — y)ldy)2 < 1.

Therefore, by Proposition 9, we have E,[I?] < |U,|"*h~! and this term is of order |U,|~2%/(26+1)
from the choice of h. For the term /T, Lemma 27 and the representation v(x) = [\ v(y)q(y, z)dy
show that v € HP(yo) as soon as ¢ € H*?(xg,10). Then, by classical kernel approximation (see

e.g. Chapter 1 of the book by Tsybakov [36]) we have that I1? < h2# since the order k of the
kernel G satisfies k > 3, and thus II? has the same order as I? from the choice of h.
Step 2). For the estimation of ¢(xo,yo), write

a\n(x(hyo) - Q($07y0) = I+ II7

with
I Mu, (G52, (o — - 90 — ) — v(x0)a(0, yo)
M[U" (Gh(xo — )) V ’
and
17— q(z0,y0) (v(zo) — Mu, (Gr(zo — ) V @y)

MUn (Gh(l‘o — )) V wp
We have |I| < I1I + IV, with

1T =, ' | My, (G%,h2 (zo—yo— ")) — G%ﬁm * v(x0)q(x0, o)
and
v = w;llef,hz * v(20)q(w0, yo) — v(20)q(zo, yo)|-

We plan to apply Proposition 9 to bound ITT with ¢(z,y) = Gh, h, (0o — 2, yo — y). Using Lemma
27 and the fact that p is absolutely continuous, we have |¢],4., < |¢]1. It readily follows that

192 atr S Gy (w0 — )2 11|Ghy (Yo — )21 S hy 'Ry,
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[V ] S 1Ghy (2o — ) sup |Ghy (Yo — Y)|Ghy (w0 — - )Ghy (Yo — )11
Yy
= |Gh, (w0 — *)?15up |Ghy (Yo — ¥)||Gha (Yo — )1 S R Ry,
)

and

[Pulill < sup |G, (20 — 2)|Ghy (5o = )IFIGhy (20 = ) S by

We conclude
E,[111?] £ @, %[Us| 'hythy

and this term has order w;, 2|U,|~25(@#)/2s(@A+1) from the choice of hy and hy. By kernel
approximation and the fact that G has order k > max{«, 8}, noting that (z,y) — p(z)q(z,y) €
FHNBB | we have

VIS Y7 4 05 S ooy Uy 7P/ ol

from the choice of hq, hs.

We turn to the term I1. We plan to use
2 2
(1/(:170) — My, (Gh(:z:g — )) Vv wn) < (1/(:170) — My, (Gh(xo — ))) + l{MUn(Gh(mo~))<wn}'

Pick n large enough so that 0 < w,, < 7(zg) = %ianeQ,zemO v(z), a choice which is possible by
Lemma 27. Since {My, (Gr(xo) — ) < @wn} C {Mu, (Gp(xo —-)) — v(zo) < —7(z0)}, we further
infer

E,[(v(zo) — MUn (Gh(zo— ) Vw ) ]
<E,[(v(w0) — Mo, (Galao —)))°] +Bu(|v(w0) = My, (Guwo — )| = 7(x0))
SEA@WM—W%(Gh%— )]
Applying Step 1) of the proof, we derive
E, [112] < w;2|Un|—2ﬁ/(26+1)

and this term has negligible order. The proof of Theorem 12 is complete.

5.5. Proof of Proposition 16. Let s(x fo exp ( Qfoy ;((;))2 dz) and m(zr) = m Con-
sider the infinitesimal generator £ assomated to the diffusion process (11), written in its divergence

form

£f@) = ms (s 2/ @) £ €D,

with domain D(L) densely defined on twice continuously differentiable functions f satisfying the
boundary condition f/(0) = f/(L) = 0. By It6 formula and Fubini’s theorem, for f € D(L), we

have
[t B(ga(s))ds
/xf(y)q(af,y)dy / / [ (20 (t dt|dz

1
:/0 R(2)f:(2 )dz+/0 H(Z)E[/O LF. ($a(t)) e o B@()dsgy] gy
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where we set f,(z) = f(zz) for z € [e,1 — ] since supp(k) C [g,1 — ¢] by Assumption 4. Pick
we—1 |r(v)]|

fl@)= [ exp(2e7 ) o o2 dvs(u)*ldu) dy, and note that

' (zx) = % exp (2 /029661 l;n((:))Q dv) I (zz).

It follows that for z > € and every x € X, we have

Lf(n) = 2@ zw) = &' (@) f(zx)

m(x) s2(x)
_ z2f(ex) (2zs(x) oppeet Mgy o pr ) gy
— m(z)s(x)? <5s(zx) v € * ) > 0.

Now let By, By : X — [0,00) be two functions in an orderly class B according to Definition
15 and write g, and ¢p, for the associated transition densities. With no loss of generality, we
may (and will) assume that Bi(xz) < By(z) for every z € X. Assume that ¢p, = ¢p,. Since
supp(R) C [e,1 — €], we have

/x W) (g, (x,y) — qB, (2, y))dy

1—¢ o
:/ E(z)E[/ Lf.(9z(1))(e” Jo Bu(@z(s)ds _ =[5 Bz(¢m(5))d5)} dtdz = 0.
€ 0

Our choice of f and the property B; < By implies that the integrand is non-negative. It follows

that
R(2) (e Jo Bi(@=(oDds _ o= [y B2(du(s))ds) —

dzdt @ P-a.s. Picking z such that K(z) > 0, we obtain fot Bi(¢.(s))ds = fot Bs(¢,(s))ds P-a.s. for
every t > 0 by continuity of the integrand in t. By the occupation times formula, it follows that
J5 (Bi(y) — Ba(y)) LY (¢s)dy = 0, almost-surely, and by the ordering property, B1(y) = Bs(y) for
every y such that L} (¢,) > 0, i.e. for y € [info<s<i @2 (), SUpg< <t dz(s)] — X as t — oco. The
proof of Proposition 16 is complete. o

5.6. Proof of Theorem 18.

Preparation for the proof. We first establish uniform bounds for gy(z,y). Remember that in the
reflected case, we have X = [0, L] and supp(k) C [e,1 — £] under Assumption 4.

Lemma 28. Work under Assumptions 2, 4 and 17. For sufficiently small n > 0, we have:

0< inf xT < su T < o0
mex,yexmﬂee(]ﬂ( 7y) = x,yex%EGqﬁ( ,y) s

where X,y = [0, (1 —e)L — 7).

Proof. The proof is close to that of Lemma 27. Let z € X and y € X,;. We have
l1—¢

. _ ) [T - :
ebawten > bog? [ SB[ [ et ant/ o)

1—¢ ~ 00
> b302_2b4/ ) @/ 67b4tE[Lf/z(¢x)}dtdz
evVyL— 0

1 o [T e
= (1—¢)" bsoy b4z/0 e 4tm71;1€fxE[L?(¢m)]dt
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According to [12], Section 5, proof of Lemma 5.37, the law of ¢, (t) is absolutely continuous with
density y — pi(z,y) that can be taken continuous and that satisfies inf, yex p(z,y) > 0 for every
t > 0. Therefore
t
inf E(LY(¢,)| = inf s(T,y)ds >0
inf (LY (¢2)] w}fex/o ps(z,y)ds
and the result follows. The upper bound readily follows from
l—e ~ 0o
sup qo(z,y) < b4af2(/ @dz) sup E[/ e*b3tdLi’(¢z)}
z
€

veEO z,yeX 0

< e tbyo7? sup E[/ e_bstdL?(@c)]
0

z,yeX
= e Lbyo72bs sup ( / et [Lfg(qsx)]dt)
z,yeX 0
which is finite by Lemma 25. U

Completion of proof of Theorem 18. This proof is classical (see for instance van der Vaart [37]
Theorem 5.14). We nevertheless give it for self-containedness. For a € ©, let

Ma.0) = [ vo(de) [ 10gau(e s (o).
First, a — M(a, ?) has a unique maximum at a = 9, as stems from the inequality log(z) < 2(y/z—1)
for x > 0. Indeed
a x?
M(a,0) = 30,9) = [ volao) [ 10g 28D gy 0,y
X X q19(37, y)

< [ wian) ([ 27t Vart o -2
< [ wtan) [ (Vo) = Vaolz) <.

Next, writing my(z,y) = sup,eq 10g ¢a(2,y), we prove that for every a # ¥ € ©, there exists a
neighbourhood U, of a such that:

(22) vy (Qﬁmu(l) < Uy (Qﬁ IOg q19) = M(ﬁ, 19)

Pick a decreasing sequence of open balls (Ug(a)),>1 around @ with vanishing diameters. For
every z,y € X we have mq,(q)(,y) | logga(z,y) by continuity of a +— logq,(z,y) thanks to the
continuity of By according to Assumption 17. By Lemma 28, we also have vy (Qﬁmu) < oo for
any U C O therefore

vy (Qﬂmul(a)) s (qu log ¢,) = M(a, ) < M(,9)

by monotone convergence with equality only if a = 9, and this proves the existence of U, such
that (22) holds. We are now ready to prove the consistency result. For o’ > 0, the compact ball

Cy () ={a€®,Ja—v =7}
can be covered by finitely many open neighbourhoods Uy, , ... Uq, With a; € €,/ () and such that
(22) holds for every U,,. For n > 0, let

m%?) (.T, y) = SEE log Qtl(xa y)l{qa(x,y)Zn}-
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Abbreviating £, (a, (Xy)ueu, ) by L£n(a), it follows that
|U%|7' sup logL,(a) < max U |~ Z mu (Xou-, Xu)
a€e,/ (v) 1<i< weT

(23) = max vy (Qomar,,) < M(¥,9)

in probability as n — oo and letting n — 0, as stems from Corollary 13 and the fact that
SUP, yex, ML, (z,y) < oo by Lemma 28. Finally, if Do € Cyy (¥), then, by definition of 19n,
we have

[U%|~" sup log £,(a) > U5~ log £, (9,) > US|~ log £ (9) > M(9,9) — €y,
aECn/(ﬁ)

where ¢, — 0 in probability, as follows from Corollary 13. We conclude the proof by noticing that
(O, €y} c {JULI™Y sup  Ln(a) > M(9,9) — e, }
)

ae(fnz

and the fact that the probability of this last event converges to 0 by (23) as n — oo.
5.7. Proof of Theorem 22.

Preparation for the proof. We start by proving some useful estimates on the gradient and Hessian
of log gy. Let

[y = Vyloggy = (99, logqy,...,09,l0gqs), Tyi=0y loggs, 1<i<d.
Lemma 29. Work under Assumptions 2, 4, 17 and 19. For every1 <1i,j < d andn > 0, we have

sup  [Dyi(z,y)l <oo,  sup  [0yTy(z,y)is| <oo, sup 8509 (z,y)| < oo
zeX,yeX,,9€0 zeX,yeX,, €0 zeX,yeX,,9€0

where ||-|| corresponds to the operator norm for the Hessian 050y (x,y).
Proof. According to Lemma 28, since

aﬂqﬂ (.’,U, y)
q9(z,y)

componentwise, it suffices to show |0y,qu(x,y)| < 1 in order to establish the first bound. Recall
that for (x,y) € X x [0, (1 —¢)L],

1 ~ e}
wen) = [ Epw,ysatusa | [ e By s,
Y

/L 0

Fg(l‘,]J) =

Taking the derivative with respect to ¥; yields
1

On.aofv) = [ / S0y, Bu(,/2)oty/2) 2B [ e Ot ary 5,) ]z
y/L 0

-/ ) B,y B [ e W’%(S”ds(/ot 0 B0 ) ) 4116

/L
By Assumption 2, 17 and 19,

109, 40(2,9)| < /
y/

1 o
L E{/o (1+ ) Jo Bo@oelNisg Lyl (g, [ (2)d.
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Next, by Assumption 17,

o0

E| / (e B0y (g,)] <E| / (1 + e~ dLY* (9)]

N /00(1 — bs(1+t))e E[LY (0)]dt,
0

where the last equality comes from the integration by parts formula (see Appendix 6.4). This last
term is bounded by Lemma 25 and |9y, ¢y (x, y)| S 1 follows. We turn to the second bound: clearly,
for 1 <i,j<d
E%iﬁjqﬂ(x,y)qﬂ(x,y)-— 8giqﬂ(x,y)8gqu(x,y)

a9 (2,y)?
and thanks to Lemma 28 and the first bound, we only need to show |3129i19], q9(z,y)] < 1in order

to obtain the second bound. Define w;(y, z,9) = 1[yL7171](z)% exp(— fot Bo(Y, ¢ps(s))ds). We
have

1 oo
0 0,00(0.0) = [ 0o, Bold,u/2E[ [ty 5 0)dLY (6,) ]z
0 0

0oLy (x,y)i; =

+ /01 Bo(ﬁ,y/z)E[/ooo wi(y, z,9) /Ot 09, Bo (9, ¢..(s))ds /Ot 819jB0(19,¢w(8>)d8dL?/z (¢I)}dz

1 e’} t
- [ oabaow/2E] [ [ 00, Buw.6s()dsdLt (6,)]dz
(6,0)€4(i.3),(Gi)} 7 © 0 0

T /0 B0,/ /0 iy, 9) /0 98,4, B0 62 (s))dsdLY’* (8,)] dz

and we proceed in the same way as for the first estimate, using repeatedly Assumption 2, 17 and
19. The proof of the third bound is analogous. 0

Completion of proof of Theorem 22. This proof is classical (see for instance van der Vaart [37]
Theorem 5.41). We nevertheless give it for self-containedness. By definition of ¥, and a Taylor
expansion around 1, we have

0= > Ty (X,-,Xu)

ueUp

> (Po(Xur s Xu) + 0oL (X, Xo) (D = 9) + (B = )70 (X, X) (T = ) ).

uelU%

for some ¥, on the segment line between ¥ and On. Rearranging the sum and introducing the
normalisation |U%|*/2 we derive

(24) (U371 Y2 QoTo (K-, Xo) + (UL D (00 = 9)T03T 5, (Xum, X)) [UR |2 (D — 9)
u€Uy ueUp
= - |U2\71/2 Z Fi?(Xu_vXu)'
uelUy

We plan to apply an extension of the central limit theorem for bifurcating Markov chain proved in
Guyon for U,, = T, see [19] Corollary 24 on the right-hand side. It is not difficult to see that the
result still holds if one replaces T,, by an incomplete tree according to Definition 8. We omit the
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details. By Lemma 28 and 29 we have that Qg(T'y 'y ;) and Qy(I'y Iy Ty k') are bounded
functions on X for all 1 <4, j,k,I < d. Moreover, we have vy(QyI'y ;) = 0. Therefore

(25) U572 To(Xy-, Xu) = N(0, U (9))
uelU%

in distribution as n — oo, where ¥(¥) is the Fisher information matrix defined after Assumption
19. Next, since dyI'y is bounded by Lemma 29, we have

(26) UL D 0T 9 (X, X)) — W(Y)
ueU%
in probability as n — oo. Moreover, by Lemma 29, we have: sup, ,cx geo Hagfﬂ(x, y)H < oo and
since 571 — ¢ converges to 0 by Theorem 18, it follows that
(27) U > (On = 9) 7055, (X, Xu) =0
u€Up

in probability as n — oo tends to infinity. Combining (25), (26) and (27) in (24) we finally obtain

W ()| U5 [2 (9, — 9) = N(0, ¥ (9))

in distribution as n — co. We conclude thanks to the invertibility of ¥U(d) granted by Assumption
20.

6. APPENDIX
6.1. Example of a model satisfying p < 1/2. We elaborate on Remark 7.

Lemma 30. Assume that

i) ¢x(t) si an Ornstein-Uhlenbeck process on X = R: we have r(x) = —fz and o(x) = o for
every x € X and some 3,0 > 0,
il) the division rate is constant: we have B(x) = b for every x € X and some b > 0,
iii) the fragmentation distribution is uniform: we have k(z) = 1/(1 —2¢) on [e,1 — €] for some
e>0.

Then, Q admits an invariant probability distribution v and for V(z) = 2, there exist C > 0 and
p € (0,1) such that for every m > 1, the bound

Q™0 —v(p)|, < Cp™ e —rvip)|,
holds as soon as ||y < 0o. Moreover, for b small enough, we have p < 1/2.
Proof. According to Proposition 23, the drift condition holds true. Next, we slightly modify the
proof of Proposition 24.
Step 1). For large enough w > 0, we aim at finding A > 1/2 and a probability measure p on X
such that
inf Oz, A) > Au(A)

{z,|z|<w}

for every Borel set A C X. Let z € [—w,w] and A C X be a Borel set. In this setting, we have

Az, A) = b o Oo]E 1 “tqtd
(@, A) = 7—; ; {zda()EA} | € z.
I
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Using successively Fubini’s theorem and the occupation time formula, we get

1—
Az, A) = b ) 1 E - —btqry dyd
(‘T7 ) 0_2 1— 26 {zyeA} € t(¢z) yaz.

Integration by parts (see Appendlx 6.4) yleldb

(28) 0 t) = o | - [Aenr [ eV [Lton) vy

We next compute the expectation of the local time. We have

1E LY =E|l ! tl d
52 [ f(¢£):| = Llﬁ)lg . {y<¢2(s)<y+e} S}

t

1
p— 1 el < < .
ti - | P(y < 0ul(s) S y+e)ds

Since ¢, (t) is an Ornstein-Uhlenbeck process, we have the representation

¢z(t) _ ﬁw ( 25t) 7[‘3157

where W, is a Brownian motion starting from . Then,

%E[Lg(%)} — lim t]P’(y < T W, (2P e P <y + 6)ds

elo € J V2B
St [P e ) - (e

2
_ /teasm L st (o)
0 0 \/2me2Ps
2
/9 1 t ,;(m—ﬁs, ﬂ)
(29) :—ﬂ— e’ ) ds
o 2w Jo

where F'(t,z) is the cumulative density function of W, (¢). Therefore, combining (28) and (29) we
get

b2 l1—e 71 ze gs . IF)2
Qz,A) = 1-2% o \/7_( /l{zyeﬂ}/ / e ? vl ) dsdtdydz.

Integrating by parts again and a change of variables yield

b V2B == bt 1 (we=Pt_u VB
Qx, A) = T \/ﬂ /1{1@1}/ ette3( V)’ dtdudz.

Next, (ze Pt — %‘/77) < (we P+ ‘—Zlg) for all z € [~w,w|, t > 0 and z € [¢,1 —¢]. Finally,

using Fubini’s theorem,
1
>— /1 w(u)d
\/E/R {ueay fuw(u)du

Jw(u) = b@ /15 1 /OO e,btefé(we—mjgzﬂ \/:—B)zdt dz
€ 0

with

1—2¢"
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We now construct a probability measure from f,,. First,

1 (=Bt lul v3B)? zo [ 2
/e b (we el U)du:2— e Y dy.
R

\/B %e*‘”

Combining this with Fubini’s theorem, we get

/fw(u)du: 2b/ e_bt(/ e_yzdy)dt.
R 0 %e*ﬁ‘

Fubini’s theorem again yields

w_ 00 w_
/ fuw(u)du = Qb/\/§ e‘yz(/ e—btdt) dy = Q/ﬁ e Ve B ln(w/(y\/?))dy.
R 0 L In(w/(yv2)) 0

B

Finally, define the probability measure ., (dy) = g (y)dy on X by

w

V22 b n(w -1
9u(y) = (2/0 eV e /(yﬁ”dy) Fuo(Y),

J

>\—>2/y§ Vg d 2/f Yy — 1
— e and — e ,
b—0 ﬁ 0 y ﬁ 0 yw—)oo

there exists by > 0 and wp > 0 such that A = A(wg, bg) > 1/2 and we thus have established

and let

sk

A\ = e Ve F 1H(w/(y\/§))dy_

§i

Moreover, as

Oz, A) > Au(A),

with A > 1/2.

Step 2). Applying Theorem 1.2. in [20], we obtain the exponential convergence of the tagged-chain

at rate

2 4+ wyvg
2 + wy

for any Ag € (0, ) and vg € (v1 +2v2/w, 1), where v = X\g/va. We just proved that A(wo, bg) > 1/2
so that we can choose Ag € (0,\) such that 1 — A+ \g < 1/2. Next, let n € (0,1) be such that
vo =1+ (1 —n)(v1 + 2v2/w). Then,

p=(1=(A=X))V

)

R(w) = 2 + wyvg _ 2+ wyn+ (1 — n)wyvy +2(1 — n)yve
2 4+ wy 24+ wy

is a decreasing function in w and

lim R(w) =n+ (1 —n)v;.

w—r 00

Moreover, according to the proof of Proposition 23, v1 = m(k) = %(62 —e+1) <1/3. Finally, we

can choose n € (0,1) and w > 2vy/(1 — v1) such that R(w) < 1/2 and we get the result. O
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6.2. Proof of Lemma 25. Step 1). Fix § > 0 and let K5 = {y € X,inf,cx |y — 2| < §} denote
the d-enlargement of K. For z € X, let

T = inf{t > 0,¢,(t) € K5}, inf = oo,

and .
Gsupxc, (E—T2)4) if > supKs
¢ () =1 ¢al(t) if xeX;
Dinf K5 ((t—Tx)+) if o <inf Xs.
For every y € X, we have LY(¢,) = LY (¢%¢), and by It6-Tanaka’s formula, it follows that

LY(¢s) = LY (¢X%) = |¢2° (t) — y| — |62 (0) — o —/O sgn (3% (s) — y)doin (s).

Assume first that 2 > sup Ks. Observing that LY (¢,) = 0 on {7, > t}, and that d¢>s(s) vanishes
on [0,7,) on {7, < t}, we readily have
t

LY () = |65 (8) — y| — |sup s — ] — / sgn (6% (s) — ) (s)

To AT

(t—72)+
(30) = ‘(bsuprs ((t - Tw)+> - y’ - |Supr5 - y| - /0 Sgn(QSsupra (8) - y)d¢supxs (S)

We plan to bound each term separately.
Step 2). By Ito’s formula, (@sup %, (t) — y)? = (supKs —y)? + I + I, with

I= [ 2mps(5) — 0 G (5) + 0 Guapis (5)7) s,
0

t
=2 / (Beup s (5) — 1) (Gaup s () AW,
0
First,
1<207% [ (2= y)r(2) L (Guupic, )z + 103
R

by the occupation times formula and Assumption 2. Introduce |y|., = |y| V r2, where 7o is defined
in Assumption 2. Since z—y > 0 and r(z) < 0 for z > |y|,, we have fIZT (z—y)r(z2)Li(¢p.)dz < 0.
)

Similarly f__olgl” (z —y)r(z)Li(¢z)dz < 0. It follows that

[y]ry
/ (2 — y)r(2) Li (9a)dz < / (2 — y)r(2) L (n)dz
R — Y|y
[Ylry
<r z—yl(1+ |z]) L (¢z)dz
< /| Y1+ |2 L (60)

< r1([yles — 9)( 4 [ylra) / L7 (60)dz

< ri(lylr, — 9) (L4 [ylr)t,
therefore
1< 20721 ([ylry — y)(1+ [yl )t + 03t = ta(y)
say. Since E[IT] = 0, we derive by Cauchy-Schwarz’s inequality

(31) E[|¢supacs (1) =[] < V/(supKs — )2 + ta(y).
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Step 3). We are ready to control each term of (30). We have
E|@supacs (t = 7a)+) = y]]
(t—72)+

(t Tz)+
S|sup9€a _y‘ +]E[/O | (¢sup3<5 )|d8] +]E[|/O U(d)supﬂfa(s))dWsH

<|supXKs — y| —l—rlE[/o 1+ |¢Supg<5(s)\)ds} +E[sup (/OuJ(qﬁsupgcé.(s))dWS)z}1/2

u<t

t
<|supKs — y| + rit +T1E[/ |¢Supg<5(8)|d5] + V205t
0

t

<|supXKs —y| +rit +m / V (sup Ks)2 + sa(0)ds + V20t
0

<1432

where we successively applied Assumption 2, Doob’s inequality and (31). In the same way

(t—72)+
‘ - / Sgn(¢8up Ks (S) - y) d¢sup Ks (5) |

Srl/ (1 + |¢supr,; dS + Slip |/ sgn qssupﬂC(s ) ) (¢sup3€5 )dW |
0 u<t

Taking expectation and using the foregoing arguments, this last quantity is also of order 1 + ¢3/2
and Lemma 25 is proved for x > sup Ks.

Step 4). If © < inf K5, we apply the same arguments, replacing | sup Ks| by |inf Ks| with obvious
changes. Likewise if x € Ks we may replace | sup Ks| by max{|sup Ks|, | inf Ks|}.

6.3. Proof of Proposition 9 in the case p = 0. Without loss of generality, we assume that
there is only one individual in each generation and thus |U,| = n. For the sake of readability, we
denote by 4 this unique individual in G;(U,. We follow the same steps as in the case o > 0,
slightly adapting the proof. In particular, the triangle inequality used in Step 1). in the case ¢ > 0
is not accurate enough when o = 0.

Step 1).
E.Mu, ()7 = U5 ZEL[(Y. Y w(Xu-, Xu)’]
m=1ueG,,NU,
= |U:L|72Elt [( Z d)(Xm—l; Xm))z]
m=1
= |UX|"2(I + II),
where
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Step 2’). The control of I is as before straightforward: using Lemma 26 we obtain as before
I's ”W’Q|u'
Step 3’). By the Markov property

IT=2%" " E,[v(Xi 1, X:)Q(X,)].
i=1 j=i+1

We further decompose IT = 2(II1 4 IV') having

III = zn:Eu [(Xi1, Xi)Q(X5)],

V=3 > E,[¢(Xi1, X)Q(X))].

i=1 j=i+2
Using Lemma 26, we get 111 < n|t.|1|t],. Moreover,

IV Snlla Y p(@) S nly| il (1+ p(V)p",

i=1

which yields the result.

6.4. Integration by parts formula. We prove in this section the following formula for the local
time: for all @ > 0 and z € X,

E{/OOO e_adeZ] = a/ooo B_QSE{LZ}dS.

First, for ¢ > 0, the integration by part formula (see [33, Proposition 0.4.5]) yields

t ¢
e LY :/ e”“*dL? —a/ e" " Lds.
0 0
Moreover, we have
liminfE[e~*'Li| =0 > E[liminfe ' Lf] > 0,
t—+o00 t—o00

using Lemma 25 and Fatou’s lemma. Finally
0= JE[/ e edLt] —aJE[/ e~ Lids|,
0 0
and the result follows by Fubini’s theorem.

6.5. Proof of Proposition 21. Remember that

\11(19):V19<Q79(%)2) :/xl/ﬁ(dx)/x(aﬂmw))zdy

av a9 (x,y)
If A C X is a Borel set with Leb(A) > 0, we have

vo8) = [ 1a(was(e.o(do)dy > infaol ) Leb(A) > 0
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since inf, ,ex gg(x,y) > 0 by Lemma 28. By continuity of y — dygs(z, y) on [0, L], it suffices then
to show the existence z,y € X such that 9ygy(x,y) > 0. For z,y € X, we have

1—¢ ~ [e'e]
Ovante) = [ oz [T anetart/ (o) a:
ve ! B 00 9t du
:/y(l_s)l Ry /u)o Q]E[/O (1 — o)L (60)]
. _ dt
:]E[/O R(y/a(t)) (1 = Dt)e ml{y(l—a)—lgm(t)sya—l}m}

1 L 1
=1 25/0 (1—dt)e tE[l{y(lff)”S%(t)SyE*l}m]dt

by the change of variable u = yz~!, the occupation times formula, and the specific form of x. For
t > 0, define

1 ver dz
At(‘r7y) = ]E|:1{y(175)*1§¢1(t)§y5*1}T(t)} = /(1 )1 pt(x7 Z)?a
xT Y —e)

for which a closed-form formula is known, see for instance [27], Section 4.1, given by
B 27“162”‘70 ) (o) e efa(n)t/Q
pi(@, 2) a1 1¢ 7; Tn)g(n’x)g(n’ z),
with
g(n,x) = LI (:z:@> + 71 sin (z@) , and a(n) = r? + 7°n?/L>
L L L
It follows that

21 €2 1—¢ 2 = emamt/2
A(z,y) = Y log ( 5 ) +e 1 Z:l Wg(n,x)ﬂ(n,y)

with I(n,y) = [ ot e"?g(n, )9, and therefore

y(1 Z
oqy(x,y) = L /oo(l —9t)e U Ay (z, y)dt
’ 1—2¢ /g ’
1 2 s S e—a(n)t/2
— Z iz 1— —ut
T 5 I 321 (/0 (1 —"3t)e T dt)g(n,m)f)(n,y)

—1
_ 1 /ye J— i g(n,x)g(n, z) dz.
(1 - 2€)L y(l—g)—1 —1 (19 + a(n)/2)2 z
Let x € [0, L] be such that g(n,z) # 0 for every n > 1. Since z — g(n,z) is continuous on [0, L],

there exists 0 < e, < % such that g(n,z)g(n,z) > 0 for all z € J(e,,z) = [2e,7,2(1 — £,,)x]. Let
N > 0 be such that for all z € J(e1,x):

\RN(%ZN:‘ i gln 2)g(n,2) | 9l x)9(1,2)

e (a2 T 0+ a(1)/2)
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which exists because by normal convergence of the above series. Then, for every z € J(max{e,,1 <
n < N}, z) we have

o0

g(1,z)g(1, 2)
(9 +a(n)/2)?

(9 + a(n)/2)?

n=1 n=

g(n,2)g(n, ) ig(m)g(n,z)

_ 0+ a(n)/2)? + Ry (z,2) >

—|Rn(z, z)| > 0.

Finally, for € > max{e,,1 <n < N}, picking y = 2¢(1 — )z yields [y(1 — &)}, ye~1] = d(e,2) C
J(max{e,,1 <n < N}, x) so that dygg(x,y) > 0.
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