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Abstract A multiscale Hybrid High-Order method has been introduced recently
to approximate elliptic problems with oscillatory coefficients. In this work, with
a view toward implementation, we describe the general workflow of the method
and we present one possible way for accurately approximating the oscillatory basis
functions by means of a monoscale Hybrid High-Order method deployed on a fine-
scale mesh in each cell of the coarse-scale mesh.

1 Introduction

Let §2 be an open, bounded, connected polytopal subset of R?, d € {2,3},
with some characteristic length scale ¢,. We consider the model problem

1
us =0 on 012, (1)

{div(AEVuE) =f in £,
where f € L%(£2) is non-oscillatory, and A, is an oscillatory, uniformly elliptic,
bounded, symmetric matrix-valued field on §2. The parameter ¢ < £, encodes
the fine-scale oscillations of the coefficients. An accurate, monoscale approxi-
mation of this problem would require an overwhelming number of degrees of
freedom. In a multi-query context, where the solution is needed for a large
number of right-hand sides, multiscale methods may be preferred. To this
aim, different multiscale Finite Element Methods (msFEM) were proposed
in the literature; we refer the reader to [§] for an overview. Other paradigms
are also available to tackle multiscale problems, such as the Heterogeneous
Multiscale Method (HMM) [I]. In the case of periodic coefficients, msFEM
leads, on classical element shapes (e.g., simplices, quadrangles or hexahedra),
in the lowest-order case, and without oversampling, to energy-error estimates
of the form (v/e + H + /¢/H) where H represents the coarse-scale mesh-
size (the regime of interest is ¢ < H < {). Higher-order extensions using
simplical Lagrange elements of degree k > 1 were devised in [2], leading in
the same setting of periodic coefficients to energy-error estimates of the form
(vVe+ H* + \/e/H).

Recently the authors devised and analyzed a multiscale Hybrid High-
Order (msHHO) method [3]. This method, which is a further development of
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the monoscale HHO method introduced in [6] for diffusion problems and in
[7] for linear elasticity, uses as discrete unknowns polynomials of degree k > 0
on the mesh faces and of degree [ > 0 in the mesh cells. The crucial difference
with respect to the monoscale HHO method is that the msHHO method uses
oscillatory basis functions to define the local reconstruction operator, which
is the core ingredient in building HHO methods. Two variants of the msHHO
method were developed in [3], the mixed-order one (I = k — 1, £ > 1) and
the equal-order one (I = k, k > 0). The motivations for considering HHO
methods are that these methods support polytopal meshes, share a common
design in any space dimension, are robust in various parametric regimes,
and allow one to express basic conservation principles at the cell level, while
offering computational efficiency since cell unknowns can be eliminated lo-
cally, leading to (compact-stencil) global problems with fewer unknowns. The
monoscale HHO method has been bridged in [5] to the Hybridizable Discon-
tinuous Galerkin (HDG) method and to the nonconforming Virtual Element
Method (ncVEM). In the case of periodic coefficients, the msHHO method
leads to energy-error estimates of the form (y/z+H**14/e/H). The msHHO
method can be viewed as a higher-order, polytopal version of the msFEM &
la Crouzeix—Raviart introduced in [10]. Other recent multiscale methods at-
taching discrete unknowns to the mesh faces include [QTTIT2].

This contribution is organized as follows. In Section [2| we recall the os-
cillatory basis functions from [3] and discuss how they can be computed in
each mesh cell. In Section [3] we outline the general workflow of the msHHO
method. Finally, in Section [4] we present some numerical experiments illus-
trating how the accuracy in computing the oscillatory basis functions influ-
ences the accuracy of the msHHO method. For a detailed presentation of
the implementation of the monoscale HHO method, we refer the reader to
[4]. The present developments are part of the Disk++ library, available as
open-source under MPL license (https://github.com/datafl4sh/diskpp).

2 Oscillatory basis functions

Let G := (T, Fq) be a coarse-scale mesh discretizing (2, where Tg; and Fp,
are, respectively, the collection of the mesh cells and faces. The oscillatory ba-
sis functions are defined on each mesh cell T € Tg. Let For := {F, bo<n<mr
be the collection of the faces composing the boundary of the mesh cell T'. The
purpose of the oscillatory basis functions is to provide a basis for the space

VER = {ve € HY(T) | div(A:Ve) € Py HT), AcVoeny € Py (For)}

where np is the unit outward normal to T, P’;fl(T) is the space of d-
variate polynomials of degree at most (k—1) in T' (with the convention that
P, 1 (T) = {0}), and PE_, (Far) is the space of piecewise (d—1)-variate poly-
nomials of degree at most k on the faces of T. The superscript (k+1) indicates
that Vsk; ! has the same approximation capacity for smooth functions as the
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polynomial space P (T). Letting Ny := dim(P), the space Vf}l is of
dimension Njki"’l = NL’;_I + mTN(’iil.

2.1 Variational definition of the basis functions

There are N 5_1 oscillatory basis functions attached to the mesh cell T'. Let
{@;ﬁl’z}OSKN;q denote a basis of PE~1(T) ‘and let A% = Ph_ (For).
Then, the oscillatory basis function ¢ =: ap?}l’l, forall0 <i< N5717 is such
that the pair (¢, \) € H'(T) x A% solves

{ (AcVo, Vw)r + (M w)er = (@l%_l’i,w);r Yw € Hl(T), @)

(¢, Wor =0 Vpe Ay .

Equivalently, ¢ is the unique minimizer in H'(T) of the energy functional
Ve > LAV, Vv )p — (57 v.)p subjected to the constraint (ve, p)or =
0 for all u € A?_-QT.

There are mrN¥ | oscillatory basis functions attached to the boundary
of T. Let {@1}3 }o<j<nt_, denote a basis of Pk (F,) for all 0 < n < mp, and
let us extend these functions by zero to the rest of 9T. Then, the oscillatory
basis function ¢ =: gof}l’é(j’n), with index §(j,n) = Nf‘l +nNF | + 7 for
all0 < j < Nk and all 0 < n < my, is such that the pair (p,\) €
HY(T) x A?,—BT solves

{ (AcVo, Vw)r + (A, w)er =0 vw € HY(T), )

(o, Wor = (D), wor Vpe A, .

Equivalently, ¢ is the unique minimizer in H'(T) of the energy functional
v: > 2(A.Vo., V)7 subjected to the constraint (v.,pu)ar = (@’}’j,u)aT

for all u € A’}_-OT. The variational problems and define the oscillatory

. . kA1,
basis functions {7} “Yocic ki
) = T

2.2 Discretization and algebraic realization

The oscillatory basis functions defined by and cannot be computed
explicitly, and one needs to approximate them by resorting to some discretiza-
tion method. In this work, we use the monoscale HHO method. We start by
submeshing the coarse-scale cell T by a fine-scale mesh Gr = (77, Fr), where
Tp is the collection of the fine-scale cells composing Gr and Fr is the collec-
tion of the fine-scale faces. On the fine-scale mesh Gr, we use the monoscale
equal-order HHO method of degree x > 0. Let ¢t € Tp be a fine-scale cell. We
introduce the local space of discrete unknowns

Uy = P(t) x PG, (Far),
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where P%(t) is the space of d-variate polynomials of degree at most x on ¢
and P4, (Fa:) is the space of piecewise (d—1)-variate polynomials of degree at
most x on the faces of ¢ which are collected in the set Fy;. Following [6]7], the
key ingredients of the monoscale HHO method are the local reconstruction
operator p{™! : U — P5T(t) and the stabilization operator sft! : U —
P% . (Fa¢) such that, for all (vs,va;) € UF, we have for the reconstruction
operator

(fo+1(vt7vat)7AaVQ)t = (Vu, AcV Q) + (var — vyar, AcVany)ae  (4)

for all g € ]F”;Jrl (t), where n; is the unit outward normal to ¢, together with the
mean-value condition (pf!(vs,va:),1); = (v, 1), and for the stabilization

operator, letting p'{”“ = p’;+1(vt7 Uat)7
st (vg, var) = 1T, ((“6t — b ) — 17 (v — p?+1)\at)’ (5)

where IT7, is the L%-orthogonal projector onto P%_, (¥s;) and IIf is the L*-
orthogonal projector onto P/ (t). The operators defined by and are
used to build the local bilinear form a; : U x U} — R so that

at((uhuat)a ('Utyvat)) = (AEVP?Jrl(UtyUat)»fo+1(vt7”8t))t
+ (778t3?+1(ut7u8t)7 3?+1('Ut7'08t))6t7

where 7y, is a piecewise constant weighting coefficient on 0t which is typically
equal on each fine-scale face f € #y; to the maximum value of ns-A,|5,-n; on
f divided by the diameter of f.

We are now ready to describe the discretization of and by the
monoscale HHO method. Based on the fine-scale mesh Gr = (7r, Fr) of the
coarse-scale cell T' € T, we introduce the spaces

Ug, = { X PZ@)} x { X Pﬁ_l(f)}> Wik = ug, x A,
teTr feFr
For a pair y = (yr,ys) € U, we denote (yi,yar) € Uy the local compo-
nents attached to the fine-scale cell ¢ € 7p, and we denote ygr the function
defined on the boundary OT such that, for each fine-scale face f C 9T,
Yor|s is the component of ys attached to the fine-scale face f. Note that
yor is generally not a member of the coarse-scale Lagrange multiplier space
AI}OT since it is a fine-scale piecewise polynomial. We define the bilinear form

agr : WiF x Wb 5 R such that

QGT((ya A (z,0)) = Z at((ye, yar), (21, zot)) + (A, zor)or + (Yor, 1)or-

For all 0 <1 < N§+17 the oscillatory basis function <p§+Tl’i is approximated

by first finding the pair (y%, A") € Wi such that

ag (Y N, (z,1) = 0 (z,1)  Y(z,m) € Wi,
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where W (z, 1) i= (5 V' 2p)p for all 0 < i < N¥=1 and w00 (2, ) =
(@ﬁz,u)aT forall 0 < j < N¥ | and all 0 <n < mg. Then, we set

o =0 (i) VEE T, WO <i< NpH

For each 0 < i < quf“, after static condensation, the global problem
resulting from the above discretization is of size N _; x card(Fr) +mTNC’§71,
and has the following block-structure:

(Agr — ATTA';Z}A’TT) B y} _ —ATTA;;‘@ (6)
BT 0) \ X i ’

where the matrices Agr, Agr, Agr and Agy correspond to the monoscale
HHO matrices for a diffusion problem (see [4]), whereas the matrices B and
its transpose correspond to the imposition of the constraints by means of
the Lagrange multipliers. The matrix Aqr is block-diagonal, with card(7r)
blocks of size Nj x Nj, hence it is invertible at no cost. Once @ has been
solved, one can recover yi = AL} (Wi — Aqryk). A crucial observation is
that the system matrix in @ is independent of the index ¢ enumerating the
oscillatory basis function. Thus, a single matrix factorization followed by a
multi-rhs solve is the procedure of choice.

Let us briefly describe the assembly of the matrix B that appears in @
Recall that the coarse-scale faces composing the boundary of T are enu-
merated as {F,}, <n<myp- Assume, for simplicity, that each coarse-scale face
contains the same number, mg, of fine-scale faces, and that the fine-scale
faces in #p are enumerated by counting first the fine-scale faces in Fy, then
those in F1, and so on until F,,,,._1, and finally all the fine-scale faces located
inside T'. Then we have U0§5<mF famptp = Fy, for all 0 < n < myp. The ma-
trix B has a block-structure composed of card(#r) x mr blocks, each block
having size N5 | x Nk . For all 0 < a < card(#7) and 0 < n < mr, the
block B, is zero whenever a < nmpg or a > (n+ 1)mp, otherwise we have

Ban,ij :/ q')‘;jg[)];_::’
forall 0 <¢ < Nf,and 0 <j < Né“fl, where {Qj;j}OSKNd”_l is a basis
of the polynomial space P%_,(fa). The block-structure of the matrix B is
illustrated in Figure (1| (for d = 2) with £ = 1 and x = 1, so that each block
is of size 2 x 2. The block-structure is composed of card(#r) = 9 rows and
mr = 3 columns, and there are mpr = 2 nonzero blocks in each column.

3 General workflow of the msHHO method

The workflow of a simulation using the msHHO method involves two phases,
an offline phase and an online phase. The offline phase is run first and con-
sists, for each coarse-scale cell, in computing and storing the oscillatory basis
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Figurel. [lustration of the block-structure of the matrix B.

functions (cf. Sec. . During the offline phase, the multiscale reconstuction
operator (plus, possibly, the coarse-scale stabilization operator) are also com-
puted and stored, and the global system is assembled after local elimination
of the cell unknowns. The offline phase can substantially benefit from parallel
architectures. In the online phase, the computations done in the offline phase
can be re-used as many times as needed to solve problems where, e.g., the
source term is changed.

Let T € Ty be a coarse-scale cell. The local unknowns in the msHHO
method belong to the space Us" := PL(T)xP% | (For), where l = k—1,k > 1
(mixed-order case) or I = k > 0 (equal-order case). The multiscale reconstruc-
tion operator pf}l : Uqlik — Vskitl is defined so that, for all (v, var) € U;k,

we have for all g, € Vsk}_ L

(Yot (vr,vor), AcVae)r := —(vr, div(A:Vge))r + (vaT,Aqus~nT)aT(,)
7

together with the mean-value condition (p];}l (vr,var), 1) = (v, 1)7. The
implementation of the multiscale reconstruction operator plg}l is almost iden-
tical to that of its monoscale version detailed in [4]; only three differences need
to be noted. The first one is that in the multiscale case, the stiffness matrix
is of size Ny x NET! (recall that Nj™ = Ni~! + mp N ) and is built
using the gradients of the oscillatory basis functions (one needs to split the
integral over T into a sum of integrals over ¢ € 7 so as to employ standard
quadrature rules), whereas in the monoscale case, this matrix is of smaller
size, namely NZ;H x N f“, and is built using the gradients of polynomial ba-
sis functions. The second difference is that in the multiscale case, one uses the
integrated form (|7)) of the rhs of , so as to take advantage of the fact that
functions in Vsk; have (piecewise) polynomial divergence and flux. Finally,

to enforce the above mean-value condition on p’;}l(vT,vaT), one employs
a Lagrange multiplier since the constant function is not directly accessible
as one of the oscillatory basis functions (alternatively, one can add the term
(H%p’;}l(vT, vor), I13.qe)r with IT19.q := [ q/|T|4 to the left-hand side of

and then shift p*%! (vr, var) by the constant II%v7). In the mixed-order case,
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the local bilinear form a. 1 : Uy x Ur — R is defined as

ac v ((ur, uaor), (vr,vor)) = (A VpEH (ur, uar), Vo (vr, var))r,

and its implementation proceeds as in the monoscale case detailed in [4]. In
the equal-order case, the local bilinear form a. 7 : Uqlf’k X Ujlf’k — R is defined
as

acr((ur, uar), (vr,var)) = (A VPEL (up, uar), VoL (vr,vor)) 7

+ (mor (ur — HEPES (ur, vor))), vr — IF(pl % (vr, var)))or,

where the second term on the right-hand side is a coarse-scale stabilization
with ngr being piecewise constant on 97" and scaling on each face F' € Fyr as
the maximum value of nr-A.jyr-nr on F divided by the diameter of F'. For a
mathematical discussion on this operator, we refer the reader to [3 Sec. 5.2],
whereas its implementation proceeds as in the monoscale case detailed in [4].
The static condensation procedure and the assembly of the global system are
then standard, and as in the monoscale HHO method. In any case (I = k—1
or [ = k), the resulting global matrix has size N§_, x card(Fp,).

Finally, the online phase, which is problem-dependent, consists in com-
puting some coarse-scale projection of the right-hand side(s) and enforcing
the boundary conditions by zeroing out the degrees of freedom attached to
the coarse-scale faces on the boundary of (2.

4 Numerical experiments

In this section we briefly illustrate the msHHO method on the periodic test-
case studied in [I0]. We set §2 := (0,1)2, f(x1,22) = sin(z1)sin(zz), the
(isotropic) oscillatory coefficient A, (21, x2) 1= a(x1/e, x2/e)ls with a(z,y) :=
14100 cos?(mz) sin?(y), and € = 7/150 ~ 0.02. We build a sequence of hier-
archical triangular meshes of size H; = 0.43 x 2~! with [ € {0,...,9}; a refer-
ence solution is computed with the (equal-order) monoscale HHO method on
the mesh of level I, = 9 with polynomial degree k.o = 2. The left panel of
Figure [2 presents relative energy-errors for the mixed-order msHHO method
(k = 2) as a function of the coarse-scale meshsize for various resolutions of
the oscillatory basis functions (fine-scale mesh corresponding to I € {6,7,8}
and x € {0,1}). We observe that insufficient resolution affects the quality
of the multiscale numerical solution. The right panel presents the errors for
the equal-order msHHO method of orders k € {0,...,4}, the oscillatory ba-
sis functions being computed with [ = 8 and k = 1. The benefit of using a
higher-order method is clearly visible up to k = 3, whereas for k = 4 the res-
olution of the reference solution (~ 50Mdofs) comes into play. Of particular
interest is the regime for k = 3 where H > ¢ and the error is below 10%.
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Figure2. Energy-error as a function of the coarse-scale meshsize for various
resolutions of the oscillatory basis functions (left) and for various values of
k. The vertical red line indicates the value of €.

References

1. A. ABDULLE, W. E, B. ENGQUIST, AND E. VANDEN-EIINDEN, The Heteroge-

2.

3.

10.

11.

12.

neous Multiscale Method, Acta Numerica, 21:1-87, 2012.

G. ALLAIRE AND R. BRrizzi, A multiscale finite element method for numerical
homogenization, STAM Multiscale Model. Simul., 4(3):790-812, 2005.

M. CicuTTiN, A. ERN, AND S. LEMAIRE, A Hybrid High-Order method for
highly oscillatory elliptic problems, arXivi1709.04679.

M. CicutTiN, D. A. D1 PIETRO, AND A. ERN, Implementation of Discontinu-
ous Skeletal methods on arbitrary-dimensional, polytopal meshes using generic
programming, J. Comput. Appl. Math. (in press).

B. CockBURN, D. A. D1 PIETRO, AND A. ERN, Bridging the Hybrid
High-Order and Hybridizable Discontinuous Galerkin methods, ESAIM: Math.
Model. Numer. Anal. (M2AN), 50(3):635-650, 2016.

D. A. D1 PIETRO, A. ERN, AND S. LEMAIRE, An arbitrary-order and compact-
stencil discretization of diffusion on general meshes based on local reconstruc-
tion operators, Comput. Meth. Appl. Math., 14(4):461-472, 2014.

D. A. D1 PiIETRO AND A. ERN, A Hybrid High-Order locking-free method
for linear elasticity on general meshes, Comput. Meth. Appl. Mech. Engrg.,
283:1-21, 2015.

Y. EFENDIEV AND T. Y. Hou, Multiscale Finite Element Methods - Theory and
Applications, volume 4 of Surveys and Tutorials in the Applied Mathematical
Sciences. Springer-Verlag, New York, 2009.

Y. EFENDIEV, R. LAZAROV, AND K. SHI, A multiscale HDG method for second
order elliptic equations. Part I. Polynomial and homogenization-based multi-
scale spaces, SIAM J. Numer. Anal., 53(1):342-369, 2015.

C. LE Bris, F. LEGoLL, AND A. LoziNskl, MsFEM a la Crouzeiz—Raviart for
highly oscillatory elliptic problems, Chinese Annals of Mathematics, Series B,
34(1):113-138, 2013.

L. Mu, J. WANG, AND X. YE, A Weak Galerkin generalized multiscale finite
element method, J. Comput. Appl. Math., 305:68-81, 2016.

D. PAREDES, F. VALENTIN, AND H. M. VERSIEUX, On the robustness of Mul-
tiscale Hybrid-Mized methods, Math. Comp., 86:525-548, 2017.


https://arxiv.org/abs/1709.04679

	On the implementation of a multiscale Hybrid High-Order method

