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HOLDER STABILITY FOR AN INVERSE MEDIUM PROBLEM
WITH INTERNAL DATA

MOURAD CHOULLI AND FAOUZI TRIKI

ABSTRACT. We are interested in an inverse medium problem with internal
data. This problem is originated from multi-waves imaging. We aim in the
present work to study the well-posedness of the inversion in terms of the bound-
ary conditions. We precisely show that we have actually a stability estimate
of Holder type. For sake of simplicity, we limited our study to the class of
Helmholtz equations A + V' with bounded potential V.

Mathematics subject classification : 35R30.

Key words : Helmholtz equation, inverse medium problem, internal data,
Hélder stability, unique continuation.

1. INTRODUCTION
Let Q be a C2-smooth bounded domain of R", n = 2,3, with boundary T.
et
i 9 = {V € L*(Q); 0 is not an eigenvalue of Ay},
where Ay : L2(Q2) — L?(Q) is the unbounded operator defined by
Ay = —A —V with D(Ay) = H*(Q) n H}(Q).
Note that
2 o{V; V(x) =X, x€Q, for some A € R\c(4y)}.

Here Ag is Ay when V =0 and a(/ﬁ)) is the spectrum of A,.
Let 0 < k < 1 be given and let V € & so that 2vg < V, where vy > 0 is fixed.

Consider then Zy(k,vo, V), the subset of 2 of those functions V' e L*() satisfying
|V = V] L= (q) < min (k/HA%lH%(L?(Q)), vo) .

Pick p > n and fix h € W2~'/P2(T) non identically equal to zero and denote by

uy, V€ Dy(k,vg, V), the solution of the following BVP for the Helmholtz equation:
Au+Vu=0inQ) and w=honT.

According to [17, Theorem 3.1, page 1782], uy € W2P(2) and the following estimate
holds

(11) H’LL\/Hw2,p(Q) <M=M (Q7p, V0, k77, h) , Ve @0(]{7,1}0, V)

We are mainly interested in determining the absorption coefficient V' from the
internal data

IV = Vu%/
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2 MOURAD CHOULLI AND FAOUZI TRIKI

This inverse problem is originated from multi-waves imaging. The term multi-
waves refers to the fact that two types of physical waves are used to probe the
medium under study. Usually, the first wave is sensitive to the contrast of the
desired parameter, the other types can carry the information revealed by the first
type of waves to the boundary of the medium where measurements can be taken.
In the present work, we assume that the first inversion has been performed, that
is the internal data Iy is retrieved, and we focus on the second step. We refer to
[4, 5, 7,8,9, 10, 17] and reference therein for further details.

Choose K > 0 sufficiently large in such a way that

gl(k‘av(hVaK):‘@O(k’/UO) )ﬁ{VGCOl( ) HVHCOI K};ﬁ@

Note that, according to Rademacher’s theorem, C%*(Q) is continuously embedded
in WL(Q).

For the inverse problem under consideration we are going to prove various Holder
stability estimates.

Theorem 1.1. (interior stability) Let w € Q. Then, there exist two constants
C = C(Q,pmo,k,v,h,K,w) >0 and p = M(Q,p,vo,k,v,h,K,w) so that, for
any V,V € Py (k, vy, V,K) satisfyingV =V on T, we have

V=V <CH11/2 1/2H
I |2 (w) V .

A similar result was already proved by G. Alessandrini in [1] under different
assumptions.

When h does not vanish on a part of I', we obtain improved results which we
state in the following theorems.

Theorem 1.2. Under the assumption |h| > k >0 on I, there exist two constants
C = C(Q,p,vo,k,V,h,K) >0 and p = ,u(Q,p,vo,k,V,h,K) so that, for any
V.,V e 21(k,v,V, K) satisfying V="V on T, we have

I L

V=Vl < i =120, .
Theorem 1.3. Let QcQobea Cz—smoojh domain with boundary T such that
5 := T AT satisfies ¥ # &, and let w € Q. Under the assumption |h| > x > 0
on T, there exist two constants C = C’(Q,p,vo,k,v, h,K,w,Q) > 0 and p =
I (Q,p7 vo, k,V, h, K7w7§~2) s0 that, for any V,V e D1 (k, v, V, K) satisfying V = Vv
on T and VV = VV on 7, we have

V= Ve < CHF/2 1/2H

I |z (w) V @

In the following result we allow the Dirichlet boundary condition A to vanish on
I". Denote
Iy ={zel; |h(z)]>0} and Ty={zel; h(z) =0}
Theorem 1.4. Let~y be a compact subset of I' . uly andw € Qun. Then, there ex-
ist two constants C' = C (Q,p, vo, k, V,h,K,w) >0andy = p (Q,p, vo,k,V7h,K,w)
so that, for any V,V € 21(k,vo,V,K) satisfying V =V on T, we have

V-V e <0H11/2 WH
I |z (w) V .
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We deduce from Theorem 1.3 that it is possible to recover the potential V on a
small set w of € if the medium is probed starting from 7, the part of the boundary
where h is intense, and by covering a neighboring region ) that contains w. Unfor-
tunately h may in general settings be zero on some parts of the boundary I', and
Theorem 1.4 is an attempt to improve the results of Theorems 1.2 and 1.3 in this
direction.

In [2], the authors were able to prove a lower bound for the gradient of solutions
near the boundary when the boundary data is “qualitatively unimodal” (see [2]
for the definition). Roughly speaking, the key in their proof is that even if the
tangential gradient of solutions vanishes, there is, according to Hopf’s maximum
principle, a non zero contribution of the derivative of solutions in the normal direc-
tion. Unfortunately, there is no similar arguments that can be used in order to get
lower bound for solutions on the boundary.

The rest of this text consists in two sections and an appendix. We establish
in Section 2 weighted interpolation inequalities that are our main ingredient for
proving stability estimates. That is what we do in Section 3. We end by an
appendix that is devoted to prove a technical result we used in Section 2. This
result which is essential in our analysis gives a lower bound of the L?-norm of
solutions on a small ball, away from the boundary, in term of the radius of the ball.

2. WEIGHTED INTERPOLATION INEQUALITIES

We start with some preliminaries involving the so-called frequency function. If
d is the diameter of 2 with respect to the euclidean metric and 0 < 6 < d, let

Q° = {zeQ; dist(x,I') =6} and Qs = {z e Q; dist(z,T') <5}

For 0 < vy < Vo and M > 0, set ¥ (vo, Vo) = {V € L*(Q); vo <V < Vy}. Define
then

S (v, Vo) = {ue H*(Q); Au+ Vu =0, for some V e ¥ (vg, Vo)}.
Let u € .7 (vg, Vp) and g € Q°. We define, for 0 < r < 4,

Ho(0,7) = j u?(2)dS (x),

S(zo,r)

Dy (xg,7) = JB( ) {\Vu(x)|2 + V(x)uz(yc)} dz,

K. (wg,7) = J u?(x)dS(z).
B(zo,r)
Here S(zo, ) is the sphere of centrer zy and radius r.
Henceforth, the first Dirichlet eingenvalue of the Laplace operator in the domain
D is denoted by A\ (D).
Prior to define the frequency function, we need to prove the following lemma,
where

(21) pPo = \/)\1(3(071))/‘/0

Lemma 2.1. Let py be as in (2.1). Then, for any u € .%(vo, Vo), u # 0, 29 € Q°
and 0 < r < min(d, pg), we have Hy(xo,7) > 0.
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Proof. We proceed by contradiction. Pick then u € .7 (vg, Vo), u # 0, o € Q% and
assume then that H,(xo,r) = 0 for some 0 < r < min(d, pg). That is, v = 0 on
S(xo,7). Therefore Green’s formula gives

(2.2) J |Vu|*de = f Vuldr < VOJ u?.
B(zo,T) B(zg,r) B(zo,r)

On the other hand, bearing in mind that A (B(zo,r)) = A1(B(0,1))/r?, Poincaré’s
inequality yields
1

2.3 J uldr < 7J Vuldx
( ) B(zo,r) A (B(I()? T)) B(zo,r) | |

’I"2

< — Vul?dz.
M (B(0,1)) JB(IO,M Vel

Note that we used here that u € H}(B(xo,7)).
Inequality (2.3) in (2.2) produce

2V ) J
1—— 0 Vul?dz <0
( MBO.D) Ly

As 1 —72Vy/A1(B(0,1)) > 0, we conclude that u = 0 in B(zg,r) and hence u is
identically equal to zero by the unique continuation property. This leads to the
expected contradiction. O

According to Lemma 2.1, if u € % (vo, Vo), u # 0, we can define the frequency
function N, corresponding to u, by
’I’D ({EO, )
Hu(J?o, ) .

The following two lemmas can be deduced from the calculations developed in
[19, 20] (see also [14]).

Lemma 2.2. For ue.# (v, Vo), u # 0 and x¢ € Q°, we have

Ny(zo,r) =

Ky (xo,7) < rHy(xo,7), 0<r <d = min(pg,p1,9),
where po is as in (2.1) and p1 = +/(n —1)/V.
Lemma 2.3. Let ue . (vo,Vp), u# 0 and zo € Q°. Then
Ny(xo,7) < Cmax(Ny(xo,00),1), 0<r <do,
with a constant C' = C(Q, Vo) > 0 and &y is as in Lemma 2.2.

Fix 0 < o < 1. We say that W < L1 () = {w € L}(Q); w > 0} is a uniform set
of weights for the weighted 1nterpolat10n inequality

(2.4) 1= < CUAIA g Il

if the constants C' > 0 and 0 < p < 1 in (2.4) can be chosen independently in
we W and fe CH(Q).

Similarly, we will say that W < L1 (Q) is a uniform set of interior weights for
the interior weighted interpolation inequality, where w € 2 is arbitrary,

(2.5) 71y < OISR g L0l

if the constants C' > 0 and 0 < pu < 1in (2.5), depending on w, can be chosen
independently in w € W and f € C%(Q).
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Remark 2.1. Let W < L% () be a uniform set of weights for the weighted in-
terpolation inequality (2.4). Pick w € W and consider Z = {z € Q; w(x) = 0}.
We claim that Z has empty interior. Otherwise, if Z # @ then we would find
fo € CX(Z) non identically equal to zero. But (2.4) with f = fu would entail that
fo = 0. That is we have a contradiction and our claim is proved.

Let > be the norm of the imbedding H%(Q) — C(Q2). We introduce two sets,
where 0 < k < %M are given constants,

Fw(v0, Vo, k, M) = {u e H*(Q); Au+ Vu =0, for some V € ¥ (vg, Vo)
and |u] g2(0) < M, |ulr=(r) = £},
and
Z(vo, Vo, k, M) = {u e H*(Q); Au+ Vu =0, for some V € ¥ (vg, V)
and [[u]g2(q) < M, |u| = Kk on T}

The main ingredient in establishing weighted interpolation inequalities is the
following theorem. Its proof, which is quite technical, is given in Appendix A.

Theorem 2.1. Let 0 < § < d. Then there exists a constants ¢ = ¢(S2, vo, Vo, k, M, §) >
0 so that, for any x¢ € Q° and u € %, (vo, Vo, k, M), we have

c

el
(2.6) e < ullr2(Bw.8)-

Theorem 2.2. (1) The set #y,(vo, Vo, k, M) = {w = u?; u € ., (vo, Vo, k, M)} is
a uniform set of interior weights for the interior weighted interpolation inequality
(2.5).
(2) The set #y(vo, Vo, ks, M) = {w = u?; ue L(vo, Vo, k, M)} is a uniform set of
weights for the weighted interpolation inequality (2.4).

Before proving this theorem, we establish some preliminaries.

Lemma 2.4. Let 0 < § < d. There exists a constant C = C(Q,vg, Vo, k, M,8) >0
so that, for any u € Sy (vo, Vo, k, M), we have

INw] Lo (025 % (0,80)) < C-
Here 6¢ is as in Lemma 2.2.

Proof. Let o € Q. From Theorem 2.1

(2.7) Ku(20,00) = [ullZ2(520,60)) = C-
Combined with Lemma 2.2, this estimate yields
(28) Hu(ll'o, 50) =>C.

In light of Lemma 2.3, we end up getting
Nu(zo,7) < C, 0<r <y,
which leads immediately to the expected inequality. ([l

Proposition 2.1. Let0 < § < d. There exist two constants C = C(2, v, Vo, k, M,0) >
0 and ¢ = ¢(Q, vo, Vo, k, M, §) > 0 so that, for any u € S (v, Vo, &, M), we have

Cr < ulr2(Baosy), To€Q°, 0 <7 <6,

where &g is as in Lemma 2.2.
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Proof. Pick u € .7, (vg, Vo, k, M) and zq € Q°. For simplicity’s sake, set H = H,
and N = N,. From the calculations carried out in [19, 20] (see also [14]), we have

n—1

orH(xg, 1) = H(xg,r) + 2D(z0,7).

r

Whence

H(zg,7) ro r

Tnfl

2 (ln H(xo,r)> _ OrH(xg,7) mn—1 2N(a:0,r).

This and Lemma 2.4 entail

Or (th) < C, 0 <r < do.

1 r

T-'n.

Thus

500 H(zo,t H(zo, 380)r" "} 5§

J 0y IHM dt=ln(xLo)r_1<1nl, 0<s<l1, 0<r<dp.

sr tn—1 H(xg, sr)og r¢
Hence o

H(zg, s0p) < FH(%‘Q,ST), 0 <7<y,

and then

1
022 gy = " f H(x, 560)s"ds

1
< %JHL H (zo,sr)s" ds = %HUHQL%B@W)), 0<r<do.
Combined with (2.7), this estimate yields
Cre < |ullp2(B(ao,r)), 0 <7 <o,
as expected. O

Proof of Theorem 2.2. (1) Let w € #(vo, Vo, k, M) and u € Z,(vo, Vo, k, M) so
that w = u?. Fix w € Q. We need to prove that (2.5) holds with constants C
and p that are independent of w and f € C%(Q). By homogeneity it is enough
to establish (2.5) when Hf”co,a(ﬁ) = 1. To this end, take f € C%*(Q) satisfying
Hcho,a(ﬁ) =1

Fix 0 < § < d so that @ < Q° and pick g € @ so that |f(z0)] = | f] 1 (w)-

According to Proposition 2.1, there exist two constants C' = C(Q, vo, Vo, &, M, §) >
0 and ¢ = ¢(Q, vg, Vo, k, M, ) > 0 so that, for any u € 7, (vo, Vo, k, M), we have

(2.9) Cre < HuHL2(B(wo,r))u 0<r <,
where &g is as in Lemma, 2.2.
But
|f(@o)l = [fllLew) < |f(x)] +r®, for any z € B(xo, 7).
Therefore

|f (@) u(x)*da + 20 L;( ) u(x)?dx

1F 1l 2o () f u(z)?dr < QJ
B(zo,r) B

2 et 2
< QJQ |f (z)|u(x)?dx + 2r JB u(z)*dx.

(w07r)

(zo,7)
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Note that, according to the unique continuation property,
J. u(z)?dr #0, 0<r <.
B(zq,r)

Hence

1f Lo (o) <2 | fu?] Lo
© SR
22520,

Combined with (2.9), this estimate yields

+ 2r¢.

(2.10) [ £l ) < CU e @yr™ ¢ +7%), 0<r<do.

When | fu?| 1) < 657, we can take r = ||fu2H1L/1((Cg)O‘) in (2.10) in order to get
(2.11) ) < CLFE 1 .

with p = 2.

If | fu?| i) = 667, we have

(212)  fliow) < 8 VN @) < 8 T ME fuP )

The expected inequality follows then from (2.11) and (2.12).

(2) Let w € #4(vo, Vo, &, M) and u € 5 (vo, Vo, k, M) so that w = u?. Asin (1),
we have to prove that (2.4) holds with constants C' and p independent on w and
f e C%¥(Q). As we have seen before, by homogeneity, it is enough to establish
(2.4) when | f]co.a gy = 1. Let then f e C%*(Q) satisfying [ f] o g = 1.

Since H?(f) is continuously embedded in C%1/2(Q), there exists a constant a =
a(2) > 0 so that

[u]1/2 = sup { |U(£C) — u(y)|

P cxyeQa # y} < allul g2y < aM.
Fix §; < (k/(2aM))?. Then a straightforward computation gives
lu| = k/2 in Qs,.
From the Holder’s continuity of f, we get, where n = 6 /4,
I flze@ny = f(zo)| < [f(x)| + 7%, x € B(xo,7), 0 <1 <o = do(7)-

Whence, proceeding as in (1), we get

| fu®lLr o
oe) 7 < a.
1f 1l oo (c2my Tl +r
L2(B(xo,r))
This and Proposition 2.1 yield
(2.13) £y < CUFu2 s gayr= +79), 0 <7 <o,

On the other hand, noting that B(y,r) n Q < Q5, when y € Qy, and 0 <r <,
we find

flomom [ uw)ds = |0 (o)’
B(yo,r)nQ B(yo,r)nQ2

< J |f (z)|u(z)?dz + r* J u(z)?dz.
B(yo,r)nQ B(yo,m)nQ2
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We have
f u(x)?dz = w*B(yo,r) N Q|

B(yo,r)nQ2
Proceeding similarly to the proof of [15, Appendix A], we find X = R(Q2) > 0 and
0 < 1o =1o(Q Kk, M) <n so that

|B(y0,’[‘)ﬂQ|>N7‘n’ 0<7”<’I"0.
Whence

[l @) < R LUl pae) + 7%, 0 <r <.

This means that an estimate of the form (2.13) holds with | f| 1= (qn) substituted
by [ f[z=(q,,)- In consequence,

[ fl=) < CUfu?pryr™ +r%), 0 <7 < min(rg, &).

We can then mimic the end of the proof of (1) in order to obtain the expected
inequality. [
3. PROOF OF THE MAIN RESULTS
Proof of Theorem 1.1. Pick w € 2. We firstly observe that, according to (1.1),

{uV; Ve 90(1437 U07V)} < y’w(’UOa ‘/ba K, M)a

with £ = AL (r), Vo = vo+ |V L= (o) and M = M (Q,p,vo, k, V, h) is as in (1.1).
We then apply (1) of Theorem 2.2 in order to obtain

(3.1) IV = Vo) < CIV = V) |2 g,
with C' = C (Q,p7 vo,kz,v,h,w) and p = (Q,p, vo, k., V, h,w).
On the other hand, we have from [17, Theorem 2.2, page 1781]

(3.2) IRV = V)lla @y < CILY = TP ).

Set, for simplicity’s sake, u = uy (resp. I = Iy) and @ = uy (vesp. I = Iy).
Then

(V =V)u? = Vu? = Vi + V(u? —a?)
T P V(] + fal) (] — Jal).

Hence
(3.3) (V= V)u®| 1) < C (HIl/Q — 12| gy + [ul = |ﬂ|HL1(sz)) .
But 12
1 -~ I -

al—|ul== (I —-1)+=— [(V-V)I'?

il = ful = 5 (1= 1) + o [V = V) 7]
implying
(B4) V=Vl < C (I = T2 pa) + [(V = DI 0))

Now a combination of (3.2), (3.3) and (3.4) yields
HV - V“Lw(w) < CHIl/Q - fl/QH/;]l(Q)a
which is the expected inequality. (I

Proof of Theorem 1.2. Quite similar to that of Theorem 1.1. We have only to apply
(2) of Theorem 2.2 instead of (1) of Theorem 2.2. O
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Proof of Theorem 1.3. The proof relies on an improvement of a weighted stability
estimate obtained in [17, Theorem 2.2, page 1781].

Lemma 3.1. Assume that the assumptions of Theorem 1.3 hold. Then there exist
C=C(vy,V,h, K,w,Q) >0 and 1> p/ = p/(vo,V,h, K,w,Q) > 0 such that

(3.5) IL/2(V = V)2 < CIL® = L4, -

Proof. We set # = V=12 and J = 1‘1//2. We deduce from the proof of [17, Theorem
2.2, page 1781] that 6 satisfies

J2
(3.6) JA(JO) =~ Q.

Referring to [22], we see, as uy is non identically equal to zero, that the set where
uy vanishes is of zero measure. Therefore, J = Vu} has the same property and
hence 6 verifies

(3.7) A(J6) = _g in Q.

Let 6 = V=12 and J = I./%. Identity (3.7), with V substituted by V, yields
(3.8) A (J6) = —% in Q.

Taking the difference side by side of equations (3.7) and (3.8), we obtain
(3.9) A(J(e—é))—% (9—9)=JgJ+A(§(j—J)).

As J(0—0) has zero Cauchy data on ¥, we deduce from [3, Theorem 1.7] that there
exists C(vg, V, h, K,w,Q) > 0and 1 > p'(vo,V, h, K,w,Q) > 0 so that

- W
J—J -
7 BT D)

Whence the expected inequality follows. [

(3.10) HJ(9 — é)”[;(w) <C (H i
L2(Q)

The rest of the proof is quite similar to that of Theorem 1.1. We apply again
(1) of Theorem 2.2 to inequality (3.5). O

Proof of Theorem 1.4. We split v into two components vy = ynI'y and v9 = ynT.
Let V and V be as in the statement of Theorem 1.4. As p > n, W??(Q) is
continuously embedded in C'(2). Whence u}, € W2P(€2). Inspecting the proof of
[6, Proposition 3.1], we get that there exists a constant § = ¢ (Q,p7 vo, k,V, h,, ’yo)
and a neighborhood Uy of 7y in w U Ty so that |uy|™® € L' (Uy). We get from the
proof of [6, Lemma 1.3] that there exists Co = Co (Q,p, vo, k,V, h,70) such that

~ = 5/(2+6
IV = V2w < Col(V = V)ud |35
In light of [16, Lemma B.1], this inequality entails
IV = Vo) < Coll(V = V)b |2,

for some Mo = Ho (Qapa Vo, ku V7 ha 770) .
As in Theorem 1.1, this inequality leads to the following one

~ 1/2 1/2
(3.11) IV = Ve < Col b = 1150 -
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On the other hand, we easily check that

1 1
|uy| = = min |uy| = = min|h| (> 0)
2 Y+ 2 Y+

in a neighborhood U, of v, in w u I'y, depending only Q, p, vg, k,V, h and 7.
We apply once again [16, Lemma B.1] in order to get

[V — ‘7|‘Loo(u+) <CL(V - f/)u%/\ ZJ{(Uﬁ-)’

for some Mt = By (Qapa Vo, kav7 h7 7’Y+) and C+ = C+ (Qap7 Vo, kav7 h7 ) ’Y+)
From this inequality we deduce, again similarly as in the proof of Theorem 1.1,

~ 1/2 1/2
(3.12) IV = Vo) < O+l = 11 -

Let @ € 2 so that w < wuldy WU. By the interior stability estimate in Theorem
1.1, there exists i = [ (Q,p, vo, k, V, h, ,w) and C = C (Q,p, vo,k‘,V,h,w) so that

> 1/2 1/2 )1
(3.13) IV = V]e@) < I = 12 o)

We end up getting the expected inequality by combining (3.11), (3.12) and (3.11),
with g = min(uo, i+, fi)- O

APPENDIX A

In this appendix, 2 is a bounded domain of R", n > 2, with Lipschitz boundary
T'. Let
L =div(AV ) +V,
where V € L®(Q), A = (a/) is a symmetric matrix with coefficients in W1 (Q)
and there exist kK > 0 and A > 0 so that

(Al) A(I)€€> H‘€|27 ’JJEQ, EERTL7
and
(A.2) IV Lo 2y + la® lwre@) <A, 1<i,j<n.

Recall the following three-ball interpolation inequality, proved in [11] when V' = 0
but still holds for any bounded V' (see also [14]).

Theorem A.1. Let 0 < k < ¢ < m. There exist C > 0 and 0 < s < 1, only
depending on Q, k, £, m, k and A, such that

(A.3) Ivllz2(By,ery) < CHU”iz(B(y,kr))HU||1L§(SB(%W)),
for all ve HY(Q) satisfying Lv =0 in Q, ye Q and 0 < r < dist(y,T)/m.

We know from [21, Theorem 2.4.7, page 53] that any Lipschitz domain has the
uniform interior cone condition, abbreviated to UICP in the sequel. In particular,
there exist R > 0 and 6 € ]0, g[ so that, to any # € I' corresponds & = £(%) € S*71
for which

C@)={zeR" 0<|z—Z <R, (x—2)-&> |z —T|cosb} < Q.
Define the geometric distance df , on a bounded domain D of R™, by
dg (,y) = inf {£(¢)); ¢ : [0,1] — D Lipschitz path joining = to y},
where

o) = f () dt
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is the length of .

Note that, according to Rademacher’s theorem, any Lipschitz continuous func-
tion ¢ : [0,1] — D is almost everywhere differentiable with [4)(¢)| < k a.e. ¢ € [0,1],
where k is the Lipschitz constant of 1.

Lemma A.1. Let D be a bounded Lipschitz domain of R™. Then df € L*(Dx D).

A proof of this lemma can be found in [18].
In the rest of this text

dy = Hdmmmmy

Proof of Theorem 2.1. In this proof C' denote a generic constant that can depend
only on Q, vy, Vo, k and M.

Step 1. Let y,y0 € 2% and 1 : [0,1] — Q be a Lipschitz path joining yo to y so
that £(¢) < d(yo,y) + 1. Let to = 0 and tj,1 = inf{t € [t, 1]; 1(t) ¢ B(¢(tr),0)},
k = 0. We claim that there exists an integer N > 1 so that (1) € B(¢(tn),9). If
not, we would have (1) ¢ B(1(t;),0) for any k > 0. As the sequence (tx) is non
decreasing and bounded from above by 1, it converges to < 1. In particular, there
exists an integer ko > 1 so that ¥(t) € B (¥({),6/2), k = ko. But this contradicts
the fact that [(tp41) — ¥ (tx)| =9, k = 0.

Let us check that N < Ny, where Ny only depends on d; and §. Pick 1 <j<n
so that

max [¢; (k1) — i(te)| = [¥; (k1) — 5 (te)] -

1<i<n

Then

Tht1 | the1l
[ ] <n [ bear
t t

k k

d < nYj(thgr) —¥(te)| =n

Consequently, where ty11 = 1,

(N+1)s<n ) J [ (t)|dt = nt(¥) < n(dy + 1).

Therefore

Here [n(d, + 1)/6] is the integer part of n(d, + 1)/0.
Let y = ¥(tx), 0 < k < N. If |z — yr41| < 0 then
2 =yl < |2 = yra] + [yrrr — yrl < 26.
In other words, B(yx+1,0) < B(yg, 20).

We get from Theorem A.1

(A4) lull2(By;.20) < Cluliziag, s luliz s, e, 0<i<N.

Set Ij = HUHLZ(B(yj,(S))? 0<j< Nand Iy = HuHLz(B(y,(g)). Since B(yj+17(5) c
B(y;,26), 1 <j < N —1, estimate (A.4) implies

(A.5) I <CM; "I, 0<j<N,

where we set My = |[u 12(q).
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Let Cy = Cltstts™™

estimate (A.5) yields

(A.6) Iny1 < O1MP1f.

Without loss of generality, we assume in the sequel that C > 1 in (A.5). Using
that N < Ny, we have

B =By =8 > se75 =)(d), where s =n(d, +1)|Ins|,

1
Ol < Clisa

5\ (D"
My My

These estimates in (A.6) gives

IN+1<C & ()
My = M, ’

and 8 = sV *!. Then, by a simple induction argument,

In other words,

s

lulr2(B(y,5) <C <|U|L2(B(yo75))>w( )
lulr2(e) ] L2

Applying Young’s inequality, we get from this inequality

1 __1
(A.?) ||u||L2(B(y7,5)) <C (61*“’(‘” HuHLz(Q) + e ¥ HUHLZ(B(yO,S))) ,

€>0,y,yge Q.

Step 2. Fix & € I so that [u(Z)| = |lul|p=ry. Let § = £() be as in the definition
of the UICP. Let g = & + 0§, § < R/2, dy = |zg — Z| = ¢ and pg = dpsinb/3.
Note that B(zg,3po) < C(Z).

By induction in k, we construct a sequence of balls (B(xg, 3px)), contained in
C(), as follows

T4l = Th — k€,

Pk+1 = HPk;
A1 = pdy,
where
di, = |z — Z[, pr = Idk, ap = (1— p)dy,
with
ﬁ_sin9 _ 3—2sin6
3 T Tame
Note that this construction guarantees that, for each k, B(zx, 3pr) < C(Z) and
(A.8) B(zk+1, pr+1) © B(xk, 2p)-

We get, by applying Theorem A.1, that there exist C' > 0 and 0 < s < 1, only
depending on €2, vy and Vj, so that

(A.9) |l L2 (Bay.200)) < CHU|‘1L;€B(Ik73pk))HUHZQ(B(a:k,pk))

< OM“SHUHSL?(B(%PH)'

In light of (A.8), (A.9) gives
(A]‘O) HUHLz(B(wathkJrl)) < CMl_SHuHiQ(B(zk,pk))‘
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Let Ji = [u]|r2(B(zy,p0))> & = 0. Then (A.10) is rewritten as follows
Jps1 S CMY 5%
An induction in k yields
Jk < Cl+s+...+sk71M(l—s)(1+s+...+sk71)Jgk.

That is

k

1—s*
(A.11) Je<lomm] g

Applying Young’s inequality we obtain, for any € > 0,

(A.12) Ji < (1— s")eTmF O™ M + b3

e P -5
e=FCT== M+ € *Jy

N

1 1
< Cer—F M + e 5% Jy.
Now, since u e C%1/2(Q),

u(@)| < [u]i)o|Z — 2|? + [u(z)], =€ Bk, pr).

Hence
IS™ Y ol u ()] < 2[u]§/2 f |Z — z|dz + 2[ lu(z) [2da.
B(zk,pk) B(zk,pr)
Or equivalently
u(@P < 28"y ([um | o aalda | |u<x>|2dx> .
B(wk,pk) B(wk,px)

A simple computation shows that dj, = u*dy. Then
|£f—(E| < |:%—xk|+|xk—:r| <dg +pr=14+9)d, = (1+19),ukd0.
Therefore,
- 1/2 11— —n —r
(@) <2 (M1 4+ 9)2ay 2 + 8717 0ddo) "Ml o))

implying, when do(=0) < 1

N

)

(A.13) lu(z)| < C (M,ﬁ/? + u*”k/25*”/2jk) .
Inequalities (A.12) and (A.13) gives
(A14) \u(i‘)| <C (Mk/2M + M_nk/El/(l_sk)d_n/QM + M_nk/25_1/5k5_n/2']0> )
We get, by choosing € = u(lfsk)(”“)k/z in (A.14),
lu(z)| < C (Mk/QM 4 pR2e2 g ’u—(n+1)k/(2sk)+k/25—n/2J0) .
Hence
(A15) ‘U(JNZ)| < Cafn/Z (luk/QM + uf(n+1)k/(2sk)J0) ’

by using § < diam(€?).
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Let t > 0 and k be the integer so that k <t < k + 1. Tt follows from (A.15)
(A.16) lu(z)] < Co™2 (WM + ;f“”“)/(%*wo) .
Let p=(n+1)/2 +|Ins|. Then (A.16) yields
(A.17) lu(z)| < C5/2 (WM e JO) :
Putting eP* = 1/¢, 0 < € < 1, we get from (A.17)
(A.18) u(z)| < €6~/ (eﬁM +el lnﬂ\/eJo) ,

where 8 = |1In p|/(2p).
Step 3. A combination of (A.7) and (A.18) entails, with 0 < e < 1 and € > 0,

u(F)| < 5/ (GBM 4 ellonl/e (G}/ufww))M 4O ||u||L2(B(yO76))>) .
Hence, where £ = n/2 and p = |In p,
- e [ 1/(1—¢(5 —1/4(8
HUHLOO(F) < o0) L (eﬁM + ep/ (61/( P( ))M + € /( )HuHL2(B(yo,5))")) .

In this inequality we take e; = e?(1=¥(0)e=p(1=9())/¢ Using that
6171/1#(5) < PP 1=0(9)/((9))

we obtain in a straightforward manner
lul o ry < C5~* (49 M + A A=V WO |y 1o, W) ,
= (p+ — then we can rewrite the previous estimate as tollows
If (6 p+56)(1—1(9))/¥ () th ite th i i foll
Jull Lo (ry < C5° (eBM + €¢(6)/6HUHLQ(B(yo,(S))") ;
or equivalently
(Alg) ”U”Lao(p) < 067Z (tiﬁM + €t¢(6) ||u||L2(B(yg,6))) s t>1.

If M/”u||L2(B(yg,5)) > e¢(6), we find ¢ > 1 so that M/HUHL2(B(yO,6)) — tPet?(®) The
estimate (A.19) with that ¢ yields

1 M 7
|| Lo (ry < C6~M ( In < )) .
L= (B+000)  \lulrz(Bwo.0)

In light of the inequality |lu||z=y = 7, this estimate implies

1 M -
<C§5 M ( In ( >) .
K B+68) " \ulzz(Beyo.s)

This inequality is equivalent to the following one

_ —¢/p 1/8
(A.20) MemCEHEEONTTEMIM T ul L2 (B(yo.0))-
Otherwise,

(A.21) Me™* < Jlull 2 (Byo 5 -

We derive from (A.20) and (A.21) that, there exist C' > 0 and ¢* so that

_ecld
e < ulr2(Byo.6)m, 0 < <6

Obviously, a similar estimate holds for 6 > §*. O
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