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DISORDER AND CRITICAL PHENOMENA:
THE o« = 0 COPOLYMER MODEL

QUENTIN BERGER, GIAMBATTISTA GIACOMIN, AND HUBERT LACOIN

ABSTRACT. The generalized copolymer model is a disordered system built on a discrete
renewal process with inter-arrival distribution that decays in a regularly varying fashion
with exponent 1+ « > 1. It exhibits a localization transition which can be characterized
in terms of the free energy of the model: the free energy is zero in the delocalized phase
and it is positive in the localized phase. This transition, which is observed when tuning
the mean h of the disorder variable, has been tackled in the physics literature notably via
a renormalization group procedure that goes under the name of strong disorder renor-
malization. We focus on the case a = 0 — the critical value h.(3) of the parameter h is
exactly known (for every strength 8 of the disorder) in this case — and we provide precise
estimates on the critical behavior. Our results confirm the strong disorder renormaliza-
tion group prediction that the transition is of infinite order, namely that when h \, h.(3)
the free energy vanishes faster than any power of h — he(3). But we show that the free
energy vanishes much faster than the physicists’ prediction.

AMS subject classification (2010 MSC): 60K37, 82B27, 82B44, 60K35, 82D60.

Keywords: copolymer model, phase transition, critical phenomena, influence of disorder,
strong disorder renormalization group.

1. INTRODUCTION

The effect of disorder on phase transitions and critical phenomena is a key issue to
which a considerable attention has been paid in the physical literature and, more recently,
also in the mathematical one. We refer to [11, 21] for a (necessarily partial) overview of
this vast subject from mathematicians’ perspective. One of the basic questions — do phase
transitions withstand the introduction of impurities, i.e. disorder, and, if it is so, is the
critical behavior the same as the one of the pure model or not? — has been repeatedly at
the center of the attention. On the other hand there are also cases in which the disorder
induces a phase transition that is absent in the pure model (this is for example the case for
the Directed Polymers in Random Environment in dimension three or larger, see e.g. [16]).

In spite of a number of remarkable results — let us cite for instance the works [1, 12] on the
Ising model with random external field — the issue of understanding the critical behavior in
presence of disorder is very delicate and certainly little understood (at times even the issue
of whether there is any transition at all is out of reach or far from obvious: [1, 12] are good
examples of this). The renormalization group (RG) approach proposed by A. B. Harris [24]
turned out to be quite successful from a physics standpoint for a considerable number of
disordered systems. It is helpful for us to take the Harris’ viewpoint at least for exposition
purposes. Harris’ approach demands a model in which: (i) the disorder can be made small
and switched off by tuning a parameter; (ii) the non-disordered (or pure) model displays
a phase transition. Then we can consider tackling the issue in a perturbative way and ask
what is the effect of a small amount of disorder. Following [24], it is customary to say
that the disorder is irrelevant if the action of the RG makes the disorder weaker and we
say that it is relevant if the disorder is enhanced by the transformation. Making a long
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story short, in the first case the phase transition persists and disorder essentially does
not alter the critical behavior (for example: unchanged critical exponent(s)), while in the
second case it is reasonable to expect a different critical behavior and possibly even that
the transition is washed out. Of course this scenario is not the most general and is far from
being mathematically understood. But the notion of relevant disorder clearly identifies
cases in which the nature of the critical behavior is determined by the disorder. In this
sense, possibly going beyond the scope of [24], it is natural to consider that disorder is
relevant also in cases like the one in [1] where the transition is smoothed out, possibly to
the level of washing it out completely (even if this issue is open).

Our work is about a relevant disorder case and aims at determining in a precise way the
nature of the critical phenomenon. In this direction, results have been obtained recently
in the context of localization transitions for random polymers and interfaces, notably
copolymer near selective interface models (copolymer for short) and pinning models. These
models depend on two parameters: S > 0 that controls the strength of the disorder (if
B = 0, the model is pure) and h € R which plays in favor, respectively against, localization
if it is larger, respectively smaller than zero. In the limit of infinitely large systems, there
is a critical value h.(f) such that the model is in a localized state if h > h.(f) and it is
in a delocalized state if h < h.(f): in these models the transition can be characterized
in a very simple way in terms of the free energy, namely the free energy is non negative
and localization is equivalent to the positivity of the free energy. This class of models is
particularly interesting because of the numerous applications, but also because several (not
always compatible) predictions have been set forth by physicists. But it seems now that
a certain agreement has grown about the fact that these models fall into the realm of the
(real space) strong disorder RG approach, also known as Ma-Dasgupta RG, from S. K. Ma
and C. Dasgupta who first proposed to abandon the regular procedures (block averaging,
sub-lattice decimation,...), often performed by taking advantage of transforms and working
for example in Fourier space, and focus on the irregular nature of the disorder. This is
implemented by performing a coarse graining starting with sites on which the disorder is
larger. These ideas were substantially developed by D. Fisher [19] who realized that this
procedure can yield exact results, and who set forth the idea that, iterating the strong
disorder RG, one may end up on an infinite disorder fixed point or on a finite disorder
fixed point: exact results are expected in the first case. We retain of this approach that it
predicts for copolymer and pinning models that the transition becomes of infinite order in
the sense that the free energy for h \{ h.(3) vanishes faster than any power of (h — h.(3))
[25, 28, 29]. A result of this type has been established in [26], for a pinning model based
on the two dimensional free field, hence a 2 + 1-dimensional model: it is not clear whether
or not this model can be understood via strong disorder RG approach (this approach has
been almost always applied in cases in which the disorder is one dimensional), but we point
out that the disorder makes the transition of infinite order. For the pinning model based
on higher dimensional free fields [22] — d+1 dimensions with d > 3 — the result is different,
with a milder smoothing phenomenon. The articles [22, 26] are up to now the only cases
in which the critical exponents in presence of relevant disorder have been determined .

Here we present a third case: a special case of the copolymer model. The copolymer
model has been tackled via the strong disorder RG approach with precise claims [25, 28].
Our results are in agreement with the fact that the transition is of infinite order, but as
we will explain, from a finer perspective this agreement is lost.
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1.1. The a = 0 copolymer model and the localization transition. We work with
IID disorder {wy,}n—1,2,.. of law P and we use the notation

A(B) := log E exp(Sw). (1.1)
We assume that 3 :=sup{8 e R : \(3) < o} € (0,00], and for the sake of normalization
E[w}] =1 and Ef[w] = 0. (1.2)

We consider the discrete probability density K(n) = L(n)/n, n € N := {1,2,...}, with
L(-) slowly varying at 400 and such that >, ; K(n) = 1. L: (0,00) — (0,00) is slowly
varying [6] if it is measurable and if lim,_,, L(cz)/L(xz) = 1 for every ¢ > 0: examples are
presented in Definition 1.1 and, without loss of generality for us, we can assume L(-) to
be smooth [6, Th. 1.3.3]. P is the law of the two random sequences 7 = {7;};—0,1,... and
t = {tj=12,.} with 7 and ¢ independent and

e 7 is a renewal sequence with 79 = 0 and inter-arrival distribution K (-);

e . is a sequence of independent Bernoulli variables of parameter 1/2.

Given (7,¢) we say, for j = 1,2,..., that {r;_; + 1,...,7;} is the 4 excursion and this
excursion is below the interface (respectively, above the interface) if 1; = 1 (respectively,
tj = 0). Given n = 0,1,... there exists a unique j = j(n) such that ne {r;_1 +1,...,7;}:

we then define A, = ¢j(,), so we have also that A, 11 = A, = tj41. Note that, once
A = {Ap}n=12,.. is introduced, the process (7,¢) is equivalent to the process (7, A), and
we will mostly prefer to use this second representation.

The partition function and central expression for our analysis is for N € N

N
INw = E[exp<2 (Bwn—)\(ﬁ)+h)An>; NET] , (1.3)
n=1
and of course this defines a statistical mechanics model. We set also Zp,, := 1. A way

of thinking of it is to consider a directed 1 + 1 dimensional polymer which touches (and
possibly crosses, but not necessarily) a flat interface — the horizontal axis — that separates
the two half planes that are full of two different solvents. Each monomer carries a charge
Bwn, — A(B) + h which can be positive or negative and, while the solvent above the interface
does not interact with the monomers, the solvent below the interface favors the positively
charged monomers and penalizes the negatively charged ones. This can be read out of (1.3)
once we stipulate that excursions with A = 0, respectively A = 1, are above, respectively
below, the interface.
Consider now the free energy (density)

1
P(B,h) = lim —Elog Zy. (1.4)

The existence of the limit follows from the super-additivity of {Elog Zn o} n=12,., see [20,
Chapter 4, §4.4]. Moreover since Zn ., > Znw(m1 = N,A; = 0) = K(N)/2 one directly
infers that F(/5,h) = 0. On the other hand, for g < 3,

N
%Elog INw < %log EZn. = %logE[exp (h nzl An>; N e 7-] N=g h1 0,00y (R)
(1.5)
where the upper bound corresponding to the limit is obvious and for the lower bound it
suffices to restrict to the events 71 = N and ¢; = 0 (for A < 0) or 1 (for h > 0). Therefore

(1.5) implies F(5,h) = 0 if h < 0. It is easy to see that F(3,h) > 0 for h large, for instance
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by restricting the partition function to 71 = N and ¢; = 1 (we get F(5,h) = h — A(B)).
This is already enough to claim that there exists a critical point h.(3), in the sense that
F((3,-) cannot be real analytic at h.(3), with h.(8) := max{h : F(8,h) = 0} (note that the
monotonicity of F(3,-) is obvious, as well as the convexity). In fact F(3, h) > 0 as soon as
h > 0 (this follows from the so called rare stretch strategy, see [20, Chapter 6], and it is
also a byproduct of the proof in Section 2) and therefore h.(3) = 0. As it is explained at
length for example in [14], the transition from zero to positive free energy is, in a precise
sense, a delocalization to localization transition, in particular in terms of path properties
of the system. Here we just focus on the free energy and we note that the two rightmost
terms in (1.5) are the annealed free energy of the model for finite N and for N = co. This
is the pure model associated to the (quenched) disordered model we are analyzing, and it
is therefore important to remark that the annealed model has a first order transition, i.e.
the first derivative of the free energy is discontinuous.

1.2. The general copolymer and the pinning model. For the sake of better under-
standing and motivating our results, it is important to consider a larger class of models.
First of all, the notation we use in this work is not customary: the copolymer model in
the literature is typically introduced via the partition function

N

Z]C\(iz = E{exp (QZ(wn—i-h)sn); NET] , (1.6)
n=1

where s, =1 —2A, € {—1,+1}, o > 0 and h € R (but h > 0 without loss of generality).

So the signs s, determine Whether the excursions are above or below the interface. The

expression of the partition function in (1.6) is the most natural for the interpretation of

the model [20], but from the technical viewpoint it is very useful to observe that

N
zy exp( QZ wn—i-h):— E[exp<—2g2(wn—i—h)An);NeT], (1.7)
n=1
and the right-hand s1de is a partition function that defines the same model because it
differs from Z]C\;)fu only by a factor that does not depend on the process (7,:). Moreover
it is evident that the right-hand side of (1.7) and Zy,, are directly related by a change
of variables. The variables we use, i.e. 8 and h, separate better the role of the parameter
that mesures the strength of the disorder (¢ or §) and the other parameter, h, with which
one changes the average value of the charges. Another reason to use (1.7) is for the formal
similarity with

ZR = E[exp ( i (Bwn — A(B) + h)5n>; N e T] : (1.8)

n=1
where 6, is the indicator function that n € 7, that is that there exists j such that n = 7;.
ZR,H; is the partition function of the pinning model that displays a similar localization

transition, with the analogous critical point h2™(8). We refer to [21] for a complete
introduction to the model and to the questions related to it.

For both the copolymer and the pinning models it is natural to consider the general
context of an inter-arrival distribution K(n) = L(n)/n'*®, with o > 0. The pinning
model exhibits a richer phenomenology than the copolymer model, in the sense that for
the pinning model, disorder is irrelevant for a < 1/2, and it is relevant for « > 1/2. A
first illustration of this fact is that when a < 1/2 we have h2™(B) = 0 (at least for j
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small enough, and for all 3 < 3 in the case a = 0, considered in [3]), while for a > 1/2
we have ht™(B) < 0. But a more important point is that the critical behavior of the
pure and disordered models coincide for o < 1/2 and differ for a > 1/2 (we refer to [5]
for the state of the art in the marginal case o = 1/2). We stress that neither the exact
value of ht™(B3) (see however [15]) nor the critical behavior is known for a@ > 1/2, and
the relevant character of the transition is established via a smoothing inequality [23] (see
[13] for a generalization) that implies that the critical behaviors of disordered and pure
systems differ.

On the other hand, for the copolymer model, it is known that disorder is relevant for
every a = 0: the free energy (0, h) of the pure model (which coincides with the annealed
model) is simply equal to h1( »)(h) (first order phase transition), see (1.5), whereas the
free energy of the disordered model verifies F(3, h) = O ((h — hc(8))?) by the smoothing
inequality [23, 13]. Moreover, we have h.() < 0 — bounds and even sharp bounds for
B\, 0 are known [4, 7, 8, 10, 9, 32] but the exact value is unknown — except (as we have
already mentioned) for a = 0 where h.(3) = 0.

We have reported only the mathematically rigorous results. About non rigorous ap-
proaches we refer to [21, § 6.4] for an overview of some claims made on criticality for
copolymer models. Here we focus on the fact that both pinning and copolymer models
are expected to fall into the universality classes of the strong disorder RG [19, 25, 33]
that predicts that the transition becomes of infinite order if disorder is relevant. Precise
claims in this direction are contained in [25, 28, 29] where a critical behavior of the type
exp(—c/(h — he(B)), ¢ > 0, is predicted both for the copolymer [28] and pinning models
[29]. For pinning models however, we find also the prediction exp(—c/4/h — he(3)) in [31]
and this latter claim reappears in [18], with arguments that are still non rigorous but
with a much richer and more convincing analysis developed for a simplified version of the
pinning model on hierarchical (diamond) lattices.

We present in the next sections results proving that for the a = 0 copolymer the
transition is of infinite order, and in particular we show that the free energy close to
criticality is much smaller than exp(—c/(h—h.(8))), in the sense that ¢ should be replaced
by a function that diverges as h N\ h¢(53).

1.3. Main results. We introduce L(z) := §2(L(y)/y)dy: by [6, Prop. 1.5.9a] L() is

slowly varying and limgy_ L(z)/L(z) = c0. The following definition identifies a useful
framework of models:

Definition 1.1. We say that the the decay at infinity of the slowly varying function
function L:

(i) is sub-logarithmic if L satisfies

L(z) = (1+0(1)) cr/(log z(loglogz)"), (1.9)
(ii) is logarithmic if L satisfies
L(z) = (1+0(1)) cr/(logz)", (1.10)

(117) is super-logarithmic if L satisfies

L(z) = (14 0(1)) eg exp(—(logz)'/¥), (1.11)
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where in (1.9)-(1.11) x — o0 and the parameters v > 1 and ¢, > 0 can be chosen arbi-
trarily. These assumptions correspond to asymptotic estimates on the decay of L:

(cr/(v —1))(loglog x)~v+! for sub-logarithmic decay,
L(z) = (1+0(1)) x < (ep/(v—1))(logz)~ v+t for logarithmic decay,
crv(log )1 =1/% exp(—(log z) /) for super-logarithmic decay.
(1.12)

To state the results we introduce for 5 <

q1(8) = BN(B) — A(B) and gq2(B) := A(28) — 2A(B) - (1.13)

Note that both quantities are positive if 3 > 0 and that ¢;(3) < oo for 8 € [0,3) while

¢2(B) < oo for B € [0,3/2). On the other hand, ¢1(3) = £%/2 + O(83) and ¢2(B) =
B2 + O(B3) for B\, 0. We start with a general result — i.e. not restricted to the context
of Definition 1.1 — that says in particular that the transition is of infinite order.

Theorem 1.2. Consider a general slowly varying function L satisfying Y, L(n)/n = 1.
For every B € (0,B) and every b e (0,1) there exists hg > 0 such that for every h e (0, ho)

F(3,h) < exp<— bgr(8)~ log (E(l/h)» . (1.14)

h L(1/h)
Note that
L log1 f -logarithmi logarithmi
log (x) ~ (1+0(1)) x ogilog:x or sub-logarit 'HllC 'and ogarithmic decay,
L(x) (UT) loglogx for super-logarithmic decay.
(1.15)
Therefore, in the framework of Definition 1.1, (1.14) can be stated as
1
F(5.1) < exp (Lo (9)Floglog(1) ). (116

with ¢, a positive constant that depends only on L(-).

Remark 1.3. The upper bound (1.16) holds in much greater, but not in full generality.
In fact, consider the case in which L(z) = Cexp (= § n(w) du/u), with C > 0 and n(-)
a positive continuous function vanishing at infinity — it is straightforward to see that the
right-hand side defines a slowly varying function. Since limg,_ o f)(:v) = 0, we have also
that §° n(u) du/u = co. We then have L(z) = —aL/(x) so we compute

L(x)
L(z)
Therefore, for (1.16) to hold, it suffices that there exists ¢ > 0 such that logn(x) =
—cloglogx for x large (and necessarily ¢ < 1 otherwise S;’O n(u)du/u < o). On the other
hand, by choosing n(x) = 1/loglog(x + x¢), xo > e, we have an example to which we can
apply (1.2), but for which (1.16) fails. For this ezample, like for many others that we can
write by straightforward generalization, L(-) decays even faster than super-logarithmically.

log

= —logn(x). (1.17)

If we restrict to the context of Definition 1.1 we have much sharper results:

Theorem 1.4. Choose L(-) as in Definition 1.1 and fiz 8 € (0,3).
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(i) In the sub-logarithmic case we can choose two positive constants cy and c_ de-
pending only on v so that there exists hy such that for h € (0, hg)

exp (= e n(0) loglos(U/h) ) < F(5.0) < exp (= o a(9) loglos(1/h)) . (119

(ii) In the logarithmic case we can choose two positive constants ¢y and c— depending
only on v so that there exists hy such that for h € (0, hg)

exp ( e ql(ﬂ);log(l/ho < F(B,h) < exp < e ql(ﬁ)}lllog(l/ho o (19)

(iii) In the super-logarithmic case, for h \, 0 we have

F(3.h) — exp ( ~ (14 0(1)) (ql?ﬁ)yv/w_l)) . (1.20)

We have not made c4 explicit in order to keep the statement lighter, but they are very
explicit (even if probably none is optimal): in (1.18) it suffices to choose c— > v + 1 and
¢+ < v, in (1.19) it suffices to choose c— > 5/2 4+ v and ¢; < v — 1. Note that the lower
bound in (1.18) becomes empty if 8 > 3/2, and possibly also for 8 = 3/2.

Let us also stress that we work here in the framework of Definition 1.1 for simplicity:
some of the expressions simplify thanks to this assumption, but our results can be adapted
to a much wider class of slowly varying function L(-). We can already point out the only
places where Definition 1.1 is used: to obtain (2.15)—(2.19) in Section 2; in Section 3; to
obtain (5.36)—(5.38) in Section 5.

1.4. About our methods, about perspectives and overview of the work. Some
important remarks are in order:

(1) We stress once again the partial agreement with respect to the physical literature.
Theorem 1.2 establishes that the transition is of infinite order, but it is not in agreement
with the works that predict a behavior of the type exp(—c/h), with ¢ a constant. Note that
¢ is rather a diverging function, and Theorem 1.4 gives more information: the divergence
is only slowly varying for the sub-logarithmic and logarithmic cases, but it behaves as a
power law in the super-logarithmic case.

(2) We note that the result we find go in the opposite direction with respect to the
exp(—c/v/h) behavior of [18, 31]: there is no disagreement between our results and the
claim in [18, 31] because [18, 31] are about pinning models. Nevertheless this is very
intriguing and calls for deeper understanding. With respect to this, we recall that the
strong disorder RG analysis in [19] is inspired and built on the results of McCoy and Wu
[27] on the two dimensional Ising model with columnar disorder. McCoy and Wu predict
an infinite order transition, with a precise form of the singularity that is different from the
exponential type of essential singularity found or predicted for copolymer and pinning.

(3) Our results definitely exploit the fact that the critical point of the quenched system
is explicitly known and, considering also [22, 26], this appears to be for the moment an
unavoidable ingredient. Also in the case of [18] the critical value is exactly known and
this is exploited in the analysis of the model. It would be of course a major progress if
methods could be developed to deal with cases in which the critical point is known only
implicitly. And this appears as a necessary step if one wants to understand the criticality
of the copolymer model for a > 0 or if one wants to really apprehend the strong disorder
universality class.
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The rest of the paper is devoted to the proofs.

e In Section 2, we prove a general lower bound based on revisiting the rare stretch
strategy in the direction of making it sharper. Essentially, we exploit local limit
results instead of rougher integral limit results like in previous works [7] and [20,
Sec. 6.2 and Sec. 5.4]. This covers the lower bounds in (1.19) and (1.20).

e In Section 3 we provide the lower bound in (1.18): this requires a new, more en-
tropic strategy with respect to the rare stretch strategy and it is based on applying
the second moment method on a suitably trimmed partition function. Of course
here the difficulty is in finding a suitable subset of the renewal trajectories that
yield a contribution to the partition function that is sufficient to match the upper
bound and that is not too wide so that the second moment can be compared with
the square of the first moment on sufficiently large volumes.

e In Section 4 we provide the proof of Theorem 1.2. This is achieved via a penaliza-
tion argument inspired by the analogous bound used for the two dimensional free
field in [26]. The strategy is sketched at the beginning of Section 4.

e In Section 5 we provide the proof of the upper bounds in Theorem 1.4. The key
idea here is to pass from a global to a targeted penalization: we avoid penalizing
the charges in regions that are not visited. In practice this requires setting up
an appropriate coarse graining procedure that builds on the basic structure of the
argument in [17]. Therefore, with respect to the case of the two dimensional free
field [26], we are able to upgrade the upper bound penalization procedure to get
to results that are optimal (in a sense that can be read out of Theorem 1.4).

We use the notation [n,m] := [n,m] n Z, for n,m € Z and n < m.

2. THE LOWER BOUND: RARE STRETCH STRATEGY

We develop in this section a more quantitative version of the rare stretch strategy
argument in [20, Sec. 6.2 and Sec. 5.4]. This relatively simple argument yields optimal
bounds in the logarithmic and super-logarithmic cases.

Recall the definition of ¢;(3) in (1.13).

Theorem 2.1. For B € (0,) we have:

(i) For every b > 7/2 in the sub-logarithmic case and for every b > 5/2 + v in the
logarithmic case there exists hg > 0 such that for every h € (0, hp)

r(5.) = oxp (—var(5) L) 2.1)

(ii) In the super-logarithmic case, for every b > 1 there exists hy > 0 such that for

every h € (0, ho)
F(3,h) > exp < —b <‘“}(f)>_“31> . (2.2)

The argument is not optimal in the sub-logarithmic case, in particular because in that
setup the entropic cost for having renewal points only at multiples of ¢ becomes non-
negligible.

Proof. Recall the assumptions on w, cf. (1.1)-(1.2). A sharp version of the Cramér’s Large
Deviation principle says that for every x € (0,C), C := limg .5 N (B) € (0,00], there exists
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¢(xz) > 0 such that for

IP’( Z wj = nx) N 2?2 exp (—n¥(z)), (2.3)
j=1

where ¥ () := sup,[ry — A(y)]. The value of c(x) is irrelevant for us, but it can be found
in [30, Th. 1 and Th. 6] along with a proof of (2.3).
Now we fix 5 € (0, 8) and we define ¢ := X' (f): note that ¢ solves the conjugate Legendre

problem A(3) = sup,(Bz — X(x)), that is A(8) = Bq — X(¢). Note that ¢1(8) = Z(N(p)).
We choose a (sufficiently large) integer ¢ and for j = 0,1,... we set

l
- {w: 2 Wittn = qﬁ}, (2.4)
n=1

so that {1, };=0,1,.. is an IID sequence of Bernoulli random variables of parameter p({),

where
p(l) :== P(Ey) € (;élq/)z exp(—zz(q»,z;(g) exP(—EE(q))) : (2.5)

and the inclusion statement follows from (2.3) for ¢ greater than a suitably chosen value
that depends on ¢g. Associated with such a sequence we introduce the sequence of IID
geometric random variables {Gj};—12,.., G; € {0,1,...}, that count the number of failures
before the i success in the Bernoulli sequence {1g, }i—o.1,..., defined recursively as follows

szzmin{k:=0,1,... :ilEi(w)zj}<jZ:1Gm>j, (2.6)

where the sum from m = 1 to j — 1 should be read as zero for ] 1. We call Ny (w)
the number of successes up to epoch N, that is Ny(w) = >l;< /15, (w). Alternatively,
P(

Ny (w) = sup{k : Z§=1(Gk +1)¢ < N}. By the law of large numbers, P

we have N '

im 2@ _ 2 (2.7)
The rare stretch lower bound strategy is based on selecting, once the disorder w is known,
only the renewal and excursion trajectories (7,A) € Qn 4(w) for which the process stays

above the interface except in the Ny (w) successful ¢-blocks

Ong(w) = {(T, A): {ne[l,N]: A, =1} = U i€ +1, (i + I)EH}. (2.8)

<F—1:1p, (w)=1

dw) almost surely

Z
In order to find a lower bound for P (Q N’q(w)) it is sufficient to consider the strategy
where the renewal only targets the extremities of the intervals [if 4+ 1, (i + 1)¢] for which
1g,(w) = 1 plus the last point N, and choses the sign of each excursion adequately. We
invite the reader to look at Figure 1. We obtain thus

1
log P (Qn,4(w Z log < (G E)) 1ig,>13 + Nn(w)log <2K(€)> — 2log N,

(2.9)

where the term —2log N comes from a rough estimate of the last excursion, which could
be empty and in any case it is not longer than N, hence for large N its contribution
is bounded from below by log(K(N)/3), and 1/3 is used instead of the probability 1/2
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of being above the interface because K(-) is asymptotically equivalent to a decreasing
function but it is not necessarily decreasing (or non increasing), see [6, Th. 1.5.3].

T T \J T T T W T T T T T T T
0 ‘2 60 114 N 164

FIGURE 1. The system is partitioned into blocks of length ¢ and the j*" block is
successful if the average of the w;’s in the block is at least ¢ > 0: these blocks are marked
by a thick line and we see 5 of them in the example we consider. The variables G;’s
recursively count the unsuccessful blocks before a successful one. So for this illustration
case, G1 =3,G2=4,G3 =0,G4 =2, G5 =1 and Gg > 1. The excursions we choose are
indicated by the arrows: they begin and terminate at the extremity of a block, except
possibly the last one which ends in N which is not necessarily a multiple of ¢. The
excusions below the interface are always of length ¢ and they correspond to the ¢-blocks
that are subset of [0, N]. All the other excursions are above.

Therefore using the convention K (0) := 1, we obtain that P(dw) almost surely
1 14
ligfn inf N log P (Qn4(w)) = p(g) (E [log K (G10)] + log K (¢) — 2log 2) . (2.10)
—00

In order to estimate the term E [log K (G1¢)], we consider the variable ¢; := p(¢)G;. By
the Potter bound [6, Th. 1.5.6] for every a > 0 there exists b > 0 such that L(y)/L(x) <

e max((y/x)?, (x/y)®) for every x,y = 1, so we see that

llog K (G1£) —log K (£/p(¢))| = |log K (g1¢/p(€)) — log K (£/p(¢))]

< (b+ (1+ @)l logga]) Ligy-op + 2108 (¢/p(0)) Loy
(2.11)

and one directly checks that the expectation of the right-hand side in (2.11) is uniformly
bounded in /.

In what follows € > 0 is an arbitrarily small constant that may change from line to line.
For ¢ sufficiently large

l%n_}o%fNIOgP(QNq( w)) = p(j) <log (f) +log L <p(€€)

> p(f) <—€Z(q) Flog L <p(1£)> —(5/2+¢) log€> ,

where the first inequality is obtained by replacing G with p(¢)~! by using (2.11). The
second inequality is obtained by using (2.3) and by using again the Potter bound to replace
L(¢/p(¢)) with L(1/p(¢)) and to neglect log L(¢). From this estimate we readily obtain that
F(53, h) is bounded below by

> + log L(¢) — log ¢ — 2log 2>

(2.12)

.1 . Nw) .1
l%n_)loréf—log Znn(Qngw)) = €(Bg— A(B) + h) ]\P—IPOOT + l%n_}oréfﬁlogP(QMq(w))

> (/(< M)~ 2q) + ) €+ log L(p(t) ™) — (/2 + ) og ¢

p() (he— (5/2 + &) log £ + log L(p(£)~ )) = p(;)g(h,f), (2.13)

’B
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where in the last line we have used that ¢ is the optimizer of the (conjugate) Legendre
problem and the very last step defines g(h,¢).

It is now a matter of going through the three classes of slowly varying functions that
we consider and see how large ¢ = £(h) has to be chosen in order to guarantee a positive
g(h,£(h)) gain. In what follows h is chosen small, possibly smaller than a constant that
depends also on €. Moreover C > 0 is a constant that in all cases can be easily identified:

— In the super-logarithmic case we have
log L (p(0)™Y) = — (£5(q) + (log £)/2 + O)Y¥ = —(1 + £)e*/v5(g)" (2.14)

and we readily see that if £ > (1 + &)h=?/("=D%(q)/(=1 then there exists c(g,v) > 0
such that g(h,f) = c¢(e,v)ht. Therefore (2.13) yields

F(B,h) > cle,v)hp(t) = exp (—(1+2)h~/C=In(V(8))/ V) | (2.15)

where in the last step we have used the explicit expression for q.
— In the logarithmic case

log L (p(¢)™") = —vlog (¢X(q)) — %vloglogf —C = —(1+¢)vlogt, (2.16)

so that
glh,u) = ht —(5/2+v +¢)log?, (2.17)

and it suffices to choose ¢ > (5/2 + v + 2¢)log(1/h)/h to have g(h,u) = c(g,v)ht.
Therefore

log(1/h
F(B,h) = c(e,v)hp(f) = exp <—(5/2 + v+ E)E(A’(ﬁ))()g(h/)> ) (2.18)
— Last, in the sub-logarithmic case the computation is the same as in the logarithmic case
because the iterated logarithm in the asymptotic of L(z) is irrelevant for the purpose of
this computation and L(z) can be replaced, with an error that can be hidden by ¢, by

1/log(x), that is the logarithmic case with v = 1. Hence the net result is

F(B,h) = c(e,v)hp(f) = exp <— (72 +¢) Z()\/(ﬂ))log(fi/h)> . (2.19)
The proof is complete once we recall that (N (8)) = BN (8) — A(8) = ¢1(B). O

3. IMPROVED LOWER BOUND IN THE SUB-LOGARITHMIC CASE

Recall the definition (1.13) of g2(8) := A(28) — 2\(8), which is positive for § > 0 and
finite for 8 < /2.

Theorem 3.1. Assume that L(-) satisfies (1.9) and that g2(8) < 0. Then for every
¢ > v+ 1 there exists hg > 0 such that for every h € (0, hg)

loglog(l/h)> . (3.1)

F(8,h) = exp (—Cf}z(ﬂ) h

Proof. We introduce

log log(1/h)
C1 7h

N
M2log M’
(3.2)

k= k(h):= , M :=exp(czk), N = M?*(logM)® and m =
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with ¢; and ¢y positive constants that will be chosen later on. At times we will also do as
if kK, M and m were integers. We introduce the event

Gm = {(T, A) D T2i4+1 — T2; € [M,MQ] and T2i4+92 — T2i4+1 € [1,k] for 7 € [[O,m — 1]],

1—(—1)

2
In words, we focus on the trajectories that make alternatively a long and a short excursion,
and this is repeated a fixed number of times (m) before reaching the point N: long jumps
do not collect any energy (A in the excursion is zero), while the short ones do (A in the
excursion is one). The last excursion is long, hence it does not collect any energy, but we
stress that it is very long: in fact the 2m excursions that precede the last excursion add up
at most to m(M? + k) = (1+0(1))N/log M, and therefore the length of the last excursion
is asymptotically equivalent to the size of the system as h \, 0. We then consider the
partition function restricted to these trajectories:

Arp1= for j € [0,2m] and 7941 = N} . (3.3)

ZNw = Znw(Gm) . (3.4)
We have
Elog Znw = [1OgZNw, INw = %EZN ] +E[10gZNw, INw < EZNw]
> P(Zvw > $EZn.) log (3EZn. ) + P(Zve < SEZn., ) log (K(N)/2)

> L[ZNN o]
4E[(ZN,UJ) ]
where in the first inequality we used Zy, = K(N)/2 (that holds in full generality) and in
the second one we have applied the Paley-Zygmund inequality and we have assumed that
log((1/2)EZy.,) = 0, that is EZy , > 2
To conclude we need to estimate the first two moments of Z Nyw-

og (%EZW) —2log N. (3.5)

First moment estimate. We have

EZn. = E[GXP (h2(72i+2 - 7'2i+1)>§ Gm]
i—1

> (; n%:;[((n)>m<; zk] eh”K(n)>mK(3N),

n=1

(3.6)

where the inequality comes from the last excursion which is shorter than N (3 is present
instead of 2 because K is monotonic only in an asymptotic sense). It follows from our
sub-logarithmic decay assumption (recall (1.12)) and our choice of parameters (3.2) that
when A tends to zero

M2
N K(n) = L) - L(M?) = Ti)gﬁf(l +o(1)). (3.7)
n=M

For the second term instead we split 22:1 e K (n) according to whether n is smaller or
larger than 1/h and we see that the first sum is bounded by e. For the second sum, we
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remark that we have for h sufficiently small

k k—[1/h]

S MK () = et e—hngf_.J)
n=1/h] =0 —J
L(k) cr|log hlct—1
e L(k) o _
> -0 > (-2 ()

The first inequality can be achieved by considering the sum restricted to j < +4/k/h (or
anything that tends to infinity faster than 1/h but much slower than k) and observe that,

uniformly for these values of j, we have Lgf:jj ) — (1 + o(l))%. The last step is a
consequence of the sub-logarithmic decay assumption and of (3.2). The interested reader
can check that both inequalities correspond to asymptotic equivalences.

It is now sufficient to observe that (3.6)-(3.8) readily imply that for every € > 0 we can

find hg > 0 so that we have
EZyy > |logh|"~V717¢, (3.9)

for every h € (0, hg). Therefore if
g >v+1, (3.10)

we have in particular, possibly redefining hg, that EZ Nw = 2 (recall that the last step in
(3.5) was made under this assumption).

Second moment estimate. We aim at showing that for A\, 0

E[(Znw)?
M — 1+0(1), (3.11)
E[Zn]
and we start by observing that
E[(Zx.,)? N N
A ] el o (w9 3, 020 (312)
E[Znw] oo
where ¢2(0) is given in (1.13) and the measure P}, is defined by

apy, 1 u
Lh S - h i — 1| )1g, (1, A) . 3.13
O R o Tad (DN ) EALYY (3.13)

In order to obtain an upper bound for the right hand side of (3.12), we are going to prove
a bound for the expectation with respect to A which is uniform for every realization of
A® in G,,. Let A denote an arbitrary set of the form

A = O[[ai,bi]], (314)
=1

where a1 > M and for all i = 1,2,...
(b; — ai) <k and bjr1—a; =M. (3.15)

Note that it would be more natural to consider the union to stop at m but it is more
practical for us to consider here an infinite set. To conclude it is sufficient to show that,
uniformly over all possible sets A

Eh[exp <q2(5) i [r2im1 + 1, 721 A AN "0 4 0(1). (3.16)

i=1
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Our first step is to replace 1~3h by a nicer measure under which jumps are independent.
For m € N let P}’ be a measure on a finite sequence {Ti}ieﬂo’gmﬂ for which 79 = 0, the
increments are independent and for which for every i € [0,m — 1]

P K(n) e, a2
P} (T2ig1 — T2 =1n) = #’
S 0 (3.17)
~ ehnK(n)lne[l,k]

P T2i+2 — T2i+1 = N) = .
h( 2+ 1+ ) ZI:L:1 elmK(n)

Analogously we define also the infinite random sequence {7;}i—o1,... and its law is denoted
by P;. We set

G = {T D Toip1 — To; € [M, M2] and 79,49 — To;+1 € [1, k] for i € [0, m — 1]]} . (3.18)
We will commit abuse of notation in using the same notations for random variables and
standard, i.e. non-random, variables.

Lemma 3.2. Let f’Z‘ be the distribution of {T;}ie[0,2m] under P),. Then we have

dapm
sup (0,71, o) 201 4 0(1). (3.19)
dpm

{Ti }ie [0,2m] Gém

Proof. f’? (0,71, - .., T2m) can be directly expressed from (3.17), but it is helpful to write
it in the more implicit fashion:

TT7 ) K (T2im1 — T2i—2) K (T2i — ;1) (727 m2i-1)

—— (3.20)
Dea, Tl K (19,1 — 75 o) K (73, — Téi—l)eh(T% Tai-1)
On the other hand 152”(7'0, Tl,...,Tom) instead is
[T K(roi1 — T2 2) K (r2i — T2 1)e" ™2V K (N — 1) (3.21)

h(7!. —7!.
Zr/eém [Ty K (71 — 7o o) K (79 — T9;_1)e (2 721’1)K(N — T;)

and the denominator of this expression cannot be easily simplified. But for every 7 € ém
we have that N — 79, = N — m(M? + k) > N(1 — 2/1log M). Therefore we have that the

ratio
K(N — 7'22')

— =1 1 3.22
for h \, 0, uniformly in 7 and 7/ in G,,,. But the ratio of (3.21) and (3.20) can be bounded
precisely by this ratio and therefore Lemma 3.2 is proven. O

To conclude we are going to show that for A satisfying (3.14) and any j

J

o log k log M\’
Eh[eXP <Q2(5) Z [72i-1 + 1, 72:] 0 A|>} < <1 + ek@(ﬁ)(}’kmgj\l;og> ;o (3.23)
i—1

for a C' > 0 depending only on L(-). It is in fact straightforward to check that with the
choices made in (3.2) the right-hand side is equal to 1 + o(1) for j = m (so (3.16) and
therefore (3.11) hold true) if

c2 > q2(B). (3.24)
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We prove (3.23) by induction. Let us start with the simpler case j = 1. We have
Eh[exp (qg(ﬁ)‘[ﬁ +1,m]n A!)] <1+ ekqQ(ﬁ)f’h([[Tl +1, 7 +klnA#F). (3.25)

Provided k/M < 1/2 we have

0 b; M
c 1 3cklogM
i=1n=aqa; i=1ln=a;—k i=1ln=iM—k

where in the first inequality we used that K (n) < cn~! and that a; = iM to show that all
terms beyond the M first ones do not participate in the sum. In the second inequality we

used again the fact that a; = iM and b; — a; < k to bound each sum Zn a,_k(1/n). Now
we observe that
0 b;
f’h([[ﬁ +1,mm+k)lnA# @) = Lz Zn:aiﬂzK(n)l{on’Mm
2n=m K(n) (3.27)
- dcklogklog M Cklogklog M
crlog2M M ’

where we have used (3.7) — recall that logk = (14+0(1))|log h| — and the last step defines C'.

To prove the induction step, we condition with respect to 79;. Let us consider
Al = (A— 1)) n[M,0). (3.28)
Using independence of the jumps and the fact that m;1 — m; > M,

Eh[eXP < Z 21 + 1, ma542] 0 A|> ‘ {Ti}ie[[o,2j]}]

i=1
- E, [exp( B\ + 1, Tg]]mA’D]. (3.29)

Noting that A’ is of the type described in (3.14)-(3.15) we can conclude that

E , Cklogklog M
Eh[exp (%(5 Z |[r2j41 + 1, T2j42] N A{) ’ {7i}ieo, 2]]]] (1 + qu(ﬁ)”) ’

=1 M
(3.30)
which concludes the induction step.

Completion of the proof. Going back to (3.5) and using (3.9) and (3.11), which require ¢;
and ¢z to be chosen according to (3.10) and (3.24), for h sufficiently small we obtain

1 m(cp—v—1—¢) log N
J— 2 J— —
NIElog ZNw N E loglog(1/h) — 2 %
1 9 loglog(1/h)
> > —cieg————— |, 31
MZlog M = " eXp( ae— (3:31)

and the proof of Theorem (3.1) is complete. g



16 QUENTIN BERGER, GTAMBATTISTA GIACOMIN, AND HUBERT LACOIN

4. UPPER BOUND BASED ON A GLOBAL CHANGE OF MEASURE: PROOF OF
THEOREM 1.2

Instead of applying Jensen’s inequality directly for Elog Zy,, (which yields the usual
annealed bound), we can first split log Zy, in two terms and obtain

Elog Znw = Elog (f(w)Znw) — Elog f(w) < logE [f(w)Zn o] —Elog[f(w)], (4.1)

where f is an arbitrary positive measurable function. We choose to apply the above
inequality for a function f which has the effect of penalizing environments w which have
small probability but contribute for most of the expectation E[Zy ., ]: we select a collection
of events whose probability is small under P, but large under the size-biased measure
Py(dw) := % P(dw). What helps us in our choice of f is that the size biased measure
has a rather exphcit description: it can be obtained starting with P and tilting the law of
the w, along a randomly chosen renewal trajectory.

We choose to penalize stretches of environment where w assumes unusually large values.
Let k(h) be a large positive integer. The exact value of k is to be fixed at the end of the
proof as the result of an optimization procedure, but let us mention already that we choose
it of the form k(h) = h~='¢(h), where ¢(h) = 1 is a slowly varying function which tends to
infinity when h goes to zero. For n,m € [0, N], with m > n, and b € (0,1) we introduce
the event

E(n,m) = E(n,m) = {w: Z wj = bN(B)(m — n)} (4.2)
j=n+1
We define the penalizing density

flw) == exp (- ah > (m-— n)1g(n,m)(w)) : (4.3)
i

To control the first term on the right in (4.1), it is sufficient to notice that by the standard
Chernoff bound, there exists a constant ¢; (/) (which can be taken as large as the Large
Deviation function ¥ (bX(8))) such that for every m > n, P(£(n,m)) < e~cB)m=—n),
Hence

N-1
Elog (f'(w)) = 4h >, (m—n)P(E(n,m)) < 4h Y > e ) (4.4)

n,me[0,N] n=0 >k
n<m, m—n>k
4hN
< exp(—c1(B)k) < Nexp(—ci1(B)k), (4.5)
c1(B)
where the last inequality requires h < ¢;(3)/4. Therefore
1
limsup —E [log f(w)] < exp(—c1(B)k). (4.6)
N—oo N

Now we turn to the second term in the right-hand side of (4.1), and prove that
E[f(w)Znw] < 1 for N large, provided that h is sufficiently small and k = h=tp(h)
with ¢(+) chosen in (4.20), so that the upper bound on the free energy is given by (4.6).
We have

B[/ Zx.] = B[E| s@)ep ( 3 (B —A6) ) [ewblahiner|.  an

neA



THE CRITICAL BEHAVIOR OF THE o = 0 COPOLYMER MODEL 17

where
A= A(N) := U [+l (4.8)
jellMn]: ;=1
and My is the integer such that 7o, = N. We have

E| fw)exo (3 (- 29 ) |

neA

< E[( I e_4h(”_”1)15“ﬁ’f—1)> exp ( Y, (Buwn — /\(»3)))}

je[l,Mn] neA
vi=1m—1j_1=2k

_ E{ H e—4h(Tj—Tj—l)lg(fj,rj_l)'FZne[[Tj1+1,Tj]](f3wn—>\(ﬁ))]
Je[1,MnN]

ty=Lrj =12k

= H Eg [e_4h(Tj_Tj‘l)lg(fjvfjﬂ)] , (4.9)

Jje[1.MnN]
Lj:LT]'ij,le

where in the last line the expectation is taken with respect to the probability measure Pg
under which all the variables w,, are still IID, but with tilted marginal density

Ps(w; € du) = P OP(w; e du). (4.10)

Note that the term exp (Znehil 1,y (Bewn — A(B))) is a probability density. In par-
ticular Eglw,] = X' (8) > 0, and Chernoff bounds yields again for every m > n,

Ps (E(n,m)t) < e 2Bm=n), (4.11)
for an adequate choice of ca(3) > 0 that depends also on b. Hence, for h sufficiently small
(depending on c3(3)), for all m —n > k we obtain

Eg [e*4h(m7")15<”vm>] = ¢ m—n) 4 Pg (S(n, m)c)(l — e*4h(m*”))

(4.12)
< €f4h(mfn) _i_efcg(ﬁ)(mfn) < 672h(m7n) )

Therefore, going back to (4.9), we see that

E{f(w) exp ( D7 (Bwn — A(B)) )] < 11 exp (—2h(rj —7j—1)),  (4.13)
neA ,jle[[l.i\/l,Nﬂ .

and this estimate, inserted into (4.7), is sufficient to transform the reward (+h) into a
penalty (—h) for excursions of length larger than k. We thus obtain

N n
1 1 . _
BUA@Zn < 3 % [T (5 + 5 tumnten)
n=1¢eNn:|¢|=N j=1 1)

N n
= > > LEy,

n=1¢eNn:|f|=N j=1

To conclude we need to show that Kj(-) can be interpreted as the inter-arrival law for
a renewal process — this simply means that >,,°; Kx(¢) < 1 — so that the last term in
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(4.14) is bounded by one because it is the probability that N belongs to the renewal with
inter-arrival law Kj(-). We have therefore to establish the non positivity of

2( i Ku(f) — 1) - Y K() <eh’f - 1) - Y K(®) (1 - e*“> . (4.15)
/=1 i<k >k

To estimate the second term we recall that we have chosen kh > 1 so that when k is
sufficiently large we have

1~
SE@O (1= = 1-e) Y K@) = LK), (4.16)
2
>k >k
For the first term, using that e* — 1 < eXz for = € [0, X], we remark that
N K () (ehf - 1) < MY L(0) < 2" hkL(k), (4.17)
<k <k

where the last step holds (for h sufficiently small) because »;,, L(f) = (1 + o(1))kL(k)
for k — o, see [6, Prop. 1.5.8]. Choosing k = h~'¢(h) with ¢(h) = 1, we can conclude
that the right hand side of (4.15) is negative if

AL(h™?
ew(h)w(h)M < (4.18)
L(h='o(h))
Using the Potter bound [6, Th. 1.5.6], we obtain that for A sufficiently small
AL(h Yo(h L(h™!

Lh=te(h)) 7 LY
and thus (4.18) is satisfied for all h sufficiently small if one chooses (with b as in (4.2))

©(h) = blog (ég;;;) . (4.20)

The estimate on the free energy is therefore determined by (4.6): the net result is that for
h > 0 sufficiently small

h
F(B,h) < exp (—2 (bXN(8)) 9051)) : (4.21)
Since b can be chosen arbitrarily close to one, the proof of Theorem 1.2 is complete. [J

5. IMPROVED UPPER BOUND: PROOF OF THE UPPER BOUNDS IN THEOREM 1.4

Choose ¢ € (0,1) and, with reference to Definition 1.1, define

el—e)vh™loglloghl gy} Jogarithmic case
My, = { e(=9)(wv=Dh7 loghl  1ooarithmic case (5.1)
e(1—e)h—v/v 1 super-logarithmic case

The heart of the proof is the next proposition: we prove it after having shown that it
implies the upper bounds we are after. Recall the definition (1.13) of ¢1(5).

Proposition 5.1. Choose L(-) in the framework of Definition 1.1, and M. as in (5.1).
Then, for every B € (0,3), and for every cs < qi(B), there exists hg > 0 such that for all
h e (0, h())

]E[logZMh/cyw] < 4. (5.2)
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Proof of Theorem 1.4 (upper bounds). Proposition 5.1 would directly imply the result if
the sequence {E[log Zn ]} n=12,.. were a sub-additive sequence. But this is not the case:
rather, it is super-additive. However, given any b > 0 and L(-), one can choose two positive
constants c3 and ¢4 such that the sequence formed by

Gy = E [log ZN,w] +cqlogN + ¢35, (5.3)

is sub-additive for every choice of 5 € [0,b] and |h| < b. Therefore F(5,h) = limy Gy/N =

infy Gy/N < Gy /M for any choice of M. Therefore, using (5.2), we have

4+ cylog My, e, + c5
Mh/03

F(B,h) < , (5.4)

which yields the upper bounds in Theorem 1.4.

The proof that (5.3) forms a sub-additive sequence can be found for example in [20,
Ch. 4, § 4.2], but we recall the argument for completeness. We start from the estimate
that for every N, M € N

E[log Znimw] < Eflog Zn ]| + E[log Zar] + Clog (min(N, M)) + C, (5.5)

with C' = C(b, L(-)) > 0 which can easily be made explicit A proof of (5.5) can be found for
example in [20, proof of (4.16), p. 93]. Without loss of generality we can assume N > M
and we rewrite (5.5) as

GN+M — GN — Gy < C’logM+C+C4log(N+M) —cylog N —cqlog M — c5, (56)

and we are left with showing that the right-hand side is smaller or equal to zero, with
suitable choices of ¢4 and ¢5. For this we can use log(N + M) < log2 +log N and the fact
that the resulting expression vanishes if we choose ¢4 = C and ¢5 = (1 + log2)C. g

We now move to the proof of Proposition 5.1 and as a first important step, we prove
the following lemma.

Lemma 5.2. For any constant cs < q1(B), there exist n € (0,1) and hy > 0 such that for
all h € (0, hy), setting N = e3/", and @ = 1 — h/cs, we have that for every j € [1, N]

E[Z,] < Py(jer), (5.7)

where f’h = f’én) 1s the remewal process whose inter-arrival law is defined by

Pi(r = 0) = Kp(0) := K(ﬁ)(%

and satisfies (also for h sufficiently small, how small depends on n)

4 %€h£<1{5<1/(n2h)}*771([>1/(n2h)})> , (5.8)

S R0 <1- éf(l/h). (5.9)
/=1

Note that this already proves that
Ellog Zn ] <0 'logE[Z%,,] <307' <4 (5.10)
for N = Nj, := e%/" which in turn implies the upper bound, analogous to (5.4)
4 + cqalog Ny, + c5 < ohh
Ny,

However, this bound alone is worse than the one achieved in Theorem 1.2.

F(B,h) < (5.11)
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Proof. The method we use to prove this statement presents some similarity with the proof
of Theorem 1.2 (Section 4): in particular it relies on the same notion of penalizing density.
However, we need a different choice for f(w) in order to run computation of non-integer
moments.

We fix 7 > 0, we choose k := (nh)~! (so that N = e~%") and we work as if 1/n and k
were integers in the following. We define for u € N (compare with (4.2))

ku
ai-{ Y wx0-0NEk (5.12)
i=k(u—1)+1
(we simply write & for (1)), and also
INJEL
flw) =[] e ot (5.13)
u=1

By using Hoélder inequality, we get that for 6 € (0, 1)
_ —_9 41-6 0
E[(Z;w)’] = E[f(@)*(f()Z.)"] < E[f@) 77 "Blf@)Zu).  (5.14)
For the first term, a simple computation gives
E[f(w) 0] =

From the standard Chernoff bound, for any c3 < ¢1(/), we can fix i small, so that for all
k large enough, we have P(&;,) < e~ (150 Here we use 1 — 6 = h/c3 and k = (nh)~1,
to obtain that

i[5 e, 0O

< (1 + eﬁp(gk))]v . (5.15)

1+4n

en=0P(&) < e @ = N1, (5.16)
and hence that
E[f(w) /001" < 1+ N )" <e. (5.17)
To estimate the second term in (5.14), we observe that
E[f(w)Z;0] = E{ehlAll{jET}E[f(w) exp ( 3 B — A(,B))” , (5.18)

neA
where A = A(j) is defined by (4.8). If we set
Ty ={ve[l,|N/k]] : [k(v—1)+1,kv] c A}, (5.19)
by proceeding like in (4.9) we obtain that
E[fw)exp (Y] Buon—MB))| <E[ [T e 7" eatn eSuea ten 20|
neA

ue’l A

14+4n |Zal

g(e* ; +P5((Sk)c)) . (5.20)

where Pg is the tilted probability defined in (4.10). As we have Eglw,] = N (5), by the
law of large number, Pg((E)") gets arbitrarily small if k is chosen large (that is if A is
small). Hence for h sufficiently small we obtain that

E| f(w) exp <7;45w” —x@)] < e < exp (_ (1 +n3n> ((1/717/>n— 1) vzk) |
(5.21)
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where (recall that M; is defined by 7p, = j if j € 7)
Wi = Wi(7,0) = Z (i — Ti—l)l{n—n_1>k/n} ) (5.22)
iSMj:Liil

is the sum of the lengths of the excursions below the interface that are of length k/n or
more. Note that in (5.21) we have used that an excursion of length k/n or more covers
at least (1/n) — 1 consecutive [1, k] blocks. We therefore get from (5.18) and our choice
k = (nh)~! that provided that 7 is small,

E[f(w)Z;.] < E[eh(|A|—(1+n)Wk) 1{jET}]

J q
= Z HK(&)G + %ehei(l{zi<k/nrn1<ei>k/n})) - f’h(j er), (5.23)

with P}, defined by (5.8). Going back to (5.14), and collecting (5.17)-(5.23), we end up
with

E[(Z;)’] < ePr(jeT)! < ePy(jen)/Py(jeT). (5.24)
Then, we simply notice that f’h(j €ET) > %K(]) > N~2 for all j < N (provided that N is

large), so that Pp(j € 7)0~1 < N2(osN)™" — 2 This concludes the proof of (5.7).
It remains only to prove (5.9). We have

2 (i K () — 1) = D (=DK@ - D] (1—e ™K

=1 1<k/n ¢>k/n
L 1 5.25
<e/’7hZ£K(£)—§ZK(£) (5.25)
o<k/n >k/n
2~ 1~
< 2eV7 hkL(k) — SL(k) < —5L(k).

For the first inequality, we used that that e* — 1 < e/ "z for all 0 < z < 1/n? (recall
hk = 1/n), and that e~ < e~/ < 1/2 in the second term. The second inequality holds

provided that k is large enough, and the last one because hk = 1/n and L(k)/L(k) diverges
to infinity as k — oo. This completes the proof of Lemma 5.2. O

Proof of Proposition 5.1. Let N = e®/" and = 1 — h/ecs, as in Lemma 5.2.
We prove that for all 1 < m < M := My, we have E[(Z,,)?] < ¢®, which gives the
conclusion like in (5.10). To that end as in [17] we write for any m > N

m N-—1

Zm,w = Z Z Zm—n,wK(n _j)Zj,Tm*jun (526)
n=N j=1

so that, using translation invariance, we have

N-1
E[(Zmw)'1< Y Y E[(Zmnw)?| K (n — §)°E[(Z;.)°]. (5.27)
n=N j=0



22 QUENTIN BERGER, GTAMBATTISTA GIACOMIN, AND HUBERT LACOIN

We prove below that, for M = M}, ., with M}, defined as in (5.1), we have

M N-1
pi=> Y Kn-j)E[(Z.) ] <L (5.28)
n=N j=0
Then, since from (5.27) we have
6 Y
E[(Zmw) ] < pie[[(l)T,ln?)—(N]]E[(Zl’w) ], (5.29)

an easy induction gives that for any N <m < M}, we have
0
E[(Zmw)'] < max E[(Ziw)'] <, (5.30)
the last inequality coming from Lemma 5.2.

To prove (5.28) we also use Lemma 5.2: we assume that N is even for simplicity and
we write

p M N/2—-1 g M N-1 g
7 < YooY Km—§)"Prjer)+ Y, > Kn—j)Py(jer) = A+ B, (531)
n=N 7=0 n=N j=N/2

and we estimate separately the two terms. We will show that, with our choice for M} in
(5.1), both terms can be made arbitrarily small for A\, 0.

As far as A is concerned, we observe that, since we have Pj,(r; = o) > L(1/h)/6, as
noted in (5.9), we obtain Z;’;l Py(je71)<7/L(1/h) for h sufficiently small. Hence, since
K () is regularly varying with exponent —1, for N large enough we have

7 U o 21 & L(n)thes
S Tam ENK(”) ~ Lay/n) ZN ni=hfes 032

Using the fact that L(n)/n is regularly varying (or the explicit value of L in the framework
of Definition 1.1), we have for all N and M sufficiently large

M — C M 1-h/c
L(n)t—hes L(z)t e
Z e S 2fN eyl (5.33)
Then, we define 9 (-) by:
vloglogu in the sub-logarithmic case,
P(u) = (1—¢)x < (v—1)logu in the logarithmic case, (5.34)
wlt/ (=1 in the super-logarithmic case,

so that M = exp(cs(c3/h)/h). Using the change of variable z = enY, we have

M L(x)l—h/C:), 03 ’l[)(h/Cg) cs 1—h/03
-~ 7 = =2 7Y
JN e L L(@*L ) exp(y) dy . (5.35)

It is now a matter of direct evaluation of this last expression, with the help of Definition 1.1.

(i) In the sub-logarithmic case, replacing L in the integral by its asymptotic equivalent,
we obtain the following upper bound for the the r.h.s. of (5.35), valid for h sufficiently
small

| e L (log(cs/h) = (5.36)
1

—(1 h)) YeVdy < 4 :
h 032/( og(ca/h)) e dy o loglog(cs/h)
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We have used, for a = 1, the inequality Sf e?27%dz < 2e*x ™ valid for z sufficiently large.
We conclude that A is small by comparing the last term with L(1/h) (cf. (1.12)).

(ii) The same computation yields a similar upper-bound in the logarithmic case:

2cr.cs Jue)(vl)log(cs/h) (@)w v
o, N y

h —(1=¢)(v-1) c hz—:(vfl)
<deper Upvl [ = Y < S (5.37
L <3> tog(ea/n) ~ “elog(ijm) O3

where cE,U,c’L’€ > 0, and one can check again that the last term is much smaller than
L(1/h) for small values of h.

(ili) We are left with the super-logarithmic case. Using that 1 — h/cg = 1/2 for h
sufficiently small, we obtain the following upper bound

[T () )

2cpes (g V(v=1) cg\ V(v-1) ¢y [c3\ 1/ (v-1)
2 () Vg (e (2)") o (- (2)). 60
In the first step we set ¢, := (20)?/0=)(v — 1), and used the fact that the argument of
the exponential, for 3 in the integration range, is maximal at y = (20)?/(=) (¢5/h)Y/ (=1,
The second inequality is valid for h sufficiently small. We conclude by observing that the
last term is again of a smaller order than L(1/h) in that case.

Therefore, in view of (5.32), (5.33) and (5.36)—(5.38), A can made arbitrarily small, in
particular smaller smaller than e=3/2, in all cases. Let us show that the same holds true
also for B. We will make use of the following Green function estimate.

Lemma 5.3. There exists C = C(n) > 0 such that

~ K(n)

Py(ner) < CW, (5.39)

for every n (in particular for n = exp(cs/h)).

Proof. The proof is derived from the following inequality: there is a constant ¢ > 0
(independent of h), such that for all n >k > 1

lsh(Tk = n) < Ck]\.:/’h (T1 < oo)kK(n) . (540)

Then, summing over k gives the identity, since we have P}, (m<w)<1- ¢/L(1/h), and
Yo k(1 —2)k =1/2%

The proof of (5.40) follows from that of [2, Theorem 1.1-Equation (1.11)] : one simply
has to notice that Lemma 2.1 in [2] is valid under the assumption that P(m = j) < cL(j)/j
(the constant here depends on 7 but not on k), and then all the computations of Section 2.2
in [2] can be applied and yield (5.40). This completes the proof of Lemma 5.3. O

Thanks to Lemma 5.3, and by using that L(-) is a slowly varying function, we obtain
that for N large enough we have P, (j € 7) < 3CN~'L(N)/L(1/h)? uniformly for N/2 <
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j < N — 1. By considering the definition (5.31) of B, we obtain

?’OLi()MN_lKn—'@ 5.41
< NT(L/h)? HZNF%IQ (n—j)". (5.41)

Then we control

M N-1 N/2 N M M
> D Kn—j) th Z KM’ <N > K@), (5.42)
n=N j=N/2 t=N/2 t=N/2

where in the last inequality we used the fact that from slowly varying properties
N/2
Z tK(t)? < CN?*7PL(N)? = CeNL(N)?, (5.43)

which is negligible with respect to the second sum (we used the definition of € to get that
N1=0) = ¢). We end up with

3CL(N) 1 U ;
B < X = K(n)”. 5.44
L(1/h) — L(1/h) n;wg " o4

Since we have already proven that the right-hand side in (5.32) vanishes as h becomes
small, to prove that also B vanishes in the same limit it suffices to show that L(N)/L(1/h)
is bounded for h small. By recalling that N = exp(c3/h), it is straightforward to see that in
the cases we consider, cf. Definition 1.1, such a ratio vanishes as h goes to zero. Therefore
also B is under control and p < 1 when h is smaller than a well chosen constant. This
completes the proof of Proposition 5.1. O
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