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Abstract. In this paper we study a simplified mathematical model representative of
air-sea coupling. This model incorporates parameterizations of the turbulent boundary
layers as used in realistic models. We show that even if simple equations like the one-
dimensional stationary heat equation are considered the presence of parameterizations
renders the problem extremly complex to study and the unicity of solutions is no longer
guaranteed. We motivate and describe a coupling algorithm which ensures that a unique
physically sound solution is obtained.

1 INTRODUCTION

The use of fully coupled ocean-atmosphere models has become widespread in recent
years. Historically limited to global climate studies, such models are now routinely used
for regional and coastal applications. There is yet no systematic studies carefully investi-
gating the formulation of atmospheric and oceanic coupled models including the interplay
between numerical and physical aspects. Proper representation of air-sea interactions in
such models cover a large range of issues: parameterization of atmospheric and oceanic
boundary layers, estimation of air-sea fluxes, time-space numerical schemes, non con-
forming grids, coupling algorithms... Several coupling methods, whose precise contents,
theoretical justification and stability properties are often somewhat difficult to compare
precisely, are presently used in actual applications [1, 2]. In this context, our objective
is to study more systematically the numerical properties of coupling algorithms used for
practical applications to clarify their merits and flaws and establish more robust methods.
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The oceanic and atmospheric models must rely on parameterization schemes to account
for unresolved scales. Those parameterizations are essential to maintain a reasonable
level of plausibility of the numerical solutions, but their mathematical formulation is
often devised empirically and can impair the regularity of the associated solutions (e.g.
[3]). Moreover, sub-grid scales parameterization schemes used for representing the oceanic
and atmospheric boundary layers and for computing the turbulent components of air-sea
fluxes are generally developed independently, without any guarantee regarding the well-
posedness of the overall coupled problem. This latter aspect will be specifically addressed
in this paper using a simplified mathematical model representative of most of the delicacies
arising in air-sea coupling problems. We propose to analyze the so-called coupled Ekman
boundary layer problem. Several aspects of this problem have already been studied in
[4, 5]. In the present study we extend these works by incorporating parameterizations of
the turbulent boundary layers as used in realistic models.

The paper is organized as follows. Section 2 motivates and introduces the coupled
problem under insterest. Theoretical mathematical results are presented in Section 3 to
emphasize how the parameterization schemes could alter the well-posedness of the coupled
problem. Finally, Section 4 describes a consistent coupling algorithm and numerical
results are shown to illustrate some of the aspects previously discussed.

2 THE MATHEMATICAL MODEL

Most state-of-the-art atmospheric and oceanic models solve the stratified Reynolds-
averaged Navier-Stokes equations (in the following we will note 〈·〉 the Reynolds averaging
operator) with possibly additional simplifying assumptions like the hydrostatic, Boussi-
nesq or so-called traditional assumptions. Due to the complexity of those equations, it
is customary to work with simplified equations sets to focus on specific problems. In
particular, studies of turbulent mixing traditionally rely on the horizontal homogeneity
assumption (i.e. ∂x = ∂y = 0) and neglect vertical advection which is considered a small
effect compared to vertical mixing in the vicinity of the air-sea interface [6, 7]. For this
preliminary study, we also assume the absence of stratification (i.e. potential temperature,
seawater salinity and air humidity are held constant).

2.1 The coupled Ekman layer problem

We define two subdomains Ωa =]z1
a; z
∞
a [ and Ωo =]z∞o ; z1

o [ with 0 < z1
a < z∞a and

z∞o < z1
o < 0 as well as a time interval [0,T ]. Under the various assumptions presented so

far, the problem of interest reads, for a given initial condition,





∂tua − fk× (ua − uga) + ∂z 〈w′au′a〉 = 0, in Ωa × [0, T ]
ua(z = z∞a , t) = uga, in [0, T ]

ρa 〈w′au′a〉 (z = z1
a, t) = ρo 〈w′ou′o〉 (z = z1

o , t), in [0, T ]
(2.1)
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∂tuo − fk× (uo − ugo) + ∂z 〈w′ou′o〉 = 0, in Ωo × [0, T ]
uo(z = z∞o , t) = ugo, in [0, T ]

ρo 〈w′ou′o〉 (z = z1
o , t) = ρa 〈w′au′a〉 (z = z1

a, t), in [0, T ]
(2.2)

where uα = (uα,x, uα,y), (α = o, a) is the horizontal velocity vector in the fluid of density
ρα, ugα corresponds to a prescribed large-scale geostrophic forcing, w′α is the vertical
velocity fluctuation, f represents the Coriolis frequency associated to earth rotation and
k is a unit vector in the vertical direction. In (2.1) and (2.2) the terms in the form 〈w′αu′α〉
are the vertical components of the Reynolds stress tensor associated to turbulent sub-
grid scales fluctuations. Coupled problem (2.1-2.2) corresponds to the so-called Ekman
equations which are for instance often used to study the wind-driven motions in the ocean.
To fully define the problem under investigation, additional closure assumptions need to
be made to express the 〈w′αu′α〉 terms.

2.2 Closure assumptions

This section introduces parameterizations to express 〈w′au′a〉 (z, t) in the atmospheric
boundary layer, 〈w′ou′o〉 (z, t) in the oceanic boundary layer and 〈w′αu′α〉 in the surface
layer (i.e. in ΩΓ =]z1

o , z
1
a[).

2.2.1 Surface layer parameterization

In the absence of stratification the turbulent flow in the vicinity of the air-sea interface
is given by a classical law of the wall which stipulates that the velocity is proportional to
the logarithm of the distance from the interface :

ua(z) = ua(z
r
a) +

u∗a
κ

ln (z/zra) eτ , for z ∈]zra, z
1
a[ (2.3)

uo(z) = uo(z
r
o)−

u∗o
κ

ln (z/zro) eτ , for z ∈]z1
o , z

r
o [ (2.4)

with u∗α a friction velocity, κ the von Karman constant, zr,α the roughness lengths to be

defined delimiting a viscous sublayer, and eτ a unit vector in the direction of JuKz1a0 =
ua(z

1
a)−ua(0) (= ua(z

1
a)−uo(0)). The Reynolds stress component in the surface layer is

given by
〈w′αu′α〉 = −(u∗α)2eτ

where u∗α is computed thanks to (2.3) and (2.4) using atmospheric and oceanic inputs at
z = z1

a and z = z1
o . The roughness lengths are

zra(u
∗
a) = a

u∗a
2

g
+ b

νa
u∗a
, zro = −u

∗
o

u∗a
zra (2.5)

which is derived from [8], where a, b, g and νa are all known constants. The condition on
zro ensures the C1 character of the solution profiles at the crossing of the interface z = 0,
assuming the wind stress τ = ρa(u

∗
α)2eτ is constant in the surface layer, and that the

solution has constant vertical gradient in ]zro , z
r
a[.
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2.2.2 Boundary layer parameterization

Considering that turbulence acts as mixing, the usual closure assumption used in the
overwhelming majority of numerical models is

〈w′αu′α〉 (z) = −να∂zuα
where να is a flow-dependent turbulent viscosity. In the absence of stratification, a typical
way of computing να, based on the so-called K-profile parameterization (KPP), is given
in [7] :

να(u∗α, z) =
cκu∗α

2

|f | G (σ)H (1− σ) + νmα where





c := 0.7, κ := 0.41, σ :=
|z|

hαpbl(u
∗
α)

hαpbl(u
∗
α) :=

cu∗α
|f | , PBL height

G(σ) := σ(1− σ)2

H Heaviside
(2.6)

where νmα is a background value to ensure that να will remain strictly positive. In each
medium, the KPP scheme predicts a parabolic profile of να between the air-sea interface
and the PBL (Planetary Boundary Layer) height hαpbl whereas να is constant outside the
PBL i.e. between hαpbl and z∞α .

2.3 The coupled Ekman layer problem including turbulent parametrizations

Putting all the different pieces together, we end up with the following coupled problem




∂tua − fk× (ua − uga)− ∂z (νa(u
∗
a, f, z)∂zua) = 0, in Ωa × [0, T ]

ua(z = z∞a , t) = uga, in [0, T ]
ρaνa∂zua(z = z1

a, t) = ρa(u
∗
a(t))

2eτ
(2.7)




∂tuo − fk× (uo − ugo) + ∂z (νo(u
∗
o, f, z)∂zuo) = 0, in Ωo × [0, T ]

uo(z = z∞o , t) = ugo, in [0, T ]
ρoνo∂zuo(z = z1

o , t) = ρo(u
∗
o(t))

2eτ

(2.8)

where the way to evaluate u∗α is given in §2.2.1. Note that existing studies of this problem
often consider simplified physics where the turbulent viscosities are held constant. Here,
we aim at studying the mathematical properties of this coupled problem to assess the
impact of taking into account all the complexity of the turbulent parameterizations.

3 SOME MATHEMATICAL RESULTS

From (2.7)-(2.8) we expect that the main difficulties in the mathematical analysis will
be related to the ’mixing’ term ∂z (να∂zuα). We, thus, focus our theoretical work on this
particular term assuming stationarity and absence of rotation (i.e. f = 0) to make an
analytical study tractable.
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3.1 Analytic determination of the coupled solution

Thanks to § 2.2.1 and § 2.2.2, we can clearly subdivide our problem into different layers
reflecting different behaviors of the solution (see also Fig. 1) :

• Outside the PBL (i.e. for z > hapbl) the viscosity is constant meaning that the flow
is not affected by the presence of the air-sea interface (this is the so-called ”free
atmosphere”). The solution thus behaves as

∂2
zzua = 0, z ∈]hapbl(u

∗); z∞a [

• In the PBL (i.e. for z1
a < z < hapbl) we define the KPP-A region where the solution

satisfies {
∂z (νa(u

∗
a, z)∂zua) = 0, z ∈]z1

a, h
a
pbl[

νa∂zua(z = z1
a) = (u∗a)

2eτ
(3.1)

• In the surface log-layer (i.e. for zra < z < z1
a) named LL-A region, the vertical

gradients are constant and given by (the solution is thus controlled by the jump

JuaKz
1
a
zra

= ua(z
1
a)− ua(z

r
a))

∂zua =
u∗a
κz

eτ , z ∈]zra, z
1
a[

which is equivalent to having νa = κu∗az.

• In the viscous sublayer, referred to as VSL-A region (i.e. for 0 < z < zra), we assume
a linear evolution of the solution since

∂zua =
u∗a
κzra

eτ , z ∈]0, zra[

Same applies on the oceanic side by replacing u∗a by u∗o as illustrated by figure 1. Note that
the continuity of the momentum flux at the interface implies that u∗o =

√
ρa/ρou

∗
a = λu∗a

with λ ≈ 3/100. The stationary solution is thus function of the value of u∗a (which is a
function of us = ua(z = 0) and u1 = ua(z = z1

a)) which itself depends on the external
boundary conditions (u∞α = uα(z = z∞α )). To reflect this dependency, we define the
Ekman planetary boundary function FE as such:

FE : R+ → R2

u∗a 7→ u∞a − u∞o

where u∗a is directly linked to u1 and us by the following relation

(u∗a)
2 = CD‖u1 − us‖2 =

(
κ

ln(z1a/zra)

)2

‖u1 − us‖2 (3.2)
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Figure 1: Sublayers for the Ekman problem, illustrating the dependencies on the u∗ scale.

with CD a drag coefficient and zra is the roughness length defined in (2.5). Expression
(3.2) directly arises from the application of the law of the wall (2.3)-(2.4) in the surface
layer.

Since we do not consider the Coriolis term, in the remaining we decide for simplicity
to align our local plane in the direction of eτ so that we only have to consider one
component of the velocity vector (uα = (uα, 0)) instead of two. Next step is to find an
explicit expression for the function FE. Knowing that on each subdomain the solution
satisfies να(z, u∗α)∂zuα = (u∗α)2 we easily find that on the atmospheric side

∫ z∞a

0

(∂zua)dz = ua(z
∞
a )−us = (u∗a)

2

{∫ zra

0

dz

κzrau
∗
a

+

∫ z1a

zra

dz

κzu∗a
+

∫ hapbl

z1a

dz

νa(z, u∗a)
+

∫ z∞a

hapbl

dz

νma

}
,

same rationale applies on the oceanic side to determine analytically us − uo(z∞o ). Taking
the sum of the atmospheric and oceanic solutions and explicitly computing the integrals
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on the right hand side, we end up with an expression for the operator FE

FE(u∗a) = ua(z
∞
a )− uo(z∞o ) =

u∗a
κ




FE,V SL︷ ︸︸ ︷
1 + λ +

FE,LL︷ ︸︸ ︷
ln

(
z1
a

zra(u
∗
a)

)
+ λln

(
z1
o

−λzra(u∗a)

)

+ IaKPP (u∗a) + IoKPP (λu∗a)
︸ ︷︷ ︸

FE,KPP

+
z∞a − hpbl(u∗a)

νma
− hpbl(λu

∗
a) + z∞o
νmo︸ ︷︷ ︸

FE,free




(3.3)
where the terms IαKPP , corresponding to the integral of the inverse of the parabolic KPP
viscosity profiles are explicit and analytical functions of (u∗α) not given here for simplicity.
The different terms in the right hand side are arranged to respectively match the viscous
sublayer (VSL), the surface log-layer (LL), the PBL viscosity given by the K-profile pa-
rameterization (KPP) and the free atmosphere/ocean where the viscosity corresponds to
the molecular viscosity and is thus independent of the state of the air-sea interface.

Our objective is now to determine whether (3.3) is invertible, i.e. given JuKz∞az∞o =
ua(z

∞
a )−uo(z∞o ) ∈ R+, is there a scale u∗ such that (3.3) is satisfied? Is this scale unique?

3.2 Unicity of the solution

We start by imposing a simple constraint on the value of z∞α to ensure that these
values are larger than the planetary boundary layer thickness (i.e. z∞a > cu∗a/|f |, z∞o <
−λcu∗a/|f |, with c introduced in (2.6)) which is always the case in numerical codes where
the the PBL thickness is systematically limited respectively by the total depth of the
ocean and the maximum height in the atmospheric model. In an equivalent way, for
given values z∞α , this contraint is satisfied as long as the friction velocity u∗a is bounded
by u∗m = min {z∞a |f |/c, (−z∞o )|f |/c}. For properly chosen values of z∞α , Figure 2a shows
the contributions from the various vertical layers to the final value of FE as a function of
u∗a. It is not surprising to see that the main contribution comes from the layer with small
background viscosity since the inverse of the viscosity appears directly in the right-hand-
side of (3.3). More importantly, the dashed black line in figure 2b shows that the function
FE is not injective since two distinct values u∗1 and u∗2 of u∗a can lead to the same value
of FE; FE(u∗1) = FE(u∗2) = u∞a − u∞o . This lack of invertibility is due to the contribution
of the free ocean/atmosphere which is the only contribution that is not monotonically
increasing with increasing u∗a (Fig. 2b). Indeed, using the notations introduced in (3.3)
we can easily show that

∂u∗aFE,V L = 2/κ > 0, ∀u∗a ∈ R+

∂u∗aFE,LL > 0 ∀u∗a ∈]0;u∗max[, u∗max ≈ 30m s−1

∂u∗aFE,KPP > 0 ∀u∗a ∈ R+

(3.4)
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Figure 2: Different contributions in the FE operator (a) and ∂u∗ [FE] (b), using the sub-

division described in (3.3). Here, the maximum value for JuKz1a0 is 20 m s−1, leading to
u∗m ∼ 0.7ms−1, through equation (3.2). The colored lines represent the different contri-
butions from all four types of sublayers; the dashed black line being their sum, which are
respectively |u∞a | and ∂u∗ |u∞a |. Here, z1

a = 10m, z1
o = −3m, νom = 10−4m2s−1, νam = νom/λ

2,

z∞a = 1.1× hpbl(u∗a(JuKz
1
a

0 = 20m s−1)) and z∞o = −λz∞a .

which means that ∀u∗a ≤ u∗max we will systematically get that ∂u∗FE ≥ ∂u∗FE,free. Note
that the value of u∗max is unrealistically large, such large values of u∗a are not expected
to occur in realistic simulations even in the case of extreme events like tropical cyclones
meaning that the special case u∗a ≥ u∗max does not have to be considered here. If we now
note u∗b (resp. u∗b,free) the only nonzero root of ∂u∗aFE (resp. ∂u∗aFE,free) we get from (3.4)
that u∗b ≥ u∗b,free. Moreover, we can analytically find

u∗b,free =
2|f |
3c

[
z∞a
νma
− λ2 z

∞
o

νmo

]
. (3.5)

As a consequence, as long as u∗ stays within the bounds ]0, u∗b,free[ invertibility of the
function FE is guaranteed and the solution of the associated coupled problem is unique.
The strategy is then to choose (z∞a , z

∞
o ) so that u∗a is guaranteed to be in ]0; u∗b,free[. We

introduce in the following section a coupling algorithm specifically built to enforce this
constraint.

4 THE COUPLING ALGORITHM

This section will first describe the algorithm used for the coupling of the Ekman layers,
before presenting numerical results. The objective of this algorithm is to properly select
the altitude z∞a and the depth z∞o at which the external data are provided to ensure a
physically sound solution. In practice z∞a and z∞o can indeed be considered as degrees

8
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of freedom as soon as they are located outside the boundary layers i.e. far from the
influence of the interface. Once z∞a and z∞o are chosen we can then extract the boundary
conditions ua(z

∞
a ) and uo(z

∞
o ) from a three-dimensional simulation before starting the

coupling process for the planetary boundary layers. With this methodology we avoid
coupling the entire atmospheric and oceanic model by only modifying the region of the
solution that it is influenced by the coupling and leaving unchanged the solution in the
free ocean and free atmosphere. This approach is expected to enable a substantial gain
in efficiency while ensuring unicity of the solution.

4.1 Description

The objective of the algorithm is basically to invert the FE operator, as described in
(3.3), avoiding convergence toward a non-physically acceptable solution. We suggest here
simple fixed point iterations.
Initialization step :

1. Select a maximum allowed value u∗max such that the expected solution u∗a ∈ [0, u∗max].

2. From u∗max, compute z∞a and z∞o to ensure unicity of the solution. Using (3.5), the
idea is to choose z∞a and z∞o such that u∗max = u∗b,free and z∞o = −λz∞a .

3. Select the values ua(z
∞
a ) et uo(z

∞
o ) for the external boundary conditions.

Fixed point iterations :
The purpose is to create a sequence (u∗k)k∈N such that u∗k −→ u∗sol, with u∗sol the unique
fixed point, only using u∞a and u∞o as inputs. u∗k=0 can be taken arbitrarily as long as
u∗k=0 ≤ u∗max is satisfied. Then, an iterative loop begins

(i) From the u∗k scale, compute all the integrals in the FE function (3.3). Also compute
its gradient with regard to u∗k, ∂u∗ [FE]u∗k

. Compute zra,k from u∗k via (2.5) and

zro,k = −λzra,k.

(ii) Compute

JuKz1a0,k = JuKz∞az∞o −FE(u∗k) +
u∗k
κ

[
1 + ln

(
z1
a

zra,k

)]
(4.1)

(iii) Assess

CD,k =

(
κ

ln
(
z1
a

/
zra,k
)
)2

(4.2)

(iv) Convergence is supposed to be reached when (4.1) and (4.2) satisfy:

u∗k
2 ≈ CD,k ×

∣∣∣JuKz1a0,k
∣∣∣
2

(4.3)
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Figure 3: Results obtained with the algorithm described in Section 4.1. This figure shows

the relative error between the input | JuKz1a0 | and the iterated values | JuKz1a0,k |, computed
through (4.1). Each line represents a different iteration. Here, z1

o = −3 m, z1
a = 10 m.

up to an arbitrary numerical precision. If (4.3) is not satisfied, then go back to (i)
with

u∗k+1 = u∗k +
| JuKz1a0,k | − u∗k

/√
CD,k

∂u∗ [F0
E]u∗k

(4.4)

4.2 Numerical results

Figure 3 illustrates that following the procedure described above, convergence toward
a physically acceptable solution is obtained in a few iterations. Generally speaking a
fast convergence is expected for air-sea coupling problems because of the large jump in
densities between the ocean and the atmosphere. Indeed one component (the atmosphere)
is very fast and adjusts itself quickly to the slow component (the ocean).

5 CONCLUSION AND PERSPECTIVES

In this paper we have introduced a coupled Ekman layer problem, emphasizing the
influence of the underlying turbulent parameterizations and closure assumptions on the
unicity of the solutions. Thanks to a thorough mathematical analysis of the coupled
problem we have been able to propose a simple procedure which guarantees that a unique
physically sound solution is obtained. The work presented here should be interpreted
as a first step toward building satisfactory coupling algorithms for Ekman layers (and
possibly stratified Ekman layers). Using the formalism introduced here, our objective is
to progressively discard restrictive hypotheses, namely:

1. Incorporating effects due of the Coriolis force. This would change the mathematical
structure of the problem, as the solution profiles in the KPP-layers could not simply

10
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be expressed thanks to an invariant gradient, as in (3.1). Incorporating Coriolis
effects would mean solving a Sturm-Liouville problem with complex coefficients, for
which there are mathematical results of existence and unicity [9]; however, obtaining
analytical results at a continuous level is expected to become much more tedious.

2. Taking fluid stratification into account, ie. considering a non-constant tempera-
ture T as a prognostic variable. A consequence is that the parameterizations of
the boundary layers and of air-sea fluxes will become much more complicated to
analyze since they greatly depend on the stability of the air/water column (i.e. if
the temperature is decreasing or increasing with altitude/depth).

3. Further investigating the impact of the viscous sublayer parameterization. State
of art surface layer parameterizations typically assume that given the thinness of
viscous sublayers, uα can be considered as constant in this region. While this is
numerically accurate, we believe that including the viscous layer influence in the
air-sea flux parameterizations should systematically be done within the log-layer, for
ensuring the self-consistency of the coupling problem at a continuous level. Indeed,
not including the viscous sublayer leads to a friction velocity of the form (3.2), i.e.

u∗a
2 = CD ×

∥∥∥JuaKz
1
a
zra

∥∥∥, while, following pioneering mathematical results [10], the

jump in wind speed should be taken from z = 0 and not from z = zra. The drag
coefficient CD in (3.2) can be rewritten as:

κ√
CD

= ln
(
z1
a

/
zra
)

+ γV L (5.1)

where γV L should incorporate viscous layer parameterization effects. Our choice of
assuming constant vertical gradient in the viscous layer leads to γV L = 1.

4. Study the time-dependent problem, ie. reintroduce the ∂tu term to the equations
of the Ekman layer problem.
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74:105–163, 1995.

12


