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Uniform-in-time bounds for approximate solutions of the
drift-diffusion system

M. Bessemoulin-Chatard and C. Chainais-Hillairet

Abstract

In this paper, we consider a numerical approximation of the Van Roosbroeck’s drift—
diffusion system given by a backward Euler in time and finite volume in space discretization,
with Scharfetter-Gummel fluxes. We first propose a proof of existence of a solution to the
scheme which does not require any assumption on the time step. The result relies on the
application of a topological degree argument which is based on the positivity and on uniform-
in-time upper bounds of the approximate densities. Secondly, we establish uniform-in-time
lower bounds satisfied by the approximate densities. These uniform-in-time upper and lower
bounds ensure the exponential decay of the scheme towards the thermal equilibrium as shown
in [3].

1 Introduction

1.1 Aim of the paper

The aim of this paper is to establish uniform-in-time positive upper and lower bounds for a finite
volume approximation of the linear drift-diffusion system. This system has been introduced by
Van Roosbroeck in [34] in order to describe the transport of mobile carriers in semiconductor
devices. The Van Roosbroeck’s drift—diffusion system consists of two parabolic equations for
the electron density N and the hole density P, and a Poisson’s equation for the electrostatic
potential W.

Let © be an open bounded subset of R? (d = 2, 3) corresponding to the geometry of the device
and T > 0. The drift—diffusion system is then given by:

N + div(-VN + NVV) = —R(N,P) in Q x (0,7), (1a)
0P+ div(~VP — PV¥) = —R(N, P) in Q x (0,T), (1b)
~MAV =P - N+CinQx(0,T). (1c)

It is supplemented with initial conditions:
N(JI,O):NQ(Z‘), P(l‘,O):Po(l'), ery (2)

and with mixed Dirichlet-Neumann boundary conditions. More precisely, the boundary 02 is
split into 9Q = I'P UTN with TP NIV = (), and the boundary conditions write:

N=NP P=pPP & =0 onT?, (3a)
VN -v=VP-v=V¥.v=00nTI?", (3b)

where v is the unit normal to 02 outward to 2.
The given function C(z) is the doping profile describing fixed background charges and X is the



rescaled Debye length. The recombination—generation rate R(N, P) can usually be written under
the form R(N, P) = Ro(N, P)(NP—1) (see [29]), which includes in particular the Shockley-Read-
Hall term:

NP -1

N,P) =

) TP, TN, TC>07

or the Auger term:
Ray = (ONN+CPP)(NP — 1).

Existence of solutions to the system (1)—-(3) has been proved under natural assumptions by Mock
[30] and Gajewski and Groger [21]. The question of uniqueness of the transient solutions has been
investigated by the same authors in [30] and [20]. Uniform-in-time upper and lower bounds for
the densities can be shown by using an approach proposed by Alikakos [1] for nonlinear reaction-
diffusion equations, closely related to an iteration technique initially introduced by Moser [31].
Let us also mention that a bound of the internal energy is needed in order to initialize the
Moser iteration process and that it is obtained thanks to an energy/energy dissipation relation.
The proof of the uniform-in-time upper and lower bounds can be found in [20, Lemmas 3 and
8] for the linear drift—diffusion system (1). In [20], the positive lower bound is obtained by
controlling uniformly-in-time the inverse of the densities. The linearity of the diffusion terms in
the system (1) is based on the assumption of Boltzmann statistics followed by the charge carriers.
Other statistics lead to nonlinear drift-diffusion systems. The case of Fermi—Dirac statistics is
considered for instance by Gajewski and Groger in [21] and existence of solutions, bounds and
long-time behavior are also established. In [21], the uniform positive lower bound is proved by
bounding the logarithm of the densities. The same type of results have been proved using similar
arguments for generalized drift—diffusion systems describing more than two charged species [23].
Many different numerical methods have already been designed for the approximation of the linear
drift—diffusion system. It started with 1D finite difference methods and the so-called Scharfetter-
Gummel scheme [33]. Finite element methods have been successfully developed in [2, 12, 32]
for instance, as mixed exponential fitting finite element schemes in [7]. Finite volume schemes
have also been proposed and studied from different viewpoints: convergence in [10], large time
behavior in [8, 11, 3], study at the quasi-neutral limit A — 0 in [6].

In this paper, we consider a backward Euler in time and finite volume in space scheme with a
Scharfetter-Gummel approximation of the convection-diffusion fluxes. One main feature of this
scheme is that it preserves the thermal equilibrium (steady-state where the densities of current
vanish). It satisfies a discrete energy/energy dissipation estimate as established by Gajewski
and Gértner in [19] and by Chatard in [11]. Thanks to this estimate and some functional
inequalities, the exponential decay towards the equilibrium of the Scharfetter-Gummel scheme is
established in [3]. However, the proof of the exponential decay is also based on uniform-in-time
positive upper and lower bounds of the approximate densities. Such a result is easily obtained
when the doping profile C' vanishes and, in this case, the values of the bounds do only depend
on the upper and lower bounds of the initial and boundary densities. With a non-vanishing
doping profile, existence of a solution to the scheme is proved in [3] thanks to Brouwer’s fixed
point theorem, using exponentially growing upper bounds and exponentially decreasing lower
bounds on the densities. With this technique of proof, a strong assumption on the time step At,
At < %, is needed in order to get the bounds and the existence result. But, based on this
existence result, uniform-in-time upper bounds have been then proved by Bessemoulin-Chatard,
Chainais-Hillairet and Jiingel in [5] by application of the Moser iteration process at the discrete
level.

Our aim in the current paper is twice: we want first to propose a new proof of existence of
a solution to the scheme without any restrictive assumption on At. This proof will rely on



the application of a topological degree argument. It will use the uniform-in-time upper bounds
already proved in [5]. Then, we want to prove the positivity of the approximate densities and
some uniform-in-time positive lower bounds.

Throughout the paper, we assume that the domain € is an open bounded polygonal (or poly-
hedral) subset of R? (d = 2, 3) and that 9Q = I'P UTY | with TP NIV = () and T'P of positive
measure. We assume that the Dirichlet boundary conditions NP, PP and WP are traces of
some functions defined on the whole domain €, still denoted by NP, PP and ¥P and that the
recombination-generation rate writes

R(N,P) = Ro(N,P)(NP —1). (4)
Finally, we consider the following standard assumptions on the data:
(H1) C € L*>(Q),
(H2) NP, PP e L*nHY(Q), ¥ € HY(Q),
(H3) JaP € R such that log NP — P = aP and log PP + P = —aP.
(H4) 3IM, m > 0 such that m < Ny, Py, NP, PP < M a.e. on Q or I'?,
(H5) 3R > 0 such that 0 < Ry(N, P) < R(1+|N|+|P|) VN, PeR.

Let us just remark that hypothesis (H3) means that the boundary data are in thermal equilibrium.
It implies that NP PP = 1.

1.2 The numerical scheme

In order to introduce the numerical scheme for the drift-diffusion system (1)—(3), we first define
the mesh of the domain . It is given by a family 7 of open polygonal (or polyhedral in 3D)
control volumes, a family £ of edges (or faces), and a family P = (xx)xer of points. As it
is classical in the finite volume discretization of diffusive terms with two-points flux approxi-
mations, we assume that the mesh is admissible in the sense of [16, Definition 9.1]. It implies
that the straight line between two neighboring centers of cells (xx,x ) is orthogonal to the edge
o= K]|L.

In the set of edges &£, we distinguish the interior edges o = K|L € &;;,; and the boundary edges
0 € Eopr. Within the exterior edges, we distinguish the Dirichlet boundary edges included in I'P
from the Neumann boundary edges included in T'V: &.,; = E2, UEN,. For a control volume
K € T, we define £k the set of its edges, which is also split into Ex = Exine U g}?,eajt U Sﬁ’ert.
For each edge o € &, there exists at least one cell K € T such that o € £k, which will be denoted
K,. In the case where 0 = K|L € &;,,s, K, can be either equal to K or L.

In the sequel, we denote by d the distance in R? and m the measure in R? or R¥~!. For all o € &,
we define d, = d(zk,zr) if 0 = K|L € &y and d, = d(zk,0) if 0 € Eept, with o € E. Then
the transmissibility coefficient is defined by 7, = m(o)/d,, for all o € £. Notations introduced
are illustrated in Figure 1.

We assume that the mesh satisfies the following regularity constraint:
3¢ > 0 such that d(zk,0) > €d,, VK €T, Vo€ k. (5)
We also assume that the mesh satisfies the following nondegeneracy property:

37, > 0 such that 7, > 7,,, Vo €&. (6)



Figure 1: Admissible mesh.

This property is for example fulfilled by meshes satisfying: there exists a;, § > 0 such that

asize(T)? < m(K) < Bsize(T)?> VK €T, (7)
asize(T) < m(o) < Bsize(T) Vo €€,

where the size of the mesh is defined by size(7) = max g7 diam(K). Assumptions (7) are rather
classical and close to those used within the finite element framework.

Let At > 0 be the time step. For T' > 0, we set Np the integer part of T/At and t" = nAt
forallm =0... Ny. We denote by 6 = max(At,size(T)) the size of the space-time discretization.

A finite volume scheme with two-point flux approximation provides, for an unknown u, a vector
ur = (ur)xer € RY (with § = Card(T)) of approximate values. A piecewise constant function,
still denoted w7, can be defined by

ur = Z urlg,

KeT

where 1x denotes the characteristic function of the cell K. However, since there are Dirichlet
boundary conditions on a part of the boundary, we also need to define approximate values for u at
the corresponding boundary edges: ugp = (uo)oeen, € RO” (with P = Card(£2,)). Therefore,
the vector containing the approximate values both in the control volumes and at the Dirichlet
boundary edges is denoted by upas = (u,ugn). We denote by X (M) the set of the discrete
functions uq.

For any vector upq = (ur,ugp ), we define for all K € 7 and all 0 € Ek:
ur, ifO':K|L€gK7int,

Uk =4 Us ifoe Ep . (8)
ur  if o € ER s



and
Dk ot =Uug o — UK, D,u = |Dg oul.

Then, we can define the discrete H'-seminorm |- |; a4 on X (M) by
|“M|%,M = ZTU(DUu)Q, Yup € X (M).
o€&

Let us now introduce the numerical scheme. We have to define at each time step n =0,..., Np
the approximate solution v} = (u%)kxer for u = N, P, ¥ and the approximate values at the
boundary ul, = (u}),e en, (which in fact do not depend on n since the boundary data do not
depend on time). First of all, we discretize the initial and boundary conditions:

(N%,P?():ﬁ /K (No(a), Po(x)) dz, VK €T, (9)
(NP, PP wP) = @ / (NP(3), PP(3), WP (3)) dy, Vo € €2, (10)

and we define

Nr*=NP pr=pPP w'=0P voecgl

ext?

Vn > 0. (11)

Then, we consider a backward Euler in time and finite volume in space discretization of the
drift—diffusion system (1). The scheme writes:

n+1 n
m(K)w + Z Fill = —m(K) R(NgH, PRtY), VK € T,Vn >0, (12)
¢ o€k
prtl _ pn
m(K)—— =+ Y Gif = —m(K) RN PetY), VE €T ¥n >0, (13)
t cefk
— X > 7Dk V" =m(K)(Pk — Nip + Ck), VK €T,%n>0. (14)
celk

It remains to define the numerical fluxes Fp-! and Gj:"!. We choose to discretize simultaneously

the diffusive part and the convective part of the fluxes by using the Scharfetter—-Gummel fluxes:
for all K € T, for all o € £k, we set:

Frtl =, [B (=D o U™ NI — B (D , U7 N,’;f;} : (15)
Gt =7 | B (Dico W) Pt = B (= Dic 0H) PRt} (16)
where B is the Bernoulli function defined by
T
B0)=1and B(x) = —F———— V . 1
(0) and B(x) op() — 1 x#0 (17)

These fluxes have been first introduced by II'in in [26] and Scharfetter and Gummel in [33] in a
1D finite difference framework. They are second order accurate in space, as shown by Lazarov,
Mishev and Vassilevski in [28]. They also preserve steady—states. In [19], the dissipativity
of the implicit Scharfetter-Gummel scheme is proved; an energy/energy dissipation relation
is also established in [11], leading to the study of the long—time behavior of the Scharfetter—
Gummel scheme for the linear drift—diffusion system. The exponential decay towards the thermal
equilibrium is obtained in [3] under assumption of uniform-in-time upper and lower bounds for
the approximate charge carrier densities. In [24], some bounds for discrete steady—states solutions
obtained with the Scharfetter—-Gummel scheme are established.



Remark 1. Using definition (8) of ug, o for o € EF .., and the fact that B(0) = 1, we recover
as expected from the continuous framework the zero flux boundary conditions on T :

]:K,a:()a gK,O‘:O VK€T7UE‘€%@I#

In the sequel, we denote by (S) the scheme defined by (9)—(17).

1.3 Main result and outline of the article

In this article, our aim is to adapt the ideas developed by Gajewski and Groger in [20, 21, 22]
to the discrete framework in order to obtain uniform-in-time upper and lower bounds for the
approximate densities N3, P obtained with the implicit Scharfetter-Gummel scheme (S). In
practice, the proof of the bounds will also ensure the existence of a solution to the numerical
scheme thanks to a topological degree argument.

In order to get the uniform-in-time L°°-bounds, we apply a Nash-Moser type iteration method
based on L" bounds [1, 31]. This method has already been applied in a discrete framework by
Fiebach, Glitzky and Linke in [17] for reaction-diffusion systems arising in electrochemistry.

Our main result is stated in the following theorem.

Theorem 1. Let (H1)-(H5) be fulfilled. Let M = (T,E,P) be an admissible mesh of Q0 satisfying
(5) and (6). We also assume that the time step satisfies At < 1.
Then there exists a solution (NF, P3, V75 ),>o to the scheme (S), such that the approzimate
densities satisfy the following uniform-in-time upper and lower bounds:
D, E > 0 such that

0O<D<NL PL<E VYKeT, Vn>0. (18)

These constants D and E are independent of the discretization size §, and depend only on the
data, namely the boundary conditions NP, PP, WP the initial conditions N°, P°, the doping
profile C, the Debye length A, the domain Q) and the regularity constraints £ and Ty, .

This theorem establishes the assumptions needed to prove the exponential decay of approximate
solutions given by the scheme (S§) towards an approximation of the thermal equilibrium [3,
Theorem 3.1].

As mentioned above, the proof of (18) applies a Nash-Moser type iteration method [1, 31]. It
also follows ideas developed in [15, 35, 36]. Since we deal here with equations on a bounded
domain, we have to take care about the boundary conditions. Therefore, as in [27], we establish
the uniform upper bound for Ny; = (N — M)* and Py = (P — M)*, where M is given in
(H4), instead of N and P. Moreover, the positive lower bound is obtained as in [17, 21] by
establishing a L* bound for an appropriate function of the logarithm of the densities. In both
cases, application of the Moser iteration technique needs a convenient initial a priori bound in
some LP norm, p > 1. This starting point of the bootstrapping procedure is provided in the case
of the upper bound by an energy/energy dissipation relation which yields uniform-in-time L!
bound. In the case of the lower bound, we establish an appropriate uniform-in-time L? bound
to initialize the method.

The outline of the article is as follows. In Section 2, we propose a new proof of existence of a
solution to the implicit Scharfetter-Gummel scheme which does not necessitate any assumption
on the time step. This result is based on a topological degree argument which requires some a
priori estimates. We will use and recall the uniform-in-time upper bound for the approximate
densities proved in [5]. We will also obtain the positivity of the approximate densities, which



allows us to consider the appropriate test functions involving the logarithm of the densities to
prove uniform-in-time lower bounds in Section 3. The most technical results are detailed in the
Appendix to lighten the presentation. We finally present in Section 4 some numerical experiments
illustrating the presented theoretical results.

2 Existence of a solution to the scheme

We first state the existence of a solution to the scheme, with a uniform-in-time upper bound and
the positivity of the approximate densities.

Proposition 1. Let (H1)-(H5) be fulfilled. Let M = (T,E,P) be an admissible mesh of Q satis-
fying (5) and (6) and let At > 0. Then, for allT > 0, there exists a solution (N3, P3, V5 )o<pn< Ny
to the scheme (S), which satisfies the following L™ estimates for the approxzimate densities:

O< Ng, Pp<E, ¥n=0,...,Np, VKeT, (19)
where E is only depending on the data and independent of § and T.

Proposition 1 will be proved by applying a topological degree argument, similar to Leray-
Schauder’s fixed point theorem [14, 25]. For x € [0,1], we introduce a scheme (S;) defined
by: VK € T, V¥n > 0,

N71+1 _ N© ~
m(K) e 37 Fit = () RN P, (20)
oefk
Pn+1 PK n+1 n+1,+ n+1,+
m(K) & 4+ Y Gptl = —km(K) RN, PRttt (21)
c€EK
_)\2 Z TO'DK,ULIIH:Hm(K)(PIT(I'_NI?'FOK% (22)
o€l
where the numerical fluxes ]—"}étl, Q"J;l are given by:
Frl=r1, [B (—Di o V") Nttt — B (D o 0™ ) N;;fo}ﬂ“} : (23)
Gitt =70 [ B (Do) PREYE = B (= Dy 0 PN, (24)

with the notation 2+ = max(z,0) for the nonnegative part of . The scheme is supplemented
with the initial and boundary conditions (9), (10) and (11). Let us remark that, in order to
lighten the notations, we do not write the dependency of the unknowns with respect to x : we
keep the notation (Nj, Pjt, ¥’L) even if it could be written (Np", Pr", w2").

The proof of Proposition 1 is split into 4 steps. Assuming that the scheme (S,) has a solution,
we first establish the positivity of the densities (N}, Pi)keTn>0 (Lemmas 1 and 2). It implies
that a solution to (S.) can be seen as a solution to (S) with xR instead of R and A\?/k instead
of A% for x € (0,1]. We then recall a discrete energy/energy dissipation inequality (Proposition
2) and its consequences (Proposition 3). Using these preliminary results, we establish in Section
2.3 a uniform-in-time upper bound for the approximate densities. This bound is also uniform
with respect to x € [0,1]. Finally in Section 2.4, we apply a topological degree argument based
on the a priori estimates to prove the existence of a solution to the initial scheme (S).



2.1 Positivity of the densities

We first prove the nonnegativity of the approximate densities obtained with the scheme (Sy). It
implies that a solution to (Sy) is necessarily a solution to (S).

Lemma 1. Under the assumptions of Proposition 1, let assume that there exists a solution
(N3, P31,V )o<n<ny to the scheme (S) for k € [0,1]. Then the obtained approximate densities
are nonnegative:

Ng, P >0 VKeT,¥n=0,...,Np.

Proof. We proceed by induction. The result holds for n = 0. We assume it for a given n. Then,
multiplying the scheme (20) by N;;H’* = min(NI’zH, 0) and summing over K € T, we get:

T+ Ty =Ts, (25)
with
N;?_l - Nlré n+1,—
T = Z m(K)TNK )
KeT
n- Y Y BN
KeT oe€k
Ts=—r Y m(K)RNgHT, PREP N
KeT

Classically, due to the induction hypothesis and since = (z — y) > 1 ((z7)* = (y7)?) (with

2~ =min(z,0)), we have
2
7> Ly mE) (N};“’_)

Moreover, using the definition (4) and the nonnegativity of Ry, we have

Ty =k Y m(K)Ro(Ng™+ PRt h)NEth™ <.
KeT

Then, using the definition (23) of the modified numerical flux, and performing a discrete inte-
gration by parts, we have

T=-r, [B (=D o U™ N - B (D ,0mH1) N}Qj}ﬂ (NI"(:L_ - NI"(H’_)

oc€ef
= — Z Ty |:B (_DK’U\I’TH_I) N;+17+N[7€';1«,— + B (DK’G_\I,TL-‘,-I) NZ;17+N[72+17_:| )
ocef

But since B(x) > 0 for all z € R and 2% > 0, = < 0 for all x, we finally get that 75 > 0. Using

this in (25), we obtain that
2
3 m(K) (NZ“”) <o,
KeT

from which we deduce that N}éﬂ > 0 for all K € T. Finally, we proceed exactly in the same
way for P. O

Thanks to the nonnegativity of the approximate densities, we are now able to prove their posi-
tivity.



Lemma 2. Under the assumptions of Proposition 1, let assume that there exists a solution
(N3, P3, V% )o<n<ny to the scheme (Sk) for k € [0,1]. Then the approximate densities are
positive:

Ng,Pg>0 Vn>0, VKeT. (26)

Proof. Once again, we proceed by induction. The result holds for n = 0. We assume that for a
given n, Nz > 0 and Py > 0 for all K € T. We already know that N}?H >0 and P}?l >0 for
all K € T. Let us assume that there is a K € T such that Npzt' = 0. Then the scheme (20)
yields:
m(K) N° — n+1 n+1,+ n+1,4+
—ap i =D 7B (Dreo U N o sm(K) Ro (0, Pt > 0,

oc€lk

which is in contradiction with the induction assumption. We deduce that N]"{H > 0, and similarly
that P! >0, for all K € 7. O

2.2 Discrete energy/energy dissipation inequality

In all this subsection, we assume that there exists a solution (NF, P}, ¥')o<n<n, to the scheme
(Sx). Due to the positivity of the densities established in Lemma 2, we note that we can let down
the positive parts in the definition of the numerical fluxes (23) and (24) and in the recombination-
generation terms.

We now recall an estimate relating the discrete relative energy and its dissipation. To define this
discrete relative energy, we need to introduce an approximation of the thermal equilibrium. This
equilibrium is a steady state for which electron and hole currents, VN — NVWV and VP + PV,
vanish, as the recombination-generation term. For the original system (1)-(2), it is defined by

N* = exp(a? + 0*)
P* = exp(—aP — T%)
~A?AT* = exp(—aP — T*) —exp(a®? + U*) 4+ C
U =0P onI?, VI .v=0o0nTV,

where o is defined by (H3).
For every value of k € [0, 1], we can define the following finite volume scheme: VK € T,

-\? Z To Dk o V" = km(K) (exp(—aD — W) —exp(al + %) + Ck) . (27)
oelk

N = exp(a? + W), (28)

P} = exp(—a® — U%). (29)

This scheme has been introduced and studied by Chainais-Hillairet and Filbet in [8] in the case
where k = 1: existence and uniqueness of a solution to this nonlinear scheme have been proved.
However, the proof still works for £ € (0,1] and the existence and uniqueness result is still
well-known for k = 0.

Let H(x) = xlog(x) —x + 1. For k € [0,1], we define a discrete relative energy functional

(E™(K))n>0 by:

E"(k) = Y m(K) (H(Ng) - H(Ng) - log(Ni)(Ng — Ni)
KeT

n * * n * A2 n *
+H(Pg) — H(Py) — log(Py)(Pg — Pk)) + By [P — \IJMﬁ,Mvv“ >0 (30)



and

E"(0) = Y m(K)(H(Ng) - H(Nk) — log(Nj)(Nf — Ni;)
KeT

+H(Pg) — H(Pf) —log(Pg)(Px — Pr)) . (31)

We also define the discrete energy dissipation functional (I"(x))n>0 by: V& € [0, 1],

(k) = Y 7 [min(Ng, Ni ) (Do (log(N") - &™)’
oceé
+ min(Pit, Pit.o) (Do (log(P") + )| 4 5 >~ m(K)R(Nj;, Pit) log(Nj PR (32)
KeT

We now give the discrete energy/energy dissipation inequality and some first consequences.

Proposition 2. Let (H1)-(H5) be fulfilled and let M = (T,E,P) be an admissible mesh of ).
Let € [0,1] and assume that the scheme (Sx) has a solution (N3, P3, V% ),>0. Then, for all
n > 0, we have :

0 <E" (k) + AT (k) < E"(k). (33)

Furthermore, if the mesh satisfies the regularity assumption (5), there exists a constant Cg > 0
depending only on the boundary conditions NP, PP, UP the initial conditions N°, P, the
doping profile C, the Debye length X\, the domain Q0 and the reqularity constraint & given in (5)
such that for alln > 0 and for all k € [0,1],

0 < E"(k) <E%k) < Ck. (34)

Proof. The proof of (33) is given in [11] for the case where x = 1. It can be extended to the case
k € (0,1] just replacing R by kR and A by A?/k. When £ = 0, we note that ¥%, = U}, for all
n > 0, so that the proof given in [11] also gives (33) in the case k = 0.

Summing (33) over k =0,...,n, we get that

0 <E" (k) + ) A" (k) <E(k) Vn>0.
k=0

Provided that E°(k) is bounded and I¥(x) is nonnegative for all k > 0, this gives a uniform-in-
time and uniform-in-x estimate for E™ (k).
Therefore, it remains to establish the boundedness of E°(k). It is proved in [8, Theorem 2.1] that
there exists a constant C > 0 only depending on ¥” and A (and in particular not depending on
) such that:

Wi | <C VKeT. (35)

Then using the definitions (28) and (29), we deduce that there exists m* > 0 and M™* > 0 such
that
m* < N, Pe <M* VK €T,

and we can choose m* < m and M* > M. As the function H satisfies the following inequality:

1 (y—=)?

Vo, y >0, Hy) = Hx) = log(a)y — o) < formms =5,

10



we deduce that
> m(K) [H(Nf) — H(Nj) = log(Nig) (N — Nig)] < m(Q)———
KeT

and the same inequality holds for P, which gives a bound for E°(0). In order to bound E°(k) for
k € (0,1], it remains to bound

Ay
o (W0 — T

2
LM
But, subtracting the scheme for ¥° and the scheme for U*, we get :

N Y 7Dk (90 — W) = km(K)(Pg — N — Pic + Njt) VK €T.

o€lk

Then, multiplying this relation by (U9, — ¥%.), summing over K € 7 and using standard tech-
niques like discrete integration by parts, discrete Poincaré inequality (see for instance [16, 4])
and the bounds on N°, P°, N* and P*, we get that there exists C not depending on & such that:

AQ
SV~ ]l SCr<C VR (0,1

which concludes the proof. O

From Proposition 2, we can deduce in particular the following result which is useful in what
follows:

Proposition 3. Let (H1)-(H5) be fulfilled, and let M = (T,E,P) be an admissible mesh of .
For r € [0,1], we assume that the scheme (S,)) has a solution (NJ, P}, W% ) ke n>0. If the mesh
M also satisfies (5) and (6), there exists a constant v € (0, 1] independent of n and k such that:

B(D,¥"") >~ Vo€& VYn>0. (36)

Proof. From (34), we have E" (k) < Cg for all n > 0 and for all x € [0, 1], and from the definition
of the discrete relative energy, this implies that for x € (0, 1]:
A2
?\\Iﬂﬂl — Ui S Cer<Ce VYn>0.

Then, thanks to (6), we get that

(Do-(\I/n+1 _ \I]*))Z < )?C]E

Vo € €&.

2 T,

Using the L*> estimate on VX we deduce the existence of Cy depending only on the data
NP pP gD NO PO the doping profile C, the Debye length X, the domain €2, the regularity
constraints £ and 7,,, such that

0< D, U <Cy Voec& Vn>0. (37)

Then the definition of the Bernoulli function ensures (36) with v € (0,1] for & € (0,1]. The
result is straightforward for k = 0. O

11



2.3 Uniform-in-time upper bound

We still assume the existence of a solution (N7, P%, W) o<n<n, to the scheme (S,) for x € [0, 1].
For k = 0, there is a discrete maximum principle for N7 and PF for each n > 0, so that the
uniform-in-time upper bound is clearly satisfied.

Let k € (0,1]. We now prove the following uniform-in-time upper bound for the approximate
densities N and P7: there exists F as in Proposition 1 such that

0<Np PL<E, VYKeT,¥n>0,Ve (01

This result is established in [5] for kK = 1. We recall here the guidelines of the proof which still
hold for k € (0,1]. The crucial point is that the constants in Proposition 4 do not depend on &
when k < 1.

Since we have to take care about the boundary conditions, we define

N}\}[,K:(NI’Q—M)+, P}}[’K:(P}}—M)*, VK eT, Vn>0,

where M is the upper bound of the initial and boundary conditions given in (H4). Our aim is
to prove that Ny, r and Py - are uniformly bounded.

Let us set
KeT
and
Wy = 2’,2 VneN, VkeN.

.. . - ——2F .
The aim is to prove that there is a constant M > 0 such that W < M | from which we deduce

a L2" bound for the approximate densities which is uniform in k, and finally the L*>° bound by
letting k£ tend to oo.
The first step is the following result about the time evolution of V', |, proved in [5].

Proposition 4. Let (H1)-(H5) be fulfilled, and let M = (T,E,P) be an admissible mesh satis-
fying the nondegeneracy assumption (6). Then there exist positive constants p and v such that
forallq>1, for alln >0,

Lo n 4q a1 a1
Az (Vo = Vi) + ﬁvz {(Da(N;L/[H)qQ )2+ (Do (Py)™7)?| < pgVHt + vm(Q),
ocef
(38)
where v € (0,1] is the constant defined in (36).

Then, the aim is to control the term V;ﬂ:l appearing on the right-hand side of (38). To do this,

we use the discrete Nash inequality [4, Corollary 4.5] which reads for functions y a4 vanishing on
a part of the boundary I'" as:

1+2 ~ 4
(Z m(K)Xﬁ(> < % (Z TU(DUX)2> (Z m(K)|XK|> )

KeT e KeT

where ¢ is given in (5) and C only depends on 2 and the space dimension d. Thanks to Young’s
inequality, it follows that for € > 0, up to a change of the value of C,

S m(K) < %d/ (Z m<K>|xK> +e (Z n(Dax)?) . (39)

KeT KeT oce&

12



1 1

PESY PESY
Applying this inequality to x = (N]T\L/IH) > and y = (P]@[H) * | we have

n C n n 2 n atl 2
< s () o3 [ ) (] o
Arguing similarly as in [15] and using the fact that v € (0, 1], we can find A > 0 depending only

on p such that
A A 4
= (Mq+7) < L yg>1.
q q q+1

Therefore, multiplying (40) by pq 4+ £(q) with £(¢) = vA/q and adding the resulting equation to
(38), we infer that

Vit = Vi c
S S @V D)+ s (- 2(0) (ve)” (41)
We now use this estimate to prove the uniform bound on the approximate densities by a Moser
iteration technique. The definitions of M and the initial condition ensure that W,S = 0 for all
k € N. Moreover, the discrete energy/energy dissipation inequality (34) ensures that E"(x) < Cg
for all n > 0 and applying the inequalities

Yo,y >0 xlog%—x—f—yZ(\f—\/@)zz{—y,

[\

we deduce a uniform bound of W§ for all n > 0. With ¢ = 2% —1 =y and e, = yA/(, we infer
from (41) that

Wit —wp -
thk < —eWiT + B (Cg/2<§k +en) W) + 1) (42)

with
~ _ C C
B = Y /2 maX{Vm( ) WA d/2 gdﬁA d/2 }

Setting M, := sup,,>o W' and d; = ECZ (Ck + €k) /e, we then have

W< 6:(My_, +1) ¥n>0. (43)
Since (W§')n>0 is uniformly bounded, we then define

M = max(1, M) = max(1,sup W) < +oo.
n>0

Using (43), we obtain by induction that for k > 0,

ok

Wi < 261(205-1)% ... (201)2" M Vn >0,

- _q1___ok
remarking that My = 20, (20x_1)2. .. (2(51)2k Mo>1.

We now conclude as in [15] (see also [5]): -

zk
B__
n 25+d

13



and taking the power 2% of W} we obtain that
B B__
||N?/[,T||L2k(§2) < 25+dZM7 ||P]7\L47T“L2k(ﬂ) < 25+dZM, Vn >0, VkeN.

Passing to the limit k — oo gives

n 1344, n l§“7
[Ny 7l ) < 25+dZM, P 7l e () < 25+dZM, Vn >0,

which concludes the proof of the uniform upper bound.

2.4 Proof of Proposition 1

The existence result exhibited in Proposition 1 is a consequence of the a priori estimates estab-
lished in the previous sections for the solutions to (Sx) for all x € [0, 1]. To conclude the proof of
the existence result, we apply a topological degree argument as presented for instance in [14, 25].

Let (N2, P%) ket be given by (9) and (N3, P)gcen, n>o be given by (11). We define the map
‘H associated to the scheme (Sy) in the following way:

e RONT X RONT . [01] RO Nz ROXNr
((N}é, PR)ker, 1<n<ng ) = (((HHN)?{’ (HRP)?()KET,ISngNT) ’

where
n Nt — Nz Snt1 ntl+ pntl+
(N Yje = m(K) 5 4 3™ Frth o () ROV PR,
o€k
P Py T
(M P = m(K) == 4 3™ Gt 4 mm(K) RN, Pt ),
o€elk
with

)

Fitl =17, [B (=D @™ Nt = B (Dye 04 N

Gicth = 70 [B (Do W) PR — B (~Dyew+1) P
where \Il$-+1 satisfies:

N> 7D U = km(K) (PR = Nt 4+ Ck) VK €T,
c€EEK (44)
U =0l vo el

ext:

We define K := [0, E + 1]2*N7 where E is the uniform upper bound established in the previous
section. This subset K of R?**NT is compact.

The application #H is uniformly continuous on K x [0, 1], and since we proved that a solution
(N3, P3, V% )o<n<ny of the scheme (S,) satisfies

O<NL PL<E VKeT, VYn=0,...,Nr,

14



the nonlinear system

H((Ng)KeT, 1<n<Np» (PE)KeT, 1<n<Nygs K) = 0

cannot admit any solution on 9. Therefore, the corresponding topological degree §(H, K, k) is
constant with respect to k.
For k = 0, we obtain from (44) that, for all n, \IIT%H does not depend neither on n nor on N or
P: it is the solution to the classical scheme for the Laplace equation. Moreover, as the densities
are necessarily positive, the fluxes f"+1 (respectively Q”+1) are linear combinations of Ny
and the N"+1 (respectively of Ppt! and the P”H)
Then, the problem

H((Ng)KkeT, 1<n<Nrs (PR)KeT, 1<n<Ns»0) =0

reduces to a linear invertible system, so that it admits a unique solution. It implies that
d(H,K,0) = 1 and therefore that §(H,/K,1) = 1. We deduce that the scheme (S;) admits a
solution and, due to the positivity established for the approximate densities, that (S) admits a
solution. This concludes the proof of Proposition 1.

3 Uniform-in-time positive lower bound

In this section, we now prove the uniform lower bound for the approximate densities (N7, P#)n>0
given by the scheme (§), namely: there exists D > 0 as in Theorem 1 such that:

0<D<NL P VYKeT, Yn>0. (45)

To this end, we adapt to the discrete framework the proof done in [21, Lemma 3.6]. It consists in
applying a Moser iteration technique on an appropriate function of the logarithm of the densities.

Let m := max(— logm,log E), where E is the uniform upper bound of the approximate densities
(N3#)n>0, (P3)n>0. Using the function wpm defined on R% by wm(z) = —(logz +m)~ (where
s~ =min(s,0)), we can define

wr = wwm(Ny) = — (log Ny +m)

In order to prove that (N7),>¢ admits a uniform-in-time positive lower bound, we will in practice
prove that (w%),>o admits a uniform-in-time upper bound. The uniform positive lower bound
for (P7)n>0 can be established exactly in the same way. We start with the following preliminary
result, which will be crucial to apply the Nash-Moser iteration technique.

Proposition 5. Let (H1)-(H5) be fulfilled. Let M = (T,E,P) be an admissible mesh of
satisfying (5) and (6), and 0 < At < 1. Let (N}, P}, V% ),>0 be a solution to the scheme (S).
Then there exist two positive constants p and v, depending only on the data, such that for all
q>2, forallT > 0:

Nt
v 30 m(K) () 4 Y Aret Y (D))

KeT n=0 oc€
Nt
d
< pgztt Z Ateln (Z m(K) (w} "‘H > +vq Z Ate',  (46)
n=0 KeT

where v € (0,1] is defined in (36).

15



( n+1 ) N£+l

Proof. Multiplying the scheme (12) by and summing over K € T, we get

7 + 13 = T3, where

Nn+1 — N2 1
TP = = Y m(K) =K (47)
KeT At NK
n n n - 1
1} = X R Drea (@) ). )
oe€l
1
T3 = Y m(K) RN PRt (i) (49)
KeT K

Using assumption (4) on R, we can rewrite
ROV, PR (i1t = Ro(NRH, PRAD(NG T PR = 1) (w) .
This term vanishes if N}?‘l > e ™. But, if N}?‘l < e ™, the definition of M and the upper
bound on P773+1 ensure that :
NgtHpptl —1<e™E—1<0.

Thanks to (H5), we deduce that T3 < 0.
Applying (69) from Lemma 3, we obtain that

T > ) m(

KeT

(wi ™) — (wi)*
qgAt '

(50)
Thanks to (74) from Lemma 5, we get:

1
Ty > 7o Di o U (DK,Aw"“)q—l + qDK,o(w"“)q)
oel

+ Z;TUB (De ¥t (4(‘1(]21) (Da(wnﬂ)q/z)? n ﬁ (Da(w"+1)q§1>2> 1)

Performing a discrete integration by parts on the first term of the right-hand-side and using the
scheme (14) for ¥, we obtain:

1 n — 1 n n n
T2n > F Z m(K) ((wKJrl)q 1 + q(wKJrl)q) (PK+1 . NK+1 + CK)

3" B (Daunt) (‘“q (Dot 2) (Dg<wn+1>‘*¥1)2) . (52)

el q

We may now multiply the inequality 77" + T3 < 0 by gAte! and sum over n € [0, Ny]. Using
that w(l){ = 0, the convexity of x — e and (50), we have:

Zthet"T” > Z el Z (( Zﬂ) (wr;()q>

KeT
Nt
= > m(K) [ (with)? — e (wik)? — (e — et (wih) ]
n=0KeT
> eVt " m(K) (wit ) ZAtet”“ > m(K) (w9 (53)
KeT KeT
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From (52) and the bound (36), we deduce that

Nrp Nr
ns 1 mitva—1 1, . .
D aAlemT] 2 55 ) gAte ) m(K) <<wK“>q “+ q<wK“>q> (PR — Nt 4 C)

n=0 n=0 KeT

JrfquAte n Z (4(‘1(151) (Da(wnﬂ)q/z)? N (q_&l)g (Dg(wnﬂ)q;l)z) -

ce&

But, since |Pptt — Nt 4 C| < 2E 4 ||C||o for all K € T, for all n > 0, and

S m(K) (<w?<+1>q1 " ;<w?<“>Q) < 3 m(E) ) + m(©),

KeT KeT

we obtain from (53) and (54) the following estimate:

etNr+1 Z m(K)(w%TH)q

KeT
N

o B e (M <Da<wn+1>q/2>2+(iz<Dg<wnﬂ>w>2>
n=0 o€E q q+1)

< <6At L | 11 2E + ”CHOO ) ZAt@ n Z )( }1{+1)q +q2E+ ”CHOO ZAth”

KeT

As At <1, let us set

2E + ||C
v=e!+ % max(1, m(Q))
Using that ¢ > 2 and applying inequality (39) with x = (w™1)%/2 and e = 22451 e finally
v q
obtain (46) with
sETe
n= )
(2y6)?F

independent of gq. O

We are now going to apply the Moser iteration technique. Multiplying (46) by e~ *¥r+1, using
that q% >1and 22 + 4% < (x +y)? for all 2, y > 0, we obtain

Nr 2
Y mE) ) <wgt e Y Atel (Z m(K)(wi)? + 1) ’ (55)

KeT n=0 KeT

with w = max(p, v).
Let us define

We set

by :=sup Z;; + 1.
n>0

To conclude the proof of the positive lower bound (45), it remains to establish the following
result.
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Proposition 6. Under the assumptions of Proposition 5, we have

be < (8029b,) . VE>2. (56)
Moreover, there exists a constant Z independent of T and & such that:
b <Z+1< +400. (57)
Proof. For all k > 1, taking ¢ = 2* in (55) leads to

ZNT < (28t hke 2 | ZAte
n=0

Using the convexity of exp, we have

3t < S o) <o,

n=0

and then we deduce that

We finally establish (56) by induction.
It remains now to prove the initialization of the Moser iteration, namely the fact that b; =
sup,,>o Z1' + 1 is bounded. We start again from (46), with ¢ = 2:

Nt

2 N 2

etNT“ZlNT + §7 E Atetr E Ty (Dg(wnﬂ)%)
n=0

oe€
NT 2 NT
d
< p22tt Z Ate'r < Z m(K)wT;(H> +2v Z Ate'™.  (58)
n=0 KeT n=0

Using Holder inequality, we have

(Z m(K)w;;“) < <Z m(K)(w}?Ll)?’) m(Q)3. (59)

KeT KeT

Moreover, we can apply the discrete Poincaré inequality [4, Theorem 4.3] since wﬁl =0onIP:

there exists a constant Cq ¢ > 0 only depending on € and the regularity parameter £ such that
4\ 2
> w(E) (i) = Y m(K) (wi)?) < Cae Y m (Do) (60)
KeT KeT oe€

Gathering (59) and (60), we obtain

p2t*! (Z m<K>w’;<“> <9 (Zﬂr (Da<w"+l>3)2> B

KeT oe&

2
3

where 6 = ,uQ%‘Hm(Q)%CQ’E, and Young inequality gives

2
p28t (Z m( n+l> S% ~2p3 527_0( o(wnﬂ)%)Z

KeT oe&
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Taking £ = /3, (58) becomes
Nr

etNT+1ziVT < ZZ Atetn’

n=0

with Z = 363 /42 + 2v, and finally multiplying by e t~r+1 we obtain
Z'"T < 2,
which gives the desired result (57) since Z is independent of 7" and 4. O

Equipped with this result, we can now conclude the proof. Taking the power 1/2% in (56) and
using the definition of by, we obtain

1/2F
<Z m(K)(w%TH)Zk) < 8w2%;, Vk>1, VYNp>1.
KeT

Finally, since by is bounded by a constant, we obtain by letting £ — oo that
W |oo < 8w2%;  ¥n >0,

which gives the uniform-in-time upper bound for (w%),>0 and then the uniform-in-time positive
lower bound for (N7 ),>0. The hole density (P3),>0 can be treated exactly in the same way.
In the end, gathering this with the results established in Section 2, the proof of Theorem 1 is
achieved.

4 Numerical results

In this section, we present some numerical experiments that illustrate the behavior of the upper
and lower bounds of approximate densities for different type of doping profiles. We consider
1D test cases with £ =]0,1[. The space step is taken uniform and fixed to h = 0.01, and the
time step to At = 0.01. In all the simulations, the recombination-generation term is taken equal
to 0. We fix A2 = 1 everywhere, except for the last part of Case 1 where we take A2 = 1074
to illustrate the influence of the Debye length on the upper and lower bounds. The Dirichlet
boundary conditions N¥ and PP for the densities are computed from ¥¥ using Hypothesis (H3)
with a” = 0.

Case 1. Initial conditions are given by:
No(z) =05 and Py(z)=1 Vz€]0,1],

and the Dirichlet boundary conditions for ¥ are ¥ (0) = 0 = wP(1).

In Figure 2, we present the approximate densities of electrons and holes in the case of a zero
doping profile, computed at different times: 7' = 0.01, 7' = 0.07 and T' = 5. As expected, the
maximum principle is satisfied in this case.

Figure 3 is devoted to the case of a constant doping profile C'(z) = 20 and Figure 4 to the case
of a doping profile given by C(z) = 20 if 2 € [0,0.5] and C'(z) = —20 if 2 € [0.5,1]. We observe
that the maximum principle is no more satisfied in this case. Finally, we investigate the influence
of the doping profile on the upper and lower bounds of approximate densities. In Figures 5 and
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Figure 2: Evolution of approximate densities in Case 1, for C' = 0.
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Figure 3: Evolution of approximate densities in Case 1, for C' = 20.
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Figure 4: Evolution of approximate densities in Case 1, for C' piecewise constant with ||C||s = 20.

6, we present the upper and lower bounds as functions of ||C||oc. The lower bound is represented
in log scale. Figure 5 corresponds to

C(z)=k forxel0,1], withk=0,...,30, (61)

and Figure 6 to
|k for x € [0,0.5]
Clz) = { -k for z €]0.5,1]

Depending on the chosen doping profile, we observe that the obtained upper bound E (resp.
lower bound D) can be larger than the upper bound of data M = 1 here (resp. lower bound of
data m = 0.5 here).

, with k= 0,...,40. (62)
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Figure 5: Upper and lower bounds as functions of |C||« in Case 1, with C given by (61).
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Figure 6: Upper and lower bounds as functions of |C||« in Case 1, with C given by (62).

Finally, we consider the same test case but with A2 = 10=%. Due to the stiffness occurring with
this choice, we have to choose an adaptative time step to ensure the convergence of the Newton’s
method used to solve our nonlinear implicit scheme. Indeed, this stiffness comes from the fact
that the considered boundary conditions are not compatible with the quasi-neutral limit (the
quasi-neutrality relation writes P — N +C = 0, which is not satisfied for C' # 0 at the boundary).
We represent in Figure 7 the solutions obtained at final time 7" = 5 for a constant doping profile
C(x) = 20 with either A2 = 1 or A = 10~%. Finally in Figure 8, we present the upper and lower
bounds obtained with A\? = 10~* for constant doping profiles defined by (61). Comparing the
results obtained with those presented in Figure 5, we clearly remark the influence of the Debye
length A% on the upper and lower bounds of densities.

Case 2. Initial conditions are now given by

No(z)

01 if 0<z<0.8 Po(x) = 1 if 0<z<07
1 if 08<zxz<1 ' "7 01 if 07T<z<1

The boundary conditions for ¥ are ¥P(0) = —1 and ¥P(1) = 1.
As before, we represent the upper and lower bounds of the densities as functions of ||C||s, in
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Figure 7: Comparison of solutions obtained in Case 1 at T = 5 with C = 20 and A2 = 1 or
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Figure 8: Upper and lower bounds as functions of ||C||s in Case 1, with C given by (61) and
A2 =104

Figure 9 for a doping profile given by

C(z) =2k forxze[0,1], withk=0,...,40, (63)

and in Figure 10 for a doping profile given by

| 2k for z € [0,0.7] . _
C(z) = { o for € [0.7,1] with £ =0,...,40. (64)

We observe that the upper and lower bounds obtained for a same test case depend strongly on
the chosen doping profile. The upper bound is a nondecreasing function of ||C||s whereas the
lower bound is a nonincreasing function of ||C||s. The lower bound remains always positive
(despite it can be small).

5 Conclusion
In this article, we establish existence of an approximate solution of the Van Roosbroeck’s drift-

diffusion system obtained with an implicit in time Scharfetter-Gummel scheme. Moreover, we
prove that the obtained approximate densities satisfy uniform-in-time positive upper and lower
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Figure 9: Upper and lower bounds as functions of |C||« in Case 2, with C' given by (63).
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Figure 10: Upper and lower bounds as functions of ||C]|« in Case 2, with C given by (64).

bounds. Our proof relies on the application of a topological degree argument which requires
some a priori estimates. The discrete energy/energy dissipation inequality (33) is a cornerstone
in this work. Such inequality can be obtained for slightly different models and /or discretizations,
leading to possible generalizations of our results. We list below some of them.

Models with variable mobilities. The original Van Roosbroeck’s model [34] includes vari-
able mobilities and can be written, using Einstein relations, as:

8N + div (uy(=VN + NV¥)) = —R(N, P),
8, P + div (up(—VP — PV¥)) = —R(N, P), (65)
XAV =P — N +C,

where pn and pp are positive continuous functions of the electric field VW. Such variable mobil-
ities model was for example studied in [21], and a semidiscretization in time was also considered
in [13]. Our result can be easily generalized to this model. Indeed, using the boundedness of the
discrete electric field (37), we obtain that there exists positive constants p, and p* such that:

0 < ps < pn,y pp < 5,

and then our proofs can be straightforwardly extended to a discretization of this model (65).
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Models with nonlinear diffusion. In this paper, we only consider the classical drift-diffusion
model based on Boltzmann statistics. However, other statistics can be necessary to describe
relevantly the behavior of the considered semiconductor device, leading to a modification of
the diffusive terms, which become nonlinear. Under some assumptions on the nonlinearity, the
discrete energy/energy estimate (33) can be established for a generalized Scharfetter-Gummel
scheme [3, Proposition 3.2]. However it seems difficult for the moment to obtain the other results
(in particular the technical result given in Lemma 5) in the nonlinear setting.

Other finite volume discretizations. In view of [9], extension of our work to a larger class of
two-point monotone fluxes seems possible. Indeed, in this paper, a discrete entropy /entropy dissi-
pation estimate is established both for Fokker-Planck equations (Theorem 2.7) and porous media
equations (Theorem 3.2), for a family of B-schemes including upwind, centered and Scharfetter-
Gummel schemes. The result is not yet proved for the drift-diffusion system, but it could be a
natural extension of this work.

Explicit in time discretizations. Here we only considered a backward Euler time discretiza-
tion. In [18, Theorem 4.4], a discrete entropy/entropy dissipation estimate is proved for an
explicit in time finite volume scheme discretizing a class of nonlinear parabolic equations, under
a CFL condition. However, it seems difficult for the moment to adapt our result to such a time
discretization, and even more for high order methods, since it will lead to treat a lot of residual
terms coming from the explicit in time discretization.

Appendix: some technical results

In this Appendix, we detail some technical results which we use in the paper. There are first
functional inequalities and then some properties of the numerical fluxes.

We define 27 = max(z,0) and 2~ = min(z,0) for all z € R. Let us first recall some elementary
inequalities :
Vr,y eRVg>1, a((@h)?—(y")?) > a™ (@)~ (y")7), (66)
do8 atp atp 2
Vi,y>0,Ya, 8 >0 (y* — %) (yP — 2° >7(T—x7) : 67
y= B (y )Ny )*(a+5)2 y (67)
Va,y>0,¥g>2, y?—a?>qe? (y — ) (68)

For m € R, we can define the function wm by wm(x) = (logx + m)~ for all x € RY. This
function is widely used for the proof of the uniform-in-time positive lower bound in Section 3.
We give in Lemma 3 some properties of the function ws.

Lemma 3. Let m € R, the function wy defined by wm(x) = —(logx +m)~ for all x € R
verifies the following inequalities :

e Forall q > 2, for all x,y >0,
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e Forallq>2, for all x, y > 0,

v <<wm<y>>" - L) ) > ()" — (wi(2))*

Yy T

+ é (wm®))? — (wm(@))).  (70)

Proof. We start with the proof of (69). It is trivial when = y. We consider the case where
x # y. We remark that :

—(z—v) (wm(ac))q_lz —ﬁ (logz — log y) (wm(a:))q_l
T — _ _ -1
= m (—(logz +m)* + wr(x) + (logy + m)* — wm(y)) (wm(z))" .
Therefore,
~(z = ) (wm(@))" 2 T (wm(2) — wim(y)) (wm(x)".
~ logx —logy
But, on one hand the function ws is a nonincreasing function and on the other hand, we have :
1 T —y
7 >le=0<z<y.
zlogz —logy

This yields
-1

I ()2 () — ) (w0 (2)"

The inequality (69) is then deduced from (68).
Let us now prove (70). We first remark that

. <<wm<y”q - L) ) — ()" = (o) + () (£ 1))

Yy T

Thus, we just need to prove:

1 1
()™ (£ -1) 2 3 ((wm)* - (wm(a))"). >0, ()
Ify > f*m, wr(y) = 0 and the result holds for all z > 0. We consider now the case where

y < e~ ™. As a direct consequence of (68), we get:

((wm(®)"= (wm(@)") ) < a(wm(®) "™ (wmly) - wm(z).
But, for all x > 0, we have :

wi(y) — wim(z) < —logy +logx < u,
Yy

which yields (71) and therefore (70). O

We now establish some properties satisfied by the numerical fluxes. Lemma 4 is crucial for the
proof of Proposition 4, while Lemma 5 is used in the proof of Proposition 5.
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Lemma 4. Let ¢ > 1. The numerical fluzes defined by (15), (16) and (17) verify that for all
K eT, forallo € £k, for alln >0,

4 2
P Dica N3 <~ B(D, ) (D (N7

I
- (g1
e Do W Dpe (NG 4 Moy Die g0 Dic o (N1,

(72a)
gKTcrlDK,a(PMH)q < (g +q1)QTUB(Do‘I’ i) (DKJ(PMH) : )
- j1TUDK7UW"+1DK,U(P;;,“)Q“ — M7,D5 o V"™ D o (P2 (72D)
q

Proof. We prove only inequality (72a) since (72b) can be deduced by replacing Dy ,¥" ! by
—Dg W™, Using the property B(z) — B(—z) = —u satisfied by the function B, we can rewrite
the fluxes F-7! under two different forms:

f}”g} =7, (Dr,o V"' Nt — B(Dg o ¥ ) D o N™ 1) (73a)
=7 (Dio W NI = B(=Die W) D N1 (73b)

With the formulation (73a), we write:
Fi Dico (N3 = 75 (Dic, g U (NI = M) Dic o (N
+MDp U ' D (N3 )% = B(Dg o U ™) Dy o N" T Dy o (N7H)7)
But, using (66) and (67), we get:

(N = M) Do (N < 1 Dreo (N7,

n n 4q n gt1 2
DNKZIDK,U(NMH)Q 2 (g+1)2 (DK,U(NMH) ’ ) :

Moreover, B is a nonnegative function. Then, we deduce (72a) if D ,¥"*! > 0. The same
result is obtained when Dy ,¥"*! <0 but starting with (73b) instead of (73a). O

Lemma 5. Let ¢ > 2. Let m € R, we set wi' = wi(NE™) for all K € T, for alln > 0. The
numerical fluzes defined by (15) and (17) verify that for all K € T, for all o € Ek, for alln > 0,

1
Nn+1

1
Fi Do ((w"“)“ ) > 75D o U™ (Dx,o(w”“)“ + qDK,a(w"“)Q)

+1,B (DU (4(‘1(]5 D) (Dg(uﬂ‘“)q”)2 n 7(61+11)2 (Da(w"+1)q§1)2> . (74)

Proof. We first assume that D , %" ! > 0. Using formulation (73a), we write

1
Nn+1

fln(tleKﬂ <(wn+1)q1 ) = Ry + Ry,
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with

1
Ry = —1,B (Do ¥""") Dk o N" "' Dg , ((w”“)q—anH) ,

1
R2 = TO-_DK’U\I’“+1NIT;+1DK’J <(w"+1)q1 N”+1> .

We treat R; following the same computations as those used in [17, proof of Theorem 4] for the
diffusion term. More precisely, we have

Ry =71,B (DU\I/n+1) (R11 + Ri2),

with

1 1 1
Riy = =DicoN" 5D g ((w™H)771) < TS nl) ’
2 NN

1 1
Rz = —DK,aNnﬂiDK,a (Nn+1> ((w?fl)q*l + (w}?tfl)rl) .

According to [17, Lemma 7], we can rewrite Ry; and R;s respectively as :

Ryy = —f (Dx.o (log N"*1)) Di o (log N™* + 1) Dy o (w™)971,

Ri> = g (Dico (108 ")) (Dicr (log N 4 7)) 2 ()= + (i),
with B .
f(z) = (e = 1)2(§ +1) >1, VzeR,
g(z) = N G 1)2(26_ —b >1, VzeR.

Moreover, using the definition of w?"'l and (67) with a =1 and 8 = g — 1, we have:

~Dr» (log N"*' 4+ 7) D o (w147 = — D ((log N"*! +7) ) Dy o (w1)971
+ DK,U(wnqu)DK’a(wnJrl)qfl

> 4((] - 1) (DK,U(wn+1)q/2)2 )

=2
Then we get
A(

g1 (DK,a(w"H)q/?)Q . (75)

R > 7

We also have 1
2 n _ n _
Rip > 3 (DK,crwn+1) ((U/KH)Q L4 (wKJ,rgl)q 1) )
and since for all z, y > 0 we have, as shown in [17, Lemma 6],

_ _ 2 at1 at1 2
(x —y)? (a7 + gy 1)ZW(5E 7 -y 2) ;

which yields

er1n 2
Ry > (DK,a(wnJrl)#) . (76)

1
(g+1)2
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Gathering (75) and (76), we finally deduce that

12 7,8 (00 (M (Deawr ) 4 s (Drat ™)) 1

The term Ry is now treated using (70) from Lemma 3 with z = N and y = N}é‘:} (we still
assume that Dk U > 0). We get:

1
Ry > 7,Dg , U™ (DK,(,(w"“)q1 + qDK,c,(w”+1)Q> . (78)

Gathering (77) and (78) yields the result if Dy ,¥"*t > 0. The case Dy ,¥""t < 0 can
be treated exactly in the same way, starting from the expression (73b) of the flux instead of
(73a). O
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