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A Multi-step Inertial Forward—Backward Splitting Method for
Non-convex Optimization

Jingwei Liang* Jalal M. Fadili* Gabriel Peyréf

Abstract

In this paper, we propose a multi-step inertial Forward—Backward splitting algorithm for minimizing
the sum of two non-necessarily convex functions, one of which is proper lower semi-continuous while
the other is differentiable with a Lipschitz continuous gradient. We first prove global convergence of the
scheme with the help of the Kurdyka—}t.ojasiewicz property. Then, when the non-smooth part is also partly
smooth relative to a smooth submanifold, we establish finite identification of the latter and provide sharp
local linear convergence analysis. The proposed method is illustrated on a few problems arising from
statistics and machine learning.

1 Introduction

1.1 Non-convex non-smooth optimization

Non-smooth optimization has proved extremely useful to all quantitative disciplines of science including
statistics and machine learning. A common trend in modern science is the increase in size of datasets, which
drives the need for more efficient optimization schemes. For large-scale problems with non-smooth and
possibly non-convex terms, it is possible to generalize gradient descent with the Forward—Backward (FB)
splitting scheme [4] (a.k.a proximal gradient descent), which includes projected gradient descent as a sub-case.

Formally, we equip R™ the n-dimensional Euclidean space with the standard inner product (-, -) and

associated norm || - || respectively. Our goal is the generic minimization of composite objectives of the form
. def
min {®(z) = R(z) + F(z)}, (P)
zeR™

where we have

(Ad) R:R"™ — RU{+o0} is the penalty function which is proper lower semi-continuous (Isc), and bounded
from below;

(A.2) F:R™ — Ris the loss function which is finite-valued, differentiable and its gradient V F' is L-Lipschitz
continuous.

Throughout, no convexity is imposed neither on R nor on F'.

The class of problems we consider is that of non-smooth and non-convex optimization problems. Here are
some examples that are of particular relevance to problems in regression, machine learning and classification.
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Example 1.1 (Sparse regression). Let A € R™*", y € R™, u > 0, and ||z||, is the £y pseudo-norm (see
Example 4.1). Consider (see e.g. [14])

o1 2
min 5y — Azll” + ullz]o- (1.1)
Example 1.2 (Principal component pursuit (PCP)). The PCP problem [10] aims at decomposing a given
matrix into sparse and low-rank components

. 1
min 3lly — 25 —aill + pllsllg + porank(z), (1.2)

(ws ) E(RM *"2)2 2
where || - || is the Frobenius norm and y; and pp > 0.

Example 1.3 (Sparse Support Vector Machines). One would like to find a linear decision function which
minimizes the objective

. 1 m
— e i) + b,y , 1.3
o S G20 0 =
where fori = 1,--- ,m, (2;,y;) € R™ x {£1} is the training set, and G is a smooth loss function with
Lipschitz-continuous gradient such as the squared hinge loss G(%;,v;) = max(0, 1 — §;3;)? or the logistic
loss G(9;,y;) = log(1 + e~ i),

(Inertial) Forward—Backward The Forward-Backward splitting method for solving (P) reads

Tyl € prox%R(xk -V F(zr)), (1.4)

where v, > 0 is a descent step-size, and

prox, () & Argmin, cgn 3z — | + yR(), (15)
denotes the proximity operator of R. prox, r(x) is non-empty under (A.1) and is set-valued in general.
Lower-boundedness of R can be relaxed by requiring e.g. coercivity of the objective in (1.5).

Since the pioneering work of Polyak [28] on the heavy-ball method approach to gradient descent, several
works have adapted this methodology to various optimization schemes. For instance, the inertial proximal
point algorithm [2, 3], or the inertial FB methods [26, 24, 5, 23]. The FISTA scheme [6, 11] also belongs to
this class. See [23] for a detailed account.

The non-convex case In the context of non-convex optimization, [4] was the first to establish convergence of
the FB iterates when the objective ® satisfies the Kurdyka—F.ojasiewicz property'. Following their footprints,
[9, 27] established convergence of the special inertial schemes in [26] in the non-convex setting.

1.2 Contributions

In this paper, we introduce a novel inertial scheme (Algorithm 1) and study its global and local properties to
solve the non-smooth and non-convex optimization problem (P). More precisely, our main contributions can
be summarized as follows.

"We are aware of the works existing on convergence of the objective sequence ® () of FB, including rates, in the non-smooth
and non-convex setting. But given that, in general, this does not say anything about convergence of the sequence of iterates x, they
are irrelevant to our discussion.



A globally convergent general inertial scheme We propose a general multi-step inertial FB (MiFB)
algorithm to solve (P). This algorithm is very flexible as it allows higher memory and even negative inertial
parameters (unlike previous work [23]). Global convergence of any bounded sequence of iterates to a critical
point is proved when the objective ® is lower-bounded and satisfies the Kurdyka—t.ojasiewicz property.

Local convergence properties under partial smoothness Under the additional assumptions that the
smooth part is locally C? around a critical point 2* (where z;, — z*), and that the non-smooth com-
ponent R is partly smooth (see Definition 3.1) relative to an active submanifold M ~, we show that M«
can be identified in finite time, i.e. x;, € M+ for all k large enough. Building on this finite identification
result, we provide a sharp local linear convergence analysis and we characterize precisely the corresponding
convergence rate which, in particular, reveals the role of M+. Moreover, this local convergence analysis
naturally opens the door to higher-order acceleration, since under some circumstances, the original problem
(P) is eventually equivalent to locally minimizing ® on M+, and partial smoothness implies that ® is actually
C? on M.

Algorithm 1: A Multi-step Inertial Forward—Backward (MiFB)
Initial: s > 1is an integer, ] = {0,1,...,s —1},zp e R"andz_5 = ... = z_; = xy.
repeat

Let0 <y <, <7< 1, {aom aig, ...} € —1,2]°, {bo s, big, ...} €] — 1,2

Yak = Tk + i1 @ik(Thi — Thoi—1),

(1.6)
Yok = Tk + Yierbik(Th—i — Tp—i—1),

Tht1 € Prox, (Yo — WVEF Upk))- (L.7)

k=k+1;
until convergence;

1.3 Notations

Throughout the paper, N is the set of non-negative integers. For a nonempty closed convex set 2 C R", ri(2)
is its relative interior, and par(Q2) = R(Q — ) is the subspace parallel to it.

Let R : R” — RU {400} be a Isc function, its domain is defined as dom(R) = {z € R" : R(z) < 400},
and it is said to be proper if dom(R) # (). We need the following notions from variational analysis, see e.g.
[30] for details. Given 2 € dom(R), the Fréchet subdifferential 9 R(x) of R at x, is the set of vectors v € R”
that satisfies lim inf, ., ,, M(R(z) —R(z)— (v, z—x)) > 0. If 2 ¢ dom(R), then 9" R(z) = (). The

def

limiting-subdifferential (or simply subdifferential) of R at z, written as OR(x), is defined as OR(x) = {v €
R" : 3y, — x, R(xi) — R(x), v, € OF R(x1) — v}. Denote dom(OR) £ {z € R" : dR(x) # 0}. Both
OF R(x) and OR(w) are closed, with O R(z) convex and 0¥ R(x) C OR(x) [30, Proposition 8.5]. Since R
is Isc, it is (subdifferentially) regular at  if and only if 9 R(x) = OR(x) [30, Corollary 8.11].

An lIsc function R is r-prox-regular at z € dom(R) for v € OR(Z) if Ir > 0 such that R(z') >
R(z) + (v, ' — 2) — &z — 2'||? Va, 2/ near z, R(x) near R(z) and v € OR(x) near .

A necessary condition for x to be a minimizer of R is 0 € OR(z). The set of critical points of R is
crit(R) = {x e R" : 0 € OR(z)}.



2 Global convergence of MiFB

This section is dedicated to the global convergence of the sequence generated by Algorithm 1.

Kurdyka-F.ojasiewicz property Let .J : R” — R U {400} be a proper Isc function. For 71,72 such that
—00 < 1y < 12 < 400, define the set [y < J < o] = {z € R" : iy < J(2) < 2.

Definition 2.1. J is said to have the Kurdyka-}.ojasiewicz property at € dom(.J) if there exists  €]0, +o0],
a neighbourhood U of & and a continuous concave function ¢ : [0, n[— R such that

(i) (0) =0, ¢is C' on]0,7n][, and for all s €]0, 7|, ¢'(s) > 0;

(ii) forallz €e UN[J(Z) < J < J(&) + n], the Kurdyka—t.ojasiewicz inequality holds

¢ (J(z) — J(2))dist (0,0J (z)) > 1. 2.1

Proper Isc functions which satisfy the Kurdyka-¥.ojasiewicz property at each point of dom(9.J) are called
KL functions.

Roughly speaking, KL functions become sharp up to reparameterization via ¢, called a desingularizing
function for J. Typical KL functions are the class of semi-algebraic functions, see [7, 8]. For instance, the ¢
pseudo-norm and the rank function (see Example 1.1-1.3 and Section4.1) are indeed KL.

2.1 Global convergence

Let p, v > 0 be two constants. For ¢ € I and k € N, define the following quantities,

2 2 712

ef 1 — L— — ef 5. . ef SA; Sb‘ L — ef .

B e L 2%/‘ V%, B e hgleglf Br and oy e 27;’;1 + ’2’; , Q4 “ lim sup ay, ;. 2.2)
keN

Theorem 2.2 (Convergence of MiFB (Algorithm 1)). For problem (P), suppose that (A.1)-(A.2) hold.
Assume moreover that ® is a proper Isc KL function which is bounded from below. For Algorithm I, choose
s Vs Vi, Qi ks bi,k such that

§EB = 0> 0. (2.3)

Then each bounded sequence {xy }ren satisfies
() {zk}ren has finite length, i.e.y " o ||xr — Tp—1]| < +00;
(ii) There exists a critical point x* € crit(®) such that limy_, x) = z*.
(iii) If ® has the KL property at a global minimizer x*, then starting sufficiently close from x*, any sequence
{zk }ken converges to a global minimum of ® and satisfies (i).

See the Section A for the detailed proof.

Remark 2.3.
(i) Boundedness of the sequence is automatically ensured under standard assumptions such as coercivity
of ®.
(ii) Unlike existing work, negative inertial parameters are allowed by Theorem 2.2.
(iii) When a;, = 0 and b; ;. = 0, i.e. the case of FB splitting, condition (2.3) holds naturally as long as
Fy < % which recovers the case of [4];
(iv) From (2.2) and (2.3), we conclude the following:

4



(@) s = 1:if b9 = b, ar0 = a (i.e. constant inertial parameters), then (2.3) implies that a, b must
belong to an ellipsoid,

a? b2

a* 1—4L —p—vy
21/1_'_21//L2<ﬁ '

2y
(b) When s > 2, for each i € I, let b; ), = a;, = a; (i.e. constant symmetric inertial parameters),
then (2.3) tells us that the a; must live in a ball,

(21%_‘_21//%)216[ Z</8

An empirical approach for inertial parameters Besides Theorem 2.2, we also provide an empirical bound
for the choice of the inertial parameters. Consider the setting: v, = v €]0,1/L[ and b; ;, = a; = a; €

] —1,2[,7 € 1. We have the following empirical bound for the summand } ;; a;
. 1/L
Yiai € ]0,min {1, =y 3 [ 24

To ensure the convergence {zy } ke, an online updating rule should be applied together with the empirical
bound. More precisely, choose a; according to (2.4). Then for each k£ € N, let b; , = a;  and choose a; j
such that ) . a; ), = min{} , a;, ¢t } where ¢;, > Ois such that {c;, >, o7 [[2x—i — Tx—i—1]/}ren is summable.

For instance,
C

C =
L T ST P R

c>0, ¢g>0.

Remark 2.4. The allowed choices of the summand ), a; by (2.4) is larger than those of Theorem 2.2. For
instance, (2.4) allows 3", a; = 1 for y €]0, 2>]. While for Theorem 2.2, ", a; = 1 can be reached only when
v — 0.

3 Local convergence properties of MiFB

Here, we present the local convergence analysis of the proposed method under partial smoothness.

3.1 Partial smoothness

Let M C R" be a C2-smooth submanifold, let Tr¢(x) the tangent space of M at any point z € M.

Definition 3.1. The function R : R® — R U {400} is C%-partly smooth at T € M relative to M for
v € OR(7) # 0 if M is a C%-submanifold around 7, and
(i) (Smoothness): R restricted to M is C? around Z;
(i) (Regularity): R is regular at all z € M near T and R is r-prox-regular at  for v;
(iii) (Sharpness): Tr((Z) = par(OR(x))*;
(iv) (Continuity): The set-valued mapping OR is continuous at Z relative to M.

We denote the class of partly smooth functions at z relative to M for v as PSF, ,(M). Partial smoothness
was first introduced in [18] and its directional version stated here is due to [21, 15]. Prox-regularity is sufficient
to ensure that the partly smooth submanifolds are locally unique [21, Corollary 4.12], [15, Lemma 2.3 and
Proposition 10.12].



3.2 Finite activity identification

One of the key consequences of partial smoothness is finite identification of the partial smoothness submanifold
associated to R for problem (/P). This is formalized in the following statement.

Theorem 3.2 (Finite activity identification). Suppose that Algorithm I is run under the conditions of Theo-
rem 2.2, such that the generated sequence {xy }rcn converges to a critical point x* € crit(®). Assume that
R € PSF« _gp(g+)(My+) and the non-degeneracy condition

—VF(z*) € ri(OR(z")), (ND)
holds. Then, xi, € My for all k large enough.
See the Section B for the proof. This result generalises that of [23] to the non-convex case and multiple

inertial steps.

3.3 Local linear convergence

Given vy 6}0 Z[ and a critical pomt * € crit(®), let M« be a C%-smooth submanifold and R €
PSFy+ _vp(ar)(Max). Denote T e Tm, . (z*) and the following matrices which are all symmetric,

H =Py V2F(2*)Pr,, GEId-H, Q%=~Vi, L O(a")Pr,. — H, (3.1)

where V2 . ® is the Riemannian Hessian of ® along the submanifold M~ (readers may refer to the
supplementary material from more details on differential calculus on Riemannian manifolds).
To state our local linear convergence result, the following assumptions will play a key role.

Restricted injectivity Besides the local C2-smoothness assumption on F', following the idea of [22, 23],
we assume the restricted injectivity condition,

ker(V?F(z*)) N Ty = {0}. (RT)
Positive semi-definiteness of () Assume that ) is positive semi-definite, i.e. Vh € T,
(h, Qh) > 0. (3.2)

Under (3.2), Id + Q is symmetric positive definite, hence invertible, we denote P = (Id +Q) L.

Convergent parameters The parameters of MiFB (Algorithm 1), are convergent, i.e.
aik — @i, bix — b, Vi € I and v, — v € [y, min{y, 7}], (3.3)
where 7 < r, and r is the prox-regularity modulus of R (see Definition 3.1).

Remark 3.3.
(i) Condition (3.2) can be met by various non-convex functions, such as polyhedral functions, including
the £y pseudo-norm discussed in Example 1.1 and Section4.1.
(i) Condition (3.3) asserts that both the inertial parameters (a; j, b; ;) and the step-size y;, should converge
to some limit points, and this condition cannot be relaxed in general.



(iii) It can be shown that conditions (3.2) and (RI) together imply that * is a local minimizer of ® in (P),
and ® grows at least quadratically near x*. The arguments to prove this are essentially adapted from
those used to show [23, Proposition 4.1(ii)].

We need the following notations:

My = (ag — bo)P + (14 b)) PG, My < —(as_1 —bs_1)P — bs_1 PG,

def

Mi = —((ai,1 - ai) - (bi,1 - bz))P - (bi,1 - bZ)PG, 1= 1, ey § — 1,

My --- My 1 M, 2 — o (3.4)
M Id - 0 0 d def
0 - Id 0 Thos T8

Theorem 3.4 (Local linear convergence). Suppose that the MiFB Algorithm 1 is run under the setting of
Theorem 3.2. Moreover, assume that (RI), (3.2) and (3.3) hold. Then for all k large enough,

di+1 = Mdy + o(||di ). (3.5)
If p(M) < 1, then given any p €|p(M), 1], there exists K € N such that Vk > K,
i, — 2| = O(p" ). (3.6)
In particular, if s = 1, then p(M) < 1 if R is locally polyhedral around x* or if ag = by.
See the Section C for the proof.

Remark 3.5.

(i) When s = 1, p(M) can be given explicitly in terms of the parameters of the algorithm (i.e. ag, by
and ), see [23, Section 4.2] for details. However, the spectral analysis of M becomes much more
complicated to get for s > 2, where the analysis of at least cubic equations are involved. Therefore, for
the sake of brevity, we shall skip the detailed discussion here.

(ii) When s = 1, it was shown in [23] that the optimal convergence rate that can be obtained by 1-step
inertial scheme with fixed v is p%_; = 1 — /T — 77, where from condition (RI), continuity of V>F at
2* implies that there exists 7 > 0 and a neighbourhood of z* such that (h, V2F(z*)h) > 7||h|?, for
all h € Ty+. As we will see in the numerical experiments of Section 4, such a rate can be improved
by our multi-step inertial scheme. Taking s = 2 for example, we will show that for a certain class of
functions, the optimal local linear rate is close to or even is p;_o = 1 — /T — 7, which is obviously
faster than p7_;.

(iii) Though it can be satisfied for many problems in practice, the restricted injectivity (RI) can be removed
for some penalties R, for instance, when R is locally polyhedral near z*.

4 Numerical experiments

In this section, we illustrate our results with some numerical experiments carried out on the problems in
Example 1.1, 1.2 and 1.3.



4.1 Examples of KL and partly smooth functions

All the objectives ® in the above mentioned examples are continuous KL functions. Indeed, in Example 1.1
and 1.2, ® is the sum of semi-algebraic functions which is also semi-algebraic. In Example 1.3, ® is also
algebraic when G is the squared hinge loss, and definable in an o-minimal structure for the logistic loss (see
e.g. [31] for material on o-minimal structures).

Moreover, R is partly smooth in all these examples as we show now.

Example 4.1 (¢; pseudo-norm). The ¢, pseudo-norm is locally constant. Moreover, it is regular on R” ([16,
Remark 2]) and its subdifterential is given by (see [16, Theorem 1])

8”.1’”0 = Span((ei)iESupp(:p)C)v

-----

given by hard-thresholding,

z if |z| > /27,
Prox, ), (2) = { sign(2)[0, 2] if 2| = v27,
0 if|2] < V2.
It can then be easily verified that the £y pseudo-norm is partly smooth at any x relative to the subspace

My =T, ={z€R": supp(z) C supp(z)}.

It is also prox-regular at « for any bounded v € 0|z||,. Note also condition (ND) is automatically verified
and that the Riemannian gradient and Hessian along 7, of | - ||, vanish.

Example 4.2 (Rank). The rank function is the spectral extension of ¢y pseudo-norm to matrix-valued data
x € R™*"2 [20]. Consider a singular value decomposition (SVD) of z, i.e. z = Udiag(co(z))V™*, where
U={u,...,up},V ={v1,...,v,} are orthonormal matrices, and o (z) = (0;(z))i=1,... n is the vector of
singular values. By definition, rank(z) < |jo(z)| o- Thus the rank function is partly smooth relative at x to

the set of fixed rank matrices
Mg = {z € R™*™ : rank(z) = rank(z)},
which is a C2-smooth submanifold [19]. The tangent space of M, at z is
T, (@) =Ty = {z € R™*™ ¢ wfzv; =0, forallr <i<nj,r<j<ny},
The rank function is also regular its subdifferential reads
Orank(z) = Ud(|lo(z)],)V* = Uspan((e:)iesupp(o(z)e) V"

which is a vector space (see [16, Theorem4 and Proposition 1]). The proximity operator of rank func-
tion amounts to applying hard-thresholding to the singular values. Observe that by definition of M, the
Riemannian gradient and Hessian of the rank function along M, also vanish.

For Example 1.2, it is worth noting from the above examples and separability of the regularizer that the
latter is also partly smooth relative to the cartesian product of the partial smoothness submanifolds of ¢y and
the rank function.



4.2 Experimental results

For the problem in Example 1.1, we generated y = Az, +w with m = 48, n = 128, the entries of A are i.i.d.
zero-mean and unit variance Gaussian, xp, is 8-sparse, and w € R™ is an additive noise with small variance.

For the problem in Example 1.2, we generated y = =5 + z; + w, with n; = ng = 50, 5 is 250-sparse
and the rank of z; is 5, and w is an additive noise with small variance.

>

For Example 1.3, we generated m = 64 training samples with n = 96-dimensional feature space.
For all presented numerical results, 3 different settings were tested:
e the FB method, with ; = 0.3/L, noted as “FB”;
e MiFB with s = 1, by, = ax, = a and vy, = 0.3/L, noted as “1-iFB”;
e MiFB with s = 2, b, ;, = a;, = a;,i = 0,1 and 7, = 0.3/L, noted as “2-iFB”.
Tightness of theoretical prediction The convergence profiles of ||z — 2*|| are shown in Figure 1. As it can
be seen from all the plots, finite identification and local linear convergence indeed occur. The positions of the
green dots indicate the iteration from which z; numerically identifies the submanifold M. The solid lines
(“P”) represents practical observations, while the dashed lines (“T”’) denotes theoretical predictions.
As the Riemannian Hessians of ¢y and the rank both vanish in all examples, our predicted rates coincide
exactly with the observed ones (same slopes for the dashed and solid lines).

1010

1010

' 1010
100 200 300 400 500 600 700 800 900 1000 50

200 400 600 800 1000 1200 1400 1600 1800 2000

(a) Sparse regression (b) PCP (c) Sparse SVM

Figure 1: Finite identification and local linear convergence of MiFB under different inertial settings in terms of
|zr — a*||. “P” stands for practical observation and “T” indicates the theoretical estimate. We fix v = 0.3/L
for all tests. For the 2 inertial schemes, inertial parameters are first chosen such that (2.3) holds. The position
of the green dot in each plot indicates the iteration beyond which identification of M« occurs.

Comparison of the methods Under the tested settings, we draw the following remarks on the comparison of
the inertial schemes:
e The MiFB scheme is much faster than FB both globally and locally. Finite activity identification also
occurs earlier for MiFB than for FB;
e Comparing the two MIFB inertial schemes, “2-iFB” outperforms “1-iFB”, showing the advantages of a
2-step inertial scheme over the 1-step one.
Optimal first-order method To highlight the potential of multiple steps in MiFB, for the “2-iFB” scheme,
we also added an example where we locally optimized the rate for the inertial parmeters. See the magenta lines
all the examples, where the solid line corresponds to the observed profile for the optimal inertial parameters,
the dashed line stands for the rate 1 — /T — 7, and the dotted line is that of 1 — /T — 7, which shows
indeed that a faster linear rate can be obtained owing to multiple inertial parameters.

We refer to [23, Section 4.5] for the optimal choice of inertial parameters for the case s = 1.



4.3 The empirical bound (2.4) and inertial steps s

We now present a short comparison of the empirical bound (2.4) of inertial parameters and different choices
of s under bigger choice of v = 0.8/L. MiFB with 3 inertial steps, i.e. s = 3, is added which is noted as
“3-iFB”, see the magenta line in Figure 2.

Similar to the above experiments, we choose b; , = a; 1 = a;,7 € I, and “Thm 2.2” means that a;’s are
chosen according to Theorem 2.2, while “Bnd (2.4)” means that a;’s are chosen based on the empirical bound
(2.4). We can infer from Figure 2 the following.

e Compared to the results in Figure 1, a bigger choice of v leads to faster convergence. Yet still, under
the same choice of v, MiFB is faster than FB both locally and globally;
e For either “Thm 2.2” or “Bnd (2.4)”, the performance of the three MiFB schemes are close, this is
mainly due to the fact that values of the sum ), _;a; for each scheme are close.
e Then between “Thm 2.2” and “Bnd (2.4)”, “Bnd (2.4)” shows faster convergence result, since the
allowed value of ), ;a; of (2.4) is bigger than that of Theorem 2.2.
It should be noted that, when v €]0, 3%], the largest value of ), ;a; allowed by (2.4) is 1. If we choose
> ic1@; equal or very close to 1, then it can be observed in practice that MiFB locally oscillates, which is
a well-known property of the FISTA scheme [6, 11]. We refer to [23, Section 4.4] for discussions of the
properties of such oscillation behaviour.
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2-iFB, Thm 2.2

FB 10% N
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— - 1-iFB, Bnd (2.4) R\Y
- —- 2-iFB, Bnd (2.4)
- —- 3-iFB, Bnd (2.4)
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1-iFB, Thm 2.2

2-iFB, Thm2.2

3-iFB, Thm 2.2 '\
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3-iFB, Bnd (2.4) N —-—- 3-iFB, Bnd (2.4)

102 N,

2|
/!

)4
[N

. T N N .
“ . l \.\\‘ «L N
3 \\ .\\‘ = N
10° N, 10° RS 0 ™
\. N
N NN N <
s, N N\
A NN N
10 S 10 NN 10 ht
10 10 10
100 200 300 400 500 600 700 20 40 60 80 100 120 100 200 300 400 500 600 700
k k k
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Figure 2: Comparison of MiFB under different inertial settings. We fix vy, = 0.8/ L for all tests. For the three
inertial schemes, the inertial parameters were chosen such that (2.3) holds.

A Proof of Theorem 2.2
Lemma A.1. Ler {dy}ren, {0k }ken be two non-negative sequences, and w € R® such that

dpy1 < zielwidk—i + Ok, (A.1)
forallk > s. If Y, w; € [0,1[ and Y~ . Ok < +00, then

ZkeNdk < +00.

Remark A.2. Lemma A.1 is an extension of [9, Lemma 3]. It should be noted that in our case, non-negativity
is not imposed to the weight w;’s, but only the sum of them. In fact, we can even afford all w;’s to be negative,
as long as Zie[ w;di_; + Oy is positive for all k£ € N.
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Proof. From (A.1), suppose thatd_; = d_9 = d_441 = 0, then sum up for both sides from k£ = 0,

ZkeNdk+1 < ZkeN Zie[ widk—i + ZkeNék = ZkEN dp < do + Zielwi ZkeN di, + ZkeN(sk

- (1 - Ziefwi) ZkeN dp < do + ZkeN‘Sk‘

Since we assume Zie ;w;i < 1and dj, is summable, then we have

-1
ZkGNdk < (1 — Zielwi> (do + Zk€N5k> < +00,
which concludes the proof. O
Define Ay, = ||z, — zj_1].

Lemma A.3. For the update of xj1 in (1.7), given any k € N, define

1
(Ya e — Tht1) — VE(ypr) + VF(Tp41)-

g def
k+1 =
M Tk

We have gi.1 € 0P (xk11), and moreover,

lgk+1ll < (% + L) Agyr + Zie](‘af}lﬂ + [bi | ) As—s. (A2)

Proof. From the definition of proximity operator and the update of z; (1.7), we have yq 1, — vV F (yp.1) —
Tpr1 € YROR(zk11), add v,V F (xk41) to both sides, then

Yao — WEVEF (Wb k) — Tht1 + 7V E(Thp1
Ghr1 = = (8.4 ” + (@r1) € 0P(xp41)-

Then, apply the triangle inequality and the Lipschitz continuity of VF', we get
lgrs1ll = ll5; Wak = 2h41) = VE(ypp) + VE (1)
< ook = il + Lllns — e
71: (Ak+1 + Zieﬂai,k!Ak—i) + L(Ak+1 + Eie[|bi,k|Ak—i)

= (% + L) A1+ zief(m;’k' + |bi,k|)Ak—z‘a

IN

which concludes the proof. O

Lemma A.4. For Algorithm 1, given the parameters 7, a; i, b; 1., the following inequality holds

D(zps1) + BAF Ly < () + e i (A3)

Proof. Define the function

4y (z, VE(ypr))-

1
Li(z) = v R(x) + inU — Ya k|
It can be shown that the update of x4 in (1.7) is equivalent to

Tpy1 € argmingcpn Lp(x), (A4)

11



which means that Ly (z511) < L(xy), and
1 1
R(zpy1) + 27k||l‘kz+1 — il + (@1, VE(yor)) < R(xy) + mﬂiﬂk —yarl? + (@, VE(yos)),

and leads to,

1 1
R(zk) > R(wps1) + 5—Ths1 — Yarl” + (@hs1 — 2y VEWok)) — 5— 2k — Yol
29k 2k
1
= R(g+1) + (Tkt1 — 2k, VF(28)) + EA%H (A.5)

1
+ %(xk — Tty Doier @ik (Th—i — Th—iz1)) + (Tpr1 — Ty VE (Yo ) — VF (21))-
Since F'is L-Lipschitz, then
L
(VE(x1), Tep1 — 2k) > F(wpg) — Flag) — SA% -
Apply Young’s inequality, we obtain

1
(Th = Tht1s Dierik(@To—i — Th—i-1)) = — (%Aiﬂ + ﬂ” Sier Gik(@ri — vr—io1)|?)

B A2 Sa3 1 2 (4.6)
> —(§Ak+1 + D ier 2 Ak—i)7
where o > 0. Then similarly, for v > 0, we have
1
(Tr1 — zp, VE(yok) — VF (1)) = —(%Aiﬂ + 5 IVE(E) = VF(x)]?)
(A7)

b2 12
—(%Aiﬂ + Zie[s Qky Af;)-

Combining the above 3 inequalities with (A.5) leads to

A\

2 2 72
sai, . sbi.L

2k 2v

D(wps1) + BedF gy < Plaw) + ey ( VAL = ®(a) + D 0miAE . (A8)

Therefore, we obtain
O(zp11) + BAG < Blapir) + BpAiiy < O(an) + D e oDy < ®an) + )0, @lAE
which concludes the proof. 0
Define R the product space R7 “R"x---xR"and z;, = (Thy Th—1, -, Th—s+1) € RZ. Then given

s times
21, define the function

which is is a KL function if ® is. Denote C,, , C., the set of cluster points of sequences x;, and zj, respectively,
and crit(¥) = {z = (z,...,x) € RY : x € crit(P)}.

Lemma A.5. For Algorithm 1, choose |1, V, Vg, Q; k., b; . such that (2.3) holds. If ® is bounded from below,
then

12



() Dopen A2 < 400;
(ii) The sequence V(zy) is monotonically decreasing and convergent;
(iii) The sequence ®(xy,) is convergent.

Proof. Define
0=p~- Zie[ai > 0.
From the Lemma A .4, we have
SA7 4 < (@(xk) — P(zpt1)) + Zie[ai(Ai — AL
Since we let x1_, = ... = kg = x1, for the above inequality, sum over k we get
0 ZkzeN Afp < ZkeN (®(zx) — P(zp41)) + ZkeN ZZEI ai(AF_ — M)
< ®(z0) + Zié[ai EkeN (Ai—i - Ai+1)
_ 1
= ®(zo) + Zz‘elai Zj:lfi A? = (),

which means, as ®(x() is bounded,

(o) < +00
5 .

2
ZkeNAkz—H <

From Lemma A .4, by pairing terms on both sides of (A.3), we get

U(zer1) + (B — D ie 00) AF oy < U(z).

Since we assume 3 — ), @; > 0, hence W(z;) is monotonically non-increasing. The convergence of ®(xy,)
is straightforward. 0

Lemma A.6. For Algorithm I, choose i, V, Vi, a; i, b; i, such that (2.3) holds. If ® is bounded from below
and {x } ken is bounded, then ), converges to a critical point of .

Proof. Since {z} }1en is bounded, there exists a subsequence {; } ken and cluster point Z such that vy, —
as j — oo. Next we show that ®(zy;) — ®(z) and that 7 is a critical point of ®.
Since R is Isc, then lim inf; o R(zy;) > R(Z). From (A.4), we have Ly, 1(7g;) < Ly;—1(7),

_ 1 2 - - 2
R(z) = Rww;) + o N, = yan, 2" + (o, = 2 VEWok; 1)) = 12 = a1

29k;-1
(o, =2l + 2, = %, 7 = gy 1)) + o, = T VE (g, 1)

= R(xp.) +
(k) GE—

Since A7 — 0 and Ty, — T, then taking the above inequality to limit we have lim sup;_, ., R(wx;) < R(7).
As aresult, limg o R(zy,) = R(¥). Since I is continuous, then F'(zy,) — F'(Z), hence @(xkj) D(7).
Furthermore, owing to Lemma A.3, Jk; € 8@(xkj ), and (i) of Lemma A.5 we have Gk; = Oas k — o0

As a consequence,
gr; € 0P(wg;), (Tk;,9x;) — (7,0) and ®(zy;) — ®(2),

as j — oo. Hence 0 € 09 (%), i.e. T is a critical point. O

Now we present the proof of Theorem 2.2.
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Proof of Theorem 2.2. Putting together the above lemmas, we draw the following useful conclusions:
(R.1) Denote § = 3 — 3",/ @, then W(zpq1) + A7, < U(z);
(R.2) Define
g1 + 23520 Qi(wpgr — )
wr | 250000 @il — mpg1) + 2501 @ — 2p—1)
Wi+1 = .

)

2051 (Tht2-5 — Tht1—s)

then we have wy11 € 0V (z;41). Owing to Lemma A.3, there exists a ¢ > 0 such that ||wy1| <

k+1 A
o Zj:k+2fs Js
(R.3) if wy,; is a subsequence such that vy, — 7, then ¥(z;,) — ¥ (z) where z = (7, ..., 7).
(R4) C., C crit(¥);
(R.5) limy_,o dist(z,C, ) = 0;
(R.6) C., is non-empty, compact and connected;
(R.7) W is finite and constant on C, .

Next we prove the claims of Theorem 2.2.

(i) Consider a critical point of ®, z € crit(®), such that z = (z, ..., Z) € C,, , then owing to (R.3), we have

U(z) = U(Z).

Suppose there exists K such that ¥(zx) = W(Z), then the descent property (R.1) implies that ¥(zy) =

U(Zz) holds for all k > K. Then zj is constant for ¥ > K, hence has finite length.

On the other hand, let W(zj) > ¥(Z), denote ¢, = ¥(zx) — ¥(Z). Owing to (R.6), (R.7) and Definition

2.1, the KL property of ¥ means that there exist €, 7 and a concave function ¢, and

U {ueR] dist(u,Csp) < e} () [T(2) < Tlu) < T(2) +7)], (A.9)

sucht ath for all z € U,

¢ (¥(2) — ¥(2))dist(0,0¥(z)) > 1. (A.10)

Let k; € N be such that ¥(z;) < ¥(Z) + n holds for all £ > k;. Owing to (R.5), there exists another
k2 € N such that dist(zg,C, ) < € holds for all £ > ko. Let K = max{ki, k2}, then z;, € U holds for

all kK > K. Then from (A.10), we have for k > K
¢ (¢y)dist (0,00 (z,)) > 1.
Since ¢ is concave, ¢’ is decreasing, and ¥(zy) is decreasing, we have
P(tr) = (1) = @' () () — W(zps)) > Foh—tlos)
From (R.1), since dist(0, 0% (zy)) < ||w||, then

W (zk) — V(2k+1)
[[wg |

U(zr) — ¥ (2g11)
- .
o Zj:kJrlfs Aj

Moreover, ¥(zy) — ¥(2x41) > 5Ai 1 from (R.2), therefore we get

(Vr) = p(Yry1) = >

2
A
k
UZj:kJrlfs Aj

o) — o(Wry1) >

)
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which yields
g k
Afpr < (Fo(Wr) = (Wre1))) 205 i1y A (A.11)

Taking the square root of both sides and applying Young’s inequality with x > 0, we further obtain

201 <+ D0 A+ S (k) — (k1))

1~k o (A.12)
(h=5) <22 s A5+ 5 (0(Wr) = 9(rs1)).
Summing up both sides over &, and since g = ... = z_g4, we get

/ & ZkeNAk < Ay + %@(1&1) < +00,

which concludes the finite length property of x.
(ii) Then the convergence of the sequence follows from the fact that {xy }rcn is a Cauchy sequence, hence
convergent. Owing to Lemma A.6, there exists a critical point z* € crit(®) such thatlimy_,, z = z*.
(iii) We now turn to proving local convergence to a global minimmizer. Note that if 2* is a global minimizer
of @, then z* is a global minimizer of ¥. Let r > p > 0 such that B,(2*) C U and < §(r — p)2.
Suppose that the initial point x is chosen such that following conditions hold,

U(z*) < U(z0) < ¥(2*) 47 (A.13)

oo — 2 + £(s — 1) + 2,/ LI ZLED 4 Top(y) < . (A.14)

The descent property (R.1) of ¥ together with (A.13) imply that forany k£ € N, U(2*) < U(z541) <
U(z) < W(z0) < U(2*) +n, and

H$k+1 _ kaH < \/‘I’(Zk) —6‘I’(Zk+1) < \/‘I’(Zk) g ‘I’(Z*)_ (A.15)

Therefore, given any k£ € N, if we have x), € B,(2*), then

U(z,) — ¥(z*
lken = ¥ < k= ¥ + langs =zl < llog — 2] + ) LR Z2ED AL6)

<Spt(r—p =n

which means that x4 € B, (z*).
For any k£ € N, define the following partial sum

k—1 j
Pk = Zj:k+1fs i1 A

Note that p, = 0 for k = 1, and limy_, o, px = ¢(s — 1). Next we prove the following claims through
induction: for k € N

zi, € By(z*) (A.17)
ZleAj-&-l + Dp1 < A1+ + S(e(W1) — 9(Yrt)- (A.18)

From (A.15) we have
U(z) ~ W(zY)

5 (A.19)

21 — 2ol <
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Applying the triangle inequality we then obtain

L4 — U(z*
lex — @ < flzo — 21| + s — ol < flzg — 2 4+ LIS EE <

which means z1 € B,(z*). Now, taking x = 1 in (A.12) yields, for any k € N,

k
2051 < D05 par B+ F(0(Wr) — 0(Yrt). (A.20)
Let k = 1. Since xg = ... = x_g, we have
2A0 <A1+ %(‘P(%) — p(12)).

Therefore, (A.17) and (A.18) hold for k = 1.
Now assume that they hold for some k& > 1. Using the triangle inequality and (A.18),

. k
[2rg1 — 2% < flzo — || + A1 + Ejzlﬁj
< lwo — || 4+ 241 + pr, + %(90(%) — (Y1)
<lwo — ™| + 241 + (s = 1)L + %(w(%) — o(tr41))

(A19) < flag — 27| + 20/ LELZYED 4 (5 1304 T () — o))

As (1) > 0and ¢'(1p) > 0 for ¢ €]0, n[, and in view of (A.14), we arrive at

Y(zo) = ¥(2¥)

|2kt — 2| < |lzo — 2% + 2 : + (s = 1)+ Zp(to) <p

whence we deduce that (A.17) holds at £ + 1. Now, taking (A.20) at k + 1 gives

k1
28k10 <D s A+ %(W(wkﬂ) — p(Vr12))

k
< Apyr + Zj:k+2fsAj + %(@W’kﬂ) — o(Y(r42))-
Adding both sides of (A.21) and (A.18) we get

(A21)

k+1 k
o1 g1+ Dra S AL Fpe D00 o A+ S (W) — o(Yri2))

= Al + prg1 + %(tp(%) — p(Yr42)),

meaning that (A.18) holds at k£ + 1. This concludes the induction proof.

In summary, the above result shows that if we start close enough from z* (so that (A.13)-(A.14) hold),
then the sequence {z} }ren Will remain in the neighbourhood IB,(2*) and thus converges to a critical
point Z owing to Lemma A.6. Moreover, ¥(z;) — ¥(2) > ¥(z*) by virtue of (R.3). Now we need to
show that ¥(z) = W(z*). Suppose that ¥(z) > ¥(z*). As ¥ has the KL property at z*, we have

¢ (¥(2) — ¥(2*"))dist(0,0¥(z)) > 1.

But this is impossible since ¢'(s) > 0 for s €]0, [, and dist (0, 0¥ (2)) = 0 as Z is a critical point.
Hence we have W(z) = W(z*), which means ®(z) = ®(x*), i.e. the cluster point Z is actually a global
minimizer. This concludes the proof.

O
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B Proof of Theorem 3.2

Proof of Theorem 3.2. Since R € PSF,«(M,+) and F is locally C? around z*, the smooth perturbation
rule of partly smooth functions ensures that & € PSF .« (M) (Corollary 4.7 of [18]).

With conditions in Theorem 2.2 hold, we have there is a critical point z* € crit(®) such that z;, — x* and
®(xy) — ©(x*) (proof of Lemma A.6).

The finite length property of {x }ren gives Ay — 0, then from Lemma A.3, we have

dist (0, 00(2g+1)) < gwsall < (2 + L) Apgr + Dy (55 + bigl) A

Altogether, this shows that the conditions of [21, Theorem 4.10] or [15, Proposition 10.12] are fulfilled on R
at x* for —V F(z*), and the identification result follows. O

C Proof of Theorem 3.4

Before presenting the proofs, we need some extra result from partial smoothness, and also Riemannian
geometry.
C.1 Partial smoothness and Riemannian geometry

From the sharpness in Definition 3.1, Proposition 2.10 of [18] allows to prove the following fact.

Fact C.1 (Local normal sharpness). If R € PSF, (M), then all 2’ € M near z satisfy Ty((2') = T}. In
particular, when M is affine or linear, then T}, = T;.

We now give expressions of the Riemannian gradient and Hessian (see Section C.2 for definitions) for the
case of partly smooth functions relative to a C? submanifold. This is summarized in the following fact which
follows by combining (C.2), (C.3), Definition 3.1, Fact C.1 and [13, Proposition 17] (or [25, Lemma 2.4]).

Fact C.2. If R € PSF, (M), then for any 2’ € M near =
VmR(z') = Pr, (OR(x")),
and this does not depend on the smooth representation of R on M. In turn, for all b € T,

VAG(2')h =P, V2R(a")h + W, (h, Pry VR(2)),

where R is a smooth extension (representative) of R on M, and 20,.(+,) : T, X TQEl — T, is the Weingarten
map of M at x (see Section C.2 below for definitions).

C.2 Riemannian Geometry

Let M be a C2-smooth embedded submanifold of R™ around a point 2. With some abuse of terminology, we
shall state C>-manifold instead of C?-smooth embedded submanifold of R”. The natural embedding of a
submanifold M into R™ permits to define a Riemannian structure and to introduce geodesics on M, and we
simply say M is a Riemannian manifold. We denote respectively Ty (x) and Ap(x) the tangent and normal
space of M at point near x in M.
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Exponential map Geodesics generalize the concept of straight lines in R", preserving the zero acceleration
characteristic, to manifolds. Roughly speaking, a geodesic is locally the shortest path between two points on
M. We denote by g(¢; x, h) the value at ¢ € R of the geodesic starting at g(0; z, h) = x € M with velocity
g(t;x,h) = dg (t; z,h) = h € Ty(x) (which is uniquely defined). For every h € Ty(x), there exists an
interval 1 around 0 and a unique geodesic g(¢;z, h) : I — M such that g(0;z,h) = x and g(0;z, h) = h.
The mapping
Exp, : Tm(z) = M, h— Exp,(h) = g(1;z,h),

is called Exponential map. Given z, z’ € M, the direction h € Ty((z) we are interested in is such that
Exp,(h) =2’ = g(1;x,h).

Parallel translation Given two points z, 2’ € M, let Ty(z), Tm(a') be their corresponding tangent
spaces. Define

T: TM(x) — TM(QJI),

the parallel translation along the unique geodesic joining x to x/, which is isomorphism and isometry w.r.t.
the Riemannian metric.

Riemannian gradient and Hessian For a vector v € Ny((z), the Weingarten map of M at x is the operator
W, (-, v) : Tm(z) = Tam(x) defined by

W, (-, v) = —Pr, (o) dVI[h],

where V' is any local extension of v to a normal vector field on M. The definition is independent of the
choice of the extension V, and 20, (-, v) is a symmetric linear operator which is closely tied to the second
fundamental form of M, see [12, Proposition II.2.1].

Let G be a real-valued function which is C along the M around z. The covariant gradient of G at ' € M
is the vector V(G (') € Ty () defined by

(VMG('), h) = LG (Pa(a’ +th))],_y Ph € T(a!),

1o
where P 4 is the projection operator onto M. The covariant Hessian of G at 2’ is the symmetric linear
mapping V3 ,G(z’) from Ti,(z') to itself which is defined as

(VMG(2)h, h) =

G(PM(az + th)) Vh € Tpm (). (C.1)

dt2 }t:(]’

This definition agrees with the usual definition using geodesics or connections [25]. Now assume that M is a
Riemannian embedded submanifold of R™, and that a function G has a C2-smooth restriction on M. This can
be characterized by the existence of a C?-smooth extension (representative) of G, i.e. a C?>-smooth function
G on R™ such that G agrees with G on M. Thus, the Riemannian gradient V »,G () is also given by

VMmG(a') = Pry,@n VG (), (C.2)
and Vh € Ty(2'), the Riemannian Hessian reads

VG (@ )h = Py (o d(VMmG) (@) [h] = Py, (o d(2' = Pryy oy VG) 1]

2 ~ (C.3)
= Py (o) V2G(@ ) + War (1, Py (o VE()),
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where the last equality comes from [1, Theorem 1]. When M is an affine or linear subspace of R", then
obviously M = z + T (z), and W (h, P sy, (o) VG (2')) = 0, hence (C.3) reduces to

vg\/[G(LL’/) = PTM (x/)Vzé(:c')PTM (z)-

See [17, 12] for more materials on differential and Riemannian manifolds.
The following lemmas summarize two key properties that we will need throughout.

Lemma C.3. Let © € M, and xj, a sequence converging to x in M. Denote 1y, : Ta(x) = Tam(xy) be the
parallel translation along the unique geodesic joining x to xy. Then, for any bounded vector u € R"™, we have

(77 Prian) — Prvia))u = o(ul)).
Proof. See Lemma B.1 of [23]. O

Lemma C.4. Let x, x' be two close points in M, denote T : Taq(x) — Tam(z') the parallel translation along
the unique geodesic joining x to x'. The Riemannian Taylor expansion of ® € C?(M) around x reads,

TV MmP(2') = Vu®(z) + VAP (2)Pry o) (2" — 2) + o[l — ).
Proof. See Lemma B.2 of [23]. O

C.3 Proof of Theorem 3.4

The proof of Theorem 1 consists of several steps, first we prove that under the required setting, we can obtain
(C.4), i.e. the linearized fixed-point iteration.

Proposition C.5 (Locally linearized iteration). For Algorithm I, suppose that conditions in Theorem 2.2
hold and the generated sequence xy, converges to a critical point x* € crit(®) such that Theorem 3.2 and
condition (3.2) and (3.3) hold. Then for all k large enough, we have

dg+1 = Mdy + o(||dg]|)- (C4)
The term o(-) vanishes if R is polyhedral around x* and (Y, a; i, bi ;) are chosen constants.
Define the iteration-dependent versions of the matrices in (3.1) and (3.4), i.e.
Hy € 3 Pr,, V?F(3*)Pr,., Gy £ 1d — Hy, Qi = % Vi, ®(a*)Pr,, — Hi,
My = (ag0 = br0) P+ (1 +bi0) PG, Mg = —(ag,s—1 — bs—1)P = byes—1 PG,
My = —((agi—1 — ar;i) — (i1 — bii) )P — (bric1 — bi) PG, i =1,..,5 — 1,

(Mo Mgy -+ Mgs—1 Mg (C.5)
Id 0o .- 0 0

M E |0 d - 0 0
0 0o - Id 0 |

After the finite identification of M+, we have z;, € M« for xj, close enough to z*. Let T, be their
corresponding tangent spaces, and define 7, : T;;» — 17, the parallel translation along the unique geodesic
joining from zy, to z*.

Before proving Proposition C.5, we first establish the following intermediate result which provides useful
estimates.
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Proposition C.6. Under the assumptions of Proposition C.5, we have

lyae — 2" = O(ldl), lyp.x — 2"[ = OUlldrl), llres2ll = OCldrl),

_ (C.6)
(ei Py, — P ) (VE (k) — VE(2k11)) = of([di).
and
[1P(Qr — Q)rk+1]l = o(lldkll), [[(My — M)dg| = o(||dk|)- ()
Proof. Since |a; ;| < 1, then
Yar — 2| = 2k + Xicr@ik(Tr—i — Thoiz1) — ° + > ;crain (@™ — 27|
<oy — 2 + Y @ik (lmes — %] + |2poioy — 2*)
Tk (C.8)
<2y ol <2V 1| 1 || =2vs + 1ldall,
Tk—s

hence we get the first and second estimates. From prox-regularity of R at z* for —V F(x*), invoking
[30, Proposition 13.37], we have that there exists 7 > 0 such that for all v, €]0, min(%, 7)[, there exists a
neighbourhood U of 2* — v,V F(x*) on which prox,, p is single-valued and [-Lipschitz continuous with
I =7/(F — 7). Since VF is continuous and x;, — =*, we have y, 1, — %V F(yp i) = o* — v VEF(2*). In
turn, Yo 5 — & VF (yp,1) € U for all k sufficiently large. Then in turn, we obtain

ksl = [lprox.,, g (Yar — WV F (k) — prox, g(a* — nVE ()]
< U (Yap — %) — (VF (o) — VE (")) ]|
< UIYak — =" + v Lllyor — =)

<25+ 1(1 + e L)lldi| < 41v's + 1|,
which yields the third estimate. Combining Lemma C.3, (C.8) and (C.9), we get

(e Py, = P ) (VE(yn k) — VE(2511)) = o([VF (yp k) — VF(2x11)])
= o(l[ypr — 2™[|) + o(l|rr+1ll) = o(lldk))-

(C.9)

Let’s now turn to (C.7). First, define the function R(x) = R(z) + (z, VF(z*)). From the smooth
perturbation rule of partial smoothness [18, Corollary 4.7], R € PSF .« (M ). Moreover, from Fact C.2 and
normal sharpness, the Riemannian Hessian of R at * is such that, VA € Tj«,

Vi, R(@*)h = vPr,. VR(a")h + 72y (h, Py, VR(x"))
= vPr,, V2R(x*)h + A2, (, Pr, Vo (z))
= Vi, ®(@*)Pr,.h — Hh = Qh,
where - is the smooth representative of the corresponding function. We have

lim | P(Qr — Q)Tri1] — lim [P (v —V)V%Z*R(x*)PTﬁrkH”
k—o00 7kl k—o0 71l
< lim foy — WPV, R(z*)Pr,. | =0,
— 00
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which entails || P(Qx — Q)rk+1|| = o(||rk+1]]) = o(||dk||). Similarly, since H is Lipschitz, we have

lim IP(Gr = G)ri|| _ lim 1P Cyse = ) Hor || < k;hm Ive — ~|L||P] = 0. (C.10)
— 00

k—o0 7] k—o0 [l

Now, let’s consider (M — M )dy,

[Myo— My Mgy — My -+ M1 — My Mys— M

0 0 0 0

My — M = 0 0 e 0 0
0 0 0 0 |

Take (My,o — Mo)ry, we have
(My,o — Mo)ry,
= ((ak,o —bro)P+(1+ bk,g)PGk)rk — ((ao —bo)P + (1 + bo)PG)rk
= ((ak,o — bk,g) — (a() — bo))PTk + (1 + bk,O)P(Gk - G)Tk + (bho - b())PGTk

Since we assume that a; , — a;, b; , — b;,7 = 0,1 and vy, — =, plus (C.10), it can be shown that

oy 1Mo = Mo)r]
e T

< lim [(ak,0 — bk,0) — (@0 — bo)[[| P|| + [1 + bko
k—o0

Ve = YILIP] + [bk0 = bol[ PG = 0,

that is || (M}y,0 — Mo)ri|| = o(||7x||). Using the same arguments, we can show that

1M = Mi)rg—il| = ollri—ill), i = 1,...;5 = 1 and [[(My,s — M)rg s = o[[rrsl])-

Assemble them together, we obtain
(M — M)d|| = o(||dkl)),
which concludes the proof. O

Proof of Proposition C.5. From the update (1.7) and the condition for a critical point z* of problem (P),

we have
Yaj — Tht1 — W (VF (Uop) — VE(2311)) € 10P(2h41)
0e %8<I>(x*).

and T);«, respectively, and using Fact C.2, leads to

(Yak — 1 — Y (VF(yo k) — VF(2r41)))

Projecting into T,

’YkT;;rllva*‘I’(ka) = T;;rllpTJUHl
Y6V M, P(x*) = 0.

Adding both identities, and subtracting 7, ', Pz 2* on both sides, we arrive at
k+17 Lapiq

Tk_-‘:lPTIk+1 Th+1 + Yk (Tk_-&-llsz* (I)<xk+1) B VMI* (I)(x*)) C.11)
= Ti;rllpTzkH (Yap — %) — %T;;rllPTzkH (VF(ybe) — VF(zp11))-
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By virtue of Lemma C.3, we get
T;;LllpTzkHrkH =Pr.rp1 + (T;;rllPTIk+1 —Pr,)rky1 = Prreqr + o(||me11l])-
Using [22, Lemma 5.1], we also have
"1 = Pr. g1 + o(|lresal),
and thus

TP, i1 = rern + o(lrkga ) = 7t + o([de]), (C.12)

where we also used (C.6). Similarly

T Pr, ok — )

=Pr. (Yo — %) + (Tl;rllPTzkH —Pr, ) Wa e — 27)

=Pr,. Yok — %) + 0([Ya — 2*[) = Pr,u (Yoo — %) + o([|dk])

=Pr.(wx — 2) + Y10k P (Wi — %) — (2p—i1 — %)) + o(||d])) (C.13)
= rp + o(lrel) + D e @i (rii = i1 + o(llr—ill) + o(lrk—i-11)) + o(l|di|l)

=1+ D e @ik (Thei = Thmim1) + D e ugsy olra—ill) + olldel)

= (Ya,p — %) + o(||dk])-

Moreover owing to Lemma C.4 and (C.6),

TV ®(@h11) — Vo, B(2%) = Vi, @(@*)Pr,, g1 + o(|[rasa )

) . (C.14)
= Vi, ®(@)Pr, 1+ o[l di )

Therefore, inserting (C.12), (C.13) and (C.14) into (C.11), we obtain

(Id + 7% Viq,. (=) Pr,. ) risa

* ) (C.15)
= (Ygp — %) — %TkijTzkH (VF(yo i) — VF(2k41)) + o([|dil])-

Owing to (C.6) and local C?-smoothness of F', we have

TPy, (VF (b k) — VF(2141))

= Pr,. (VF(ypr) — VF(!Ek+1)) + o(||dkl|)

=Pr,. (VE(ypk) — VF(2¥)) = Pr,. (VF(2p41) — VF(2*)) + o(||d|) (C.16)
= Pr, . V?F (") (ypx — %) + ollypx — *|)) = Pr,. VEF (@ )rig1 + o([rasa ) + o[ di)

= Pr,. V?F(2*)Pr,. (yo.r — &) — Pr,. V2F(¢")Pr,, (231 — %) + o(||d])).

Injecting (C.16) in (C.15), we get

(Id + Wi@* ®(2*)Pr,, — WPr,. VEF(2)Pr, )rhi1

(C.17)
= (Id+ Qr)rk+1 = Yar — =) — H(yp. 1 — =) + o(||dk])),
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which can be further written as, recall that H;, = Id — G,

(Id + Qr)rr41
= (Id+ Q)rr41 + (Qr — Q)7rrg1
= Yoo — ") = He(yop — ") + o(||di]))
=T D s @i (Thei — Theio1) — Hie (e + 2 pbin(rimi — mheic1)) + o([|dill)
=1+ apo)re — Zj;ll(ak,i—l — ki) h—i — Ok s—1Tk—s
— Hj, ((1 + bro)rr — Z:;ll (bk,i—1 — bgi)TR—i — bk,s—17°k—s) + o([|d||)
=1 +apo)rs — Zj;ll(ak,i—l — ki) h—i — O s—1Tk—s
— (1 +byo)Hyri + Hy, Zf;ll (bk,i—1 — bii)ri—i + Hpbp s—175—s + o(||di|)
= ((1 +apo)ld — (1 + bk,o)Hk)Tk — (ag,s—11d — by s—1 Hi)Tp—s
3 ((@rimt — a1 — (byim1 — beg) Hi)rie—i + o i)
= ((aro — be,0)Id + (1 + bro)Gr) i — ((ak,s—1 — bi,s—1)Id + bg s—1 G ) Ti—s
— Zf;ll ((ani—1 — ap)Id — (bpi—1 — bi)Id + (bri—1 — bri)Gr)rr—i + o([|di]])-
Inverting Id 4+ @ (which is possible thanks to assumption (3.2)), we obtain

Thr1 + P(Qr — Q)1
= ((aro — be,0)P + (1 + beo) PGr)ri, — ((ag,s—1 — brs—1) P + b s—1 PGi) ri—s

s—1
— > iy (@1 = @) P — (bri—1 — bi) P + (bi—1 — bii) PGr) s + o(|| )
-1
= My o + My sri—s + 2;1 My iri—i + o(||dk]])-
Using the estimates (C.7), we get
A1 = (M + (My — M))dy + o([|dk||) = Mdi + o(||d])- m

With the above result, we are able to prove the claim (3.6), hence Theorem 3.4.

Proof of Theorem 3.4. Since p(M) < 1, then we have M is convergent with limy_,o, M* = 0. Define
Y = o(dy), suppose after K > 0 iterations, (C.4) holds, then for k > K

— k i
gy = M dge 4300 MYy (C.18)

Since the spectral radius p(M) < 1, then from the spectral radius formula, given any p €|p(M), 1], there
exists a constant C' such that, for any k£ € N

|MH)| < | MF < OpF.
Therefore, from (C.18), we get
ldisall < IR+ 500 MF=ay)
< UM g |+ S 1M
< O g+ C Y

Together with the fact that ¢»; = o(]|d;]|) leads to the claimed result. See also the result of [29, Section2.1.2,
Theorem 1]. ]
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