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Ecole Polytechnique, Palaiseau, France

Institut Langevin, CNRS, ESPCI ParisTech, Paris, France

Abstract

A homogenization method for thin microstructured surfaces and films is presented. In both
cases, sound hard materials are considered, associated with Neumann boundary conditions and
the wave equation in the time domain is examined. For a structured surface, a boundary condition
is obtained on an equivalent flat wall, which links the acoustic velocity to its normal and tangential
derivatives (of the Myers type). For a structured film, jump conditions are obtained for the
acoustic pressure and the normal velocity across an equivalent interface (of the Ventcels type).
This interface homogenization is based on a matched asymptotic expansion technique, and differs
slightly from the classical homogenization, which is known to fail for small structuration thicknesses.
In order to get insight into what causes this failure, a two-step homogenization is proposed, mixing
classical homogenization and matched asymptotic expansion. Results of the two homogenizations
are analyzed in light of the associated elementary problems, which correspond to problems of fluid

mechanics, namely, potential flows around rigid obstacles.



I. INTRODUCTION

Acoustic metamaterials consisting in massive materials perforated by periodic subwave-
length holes [1-3] or more sparse structures involving a periodic arrangement of wires [4]
are able to control the wave propagation with high flexibility. In comparison, phononic
crystals have a prior: higher dimensions because of their wavelength-scale period. However,
if the metamaterials have a subwavelength period, many of the observed phenomena are
attributable to Fabry-Perot type resonances, resonances in the hole or resonances of the
wires. Therefore, these structures have a limitation in their thickness, which has to be at
wavelength scale to produce such resonances (and the thickness refers to the size in the
direction perpendicular to the planes containing the periodic cells). In order to reduce the
size of the devices, structures with a subwavelength thickness have been developed. They
are known as metasurfaces and metafilms. Despite the vanishing thickness in comparison
to the incident wavelength, the capability of these ultra-thin devices to control the wave
propagation has been evidenced. This may be due to resonances which are not trivially
related to their thickness. It can be a thin elastic membrane within the unit cell [5, 6], or

resonances of labyrinthine or curled elements squeezed in the unit cell [7-9].

Because of their subwavelength periodicity, homogenization techniques are natural tools
to describe the effective properties of metamaterials. The classical homogenization has
been used successfully to describe the acoustic propagation in thick metamaterial slabs; in
this case, an equivalent slab is found, with the same thickness than the original one, and
composed of an homogeneous and anisotropic medium with effective bulk modulus and mass
density [10, 11]. When metafilms or metasurfaces are concerned, first attempts have been
proposed using the same effective parameters as for thick slabs but attributing an ad hoc
small thickness (see e.g. the discussions § 3 in [12] and §2 in [13]). It is now admitted that
these approaches are not pertinent and rather, jumps or transition conditions for the fields
across an equivalent surface are thought. To that aim, interface homogenizations based on
matched asymptotic expansion techniques have been used in different contexts of waves [14—
18]. In [19], we presented such interface homogenization following the approach developed
in solid mechanics [20, 21]; we considered scalar waves propagating through structured rigid
films in the frequency domain and the failure in the classical homogenization was illustrated

for thicknesses of the film passing below the inverse of the wavenumber.





The present paper extends this study in the two following senses. First, the problem
is considered in the time domain, and the case of structured surfaces is included (the two
considered geometries are shown in Fig. 1). The difficulty in considering the equations in
the time domain is rather incremental but it allows us to question the equation of energy
conservation, and this is not incidental. If we have numerical implementations in mind, for
the boundary conditions at an equivalent wall (Fig. 1(a)) or for the jump conditions at an
equivalent interface (Fig. 1(b)), these surfaces must be associated to positive energies. This
is ensured following the intuitive argument that the numerical domain has to be a truncation
of the original domain, where the microstructure has been removed. This is in fact classical
in the literature considering thin homogeneous layers [22, 23] but it has been less regarded
for thin structured layers (an exception can be found in [18] where the authors refer to non-
centered jump conditions). Next, we address the validity of the classical homogenization
in a different way than the brut comparison of results coming from a particular scattering
problem, as proposed in [19]. In classical homogenization, the bulk of the structured material
is replaced by an equivalent homogeneous anisotropic material; a layer of this equivalent
material continues to mimic the response of the real structure (and this is a good news,
otherwise, classical homogenization would be completely useless). The corresponding layer
being homogeneous, one can apply a matched asymptotic expansion technique to determine
the effective conditions on a wall or across an interface for vanishing layer thicknesses. This
is very similar to the two-step homogenization proposed in [24], but in the present case, we
know that the obtained conditions will be unsatisfactory. Nevertheless, it is enlightening to
analyze what causes the failure of this (in some sense dishonest) homogenization, and we say
that it fails when it differs from the interface homogenization. This is done by analyzing the
associated elementary problems, which question flows of perfect fluids around rigid obstacles.

We start with the linearized Euler equations for the acoustic pressure P(X,t) and ve-
locity U (X, t), written in the time domain, with ¢ the time and X = (X7, X5) the spatial

coordinates

ou

— =-VP

(1)

P
Xoaa—t +divU = 0.

In Egs. (1), po is the mass density and yo = (poc2)™! the isentropic compressibility of the
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FIG. 1. (a) Wall structured with periodic rigid roughnesses; the homogenization process gives an
equivalent flat wall associated to a boundary condition of the Myers type, Eq. (19), (b) Array of
periodic rigid inclusions; the homogenization process gives an equivalent thin interface associated

to jump conditions of the Ventcels type, Eqs. (27).

fluid (cy denotes the sound speed in the fluid). In a bounded domain €, energy conservation

reads

d
iy dS TIn =0
dt +/m n=5

with £ the acoustic energy and Il the Poynting vector

Porr2 | X0 p2
= [av |2 Op 1= PU.
£ /QV[QU+2 | U

In the time domain, we consider acoustic waves with a minimum wavelength 27 /k larger

than the typical periodicity of the microstructuration h, such that
e=kh < 1.
To be consistent, we will work in dimensionless coordinates. We define
x = kX, 7 = keot,

and

u(x,7) = pocoU (X, 1), p(x,7) = P(X,1).

Now, the Egs. (1) read in dimensionless form

a_u - _pr7

or

’ ©)
L diveu = 0.

or



In principle, the presented homogenizations apply in three dimensions, and for any shape
of structurations, including 3D structurations. In order to get explicit conditions, we shall
restrict ourselves to the case of two dimensional layered structurations; we shall specify when

the calculations loose in generality.

II. HOMOGENIZATION OF MICRO-STRUCTURED SURFACES

We consider a rigid wall with periodic roughnesses, Fig. 1(a) (to anticipate, a layered
structuration is shown, but as previously said, more involved structurations in two and three

dimensions can be considered).

A. The matched asymptotic expansion
1. Inner and outer expansions

The idea is to expand the solutions of Eqs. (2) with respect to the small parameter e,

namely

p=p°(x,7) +ept(x,7) +?(x,7) + ...,

(3)

u=1u'(x,7) +eul(x,7)+u(x,7)+....

In principle, this expansion can be used in the whole space (see e.g. [14]). Nevertheless,
if the spatial derivatives in Eq. (2) make e to appear, the resolution may become tricky.
Such complications are avoided if a displacement in x of order unity produces a variation in
p and w of order unity, namely 0,,p ~ p. This is ensured in the far field, that is far enough
from the wall, where Ox, P ~ kP — 0,,p ~ p. The story is different in the near field: there,
the roughnesses generate evanescent waves whose strongest variations are associated to the
smallest scales of the microstructure, say Ox,P ~ P/h — 0,,p ~ p/e. The wavefield has
also variations when moving along the interface which are associated to the typical central
wavelength. This behavior is associated to low variations of p (for which 0,,p ~ p). Thus,
we have to deal with different scales in the far and near fields, and with two scales in the

near field.

The presented approach uses two ingredients to account for these multiple scales: first, a



separation of the space into an inner and an outer regions, which correspond to the near and
far fields, respectively. In the outer region, the natural coordinate x = (x1,x2) is adapted
and the expansions in Eq. (3) applies. In the inner region, a new system of coordinates
y = x/¢ is used which accounts for the rapid variations of the evanescent fields (9,,p ~ p).
Next, the slow variations along x, are accounted for by keeping x5 as additional coordinate.

Owing to these modifications, the expansions read

p=p"(x,7) +ept(x,7) + ...,

Outer exp.
u=u'(x,7) +eul(x,7)+...
(4)
p=q"(y, 22, 7) + ¢ (y, w2, 7) + ...,
Inner exp.
u=vy,x2,7) + 0 (y, 22, 7) + ...
and the terms (¢",v"), n =0, 1,..., of the inner solution are assumed to be periodic w.r.t.

y2. Now, Egs. (2) can be written in the inner and in the outer regions, owing to the

expressions of the differential operator

V — V4, in the outer problem, (5a)

1
V- -V, + in the inner problem. (5b)
£

5 €2
81'2 ’

FIG. 2. The wall structured by periodic roughnesses in the two systems of coordinates x and y.
In y-coordinates, Yr and Y,, denote the regions occupied by the rigid material and by the air
respectively (Y = limy?z_>+oo Yn); T is the boundary of Yr where Neumann boundary condition

applies. S, = ep/h is the dimensionless surface of air in the groove.

Thanks to the periodicity of (¢",v"™) w.r.t. 1y, we shall consider the domain Y! =

(0,y7") x (—=1/2,1/2) in y coordinate (Fig. 2). Yr is the domain occupied by the rigid
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material, and Neumann boundary conditions apply on the boundary I' of Y1 in contact with
the air. Next, we define Y,, = Y! \Yr and the unit cell corresponds to Y = limym o0 Y.
Inside Y, the air groove has a thickness e/h along y; and a height ¢ along ys; we denote
S, = ep/h the corresponding surface.

Finally, it is worth noting that, in the three dimensional case, it is sufficient to replace

x9 by X' = (x9,23) and the calculations are the same than in two dimensions.

2. Equations at orders 0 and 1

We start by reporting the equations that will be needed in the following. For the outer
solution, using Eq. (5a), Eqs. (2) are at the leading order

ou’
- = _Vx 07 6
5 P (6a)
0
—%]; + diveu = 0, (6b)

and for the inner solution, using Eq. (5b), we get

( V,q" =0, (7a)
divyv? =0, (7b)
o’ 9g’ L
o oy @V =0 7
dg0 oY
24y = 0. 7d
| 97 T om, T (7d)

Next, the equations Eqgs. (6)-(7) together with the boundary conditions and the matching

conditions will be used to find the conditions to be applied on an equivalent surface.

3. Boundary conditions and matching conditions

Because of the separation of the space into two regions, something has to be said on the
boundary conditions. By construction, the rigid roughnesses are seen by the inner solution

only, and the Neumann boundary condition applies
v"np=0,n=0,1,... (8)
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The outer solution does not see the roughnesses (also by construction) but it has to match
the inner solution in some intermediate region. These matching conditions will be written
following [20] for x; — 07 corresponding to y; — +oo (and we denote f(0) the limit value
of f for z; — 0T). To do so, we use Taylor expansions of p°(xy,xs,7) = p°(0,29,7) +
2105, 0°(0, 22, 7) + -+ = p°(0, 22, 7) + Y104, p° (0, 72, 7) + ..., same for u’. Identifying the

terms in €”, n = 0,1 in the inner and outer expansions, Eqs. (4), we get, for n =0

0 T 0
D (07 X, 7-) - yll—lg-looq (Y7 T2, T)? (98’)
0 1 0
u’(0,29,7) = yll_lgloov (y,x2,7), (9b)

and for n = 1, we shall need only the matching condition for u!

1 . 1 auo
uw (0,29,7) = lim |v'(y,z2,7) (0,29, 7)] . (10)

y1—+o0 81’1

When not needed, the dependance of the functions on the spatial variables and on the

time are omitted for readability.

B. Determination of the equivalent boundary condition

1. Solutions at order 0

First, the Eq. (7a) tells us that ¢° does not depend on y, and from the matching condition
Eq. (9a), we get
qo($2a7) :pO(O,CL‘Q,T). (11>

Next, integrating the Eq. (7b) over Y gives explicitly the value of u?(0, z, 7), with

1/2
0= / dy diVy’UO = / dy2 U(l)(—f—OO, Y2, T2, T) - u?(07x27 t)7
Y _

1/2
where we have used the boundary condition, Eq. (8) for n = 0, and the matching condition
Eq. (9b). The normal acoustic velocity vanishes on the equivalent surface at z; = 0. This
means that the structuration on the wall is not visible at the leading order and the surface
behaves as a flat rigid wall; thus, to capture the effect of the structuration, we need to go

at order 1, and we are looking for ui(0, zo, ).

8



2. Solutions at order 1 and elementary problems

Before going further, we have to define the elementary problem which makes equivalent
surface parameters to appear. To that aim, we inspect the Egs. (7b)-(7c), (8) (for n = 0)
and (9b), owing to Eq. (11); we get

(

qul =0,
o 0
a%(O,:CQ,T) e+ Vyq'| mr =0, (12)
2
op°
I S .
|2V = g, O T) &

The first and second equations are simply the time derivative versions of Eqs. (7b) and
(8), using the Egs. (7c¢) and (11) in both cases. The third equation is less immediate
although straightforward; consider the time derivative of Eq. (9b), with Eq. (7¢)

ou’ , op°
E(Oa "L‘277—) = _y11~1>I<rFloo 8_1'2(07 L2, 7—) e + qul ’
which leads to the desired equation using Eq. (6a). Now, because u?(0, zo, 7) = 0, its time

derivative is zero as well and from Eq. (6a), we have

op°
—(0 =0
The system (12) simplifies to
( 1
Ayq =0,
apo 1
8_x2(0’$2’T) e+ Vyq | npr=0, (13)
. 1
\ yllir‘lflooqu B O’

being linear with respect to 0,,p°(0, 2o, 7). Thus, defining Q® such as

0
0 (v,22,7) = 50,22, 7)Q (y) + Q. 7). (14)
X2

it is sufficient that Q® satisfies

(

AQ® =0,

[es + VQP] .nr =0, (15)
lim VQ® =0,

Yy1—+00



to ensure that ¢' satisfies Eqs. (13). The field Q® is an evanescent field being excited at the
structured surface (and because Q? is defined up to a constant, we can set this constant
to 0 without loss of generality). Finally, note that Q(x, ) is introduced since the Eqs. (13)
define ¢' up to a function independent of y; we will see that the determination of () is not

needed.

3. Boundary condition at the equivalent surface and determination of the surface parameters

To define the boundary condition, we want uj (0, z2, 7) (we already know that u{(0, x5, 7) =
0), and ui(0,z2,7) is given by vj(+00, y2, T2, 7) in the matching condition, Eq. (10). The
limit of v{ will be obtained by integrating the Eq. (7d) over Y. But before, we inspect v"
in Eq. (7c) (because v) is needed in Eq. (7d)). Using the Eq. (14) in Eq. (7c), we have

o’ op°
d = L (07.1'2,7') [eQ +VyQ(2)} =

o0’ o Ouy
or Oz

or (Oa T2, 7—) [eQ + VyQ(2)] ) (16>

and the latter equality is obtained using the Eq. (6a). Assuming that u® = 0 and v° = 0 at
T = —o0 (the acoustic source has been switched on at some initial time), the above identity

is valid omitting the time derivative, specifically
v’ = uy(0, 9, 7) [82 + VyQ(z)] )

We can come back to the Eq. (7d), which is written using Eqgs. (11)

op ou’ 0Q®? . ou) Q@ ou? .
0= a—:(0,$277>+a—xz(07$277> [1 + B +divyv' = a_xz<0ax277') Dvs —8—1:1(0,:62,7')—1—dlvyv1,

and the latter equality has been obtained using Eq. (6b). It is now sufficient to integrate

the above equation over Y, to find

0

oQ® 1/2 Ou

(0,25, 7) / ay 297 | / Ay [0} (47" s 20 7) — (" + 82) 230, 20, 7) | = 0.
Ym Yo —1/2 0xy

(17)

0
Jus

81’2

Here, it is important to stress that (y7* + S.) is the surface of the integration domain
Y,,. It is independent on the choice of the origine y; = 0, but each term y{" and S, does

depend on the origine y; = 0. We will come back to this point, which is not incidental,
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later. Finally, note that, with our choice of the origine, S, is simply the surface of air in the
grooves in dimensionless form, and the result holds for any shape of the inclusions (it would
be a volume in three dimensions).

Taking the limit y* — 400 in (17), and using the matching condition Eq. (10), we finally

get
ou’ oud
U%(O, X2, T) - SC 8_3;(0’ X, 7—) + C 0_552«)’ X, 7—)’
where we have defined o
0Q?
=— [ dy . 18
/Y ayz ( )

It is now time to come back to the real space. With u; = u{ + cuj + O(£?), we have, up

to O(g?)

0
— (0,29, 7) +C a—Z(O,xg,T),

and finally, introducing ¢ the filling fraction of air in the groove (whence S, = pe/h), we

get
oy

oU
= ep 6—X1(0,X2,t) + hC =220, X, 1). (19)

2

C. Energy conservation in the homogenized problem

The choice of the origine y; = 0 has conditioned the parameter S, in the Eq. (19). It
conditionnes as well the position of the equivalent surface where the boundary condition
(19) applies: it is at the edge of the roughnesses. In the homogenized problem, a part of the
domain €2 in the original problem has disappeared; let (). being this domain (Fig. 3). In
the original problem, the acoustic energy is

5=/de Do+ 2P,

and in the homogenized problem, it is

& = / av [ 202+ 2P 1 g,
oo, L2 2

where Eg is the energy of the equivalent surface, that we expect to account for the acoustic

energy in (., thus that we expect to be positive. Let us inspect the expression of £g. The

11



energy conservation in the homogenized problem reads

d
e 4V [@W + @PQ} . / dX, PU, + /dS Mn =0,
dt Q\Qe 2 2 X1:O
and from what has been said, I = —le:O dXy PU; has to be the time derivative of a

positive quantity. Applying the boundary conditions, Egs. (19), and using Egs. (1), we get

oU; oU,
I=— X P— P—=
/)(1—0d 9 {egp X, + hC GXJ ,

leading to I = d&/dt, with

E = / dXo [@(ecp — hC) U3 + Eeg@ Pﬂ . (20)
X1=0 2 2

Note that the integration by part of Pdx,Us makes the boundary term [UsP]x, to appear,
and something should be said at both extremities of the equivalent surface; this is disregarded
in the present paper. Obviously ey is positive and we will see that ep — hC is positive as
well (see Sec. IV and Appendix A). It follows that the energy associated to the equivalent

wall is positive, and the homogenized problem is well suited for numerical purpose.

******

FIG. 3. The domain ) in the actual problem with the structured wall will be replaced by the

domain Q\, in the homogenized problem.

III. HOMOGENIZATION OF A MICRO-STRUCTURED FILM

For the problem of a micro-structured film (or array), jump conditions are sought, and
the jump conditions will be applied to a thin interface of thickness e. To that aim, we define,

for any a > 0

[£(07) + f(=a)].

N | —

[f1= 10" = f(=a), [=

12



We have two systems of coordinates, X and x; to avoid heavy notations, we use [f] for

a = e in X-coordinates and for a = ke = ce/h in x-coordinates. We denote in the following
e =ee/h,

and assuming e/h = O(1), ¢’ = O(e) is a small parameter. Next, following [22, 23], we
identify f(—¢’) to f(07) and, when [f] = 0, f(—¢") = f(0T) to f(0); in [22], this is done
owing to a shift in the y coordinates to restore the contact, at y; = 0, between the two faces
at 13 = —¢&’,0 of the thin interface, and in [23], this is done introducing generalized jump
conditions defined at the mean position between the two faces of the thin interface. Note
that an alternative derivation can be performed by 1) defining the jump conditions across
a zero thickness interface as done in [19], afterwards jump conditions across an ”enlarged”

interface are deduced, as in [18]; this is done in the Appendix B.

A. The matched asymptotic expansion

This case is more involved than the previous one but most of the work has been done
already. We start with the same ingredients as presented in Sec. II. Only the matching
conditions change, being needed at both sides of the equivalent interface of thickness e,
and they will be needed at orders 0 and 1 for p and w;. Next, the Taylor expansions
(omitting the variables xy,7) read p°(z; > 0) = p°(0") + ey19,,p°(07) and p(z; < 0) =
p°(07) + e(yy +e/h)0,,p°(07), up to O(e?). Tt follows that, at order 0 and similarly to Egs.

(9), we have

(0%, 22, 7) = lim ¢"(y,22,7), (21a)
y1—+oo

u’(0%, 20, 7) = lim vy, z,7), (21b)
y1—Eo0

and, at order 1, we have non symmetrical matching conditions, with

p

_ e\ op®, |
P07, @, 7) :y11—1>r£1<>o [ql(wazﬁ) - (yl + E) 8_51(0 7902,7)_ ; (22a)
Lo , . ey ou’ |
\u (07,22, 7) :yll_lffloo v (y, 22, 7) — (914'5) 8_:5'1(0 7952,7)_ ; (22b)

13



and

( -
: op’
p1(0+,l’2,7') = y11—1>I—r|-loo [ql(y,$27T) - y18_2;(0+7x277—) ) (23&)
1/n+ . 1 8u0 + T
uw (07,29, 7) = yll_lg_loo v (y,xe,T) — ylg—xl(o T, T)| (23b)

\

Obviously, symmetrical expressions would be obtained if y; = 0 was chosen symmetrically,

but the same final jump conditions would be obtained.

FIG. 4. The structured array in the two systems of coordinates x and y. In y- coordinate,
Yr and Y,, are the domains occupied by the rigid inclusions and by the air respectively (Y =
limym 1 Yim); T is the boundary of Yr where Neumann boundary condition applies (S. = e¢/h

is the surface of air within the array).

We define Y!, = (—y, y7") x (=1/2,1/2), and as previously, Y and Y, are the domains
occupied by the rigid inclusions and by the air in Y/ ; Neumann boundary conditions apply on
the boundary I' of Yr in contact with the air. The unit cell corresponds to Y = limym . Yo,
Inside Y, the air groove has a thickness e/h along y; and a height ¢ along ys; we denote
S. = ep/h the corresponding surface.

1. Solution at order 0

As for the structured surface, the Eq. (7a) tells us that ¢° does not depend on y,
and from Eq. (21a), ¢°(xa,7) = p°(0%,29,7). Next, Eq. (7b) is integrated in Y leading
to f 12 dys [0 (+00, Yo, T2, T) — (=00, Y2, T2, T)] = 0, and from Eq. (21b), ud(0%,7) =
f 1o dys v9(d00, Y2, T2, 7). Thus, the jump conditions read

[*] =0, [w] =o0.

14



At the leading order, the film is transparent for the waves and again, we need to go at
the next order to capture the effect of the microstructure. Before doing so, we have to define

the elementary problems which make the interface parameters to appear.

2. Solution at order 1and Elementary problems

To define the elementary problem, we start from the system of Eqs. (12) which is still
valid but it does not simplify since u?(0, z3, 7) is unknown. The system of Egs. (12) is now
linear with respect to both components of V,p%(0, x5, 7). Thus, we need two elementary

solutions Q" (y), i = 1,2, with

1 op’ (1) ap’ (2)

q = _<07 T, T)Q (Y) + _(07 Ta, T)Q (Y> + Q(X7 T)v (24>

8$1 6@
and QW satisfying
( AQ(l) =0, ( AQ(Q) =0,
VQ(l).n|F = O, [62 + VQ(Q)} .H|F = O, (25)
lim VQW = e, lim VQ® =o.

\ Y1—Eo0 \ Y1—E00

QW is of the form
QW (y) = Y1 + Qov, y1 <0, (26)
1+ B+ Q. y1 >0,

with @., an evanescent field, vanishing at +00. Now, we use (for the first time) the symmetry
of the inclusions w.r.t. y» to conclude that Q® vanishes at y; — +o00. Indeed, the symmetry
imposes Q@ to be odd w.r.t. ya, whence Q@ (y;,0) = 0 and Q® — 0 at y; — +oo. Both
QW and Q@ are related to problems of fluid mechanics and this is discussed in the Appendix
A. As previously, Q(x, 7) has been introduced since the Eqs. (12) define ¢! up to a function

independent of y, and as previously, it will not be necessary to determine it.

3. Jump condition at the equivalent interface
We can now inspect the solution at order 1. From the matching conditions, Eqgs. (22a)
and (23a), we get the jump in p' using the Eq. (24)

a0
'] = (B—i— %) a—il(o,x%ﬂ.

15



To get the jump condition on ul, we proceed in the same way as we did to get the Egs. (16)

- (17), with the extra term due to Q™). It is easy to see that we get

ou oQ® _ oul 1/2 Lo mauo
o1, (0 T, T) /Ym dy 90 +S 8_‘%1(0,1'2,7—)“_/ dys |:U1(y1 ) — vy (—y") — 2y U s (O x9,T)| =0,

1/2

(similar to Eq. (17)). We have used that the surface of Y,, is (2y]* — §), with S the surface
fraction of the inclusions (and thus S + S, = e/h). We have also used the symmetry of the
inclusion: with QW) being symmetric w.r.t. s, the integral of 9,,Q") vanishes. To conclude
on the jump in u}, it is sufficient to recognize the matching conditions Eqgs. (22b) and (23b)

in the last integral over y, for y{* — 400, namely

V2 ou e ou?
i d L=yt + T L 07 ) = 077 ) + - 1 07 ) )
y?LLIEOO _1//2 Y2 |:'U1( yl ) y]_ axl( X2 T) u]_( T2 T) h axl( i) T)
1/2 0
Jim dy, {v%(yl ) — i —1(07332,7)] = u; (0%, 2, 7).
Y1 —+oo —1/2 81’1

We get the final jump conditions

[ui] = i O , T2, 7) +C Z—ZE(O,@J),
with the same definition of C as in Eq. (18) (but not the same value, the elementary
problems on Q® being different). We have also used that S. = (e/h — S). Finally, with
[p] = e [p'] +O(£?) and p = p° + O(e) (the same for u;), and coming back to the real space,

the jump conditions at the equivalent interface of thickness e read

oP
[P] = (e + hB)
0X,’
oU 0U, (21)
_ 1
[U1] = ep ax, +hC — X,

where we used S, = ¢e/h.

B. Energy conservation for the equivalent thin interface

It is now possible to write the equation of energy conservation in the homogenized prob-
lem. In this problem, the domain between —e and 0 is not considered. If we have numerical
implementations in mind, this domain would be not considered, and the jump conditions,

Egs. (27), would apply between X; = —e and X; = 0 (Fig. 5). Now the boundary 02 of
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includes the planes X; = —e and X; = 0. In the real problem, the acoustic energy in the

region sandwiched between these two planes reads

Po,:2 . X0 2
% [—U Xop ]
/Qe SR

while in the homogenized problem, it is handled by the thin interface through the last

integral in the equation of energy conservation below

d d Porr2 . X0 52 /
=2 av |Rure Xp2| - [ax, [PUi].
dt”  dt Jo, 2 T > [PUA]
As previously, the term I = — [dX, [PU;] has to be the time derivative of a positive

quantity. With [PU,] = [P] U, + P [U,], and applying the jump conditions, Eqs. (27), we
get

P — — —

Next, we use the Eqgs. (1) to get

_d B Po —2 =2\ X0 2
=28, &= /dXz [5 <(e +hB) T + (e — hC) T ) +2ep P ] . (28)

Here, the parameter ey (in the coefficients associated to U7 and P?) has appeared because
the interface thickness has been set equal to e. If the jump conditions at a zero thickness
interface were used, we would get a coefficient associated to U equal to —h(C +S) < 0
(because C > 0, see Appendix B) and a coefficient associated to P? equal to —S < 0, which

is not really suitable for a term of energy and not suitable at all for numerical purpose.

,,,,,,,,,,,,,,,,,,,,,,,,,,

FIG. 5. The domain €2 in the actual problem with the structured film will be replaced by the

domain Q\Q, in the homogenized problem.
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IV. TWO -STEP HOMOGENIZATION USING CLASSICAL HOMOGENIZA-
TION OF BULK MATERIAL

As previously said, the classical homogenization has been shown to capture accurately
the behavior of micro-structured material and it is tempting to see how it compares with
the interface homogenization for surfaces or films of small thicknesses. This is not to inspect
whether or not the classical homogenization resists in this limit, since we already know that
it fails when ke < 1, see [19]. The goal in this section is rather to get insight into what
causes this failure. This is done following [24] using a two-step homogenization. We start
by recalling the derivation of the effective parameters in the classical homogenization; this
is the first step homogenization, leading to an equivalent anisotropic layer, with effective
mass density and bulk modulus, being explicit for rigid layers (they will be function of ¢
only). The second step consists in determining the equivalent boundary condition or jump
conditions when the layer thickness vanishes and this will be done by applying a matched

asymptotic expansion technique.

X5 Xy X5 Xo Xz Xs
s ., — | —_ ., — | .
0 X, 0 X 0 X, 0 X, 0 X1 0 X1
(a) (b)

FIG. 6. Two-step homogenization with classical homogenization in the first step, leading to an
equivalent homogeneous anisotropic layer, and in the second step, matched asymptotic expansions
leading to (a) an equivalent boundary condition at X; = 0, (b) equivalent jump conditions across

the equivalent thin interface bounded by X; = —e and X; = 0.
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A. First step homogenization, toward an equivalent anisotropic layer

The classical homogenization considers a structuration in the whole space. The expansion

is done owing to a two scale expansions in x and now, y = x/e

p=¢"(y,x,7) +eq' (y. x,7) + ...,
u ="y, x,7) +ev(y,x,7) +...

where the fields (v", ¢") are assumed to be periodic with respect to y. The unit cell is now
bounded along y; and s, of size 12, and in the unit cell, we define Y the region occupied by
the air Y = (—1/2,1/2) x (—¢/2,¢/2); Neumann boundary conditions apply on I between
the rigid layers and the air.

FIG. 7. In classical homogenization, the structuration occupies the whole space. The elementary
problems are defined in the unit cell of size 12 in y-coordinate and Y denotes the region occupied

by the air; I' are the boundaries of the rigid layers in contact with the air.

The expansions will be used in Eq. (2) at each order using the differential operator
1
VvV — gVy + Vi

The Egs. (2) at order ¢! read (i) Vyq° = 0, from which ¢" depends on (x, 7) only and (ii)
divyv” = 0 that we shall use later. At order °, the Egs. (2) give

o’ 0 .
E(ya X, T) = _qu <X7 T) - qu (ya X, 7_)7

o 0
ai(x, 7) + divev’(y, x, 7) + divyv' (y, x,7) = 0.
-

(29)
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These two equations will be averaged in Y, which will make a wave equation to appear for
the two fields [, dy v°(y,x,7) and ¢°(x, 7). Contrary to the interface homogenization, the
classical homogenization yields the equivalent medium at the leading order in the expansion.

As in the interface homogenization, elementary problems are needed to get the parameters
of the equivalent medium. To get them, we use the time derivative versions of divyv? = 0
and of the boundary condition v’.nyr = 0. From the first equation in Egs. (29), we find
that (¢°, ¢') satisfy

Ayq'(y,x,7) =0,

(Vyq'(y,x,7) + Vx¢°(x,7)] .o = 0.
Next, by linearity of the above system, it is possible to define

Hyxm) = 2L 00() + 2L (%, 1D () + Q) (30)
q y7 9 _833'1 9 y 81'2 9 y 9 9

with QU (y) satisfying the elementary problems

(31)

[ei + VQ(i)] nr = 0.
Once the elementary problems are solved, it is sufficient to use Eq. (30) in Egs. (29) being
integrated over Y. With p(x,7) = ¢°(x,7) and u(x,7) = [, dy v°(y,x,7) at the dominant

order, we get

g_u = _Avxpa
-
] (32)
® op + divyv =0,
or

with ¢ the surface of Y and

We have used the periodicity of v' w.r.t. y and the boundary conditions v'.nr = 0 to get
fY dy divyv'(y,x,7) = 0 . Coming back to the real space, we get the homogenized wave

equation
oUu

= = _AVP

(33)

P
Xo® aa_t +divU =0,

which corresponds to an equivalent homogeneous and anisotropic medium, with an effective

inverse mass density tensor py 'A and an effective compressibility xo¢. Again, the elementary
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problems, Egs. (31), correspond to problems of perfect fluids flowing around obstacles, but
in the present case, the solutions are intuitively trivial (and mathematically also in fact),

leading to QM = 0 and Q® = —y, (see Appendix A). The matrix A is thus reduced to

as (70 (34)

00

B. Second step -homogenization

We assume that the homogenization in the first step is legitimate even when the thickness
e of the equivalent layer is smaller than the typical wavelength 1/k, and we define ¢’ = ke <
1. Then, we can determine the boundary condition (for the layer being on a rigid wall), or
the jump conditions (for the layer being placed in air), following the matched asymptotic
expansion presented in [22] and the procedure is very similar to the one developed for the
homogenization in Sec. III.

As previously, two different (outer and inner) expansions are used with respect to the
new small parameter €’; a significant simplification comes from the fact that there is no
structuration along y, anymore, and thus no need in the coordinate ys (in fact, the problem

is one -dimensional now). Thus, the inner expansions are written as

p=q"(y1, w2, 7) + ¢ (Y1, 22, 7) + .. .,
Inner exp.

u =0y, z2,7) + 0y, 20, 7) + ...
while the outer expansions remain the same as in Eq. (4). The wave propagation in the

succession of media (Q,Q, Q") (Fig. 8), is described by

(;_u = _avp7
! (35)
dp ..

b— +divv = 0.
or

In the inner problem, a and b depend on y;. In the outer problem, they depend on z; being
piecewise constant in QF (Fig. 8). For a structured wall, Q~ is a rigid wall, for a structured
film, it is the air. In both cases, Q% is the air. These equations will be written at each order

in the outer and inner regions owing to the expressions of the differential operator

V — V4, in the outer problem,
10

V —- ——— e; + — ey, in the inner problem.
g’ 8y1 81‘2
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FIG. 8. In the second step homogenization, the layer {2 in y coordinates occupies —1 < y; < 0,

(a) with Q™ being a rigid wall and (b) with Q= being the air.
1. Q7 is a rigid wall

In the inner region, we start with the leading order of (35) in 1/¢": d,,¢° = 9,,v] = 0, from
which p°(0,z2,7) = ¢°(29,7) and u?(0, 29, 7) = v¥(x9, 7). Accounting for these relations,

Egs. (35) at order (¢/)° read

(
8u(1) 8(]1
5(07332,7) = —ai(y1) e (36a)
82}0 apo
8_7'2 = _CLZ(yl) 8_1'2(071.277—)7 (36b)
dpo ovy  Ovf
kb(y1) 5, (0,29,7) + 07 + 9y 0, (36¢)

and when non specified, the functions have a dependence in the coordinates (yi, z2, 7). In
the above expressions, the coefficients a1(y;) and as(y;) are the diagonal terms of a(y;); the
generalization to a non diagonal matrix a is rather straightforward, but not very useful for
the present purpose. The coefficients (ay, as, b) are piecewise constant, with a; = ¢, as = 0,
b= for =1 <y <0 (from the first step homogenization), and a; = as =b =1 for y; > 0
(being the air). Next, 2~ is not considered, but Neumann boundary condition applies at
y1=—1

As for the interface homogenization, a boundary condition on the velocity is sought, and
because v)(xy, 7) does not depend on y;, it starts with 0 = v{(z2, 7) = u)(0, 29, 7), imposed
by the Neumann boundary condition at y; = —1 at order 0 for the inner solution. The
matching condition at order 1 is the same as Eq. (10) (with y — y in the present case); it

is written in a slightly different, but equivalent, form below

0 1 Y1 1 0
U%(O,CL’Q,T) = lim {/1dyaa—1;j(y,l’2,7') +/0 dy [%(3%55277—) - 2_2(07:52)}}7 (37>

Yy1—>+0o0
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where we have used the boundary condition v{(—1,z2,7) = 0 on the rigid wall. Next, we
shall determine d,v{ in each integral. To begin with, the time derivative of Eq. (36c¢), with
Eq. (36b), gives

0 Ovi 0%p° 0?p°

anl = a2 axg (O,.%'Q,T) —b W(Oax%’r)a

and the above equation is valid for y; > —1. From the outer region, Eqs. (35) with a = 1 and
b =1, we have 9,,p° (0, 13) = —0,u5(0, ) and 9,p°(0, z5) = —div,u’(0, z), from which
vy ou

8y1 = 8—1;1(0,372, 7') + (b — CLQ)

0
Ous

81’2 (073:277—)7 (38)

where only b and as are function of y; in the right hand side terms of Eq. (38). The Eq.
(38) holds in © and in QT and it can be used to evaluate the two integrals in the Eq. (37):
the first integral is obtained with b = ¢ and as; = 0, and the second integral vanishes since

b = as = 1. Finally, we obtain
ui (0, 79, 7) = ¢ divyu’(0, 29, 7),

and coming back to the real space at dominant order (with & = ke)

0, X0 1) + %20, x,,1)| (30)

Ul(07X27t) aX
2

e | Y
Y 1ax,

and the above boundary condition has to be compared with Eq. (19).

2. Q7 is the air

The calculation for a layer (Fig. 8(b)) is straightforward thanks to the previous calcula-
tion. Here, we want to derive jump conditions, and this starts with [u{] = [p] = 0 because
v9(x9, 7) = u®(0%, 22, 7) and ¢°(wq, 7) = p°(0%, x5, 7). The jump in p' and u} are obtained
following the same technique as in the preceding section. As previously, the jumps are de-
fined using the matching conditions, similar to those in Eqs. (22)-(23); but now, because
the expansions has been performed w.r.t & = e(e/h), the y;-translation for Q~ is of unity

instead of being of e/h. Thus, the matching conditions are the same than in Eqs. (22)-(23)

setting e/h to unity (and again y — y» in these expressions). They are written below in an
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equivalent form

0 aql Y1 aql apo 7] -1 'aql apo b
[p'] im { dy 9 + i dy » (0 ,1’2)_ + : dy e (07, )

y1—+o0 1

O 9t v ovl  oul 1 -1 [Ovi  OuY 1

= /d—l/d 71 (ot /d it Bt N0
[\UI]] ylgiloo{ . y@y + 0 4 oy  Ox (0 ’xQ)_ + w Y | Jdy Oy (0 ’xz)_
(40a)
(40b)

For the calculation of [ui], almost everything has been done in the previous section; it is
sufficient to use Eq. (38) with ay = b =1 for y; < —1 (being now the air) to find that the

last integral of Eq. (40b) vanishes (and the two first integrals are the same than previously).

To get [p'], we use Eq. (36a), and owing to 9,ul(0, ze, 7) = —0,,p°(0, 22, 7) from the outer
region, we have

gt 1 op°

i = _l 0i7$277_)

Oyr a1 0y

Again, only a; depends on y; in the right hand side term of the above equation. With a; = 1
for 13 < —1 and y; > 0 and with a; = ¢ for —1 < y; < 0, only the fist integral in Eq. (40a)

has a non vanishing contribution and we get the two jump conditions, written below in the

real space
e OP
[Pl=< .
X
- 81U oU. (41
— U T2
[[Ul]] = €Q |:8X1 + 8X2:| .

The above jump conditions have to be compared with those in Eqgs. (27).

C. Comparison of the two homogenizations — What is wrong ?

The boundary conditions in Egs. (19) and (39) and the jump conditions in Eqgs. (27)
and (41) have the same structures but they do not involve the same parameters. The case
of rectangular inclusions is enlighting for the comparison, since explicit expression of B is
available

el—yp

2 -1
B=—-——"-+4+D8),, By=—log <siny> :
h s 2
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and the second contribution B, corresponds to flat rigid plates (e = 0). Let us now re-write

the boundary condition and the jump conditions coming from the interface homogenization

U oU.
U, (0, X, ) = egpa—Xll(O,Xg,t) + hCa—XZ(O, Xo, 1). (42)

e oP
Pl=(= _
7] (@wo)aXl?
oU; oU,

= eganl +hCaX2.

By inspection of the expressions in Egs. (39) and (41) and their comparison with the above

(43)

[U1]

expressions, the questions are clear:
e is B, negligible compared to ep/h ?
e how close from ep/h is C ?

The first question is easy to answer, since By is independent of e. Thus, increasing e makes
the first condition more and more fulfilled and reversely, vanishing thickness of the interface
produces a significant error in the two-step homogenization prediction. Classical homoge-
nization leads to a homogenized equivalent layer, and vanishing layer thickness produces a
vanishing effect, by construction; this has to be contrasted with the real structuration with
vanishing thickness: flat rigid plates obviously are able to scatter waves. This has to be
related with the equivalent elementary problem appearing in the interface homogenization:
QW satisfies Egs. (25) and it is the velocity potential associated to a perfect fluid flowing
in a duct obstructed by a rigid obstacle; for vanishing thickness, the obstacle still deviates
the flow, resulting in a non vanishing Q*), and thus a non vanishing B (see Appendix A).
The second question is more involved because an explicit expression of C is not available.
The parameter C is also related to a fluid mechanics problem. It is the mean value of the
perturbation velocity along es inside the grooves, for a potential flow flowing along e, with
velocity unity far from the structuration (u = ey + VQ® in Eqs. (25), see also Appendix
A). Obviously, in the absence of structuration (e = 0), the velocity along es equals unity
everywhere and e = hC = 0. Consider now the limit where e becomes larger than the groove
height hp. In this case, we do not expect the flow to enter deeply inside the grooves. This
is illustrated in Fig. 9(a) where we reported the fields of u.e; computed for e/h = 2 and 4;
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symmetry axis

(R |

0 0.5-1

(a) (b)

FIG. 9. (a) Fields of the velocity component u.e; = 1 +6y2Q(2) inside the grooves. The calculation
is done solving Eqs. (25). The reported results correspond to ¢ = 0.8 and e/h = 2 (upper panel)
and e/h = 4 (bottom panel); the black lines show /y? + y3 = ¢/2. (b) Inspection of the bounds

for C (various 0 < ¢ < 1 are collected).

the calculations are presented in the case of a structured array. The two flows are similar,
being essentially confined in a boundary layers near y; = 0, in the half disc of radius ¢/2.

Thus, a rough estimate can be done according to

fore/h > ¢ /2, / dy 11.622%/2 i dy lngDZ,
groove (yi+y3)<e?/4
(where the mean velocity has been set to 1/2 and accounting for the two boundary layers in
the case of the array). This behavior is confirmed in Fig. 9(b), together with the condition
hC < ey (which is a good news for the surface and interface energies in Eqgs. (20) and (28)).
From Fig. 9(b), we get bounds for C

€p T o €
h 8g0 <C<h<,0, (44)

from which C — e/h for large e/h. For small e/h values, C remains positive and vanishes
faster than e, resulting again in a failure of the two step homogenization.

Our analysis of the B- and C-parameters is restricted to the case of rectangular shape
structuration. What remains valid for any shapes is the limit for e — 0: there, B — By
will be always observed (because all the shapes end in flat plates for e = 0), and because By
is significant for small ¢, significant differences can be observed [19]. What will probably

remains valid as well is the shift between C and e/h (which means that the vertical velocity
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inside the grooves is not accelerated). But as C and e/h both vanish, the differences are
less impressive and this has been checked (results are not reported here). In other words,
vanishing roughnesses on a rigid wall lead to vanishing effects on the waves, while a vanishing

thickness of a rigid array continues to efficiently scatter waves.

V. CONCLUDING REMARKS

In this paper, we have presented an interface homogenization for acoustic waves in the
time domain; the case of thin periodic roughnesses on a wall and the case of a thin structured
array have been considered. We addressed the problem of the acoustic energy associated
to the equivalent wall or associated to the equivalent interface. It has been shown that
the position of this wall or the thickness of this interface are not incidental (even if the
conditions for any position or any thickness are equivalent up to the second order). If we
have in mind the numerical implementation of the homogenized problem, this is crucial since
it determines the stability of the numerical scheme. This is in fact not incidental neither
in the frequency domain where the validity of the homogenized prediction may be extended
significantly up to ke ~ 1 when using the conditions presented in this paper, and this will

be exemplified elsewhere.

Next, we have examined the failure of the classical homogenization in the limit of small
thicknesses; for rigid materials, it will always fails. If the two-step homogenization theory
resists to the limit e — 0, we can guess that no significant effect will be observed. This is
because the classical homogenization predicts vanishing effective parameters for vanishing
thicknesses (by construction). To anticipate if vanishing thicknesses can lead to unexpected
effects (and thus possibly to ”extraordinary” propagations), the analysis of the physical
problems associated to the elementary problems is helpful (here, potential flows around
obstacles, but they are also problems of heat conduction). Specifically, if the solutions of
these problems do not involve significant boundary layer effects, vanishing thicknesses of
the device will produce vanishing effective parameters, and nothing fantastic will happen.
If bounds for these parameters can be found by means of mathematical considerations, our
intuition of the associated physical problems are additional tools to go toward thin devices

able to control the wave propagation in an unexpected way.
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Appendix A: The effective parameters

1. Remarks on the elementary problems

We have encountered four elementary problems (Fig. 10). All of them are of the same
nature, namely, they are related to problems of perfect fluids flowing around rigid inclusions

associated to Neumann boundary condition.

— B~ (] lu =1
U, =1
Qo 0@ P
(a) (b)
— u=1
(j?(l) 0

FIG. 10. The elementary problems appearing (a) for the structured rigid array, (b) for the struc-

tured rigid wall and (c) in the classical homogenization of rigid layers.

These are

1. QW in Eqgs. (26). It corresponds the potential flow past an obstacle in a channel.
In this context, as in the context of breakwaters for water waves, this problem has
been extensively studied in the literature, see e.g [14] and references herein. In these
contexts, B is called the blockage coefficient, and its expression is known for several

obstacle geometries (in an approximate of exact form).

28



2. Q@ in Egs. (15): it corresponds to a perfect fluid flowing along an infinite corrugated
surface, with a velocity field u = VQ® + u., and u, = e,. Q1 is the perturbation
velocity potential due to the corrugation. Next, it is easy to see that the coefficient
C = — [dy 8,,Q® has to be evaluated for —e/h < y; < 0 only (for y; > 0, Q®
is periodic w.r.t. y, and thus, the integral vanishes). Thus, C appears to be the
mean perturbation velocity along es, (us, — u).es, in the grooves, but to the best of
our knowledge, no explicit expression for C is available. We expect C to be positive
(no acceleration in the grooves occurs) and smaller than unity (no reverse flow rate);
next, the qualitative discussion in the Section IV, supported by numerical results (for
a structured array), leads to the bounds, Eqs. (44). Finally, the value of C for the
structured array (Fig. 10(a)) can be simply deduced from the value of C for the

corrugated wall owing to the symmetry axis, and Capray(2€) = 2Cyan(e).

3. QW and Q@ in the elementary problems appearing in the classical homogenization,
Eq. (31). In the present case of rigid layers, these problems are trivial: QW questions
the perturbation velocity along e; for a mean velocity being along e;; the flow is
evidently not perturbed by the rigid layers, from which Q™ = 0. Q® questions the
possibility for the fluid to flow along e, and the answer is obviously that no flow is
allowed in this direction. The total velocity has to cancel in the grooves, from which
Q® = —y,. Also obvious is that Q) = 0 and Q®® = —y, are exact solutions of Egs.
(31).

2. Simple procedure to get C for rectangular inclusions

Mode matching is a simple way to get C. We consider the solution @ = Q® +y, satisfying
AQ =0, VQmnr =0 and @ — y, for y; — co. The field ) can be written

(

o
Q(y) =3 gy el ) 05y >

vt cosh a,e
Qly) = N+ (A1)
Q') =+ Y. gle "M (g), yi >0,
L n=—N+ n#0

with a, = n7n/p, b, = 2nm, and where

. 2— 0, nw
) = e frw) = [T s (ae + ) (A2)
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are the transverse functions (forming a basis) adapted for solutions being respectively peri-

odic and for solutions with zero derivatives at yo = /2.

[P
________ /2 .
¢/2
e 0 g
_________ —e/2
~1/2

FIG. 11. Mode matching configuration. The solution Q¥ is written for y; > —e, and the resolution

involves only matching conditions at y; = 0.

Now, we will ask to Q% to match (on average) their values and their first derivatives at
y1 = 0, and this latter matching on the derivatives will be done accounting for the Neumann
boundary conditions at y; = 0 and |ya| > /2 (note that @)~ satisfies by construction the
Neumann boundary condition on at ys = ¢ /2, because of the choice of the f ). To that

aim, we use the following relations

/2 ©/2
/ dys Q™ (0, o) fn () = / dys Q (0, y2) fn (1),

75//22 a@, ) *@/21/2 6Q+ . (A?))
/ dys 290, y2) £ () = / dys 2900, 0) £ (4),
—p/2 ayl —-1/2 8 U

with f7* the conjugate of ;I (f isreal). The first relation is the matching of the values in
the region yo € [—¢/2, /2] where @~ is defined. The second relation has more information:
we have used that the 0, Q" = 0 for |y2| > ¢/2, from which

VroQr . oot .
[ o = [ dn S0 ), (A)
~1/2 1 —p/2 Y1

afterwards we ask, on average, 0, Q" = 0,,Q~ for |y2| < ¢/2. We get a matrix system for

the two vectors q~ = (g, Jn=0...n- and q* = (g} )n=o,. n+ of the form
| tE* - S
= , (A5)
FAtanh(Ae) B q’ 0
with | the N~ x N~ identity matrix, A = diag(a,), B = diag(|bu|), Fun = /17, dyaft " (v2) £ (12)
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and S, = T /2 dya ya f, (y2). The expressions of F,,, and S, are given below

Fon = \/g [sinc((an — bm)p/2)e™™? + sinc((ay + bm)p/2)e ]

21
Sy =—2/=—
@Y a,

The system is of the form Mq = s with the matrix M being square (this is not always the

(A6)

case in systems written using mode matching). Next, M is invertible if one has taken care
to consider only the antisymmetric modes. Thus, the system can be solved to find q by
inverting M or it can be solved in the least squares sense (as done by the operation M\s in

Matlab).

Then, we want to determine

C:_/dyag / /i//l 3y2} (A7)

where we have used that Q@ (y; > 0,12) = Q¥ (y) — 2 is periodic thus of vanishing

contribution. It is now sufficient to write C = ep — ¢, tanha,e/a,| fn] Lo 10 get

2 tanha,,
C:e<,0+2,/—Mq;. (A8)
¥

Qn

The procedure of mode matching is longer to explain than to encode; below is a script

working with Matlab.

Appendix B: Alternative derivation of the jump conditions

In [18, 19], jump conditions are determined for a zero thickness interface. In fact, instead
of anticipating the use of a thin equivalent interface, it is possible to start from the jump
conditions established for the zero thickness interface, namely, these are

0P
Pl. = -
[[ ]]0 h‘BaXl 0
- v, o0,
[[Ul]]() - 6(90 )(9X1 0 hcaXQ 0

(B1)

and in the above conditions, the suffix 70" refers to the zero thickness of the interface. To
recover the jump condition in Eqs. (27), it is sufficient to remark that

oP

a—Xl(O’,XQ, t)+0(e*) = P(07, Xo,t) — 68_P+O( %),

P(—e, X5, t) = P(07, Xo,t) —
(67 27) (0727)6 8X1
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function C=func(phi,e,Nd,Np)

3 nd=1:Nd; np=[—Np:—1,1:Np];
4 Nd=length(nd); Np=length(np);
5 an=nd*pi/phi; bn=2=np*pi;

7 for mm=1:Np,

8 for nn=1:Nd,

9 a=an(nn); b=bn(mm); n=nd(nn); EX=exp(li*n=pi/2);

10 temp=sinc ({a—b)=phi/(2*pi))*EX+sinc ((a+b)*phi/(2* pi))/EX;
11 F(mm,nn) = sqrt(phi/2)*temp;

12 end ,

13 end

15 Mv=[eye(Nd) ,—F’";
16 Fxdiag (an.=tanh(an%e)), diag(abs(bn))];

18 s=sqrt (2/phi)*({((—1).~nd—1)./an."2)."; S=[s; zeros(Np,1)];
19 g=M\S ;gm=q(1:Nd);

20

21 C=phi*e+sqrt (2/phi)*sum( 2.sgm.’.xtanh(an=e)./an );

22 end

same for U;, and e is small (to be more consistent, the expansion should be done in x-
coordinates, thus O(g?) would appear explicitly). It follows that
oP

[P1= [Pl + e

same for U; and we indeed recover the Eqgs. (27). As previously said, this is done in [1§]
following this procedure. In fact, in this reference, e is let as a free parameter, and this is
meant to ensure the positivity of all the effective parameters for e large enough. Our guess

is that e being the actual thickness of the interface is the best choice.
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