Franc ¸ois Fillaux 
  
The quantum phase-transitions of water

Keywords: 03, 65, -w -Quantum mechanics 05, 30, Rt -Quantum phase transitions 64, 70, -p -Specific phase transitions

   

The quantum phase-transitions of water

Introduction. -Water, the matrix of life, covers the two-thirds of our planet. It is, therefore, of central importance across physics, chemistry, earth and life sciences, as well as to many technologies. Although water be likely the most extensively studied material, it is still a mystery.

Many properties are said "anomalous", as they are different from those of other group 6A (H 2 X) and 4A (H 4 X) hydrides, or alcohols (ROH) [1]. No other material is commonly found as solid (ice), liquid (water), or gas (steam).

Steam is one of the lightest gas known, water is much denser than expected and ice is much lighter than expected. Water has the highest specific heat of all liquids, except ammonia, and its heat capacity is twice that of ice or steam. Proton tunnelling is observed in ice Ih at 5 K [2] and in molecular jets of steam [3,4], but not in water.

Everyone is agreed that at least some of these "abnormal" properties stem from cooperative hydrogen bonds [5], but it is still not clear how this inter-linking translates to bulkscale behaviour and computer simulations are hardly conclusive, as they are notoriously sensitive to how the forces between molecules are modelled [6].

Here, a radically new quantum framework is opposed to conventional wisdom, inspired by classical mechanics, that preexisting nuclear positions and energies can be measured in the three phases of water without perturbation, or through controllable modifications. Dimensionless nuclei are supposed to move along definite trajectories with definite positions and momenta, driven by definite forces, which are all regarded as elements of an objective reality at any time. Below, this deterministic paradigm is referred to as classical or local "microrealism". In this 31 context, proton tunnelling in ice Ih, or in gas-phase clus-32 ters, is regarded as interconversion of isoenergy configu-33 rations, along reaction-paths breaking and reforming hy-34 drogen bonds [7,8]. However, this view is untenable, inas-35 much as breaking and reforming bonds unavoidably de-36 stroys quantum coherence and tunnelling. In fact, nuclear 37 quantum effects are outside the bounds of microrealistic 38 determinism inherent to the Born-Oppenheimer separa-39 tion of quantum electrons and classical nuclei. Tunnelling 40 is relevant for nonnlocal, decoherence-free, nuclei exclu-41 sively. Tunnelling is, therefore, a direct evidence of the 42 quantum nature of ice and steam. As a consequence of 43 the lack of causal relationship between positions and mo-44 menta in quantum mechanics, tunnelling is not related to 45 any definite nuclear trajectory usually referred to as "re-46 action path" or "mechanism".

47

Below, it is shown that "anomalous" properties are ex-48 plained via pondering ice, water and steam as bulk-scale 49 quantum systems. As a consequence, the physical phases 50 of water shed light onto the long lasting question, dating 51 back to Schrōdinger's cat, of the limits in size, temper-52 ature and complexity of the quantum theory applied to 53 open systems [9].

54

The condensate. -The quantum framework for ice 55 and steam is a follow up of previous works on various "hy-56 drogen bonded" crystals [10,11]. This framework rests on 57 the notion of "condensate", that is a molar-scale superpo-58 sition of every state that can be effectively, or in princi-59 order. Bernal and Fowler [14] argued that water molecules obey the "ice rules" and Pauling [15] evaluated the residual entropy S Ih = R ln 3 2 that persists down to the lowest temperature measured [16]. However, this residual entropy is in defiance of the third law of thermodynamics. On the contrary, the zero-entropy of the condensate at thermal equilibrium complies with the third law without conflict with the ice rules, since nuclear positions are indefinite. The double peak of the proton density revealed by neutron diffraction [17] is not due to statistical disordering. It witnesses to the non-separability of proton sites which are equally occupied by "half-protons" in terms of probability densities. Regarding calorimetric measurements, in the aftermath of a T -jump, heat transfer yields a transitory mixture of states, until complete relaxation to the condensed state at T + ∆T . The residual entropy and hence the ice rules are contextual: they are relevant out of thermal equilibrium only.

The heat capacity of liquid H 2 O in the range T F -T B (T B = 373.16 K is the boiling temperature at P a ) is nearly a constant, with a shallow minimum at T mCh ≈ 36 • C. The mean value C pwh = 75.65±0.36 J.mol -1 .K -1 [18], namely (1.010 ± 0.005) × 9R, is consistent with tetrahedral coordination, virtually temperature independent. This is apparently at variance with Bol's conclusion about water at 25 • C, based on x-ray diffraction: "each molecule is not surrounded by 4 hydrogen-bonded neighbours but by a somewhat smaller number, probably 3.2 (on average)..." [19]. Similarly, Wernet et al. [20] deduced from x-ray absorption spectroscopy that molecules in water bind on average to 2.2 ± 1.0 others. However, these interpretations are misleading since the electronic-correlation-degree α w determined via x-ray is, in actual fact, different in nature from the coordination degree derived from C pwh .

The minimum heat capacity of liquid D 2 O is C pwd ≈ 82.58 J.mol -1 .K -1 ≈ 1.10 × 9R at T mCd ≈ 61 • C [21]. This value reveals correlations outside the bounds of the equipartition theorem (see below).

The heat capacity of steam at T B is that of a condensate: C pv ≈ 37.47 J.mol -1 .K -1 [22], i.e. ≈ 1.001 × 9 2 R. This value is outside the bounds of the kinetic theory of gases, namely 6R for free H 2 O and 9R for tetra-coordinated H 2 O. Tiny temperature effects on C pv suggest that the condensate survives up to at least the critical temperature T c ≈ 647.1 K.

The condensate framework is in defiance of the common wisdom that phases sharing boundaries with liquid water have disordered hydrogen bonding. In addition, it questions attempts to learn about the liquid from the study of (small) gas-phase clusters [4].

Fusion. -In addition to evidences based on heat capacity data, the condensate-to-statistical character of fusion is corroborated by the mean kinetic-energy of protons, say K(T ), measured via neutron Compton scattering (NCS) [23]. In ice, KIh (T ) is practically a constant between 5 K and 271 K, as the induced zero-point energy is not thermalized on the NCS timescale (∼ 10 -15 s). In water, the temperature law Kw (T ) ≈ K w0 + 0.1 × T , in meV units, accords with that for preexisting oscillators at thermal equilibrium:

Kw (T ) = K w0 + 3 2 RT ( 3 2 R ≈ 0.12 meV.mol -1 .K -1 ) .
The protons of H 2 O molecules in water are distinguishable. The equilibrium entropy is S w = 2R ln 3 2 ≈ 6.74 J.mol -1 .K -1 (≈ 6.6177 J.mol -1 .K -1 ≈ 0.98 × S w measured at 298 K) and the enthalpy T F (S w -S Ih ) ≈ 921 J.mol -1 is marginal relative to the heat of fusion ∆H F ≈ 6007 J.mol -1 measured at P a [13].

Consider a single-step transition from the condensate 14 

-eigenenergy E 1h (T F ) = 9 2 RT F , entropy S 1h = 0 -to the liquid -Helmholtz energy A w (T F ) = T F R[9 -2 ln 3 2 ]. The enthalpy ∆H = RT F 9 2 + 2 ln 3 2 ≈ 12061 J.mol -1 , is ≈ 2.01 × ∆H F . In fact, because E Ih (T F ) = 9RT F ,
j =i Ψ i |Ψ j = 13/14 or 214 ρ Int = N -1 A 14 i=1 Ψ i |Ψ i = 1/

227

In the χ-representation of water, the so called "proton-228 stretching-modes" (coordinates χ j , j = 1 • • • 7) are eigen-229 states of asymmetric double-wells, which can be treated 230 as two-level systems under normal P, T -conditions. The 231 asymmetry is the energy difference hν 1 between the lower 232 states localized in either L or R well, say [10]) The 14 asymmetric double-wells of the interme-235 diate state merge into 7 pairs of disentangled double-wells 236 with opposite asymmetry for every χ j . In ice, entangle-237 ment yields 7 tunnelling splittings due to tiny delocaliza-238 tion of the wavefunctions: deuteron, so the probability for tunnelling is (1-ρ) 7 ≈ 0.2. In addition, the QENS width proportional to (1 -ρ) further diminishes the visibility of the signal [10].

|0 L and |1 R for 233 E R -E L = hν 1 , or |0 R and |1 L for E L -E R = hν 1 (see fig. 234 5 in
|0 ±j = 2 -1/2 [|0 LJ ± |0 Rj ]; 239 |1 ±j = 2 -1/2 [|1 Lj ± |1 Rj ]; hν 0±j = hν 1±j = hν t ∀j. 240 Fusion occurs when 9k B T F = 7h(ν 1 -ν t /2). k B is
(iii) The quasi-linear decrease of C pIh (T ) from T F to the lowest temperature measured (≈ 20 K) [27] is in defiance of microrealistic models. In the quantum theory, C pIh (T ) ≈ C pIh (T F )T /T F , T ≤ T F , means that a fraction T /T F of the condensate is at E F , while the fraction (1 -T /T F ) is frozen out at E = 0. There are only two stationary states because thermalization (via elastic events) is permitted at E F exclusively. The heat transferred to the crystal via disentanglement is dH = 9R(T /T F )dT and

T 0 dH = 9 2 RT 2 /T F = E(T ).
(iv) The transition Ih ←→ XI, say at T 0 , can be sketched as follows. Cooling ice Ih across T 0 split the symmetric double-wells into the asymmetric double-wells of the orthorhombic (dielectric) ice XI, in which only every other site is occupied by a proton or a deuteron. Dielectric measurements of ice XI domains in quenched Ih-XI mixtures [28] read: T 0h (Ih -→ XI) = 58.9 K (cooling) and T 0h (XI -→ h r ) = 73.4 K (heating) for H 2 O; T 0d (Ih -→ XI) = 63.7 K (cooling) and T 0d (XI -→ h r ) = 78.2 K (heating) for D 2 O. h r is hexagonal ice recovered from ice XI. T 0d is sufficiently close to 2 7 T F d ≈ 79.14 K to suggest that the transition occurs when 9 2 k B T 0d = hν 1r , supposing that hν 1r of ice h r may be slightly different from

hν 1 . It turns out that ice XI is 1-D χ . For H 2 O, T 0d -T 0h ≈ 4.8 K and 5hν th /k B ≈ 4.83 K suggest T 0h = T 0d -5hν th /k B .
Ice h rh is 6×1-D χ and the 6-fold ground state cannot be realized at once through one and the same event in 1-D χ . When an induced state hν 1 of ice XI h split at zero-energy cost into |0 +j h ± |0 -j h of ice h rh at Θ = 0, the condensate releases -(6 -1)hν th to complete the transition. (In the x -representation, the recovered ice is likely a shrunk empty hexagonal lattice with a ring structure similar to that of the intercalated rings of ice Ih. Consequently, ice h r should be denser than ice Ih.) Presumably, ice h r is more stable than ice Ih in which the 7×1-D χ character of water is imprinted. However, direct transitions between 6×1-D χ ice h r and 7×1-D χ ice Ih or water, compatible with the least common dimensionality 42×1-D χ and hν 1 , is likely impossible under accessible P, T -conditions. Upon cooling, the phase transition is exceedingly slow in the absence of a dopant. The transitions occur at T = T 0 -≈ 14.5 K for both isotopomers and this shift could be simply related to the measurement protocol.

Water. -The quantum nature of water accounts for several "anomalous" properties.

(i) The stoichiometry of pure water accords with the mean hydration number of protons in HCl-water solutions determined via freezing point depression: H + (H 2 O) 6.7±0.7 [29]. The reported binding energy, ≈ (54 ± 6)10 3 J.mol -1 , confirms the stability of this stoichiometry against thermal fluctuations.

(ii) In ice Ih, tunnelling splitting distinctive of the interp-4

The quantum phase-transitions of water calated graph IV suggests shorter inter-vertexes distances shrinking 1/14 intercalated graph relative to 13/14 empty graph III. By contrast, the shrinking effect is a maximum in water. This is in line with the reduction of the molar volume of water relative to ice Ih. On the other hand, tunnelling in 6×1-D for recovered ice h rh suggests a shrunk empty hexagonal lattice denser than ice Ih.

(iii) The heat capacity of heavy water can be interpreted as a mixture of (1 -γ d ) separable and γ d nonseparable degrees of freedom. For example, the heat capacity of entangled pairs, i.e. 18R, yields γ d = 0.1. For light water γ h ≤ 0.01 is insignificant in the range T F -T V . γ d and γ h mirror different residence times in a well, that is τ = 4ν 

H = α v ln N A and ∆H V = T [H -2R ln 3 2 ]
is the energy cost to destroy the tetrahedral coordination graph of liquid water and to entangle the degrees of freedom into the steam condensate. ln N A is a constant in J.mol -1 units, while α v (fig. 3) is the nonlocal electronic correlation degree, in quantum words, or association degree, in chemical words, that is different in nature from the coordination degree.

At 298 K, α v ≈ 2.75 (from fig. 3) compares with α w ≈ 2.2±1.0 [20]. It can be inferred that the association degree representative of electronic correlations at a given P, T, is the same in both phases and can be referred to as "α". 423

The marginal isotope effect on α (≈ 2%) confirms that 424 the association degree is not related to hydrogen bonding. 425

The volume expansion of steam relative to water stems 426 from the discontinuous jump of the coordination degree 427 only.

428

As T -→ T F , α increases. It can be extrapolated that 429 α ≈ 4 for gas-phase clusters realized at very low tem-430 perature in jet expansions, as well as for ice Ih at 5 K. 431 This is corroborated by identical tunnelling splittings in 432 both phases [4]. As T -→ T c , α decreases and vanishes 433 abruptly at T c . In fact, the liquid phase is unstable for 434 α < α c = 2R ln 3 2 / ln N A ≈ 0.12. The red-dashed curve in 435 fig. 3 suggests cooperative effects through thermal popu-436 lation of hν 1 in the range 300 -600 K. Sublimation. -At the melting point, the enthalpy 438 of sublimation, ∆H S (T F ) ≈ 51059 J.mol -1 [27], is merely 439 ∆H F (T F ) + ∆H V (T F ) ≈ 51058 J. A single-step transition 440 between ice and steam is prohibited, as the ground-state 441 of steam, E F = 9RT F , is twice the eigenenergy of ice. The 442 liquid phase and hence the intermediate phase of fusion 443 are necessary steps in the sublimation process.

444

Conclusion. -Heat capacities, latent heats, neutron 445 scattering, transistion temperatures and dielectric mea-446 surements converge consistently to the conclusion that 447 ices and steam at thermal equilibrium are bulk-scale con-448 densates with continuous spacetime-translation symmetry, 449 whereas water in the range T B -T F is a quantum liquid 450 with broken time-translation symmetry. It is shown that 451 the properties of the phases are archetypal of a quantum 452 material, instead of anomalies of a classical model. As 453 there is no evidence to suggest any upper bound for the 454 quantum theory, relative to the temperature, or the phys-455 ical state, the framework should be confronted with the 456 p-5 

Fig. 2 :

 2 Fig. 2: Geometric graphs of ice Ih. Lines are guides for the eyes. Only intracage vertexes are labeled. Site occupancies are 1 for O, n = 1/2, m = 1/12 for H.

293 mass ≥ 6

 6 amu and an exceedingly low potential barrier in-294 compatible with stretching frequencies > 400 meV. In ad-295 dition, the QENS intensity for concerted tunnelling should 296 be divided by a factor of ≈ 4 between 100 K and 5 K, in 297 contrast with observations. Besides, even from the micro-298 realistic viewpoint, collective tunnelling around the rings 299 is sterically excluded by the inter-distances of proton-sites 300 greater than 1 Å and the oxygen atoms at the corners. 301 Path integral simulations in x -space were claimed to con-302 firm the concerted transfer of six protons [8] but, in actual 303 fact, tunnelling distinctive of the χ-space is simply out of 304 reach of such simulations.305 A quantitative argument in favour of concerted tunnel-306 ing put forward by Bove et al. is the lack of QENS signal 307 for a deuteration degree ρ = 0.20. However, this observa-308 tion is also consistent with IV in fig. 2, since tunnelling 309 should vanish as a single proton among 7 is replaced by a 310

Fig. 3 :

 3 Fig.3: The association degree deduced from the measured enthalpy of vaporization[START_REF]Lange's Handbook of Chemistry[END_REF].: αv(T ) = (∆HV (T )/T + 2R ln3 2 )/ ln NA. NA ≈ 6.022 × 10 23 . Red-dashed: α = 4[1 -exp(-hν1/kBT )] * * [1 + (T -TF )/(Tc -TF )].

  F. Fillaux whole P, T -phase-diagram of water and other materials eventually. The quantum framework is self-contained. It is a sound alternative to the unsolvable many-body problems inherent to microrealism. Nonlocality paves the way to a new vista of physics, chemistry and molecular biology in water. * * * I am grateful to an anonymous referee for valuable comments.

  14, respectively. Quantum 215 interferences account for the lack of visibility of the inter-216 calated lattice. of fusion merges the 14 states into a disentan-218 gled ensemble of nonlocal oxygen atoms and two distin-219 guishable nonlocal protons per oxygen, isomorphic with 220 IV in fig. 2. Water is a bulk-scale molecule of molar sto-221 ichiometry [(H 2 O) 7 ] NA/7 , for which the usual notions of 222 individual atoms, or ions, or molecules, or clusters, sub-223 ject to many-body deterministic correlations via definite 224 forces are ruled out. Hydrogen bonds, ice rules and tetra-225 hedral coordination do not exist. Positional disorder is 226 meaningless.
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Step B

  Boltz-241 mann's constant. At that temperature, energy transfer to 242 the states |0 -j of ice yields, via the intermediate states 243 graphed in fig. 1, the disentangled states |1 Lj and |1 Rj 244 of water. Then, the limited residence time in either well 245 breaks the continuous time-translation symmetry. In clas-246 sical mechanics, because positions and energy are causally 247 related, fluctuations, e.g. phonons, do not necessarily 248 destroy the spacetime coherence of a crystal lattice. In 249 quantum mechanics, by contrast, noncausal fluctuations 250 unavoidably yield a quantum fluid at T F . Water is a 251 mixture of states χ,n p χ,n |φ χ,n φ χ,n | with continuous 252 space-translation symmetry in x -space for each eigenstate 253 n of each degree of freedom χ and p χ,n is Boltzmann's 254 O, hν td ≈ 0. T F d ≈ 276.98 K and T F d -T F h ≈ 256 3.82 K, gives hν tF ≈ 1.09 K. This value is consistent with 257 QENS measurements [2] (see below). The isotope effect 258 accords with tunnelling in 7×1-D χ distinctive of IV (fig. It turns out that T F h , T F d and ∆H F are totally deter-267 mined by hν 1 , hν tF and the dimensionality of the "proton-The state vector |Φ Ih explains several proper-Int ≈ 0.07 accords qualitatively with the low visi-
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		population factor.
	For D 2 259
	260	2) in ice Ih and with the same 7-fold dimensionality in wa-
	261	ter, but without tunnelling. On the other hand, hν 1 ≈ 29
	262	meV compares favourably with a maximum of the density-
	263	of-states reported at ≈ 28 meV in the inelastic neutron-
	264	scattering spectrum of ice [24] and with hν 1 ≈ 27 meV for
	265	potassium hydrogen carbonate (KHCO 3 ) [25] or hν 1 ≈ 28
		meV for potassium dihydrogen phosphate (KH 2 PO 4 ) [10].
	268	
		stretching-modes".
	270	
		ties.
	272	
	273	bility of interstitial oxygen in the partial structure factor
		S OO (Q) of ice Ih [26].
		p-3

266 269 Ice. -271 (i) ρ 274 (ii) A QENS event in the temperature range hν t 275 k B T hν 1 realizes with probability ρ Int a transient su-276 perposition 7 j=1 2 -1/2 [|0+ j + |0j ] [10]. The proba-277 bility ρ Int /2 ≈ 0.036 matches the reported QENS inten-278 sity ratio of ≈ 4% relative to the elastic peak. There is 279 no evidence to suggest tunnelling in 6×1-D χ , isomorphic 280 with III, on the QENS-timescale. The measured relax-281 ation rate at 5 K (k t ≈ 2.7 × 10 11 Hz) yields the tun-282 nelling frequency ν th = k t /14 ≈ 1.93 × 10 10 Hz for each 283 of the 7 χ j 's. hν th /k B ≈ 0.97 K is quite similar to hν tF 284 and it is undecidable whether or not hν tF > hν th is sig-285 nificant, as statistical errors on k t are unknown. What-286 ever the case, tunnelling splittings survive up to T F h , in 287 defiance of the semiclassical phonon-assisted tunnelling 288 scheme. hν th /k B accords with the very weak tempera-289 ture effect on the QENS intensity. By contrast, concerted 290 transfer of six protons represented by a collective coordi-291 nate in 1-D advocated by Bove et al. [2] should yield a 292 greater splitting, hk t /(2k B ) ≈ 7 K, for a greater effective

  1 ν -2 t exp[hν 1 /(k B T )] [10]. Since ν td /ν th 1, marginal quantum correlations in D 2 O may be totally lacking in H 2 O. However, the difference between H 2 O and D 2 O seems too small to compare with reported quantum effects in mixed isotope solutions [30, 31]. (iv) Below T F , the heat capacity of supercooled H 2 O increases rapidly to a maximum value, C pmwh ≈ 108 J.mol -1 .K -1 (≈ 1.44×9R) just below 235 K, that is about the homogeneous nucleation temperature (T nh ≈ 228 K at P a ). Below T nh , Murphy and Koop [27] inferred from thermodynamic continuity between water and amorphous ice that C pwh should decrease until at something like 150 K it is near the heat capacity of ice Ih. The quantum scheme is straightforward. Firstly, γ h increases upon cooling in the range T F -T nh , until nonseparable degrees of freedom pervade the bulk. Secondly, below T nh , entangled degrees of freedom merge into condensed sates and freezing out ensures convergence to C pIh .

	Vaporization. -This is regarded as a transition from
	the liquid -A The exothermic enthalpy -2RT B ln 3 2 ≈ -2516 J.mol -1
	taken at face value would mean that the liquid should be
	unstable relative to the vapour condensate at any temper-
	ature, what is obviously not the case. The endothermic
	enthalpy effectively measured, ∆H V h ≈ 40657 J.mol -1 for
	H 2 O (∆H V d ≈ 41521 J.mol -1 for D 2 O) at T V , P a [32], can
	be attributed to a high level of degeneracy for the steam
	condensate. Every measurement-induced molecular-state
	is correlated with α v N A analogs, in such a way that the molar degeneracy is N αv A . Then, the unpredictability
	of realizations captured by Hartley-Shannon's entropy is

w (T B ) = RT B [9 -2 ln 3 2 ] -to the ground state of the steam condensate at E B = 9RT B and Θ v = 0.