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The Vertex Reinforced Jump Process and a Random
Schrodinger operator on finite graphs

Christophe Sabot, Pierre Tarres, Xiaolin Zeng

Abstract

We introduce a new exponential family of probability distributions, which can be viewed as
a multivariate generalization of the Inverse Gaussian distribution. Considered as the potential
of a random Schrodinger operator, this exponential family is related to the random field that
gives the mixing measure of the Vertex Reinforced Jump Process (VRJP), and hence to the
mixing measure of the Edge Reinforced Random Walk (ERRW), the so-called magic formula. In
particular, it yields by direct computation the value of the normalizing constants of these mixing
measures, which solves a question raised by Diaconis. The results of this paper are instrumental
in [16], where several properties of the VRJP and the ERRW are proved, in particular a functional
central limit theorem in transient regimes, and recurrence of the 2-dimensional ERRW.

1 Introduction

In this paper we introduce a new multivariate exponential family, which is a multivariate generalization
of the inverse Gaussian law. This exponential family is associated to a network of conductances and
provides a random field on the vertices of the network, the latter having the remarkable property that
the marginals have inverse gaussian law and that the field is decorrelated at distance two.

This exponential family is mainly motivated by the study of two self-interacting processes, namely
the Edge Reinforced Random Walk (ERRW) and the closely related Vertex Reinforced Jump Process
(VRJP), but it could also find some applications in other topics, such as Bayesian statistics for
instance. Note that Diaconis and Rolles [8] introduced in 2006 a family of Bayesian priors for
reversible Markov chains, similarly associated to the limit measure of the ERRW.

More precisely, we consider a non-directed finite graph G = (V, E)) with strictly positive con-
ductances W, ; = W;; on the edges. Denote by A" the discrete Laplace operator associated to
the conductance network (W; ;) and write W; = Zj:{i,j}eE W, ;. The exponential family provides a
random vector of positive reals (/3;),cy such that

HB = —AW+V

is a.s. a positive operator, where V' = 25 — W is the operator of multiplication by (25; — W;) and
23 — W is considered as a random potential. We prove in Theorem [3 that if the Green function is
defined by G = (Hps) ™', then the field (¢*/) giving the mixing measure of the VRJP starting from
ig, c.f. [14], is equal in law to (G(ig, j)/G (o, o))

This has several consequences. Firstly, it relates the VRJP to a random Schrodinger operator
with an explicit random potential with decorrelation at distance 2. Note that Anderson localization
was the main motivation in the papers of Disertori, Spencer, Zirnbauer ([9, [10]): in these works the
supersymmetric field related to the mixing measure of the VRJP (c.f. [14]) is viewed as a toy model
for some supersymmetric fields that appears in the physics literature in connection with random band
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matrices. Secondly, it enables one to couple the mixing fields of the VRJP starting from different
points. Finally, using the link between VRJP and ERRW [14], it yields an answer to an old question
of Diaconis about the direct computation of the normalizing constant of the ‘magic formula’ for the
mixing measure of ERRW.

Results of this paper are instrumental in [16], where the representation in terms of a random
Schrodinger operator is extended to infinite graphs. Interesting new phenomena appear in the tran-
sient case, where a generalized eigenfunction of the Schrodinger operator is involved in the represen-
tation. Several consequences follow on the behavior of the VRJP and the ERRW in [16]: in particular
a functional central limit theorem is proved for the VRJP and the ERRW in dimension d > 3 at weak
reinforcement, and recurrence of the 2-dimensional ERRW is shown, giving a full answer to an old
question of Diaconis.

The paper is organized as follows. In Section 2| we define the new exponential family of distribu-
tions and give its first properties. In section 3] we discuss the link between the exponential family and
the Vertex reinforced jump processes. In Section [4] we consider the ERRW and answer the question
of Diaconis. Sections [B and [@ provide the proof of the two main results, namely Theorem [I] and
Theorem B

2 A new exponential family

Let V= {1,...,n} be a finite set, and let (W, ;);z; be a set of non-negative reals with W, ; =
W;i; > 0. Denote by E the edges associated to the positive W ;, i.e. consider the graph G = (V, E)
with {4, j} € E if and only if W, ; > 0, and write i ~ j if {i,j} € E. Let dg be the graph distance
on G.

When A is a symmetric operator on RY (also be considered as a V' x V' matrix), write A > 0 if
A is positive definite, and |A| for its determinant.

Theorem 1. Let P = (P, ;)1<ij<n be the symmetric matrix given by

0 i
P, = e
Wij; i#J.

For any 6 € R"!, we have

2 B dp ol
(—)n/2/11{25—P>0}€ P — ——— = exp | — Z Wi i/ 0ib; H (1)
7T V |26 - P| {i,j}€E i=1 \/9_2

where d3 = dB, - --dB,, and 23 — P is the operator on RV defined by

(28 = P)£1(i) = 28:f (i) = >_ Wi (3).

Jigevi

Definition 1. The exponential family of random probability measures v"V-*(dj3) is defined by

2 3 o0 ILve:
w,0 dﬁ — Toa_ so(= n/2 o + I/I/zj ] 6
I S T (¥ -7

where (0, 8) = 3"y, 0:0;. We will simply write vV for v"*! in the case where 6; = 1 for all i € V.
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The proof of Theorem [ is given in Section Bl We deduce the following simple but important
properties of the measure "W+,

Proposition 1. The Laplace transform of vV is

/6_<>"B>VW’6(dﬁ) —exp | — Z VVz‘,j (\/)\Z —+ 02\/)\j + 9]' — \/810j> . H \/E
=1 7 1

{i,7}€E

Moreover, if B is a random vector with distribution v"V'?, then

1
2[3:0;

e The marginals (3; are such that is an Inverse Gaussian distribution with parameters

1
(ijWi,j 91'9.7"1)

o IfV1 CV, Vo CV are two subsets of V' such that dg(Vy,V2) > 2, then (B;)iev, and (5;);ev,
are independent.

Proof. The Laplace transform of v can be computed directly from Theorem [ from which we
deduce independence at distance at least 2. We can also deduce, by identification of the Laplace
transforms, that the marginals of this law are reciprocal inverse gaussian up to a multiplicative
constant. U

The family can be reduced to the case 6 = 1 by changing W, as shown in the next corollary.

Corollary 1. Let (B3;)cv be distributed according to v'V'Y. Then (63) is distributed according to
v’ where W, = W, ;\/0:0;.

It is clear from the expression of the Laplace transform that if the graph has several connected
components then the random field (3;),cv splits accordingly into independent random subvectors.
Therefore, we will always assume in the sequel that the graph G is connected.

3 Link with the Vertex reinforced Jump process

3.1 Vertex Reinforced Jump Process: definition and main properties

In this section we explain the link between the exponential family of Section [2 and the Vertex
reinforced Jump Process (VRJP), which is a linearly reinforced process in continuous time, defined
in [5], investigated on trees in [3], and on general graphs by the first two authors in [14]. Consider
as in the previous section a conductance network (W ;) and the associated graph G = (V, E). Fix
also some positive parameters (¢;);cy on the vertices. Assume that the graph G is connected.

We call VRIP with conductances (W ;) and initial local time (¢;) the continuous-time process
(Yi)i>0 on V, starting at time O at some vertex iy € V' and such that, if Y is at a vertex i € V' at
time ¢, then, conditionally on (Y, s < t), the process jumps to a neighbour j of i at rate

Wi L;(t),

where



The following time change, introduced in [14], plays a central role. Let
D(t) =) (Li(t) - 7). (2)
i€V

define Z; as the time changed process
Zt - YDfl(t).

Let (¢;(t)) be the local time of Z at time ¢ (that is, {;(t) = fot 14,—;ds). Conditionally on the past,
at time t, the process Z jumps from Z;, = i to a neighbour j at rate (c.f. [I5], Lemma 3)

Wi, ¢]2 + Ej(t)
2 O? 4+ (1)

We state below one of the main results of [14], Proposition 1 and Theorem 2. The theorem was
stated in [14] in the case ¢ = 1, this version of the theorem can be deduced by a simple change of
time, details are given in Appendix [Bl

Theorem 2. Assume that G is finite. Suppose that the VRJP starts at iy. The limit

1. 0i(t) + 2 2
o= g (e (e ) o2 (%))

exists a.s. and, conditionally on U, Z is a Markov jump processes with jump rate from i to j

1
SWige 7

Moreover (U;) has the following distribution on {(u;), wu;, =0}
W,¢ H#io ¢j S vus —E S W, (€74 24 i " i p2—2¢¢05)  /
ar (du) — 270 T, 2jev e 2 2ijrem Wil o5+ ¢ —2¢i¢;) D(W’ u) du’ (3)

with du = [];c\ iy duy and

DW,u)=>" [ Wije

T {ij}eT
where the sum runs on the set of spanning trees T' of G. We simply write Q}g’ for Qg’l

The fact that the total mass of the measure Q;ﬁw is 1 is both a non-trivial and a useful fact: in
particular, it plays a central role in the delocalization and localization results of [0, 10]. In [14] it
is a consequence of the fact that it is the probability distribution of the limit random variables U.
In [10] it is proved using a sophisticated supersymmetric argument, the so-called localization principle.
Theorem B below provides a direct 'computational’ proof of that result, based on the identity (I) and
on the change of variable in Proposition [2] that relates the field (u;) to the random vector (/3;) in
Definition [II



3.2 Link with the random potential

The second main result of this paper enables us to construct the mixing field e* defined in the previous
subsection from the random potential (/3;) defined in Definition Il It gives also a natural way to
couple the mixing measure of VRJP starting from different points.

Let us first state the following Proposition 2 which provides some elementary observations on
the Green function.

Define

D ={(B)iev € R\ {0}, 28— P >0}
Proposition 2. Let § € D, and let G be the inverse of (26 — P). Then (G(i,j)) has positive
coefficients. Define (u(i,j))i jev by
gutid) _ GlJ)
G(i,1)

Then for iy € V, the function j — u(io, j) is the unique solution j +— u; of the equation

D s Wigeti T = B, i # g
Zo - 07

In particular (u(io, 7)) ev is (ﬁj)je\/\{io} measurable. Moreover, at the site iy we have

Bio = Z Wzo J u(zo 7

ZO’ to) J:j~io

Theorem 3. Let (§ be a random potential with distribution v"V-*"(df3) as in Definition [, and let
(u(i,7))ijev be defined as in Proposition[2 Then the following properties hold:

i) The random field (u(io, j))jev has the distribution of the mixing measure Qgg ?(du) of the VRIP
starting from iy with initial local time (¢;);cv .

i) The random variable G(iy, iy) has the distribution of 1/(2), where ~y is a gamma random variable
with parameters (1/2,1/¢Z ). Moreover, G(iy,io) is independent of (f3;);.i,, and thus also of
the f/eld( (ZQ, ))jEV-

The proofs of Proposition 2land Theorem [Blare given in Section [l The next Corollary [2 describes
how to construct the random potential 5 from the field u of Theorem 2]

Corollary 2. Consider a VRJP with edge weight (W, ;) and initial local time (¢;);cv, starting at ig.
Let (u;);cy be distributed according to Qz/’d) of Theorem[d Let

Z Wi e ™. (5)

Jijevi

Let v be a Gamma distributed random variable with parameters (3,1/$3), independent of (u;),
and let

Bi = B + 17 (6)
Then B has the law v"V9* of Definition [



Corollary 2 indeed follows directly from Theorem [Bl and Proposition [2 the law of 5 in (@) is
uniquely determined by the laws of (uz)ze\/ and v independent from (/3;);.;,, hence it is sufficient to
show that, if 5 has distribution "'%*(d3) and u is defined from (@) by Proposition B then (u;);cy
indeed has distribution Q; W0 and v = Bi, — Biy = 1/(2G(io,i0)) has distribution F(1/2,1/¢20),
which follows from Theorem [3

As mentioned in the introduction, Theorem [3 has several consequences. Firstly it explicitly
relates the VRJP to the random Schrodinger operator —AY 4 V| where V is the random potential
V; = 28; — W;. Secondly it yields a natural coupling between the random fields (u;);cy associated
with the VRJP starting from different sites, since the exponential family (/3;);cy gives the same role
to each vertex of the graph, and (u(i,j)); ey arises from these random variables (3;);c1. Finally
it also gives a computational proof of the identity [ QZVZ’G(du) = 1, for any 6, as a consequence of

Theorem [I] that allows to define '"*(df3) as a probability measure.

4 Link with the Edge reinforced random walk and a question
of Diaconis

4.1 Definition and magic formula

The Edge Reinforced Random Walk (ERRW) is a famous discrete time process introduced in 1986
by Coppersmith and Diaconis, [4].

Let (a; ;) 3cr be a set of positive weights on the edges of the graph G. Let (X,,),cn be a
random process that takes values in V, and let F,, = o(Xy, ..., X,,) be the filtration of its past. For
anye € E, n €N, let

Zn(e) = ac+ Y Liix,, xi)=e) (7)
k=1
be the number of crosses of the (non-directed) edge e up to time n plus the initial weight a..
Then (X,,)nen is called Edge Reinforced Random Walk (ERRW) with starting point ig € V' and
weights (a¢)ecp, if Xo =1 and, for all n € N,

Ly LX)
S e, 2 (X )

We denote by IP’f)RRW’(a) the law of the ERRW starting from the initial vertex iy and initial weights
(a).

A fundamental property of the ERRW, stated in the next theorem, is that on finite graphs the
ERRW is a mixture of reversible Markov chains, and the mixing measure can be determined explicitly
(the so-called Coppersmith-Diaconis measure, or ‘magic formula’). It is a consequence of a de Finetti
theorem for Markov chains due to Diaconis and Freedman [7], and the explicit determination of the law
is due to Diaconis and Coppersmith [4], 11, 12]. It has also applications in Bayesian statistics [2, [}, [8].

Theorem 4. [4, (1]

Assume that G = (V. E) is a finite graph and set a; = 3, ; yepaij for alli € V. Fix an edge
eo incident to iy, and define H., = {y : Ve € E, y. > 0, ye, = 1} (similarly let y; = >, . ve).
Consider the following positive measure defined on H., defined by its density

MO (dy) = Cfa,ig) LA Llecr ¥ 0 e )

D) (az+1
icv Yi 67'560

P(Xnp1 =7 | Fa) = (8)




with

D(y) =Y 1

T ecT

where the sum runs on the set of spanning trees T' of G, and with

2=V eepae [T,y D(3(ai +1 = Licy,))

cli) = .o ()

Then Mgg) is a probability measure on H.,, and it is the mixing measure of the ERRW starting from
19, more precisely

10

ERRW,(a)/ \ _ (v) (a)
PETO () = [ PP CAME ),
iQ
where Pl-(oy) denotes the reversible Markov chain starting at iq with conductances (y).
4.2 The question of Diaconis

The fact that MZ(-ZL)(dy) is a probability measure is a consequence of the fact that it is the mixing
measure of the ERRW. In fact it is obtained as the limit distribution of the normalized occupation

time of the edges [11]:
Zn(e) law a
( 7 ) — MEO).
”<€0) ecF

One question raised by Diaconis is the following

(Q) Prove by direct computation that f./\/lgg)(dy) = 1. (10)

An answer was proposed by Diaconis and Stong [6] in the case of the triangle, using a subtle change
of variables. Also note that Merkl and Rolles offered in [12] analytic tools for the computation of
the ratio of the normalizing constants of the magic formula for two initial weights differing by integer
values, which may possibly be extended to provide the normalizing constant.

We provide below an answer to that question. A first simplification comes from [14], where an
explicit link was made between the VRJP and the ERRW.

Theorem 5 (Theorem 1, [14]). Consider (Y,,) the discrete time process associated with the VRJP
(Y:) (i.e. taken at jump times) with conductances (W, ;) and ¢ = 1. Take now the conductances
(We)eer as independent random variables with gamma distribution with parameters (a.)ccp. Then
the ‘annealed’ law of Y,, (i.e. the law after taking expectation with respect to the random (W,)) is
the law of the ERRW (X,,) with initial weights (ae)ccr.

This immediately implies an identity between the mixing measures MEZ) and QXE’: indeed, by
Theorem 2, (Y},) is a mixture of Markov jump processes with conductances W; ;e "3, which implies
that for all 0-homogeneous bounded test functions ¢ (i.e. ¢(Ay) = ¢(y), VA > 0), we have

oty = [ T (f oo neran)aw. a

He,

with dW =[] . dW.. This identity was checked by direct computation in section 5 of [14].

eckE



Now, the fact that [ Q}(du) = 1 is a consequence of the computation of the integral () in
Theorem [Iland the change of variables in Theorem [3] as explained at the end of Section[8l Therefore

/ IME (y) = 1
Yeog=1

Note that this fact can be used to prove directly that M (dy) is the mixing measure of the
ERRW starting from initial condition (a) and initial vertex iy. Indeed, for any finite path o : iy —
iy = - — iy, let N(i) (resp. N(e)) be the number of times vertex i (resp. edge ¢) is visited (resp.
crossed):

N@)=|{k; 0<k<n—1,i,=i}|
N(e)=|{k; 0 <k <n—1, {ir,ixs1} = €}|.

The probability of o for the reversible Markov chain of conductance y is

N(e
HeGE’ye ©
N(2
[Ticv vi ©

The integration of p (o) w.r.t. d M, (y) can be computed by changing the constant I'(a.) to I'(a. +
N.) and I'(3(a; + 1)) to I'(3(a; + 1) + N;). Using the property I'(z + 1) = 2I'(z) and the notation

n—1

(a,n) =I,—o(a+ k), we deduce

Piy(0) =

[ pitoran ) = et

which is the probability of an ERRW to follow the path o.

5 Proof of Theorem [

Lemma 1. Let P = (P, j)1<ij<n be a symmetric matrix with

Py = {0’ Ll
Wi, € RT i #j,
and let B be a diagonal matrix with entries 5;, i = 1,...,n, such that M = 23 — P is positive
definite.
Let L be the lower triangular n x n matrix and U be the upper unitary (with 1 on the diagonal)
upper triangular matrix such that M = LU (i.e. the LU decomposition of M ), which exist and are

unique.
Then T —Hl,z —Hl,n
U — 0 T2 _HQ,n ’
0 o o

where (z;)1<i<n and (H; ;)1<i<j<n are defined recursively by

Hyj =Wy, j>1

j— H iH . . . .
Hij=Wij+ Y0 =l 22, >
xI; = 251 — 22:1 xI: 1 Z 1.

8



Furthermore,
M(@,...,il,...,19)

M@, i—1L,....i-1)
where M (1|.J) is the minor of matrix M that corresponds to the rows with index in I and columns
with index in J.

xXr; =

The result follows directly from (2.6) of [17], but we prove it in Appendix [Al for completeness’
sake.

Claim 1. For any 6, > 0, 6,>0,

o Hll‘ 02 1 21
/0 eXp(—T — %)de = exp(—+/016>) 7

Proof. The case 6 = 0 corresponds to the normalisation of the F(%) variable. The case 6, > 0
corresponds to the normalization of the Inverse Gaussian law IG(Q ' 95 L), O

Let us now prove Theorem [II In the sequel we take the convention, given any real sequence
(ak)ken, that D770 ar = 0if n > m.
By Lemma I

.T}k ! HZQk - Glscl 1 i 9
Zelﬁl ZQk + 71) = -t 2_551( _Z OuHip) | -
Define
(R {0})" — D
Z; — H/?i
(l’i)lgz’gn — (52‘)19‘9 = 5 + : .
k=1 1<i<n

Ty

Then W is a bijection, since a symmetric matrix is positive definite if and only if all of its diagonal
minors are positive. Its Jacobian is 27", hence it is a diffeomorphism.
Therefore

exp(— lel 9 1 1
I = /]1{25_p>0} dp = / exp HkHlk - —dx.
‘25 P 2 2xl k;l Ty Ty 2"
Let, forall 1 <l <m <n,

n 2 m
Ry = < > Hz,j\ﬁ?) + Y O,

Oz Rim
Sy = —t o Lm
b 5 o

Note that Ry, (resp. Si.m) only depends on 1, ...z, (resp. xy, ... 7).

Let, for all 1 <m <n,
d[[’l d
Im = / exXp ( ZSI m) ﬁ

We will take the convention that, if m = 0, the integral of dxy - - -dz,, is 1, so that I, = 1.
Note that I = I,,/2". We also have the following lemma.
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Lemma 2. For all 1 < m < n, we have
2T -
I, = %GX}D —j:;rl Wmdvﬁmﬁj L_1.

Proof. Using Claim [I, we deduce

0Ty R o dxy -+ dz,,
I, = - : o
m /mexp< [ 5 + 5 +ZSlym]> R
™ =1
i dx dx
_ exp | —~/Ropmm — § S oo Bhme L 12
/RTI p< 7 =1 ' ) Tie-- -

m—1

2
Now R, = (E?:mﬂ HZJ\/G?) and

m—1
oo Hl,mHlJ
mj = Wmn,j + E =

x
=1 l

so that

Ny wm]m{ Do 5™

J=m+1 j=m+1
On the other hand, forall 1 <1 <m —1,

Hm\/
S _Slm 1= — : Z Hl]\/7
j=m+1

Therefore

m—1
0m+ZSl,m_ ZWmJ 00+Zslm 1,
=1

j=m+1
which enables to conclude by (12). O

We deduce from Lemma 2], by induction, that

I, 1 (2m)"
=50 = on Hn”‘elexp - Z Wi A/ 0:0;

{i,j}€E

which enables us to conclude.

6 Proof of Proposition 2 and Theorem

6.1 Proof of Proposition

Fix i € V, and let 5 € D. Let us first justify the existence and uniqueness of u(ig, ) defined by
the linear system (). As (26 — P) is an M-matrix, its inverse G satisfies G(i,j) > 0 for any 4, j. A
solution (u;) of equation (@) is necessarily of the form e = 27G/(iy, j) for some constant v € R.

10



The normalization u;, = 0 implies v = . Hence the unique solution of the system () is given

1
2G(10,i0)
by u; = u(io, j) defined in Theorem [3]

Consider the following map:

®: D = {(uj)jev €RY, u;, =0} x (Ry\{0})
(B) = ((u),7), (13)

where (u;) is the unique solution of the system () and v = m
We first prove that ® is a diffeomorphism. By the previous argument it is well-defined and
injective. Reciprocally, starting from ((u;),y) on the right hand side, we define (3;) by

1 .
Bi=), Wi ™ 4 iy (14)
i

It is clear that with this definition, (u;) is the solution of (@) with (/;). It remains to prove that
2 — P > 0: it is a consequence Theorem (2.3)- (J30) of [13]:

Proposition 3. Let A€ Z, = {M € M,(R), m;; <0, ifi+# j}. Then A is positive stabld] if and
only if there exists £ > A with A€ > o and

k
Zak,j§j>0, kzl,...,n. (15)
j=1

We will choose a bijection o between V' and {1,...,|V|}, and apply Proposition 3 with

A= (28 = Plo1o-r(phzigivis § = (€770 )iciqy.

Obviously, £ > 0, and A¢ > 0 follows from (25 — P)e* = §;,/(2G (i, i0)). Now fix any spanning
tree T of the graph and its corresponding distance d on V' throughout the tree. Choose o so that
o(ig) = |V|, and o(i) < o(j) if d(ig,7) > d(ig,j): this implies that, for all & < |V|, there exists
[ > k such that W,-1¢) ,-1) > 0 and therefore that (L&) holds. We conclude that 23 — P > 0.

6.2 Proof of Theorem 3

We give two proofs.
First proof: We make the change of variable given by ®~!, in (I3)) and we now prove that if 3

has distribution vV¢*, then (u,v) = ®~1(8) has distribution Q) ¥ ® T'(1, )
io
Let J be the Jacobian matrix of ! (i.e. J;; = %,j # i Jij, = %i) then
i o if j = 1o,
Jij = sWige ™ ifi#j, j# o,
) ifi=j #io

—2u;

We can factorize the ith row of J by e for each i, then expand the resulting matrix according to

the igth column, and we find that

1
2lvi-1

/] = e 22 D(W,u)

LAIl of its eigenvalues have positive real part.
2¢ > 71 means for any coordinate 7, & > n;
3¢ >0means & >0and E#0

11



On the other hand, by (14 we deduce
128 — P| = 2ye 22" D(W, u).
Let 1) be a positive test function. We have

/ () (dB)

:/w(u”y 2|V\/2H gbl ex p( Z Bz(b + Z{z]}EE Z_](bl(b]) 1 G_QZiuiD(W u)dudy

xlV1/2 \/276 2>, ulD(W u) 2lV]—-1
—¢2 v
- [t Hv¢’1> LG wtiod) ] Ty Wasle T 206 DT ) - dudy
(IVl-1)/ Ty
Pige”
Y(u,7)Qy,  (du) ——— d’V-
-/ %

This concludes the proof of Theorem Bl and of Corollary 2

Second proof: This proof does not make use of the explicit expression of law QZZ@ of U in (@),
but rather deduces its Laplace transfom from direct computation of the probability of a path. Note
that compared to the first proof, this one uses the representation of the VRJP as a mixture of Markov
Jump Processes, cf Theorem 2 of [14] or Theorem 2 in section 3, and hence it uses implicitly that
the measure QW is a probability measure.

We will show that, if (u,) has distribution Q; e INER 7). then 3 = ®(u, ) has distribution

10

vW:#* which clearly implies the result.

It follows by direct computation (see [15], proof of Theorem 3) that the probability that, at time
t, the VRIP Z has followed a path Zy = xg, x1, ..., Z; = x, with jump times respectively in
[titi+dt], i=1...n, wheretg =0<1t; <...<t, <t=tyy1,is pdt, where

pr=exp | — Z m7j<\/¢?+£i\/¢§+£j_¢i¢j) HW

{i.itek i#io

11
dt =] We e i,
=1

with (4;)icv = (¢i(t))iev local time at time t.
On the other hand, using that, conditionally on U = (U;);cy in Theorem 2, Z is a Markov jump
process with jump rate W;;e%i~Ui /2 from i to j, this probability of a path is also ¢,dt, where

Qt — /6_ ZiGV Blez Q:/;/7¢(du)

and (3 is defined in ).

Let ' =T'(2 By identification of p; and ¢; we deduce that

92 ¢2 )
/eZiEVﬁiéigx/’¢(du)F(d7) — /eZievémngﬁ(du)/eZio’YF(d”y)

=exp | — Z VVM <\/¢?+€z\/¢?+€]_¢1¢]) <H \/¢2+€> 1

{i,j}€E i#£i0 \/1 + 610/(?

W,¢2

which shows that the distribution QZZ@ ® I'( in

Proposition [I1

% 2 ) has the same Laplace transform as v
%0

12



A Proof of Lemma [1

Proof. We perform successive Gauss elimination on M to make it upper triangular. Denote by

ly,...,l, the n rows of any n x n matrix. Firstly, let
B
MO o | —HE @) —Hy,
Y —HY
where we set, for any 1 < 1,7 < n, azgl) = 20; and Hi% =W ;.
We define a sequence of matrices M *) recursively, such that
AV —EY S
0 2y —Hj ~Hy,
0 ' . :
o | B LTI fy
: 0 &) -HG. o —HG |
_ng,lzﬂ . :
: : : . —Hr(bli)lm
S TP R R

a& k)
B Lyl 4 Ly + =221 in M) In other words,
{L’k gjk
1 i=j
(k)
TkM(k) — M(k-f-l)’ Where [Tk‘]z,j — % 7 > j — k
k
0 otherwise
It is easy to check that (xgk))lzk (Hff?)akk satisfy the following induction rule:
(k) (k)
k1 k JHY
Hi(,j+ ) — Hi(,j) + kg,ﬁgc)k,]’ i, Z k + 17
(k)y2
xEkH) = :ng) - (H’“(;f)) ) i>k+1
L
At step n, we have

1 1 1

o

n 0 Lo —4ion
Toy---TOM =M™ = _ . s
) _anl,n

0 0y

Hence, it gives the LU-decomposition of M where L' =T =T, 1T, _5---Ty and U = M™_ It is

easy to check that
xi:xy) i=1,...,n
Hyy=H'" i<j

satisfy the recursion in the statement, and that z; = M(1,...,41,...,4)/M(1,...,i—1|1,...,i—1).
U
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B Time rescaling

Let Y be the VRJP with conductances (1) and initial local time (¢;);cv defined in Section[3l Recall

that L;(t) = ¢; + fot 1y,—;ds. Consider the increasing functional A(s) = Zi(L;(fq) — 1), and the

time-changed process Yz = Y4-1(s). Let

t
Li(5)=1 +/ Ly, _ds.
0
We always denote by § the time scale of Y, we can write
ds 1
)y LZ 5) = _Lz S).
™ (5) 5 ()

Obviously, Y is a VRJP with edge weight Wi ;0:¢; and initial local local time 1 : that is, conditionally
on FY, Y jumps from ¢ to j at rate

§=A(s), ds=

Wi 6565 L5 (3).
Note for simplicity

WP, =W, 6id;.
We can apply Theorem 2 to Y. Let

D(3) = ZL(E)Q -

and set Zg = }7[3 1(7): with local time E fo 1 _,du. By proposition 1 of [14] translated in time
scale L (cf relation (2.1) of [14]), we have that log LZ(E) - % > jevlog L;(3) converges a.s. when
§ — 00 to a random vector with distribution given by (3.1) of theorem 1 of [14], where the weights
(W ;) are replaced by (W¢) Changing to variables u; — u; — u;,, we deduce

lim log L;(5) — log L;, (3) = U;

S5—00

exists and has distribution

1
Q" (du) = ——g=e Ty =8 Dy Wi cosh(uimui)=1) | /(76 ) dlu,

2

and that Z is a mixture of Markov Jump Process with jumping rates %ijeUJ’_Uﬁ We now come
back to (Z;). Recall that Z; = Yp-1(;), where D(t) is defined in (). jFrom this we have

t=D(AD(1))),

and

- 1L()

dt = dt = iah&.

¢Y LYS( ) QZt
This implies that (Z;) is a mixture of Markov Jump processes with jumping rates £ W; ;Ui tlos @ ~Uilog &
By simple change of variables, U; + log ¢; — log ¢;, has distribution

Qfg’¢(du) - HLZRTQ?G_Z]GV Uj o= Ding Wi (€"17 "I 63 +e"I ™ 197 ~20i¢;) /D(W, ) du.

s
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