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Abstract

We provide an infinite sequence of upper bounds for the number of rational points
of absolutely irreducible smooth projective curves X over a finite field, starting from
WEeil classical bound, continuing to Thara bound, passing through infinitely many n-
th order Weil bounds and ending asymptotically to Drinfeld-Vladut bound. We
relate this set of bounds to Oesterlé one, proving that these are inverse functions
in some sense. We explain how Riemann hypothesis for the curve X can be merely
seen as an euclidean property, coming from the Toeplitz shape of some intersection
matrix on the surface X x X together with the general theory of symmetric Toeplitz
matrices. We also give some interpretation for the defect of asymptotically exact
towers.

This is achieved by pushing further the classical Weil proof in term of eu-
clidean relationships between classes in the euclidean part Fx of the numerical
group Num(X X X) generated by classes of graphs of iterations of the Frobenius
morphism. The noteworthy Toeplitz shape of their intersection matrix takes a cen-
tral place by implying a very strong cyclic structure on Fx.

AMS classification : 11G20, 14G05, 14G15, 14H99, 15B05, 11M38.
Keywords : Curves over a finite field, Rational point, Weil bound, Toeplitz matrices,
Zeta function.
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Introduction

Let X be an absolutely irreducible smooth projective curve of genus g defined over the
finite field F, with ¢ elements. Weil’s [Weid8] classical proof of his bound [§X (F,) —
(¢ + 1) < 2g,/q for the number §X(F,) of F,-rational points rests upon Castelnuovo
identity, today an easy corollary of Hodge index Theorem for the smooth algebraic
surface X x X. The intent of this article is to push further this viewpoint by forgetting
Castelnuovo Theorem. We come back to the consequence of Hodge index Theorem that
the intersection pairing on the numerical space Num(X x X)g is anti-euclidean on what
can be though as its non-trivial part, the orthogonal complement Ex of the trivial plane
generated by the horizontal and vertical classes. Thus, the opposite (C, D) = —C - D of
the intersection pairing endows £x with a structure of euclidean space.

A very pleasant point is that Weil bound is nothing more than Schwartz inequality
applied to the non trivial parts of the classes of the diagonal and of the graph of the



Frobenius morphism in this Euclidean space £x! The benefit of using Schwartz instead
of Castelnuovo is the following. While we do not know what could be a Castelnuovo
identity for more than two numerical classes, we do know that Schwartz for any number
of vectors is the non-negativity of their Gram determinant. We are thus encouraged to
investigate the consequences of the non-negativity of larger Gram determinants involving
(some normalisation’ v* of) the non-trivial part p(I'*) of the numerical classes of the
graph I'* of several k-th iterations of the Frobenius morphism.

Then, a very fruitful property appears: the symmetric semi-definite Gram matrix
of these non-trivial parts is a Toeplitz one?. For instance, this mere fact entails by
general properties of such symmetric semi-definite Toeplitz matrices that multiplication
by the graph of the Frobenius?® is a similarity of ratio V/q on Fx, from which Riemann
hypothesis follows by elementary spectral theory of similarities in an Euclidean space!
This means actually that the subspace Fx of Num(X x X) generated by the p(I'*)’s
is an independant of ¢ rational realization of the part corresponding to the minimal
polynomial of the Frobenius endomorphism ¢, acting on the Tate module Ty(Jac(X))
in the decomposition of Ty(Jac(X)) in sum of cyclic sub-spaces for ¢y. We then deduce
integrality by the Fatou property of the rational integer ring Z. This Toeplitz structure
also yields very naturally for instance to some asymptotic bounds, such as Tsfasmann
bound, so as to some relationships between the numbers of points on some extensions of
scalars of the finite base field, containing as a special case the well known fact that an
extremal curve over F; is minimal over ..

To go further, the natural arithmetic constraints X (IF,:) > §X (F;) have to be taken
into account for any ¢ > 1 as suggested by Ihara. For the family 7°,v',~2, we recover

the well known Thara bound | ] which improves Weil bound for curves of genus
greater than go = M, a constant appearing very naturally with this viewpoint

in section 3.3 (especially looking at figure 1 therein). It follows that the classical Weil
bound can be seen as a first order Weil bound, in that it comes from the euclidean
constraints between 4° and ', while the Thara bound can be seen as a second order
Weil bound, in that it comes from euclidean constraints together with an arithmetic one
between 7Y, v' and ~2. This process can of course be pushed further: by considering the
family 7Y, v, v% and +3, we obtain a new third order Weil bound (Theorem 16), which
improves the Ihara bound for curves of genus greater than another constant g3 = %.

We then proceed to the general n-th order Weil bound in our main Theorem 14
for any given n > 1, upper bounding the number of points of a curve of genus g by
some quantity N} (g) provided g is greater than a certain explicitly given genus g,.
Moreover, this upper bound N} (g) is explicitly related by formula (17) below to some
optimal solution X’Ln(g) of an explicit convex optimisation problem, and these bound

are sharper and sharper as n increases.

!This normalisation is not crucial, it serves only to obtain Toeplitz matrices below. Removing this
normalisation would yield to some “skew Toeplitz” shape matrices such as in formula (6), for which
standard Toeplitz theory can be easily adapted.

2That is, of the form (5).

3For the composition low o of correspondences on X x X.



Unfortunately, computing x{}n(g) explicitly requires the resolution of high degree one
variable polynomial equations over R. Indeed, item (iv) of Theorem 14 states for small
values of n that the usual Weil bound requires the resolution of a degree one equation,
Thara and the third order Weil bounds require the resolution of second order equations?,
while fourth and fifth order Weil bounds require the resolution of third order equations,
and so on. In any way, a simple glance at Thara second order Weil bound and at our
explicit third order Weil bound will convince the reader that they become more and

more ugly as the order n increases!

To be precise, the situation is the following. For any given order n > 1, we can
associate to a curve X of genus g a point (zg,z1,...,7,) € R* where 7o = 2¢g and z;
is the scalar product <70, 7i>. By the Toeplitz shape of the intersection matrix and the
semi-definite positiveness of Gram matrices, this point should lie in some convex domain
Wi, we call the n-th Weil domain. This can be thought as a geometrico-euclidean
constraint, first in that it comes from the positivity of gram determinants (an euclidean
feature) itself coming from Hodge index Theorem for the surface X x X (a geometric
feature), second in that the Toeplitz shape coming ultimately from projection formula
(a geometric feature) entails strong euclidean properties. By the arithmetic constraints
already described above, it should actually lie in some convex sub-domain, “under” some
IThara line we denote by Zj. Then, Theorem 14 states that xj ,(g) is the smallest 2
abscissa of the intersection points of the Weil domain and the Ihara line. This intersection
is constraining provided g > g¢,, and is then given by the zero set of an explicit one
variable polynomial. It turns out that we did not succeed to prove this statement of
Theorem 14 using pure convex analysis. We rely instead this optimization problem to
the Oesterlé one.

Roughly speaking, given ¢, our optimization problem is to find the greatest number
N of rational points of a genus g curve over F, can have given only the above geometrico-
euclidean and arithmetic constrains, while Oesterlé one is to find the smallest genus g a
curve over [, having IV rational points can have given only some constraints we describe
in the paper. We then prove that both sets of constraints entails that these optimisation
problem are inverse to each other. Then, we use Oesterlé explicit solution of his problem
to prove this last result on x3 ,,(g).

Nevertheless, note that while Oesterle have considered the infinite dimensional opti-
mization problem taking into account the infinitely may arithmetic constraints §.X (F ) >
#1X (F,) for any k > 2, we do consider, for a given order n, a finite dimensional optimiza-
tion problem by considering only these arithmetic constraints for 2 < k < n. From this,
we prove that our point of view works also for ¢ = 2.

It worth to insist that we do now have for any value of ¢ infinitely many ordered
Weil bounds, starting from the usual Weil one, then to the Thara one and so on. It is a
remarkable feature that our bounds of orders n goes, as n tends to infinity, to the well
known Drinfeld-Vladut bound as stated in Theorem 29. Hence, it can be said that all

“Hence closed formulas involving only square roots can be written down.



these higher order Weil bounds fulfill the gap between the already known one — Weil
and Thara ones of order 1 and 2, to Drinfeld-V1adut one of infinite order.

Once the smallest z1-coordinate is theoretically well understood — it is the largest
non-positive root of some polynomial equation in one variable, giving n-order Weil
bounds for orders n > 4 is a computational one. We use an algorithm which, for a
given genus g and a given field size ¢, returns the best upper order Weil bound for the
number of Fy-rational points of a genus g curve, together with the corresponding best
order n. In the figure below illustrating some statements of Theorem 14, we represent
the successive Weil bounds (in logarithmic scales) of order from 1 to 5 for ¢ = 2. Note
that taking into account the logarithmic scale for the y-axis, higher order Weil bounds
become significantly better than usual Weil one even for small genus!

log(max(Ny))

genus g

Weil bounds of order 1 to 5 for §X(F,) for ¢ = 2. Note that the y axis is logarithmic. For
small genus, red usual first order Weil bound N7 (g) = ¢ + 1+ 2g,/q is the best one. Then

from genus g2 = @, yellow Thara second order Weil bound N3(g) becomes better,
up to the genus g3 = % where green third order Weil bound N3(g) becomes better.

From genus g4, light blue fourth order Weil bound N7 (g) is the best up to genus g5, where
dark blue fifth order Weil bound N (g) becomes better, and so on. The approximate values
of g2, 93, g4, g5 are particularly small, respectively about 0.3,1,2.35 and 4.67. This means
for instance that the best bound for ¢ = 2 and g = 3 is the fourth order one! Continuing



with this process for larger and larger orders will lead by Theorem 29 to Drinfeld-Vladut
bound.

The paper is organized as follows. In Section 1 we recall some basic facts on in-
tersection pairing on X x X, we prove Proposition 5 that the intersection matrix of
the non-trivial parts v* is Toeplitz, and we deduce Riemann hypothesis for curves in
section 1.3 from general facts on Toeplitz matrices gathered in Appendix A.2.

Then, we introduce in Section 2 the n-th Weil domain resulting from the geometrico-
euclidean constraint, and deduce the usual Weil bound and Proposition 12 coming from
this geometrico-euclidean constraint alone.

We turn in the main Section 3 to results coming from both geometrico-euclidean and
arithmetic constraints. We state the main Theorem 14 giving the general n-th order
Weil bound. We study extensively the cases of orders 2 and 3, getting respectively Ihara
bound and a new explicit bound in Theorem 16. Then, the relationship with Oesterlé
problem is studied in subsection 3.5, from which we deduce a proof of Theorem 14.

We conclude with an asymptotic Section 4. We begin by proving Theorem 28, a
stronger form of Tsfasman | | bound in that it gives an interpretation for the defect
of an asymptotically exact tower as a limit of nice euclidean vectors in (&, (-,-)). We also
push to the infinite-order Weil bound, proving Theorem 29 that it is exactly Drinfeld-
Vladut bound.

For the convenience of the reader, some results on conic programming are given in
Appendix A.1, and some results on symmetric semi-definite Toeplitz matrices are given
in Appendix A.2.

In the whole paper, we denote by X an absolutely irreducible smooth projective
curve of genus g defined over the finite field IF, with ¢ elements.

Acknowledgments. We are grateful to Yves Aubry, Christine Bachoc, Gilles
Lachaud and Hugo Woerdeman for useful discussions.

1 The euclidean subspaces £y and Fx inside Num(X x X)

We introduce some “non-trivial part” space £x and its subspace Fx “generated by
the Frobenius”. Both are euclidean vector spaces for the opposite of the intersection
pairing. We prove the very fruitful Proposition 5 that some Gram matrix in Fx has
Toeplitz shape. From this mere fact follows for instance a rational interpretation of the
whole set of Riemann Hypothesis for X.

1.1 Intersection in the surface X x X

In the spirit of Weil’s proof of Riemann hypothesis for curves over finite fields, we use
intersection theory in the group of divisors Div(X x X) of the product surface X x X.
There is a unique additive symmetric pairing Div(X x X)? — Z, denoted by C - D



for any C, D € Div(X x X), such that C - D equals $C N D when C and D are non-
singular curves meeting transversally and depending only on the linear equivalence class
of divisors (cf. | , Chap V, Th 1.1]).

We need for our purpose to intersect the horizontal and vertical divisors H and V/,
the diagonal divisor A and the graphs I' of the ¢-Frobenius morphsim F : X — X,
respectively defined by:

H=Xx{x}, V={s}xX, A={(P,P)|PeX}, T={PF(P)|PecX}

In the following proposition, we recall some well known intersection numbers between the
previous divisors. We choose to detail their computation in order to make the document
self-contained.

Proposition 1. The intersection matriz in the surface X x X of the horizontal and
vertical divisors H and V', the diagonal divisor A, and the graph ' of the Frobenius
morphism F : X — X is given by

A r
1 q
1 1
2-29 #X(Fy)

1X(Fg)  q(2—2g)

=H D <X

H
0
1
1
q

RO <

Proof — Since the intersection pairing does not depend on the linear classes of divisors,
the auto-intersection H? is equal to (X x {P})- (X x {Q}) where P,Q are two distinct
points on X. Therefore this auto-intersection must be zero. The same holds for V2.
One has V - H = 1 since V and H meet transversally at one unique point.

The divisors A and I' can be seen as the graphs of the regular morphisms Id and F,
from X to X, of degree 1 and ¢ respectively. We deduce that A-H = A -V =1 and
that - H=4¢q, T -V =1.

Since A and T intersect transversally, one has A -T' = § X (IF,).

To compute the auto-intersection A2, we use the adjunction formula (cf. | ,
Chap V, Prop 1.5]) which states that 2g(A) — 2 = A2 + A - Kxyxx, where g(A) is the
genus of the curve A, and where Kx«x is the canonical class of the surface X x X.
Since A is isomorphic to X, one has g(A) = g. As for the canonical class it is known
to be equal to (29 — 2)(H + V) (cf. | , Chap II, Ex 8.3]). This leads to the value
of A2,

The auto-intersection I'> can be computed in the same way. Note that the genus of I'
is still ¢ since the projection morphism (P, F'(P)) +— P defines an isomorphism from I'
to X. (]

Let NS(X x X) be the Neron-Severi group of X x X, that is the group Div(X x X)
modulo algebraic equivalence. This group is known to be a finitely generated abelian



group (cf. | , Chap V, Ex 1.7]). The intersection pairing on Div(X x X), de-
pending only on equivalence classes, induces a symmetric bilinear pairing on NS(X x
X). Let Num(X x X) be the quotient of NS(X x X) by the kernel of this pairing.
Then Num(X x X) is a free finitely generated abelian group and extending the scalars,
one obtains a finite dimensional real vector space Num(X x X)gr = Num(X x X) ®z R.
The most important result about this space, from which we will deduce all bounds in
the sequel, is the Hodge index Theorem (cf. | , Chap V, Th. 1.9, Rk 1.9.1]).

Theorem 2 (Hodge index Theorem). The bilinear form induced by the intersection
pairing on the real vector space Num(X x X)g is non-degenerate, definite negative on
the orthogonal supplement of any ample divisor on the surface X x X.

Remark — In fact, this result is true for any smooth surfaces. Here only the case of a
square surface is needed. This special case was known by Weil and is contained in his book
on curves [ ].

For the ample divisor H +V (for instance by Nakai-Moishezon criterion, see [ ,
Chap V, Th 1.10], or using Veronese embeding) the intersection pairing is thus definite
negative on (H + V). Nevertheless, working in the orthogonal Vect(H, V) of the big-
ger subspace generated by H and V yields to better bounds. Of course, the intersection
pairing is also definite negative on Vect(H, V). By non-degeneracy on Num(X x X)g,
there is an orthogonal decomposition

Num(X x X)g = Vect(H, V) @ Vect(H, V)*
and the orthogonal projection p onto the non-trivial part Vect(H,V)* is given by

p: Num(X x X)g — Vect(H,V)* 1
D — D—(D-V)H—(D-H)V. (1)

Definition 3. Let £ = Ex = Vect(H,V)* inside the real vector space Num(X x X)g.
We define on € a scalar product, denoted by (-,-), as

(e,e'y =—¢-¢, Ve, e € €.
The associated norm on & is denoted by || - ||.

From now on, all the computations will take place in this euclidean space (&, (-, -)).
In particular, all the Gram matrices so as their determinants are relative to this scalar
product; they are respectively denoted by Gram(ey,...,e,) and DetGram(eq,...,&,)
forey,...,ep €E&.

1.2 The vector space Fx generated by iterations of the Frobenius mor-
phism

In fact, all the computations will take place in a smaller subspace F C £ generated by
the projections of the graphs of iterated Frobenius morphism. The key role will be payed
by the projections p(I'*) of the graph of the k-th iterations Frobenius morphism on this
euclidean vector space, or more conveniently by some normalization of it.



Definition 4. Let T'* € Num(X x X) be the class of the diagonal for k = 0, and the
class of the graph of the k-th iterated Frobenius morphism F* : X — X for k > 1. For
any k >0, let

= e (2)

be some normalization of the non-trivial part p(T¥) of T* in € and put
F = Fx = Vect(v*, k> 0). (3)

To begin with, let us compute the Gram matrix of the normalized graphs of the
iterates of the Frobenius morphism.

Proposition 5. For every i,j, > 0, one has

o 29 ifi=3j i 29 x; s
<ryl’fyﬂ> = R or Gram (’yj,fyj 1) = ifi1>1,
{xiﬂ ifi#£j x 29

where
qi + 1) - ﬁX(Fql)
NG

fori > 1. Hence, the Gram matriz of the whole truncated ordered family (4°,7,--- ,7™)
1s a Toeplitz one

T; = <’70a7i> = (

29 1 ot Tp—1 T
x1 Tn—1
Gram('yo,. ") = (5)
Tn—1 r1
Ty  Tp_1l - T 29

Remark — Note that removing the normalization factor would yield by the proof below
to the “skew Toeplitz” Gram matrices

o u1 e Un—1 Un,
u1 quo - qUin—1
Gram (p (FO) , D (1_‘1) yeeos P (Fn)) = ©)
Up—1 " tuo ¢
Un  Quaot - " lun o qMuo
with
u =29 €Z and un:<p(1—\0)’p(p”)>:(q"+1)7ﬁX(Fqn)EZ.



o ko o~k ko ket k_ 1 . mky— 1 (Tk_ 17 _ k
Proof Smce<’y,7 z>— A% AR and vy —ﬁp(F)—m(F H qV),we

have only by (1) and by (4) to check that we have the following intersection matrix:

H % Fk Fk-i—i
\%4 1 0 1 1
el d" 1 ¢"2-29) "X(Fy)

ki \ "1 X (Fu)  ¢FTH(2 - 29)

The special case k = 0 and ¢ = 1 corresponds to the intersection matrix of Proposition 1.
The self-intersections in the general case can be computed as in this special case using
the adjunction formula. For the same reason why I -T! = A - T = $X(F,), one
has TO - T = A-T" = $X(F,) for every i > 1. The remaining intersections to be
calculated are the I'* - T**+ for k,i > 1. One can relate them to the intersections I'? - "%,
using the projection formula (see | , Th 2.12, p. 398]) for the morphism ®* = F*xId.
We have (®%)*(A) =T* and (@), (") = ¢*T", so that

Formula (5) for the Gram matrix follows. O

1.3 Toeplitz interpretation of Riemann hypothesis for curves over fi-
nite fields

In this section, we point out the close link between on the one hand the euclidean
structure on the “Frobenius” space F (Definition 4) coming ultimately from the Toeplitz
shape of the Gram matrix as described in Appendix A.2 and on the other hand the
Riemann hypothesis for curves. Note that the space F comes from the group Num(X x
X) which is a Z-module of finite type. Therefore, F has a natural Q-structure. We
begin with a purely “Toeplitz version” of the Riemann hypothesis for curves.

Theorem 6 (Toeplitz version of Riemann hypothesis for curves). We keep the notation
of Definition 4 and we denote by d the rank of the space F over Q. Let p : F — F
be the linear map defined by p(T™) — p(I'™*™Y) for 0 < n < d—1. Then p is a
similarity on F of ratio \/q, satisfying p(I'™) p(I" Y for any n > 0, and whose
eigenvalues wi, ...,wq € C are algebraic integers of complex modulus \/q. Moreover,
there exists some non-negative integers Ay, ..., g € N* such that

d
Z Ai = 2g
i=1

and for anyn > 1,

d
(qn + 1) - uX(Fq") = Z Alwf
i=1

10



Proof. Thanks to Proposition 5, we know that the euclidean space F has a “Toeplitz
structure”, that is Gram(4?, ..., 4") is a Toeplitz matrix for any n > 0. Using Lemma 33
in Appendix A.2, we deduce that the dimension d of F corresponds to the minimal integer
such that Gram(q?, . ..,~%) is singular. Let (ag,...,aq) € Q™! be a generator of the ker-
nel of this Gram-matrix. Then F = @?:_& ’yi and 7d = —al—d (ao’yo +--+ ad,lfydfl),
where ag # 0 since the family (’yi)ogigd,l is free. Besides, the map ¢ : F — F defined
by 4" + 4"t for 0 < n < d — 1 is an isometry by item (i) of Theorem 36 in Ap-
pendix A.2. Therefore its eigenvalues have modulus 1 and moreover one easily proves
recursively that ¢(y") = y"*! for any n > 0.

Since p(I'™) = /q"+™ by Definition 4, the map p of the statement is nothing else
than /g x ¢. Thus it is a similarity of ratio /g, so that all its eigenvalues have modu-
lus /g, and F is also a cyclic space under p.

To prove that these eigenvalues are algebraic integers, note that p (FO) D (Fl) ey P (Fd_l)
being a Q-basis of Fq, there exist by,...,bq € Q such that

» (rd) — byp (rdfl) +o o bgp (T9)

Hence p® = by1p? 1+ --- 4+ by1d since F is cyclic under p. Applied to p (I’i), we get that
for every i > 0,

p (Fd”) — bip (rd—l“') +oee ot bap (7).
Taking the scalar product with p (FO), we obtain

Udti = b1Ug—144 + - + bgu;.

The sequence (u;);>0 is thus a rationally defined recursive integer valued sequence, and
Fatou Lemma below implies that by, ..., by are rational integers.

To prove the last assertion, there exist by item (iv) of Theorem 36 some non negative
real numbers Aq,...,A\g € RY such that

d
(@" +1) — X (Fgn) = Y A
i=1
for any n > 1. This means that the Riemann Zeta function of X equals
[T, (1 — wT)N
(1-T)(1 —qT)

But it is well known, for instance using Riemann-Roch Theorem on X as in Stichtenoth
[ , Theorem V.1.6, p. 161], that this Zeta function is a rational function. This implies
that the \;’s are rational integers, and the proof is complete. O

Zx(T) =

Lemma 7 (Fatou | ). Letby,...,bg € Q and (up)n>0 be a rational sequence defined
by its first terms ug, . ..,uq_1 € Q and the recursive relation ugy; = biug_14;+- -+ bgu;
for alli > 0. If the sequence (un)n>0 is an integers sequence, then the coefficients of the
recursive relation by, ..., bg must also be integers.

11



One can now rephrase the previous statement in a more standard language. We
have proved that the vector space F is a cyclic space under the endomorphism p. It
can be turned into an algebra over R and even over Q. One can give a more geometric
flavour of this structure of algebra by means of of the composition o of correspondences,
a la Weil. In fact, there exists such a composition law on Div(X x X): given two
divisors D, D’ € Div(X x X), Weil | , Chap 2, §1, N°5, page 37] has defined
their composition D o D' € Div(X x X). One check that T* o IV = T*J and that this
composition low is compatible with the numerical class equivalence. The similarity p
of the previous theorem is nothing else than the multiplication map by p(I") inside the
algebra (F,+,0).

Then this similarity p can be related to the usual Frobenius morphism acting on the
Tate module as follows. The non trivial part £ = (H, V)™ of the group Num(X x X) is
known to be isomorphic to the Endomorphism group Hom(J(X)) of the jacobian J(X)
of X | , App. Chap VII, p. 153]. Under this isomorphism, the projection p(I') cor-
responds to the usual Frobenius morphism acting on J(X). Then using Hom(J(X)) —
Hom (Ty(J(X))), we do recover the usual Frobenius action. Under the decomposition
of Ty(J(X)) as sum of cyclic sub-spaces for the Frobenius morphism ¢y, the Q-vector
space Fx maps to the cyclic component corresponding to the minimal polynomial of ;.
Hence, it can be said that F is a rational realization of the “minimal polynomial of the
Frobenius” part of the Tate module.

2 Weil domains

For any integer n > 1, one can associate to any absolutely irreducible smooth projective
curve X of genus g defined over F, a point (g, z1,...,2,) € R"*1 where ¢ = 2¢ and z;
is defined by formula (4) for ¢ > 1. Thanks to Proposition 5 and standard properties of
Gram and Toeplitz matrices, we prove Proposition 10 that this point is contained in a
convex domain Wi we call the n-th Weil domain defined below. We give some properties
of this Weil domain in Proposition 9 and few consequences such as classical Weil bound
as a very special case, making likely that this viewpoint should have other consequences.

2.1 Description of the Weil domain of order n

Recall that a Toeplitz matrix is a square matrix whose coefficients a; ; depend only on
the difference i — j. It is symmetric if a; ; depends only on the absolute value |i — j|.
For n > 0 and (zo,...,7,) € R*""! let T4 1(zo,...,2,) denote the symmetric Toeplitz
matrix of size n + 1 defined by

Zo €1 R o | Tn

T . . Tn—1
Tp—-1 T " T

T, Tn—1 - €1 Zo



In section A.2, we collect some useful results about positive, semi-definite such matrices.
The Weil domain defined below is closely related to these matrices. In the sequel, the
notations 1" > 0 and T > 0 mean respectively positive, definite and positive, semi-
definite.

Definition 8 (The Weil domain). Let n > 1, and g > 0. The n-th Weil domain W,
and the n-th affine Weil domain Wi at height g, or also at genus g, are defined by

Wn = {(xo, . ,an) € Rn+l ‘ Tn+1<l’0,$1, - ,.%'n) >~ 0} (8)

WY ={(z1,...,2,) € R" | Ty 41(29,21,...,2,) = 0} . (9)

Let (wo,21,...,7,) € R"! be such that T}, 1(xg,1,...,2,) = 0. As explained in
subsection A.2.1 of Appendix A.2, we shall think of 7},11(zg, 21, . . ., zy) as the matrix of
a symmetric positive definite bilinear form with respect to a family 7y, . .., v, which gen-
erates a finite dimensional vector space. In other words, one has Ty41(xg, 1,...,2Zy) =

Gram(yg, ...,7vn). With the help of Lemmas 34 and 35, we give some properties and
alternative descriptions of the Weil domain.

Proposition 9. The Weil domains satisfy the following assertions.

(i) Both Weil domains, W,, and the affine ones Wy, are convez. The affine domain Wi,
is bounded, contained in [—2g,2g|".

(i) The interior of the Weil domain can be recursively defined by

(o}

Wy = {(3307 - ,l'n) € Wp_1 X R ’ Det(TN-‘rl(xO’ te 71:”)) > O}

o

110 ere exist two functions w, ,w, : Wyp_1 — R suc a
i) Th jst ti Towy W R such that
° (o]
(‘%.07“.7‘%.”) e Wn s (xo,...,.l‘n_l) € Wn_1 and (10)
Wy (2o, -y Tp—1) < Tp < W (Toy -+, Tp—1)

+

Moreover the function w,}

is concave while w,, s convex and one has

Det (T (20, - - -, Zn—1))
Det (T (20, - - -, Zn—2))

wl(zo, ..., 20 1) —w, (To,...,Tn1) =2

Proof. Ttem (7). The fact that both domains are convex is easy to prove. If T,,11(g, z1,...,Tn) =
0 then (203 ) = 0 and thus WY  [~2g,2¢]".

Item (ii) follows from the well known fact that a symmetric matrix is definite positive
if and only if all its leading principal minors (obtained by deleting the last rows and
columns one after the other) are positive [ , Theorem 7.2.5].
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Item (7i7). Let (xo,...,z,) € Wy and let say that T}, 41 (o, . .., x,) = Gram(yo, ..., Vn)-
Using notations of lemma 34, we have

DetGram (fy('), . ,fy’Lﬁj) >0
2

Gram(y(’),...,y’L%J) =0 ‘
/ /
and DetGram (VL%JH’ . ,’yn> >0

and Gram (~/ ARSI w0 that
7|_%J+17 e 7771

Developing both determinants along their first column, one obtains two affine function in
the variable x,, whose x,,-coeflicient are the two positive factors DetGram (’y(’), ceey 'y’Lﬂil J)
2

+

and DetGram (’y’tﬂ P ,7;_2) This proves the existence of the two functions w; .
2

In order to be more explicit, one has to relate to Lemma 35. In fact, the two val-
ues wr(zg,...,2,_1) must be the two scalar products denoted " in this lemma. The

rest of the item follows. ]

Remark — Working with the closed set W, instead of its interior is a little bit more subtle.
The reason is that the characterization of definite positiveness used to prove item ii is not
true anymore to characterize semi-definite positiveness. All diagonal minors have to be
taken into account, and not only the so called principal ones.

Remark — When the euclidean space we deal with comes from a curve, we use exponent
numbering for the datas (as for instance in Definition 4), and we use index numbering
otherwise (as for instance in the previous paragraph).

2.2 The geometrico-euclidean constraint

The connection between Weil domains and our purpose is contained in the next propo-
sition, coming from Proposition 5, positivity of Gram matrices and Definition 8.

Proposition 10 (Geometrico-euclidean® constraint for curves). If X is an absolutely
irreducible smooth projective curve of genus g defined over the finite field Fy, then for
any n > 1, the euclidean point (2g,x1,...,x,) defined by formula (4) lies in the affine
Weil domain W9.

2.2.1 Weil bound of order 1

Let us look closer at the first non-trivial geometrico-euclidean constraint given by Propo-
sition 10, that is for n = 1. We have Gram(+°,~v') = 0. But

(g+1)—#X(Fy)

29 I1 29 Il 29 Va
(xl 29) =0 <~ x1 29 >0 <~ (q+1);%X(]Fq) 29 >0,

which is nothing else than Weil bound!

5 Euclidean because of positiveness of a symmetric Gram matrix in an euclidean space, and geometric
because the euclidean feature comes from the geometry of the algebraic surface X x X via Hodge Index
Theorem.
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Theorem 11 (Weil inequality). Let X be an absolutely irreducible smooth projective
curve of genus g defined over Fy, then

X (Fg) — (¢ + 1) < 29/¢

So, Weil inequality boils down only to the Schwartz inequality for the vectors 1%,y €

£. Likewise, for every i > 1, the condition Gram(y°,~%) = (if %) = 0 leads to Weil

inequality over F.

2.2.2 Comparison between {X(F,) and §X(F)

In the same spirit, from the fact that Gram(7°,~v',~v2) = 0, one can deduce that

2g 1 I2
Gram(vo,vl,VQ) =\|z1 29 x| =0, hence (29— :Ug)(492 + 2gx9 — Zx%) >0,
ro X1 2g

so that 2¢% + gzg — a:% > 0.

From the values of x1,x9 in (4), we obtain the following proposition which states that
for a non rational curve X, any lower bound for the deviation of §X(F,) from (¢ + 1)
yields to a better upper bound than the Weil one for X (F2).

Proposition 12. Let X be a curve of genus g > 0 over Fy, then
2 1 2
EX(Fe) — (4 1) < 290 — (8X(F)) — (g + 1)

In the same way, the positivity Gram(y%, 7!, %) > ylelds to a (quite ugly) similar
upper bound for §X (F i) in terms of § X (F,) and §X (Fi-1).

It worth to notice that Proposition 12 contains the well known fact that a Weil
maximal or minimal curve over [, is Weil minimal over F .. Just for fun, we can also
easily recover this fact directly on the Gram determinant. Indeed, being Weil maximal

over Fy, means, by Theorem 11 and notation (4), that x; = —2g. Therefore
29 —29 22

DetGram(1%,7,7?) = |-29 29 —2¢| = —2¢(29—x2)* >0, so that T9 = 2g,
Tro —29 2g

that is, by Theorem 11 and notation (4), X is minimal over ;.. Then

2g 2g T3
DetGram(7%,7%,7%) = |29 29 —2¢| = —2¢(29+x3)* > 0, so that x3 = —2g,
r3 —29 29

15



that is X is maximal over F s, and so on... In the same way, if X is minimal over F,
that is if 1 = 2g, then

29 29 x
DetGram(7°,7,7%) = 29 29 2¢| = —2g(x2 —29)* >0, that is To = 2g,
T9 29 2g

and X still minimal over F 2. And so on again. ..

3 Weil bounds of higher orders

To get better bounds, we need to add some arithmetic constraints to the geometrico-
euclidean previous one. Besides the description of the arithmetic constraints, all this
section is devoted to the illustration and the proof of the main Theorem 14 of this paper
below, stating that the set of constraints lead to a sequence of better and better Weil’s
order n upper-bounds as n increases, in accordance with the figure in the Introduction
for ¢ = 2.

3.1 Description of the arithmetic constraints for the generalized Weil
bounds

As suggested by Thara | ], the natural arithmetic constraints § X (F,:) > X (F,), for
every i > 1, should be fruitfully taken into account. They are easily traduced into some
inequalities involving the scalar products z; defined by equation (4):

_ 14 q X (Fy) (L4 g — 81X (Fy)) + (¢ — ¢) — (41X (Fy) — X (Fy))
Vi NG
1 14q— X (Fy) -1 1) X (Fy) — X (Fy)

< li(x1),

i

where /;(z1) are the affine functions®

T i—1 1
¢ \/az 1 \/az 1
The aim of this section is to investigate the bounds that can be derived from the con-
junction of all constraints.

The geometrico- o Gram(7°,...,4") = Th41(29,71,...,2n) = 0

euclidean one: that is  (2g, 21, ,2n) € wé. T, (12)
. . T i—1 1 .
The arithmetic ones: < ——+Va| Vi —-—=], 2<i<n. (13)
Vi N

SNote that ¢; (z1) =1.
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A new phenomenon arises here. Unlike in section 2.2.1, the arithmetic constraints
yield to better bounds than Weil one (Theorem 11) only for large enough genus g. A nice
point of this point of view is that the genus from which better bounds can be obtained
appears very naturally, if not to say visually!

In order to ease the statements of the main Theorem, we need to give a name to the
set of points (x1,...,x,) satisfying equalities in the arithmetic constraints, cutout by
the hyperplane g = 2g.

Definition 13 (The Thara line). For g > 0, the Ihara line I7, is the affine line whose
equations are

o = 29
mi:&(xl) QSZSH
in the affine hyperplane xo = 2g of R™*!, where

X

Gi(r1) =~ + 4 (\/a“ - ) . (14)

\/az \/azf 1

3.2 Statement of the main Theorem
We now state the main Theorem of this paper.

Theorem 14 (Weil bound of order n). There exist a strictly increasing sequence (gn)n>1
of non-negative real numbers and a sequence (N} )p,>1 of strictly increasing functions
from [gn, 400 to R, such that for any g > gn, the value N7 (g) is an upper bound for
the number of rational points of any smooth, projective and absolutely irreducible curve
over IF, of genus g. More precisely:

(i) For any smooth, projective and absolutely irreducible curve X over F, of genus g >
Gn, one has

1X(Fq) < N7.(9) (15)
for the sequences (gn)n>1 and (N})p>1 given by
"1 km
gn:\/a"“zkcos<n+1> (16)
k=1 V4
Ni(9) = (¢ +1) = Vg xxi,(9), (17)

where xin(g) s the smallest x1-coordinate of the intersection points of the Ihara
affine line Iy, with the convex affine Weil domain Wy

(ii) We have
Ny (gnt1) = N1 (gn1) =14 \/E]n+27 (18)

and the bound N}, 1(g) is sharper than Ny (g) for g > gny1, that is Nj, 1 (g) <
N7(9)-
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(iii) The genus gy, is the genus g for witch the Ihara line Iy, meets the affine Weil domain
W4 at the intersection” of the two hypersurfaces x, = wr(2g,21,...,Tn_1).

(iv) For g > gn, the minimum X3 ,,(g) is reached on the intersection of the Ihara line
with the hypersurface x,, = w;, (1, ,Tn_1), that is is a solution of the equation

w,, (21, l2(x1), -+ lp1(21)) = ln(21). (19)

Remark — Note that item (i7) means that the Weil bounds Nj, glue together to give
a continuous global bound N* in such a way that N*(g) = Ny (g) for the order n such
that g € [gn, gn+1].

For instance, we have xj 1(g) = —2g at order 1, and we will give the value for x7 5(g)
at order 2 in formula (21). Although it is not strictly necessary, we start to study in
details the cases n = 2 and n = 3 in subsections 3.3 and 3.4. This allows to explain,
and especially to give “a view” of the phenomena that arises. During this way, we
also recover that Thara bound is neither that this actual second-order Weil bound, and
we write down the new third-order Weil bound. We postpone the complete proof of
Theorem 14 in subsection 3.5 by linking our problematic to the Oesterlé one.

3.3 Weil bound of order 2 (Ihara bound)

For n = 2, the geometrico-euclidean constraint is Gram(y",v!,7?) = 0, or more conve-

niently Gram (70\}“;2 AL 70\;;2) = 0, (see Lemma 34) that is

29 + x2 V2x1 0 . 99 < a1 < 2g
V2x, 2g 0 = 0, meaning that 2
0 0 29— 5 2951252

Note that this contains the condition Gram(y°,v!') = 0. Using the notations of Propo-

2
sition 9, one has wy (2g,21) = 2g and w, (2g,71) = %1 — 2g. As for the arithmetic
constraint, this is only

In other terms, inside the affine plane z¢p = 2¢, the points (2¢g,x1,x2) must lie in the
convex affine Weil space W4, and under the Thara line Z§ whose equation is the arithmetic
constraint. One can distinguish three cases depending on the genus g. A picture of each
of them is drawn in figure 1. It appears that if the genus is not large enough, then
the added arithmetic constraint does not restrict the Weil domain. On the other hand,
making the genus growing, then this constraint turns to become active. This happens

"This can be called the seam of the third affine Weil domain.
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T2 Z2 T2

29 29 2g
—2g g L1 —2g g Z1 —2g g 21
—29 ~29 xia2(9)| 29
—1 —1 —1
g < YA g = YAy g > YAy

Figure 1: Three affine Weil domains Wj and IThara lines Z3 for different genus ¢ inside
the plane xy = 2g: points (x1,x2) coming from a curve must lie in the dashed area.

from the value of g for which in the affine plane xy = 2g, the line x5 = % + g — 1 passes
through the point (—2g,2g), that is for
Va(va—1)

9= " (20)

Notice that the point (—2g,2¢g) and (2g,2g) correspond to the locus inside Wj in the
affine space r9p = 2g where the two graphs o = w3 (2g,21) and 2o = w; (2g,71) do
meet, in accordance with item (ii7) of Theorem 14.

va(va-1)

For g > *~—-5—, the arithmetic constraint restricts the Weil domain and we get a
better® lower bound X3 5(g) for the abscissa 1. From the right part of figure 1, this bound

2
is the z1-coordinate of the left intersection point of the curve xo = w; (29, 21) = % —2g
with the affine Thara line Z§ (see Definition 13) whose equation is z = % +qg—1. An
easy computation leads to a best abscissa

9— B+ 1)g?+4q(q — 1)g
1/q ‘

Going back to X (F,) using formulas (4), we recover the well known Ihara bound.

(21)

Theorem 15 (Ihara bound | ). Let X be a curve of genus g over Fy then

8¢+ 1)g>+4q(q—1)g—yg

X () — g+ 1 < Y g

8Than the usual Weil bound z; > —2g.
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and this bound is better than the Weil one as soon as g > w.

Of course, the values given by formula (21) and g = w meet those given
respectively by equations (16) and (17) in the main Theorem 14.

Remark — One may wonder whether one can also optimize in this way the usual Weil
lower bound §X (Fy) > (¢ + 1) — 29./q, that is x1 < 2g. For g large enough’, one indeed
obtain a best upper bound for z1, that is a lower bound for §X (Fy), seemingly optimizing
Weil lower bound. Unfortunately, this works only for so large genus that this “new” lower
bound is negative!

3.4 Weil bound of order 3 (new bound)

For n = 3, the geometrico-euclidean constraint is Gram(y",v*,~v%,+%) = 0, or more
conveniently as in Lemma 34

G <vo+v‘°’ R A et 71—72>
ram , , ,
V2 V2 V2 V2
29+ x3 1+ 22 0 0
|1t T2 29+ @ 0 0 “ 0
o 0 0 29 —1x3 w1 —x2 | —
0 0 T —x2 29— 11

It is equivalent to (2g,z1,z2) € Wh together with the two inequalities coming from the
semi-positiveness of the the preceding sub-Gram determinants:

2 2
_29+M nggzq_w
29 + x1 29 — a1
ws (29,21,22) wy (29,21,22)
As for the arithmetic constraints, they are
1 Il q2 —1
xg < Ulo(x1) = —+q—1 and x3 < l3(x1) = — +

V4 q V4

By item (7iz) of Theorem 14, the genus from which the last constraint becomes active is
the one for which the Ihara line Z§ meets the affine Weil domain W4 at the intersection
of the two affine surfaces z3 = w3 (29,21, z2) and z3 = w3 (29, 71, T2).

Let us begin by computing this intersection. The two last equalities correspond to
3 1

the nullity of both DetGram (70\'/?3, 71\}';2) and DetGram (70\;5 L EQ ), that is to

(z3 4+ 29)(z1 + 29) = (x1 + 22)* and (z3 — 29) (21 — 29) = (z1 — x2)%

va(va+1)

5 for which the Ihara line passes through the upper right

9To be precise, from the genus g =
point (2g,2g) of the Weil domain.
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1.0

0.0

: : 0.
10 0.0 1.01.0

1.0 - d g
| fj 5 1.0

0.0

A%

-0.50 0'0-01_0

Figure 2: The affine Weil domains WY for g > 0 are all homothetic to the domain drawn
in the top-left figure. In the other three figures, we add the affine Thara line (intersection

of the green and yellow affine hyperplane). Top-right: the genus is too small and the

new constraint is not active. Bottom-left: the genus g = % and the Thara line meet

the Weil domain at its seam. Bottom-right: the new constraint becomes active.
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This also implies that DetGram(y",v!,7?) = 0, or more conveniently

2g + 2 V2, 0
V2x, 2g 0 |=0.
0 0 29 — x9

0 2 0 _ .2
DetGram <7 RS e} il > =

V2 T

Therefore, either 75 = 2g, in which case 1 = 3. Or gz = 27 — 292, and we deduce
that

g(w2 + 1) = (21 — g)(21 + 29), g(w2 — 1) = (21 + g) (21 — 29),

= W

x

and thus x3 = — 3z1. In conclusion, inside the affine space o = 2g, the two sur-

2

faces x3 = w?jf(Qg, x1,x2) meet along the union of the two segments of parametric curves

2 3
{(z1,29,21), —29 <z <29} U { <:U1, % —2g, % — 3x1> , —2g<11 < 29} (22)

Remark — For the second segment and for i = 1,2, 3, if we put y; = %, then one has y; =
Ci(y1), where C1,Cs, Cs denote the first three Chebychev polynomials.

Now, the genus from which the second constraint x5 = %1 + L\/_al becomes active is
thus the one for which the curve given by formula (22) above meets the IThara line, which

is parametrized by

2

T T —1

(wlv 1+q_17 1+q )a l‘leR
Va4 q Va

To find such a genus it suffices to eliminate 1 in the system of equation

4 _9g=T 1q—1
g g = Vi q

?—1
L

3

% —3x1 = ‘%1 +

Using magma, we compute the resultant in z; of the two polynomials obtained by differ-
ence in the preceding system; up to a power of g factor, the result is

o -5 (- 55

After taking off unadmissible solutions, it only remains the value

g - Y1) (23)

which of course meets the value of g3 given by equation (16) of Theorem 14. For g >
— Vale=1)

g3 = V2

of the abscissa x; is attained by item (iv) of Theorem 14 on the intersection of the

, the last arithmetic constraint become active and the minimum x3 5(g)

22



surface x3 = wy (x1,22) with the Thara line. In order to calculate this intersection, we
have to solve the system of equations

This leads to some quadratic equation in x1 whose discriminant and roots, althought
really ugly, are easily computed. Skipping these calculations, we only give the final result
which is nothing else than the case n = 3 of Theorem 14.

Theorem 16. Let X be a smooth, projective, absolutely irreducible curve defined over IFy,

of genus g > g3 = %. Then

g g q g g\/a7

IX(F,) ~ (0+1) < N

where
a(q) = (59— 2f+1)(f+1)
bg) = @ Dea i EYRNN L
c(q) (q—1)%( 411\/ 2q—4,/q+1)
1)(g—2,/G-1
d(q) — (g— )(g\[\[ )
The formula becomes nicer if we let g going to infinity. We obtain the following third
order asymptotic bound for Thara constant A(q) (see | D-

Corollary 17. The Ihara constant A(q) is bounded above by:

S ies-(1+4)
1+Z

Remark — For ¢ large the preceding upper bound is equivalent to (v/5 — 1)/q ~ 1,236,/q.
This is better than the upper bound of A(q) following from Thara bound
V8g+1—-1
Ag) < %7
which is equivalent to \/2q ~ 1,414,/q for ¢ large. Later, in Theorem 29, we prove that

the upper bounds for A(g) that are deduced from the Weil bounds of growing orders,
asymptotically tend to the Drinfeld-V1idut bound, A(q) < /g — 1.

Ag) < Va-

3.5 Oesterlé bounds and proof of Theorem 14

In order to prove the main Theorem 14, it is convenient to turn the generalized Weil
bound optimization problem into a conic optimization one. We relate then this opti-
mization problem to the one formulated and solved by Oesterlé for his own bounds. The
reader is referred to Appendix A.1 for details on conic programming.
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3.5.1 Two optimization problems

Depending on whether we choose to fix a genus or a number of points, one can express
two optimization problems.

‘Weil primal optimization problem. — In the spirit of the preceding sections, we fix

a genus g and we intend to give an upper bound for the number of points N over F, that
can have a curve of genus less than g from some constraints. Since z; = H\%N by (4),

maximizing the number of points N is equivalent to minimizing the scalar product x;.
The geometrico-euclidean and arithmetic constraints (12) and (13) lead to what we call
the generalized Weil optimization problem.

Definition 18 (generalized Weil optimization problem). Put

= %’ \/qz‘q

and let g > 0 be a constant (thought as a genus). The associated generalized Weil
optimization problem of order n > 1 consists in computing the minimum

@-zﬁ(ﬁ“— ! ) (24)

def Tn+1(x07x17"'7:1:n) =0
X1 ,(9) = min { 21| 2o < 2g . (Wh)
- ol < B2<i<n
We denote by
Ni(9) =1+4q—axx7,(9) (25)

the corresponding value for the mazximum of the number N.

Oesterlé primal optimization problem. — On the other hand, one can fix after
Oesterlé a number of points N and intend to give a lower bound on the genus of a
curve X over F, that has at least N rational points over F,, ie. $X(F,) > N. For
every ¢ > 1, one imposes the arithmetic constraint X (IF,) > §X(F,) > N, which turn
be

_1+qi_ﬁX(Fqi)_1+qi_N ﬁX(FqZ)_N

Ti = . = . - .
1+¢ —
Pl Al
T
Taking into account the geometrico-euclidean constraint (xg,z1,...,2,) € W, leads to
the following optimization problem.

Definition 19 (Oesterlé optimization problem). Let N > 1 be a constant (thought as a
number) and put

_l—l—qi—N

NG

Vi> 1, 8i(N) (26)
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The Oesterlé optimization problem of order n > 1 consists in computing the minimum

ef. 1
() 2 Jmin {20 (©,)

Tn—i—l(xvalw")xn) =0

Both optimization problems enter the class of semi-definite optimizations problems
because they involve a condition where a symmetric matrix must be positive semi def-
inite. One can also turn these problems into what is called a conic program, making
easier the formulation of the corresponding dual problem and leading to the proof of the
fact that these two problems are equivalent in some sense.

3.5.2 Conic reformulation of (W,,) and (O,) with their dual problems

The optimization problems (W),,) and (O,,) can be turned into conic optimization prob-
lems using trigonometric polynomials.

Let T = {z € C, |z| = 1} be the complex unit circle and let PolT,, denote the real
vector space of trigonometric polynomials of degree less than n, with real coefficients,
and having real values on the unit circle:

PolT,, = {P(z) =Y aiz'|a; €R, and P(T) C R} .

i=—n

The latter condition is equivalent to a_; = a; for all i« > 1, so that PolT,, has dimen-
sion n + 1 with basis

n
PolT, = O RP,
1=0

with
1

=, 1<i<n.
z

Py=1, and P=:'+

This space is endowed with a structure of (n 4 1)-dimensional euclidean space for the
usual scalar product defined by

n n n
<Z a; P;, Z bipi> = agbo + 2 Z a;b;.
=0 i—0 i—1

Note that the basis (FPp, ..., P,) is orthogonal but not orthonormal since (P;, P;) = 2

for i > 1. It follows that one has P = (P, Py) + Y i, <P’2Pi> P; for every P € PolT,,. Last,

we need to introduce two very important subsets of PolT,,.

Definition 20. Letn > 1.
(i) We denote by PolT=0 the subset of non-negative trigonometric polynomials:

PolTZ = {P € PolT,, | P(T) C Ry }.
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(ii) To each trigonometric polynomial P = "  a;P;, we associate the symmetric
‘ . def. ,
Toeplitz matriz T (P) e/ ni1(ao, ..., an) given by (7), and we put'

PolTZ° = {P € PolT,, | T(P) = 0}.

We have ([ , Lemma 1.1.6)):

Proposition 21. Both subsets PolTZ? and PolT=° are cones in PolT,, dual to each
other.

We can now reformulate both optimization problems (W;,) and (O,,) and their asso-
ciated dual problems in a conic way.

Definition 22 (Conic versions of the optimization problems). Let n > 1.
e For g > 0, the generalized Weil optimization problem of order n and its dual consist
in the following minimizing/mazximizing optimization problems: find

P € PolTZ°
min < (P, P1) | (P, Py) <2g
(PP —a'™'P) <28;2<i<n

and

AN n i1 >

maxd ([ & Pr4yo+ > iy yi (Pi— o'~ Py) € PolTZ?,

)\ Y >0,y >20,2<i<n

Yn 671 R"

e For N > 0, the Oesterlé optimization problem of order n and its dual consist in
the following minimizing/maximizing optimization problems: find

. PGPOI']I‘%O
m1n{<P0,P> (P,P;) <25(N),1<i<n }

and

() (0)).

Note that both primal programs do have a solution. In the Weil program, a poly-
nomial P = »"" ;z;P; must satisfies 0 < 29 < 2g and (30 7)) = 0, thus the domain of
feasibility of the Weil program is a compact one contained in [—2g, 2g]"*!. Anyway, the
continuous function (P, P;) attains its minimum on this domain. The Oesterlé program
has a solution because the first coordinate function P — (P, Py) to be minimized is
bounded below by zero.

Py + Z?:l z P € POlTTZLO,
z2>20,1<1<n '

1ONotice the difference between notations > and >.
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3.5.3 Explicit Oesterlé solution for the Oesterlé conic program

Oesterlé has computed an explicit trigonometric polynomial P € PolTz? satisfying all the
constraints of the primal problem with equalities instead of inequalities, i.e. an element
of the so-called “strict border”, together with a second trigonometric polynomial @) €
PolT=? satisfying all the constrains of the dual problem, which is orthogonal to P. More
precisely, such trigonometric polynomials P and ) must be of the form:

1
P(z) = §(N) (20 4+ = PolTZ?
(2) x0+z ( )<z +ZZ>€ olT%
1
=1 2= PolT=Y d i >0
Q(z) +Zy <z+zl)e olT;?, an yi >

and they have to be orthogonal. Thanks to Proposition 31, this proves that the poly-
nomial P is a minimizing element for the Oesterlé optimization problem. With the
terminology of Definition 32, one can say that the polynomial @ is a certificate for P
being a minimizing element of this problem.

Before describing the Oesterlé construction, in the spirit of sections 3.3 and 3.4,
let us give an informal vision of what is going on. Let us see the polynomial P in-
side R™1. It must be inside the Weil domain W,,, but also on the line defined by
the equations z; = §;(N) for 1 < i < n, where §;(IV) are given by formula (26). By
convexity, the minimizing polynomial for the first coordinate function should be on the
border OW,, of W,,. So one can understand the constant coefficient zo of the mini-
mizing polynomial P as follows. Having cases n = 2,3 in mind, one can easily con-
vince ourselves that R = Uzy>0 050 and this union is disjoint. The minimizing
polynomial P corresponds to the one having its constant term zg > 0 in such a way
that (zg,01(N),...,0,(N)) € OW,,. This ends our informal paragraph.

The little bit intricate description of the explicit solution becomes more natural
working with the Toeplitz matrix T'(P) instead of the polynomial P itself. Indeed, this
matrix should satisfies

Top1 (20, 61(N), ... 6,(N) =0 and 1k (Ths1(z0, 01(N), . ... 6,(N))) = n,

the rank condition coming from the fact that P must be an element of the boundary
of W,,. Such a matrix is known to have a very specific structure by Theorem 36 in
Appendix A.2): there exist €1,...,&, € T and Aq,...,\, € R% such that

Z )\Z Z >\i5i s Z )\ié‘?il Z )\18?
S e A
T(P) = : : 7 (27)

Z )\iz’:‘?_l - . E AZ'E,;
Z )\18? Z Ai€?71 cee Z )\Z’E,‘i Z )\Z
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where all sums are from 1 to n. Instead of computing directly the coefficient xg, the
method of Oesterlé consists in constructing first the ¢;’s, then the A;’s, then the con-
stant coefficient zq, and last the certificate polynomial . This construction works only
for N > 1+ \/Q"'H.

A key observation made by Oesterlé is that the special shape of the coefficients d;(N)
implies strong conditions on the set of eigenvalues €1, ..., &,.

Lemma 23 (Oesterlé). If the matriz T 41(x0,01(N), ..., 0n(N)) is positive semi definite
of rank n, then the eigenvalues €1, . ..,y are roots of the polynomial

1_‘_\/671—{-2_]\7

Va(N-1-vq")

Proof. Since Tp41(20,01(N) ..., 0,(N)) is positive semi-definite of rank n, it is the Gram
matrix of the family of all iterations of an element by an isometry in a cyclic euclidean
space (see section A.2). More precisely, let (ag, ..., a,) € R"! be a non-zero element of
the kernel of T},+1 and let us consider the finite R-vector space R[X]/ (P) = @?;01 Rz’
where £ = X mod P. Then the identity

Ro(z) = 2" +t(2"™ +2) + 1 €R[z], where t= (28)

Gram(1l,z,...,z") = Th11(x0,01(N) ..., 0,(N))

defines a scalar product on R[X]/ (P), in such a way that the multiplication by z is an
isometry. This isometry has P as minimal polynomial and can be diagonalized over C.
Let R be the set of roots of P. Being the spectrum of an isometry, we have R C T.
From elementary linear algebra, we have

x—¢e P(z)
C[X]/(P) = 6 CP.(x) where P.(x) = 8/ ==
5662 5/61;{{5} €E—¢ P'(e)(x —¢)

is the interpolation polynomial taking value 1 on ¢, and value 0 on all other ¢’ € R. One
also have xP.(x) = eP.(z), P.(x) L Po(x) for €’ # ¢, and with }°__p P-(z) = L.

We now prove that each £ € R is a root of the polynomial Ry. The key point is that
the coefficients 0;(IN) can be written as follows:

) = I = (N 1) x

Setting a = \/q and b = N — 1 for simplicity, this means that

(1,2Q(x)) = aQ(a) — “Q(1/a) (29)

for any polynomial ) of degree < n — 1. Let us compute the square norm A, of each
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eigenvector P.(x):

Ae = (P(x), P-(z)) = (1, P-(x)) since P:(z) L 1 — P.(x)

—~

(1,eP.(x)) = % (1, zP.(x)) since zP.(x) = e P-(x)

QAR by (29)
( aPa) b P(1/a) >

P)a—2) a  PE)1ja—e)

( aP(a) b P(G)ai(ﬂ#l) > since P(1/a) = P(a)a™"

M= M|k Ol 0|~

Ple)la—e) Ple)(1/a—e)

P(a) 1—ba™"+ (ba= (D —q)e
X
eP'(e) e2—(a+1/a)e+1

In the same way

N P(a) 1—ba™ + (ba=*Y —q) /e
Ve = Pprajeyfe t (@ —(at La)e + 1) e
P(a) —e"T((1—ba™)e+ (ba_(”‘H) —a))

IO (& —(atlja)e+1) since P'(1/e) = —P/(e)/e" 2.

To conclude, we take into account the fact that the starting point matrix has real coef-
ficients. Therefore one must have A. = A/, and thus

(1—ba™™) ent? 4 (ba_(”“) — a) (5”“ +e)+1—ba"=0

or
b— an+2

a(a™—b)
The result follows. O

n+2

€ (5"+1+5)+1:0.

The Lemma 23 is a key step of the explicit construction of the solution of the Oesterlé
optimization problem. The complete construction is given in the theorem below. As far
as we know, no complete proof of the validity of this construction has been published
so far. Oesterlé himself, for sure, has never published his result and we never have in
hand a copy of his original notes. The two published sources that we know are the
Serre’s Harvard course notes titled “rational points on curves over finite fields” [Ser] and
a survey of Hansen | |, but both references only contain partial proof. In fact, we
know only one (unpublished) source containing a complete proof: the chapters 4 and 5 of
the thesis of A. Edouard (whose advisor was G. Lachaud) are devoted to a twenty pages
long complete proof of the Oesterlé bound. Since we do not succeed in substantially
simplifying this proof, we refer to this thesis for the two skipped tedious calculations
below.
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Theorem 24 (The Oesterlé solution). Letn > 1, N > 1+ /g"", and let Ry € R[2] be
the polynomial defined in Lemma 23. It has all its roots in the unit circle T; we denote
by €0 the root of Ry having the smallest positive argument, by Qo € R[z] the quotient of
the polynomial Ry by the quadratic polynomial (2 — ewo) (z — e‘wo), and by yo, ..., Yn €
R the coefficients of the trigonometric polynomial Qo(2)Qo(1/2) = yo+> iy yi (2" + %)
Then the trigonometric polynomials

. (1 L NV (Vacos(on) - 1)) py LN ( . ;) (30)

a-2/acos(e0) +1) =7 2
1 . 1
Q(z):1+y1<z+>+~-+y<z"+n> (31)
Yo z Yo z

are such that:

(i) the polynomial P is in PolT=Y, is a feasible solution for the Oesterlé conic program,
and T(P) is of rank n;

(ii) the polynomial Q is in PolT=° and is a feasible solution for the Oesterlé dual conic
program;

(iii) the polynomials P and Q are orthogonal.

Proof with two skipped tedious calculations — We give the main steps of the
proof and skip the most tedious computations with trigonometric polynomials.

e Proving the fact that if N > 1+ \/Q”H, then the polynomial Ry has all its roots
in the unit circle T is a first course calculus exercise. The elements ¥ € T are the
two roots of Ry having the smallest argument in absolute value; we denote by ¢; = e,
1 < j < n, the others. Note that if n is odd then —1 is one these ¢;’s.

e To prove that this choice of the ¢;’s is the good one, it is worth to notice that taking
into account the matrix equality (27), the scalars Ai,..., A\, can be uniquely expressed
in terms of the ¢;’s and the §;(NN)’s. Indeed equality (27) leads to the following invertible
linear system

g1 8711 )\1 (51(N)
En v Ep An In(N)

It remains to prove that such \;’s are all positive. It can be done by explicitly compute
them. A (skipped) tedious calculation leads to

N N sin(p;) ( q—1 B qg—1 >
" sin ((n 4 1)) + (n+ 1) sin(p;) \ g — 2,/qcos(po) +1  q—2,/qcos(p;) +1

if g; #—1, or

i =

N(1—-1t) ( g—1 B g—1 >
(n+2)—nt \qg—2,/qcos(po) +1 q—2,/qcos(m) +1
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if &, = —1. In any cases, one has \; > 0, since the function ¢ +— sin(np) + nsin(p)
is positive for every n € N* and every ¢ € ]0,7[ (easy first course calculus exercise).
This shows that T'(P) > 0, that rk(7'(P)) = n and that P is a feasible solution for the
Oesterlé conic program.

e The computation of the A; also permits to give the value of the coefficient xg
since zg = Y iy A

e By construction, @ € PolT=" and (P,Q) = 0. The only thing that remains to
be proved is that @ is a feasible solution for the Oesterlé dual conic program. For
this, it suffices to show that the coefficients y; are all positive. This can be done by
explicitly computing the coefficients of the trigonometric polynomial . A (skipped)
tedious calculation leads to:

v _ 2= 08 ((5 — (G + ) o) cos (5 — ) vo)
m Y=o cos? (5 — ) o)

and the positiveness of this coefficient comes from the fact that 0 < o < 75- O

Going back to the number of points, using the preceding theorem together with
Proposition 31, we recover the well known Oesterlé bounds.

Theorem 25 (Oesterlé bounds). Let n > 1, and N > 1+ /g""'. The minimizing
function of the Oesterlé optimization problem (O,,) is given by the function

g [14—\/5"“,4—00[ — [gn, +00[

defined by
N N cos -1
g(v) = 1R () oy Mlyacoleo) - )
Vgerro —1 q—2\/qcos(po) +1
where @q, depending on n and N, is defined as in Theorem 24. Moreover, the value g,
s given by:

(\/—nJrl ) Jacos (n+1) fq-— \/anJrl
g — 2,/ cos (#1) 1

= ay Lcos s
_ﬁlgﬁk<HJ. (33)

Strictly speaking, the construction of Oesterl’e works for N > 1 + ﬁ”“ but it can
be easily continuously extended. The expression of the value g, = g} (1 + \/a"ﬂ) comes
from the fact that, at the order n, the polynomial Rg is very simple:

9o =g (1+ V) = (32)

N=1+q"" = Ro(z) = ("1 +1) (2 +1) by Lemma 23
T

f— =
%0 ntl

by Theorem 24,
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and the given value of g, follows.
There is another simple value of the function g} coming from another simple poly-
nomial Ry:

N =1+ q""* = Ro(z) = 2" +1 by Lemma 23
T
n-+2

= gn (1 + \/§n+2> = Gn+t1-

by Theorem 24

We deduce the the two functions gy and g, coincide at 1 + \/c_I”Jr2 with:
gt = g (14 Va"?) = gns (14 V0. (34)

3.5.4 Proof of the main Theorem 14

The strategy to prove our main Theorem is to show that the minimizing polynomial con-
structed by Oesterlé to solve his optimization program is also a minimizing polynomial
for the Weil optimization problem.

Proposition 26. Letn > 1, N > 1+ \/§”+1, and let P,Q be the trigonometric poly-
nomials given in Theorem 24. Then the minimum of the Weil optimization problem of
order n associated to the genus gy (N) is attained at P and the functions

N, ¢ gns ool — [T+ V@ +o0| and gl [14 @™ 40| — [ga, +ox]
are strictly increasing inverse functions, where N7 is defined by equation (25).

Proof. By construction, one has

n P € PolTZY,
P =2gi(N)+ ) 6(N)P, (P, Py) = 2g},(N),
=1 (P,P) =28(N), 1<i<n.

For ¢ > 2, we deduce that
(PP, — o' 'P) = (P, P) — o' " (P, P) = 26;(N) — o' 1261 (N) = 283;.

Therefore, P is an element of the “strict border” of the domain corresponding to the
Weil program of order n associated to the genus g (N).
As for the polynomial @, it can be rewritten as follows:

n n n
Q =1+ ZCQP’ =1+ <Z Oéi_lci> P+ ZCZ‘ (P@ — Oéi_lpl) .
i=1 i=1 =2

Put ¢ = 1" | a’"l¢;, then the polynomial 2Q = P +1+3" , % (P, — o'~1P;) belongs

=2 ¢
to PolT-" and has non negative coefficients. Since <P, %Q> = 0, the polynomial %Q can
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be used to certify that the polynomial P is a minimizing element for the Weil program
(see Proposition 31). We deduce that x3 ,,(g,(N)) = (P, P1) = 61(N), which means
that N7 (gX(N)) = N.

Now, the functions g} and N7 have to be increasing from their definition. Being
inverse to each other, they are in fact strictly increasing and the proposition follows. [

We are now ready to prove the main Theorem 14.

Proof of Theorem 14, item (i) — We consider the sequence g, given for n > 1 by
Theorem 25. First note that since g, = g (1 + \/Q"‘H) and gp41 = g5 (1 + \/§”+2) by
formula (34), we can deduce from Proposition 26 that the sequence (gy)n>1 is strictly
increasing. We also consider the sequence of functions N (g) given by formula (25).
The functions N7 (g) are strictly increasing and defined for g > g, by Theorem 25 for
any n > 1.

Thanks to Proposition 26, the minimizing element for the n-th Weil optimization
problem for g is attained at the polynomial P = 2g+>"" | 6;(N)P; € PolT5°, where N >
1+ \/Q"H is the value such that g = g*(N). Going back to R"*!  the minimum is
attained at the point (2g,d1(N),...,d6,(IN)) € Wi. More precisely, this point lies on the
border of Wi, since by Theorem 24, the matrix T'(P) given by equation (26) has rank n
and size n+ 1. Last, we observe that §;(N) = ﬁél(N) + B; from equation (24) which

means that the point (2g,d1(N),...,d,(N)) is also an element of the Thara line Z7. Thus
the “strict border” for the Oesterlé optimization problem corresponds to the Ihara line

for the Weil optimization problem. Hence xj ,,(g) = 61(IV) is the smallest 21-coordinate
of the points of Wi N Zj. O

Proof of Theorem 14, item (ii) — Applying both functions N}, and N7, | to equal-
ity (34) and taking into account Proposition 26 leads to the first equalities of item (i7)

Ni(g2) = 1+ @""" and Nji(gns1) = Niyy (gns).

The application 7 : Wi, — Wj defined by (zo,...,Zns1) = (2o, ..., 2,) is surjective.
This implies that N7 _;(g) < N7 (g). Suppose that equality holds and let us denote by N
their common value. Then minimizing tuples/polynomials for the n-th and (n + 1)-th
order Weil problems are respectively

P, = (29,(51(N),. . ,5n(N)) € Wg and Pn+1 = (2g,51(N),...,5n+1(N)) S W7gl+1

with rk(T'(P,)) = n and rk(T(Pn,4+1)) = n + 1 (cf. Theorem 24). But the Toeplitz
matrix T'(P,) being a sub-matrix of the Toeplitz matrix T'(FP,+1), by Lemma 33, neces-
sarily rk(7'(Pn+1)) = rk(T'(P,,)). This is thus contradictory and therefore equality does
not hold. g

Proof of Theorem 14, item (iii) — Let n > 2, g > g, and put xj,, = o 1x1  (9)+Bn
for ¢ > 1. Then the point minimizing the n-th Weil optimization problem is

(29, x10(9); - - X0nl9)) EWINTY
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It even lies inside the border of W9 and thus is such that

wr; (297 Xi,n(g)v ce 7X¥171,n(9)) < X;,n(g> < w;r (2.9’ Xi,n(Q)? ce ’X;fl,n(g)) (35)

and
*

wr—t (297 X;,n(g)’ s 7Xn—1,n(g)) - ’UJ; (297 X;,n(g)7 cee 7X:1—1,n<g>)
Det (T, (29,%7,,(9):- - X5-1,(9)))  (36)

Det (Tnfl (297 Xi,n(g)v s ?X;fQ,n(g)>>

Since X3 ,,(9n) = X7 ;,_1(9n), one has x{, ,(gn) = x{,,(9n) for each 1 < i <n —1 and
the point

(2971’ X;,n(gn)v ce aX;,n—l(gn))
is the minimizing element of the (n — 1)-th Weil optimization problem. Therefore

Det (Tn (2gn> X;,n(gn)a e 7X:1—1,n(gn))) =0
Det (Tnfl (29717 Xi,n(gn)v .. 7X:1—2,n(gn))) 7é 0
This permits us to let g tends to g, in (36) and by (35), we obtain

*

Xn,n(g) = Wy, (297 Xi,n(g)v s 7X:171,n(g)) = w:zr (297 x;,n(g)7 s 7x;fl,n(g)) (37)
so that this item is proved. O

Proof of Theorem 14, item (iv) — Since the minimal value x3 , (g) is reached on
the line segment W N ZJ by item (i), it is also reached on any subset of the Weil
domain W containing this segment. This is the case of the Weil domain cut-out by
the two dimensional plane (z1,f2(z1),- - ,fn—1(21),x,) parallel to the-x,-axis over the
(n — 1)-th Thara line Z) ;. By Proposition 9, this means that x7 ,(g) is the minimum
of the set

. 9
2| ;i =4i(r1),2<i<n-—1,
! Ty, < lp(x1);

wy (@1, 1) < @p < wl (@, Tpq)

This can also be written as

X1,n(9) = min{z1 [ X7, 1(9) <21 < bn1(g), 20 < lo(1) and fo(21) < 2 < gnl21)}
(38)
for the value b,—_1(g) such that the (n — 1)-th Ihara line cuts the (n — 1)-th affine Weil
domain on the 1 parameter set [x7 ,,_1(9),bn—1(g)], and where

{fn(ﬂfl) = wy, (z1,l2(x1), -+, ln—1(x1)),
gn(@1) = wi(z1,la(x1), - loo1(21)).

Since w,, is convex by item (iii) of Proposition 9 and the ¢;-th are affine, the univariate
function f,, is convex; in the same way g, is concave. Now by item (ii), we have
X1 ,(9) > %7 ,,_1(g) since g is assumed to be greater than g,. It follows from (38) by
elementary convexity task for univariate functions that the minimum is reached at the
point satisfying z, = ,,(x1) = fn(x1), which concludes the proof of the theorem. O
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4 Asymptotic bounds

In this section, we show that our point of view also leads to the known general asymp-
totic bounds. Let (Xj)r>1 be an asymptotically exact sequence of absolutely irreducible
smooth projective curves defined over F,, of genus g(X}). This means that the genus
sequence (g(Xg))k>1 tends to infinity and that for any r > 1, the limit ¢, of the relative!
number of points of exact degree r sequences do exist:

L4{P € Xu(F,) | degs,(P) =}

b= li R* vr > 1. 39
" ho 9(X%) s "= (39)
Last, we introduce after Tsfasman and V1adut the defect ¢ (see | ]) of the asymp-

totically exact sequence

5_1_z\ﬁ_1 (40)

The known result is the following Tsfasman theorem, stating that the defect is always
non-negative.

Theorem 27 (Tsfasman | ). Let (Xi)k>1 be a asymptotically exact sequence of
absolutely irreducible smooth projective curves over Fy. Then

o0

Z\/q7_1— ’

where the sequence ({;),>1 ts defined as in (39).

As in section 1, one can associate to each curve Xj, an euclidean space (€(Xg), (-, ) x, )

with norm ||-|| x, and a subspace F(X}) generated by the projections 7§(k of the iterations

of the Frobenius morphism. The quantity to be studied being the ratio ﬁ;{(’fg‘)?), it is

convenient to change the normalization, putting

)
Vx4,

M = e (41)
* 9(Xk)
Then anXkHXk =2 and for any n > 1,
2 Y1 N TR Un
oo Yn—1 .
G (n% X)) = : " - - n: ith ‘:1+q’—ﬁXk(qu)
ram 77Xk,-..,"7Xk : . . i : wi Yi -
. , 9(Xk)\/a
Yn—1 . . Y1
Yn Yn—1 - U1 2

(42)

HRelative to the genus.
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Note that omitting reference to X, the x;’s defined in (4) and the y;’s are related
by yi = 4

Just as for the finite order case, one can first wonder about the consequences of
the geometrico-euclidean constraint alone, second about both geometrico-euclidean and
arithmetic constraints consequences. The bound derived in this last way can be consid-

ered as the Weil bound of infinite order.

4.1 Weil domain and asymptotic (Tsfasman bound)

Let us first look at the geometrico-euclidean constraint alone. Just expressing non-
negativity of the norm of a well-chosen vector in the euclidean spaces £(X}) yields to
an interpretation for the defect of the sequence. Note that Tsfasman bound follows just
pointing out that a norm is non-negative.

Theorem 28. Let (Xj)r>1 be an asymptotically exact sequence of absolutely irreducible
smooth projective curves over Fy. Then its defect 0, defined as in (40) satisfies

2
‘)ng(k+n}<k+"'+n;1:1‘

§= lim lim X
m—~+00 k—+oo 2m
Note that this can also be written as
0 1 m—1]|?
bt
- m—l>r—ri-l<>o k—1>r—&{loo 0 2 1 2 m—1 2
Proof. Inside the euclidean space £(X%), one can compute the norm:
1 m—1 2 1 1
j 0 —1
5 anxk :%(1 1)><Gram<77xk,...,n}?k )x
i=0 Xp, 1
1 m—1
-— m+ Z(m—z)yl
=1
m—1 i
(¢ + 1) — X (F
=1 g(Xk)QQ
1= 1
=1+ (1-2) (g8 +47%)
9(X) = m
SR t{P € Xu(F,) | degs, (P) =1}
— - — — X
i—1 m i q2 g(Xk:)
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Letting k growing to +oo leads, for any m > 1, to

2

mel

m—1 m—1 = rs 1
. i o
Jim I == (1-50) e R (43)
=0 Xk r=1 s=1

To conclude, for any r,m > 1,we remark that

= +00 |zt +00 R
1 —Z(1—E)i— L_Z(1_2> 1 _ 1.1 rs
qz — 1 — m/ gz —1 qz po m/ gz s gz m po qz

Being the remainder of a convergent series, the first term of the right hand side goes to
zero when m grows to infinity. The second term also goes to zero by Cesaro Theorem.

Therefore
i rs\ 1 1
lim Z (1 — —) 5 - ,
m—too £ m/ gz qz — 1
and the Theorem follows letting m tends to +o00 in (43). O

4.2 Generalized Weil bound of infinite order (Drinfeld-Vladut bound)

Let us now take also into account the arithmetic constraints. As a result of the nor-
malization (41) n’ = % at the beginning of this section, the picture changes a little bit

compared to what was going on in section 3. Using the 4%’s, the affine Weil domain Wi
in the (z1,...,x,) system of coordinates depends on g, while the Thara constraints do
not. Normalizing by /g turns things around. The Weil domain Wi in the (y1,...,9n)
system of coordinates, with y; = % by (42), does not depends on g anymore and is a fixed

bounded convex domain, which looks like the affine Weil domain W} in the (z1,...,z,)
system of coordinates. The IThara constraints in the (y1,...,y,) system of coordinates
become
i1 Bi .
yi oyt o V2 <i<n, (44)
g

and the Thara line becomes

T3 = {(yh---,yn) GR"\yFai‘lyﬁZ

, 2<1 < n} .
With these notations, our main Theorem 14 can be reformulated in its y-form: for
any n > 1 and for g > g,, a curve X of genus g has a number of rational points
satisfying

§X (Fq) g+ 1

g g

where y*(g) denotes the y;-coordinate the intersection point of the convex domain W}
with the Ihara line J; having the smallest 3; coordinate.

< -2y/q xy(9) (45)
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The goal of this section is to investigate the asymptotic behaviour of the bound (45)
when both n and the genus g of X grow to infinity. Roughly speaking, the situation is
very nice. For g = oo, the Thara affine line given by (44) becomes the vectorial line [J,>°
whose equations are simply y; = oy, for 2 < i < n. This line intersects the bounded
convex Weil domain at a segment whose “left point” for the y;-coordinate’s order has
y1 coordinate y(oo) and (45) becomes

lim EX(Fq) < =2./q x yy(0). (46)

g—00 q
The limit y} (c0) being the largest negative solution of some explicit determinantal equa-
tion, y* (oc) turns to be related to the spectral radius of some very simple non-negative!?
matrix of size n.
Let us turn this idea into a complete proof.

Theorem 29. We have

N*
lim limsup ﬁ

N0 g>g,,9—00 9

=,q-1 (47)

This means of course that the infinite order Weil bound is exactly Drinfeld-Vladut
Theorem | ] stating that A(q) < /g — 1.

Proof. Let us begin by writing down Theorem 14 for some given order n > 1 using
the new normalization (41). For any g > g, the intersection of the Weil domain with
the Thara line J; is a segment whose left end for the y;-coordinate order has a 1
coordinate y;(g), and we have

Ni(9) q+1
g g

= —=2,/q X yr(9)- (48)

Still by Theorem 14 and by formulas (9) and (7), y7(g) is the largest non positive root
of the polynomial

B2 - p
Dmg(Y):Det (Tn_l,_l <1,Y,OéY+2g,..‘7an 1Y+272 .
The family (Dy, 4(Y))g>g, of polynomials of degree < n converges when g goes to infinity
to the polynomial D,, . defined by

DoY) = Det (Tp41 (1,Y,aY,...,a"" 1Y)

Since y7(g) € [—2,2] for any n,g > gn, one can assume by compacity that (y}(g))¢>g.
converges, say to y(o0). Then D, «(yy(00)) = 0 and y}, , is the non-positive yi-
coordinate of the intersection point of the Ihara line J;° with the Weil domain. Since
the origin of the space R" is a common element of the Weil domain and of J,2°, one must

1211 the sense that its entries are non-negative.
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have yy(00) < 0, and y}(oc0) is the greatest negative root of the polynomial D), o (Y).
Letting ¢ going to infinity, we deduce from (48) that

N*
Vn > 1, lim sup Ni(9) = —2,/q Xy (00). (49)
g—00 g

1-v4
2\/q
limit to the asymptotic spectral radius of some specific Toeplitz matrix. One has

We are then reduced to prove that lim, 4 y5(00) = . To this end, we relate this

T (LY, aY, ..., YY) = I 1 + YT,,1(0,1,...,a" 1)

1
Y Y —«
- [( v )In+1—Tn+1(1,a,...,a")

Therefore the map A —— )WT“ defines a one-to-one correspondence from the roots of

the polynomial Det (Tn+1 (1,Y, ayY,.. .,oz"_lY)) to the set of eigenvalues of the ma-

trix Tp41 (1,0, ...,a™). This bijection maps the largest negative root y»(co) to the
largest non negative real eigenvalue. Since the matrix T),+1 (1, «,...,a™) is non negative
(i.e. all its coefficients are non negative), this eigenvalue turns to be its spectral radius
( , Chap 8, Th. 8.3.1]) which we denote by p,(«). Thus

YZ(OO) -« . * a

e = pu(a), that is yr(o) = ——.

vio) )= T @
But the spectral radius p,(«) is asymptotically known, see Lemma 30 below. This leads
to
-1 1-
lim y(c0) = al+a _ ¢ = V4
n——+o00 1— T 2 2\/q
which completes the proof together with formula (49). O
We would like to thank Hugo Woerdeman for letting us aware of Lemma 30 and for

giving us the reference to Nikolski | , Corollary 4.1.7, p. 246].

Lemma 30. Let a € [0,1] and let p,(c) denote the spectral radius of the symmetric

Toeplitz matriz Tp11(1, ..., a™). Then limy, o0 pn(a) = if—g

A Appendix

A.1 Conic programming

We recall here some very usual results on conic programming. Most of the times, the
optimization problems, such as the description of the dual problem, are presented “with
equalities”. For our applications, we need to deal with problems with inequalities. There
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is a folklore technique to transform a problem with inequalities into another one with
equalities. We recall this trick and formulate suited statements for our applications.

Let (E, (-, -) ) be an euclidean space and let C be a cone inside E. Let pg,p1,...,pn €
E and 41,...,d, € R. The primal conic program (with inequalities) associated to these
data is the problem of minimizing the objective function x — (po, )y subject to the
convex constraint « € C and (p;, z)p < J; for 1 < i <n. That is, to find

rzel

(@,pi)p <0i, L<i<n } (50)

def. .
p = mm{(po,a:)E

An element x € F is said to be a feasible solution of this primal program if it satisfies
all the constraints. It is said to be a strictly feasible solution if in addition it lies in the
interior of the cone C.

Some dual program can be associated to this primal program. To this end, one can
reformulate the primal conic program with inequalities to another conic program (in a
bigger euclidean space) with equalities only as follows. Consider the space R™ with its
canonical basis (eq,...,e,) and its usual scalar product (,-)gn, and let F' = E x R"
endowed with the scalar product defined by ((z,v), (y,w))r = (z,y)p + (v, W)ga. The
initial cone C is replaced by a new one D = C x R}, and finding a solution for the initial
primal conic program (with inequalities) is equivalent to finding:

- min{<<po,0>, (,d))

(z,d) }
((z,d), (pi,ei))p=6i, 1 <i<n

Note that the added variables play the role of the differences 6; — (x, p;)  whose posi-
tiveness are now part of the conic conditions.

We now formulate the dual program. It involves the dual cones C* and D* = C* x R}
(recall that R’} is auto-dual in R™). Put § = (d1,...,6,) € R"™. The dual program is the
following maximization problem:

J— n
p* déf'max{—<5,y>]1§n y=(o,. .yn) ER }

(po,0) + > yi(pi, i) € D*

= — (5 n
max{ < 7y>]R Do + Z?:l YiDi c C*

As in the primal program, an element y € R" that satisfies all the constraints of the
dual program is called a feasible solution of the dual program.

The relevance of duality to optimization is contained in the following key remark.

Let x € C and y = (y1,...,yn) € R} be any pair of feasible solutions of the primal and
dual programs respectively. Then, by duality, (x,po + >y yipi) > 0 and thus

.%'p() Zyz xpz = Zyzz
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since y; > 0 and (z,p;) < §;. Therefore, one has

n

(@,po) > p > p" > = uidi.
=1

Suppose now that z* and y* is a pair of feasible solutions such that equality (z*,pg) =
— >, yrd; holds. Then both optimization problems are solved, and their solutions
satisfy

p = (po,x*) = p" = —(0,y").

Thank to this observation, one can give a criterion for an element contained in the
“strict border” of the convex domain (i.e. an element where all scalar product inequalities
are equalities) to be a minimizing element.

Proposition 31. Let x* € C be a feasible solution of the primal program such that (z*, p;)
; for 1 <i <mn (equalities instead of inequalities). If there exists y* = po+ > ;i Yipi €
C* a feasible solution of the dual program (i.e. yf > 0 for 1 < i < n) which is orthog-
onal to x*, then the minimum (resp. mazximum) of the primal (resp. dual) program is
attained at x* (resp. y*) and one has p = p* = (po, z*).

Proof. The facts that (z*,y*) = 0 and that (z*,p;) = ¢; for 1 <i < n imply that

n n
<.Z'*,p0> - Z _y: <m*7pi> - Z _y;(;u
i=1 i=1
so that one can conclude using the remark preceding the Proposition. O

To sum up, an element z* of the “strict border” of the domain is a minimizing
element provided that there exists an element y* in the dual of the domain which is
orthogonal to z*. In this situation, we choose to give a name to y*:

Definition 32. If (x*,y*) € C x C* satisfies the hypotheses of the preceding proposition
we say call y* a certificate for x* being a minimizing element of the primal problem.

A.2 Real symmetric positive semi definite Toeplitz matrices

In this section, we gather some known results on the euclidean structure hiden behind a
real symmetric positive semi-definite Toeplitz matrices T, (xo,. .., Tp—1) of rank r. Our
main reference is Bakonyi and Woerdeman’s book [ |. More precisely, this section
can be seen as answers to Exercises 15 and 20 of Chapter 1.

As usual, for a symmetric real matrix S, the notation S > 0 (respectively S >
0) means that S is definite positive (respectively semi-definite positive). Recall that
any matrix S > 0 of size n an rank r is the Gram matrix of the column vectors
V1,...,Vp of its square root S2 (| , Cor 7.2.11]). In particular, there exists an
euclidean space (E, (-,-)) of dimension r and a family of vectors v1,...,v, € E such
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that Gram(vy1,...,7v,) = 5. If r = n, that is if S > 0, then S is nothing else than the
matrix of the scalar product in the basis (7;)1<i<n.-

In order to shorten the statements, we need to introduce some notations for some
specific matrices, where the index is the size of the matrix.

Zo O O |
Toeplitz To(xoy .. Tp_1) = 1
Tl
Tpn—-1 -+ X1 Zo
Diagonal M !
iagona _ _
anti-diagonal Du(As - An) = =
An 1
1 & 5?”*1
Vn,m(517 7571) =1 :
Vandermonde 1 g, - Enm_l
Va(ets..oyen) = Van(er, ... en)

A.2.1 Rank of real symmetric, positive semi-definite, Toeplitz matrices

The rank of a symmetric semi-definite positive Toeplitz matrix can be characterized as
follows.

Lemma 33. Let T, (xo,...,2n—1) be a (non zero) real symmetric, positive, semi-definite
Toeplitz matrix. Then its rank is equal to the size of largest non-zero leading minor
(obtained by keeping the first lines an columns), that is

tk (T (20, - #n-1)) = max {Det(T(wo, .-, Tm-1)) # 0}

Proof. As already noted, one can consider an euclidean space (E, (-,-)) of dimension r
and 71, ..., € I such that

Gram(y1,...,Vn) = Tn(xoy ..., Tp-1).

Necessarily g # 0 since otherwise we would have (v;,v;) = 0, that is 7; = 0, for every 1,
hence T,,(xo, ..., zn—1) should be zero, in contradiction with the assumption. The max
in the lemma is thus well defined, say equals s. By definition, one has

Gram(y1,...,7s) # 0 and Gram(7y1,...,7vs+1) =0
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in such a way that the family ~1,...,7s is free while the family ~1,...,vs+1 is not. It
follows that vs41 € @;_; Rv;. Using the Toeplitz structure, we know that

Gram(ys, ..., Ys+1) = Gram(yi,...,7s) # 0,

so that the family vo,...,7vs41 is free and that @;_ | Ry; = @fizl R~;. Step by step,
we deduce that the full family ~1,...,7, has rank s and that T, (xo,...,x,) has also
rank s. ]

A.2.2 A first isometry: the switch

Let T, (g, ...,zn—1) be a real symmetric Toeplitz matrix. An easy calculation shows
that
InTndn =Th. (51)

Suppose that T),(zo,...,Zn—1) > 0 and that it is the defining matrix of a scalar product
in the basis (7;)o<i<n—1 on the vector space E = EB?;OI R~;. Then formulae (51) means
that the so called switch linear map defined by

Yi 7 Yn—1—i

is an involutive isometry of E. Let us denote it by sz or by s. Since s? = Id, the space F
decomposes into a direct sum F = E[1] @ E[—1] of the two orthogonal subspaces E[+1],
the two eigenspaces corresponding to the eigenvalues £1. This decomposition is made
explicit in the next lemma. We choose to state this lemma in the little more general
context of semi-definite Toeplitz matrices.

Lemma 34. Let Ty,1+1(xo,...,x,) = Gram(vg,...,7,) be a symmetric Toeplitz semi-
definite positive matriz. Then the family (v))o<i<n defined by

Yn—1 +"/n+l _ Yn—1—"Yn+l1
Jo+n 2 T2 Y0—n i if n is odd
(fy’ ’y/)_ N LR 7 AR 7 if n1s o
0 PR —_—
o SO P S Wil S RPN P & ) 21 NPT O I
\/§ AR \/i 7757 \/i AR \/5

is such that the two sub-spaces Vect(7, . .. ,'y’LQJ) and Vect(’y/LﬂJH, ..y7h) are orthogo-
2 2
nal and thus

Gram (76,...,7’@) 0

Gl“am ’y,;"'?’)/;l =
( 0 ) 0 Gram (')/L%J_;'_la?’}/;l,)

Moreover, one has

DetGram (7o, - . .,Vn) = DetGram ('y(’), e ,'yfl)

= DetGram (76, . ’ﬂ%J) x Det Gram (V/L%Hl’ . ,’Y;L) .
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Proof. One way to rephrase the fact that the symmetric matrix is Toeplitz is to say that
for every 0 <i,j <mn, (vi,7;) = };—;|. Therefore, if 0 <4,j < %, one has

i+ Wnis W5 = Yn=i) = Dl = Vlim(ng)| F LYn-i)—5] ~ Fl(n—i)~(n—3)|
= Tli—j| = Ln—(i+5)] T Lln—(i+5)] ~ i~
=0

If moreover n is even then <7% Y5 — yn,j> = 0forall0 < j < §. The form of Gram (vy, ..., 7;,)
follows.

The equality between the determinants of the two Gram matrices is due to the fact
that the change of bases matrix from the family (7;)o<i<n to the family (7/)o<i<n, is an
unitary one. O

A.2.3 Singular bordered Toeplitz matrix

Let T, (xo, ..., 2n—1) > 0 be a real, symmetric, positive definite Toeplitz matrix of size n.
First, we prove that there exists only two values xff € R such that the bordered Toeplitz
matrix T,41(w0, ..., Ty 1,7, ) is positive semi-definite of size n + 1 and of rank n.

Lemma 35. Let T),(zg,...,zn—1) = Gram(7o,...,Yn—1) be a real, symmetric, positive
definite, Toeplitz matriz where (E,(-,-)) is an euclidean space with base (Vi)o<i<n—1-
There exist two (eventually equal) v;F € E such that

Gram(yo, s In—1, ’77:1:) = TﬂJrl(‘TO’ <oy Tn—1, '1"7:‘7,:)
is still a Toeplitz matriz of same rank n. Moreover, the two possible upper-right and
lower-left coefficients x¥ = (yo,7E) are related by

" _ . DetGram (y0,...,Vn-1)
Ty — T, =2
DetGram (7, . . ., Yn—2)
In this situation, Ty, +1(xo,. .., zy) is called a singular bordered Toeplitz matriz.

Proof. The elements v € E satisfying the conclusion of the lemma are characterized by
<7”YZ> = Tn—i, 1 S 1 S n— 17 <’Y7r)/> = Xo,

and the new coefficient is then x,, = (7,70). Certainly, there exists a unique element
of the hyperplane ' = ED?:_ll R~;, satisfying the (n — 1) first conditions. We denote
by 7 : E — E the orthogonal projection onto F' and by sp : F — F the “switch”
isometry defined on the subspace F'. Then sp(mp (7)) is this unique element of F', since
for every 1 <7 < n — 1, one has

(sr(mr(70)),7i) = (mF(70), 57 (7)) (since sp auto-dual)
= (7r(70) Yn—i) (by definition of sp)
= (Y0, Yn—i) (since v0 — mr(0) € F*and v,_; € F)
= Tn—j
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The orthogonal line F* is generated by 9 — 7r(70) and any element vy of the whole
space E such that (v,7;) = z,—; for every 1 < i < n — 1, must be of the form v =
sp(mr(0)) + A (0 — mr(y0)) for some A € R. Adding the last condition (vy,7) = zo
leads to

o = ||sr(mr(10)) + A (30 — 7r(30))I1* = lmr(30)lI” + X 170 — 72 (v0) I
= [lmr (1) I” + 70 — 7F (30)I?

and thus A = +1. The two choices are thus v = sp(7r(70)) £ (70 — 7#(70)), and

zr = (v, %) = (sp(mr(0)) £ (Yo — T#(70)) , Y0)

= (1r(0), s7(1r(70))) £ 0 — 7r (70)II°

By difference, ;7 — z;, is related to the norm |9 — mp(70)|| which is nothing else than
the distance of 7y € E to the subspace F. This distance is known to be equal to the

ratio of the two Gram determinants:

+ DetGram (’YOa st 777171)

a) —ay, =2y — 7r()|° =

" DetGram (V1 -+ s Yn—1)
DetGram (7o, - - -, Yn—1)

" DetGram (Y05 - -+ Yn—2)’

the last equality coming from the Toeplitz structure of the family (7o, ..., Yn—1). O

A.2.4 A second isometry

In this section, we study the resulting Toeplitz matrix of the previous lemma, that is a
semi-definite Toeplitz matrix having a kernel of dimension 1.

Theorem 36. Let T,,11(xo,...,x,) = Gram(yo,...,vn) be a real, symmetric, positive
semi-definite Toeplitz matriz of size (n+1) and of rank n, where (E, (-, -)) is an euclidean
space with basis (V;)o<i<n—1- Let (ag,...,an) € R"™ be non-zero element of its kernel

and let P = a, X™ + - +ag € R[X]. Then:

(i) The coefficient a,, is non zero, v, = —é (An—1Yn—1+ -+ aoy), and the linear
map defined by

Vi Yit1, 0<i1<n-—1
s an 1sometry which has P as minimal and characteristic polynomial.

(i) The polynomial P(X) has n distinct complex roots €1, ... e, € C all of norm 1.

(iii) Let Py,...,P, € C[X] the unique interpolation polynomials of degree < n sat-
isfying Pi(ej) = dij. The family (P;(u)(70))1<i<, 8 an orthogonal basis of the
hermitian space E Qp C.
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(iv) The Toeplitz matrices factorizes as

Zo Ty o Tn-—1 1

. . . — — )\1 1 €1
= X X
T
1 =n—-1  —n-1 An L en
Tp1 - T o €1 En

where \; = ||R-(u)(’y())||2 € Ri. For any 0 < k < n, one has x, = (y0,Vk) =
Yoy )\Z-Ef and more generally,

n

(A(u)(0), Bu)(10)) = D NiAle) B(ei)

=1

for all A, B € C[X].

Proof. By lemma 33, the matrix T, (xo, ..., Zn—1) is non-singular and thus a,, # 0. More-
over, one has apyy + -+ - apyn = 0. The fact that Gram(yo, ..., ) = Tht1(Zo, ..., Zn)
implies that (v;,v;) = x,_;| for all 0 <i,j < n. By definition of the map u, one has

(u(i), u(v5)) = (it V+1) = T)+1)-G+1)| = Tij| = (Vi)
for all 0 < 4,7 <n — 1. Therefore u is an isometry. Moreover,

agyo + -+ + anyn = 0 = agyo + a1u(y) + - - + apu(y0) =0
= (apld +aru + - -+ a,u") (v0) =0
= (apId +aju+ - +au™) (v;) =0 Vi>0 (apply u').

We deduce that P(u) = apld+aiu + -+ + apu™ = 0, and P must be the minimal
polynomial of u otherwise the family (7;)o<i<n—1 would not be free. This means that
the vector space FE is a cyclic space under u, that is E' ~ R[X]/ (P(X)), the isomorphism
being defined by X mod P — 7. Under this isomorphism, the multiplication by X mod
P acting on the right space corresponds to u acting on E, from which item (i) follows.

Since P is the minimal polynomial of an euclidean isometry, all its complex roots
must be simple and of norm 1, so that item (i7) holds true.

As an euclidean isometry, u is diagonalizable over C. So let us extend the scalar to C
and work in £ ®g C with the hermitian form defined by the matrix T},(zo, ..., Zy—1) in
the basis (7i)o<i<n—1. The interpolation polynomials P, ..., P, € C[X] are explicitly

given by
X —¢;
P(x)=]] 2
’L( ) ..Ei_gj’
JFi

and thus P divides (X —¢;) x P;. We deduce that (u—e¢; Id)o Pj(u) = 0. Applying the left
endomorphism to 7o leads to u (Pi(u)(v0)) = €iP;(u)(70). The family (Pi(u)(70))1<i<n
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is thus a family of eigenvectors of u associated to the eigenvalues (&;)1<i<pn. This must
be an orthogonal basis, as stated by item (7i7):

E @p C = CPi(u)(10) with (Pi(u)(70), Pj(u)(70)) =0, Vi#j.
i=1

It follows that the matrix of the hermitian product in this basis is diagonal

A
i = [|P(w)(70)]* > 0
Mat () (P (0)s<icn) = b o It
An
Now, it is well known that the inverse of the Vandermonde matrix V,,(e1,...,&,) is the
matrix whose columns are made of the coefficients of the polynomials P, ..., P,, the

bases-change formula for sesquilinear hermitian forms gives item (iv):
To(zo, .. 1) = Vi(E1, ... En) X DA,y An) X Vi(er, ..., en).

This can be re-written z = >, Aisf for every 0 < k < n—1. More generally for every
polynomials A, B € C[X] of any degree, one has:

(A(u)(20), B(u)(70)) = ((A mod P)(u)(70), (B mod P)(u)(70))

n n

= Ai(Amod P)(&;)(B mod P)(g;) = Y _ \iA(e:)B(e:)

=1 =1

since (A mod P)(g;) = A(g;) for every 1 < ¢ < n. This completes the proof of Theo-
rem 36. O
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