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Non-localised Poisson functionals and
shot noise excursions

Raphaél Lachieze-Rey ,

1 Université Paris Descartes, MAPS5, 45 Rue des Saints-Péres, 75006 Paris, e-mail:
raphael.lachieze-rey@parisdescartes.fr

Abstract: This article presents a complete second order theory for a large
class of geometric functionals on homogeneous Poisson input. In particu-
lar, the results don’t require the usual stabilisation property, or localisa-
tion property, or quasi-locality in statistical physics. Hence they can be
applied to geometric functionals of spatial shot-noise fields excursions such
as volume, perimeter, or Euler characteristic (the method still applies to
stabilising functionals). More generally, it must be checked that a local con-
tribution to the functional is not strongly affected under a perturbation of
the input far away. In this case the exact volumic variance is given, as well
as the likely optimal speed of convergence in the central limit theorem. This
goes through a general mixing-type condition that adapts nicely to both
proving asymptotic normality and volumic variance.

Keywords and phrases: Poisson functionals, Shot noise fields, random
excursions, central limit theorem, stabilisation, Berry-Esseen bounds .
MSC 2010 subject classifications: Primary 60D05,60G60,60F05.

1. Introduction

Let (Q,.27,P) be a probability space. Denote by ¢ the Lebesgue measure on
R<. Let 1 be a homogeneous Poisson process on RY, and {Fw (n); W C Z%} a
family of geometric functionals. We give general conditions under which Fyy ()
has a variance asymptotically proportional to oZ|W| for some o9 > 0, and
Var(Fy (n))~Y?(Fw — EFy (n)) converges to a Gaussian variable, with a Kol-
mogorov distance decaying in |[W|~1/2, as [WW| goes to occ.

Marked processes The model is even richer if one marks the input points by
random independent variables, called marks, drawn from an external probability
space (M, 4, 1), the marks space. It can be used for instance to let the shape
and size of grains be random in the boolean model, or to have a random impulse
function for a shot noise process. For A C R?, denote by A = A x M the cylinder
of marked points x = (z,m) with spatial coordinate z € A. Endow R¢ with
the product o-algebra. The reader not familiar with such a setup can consider
the case where M is a singleton, and all mark-related notation can be ignored
(except in applications). By an abuse of notation, every spatial transformation
applied to a couple x = (x,m) € R9 is in fact applied to the spatial element, i.e.
x—y=(x—y,m)forycRY orfor ACRIx M,C CR4 ANC = {(z,m) €
A : 2 € C}. Denote for simplicity by dx = dzpu(dm) the measure element on
(@, ¢% x 11). In all the paper, 1 denotes a Poisson measure on R with intensity
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measure £¢ x j. We also assume that all additional random variables introduced
in the paper live on the same probability space, up to expanding it.

Functionals Let A be the class of locally finite sets of R? endowed with the
topology induced by the mappings ¢ — [(NA| for compact sets A C R4, where |-|
denotes the cardinality of a set. Functionals of interest are not properly defined
on every ¢ € A, so we restrict them to some 4j C A such that P(n € A)) = 1,
and call .4/ the class of configurations ¢ € A such that ¢ C n U ¢’ for some
n € A and finite set ¢’. Let F be the class of real measurable functionals on
A . For W C Z¢ finite, we consider a functional of the form

Fw(¢) = Y FY(Q).¢ e, with BY(¢) = Fo(CNW —k), k€W,  (L1)
kew

where Fy € F and W = Upew (k +[0,1)%). Tt might also happen that 7 occurs
on all the space but only contributions over W are considered: introduce the
infinite input version

Fp(Q) = Y Fi(¢),¢ € A, with Fx(¢) = Fo(¢ — k), k € Z°. (1.2)

keWw

A score function is a measurable mapping £ : M x .4~ — R such that

Fg:¢mr > Em( ), (13)

x=(xz,m)e¢N[0,1)?

is well defined on ¢ € .47, which yields that Fyy (¢) is the sum of the scores of all
points falling in W. Use &(¢) instead of £(m; ¢) if no marking is involved (i.e. M
is a singleton). It is explained later why some shot noise excursions functionals
also obey representations (1.1)-(1.2). In this paper, we identify a functional
F : 4 — R with the random variable that gives its value over n : F = F(n),
even if F' will be applied to modified versions of 7 as well.

Non-degeneracy of the variance Let Q, = [—a/2,a/2)% Qs = Qa N
7%, a > 0. Define in all the paper, for ¢ C R%, 0 < a < b,

(=CNQyNQ;, (=¢NQ; ¢ =N

A condition that seems necessary for the variance to be non-degenerate is
that at least on a finite input and a bounded window, the functional is not
trivial: for some ¢ > p > 0, P(|Fg,(n”) — Fg,(0)] > 0) > 0. We actually need
the stronger requirement that this still holds if points are added far away from
U
Assumption 1.1. There is v > p > 0,¢ > 0,p > 0 such that for § > ~
arbitrarily large

P (|Fo;(ny) — Fo,(n” Uny)| = ¢) = p.
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Observation window In many works (e.g. [20],[14, Chapter 4]), the obser-
vation windows consist in a growing family of subsets B,,n > 1 of R?, that
satisfy the Van’Hoff condition: for all r > 0,

(4OBE) tY(B,) — 0, (1.4)

asn — oo, where B®" = {z € R? : d(x, B) < r} for B C R%. We rather consider
in this paper, like for instance in [24], a family # of bounded subsets of Z<¢
satisfying the regularity condition

Oz W] _ 0, (1.5)

s
where 0z.W is the set of points of W at distance 1 from W€, and consider a
point process over W. In the large window asymptotics, condition (1.5) imposes
the same type of restrictions as (1.4), and using subsets of the integer lattice
eases certain estimates and is not fundamentally different. In the case where
boundary effects occur (by observing 7 N W instead of 1), stronger geometric
conditions will be required. To this end, let B,.,r > 0, be a family of measurable
subsets of R? such that for some 0 < a_ < ay, B(0,a_r) C B, C B(0,a7),
where B(z,r) is the Euclidean ball with center x € R? and radius 7 > 0. Let
also B,.(r) = x + B,,r € R%. We set similarly as in [20, Section 2],

By, ={W —k: ke W,BSN (W — k) # 0}, W c Z4,

w= U By u{RrY.
Wwew

Background The family of functionals described above is quite general and
covers large classes of statistics used in many application fields, from data anal-
ysis to ecology, see [14] for theory, models and applications. We study the vari-
ance, and Gaussian fluctuations, of such functionals, under the assumption that
a modification of n far from 0 modifies slightly Fy(n) (or £(0,7)). Most of the
general results available require a stabilization or localisation property : there
exists a random radius R > 0, with sufficiently fast decaying tail, such that
any modification of n outside B(0, R) does not affect Fy(n) (or £(0,7)) at all.
By stationarity this behaviour is transferred to any Fj, k € Z¢. This property
is sometimes called quasi-locality in statistical physics [22]. In the Euclidean
framework, the results of the present paper do not require stabilisation, and
hence extend and generalise most of the results available in the literature, see
[16, 14] and references therein (stabilising functionals can still be treated by the

present results, see Proposition 1.3).
We give general conditions under which functionals of the form (1.1)-(1.2)
have a volume order variance and undergo a central limit theorem, with a Kol-
mogorov distance to the normal given by the inverse square root of the variance.

We recall that the Kolmogorov distance between two real variables U and V' is
defined as

dy (U, V) =sup|P(U < t) — P(V < 1) (1.6)
teR
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Specified to the case where functionals are under the form (1.3) and the score
function is stabilizing, our conditions demand that the tail of the stabilization
radius R decays polynomially fast, with power strictly smaller than —8d, see
Proposition 1.3.

Main result The main theoretical finding of this paper is condition (1.8),
which is well suited for second order Poincaré inequalities in the Poisson space,
i.e. bounds on the speed of convergence of a Poisson functional to the Gaussian
law, and at the same time allows to prove non-degenerate asymptotic variance
under Assumption 1.1. The application to shot-noise processes in the following
section illustrates the versatility of the method. The results can be merged into
the following synthetic result, whose proof is at Section 3.2. For two sequences
{an;n = 1}, {by;n > 1}, write a,, ~ b, if b, # 0 for n sufficiently large and
anb, ! — 1 asn — oo. Also, in all the paper, k denotes a constant that depends
on d,a,ay,a—, whose value may change from line to line, and which explicit
optimal value in the main result could be traced through the different parts of
the proof. If it is well defined, for Fj € F, let

a5 =Y Cov(Fy(n), Fx(n)). (1.7)

keZa

Theorem 1.1. Let Fy € F, Fy be defined as in (1.1), # = {Wy;n > 1}
satisfying (1.5). Let M7, M5 be independent random elements of M with law p.
Assume that for some Cy > 0, > 2d, forallr > 0,B € Bf,,/,ﬁd —a.e. x1,29 €
Rd? C - {(Ila Ml)v (x27 MQ)}

(BIR(UONB.NB) - BuonB)) <cirn™ 18

and Assumption 1.1 is satisfied. Then 0 < 0¢ < oo, and as n — oo,

Var(Fyv,) ~ o3|Wal, (o8| Wal)™/*(Fw, — BFw,) == N
n—oo
where N is a standard Gaussian random variable N. Furthermore, for n suffi-

ciently large,

Fw —EFy 4 [(CE  C3  C}
d — = N | <k|W, /2 (20 4 20 4 0 1.9
A (Var(FWn)l/2 ’ ) KW o3 + os + oh (1.9)

Let us now give the version with infinite input, which is more simple to satisfy
due to the absence of boundary effects, except for the power of the decay:

Theorem 1.2. Let Fy € F, F}, be defined as in (1.2), # = {Wy;n > 1}
satisfying (1.5). Let My, Ms, be independent random elements of M with law .
Assume that for some Cy > 0, > 5d/2, for all » > 0,0% — a.e. 21,29 € R?, ( C
{(z1, My), (x2, M2)}

1/4
(BIR(nUQNB) - RmUQ') <Co+n™,  (110)
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and Assumption 1.1 is satisfied. Then 0 < 0¢ < co (defined in (1.7)), and

Var(Fy, ) ~ og|Wal,  (o3|Wal)™V?(FYy, — EFyy, ) =% N
as n — 0o. Furthermore, for n sufficiently large
F,, —EF, c: o3 (4
d W T W N < W, YR 2L 20 20 1.11
# (Var(F{,Vn)l/2’ ) K[ Wh| p= + = + = (1.11)

Remarks 1.1. 1. The application to score functionals (see (1.3)) goes as
follows: let M;,0 < i < 6 be iid marks with law p, and assume that
€:M x A — R satisfies for all » > 0, B € By, zo € [0,1]%,¢ C R with
at most 6 elements,

(Ble(Mo. (1UQ) N BB, — 20) — €M, (U N B~ x0)[') < Col1+7)™
(1.12)

then the functional Fy = F§ defined in (1.3) satisfies (1.8). To see it, let
x; = (z;, M;) be the elements of (. Fix ¢1 C {(z1, M), (z2, M2)}, apply
Lemma 5.1 (with » = 0) to

Y((z0, Mo),¢") = Lizeeoayey 1€(Mo, (C"UG) N BN B, — xo)
—&(My, (' UG) N B —x0)|,¢ € 4,20 € RY

It yields

4\ 1/4
(BIR(muc)nBB) - R@uanB)l') <[B] 3 v

x€nn|o,1]4
<kCo(l+71r)™

for some Cy > 0, hence (1.8) is satisfied. In this framework the asymptotic
volumic variance is the finite quantity

o5 = E&(Mo;n)* + /Rd (E[&(Mo,n U {(x, My)DE(M1,n U {(0, Mo)} — )] — [E[E(Mo; n)]]*)dz,

see for instance (4.10) in [14].

2. A variant of stabilisation, called strong stabilisation, occurs when the add-
one cost version of the functional is stabilising instead of the functional
itself. Penrose and Yukich derived variance asymptotics and asymptotic
normality [20] in such a context. In our context, let 1’ be an independent
copy of n, and for r > 0, n, = (nN B, )U(n’ NBE). Assume that a functional
has a strong stabilisation radius with the tail decaying as a sufficiently
low power of 7. In this case, (1.8) needs to hold with the left hand mem-
ber replaced with E (|Fy((nU ) N B) — Fy((n- U¢) N B)[*) . Then, going
through the proofs of Theorems 2.1 and 3.1, one should be able to prove
that the Berry-Esseen bounds and variance upper bounds still hold.
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3. Regarding variance asymptotics, recent results can be found in the litera-
ture, but the assumptions are of different nature, either dealing with differ-
ent qualitative long range behaviour (i.e. strong stabilization in [20, 16]),
or different non-degeneracy statements [18], whereas Assumption 1.1 is a
mixture of non-triviality and continuity of the functional on large inputs.

4. Similar results where the input consists of m,, iid variables uniformly dis-
tributed in W,, with m,, = |W,|, should be within reach by applying the
results of [15], following a route similar to [16].

Shot-noise excursions Let {g,,;m € M} be a set of measurable functions
not containing the function g = 0 indexed by some probability space (M, .4, ).
Let 1 be a Poisson process with intensity measure £¢ x p on R9. Introduce the
shot noise processes with impulse distribution p by, for ¢ € A,

fely) = Z gm(y —2),y € RY. (1.13)

x=(z,m)e(

Conditions under which f¢ is well defined on Poisson input are discussed in
Section 4, along with a proper choice for .45. Given some threshold u € R, we
consider the excursion set {fc > u} = {x € R?: f¢(x) > u} and the functionals
Cr 0 fe 2 u} W), ¢ = Per({fe = u}; W), where for A, B C R%; Per(4; B)
denotes the amount of perimeter of A contained in B in the variational sense,
see Section 4.2. The total curvature, related to the Euler characteristic is also
studied in Section 4.3 for a specific form of the kernels.

A shot noise field is the result of random impulse kernels translated at random
locations in the space. It has been introduced by Campbell to model thermionic
noise [10], and has been used since then under different names in many fields
such as pharmacology, mathematical morphology [17, Section 14.1], image anal-
ysis [13], or telecommunication networks [3, 2]. Biermé and Desolneux [6, 8, 7]
have computed the mean values for some geometric properties of excursions.
More generally, the activity about asymptotic properties of random fields ex-
cursions has recently increased, with the notable recent contribution of Estrade
and Léon [11], who derived a central limit theorem for the Euler characteristic
of excursions of stationary Euclidean Gaussian fields. Bulinski, Spodarev and
Timmerman [9] give general conditions for asymptotic normality of the excur-
sion volume for quasi-associated random fields. Their results apply to shot-noise
fields, under conditions of non-negativity and uniformly bounded marginal den-
sity, which can be verified in some specific examples. We give here the asymptotic
variance and central limit theorems for volume and perimeter of excursions un-
der weak assumptions on the density, as illustrated in Section 4. Still, a certain
control of the distribution is necessary, and we provide in Lemma 4.2 a uniform
bound on sup,cg 550(01n(8)) " P(f,(0) € [v — d,v + d]) when f is of the form

felw) = glllz — i) (1.14)

il
where ( € A, and x;,i € I, are the (random) spatial locations of its points, with
g a smooth strictly non-increasing function (0,00) — (0,00) with a derivative
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not decaying too fast to 0. Our results allow to treat fields with singularities,
such as those observed in astrophysics or telecommunications, see [2].

Let M be the space of measurable subsets of R?. The results of Section 4
also apply to processes that can be written under the form

fol@) = Lil{g_peny x € RY (1.15)

i>1

where the (L;, A;),i > 1 are iid couples of Ry x M, endowed with a proper o-
algebra and probability measure, see Section 4.3. Such models are called dilution
functions or random token models in mathematical morphology, see for instance
[17, Section 14.1], where they are used to simulate random functions with a
prescribed covariance.

1.1. Stabilization and nearest neighbour statistics

Let us transpose our results in the case where the functional stabilises.

Theorem 1.3. Let # = {W,;n > 1} be a class of subsets of Z?. Let Fy be
defined as in (1.1) (resp. as in (1.1)-(1.3) with Fy = F{ for some score function
€). Assume that for x; € R, M; independent with law 1,7 > 1,¢ C {(xi, M;);i =
1,...,6},7 =nU{, there is a random variable R > 0 such that almost surely,
forr > R, B € B,

Fo(n' N B, N B) =Fy(n' N B). (1.16)
(resp. £(m,n' N B, N B —x) =£(m,n N B —x),(x,m) €ennl0,1]¢) (1.17)

Then (1.8) is satisfied if for some p,¢ > 1 with 1/p+ 1/¢g = 1, R’s tail has a
polynomial decay in r~8%~¢ for some ¢ > 0, under the moment condition

sup  E[Fy(n NnBNB)[" < oo
r>0,BEBY,
(resp. sup E|¢(My,7 N BN B, —x0)|* < ). (1.18)
7>0,BEBY, w0 €[0,1]4

For the infinite input version, “NB” should be removed from (1.16) (resp.
(1.17)), and the exponent —8dp — ¢ should be replaced by —10dp — &, and then
(1.10) would hold.

Proof. For r > 0, B € By, if (1.16) holds,

E |Fo(' N B) — Fo(f' N BN B,)|" =E1gs,y [Fo(if N B) — Fo(f N BN B,))[*

<P(R>1)"/" (E([Fo( 0B N B,)| + [Fo(n' 0 B))™)

1/q



R. Lachiéze-Rey/Non-localised geometric functionals 8
If Fy = F§, and (1.17) holds, for r > R

Fsf'nB,NB)= Y  &mun'NnB,NB-x)
(x,m)enn|o,1]4

= Z f(mﬂ?/ﬁB—x)

(@,m)ennio,1]4
=F5(n' N B),

and (1.16) holds. O

Remarks 1.2. 1. The variance non-degeneracy is a disjoint issue, Assump-
tion 1.1 has to be satisfied independently. Otherwise, if one is only inter-
ested in asymptotic normality, the above requirements can be weakened,
see Theorem 3.1.

2. The definition of a stabilisation radius often involves stability under the
addition of an external set, here denoted by ¢. A nice aspect of (1.16)-
(1.17) with respect to classical results is that ¢ does not depend on 7, i.e.
¢ does not in general achieve the worst case scenario given 7. On the other
hand, in the finite input version, one has to deal here with the intersection
with B € B),. See Example 1.1 for an application to nearest neighbour
statistics.

3. Asymptotic results for stabilizing functionals have been derived in nu-
merous work, see the survey [14, Chapter 4] and references therein. In
particular, Matthew Penrose first proved such results under polynomial
decay for the stabilisation radius.

Example 1.1 (Nearest neighbours statistics). Given ¢ € 4,2 € R% de-
note by NN (z;() the nearest neighbour of x, i.e. the closest point of ¢ \ {z}
from x, with ties broken by the lexicographic order. Define recursively for
k > 1 NNi(z;¢) = NN(2;¢ \ U NNi(2;¢)), with 2 = NNy(x;¢), and
NNg¢i(r;¢) = UF_ NN;(z;¢). Fix k > 1 and call neighbours of z within ¢
the set Ny (z; () consisting of all points y € ¢ such that + € NN¢g(y,(U{z}) or
y € NNgp(z; (). Straightforward geometric considerations yield that the cardi-
nality of Ny (z; () for some z € ¢ is bounded by a deterministic number v, 4 not
depending on (. Below we assume k and d are fixed and put v = v}, 4.

Let then ¢ be a real functional taking in argument finite subsets of R¢, and
define the score function, for ¢ € A,

€0 = {w(Nk(O;C))

0if [¢] < .
Assume that for each j > 1, the induced mapping on (R%)7, 3; : (z1,...,2,) —
©({z1,...,2;}), is measurable. The simplest example would be for k = 1 the

functional ¢(A) = %ZyeA [yll, so that Fw () = >, (¢ — z) gives the total
length of the undirected nearest-neighbour graph of (. Notice that no marking

is involved in this setup. Such statistics are used in many applied fields, in
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nonparametric estimation procedures, or more recently in estimation of high-
dimensional data sets [19]. Many asymptotic results have been established since
the central limit theorem of Bickel and Breiman [4], see for instance [20, 18, 16].

Theorem 1.4. For n > 1, let

G, = Z (N (23170 Qpiva)).

906770@"1/d
Assume that there is C,c > 0,u < d/4 such that for all zy,...,z, € R,

o{x1,...,2,}) < Cexp(cmlaxH:viH“) (1.19)

and that ¢ does not vanish a.e., i.e. p({z1,...,21}) # 0 for (z1,...,2;) in a
non-negligible subset of (R?)*. Then Var(G,,) ~ nog, with o¢ > 0 explicited in
Remark 1.1, and n~'/2(G,, — EG,,) converges in law to N'(0,0¢), with bounds
on the Kolmogorov distance proportional to n=/2,

For power length functionals, up to the exact shape of the observation win-
dow, this theorem generalizes some results appearing in [20, 18, 16].

Proof. Call hypercube a set of the form z + [—a,a]? for some z € R% a > 0.
For this proof we choose B, = [—7,7]%, 7 > 0 (hence a_ = 1,a, = V/d). Let
ap € (0,1/4) and Q; = x; + [—ag,a0]?,i = 1,...,q be hypercubes contained
in By \ B, /2vd such that the following holds: for all hypercube B that touches
B, 5 g and Bf and y € BN B(0,1)¢, there is ¢ such that Q; C (BN B(y, [|y]))-

Let Q) = x; + [—ao/2, ao/2]* and
R =min{r > 2Vd(1+1/ao) : [nNrQ}| > k for every i =1,...,q}.

The fact that R := v/d(R + 1) is a stabilization radius in the sense of (1.17) is
implied by the following claim:

Claim 1.1. Let » > R’ ,B € B}, ,x € B;. All elements of N;(0,7' N B — x) are
in B(0,VdR).

Proof. Let y € ' N (B — x) be such that 0 € NN¢y(y, (n' N B — z) U {0}).
Assume that y ¢ B(0,R), hence y € (B — x) N B(0, R). Since B N BS # 0,
(B—xz)NB:_ o #0,and (B—=z)NBf #0.0 € Byields (B —2) N By # 0 for
t > 1, hence for t = R/2v/d. Tt follows that there is i such that B(y, |ly||)N(B—x)
contains RQ;. Since n has (at least) k points in RQ; and RQ, — x C RQ;
(using Rag/2 > V/d), n — x has k points in RQ;, hence (' N B —z) N B(y, ||yl
contains at least k points, and they are all closer from y than 0, which contradicts
0 € NN¢i(y, (n N B —x)U{0}). This proves y € B(0, R).

For every i, RQ; contains k points of 7 that are in Bg, hence in B(0, R’),
hence NN¢,(0,7” N B —z) C Bp. O
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The claim implies that N (0,7’ N B —x) = Ni(0,7 " BN B, —x) for r > R'.
We have for r» > 0,

P(R>7) <Y P(InnrQ| <k —1) < xrlk-DdeA"

i=1

(for some A, X > 0), which has subpolynomial decay, and a similar bound holds
for R'. For the moment condition, note that for » > 0, the neighbours of 0 in
17N B, N B —x are at most at distance R’, hence, in virtue of (1.19), uniformly
inr, B, for ¢ > 0,

E|¢(n' N B, N B — 2)[*"¢ <CEexp(cR’)*e)v

and this quantity is finite if € is chosen such that (4+¢)u < d, and (1.17)-(1.18)
hold, hence (1.8) holds.

Let us check Assumption 1.1. Let A C (R%)* be such that ¢, > 0 on A
and A C int(Q’;) for some p > 1. Hence there is ¢ > 0 such that for 6 > p,
p = P(|Fg,;(n”)| = ¢,|n”| = k+ 1) > 0 does not depend on 4. It is clear that
for v > 3p,x € n, if |n?| = k+ 1, NN¢i(x;n” Un,) C n°. Reciprocally, if for
x €1y |B(z,y —p)Nny| > k+ 1, 2 has no nearest neighbour in 7. If the two
latter conditions are satisfied, Fi;(n” Un,) = Fo, (1) + Fg, (1), where § > 7.
Hence

P(|Fg; (ny) — Fos(ny UnP)| = ¢) = P([Fq;(ny) — Fos(ny UnP)| = ¢, [n’| =k +1)

>P(|Fo,()| > eI’ =k+1)— > P(nnB(k,y—p+1)|<k)
keQs\Q~

>p— Y km* T Ck(y = p+ 1)F exp(—r(m — p+1)%).

m=y

For v > 3p sufficiently large (and any 6 > ), the last term is smaller than p/2,
hence Assumption 1.1 is satisfied. O

1.2. Further applications and perspectives

An important part of the paper is devoted to shot noise excursions, but the
results should apply also to most stabilizing models studied in the literature
(packing functionals, Voronoi tessellation, boolean models, proximity graphs),
see the example of statistics on nearest neighbours graphs above.

In some models, the independent marking is replaced by geostatistical mark-
ing , also called dependent marking or external marking: let m(z;7’),r € R? be
a random field measurable with respect to an independent homogeneous Pois-
son process 7’ on R?, and consider the marked process {(x,m(x,7)),z € n}
instead of the independently marked process. Such a refinement is necessary to
model a variety of random phenomena, such as gauge measurements for rain-
falls or tree sizes in a sparse forest, see [23] and references therein. Labelling
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the points of  and 7’ with two different colors yields that n U’ has the law of
an independently marked Poisson process, hence our results could be applied to
appropriate statistics.

In the non-marked setting (M is a singleton), let @ > 0 be a scaling parameter,
and consider the random field X = (Xj.)pezq, where Xi = 1¢onn(k1[0,1)4)=0}, F €
7. X is an independent spin-model where the parameter p = P(Xy = 1) =
exp(—a) can take any prescribed value. Then all the previous results can be
applied to functionals of the form

Fy(X) =Y Fo(XNW —k)or Fy(X) =Y F(X — k),
kezd kezd

where Fj is some functional on the class of subsets of Z¢, with finite second
moment under iid Bernoulli input. Examples include also stabilising functionals
and excursions functionals, our findings might apply for instance to the results
of [22], where more general classes of discrete input than Bernoulli processes
are also treated. Seeing Fy (or Fyy,) as a functional of 7, the variance and
asymptotic normality results of Theorems 1.1-1.2 apply to Fy under conditions
of the type

(E|Fw (X' N B) — Fw (X' nBNB)|HYY4 < Co(1+71)7°,

where B, B, are like in (1.1), and X’ is obtained from X by forcing up to 2
spins Xy, X to the value 1 (the bound has to be uniform over k, k' € Z9).

2. Moment asymptotics

In this section, we give asymptotic results for second and fourth moments of a
geometric functional under general conditions of non-triviality and polynomial
decay. The fourth order moment is useful for establishing Berry-Esseen bounds
in the next section. The greek letter x still denotes a constant depending on
d,q,a,a_,as whose value may change from line to line.

Theorem 2.1. Let a > d,W C Z% Cy > 0. Let Fy € F.

Assume (i) that for k € W, GYY = FV, (vesp. (i°) for k € Z¢, G} = Fy) and
let Gw =Y, cw G = Fw (resp. Gw = FJy,) as defined in (1.1) (resp. (1.2)),
and for all r > 0, B € By, U{R%},

1/2
(BEIRGNB.NB) - RHNB)IF) <G+, (2.1)
(resp. for all r > 0,
9 1/2 —a
(BIRGNB) - RMm)P) < Col+1)7,) (2:2)
then for k,j € W (resp. Z%),
Cov(G}", Gy) < hCF(1+ [k =4I~ (2:3)

o8 = Z Cov(Fp, Fy) < o0,
kezd
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and oy > 0 if Assumption 1.1 holds. If W is bounded and non-empty,

W[~ Var(Gw) — 05| < KC§ (|05 W /[W )~/ (2.4)
If furthermore v > 2d

E (Gw — EGw)" < kCo(E(Fy — EFy)Y)* /4w 2. (2.5)

The proof is deferred to Section 5.1.

3. Asymptotic normality

We give bounds to the normal in terms of Kolmogorov distance, defined in (1.6),
or Wasserstein distance, defined between two random variables U, V as

dy (U,V) = Sup [E[h(U)] — E[R(V)]],

where Lip; is the set of 1-Lipschitz functions i : R — R.

3.1. Malliavin derivatives

It has been shown in different frameworks [18, 11, 16, 15] that, through inequli-
ties called second-order Poincaré type inequalities, Gaussian fluctuations of real
functionals can be controlled by some second order difference operators defined
on the random input. In the Poisson setting, this operator is incarnated by the
Malliavin derivatives. We define it here as it is a central tool in the theory back-
ing our results: for any functional F € F,( € .4, and x € R?, define the first
order Malliavin derivative Dy F' € F by

Dy F(¢) = F(CU{x}) — F(Q),
and for x,y € RY, e N, F € Fy, the second order Malliavin derivative is

D3 yF(Q) =D 1 F(¢) = Dx(DyF()) = F(CU{x,y}) = F(CU{x}) = F(CU{y}) + F(¢).

One can use this object to quantify the spatial dependency of the functional
F: a point y € R has a weak influence on a point x € R? for the functional F’
if its presence hardly affects the contribution of x, i.e. DxF(n) ~ DxF(nU{y}),
or in other words D} (F(n) = Dy(DxF(n)) ~ 0. The proof of the following
theorem is based on the result of Last, Peccati and Schulte [18], that asserts
that the functional Fyy exhibits Gaussian behavior as W — R, as soon as
Dy y Fy is small when x,y are far away, uniformly in W. The speed of decay
actually yields a bound on the speed of convergence of Fyy towards the normal.
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Theorem 3.1. Let W C Z¢ bounded. Let Gy € {Fw, F}};} as defined in (1.1)-

(1.2), with Fy € F, and let M, M’ ~ p independent. Assume that for some

Co > 0, either (i) GW = Fyw and for some o > 2d, for all k € W,a.a.x €
W —kaayeR 1y € {nnU{ly, M)}},
- 1/4

[E|D(I7M)F0(n’ nw - k))ﬂ <Co(l+]z])~%zeRE,  (3.1)

or (') Gw = Fj, and for some o > 5d/2, for a.a. z,y € RY o/ € {n,nU

{(y, M")}},
[E|Dean Fo)*]* < Co(1 + ||z]) @, 2 € R (3.2)

Then, o2 := Var(Gw) < oo, and if ¢ > 0, with Gy = o~ (Gw — EGw),

(G, N 5(22\/_+cga3|vv|)( (|3|Z;V‘T/|)a>, (3.3)

where a = 0 in case (i), and a = 2(a/d — 2) in case (i’). Let v := supy, (Gw —
EGw)*W|=2 € Ry U {00}, then

~ a W a
2 (Gw.N) < (Cgo_zx/|W|+C§o_3|W|+v1/4CS’U_4|W|3/2) (1+ (' Z ') )

Recall that (2.1) (or (2.2) in case (i’)) is a sufficient condition for v < cc.

The proof is at Section 5.2

3.2. Proof of Theorems 1.1 and 1.2

We prove Theorem 1.1 (resp. Theorem 1.2) using Theorems 2.1 and 3.1.

Let n > 1 be such that W = W,, is bounded and non-empty, Gy = Fyy (resp.
Gw = F|;), 0* = Var(Gyw ). Assumption (1.8) (resp. (1.10)) clearly implies (2.1)
(resp. (2.2)), and therefore (2.4) holds:

IW[~0® — a5 | < kCE(105aW|/IW])' .
LetyEdeEWxGW k,x = (z,M),n" € {n,nU{(y,M')}} as in (3.1)

(resp. (3.2)), n"" =0/ U{x},B=W —k (resp. B =R%),r = ||z||/a . Note that
x € B\ By, hence

DxFo(n' N B) =Fy((n' N B) U{x}) — Fo(n' N B)
=Fy((n" U{x})NB) — Fy(n' N B)
=Fo((n" U{x}) N B) = Fo((n" U{x}) N BN B;) + Fo((n' U{x}) N BN B,) — Fo(n' N B)
=Fy(n" N B) — Fo(n" " BN B,) + Fo(n’ " BN B,) — Fy(n' N B).
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Applying (1.8) (resp. (1.10)) twice with x; = z,z9 = y yields
/ 4\1/4 —«
(E[DxFo(n' N B)[*)" < Co(1+1)7,

hence (3.1) (resp. (3.2)) holds, and (3.3) holds. Since furthermore Assump-
tion 1.1 holds, Theorem 2.1 yields oo > 0, and for n sufficiently large, 0=2 <
2|W| Yoy 2, hence, with Gy = (Gw — EGw)(VarGy)~'/2, for n sufficiently
large, using also (1.5),

dy (Gw,N) < s|W|71/2 (C’gao_2 + 05’00_3) .
Finally, since (1.8) (resp. (1.10)) holds with o > 2d, we have furthermore (2.5):

v =limsup E (Gw, — EGw,, )" /|Wa|? < Co(E(Fy — EFp)*)/*.

n=1
Applying (1.8) with r = 0, B = R? gives E(F, — EFy)* < kC§. The bound on
Kolmogorov distance (1.9) (resp. (1.11)) follows easily by (3.4).
It remains to prove that GY;, := (02|W|)~Y/%(Gw — EGw) follows a central

limit theorem. We achieve it by proving that its Wasserstein distance to the
normal goes to 0. The triangular inequality yields

dy (G, N) <E ’G’W . GW] +dy (G, N)

1 1

<
oo/ |W]| V Var(Gw)

which indeed goes to 0 by (2.4).

E|Gw — EGw/|+ dy (Gw,N)

4. Application to shot-noise processes

Let the notation of the introduction prevail. For the process f, (see (1.13)) to
be well defined, assume throughout the section that for some 7 > 0,

/ / |gm (z)|dzp(dm) < oo, (4.1)
M JB(0,7)¢

and let 45 be the class of locally finite ¢ such that >, ) ccgm(2)] < 00,2 €

R?. The fact that n € 4 a.s. follows from the Campbell-Mecke formula.

We study in this section the behaviour of functionals of the excursion set
{ fn = u},u = 0. We use the general framework of random measurable sets.
A random measurable set is a random variable taking values in the space M
of measurable subsets of R%, endowed with the Borel o-algebra B(M) induced
by the local convergence in measure, see Section 2 in [12]. Regarding the more
familiar setup of random closed sets, in virtue of Proposition 2 in [12], a random
measurable set which realisations are a.s. closed can be assimilated to a random
closed set.



R. Lachiéze-Rey/Non-localised geometric functionals 15
4.1. Volume of excursions

For u € R fixed, W C Z%,¢ € 4, define
Fiv (Q) = O'({ oy 2w} NW), Fiy(C) = £({fe = u} N W).

A central limit theorem for the volume of a certain family of shot noise excur-
sions has been derived in [9], under the assumption that f,(0) has a uniformly
bounded density and [ |gm (2)|pu(dm) decreases sufficiently fast as [|z| — oo,
using the associativity properties of non-negative shot-noise fields. In some spe-
cific cases, the bounded density can be checked manually with computations
involving the Fourier transform. In this section, we refine this result in several
ways:

e A general model of random function is treated, it can in particular take
negative values, allowing for compensation mechanisms (see [17]). For u >
0, to avoid trivial cases we assume

p({m: gm = 0}) # 0. (4.2)

e The precise variance asymptotics are derived.

e Weaker conditions are required for the results to hold, in particular bounded
density is not needed.

e The likely optimal rate of convergence in Kolmogorov distance towards
the normal is given.

e Boundary effects under finite input are considered, in the sense that only
points falling in a bounded window (growing to infinity) contribute to the
field. The case of infinite input is also treated.

The application to shot noise excursions is a nice illustration of the versatility
of the general method derived in this article. We give examples of fields with no
marginal density to which the results apply, such as sums of indicator functions,
or of kernels with a singularity in 0. Controlling the density of shot-noise fields
is in general crucial for deriving results on fixed-level excursions. The case of
indicator kernels is treated in Section 4.3.

The decay assumption is of the following form: for some A, ¢ > 0,

Elga(2)] < cllal 7, [l > 1. (4.3)

Assumption 4.1. Let f;, be of the form (1.14) with g satisfying (4.3) with
A > 11d and the following condition holds: there is € > 0,¢ > 0 such that

T2 n 2(d—1)
poAp d—
——————dp < cexp(er®™),r > 0. (4.4)
/0 —9'(p)
Lemma 4.2 below yields that if f,, satisfies this assumption, we can somehow
control its density: for a € (0,1) there is ¢ > 0,79 > 0, such that for § > 0,

sup  P(f,r(0) € (v—40,v+9), [0 >2) <cd?, (4.5)

veER, 7 =210
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where R < |In(6)[*/?? and nf* = 5 N B(0, R). Note that the event |"| < 2
becomes negligible as r — oo. This result might be of independent interest.
Actually, Assumption 4.1 can be replaced by: (4.3) and (4.5) hold for some
a € (0,1] and A > d(10/a + 1) (see the end of the proof of Theorem 4.1). This
yields a more general but more abstract set-up than that imposed by (1.14). It
allows for the impulse function to be random and have its shape or its orientation
vary, see for instance the anisotropic models of procedural noise used in [13] for
texture synthesis. Here are examples of functions fulfilling Assumption 4.1, note
that nothing prevents ¢ from having a singularity in 0.

Example 4.1. Theorem 4.1 below applies in any dimension to g(p) = Cp™"1;,<13+
91(p)Lip=13,p > 0 and g1(p) is for instance of the form exp(—ap?) or p=*, with
a,v>0,A>11d,v < d,C > 0. Such fields don’t necessarily have a finite first-
order moment, and are used for instance in [2] to approximate stable fields, or

for modeling telecommunication networks.

To give results in the case where boundary effects are considered, we need
an additional hypothesis on the geometry of the underlying family of windows
W = {W,;n > 1}. For § > 0, let Cy be the family of cones C C R? with apex 0
and aperture 6, i.e. such that H¥=1(CNS4~1) > 0. Let Cp,, = {CNB(0,r) : C €
Co} for r > 0. Say that # has aperture 6 > 0 if for all W € # with diameter
r >0, W has aperture 0 : for z € W, there is a subset C' € Cg,in(r)1/24 such that

(z+C)CW.

Theorem 4.1. Let u > 0. Let Gw = Fy},, or Gw = Fy if # is assumed to
have aperture 6 > 0. Assume that Assumption 4.1 (or condition (4.5)) holds
and conditions (4.2)-(4.3) hold. Then as |9« W|/|W| — 0, Var(Gw) ~ oZ|W/|,
(Gw — EGw)(00+/|W]|)~! satisfies a central limit theorem, with

o2 = /R [P(f,(0) > u, fy(x) > u) — P(f,(0) > w)?] dz > 0.  (4.6)

Also, the convergence rate (3.3) in Kolmogorov distance holds for Gw .

Proof of Theorem 4.1. Assumption (4.3) yields that (4.1) holds for 7 = 1, and
the left hand member of (1.10) is uniformly bounded for r < 2v/d. From now
on we take r > 2v/d. Let us start by proving Assumption 1.1. We need the
following lemma, ensuring non-triviality.

Lemma 4.1. Let f, be of the form (1.13). Assume that
for some M C {m € M : £4(g,.}((0,00))) > 0}, u(M) > 0. (4.7)

Then there is p > 1 such that for 8 > 1, E((*({f,» > u} N Qp)) > 0.
Proof. Basic measure theory yields € > 0, p > 1 such that

p({m: (g1 (2.00)) N Qper) > 0}) > 0,



R. Lachiéze-Rey/Non-localised geometric functionals 17

Let t € Q1,k > u/e, and X; = (Y;, M;),i < k iid couples of Qp x M, and
U; == gum, (t = Y;). We have P(U; > ¢) > 0, hence

P(fyr(t) = u) ZP(fyo(t) > ke) = P(j” N Q| = K)P(Uy > )" > 0.
Then Fubini’s theorem yields for 8 > p

EC'({t € Qs : for(t) > u})
>EC({t € Qu: frx,,.. xy () = uh)P (| = k) > 0.
O

Here, M = {m € M : g, > 0}. For p > 0, let I', be the event that n” C
Q, x M (i.e. all functions of 7 are non-negative). Since u(M) > 0, P(T',) >0
and according to the lemma above there is p > 0,p > 1 such that for ¢t € Ql,
P(fye(t) > 2ull',) = p. Also E|f,, (t)| — 0 as v — oo uniformly in t € Q1, hence
for ~ sufficiently large, t € Q1,P(|fy, (t)] < u) > 3. We have for § > v > p,
since conditionaly on Iy, fi une = fue + o, 2 fn,,

Lir,y [Fos (ny Un®) — Fo,(ny)| = 1{Fp}/ L foim, (>, fo, (<updt 2 Lp 3G

Qs
where G := 5 1{|fm(t)|<u,fnp(t)>2u}dt-
1
p
BOI] > [ PUft) > 20, P fy, (O] < v > 5
1

Since G < 1, P(G > p/4|T,) = p/4 > 0. Hence P(|Fg,(ny Un”) — Fo,(n”)| >
c) =2 PT,)P(G = p/4T,) =:p' > 0. From here we can conclude that Assump-
tion 1.1 is satisfied.

Let us now prove that (1.8) holds in the case Gy = Fw (or (1.10) in the case
Gw = Fl,). Let z1,22 € RY, My, M> independent marks with law p, r > 0,
¢ C {(z1, M), (z2, M2)},7 = nUC. Let B = R? in the case of infinite input
(Gw = Fjy), and let B € BY, otherwise (Gw = Fw ). Jensen’s inequality yields

4
4
[Fo(n N B) = Fo(n' N B, NB)|" = [/[0 b (l{fn/ms(t)Bu} - 1{fn/mBmB<t>>u}) dt]

<J
[0,1)4

dt

)

Lsas®=2ar = L pnp, ap>u}

and for t € [0,1)%,7 > 2V/4d,

Fwns(t) = Frazns®)] = S galt-a)

x=(z,m)e(n’'NB)\ B

SOy = S gl — )]
x=(z,m)en’\B(t,a_ (r—v/d))
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Note that ¢, is independent from n N B(¢,a_r/2) and its law does not depend
ont € [0,1)% Since B = Z for some Z C Z* and 0 € B,t € B. Let 1 <
R < 1n(a,r)d*—15/2, where ¢ is from Assumption 4.1. Since B intersects B¢, it
has diameter at least a_r and since W has aperture 6, there is a solid cone
Ct € Cy g such that, with D; = (Cy +t), Dy C B. In the infinite input case, the
latter trivially holds with B = R, 6 = o4 := H*"1(S?"1), D, = B(t, R). We
have

4
E|Fo(n' 0 B)—~Fo(n' N B, N B)| < sup P(fynp(®) € [u— 8w+ 0n4])

te(0,1)4
< S[up) P (furp, (t) + fan(s\po (t) + fen(t) € [u— 8pp, u+ 6y4))
te[0,1)d
< ) S[BII;) E(P(fynp,(t) € [u = fyns\Dy) () = fenp(t) £ 0r4] | o(C,n N (B \ Dy))))
c R d

< sw E (supP<met () € o= b0+ 60] | U@nt)))
te(0,1)4 vER

<E < sup sup [P(fync(0) € [v — 7.0,V + dr,0]) | U(5T,O))]> .

CcCo,r vER
(4.8)
At this point we need to study the density of the shot-noise field.

Lemma 4.2. Assume that f, is of the form (1.14). Let 6 > 0, R > 1. Then for
veR,C e Cyr,

P(fync(0) € [v— 8,0 +4], [nnC| > 2) ,.;5/ P >,

Before proving this result, let us conclude the proof of Theorem 4.1. Assume
without loss of generality r > 2r¢/a_. By Assumption 4.1, (4.8) is bounded by
supcec, , P(INNC| < 2)+cr(E[dro exp(cR?79)]). Assumption (4.3) yields that
E(0,0) < (14 7)< Hence (4.8) is bounded by

(1 + kR?) exp(—kOR?) + cr exp(ck In(r) ater Y1+ 1) ML (14 )~V D

for any X' € (11d,\). Hence (1.8) and (1.10) hold with a = (XN — d)/4 > 5d/2.
If one assumes (4.5) instead of Assumption 4.1, (4.8) is bounded by

P(|nNC| < 2)+cB(0%,) < (1+ kR exp(—kfR?) + (1 4 7)~ A= De
and hence (1.8) and (1.10) hold with o = a(X — d)/4 > 5d/2.
|

Proof of Lemma 4.2. Let A = Z= ng = |[nNC| be the number of germs (Pois-

son variable with parameter Ed(C) = R%/X), and let gr(z) = g(||z]))1{zecy, s0
that f,nc(0) = > 1% gr(X;) where the X; are uniform iid in C. Call pg the
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distribution of the gr(X;). We have for every b > a > g(R), since g is one-to-one
and continuous

([a, b)) A / d A g (a) 0,41
pr((a, b)) === [ liagg(z))<b x—*—/ pdp
Rl J, {a<g(llz]})<b} Rd a-1(b)

=g @)~ g7 ),

—1 a d—1

whence pp has density @r(a) = 1{a>¢(r)} :5}}; (_gq,(q,l(a))) . Then, denoting
by w%n the density ¢gr convoluted with itself n times on the real line,

P(fync(0) € lv—=95,v+4], [nNC|>2) < ZP(nR =n)P <ZgR(Xi) efv—d,v+ 5])
n=2 i=1
<Y P(ng =n)llp" |20
n>=2
<2sup [0 |0 (4.9)
n>=2
Due to convolution properties, for n > 2,

leR" oo <llR I < A¢%(G)da = Epr(gr(X1))

7 [ ortatlal)dz

S O (1 D) S
SR Jo Zg'(g7 (g (l2])) maRA

2
_(Ud1> /R 1 P21,
ki) Jo —4'(p)
_ (Ud1>2 L/l p2(d—1)dp+/R p_2dp
Kd R Jo —g'(p) 1 —9(p))’

which concludes the lemma after reporting in (4.9). O

4.2. Perimeter

We use in this section the variational definition of perimeter, following Ambrosio,
Fusco and Pallara [1]. Define the perimeter of a measurable set A C R? within
U C R? as the total variation of its indicator function

Per(A;U) = sup / 14(z)dive(x)de,
PECL(URY):lpl|<1 IR?
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where C}(U,R?) is the set of continuously differentiable functions with compact
support in U. Note that for regular sets, such as C! manifolds, or convex sets with
non-empty interior, this notion meets the classical notion of (d — 1)-dimensional
Hausdorff surface measure [1, Exercise 3.10], even though the term perimeter
is traditionally used for 2-dimensional objects. It is a possibly infinite quantity,
that might also have counterintuitive features for pathological sets ([1, Example
3.53]). The main difference with the traditional perimeter is that the variational
one obviously cannot detect the points of the boundary whose neighborhoods
don’t charge the volume of the set, such as in line segments for instance.

For any measurable function f : R? — R and level v € R, the perimeter of
the excursion Per({f > u}; U) within U is a well-defined quantity. To be able to
compute it efficiently, we must make additional assumptions on the regularity
of f. Following [8], we assume that f belongs to the space BV (U) of functions
with bounded variations, i.e. f € L'(U) and its variation above U is finite:

V(f,U):= sup / f(x)divep(x)dr < cc.
PeCLURY): ol <1

The original (equivalent) definition states that f € LY(U) is in BV (U) if and

only if the following holds ([1, Proposition 3.6]): there exists signed Radon mea-

sures D;f on U,1 < i < d, called directional derivatives of f, such that for all

p € CE(RY),

| raiveta Z/wz D, f(da).

Then there is a finite Radon measure | D f|| on U, called total variation measure,
and a 8% !-valued function v¢(x),z € U, such that Df = >, D;f = || Df||vy.
According to the Radon-Nikodym theorem, the total variation can be decom-
posed as

|Df|| = Vftd+DIif + Def (4.10)

where V f is defined as the density of the continuous part of || D f|| with respect
to ¢4, D¢ f+ DJ f is the singular part of | D f|| with respect to Lebesgue measure,
decomposed in the Cantor part D°f, and the jump part D’ f, that we specify
below, following [1, Section 3.7].

For z € U, denote by H, the affine hyperplane containing « with outer normal
vector v¢(z). For r > 0, denote by B (z,7) and B~ (z,7) the two components
of B(x,r) \ Hy, with vf(x) pointing towards BT (z,7). Say that x is a regular
point if there are two values f*(z) > f~(z) such that

im r—¢ T(x = lim r— — f(x —0.
Jimg /BW)'J“ (#) = f(y)|dy = lim /B M@= @iy =0
(4.11)

It turns out that the set of non-regular points has H?!-measure 0 ([1, Th.
3.77]), and the set J; of points where f*(z) > f~(x), called jump points, has
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Lebesgue measure 0 ([1, Th. 3.83]). Then, the jump measure of f is represented
by

D7 f(dz) = 1iges,y (fF(2) = f7(2)) R (d),

where H?~! stands for the (d — 1)-dimensional Hausdorff measure.

In the classical case where f is continuously differentiable on U, D f = V f¢¢,
vi(z) = |[Vf(2)| "'V f(z) (and takes an irrelevant arbitrary value if V f(z) =
0), and V(f;U) = [, |Vf(z)||de. If f = 14 for some C' compact manifold
A, vs(z) is the outer normal to A for z € A, Vf = 0,D°f = 0, and DI f =
1{3A}Hd_1.

Denote by SBV(U) the functions f € BV (U) such that D°f = 0. Assume
here that for m € M, g,,, € SBV (R?), and that

9m

/ [/ (Ugm (6)] + 11 o (6) | dpam) it + / 1975(6) — g (D[ H (d8) ] < oo
M Rd

It follows by [8, Theorem 2| that for ¢ € A4, fo € SBV(U), and for every
bounded U, its gradient density defined by (4.10) is a vector-valued shot-noise
field, defined a.s. and ¢%-a.e. by

Vit)="Y Vgm(t—w),
(z,m)eC
its jump set J; is the union of the translates of the impulse jump sets: Jy =
Utz,myec(® + Jg,, ), and the jumps of f are
@ =2 = D> lyewrs, ) (0hny— 1) — g(y — 2),y € Jy.
(z,m)e¢

Let h be a test function, i.e. a function h : R — R of class C! with compact
support. Let H be a primitive function of h. Biermé and Desolneux [8, Theorem
1] give for W Cc Z4,( € N,

FIPer(c) = / h(w)Per({fe > u}; W)du = Fm() + Fl/™m2(c),

where

i@ = | W)V se(o)]da,
R Q) = [ (U )~ HUE )0 ),

JfﬁVV

Their expectations under 1 are computed in [8, Section 3] :

EFy"" () = [WIE[A(£,(0))IV £,(0)]]

‘ 9 ()
B o) =W [ [ [ TG 00 i)
gm Y 9

m (Y)
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Let us now give their second order behaviour. It is difficult to give sharp nec-
essary conditions for non-degeneracy of the variance if the function h changes
signs, so we treat the case h > 0, but it is clearly non-optimal.

Theorem 4.2. Let # = {W,;n > 1} satisfying (1.5). Assume that (4.7) holds
and that P(Fj;7" # FipP(0)) > 0 for some W C Z%. Assume that for some
a>5d/2,¢> 0,

(Elgar (2)|")/* < (1 + [|lz]) ",

(4.12)
(B Vam (@) |V < (1 +[|ll)) =",
(4.13)
4\ 1/4
E / (1V g (8) — gpr (ODH (dt) <e(l+ =)~
Jgp N(z+[0,1)9)
(4.14)

Then the conclusions of Theorems 1.1,1.2,2.1,3.1 hold for Fy := F{ho’fcr. In par-
ticular, FVhV’Per has a variance proportionnal to |W| and follows a CLT.

Example 4.2. Assume M = R is endowed with a probability measure p with
finite 4-th moment. Let f be a function of the form

fex) =Y mg(lz—yll)

(y.m)€eq

with ¢ € SBV(R). Conditions (4.12) and (4.13) hold if g(r) < C(1 +r)~9=@
and |¢'(r)] < C(1 +7)~4"% r > 0. Then (4.14) holds if .J, is countable and for
some C' > 0, for every r > 0

Y. (vigt®m-g mh <ca+n™

teJgNlr,r+1]

Proof. First, (4.12)-(4.13) imply that the shot noise process and its gradient
measure are a.s. well defined. The functionals thv’c‘mt, F&,’Jump are under the
form (1.1)-(1.2), with Fyy defined respectively by, for ¢ € .4/,

BrQ = [ o)l
mre = [ ) - @),

where H is a primitive function of h.
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Let x; = (z;,m;) € R4, i =1,...,6. Let 7 > 0,( C {x1,X2}, and let n; =
n' N A; for some A; C Ay C R? that coincide on B,.

B ) = B )| < [ el (6 = B O fn (D)

)

+ / 1l [9 fis (£) — ¥ o (8)dt
[0,1)4

< ) / B o IV £ | gm (2 = )] + (Bl oc [V gm (2 — )] dt

(z,m)en’\ B,
(4.15)

Define for ¢y € A", x = (z,m) € R%,

1/)()(,(0):/ PNl lIV ficouonas Olllgm (@ = ) + 1olloo [V gm(z - $)II] dt

)

For ¢’ C {x;,3 <i < 6}, Jensen’s inequality yields for x = (z,m) € R4
BUGx U <C [ B [t~ OFBIV Ay O+ BIVgn (e~ 011

An easy application of Lemma 5.1 with ¢'(z,m) = ||[Vgm(z — t)||,7 = 0 yields
that E||V f,ue(t)||* < ¢ < oo where ¢ does not depend on t € R? or the x;.
Therefore, Assumptions (4.12) and (4.13) yield for x = (z,m) € R?

E¢(x,nU¢)! < O+ [laf) =4+,

and Lemma 5.1 with (4.15) yields that (1.8) is satisfied by Fj*“*"" (hypothetical
points of ¢ \ B, have to be treated separately).

Let us now prove that it is satisfied by the jump functional F(;L JUMP - Gince it
has to hold only for f4-a.e. x1, x2, and the Jy,, J,, have finite H¢~! measure, we
assume that Jy, (-— 1) and Jy, (- — x2) have a H*~!—negligible intersection.
They also a.s. have a H?~Lnegligible intersection with each J,, (-—z), (z,m) €
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. Call fl - f7717f2 - f772a

[F () - Fg“““’(nz)}

= > / H(f(t) = H(fy (1) — (H(f5(8)) = H(fy)(t)] 1 (de)

J7n 0 l)d

(z,m)e€n;

- H(f5(6)) = H(f5 ()] 1O (at

(mm)%;h\m/J 0[01)d 2 (®) (fy ()] (dt)
<[ IR O = O] ) e

+ 2 /0 Al g (@ — t) — g (2 — £)| 1A (dt)

(z,m)en’\ B, )N T g,

< 3 2 / g — D) () + / 9@ — ) — g — £)| M ()
an/ﬂ[ovl)d [0 1) ﬁng

(z,m)en’\ B,

=1 () ) =itpa(2,m)
(4.16)

We have Eiby (2, Mo)* < C(1 + ||z||)~*@+9) by (4.14), and Jensen’s inequality
yields for ¢" C {x3,...,x6}, f3 = fyyuc, after expanding the 4-th power of the
integral as a quadruple integral,

4
Ev¢1((z, Mo),nU()* =E | E </J IgMo(:v—t)IHd‘l(dt)> a(n,¢,¢")

fsﬂ[ovl)d

4

<E < / (EgMo<w—t>4>1/4%d‘l<dt>> a(n,¢.¢)
Jf,g [0 1)

<O(L+ |||~ " EH Ty, N[0, 1)4)*

by Assumption (4.12). Then (4.14) yields EH?~1(Jz, N [0,1)9)* < oo with an
application of Lemma 5.1, whence Lemma 5.1 again yields that F(;L JUmP also
satisfies (1.8) (here again the points of ( U’ have to be considered separately).
Hence Fy := FJ»™ + F"P°" satisfies (1.8), which yields the conclusion.

It remains to prove Assumption 1.1. Assume wlog Fy()) = 0. Since a set
with positive volume has positive perimeter, Lemma 4.1 and Assumption (4.7)

yield p > 1,¢ > 0,p > 0 such that for 3 > p, P(|Fq,(n”)| = ¢) = p. Then for
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6>v>p,

U:= ‘FQ5(77’Y Unp) - FQ&(”’Y) - FQB(WP)’
<|Fgs(ny Un?) — Fo, ()| + [Fosas(0° Uny) — Fonas ()] + | Fas (ny)]

EU <xf'(y - B)” Z rm®H(m = p) =% + KBy = B) 7Y < RBYUy = B)TTY + KB,

the last estimates are obtained by choosing adequately 71,72 in (4.15),(4.16).
We can arbitrarily increase 3 such that £39~% < pc/8, and then for v sufficiently
high k8% (y — B)4=* < pc/8 as well, from where

P(|Fq; (n1y Un®) — Fo; (ny)] > ¢/2) ZP([Fq,(n")] > ¢) = P(|U| > ¢/2)
>p —EU/(c/2) 2 p—p/2=p/2>0.

That proves Assumption 1.1 and concludes the proof. |

4.3. Fixed level perimeter and Euler characteristic

Let B be a measurable subset of M, and let the marks space be M = (R\{0}) x 8,
endowed with the product o-algebra and some probability measure p. This
section is restricted to shot-noise fields of the form

fe@)= Y Llg_yeap¢ CR*xM,z e R% (4.17)
(w:(L, A)eC

Such fields are used in image analysis [8, 7], or in mathematical morphology [17],
sometimes with L = const., and their marginals might not have a density. The
article [5] uses the asymptotic normality result below for the Euler characteristic
when B is the class of closed discs in R? (Example 4.5).

The current framework allows to give general results for a fixed level u € R,
for a large class of additive functionals, including the perimeter or the total
curvature, related to the Euler characteristic. For the latter, the main difficulty
is to properly define it on a typical excursion of the shot noise field, as it is
obtained by locally adding and removing sets from 5. The general result only
involves the marginal distribution pg(-) := p(R x -).

We call B’ the class of excursion sets generated by shot noise fields of the
form (4.17) where all but finitely many points of ¢ in general position have been
removed. Formally, given a measurable subclass B’ C M, a function V : B’ — R
such that V(A) only depends on AN [0,1)% and a function |V|: B — Ry,
say that (B,B',V,|V]) is admissible if for Aq,...,Aq € B, for a.a. y1,...,yq €
R?, any set A obtained by sequentially removing, adding or intersecting the
A; + yii = 1,...,q, belongs to B', and [V (A)| < Y7, |[V|(4;). We consider
below the functionals, for W C Z¢,¢ € A,

=S VWn{fezul—k), FpQ) =Y V({Ferw = u} — k).

keWw keWw
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Theorem 4.3. Let u € R, (B,B’,V,|V]) be an admissible quadruple, let f be
of the form (4.17), and let # = {W,;n > 1} be a sequence of subsets of Z?
satisfying (1.5). Assume that for some p,p,c > 0, P(|Fq,(n”)| = ¢) = p for
B> p, that [ |V[(A)®up(dA) < oo, and that for some X > 24d,C > 0,

ps({AeB: (x+A)N[0,1)#0}) <CA+ ||z])~*, z e R (4.18)

Then the conclusions of Theorems 1.1 and 1.2 hold: Fy and Fy), have volumic
variance and undergo a CLT.

Remark that this framework does not fit methods involving stabilisation be-

cause nothing prevents the grains A € B to be undbounded with positive -
probability.
Proof. In this proof, .4{ is chosen to be the class of ¢ such that for any bounded
set D, {[D] := {(y, (L, A)) € (: (y+ A) N D # B} is finite. Assumption (4.18)
implies that n € 44 a.s. Let the notation of (1.8) prevail. Let r > 0. Introduce
the independent variables

Sy = > VI(4), S = > VI(A).

(y,(L,A))e(n'NB,)[0,1)7] (y,(L,A))€(n’\Br)[[0,1)9]

We have a.s.

|Fo(n’ N B) — Fo(f' N BN B)| =V({ fwnBns, =u}) = V{fyns > u})]
Lo 012057 +57) < 21640, S0 + 25,
(4.19)

Define ¢(y, (L, A)) = 1{(y+a)nj0,1]220} |V |(A). Let (Lo, Ao) be a random variable
with law p. We have by Cauchy-Schwarz, for y € R?,

E(¥(y, (Lo, A0)))* < VEIVI(A0)8\/P((y +A0) N[0,1]7 # 0) <O+ [lyl)~2.

Hence Lemma 5.1 yields sup,.,E(S,)* < E(SL)* < co. The same method
yields (E(S;H)1)1/* < C(1+4r)~ 8+, The same method again but this time with
U(y, (L, A)) = L4 a)n(0,14=0) yields P(S; #0) < C(1+r)~*/84. Taking the
fourth moment and plugging these estimates back in (4.19) yields that (1.8) and
(1.10) hold.

Let us show that Assumption 1.1 holds. For 8 > p, P(|Fg,(n”)| > ¢) > p.
If ny[Qp] = 0, Fo,(n” Uny) = Fq,(n”) and if n°[QF] = 0, Fo,\q,(n” Un,) =
Fos\s(ny)- Hence, with Us, == Fo, (n?) — Fo, (1" Un,) — Fq, (n°),

P(|Fq; (17) = Fos(n° Uny)| > ¢/2) ZP(|Fg, (1°)| > ¢) = P(|Us4| > ¢/2)
2p = P(’[Q5] # 0) — P(1,[Qs] # 0).

Since at fixed p, Linei@sl20y — 0 a.s. as 3 — oo, fix # such that P(n?[Qf] #

0) < p/4. Then for v sufficiently large and any § > ~, P(n,[Qg] # 0) < p/4,
hence Assumption 1.1 is satisfied.

O
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Example 4.3 (Volume). The simplest example is the class B = M of measur-
able subsets of R?, endowed with Lebesgue measure V(A4) = (4(AN[0,1)%). We
have Fy (n) := fd({fmw > u} N W) a.s.. This example has been treated in a
different framework at Section 4.1.

Example 4.4 (Perimeter). Let B be the class of A € M such that H41(0A) <
0. Define V(A) = HI"1(0AN[0,1)?), we prove below that Fyy (1) = Hdil({fmw >
u}YNW) a.s.. Assume for the moment condition that [z HITH0A)P up(dA) < occ.

Example 4.5 (Total curvature). Let d = 2, B be the class of non-trivial closed
discs of R2. A set A C R? is an elementary set in the terminology of Biermé
& Desolneux [7] if A can be decomposed as a finite union of C? open curves
Cj,7 =1,...,pwith respective constant curvatures x; > 0, separated by corners
x; €0Ai=1,...,q, (with 0 < ¢ < p) with angle a(z;, A) € (—m, 7). The total
curvature of A within some open set U is defined by

p q
TC(AU) =Y kHY(C;NU) + Y 1 evya(mi, A).
j=1

i=1

Therefore we define V (A) = T'C(4; (0,1)%). Via the Gauss-Bonnet theorem, for
W C 2%, TC(A;int(W)) is strongly related to the Euler characteristic of ANW,

in the sense that they coincide if A C int(W), and otherwise they only differ by

boundary terms, see [7]. We will see that Fw (1) = TC({f,~y = u};int(W))
a.s.. Assume also that the typical radius has a finite moment of order 8d.

Proposition 4.1. In the three previous examples, assume that (4.18) holds,
and that P(f,(0) > cu) ¢ {0,1} for some ¢ > 0. Then the functionals Fyy, Fyy,
satisfy the conclusions of theorems 1.1,1.2; in particular, they have volumic
variance and undergo a central limit theorem as |0z W |/|W| — 0.

Proof. All proofs rely on defining an admissible quadruple that satisfies the
assumptions of Theorem 4.3, and show that the variance assumption holds.
We only treat the case u > 0, the case u < 0 can be treated similarly. Let
Iy =k+1[0,1)4 ke 2z

(Volume) Defining B’ = M, |V|(A) = (%4(A) yields an admissible quadruple
(B,B',V,|V]). In the case u # 0, the fact that 1y (g)>0y is not trivial yields
that (4.7) holds, and hence using Lemma 4.1, P(Fq,(n*) = ¢) = P(Fq,(n") =
¢) =: p > 0 holds for some p,c¢c > 0, and for 8 > p. The case u = 0 can be
treated directly and is left to the reader.

(Perimeter) Let B’ be the class of A € B such that H4" (AN ATy) = 0
for k € Z%. For A € B, for a.a. y € R, HL(O(A + y) N OTy) = 0. Hence
for Ay,..., A, € B, for a.a. y1,...,y, € R, any set A obtained by sequentially
adding, intersecting or removing the A; +y; is in B’, using A C U™, (0A; + ;).
Defining |V'|(A) := H4~1(dA) yields an admissible quadruple (B, B’,V, |V|). The
justification that Var(Fg,(n”)) > 0 holds is the same as for the volume (above),
because a set with positive volume has positive boundary measure.

(Total curvature) Let B’ be the class of sets obtained from finite unions,
intersections and removals of discs A1,..., A, such that for i # j, A; and A4;
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are not tangent and 9A4;NOA;NATy, = () for k € Z. Every A € B' is elementary,
and defining |V| = 1 yields that (B,5’,V,|V]) is an admissible quadruple. Let
X; = (Yi, (L;, D;)), i > 1, iid marked couples of dises with iid uniform centers Y;
in B(0,1). Let k € N be such that the event I' = (X0 Ly > u, Y0 Li < u)
has positive probability. Conditionally on T, { frx, .. x,} = u} = Nk, (Yi+Dy).
Since the D; have positive radii, the probability that the Y;,7 = 1,....k are
sufficiently close to 0 such that this set is non-empty is also positive. In this
case it is the intersection of discs, hence its total curvature is equal to 1, and
P(Fq,(n”) = 1) = p > 0 is satisfied for some p > 0 and 3 > p.

O

With a similar route, the previous example can likely be generalised to more
general classes of sets B in higher dimensions, such as the polyconvex ring,
provided one can estimate properly the curvature or the Euler characteristic on
sets from B’.

5. Proofs

Recall that x denotes a constant which depends on d, a,a_, a4 and whose value
might change from line to line. The following lemma is useful several times in
the paper.

Lemma 5.1. Let a > d, Cy >0, M;,0 < i < 4 be independent marks with law
p. Let 7 > 0,7 : R4 x .4 — R, a measurable function such that for /%-a.e.

2 € RL0< i <4,and ¢ C {(a, M), i = 1,...,4}, (Bo((z0, Mo),nU)*) " <
Co(1 + [[)[)~*~<. Then

4\ 1/4

E Z »(x;n) < Cor(l4+r)~ .

xen\B,

Proof. Let n. =n\ B,. Let x; = (2, M;). Let Py be the family of ordered tuples
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of natural integers which sum is 4. The multi-variate Mecke formula yields

4
Zw(xm)] <n >, B Yo k)™ (xg )™
(ma

xen- 1 (mq,..., mgq)EPy (X1,...,Xq) ENF

o T e o™

(ma,...,mq)EP

H1/)(Xl,77U {x1,...,xg )™ | dxy ... dxq

<K / H E(x;,nU {x1,...,%,})")™/dx; ... dx,
Be)1 —

(ma,.. 7mq)67)4

<« Y Hn/ CI (14 [la]))™ D,

(ml, ,mq)6P4 =1

< Y OéHn/ (1 4 ¢)~mulatd)pd=1gy

(m1,...,mq)EPa =1 a-r

<hCy Y (L)t a1 4 )t
(ma,...,mq)EPy

5.1. Proof of Theorem 2.1

We prove (2.3) under Assumption (2.1) (i.e. in case (i)). Remark first that (2.1)
trivially holds also for B € By, \ By, s < r. Also, if (2.1) is satisfied, with
B = R?, (2.2) is also satisfied. Assume without loss of generality Fy(f)) = 0,
then (2.1) with r» = 0 yields

Mo 1= sup E|F,XV(77)|2 = sup E|Fy((nN W) —k)—Fo(((nn W) — k)N BO)|2 < fng < 00.
kew kEW

The following inequality is useful several times in the proof: given some
square-integrable random variables Y;, Z;,© = 1,2, and a o-algebra Z,

E |COV(YY17 Y'2|Z) — COV(Zl, ZQ|Z)|
<E (\/2E<Y12|Z>¢2E<<Zg TVRIE) + \J2E(2212) IR(Zs Y1>2|Z>)
< (\/EYE B(Z: ~Va + \/EZ3\/B(Z; = Ym) | (5.1)

Recall that B, (k) = k+ B, for k € W,r > 0. Let k,j € W,r = ||k—j||/(3a4),
7', independent copies of 7, and

me = (N0 Br(k)) U (n' N Br(k)°), nj =N B(j)) V0" N Br()),
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which are processes distributed as 7, independent since B,.(k) N B,.(j) = 0. Since
nN By (k) = ne N Br(k), (2.1) yields

F () = BY (o) =F" () = BY (0 By (k) + F (e 0 By (k) — B (k)

E|FY (n) - FY ()|” <2(E ’Fo((ﬁ— k)W — k) — Fol(n — k) n (W — k)" B)|

FB[Fy((ne — k)0 OF — )11 By) — Byl — k) 0 (W — )| )
<SKRCG (1 +7) 72,

a similar bounds holds for FV. Then, (5.1) yields

Cov(E (n), F}¥ (n)) _COV(FIXV(nk)vFgW(nj))‘ < wy/EF}Y (1) \/EIFW — B (ge)|”

=0

+ WE(F,XV (nk))Q\/E Y (n) — FY ()
<y CR(1+ 7)2 < KO3+ [k — )~ (5.2)

Hence (2.3) is proved in case (i). If G} = Fj, and (2.2) is assumed instead of
(2.1) (case (i%)), replacing W by Z< in the computation above yields the same
bound for Cov(Fy, F};). The finiteness of oy follows from « > d.

Let us now assume |IW| < oo and show (2.4). Let k € W,r = d(k, W¢)/ay,

a (2
so that B, N (W — k) = B,. We have if (2.1) holds
B = Fy=Fo((n=k) N (W = k) = Fo((n = k) N (W = k) N B,) + Fo((n — k) N B,) = Fo(n — k)
E|FY — B> < kC2(1 4 1) 72 < kCZ(1 4 d(k, W) 2

We hence have by (5.1), for k,j € W, recalling also (5.2),

|Cov(FY, F}") — Cov(Fy, Fj)| <cC3(1 + min(d(k, W°),d(j, W¢)))

<KCF (1 + max(|[k — j|, min(d(k, W*),d(j, W*))) =
(5.3)

] the integer part of x € R. Let dyw € N\ {0}, W,, = {

Denote by J =
) = myform € NN\Wp = {k € W : [dk,W)] < dw

@
W [d(k,W

I m

k
}
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UMW Wi, Wint = W\ Wa. We have, using (2.3) and (5.3),

Var(Fw) —og|W||=| > Cov(R,F")— Y Cov(FyF))
keW,jew keW,jeZ2
< ). Cov(Fy, Fy)+2 > |Cov(FY, F}V) — Cov(Fy, )|
keW,j¢w k,jEW:d(k,We)<d(4,We)

<D0 D | D0 RCEAH k=l +2 ) wCE(L+ max(|lk — jll,m))~®

m=0keW,, |jewe JEW
KCEYS Do |3 DX Qlk—ihT w2 YD (m)
m=0keW,, jeB(k,m)e JEB(k,m)

<KCE Z Z (3(1+m) ™ + 2km(1 +m)~?)
m=0 ke W,

<KOG (IWal + di™ Wi

hence

% - 0(2)‘ < KC3 (d“i,v \8|ZVdVV‘V| + d‘},‘"*d> . Equation (2.4) follows by

taking dyw = [(|W|/|8z4W|)#]. The same computation where F}V is replaced
by Fj (hence with no second term on the second line), treats the case (i’),
without requiring (2.1).

Let us now prove that under the current assumptions, Assumption 1.1 implies
op > 0. Recall the notation 7, = n N Qg,ng = 1 N Qb,a,b > 0. Let 6 > 0,
and decompose W in the finite disjoint union of subparts with sidelength §:
W = Upeza W where W*) = W N (6k + Qs). Decompose accordingly Fyy =
> kezd F®) where F(F) = > jewm Fj. Let v < 6, and condition by the points of
n close to the boundary of a W (#): n = nﬂ@fy where ny = R\ (Upeza (0k+Q5)).
Denote by En;,Varn; and Covn; the conditionnal expectation, variance, and
covariance with respect to n3. We have

Var(Fy) > EVar,: (Fw) > Y EVar,. (F*)) = > " E|Cov,. (F®, FY)].

kezd k#j
(5.4)
We claim (and prove later) that for k € Z¢
E > |Covy: (F®, FU)| < C'6%4(5 — ). (5.5)

J#k
For the first term of (5.4), among the k € Z? such that W& = (), call W
those such that W®) —k§ = Qs, and W?? the others. We have, using also (5.1),

> EVar,.(F®)> > EVar, (F®)-2 Y E[F®)?] (5.6)
k}EZd kew&int kEWJ,B

>[WO EVar,: (Fo,) — 2[W>?]6%m, (5.7)
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b~ecause by stationarity, for k € Womt EVar,. (FR)) = EVar,: (Fg, ). Since
Q5 C Q5L € alny),

EVar,: Fo, 2EVar, Fo, = E [?éufg E, (Fo, — 2)2}

2B |inf By, (1,5-0(Fo ~ 2| = PO, = OB | By, (s (0 Uy) - 27
=P(773 = 0)EVar, Fg, (n” Uny)

where the second equality is true because 7}, n”, 1 are independent and 1¢,» g, Fo; =
1=y Fo, (n” Uny). Assumption 1.1 yields v > 0 and v, > 0 such that for ar-
bitrarily large 0 > v, EVar, (Fg;(n”Un,)) > vy. By (5.5), (5.4) and (5.6) for

0 > v sufficiently large

Var(Fw) 2[W T P() = 0)v, — 2lW*?6%mg — (W | + [WO))C"6%4 (6 — )~
WS (Bl = O)u, — C'624(6 —3)~2) — [W52](20%ms + C'6%4(6 — )2),

Since a > 2d, given any +, one can choose § =: §, such that C'6%¢(§ — )~ <

ey = P(n) = 0)vy/2. Hence Var(Fy) > [Wonte, — [W?|(26%my + ). To

conclude, let a sequence {W,,; n > 1} be such that lim,, |0,4W,,|/|W,| = 0. Since
|00 Wl /[Wal = [W01/ (84 (W | + [W201)), (2.4) yields

oo = liminf |W,,| ' Var(Fyy, ) > lim inf (6| W2 ™)~ Var(Fyy, ) > 0.

Let us finally prove (5.5). Let k # j € 241 € W® m € WO r = |j -
k(6 —~)/(2a4). Let ', " independent copies of 1, and define

m=nNB.(1)) U NB.(1)), nm=(nNB.(m))U(n"NB.(m)°).

Since B,.(l) N B,.(m) C Q;’ m and 7, are independent conditionally to 73,
and we have by (5.1), with a computation similar to (5.2), E[Covy: (F}, Fin) —
Covys (Fi(m), Frn ()| < kCZ(1 + )~ Tt follows that

E ’Covn; (F(’“),F(l))’ SE Y [Covy(Fi Fun)l < #C38*(1L+7) 0
leW k) meWw ()

and, for some C’ not depending on W,

E > ‘COVEM(F““),F(J?)‘ <RGN " p M (Il =) T < O84S — )
JEZN{k} p=1

This concludes the proof of (5.5) and hence of o¢ > 0.
It remains to prove (2.5). Assume that (2.2) holds with a > 2d. The proof
when instead (2.1) holds is exactly the same with F}/ instead of Fy, and it is

omitted. For k € Z4, let F}, = Fy.(n) — EFy.(n). We have E(Fyy — EFy)" =
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Zi,j,k,leW EF,F;FpFy. Let I = {i,j,k,I} C W. Assume that i is I-isolated, i.e.
0 = [d(i, I\ {i})] = maxmer[d(m, I\ {m})]. Let n,,, m € I, be independent
copies of 0, and H,,, = Bs/2q, (m),n,, = (0N Hp) U (nm NH,). Note that n,, is
distributed as 7, and that for m € I'\ {i}, H; N H,, = 0, hence 7] is independant
from {n},n,m}. Introduce F! = F,n.,) —EF,,F = F;F,F,F' = F;FIQFI’,
independent of F. We have

ERF - EF[F| <B||(F - F)F; PRl + |F/(F; - F)) B Fi|
=0
+ | F{Fj(Fy — FQ) | + [F{Fj Fy(Fy — )|
<4y (BE)(BIE, - F,[H)Y*
mel

<kCo(EEH4(1+6)72

by (2.2) (or (2.1) for the proof with the F}V). Notice that one point among
{j, k,1} is between distance § and § + 1 from 4, call it a, and there are at
most k6% possible values for a, given i. If there are two points remaining in
{4, k,1} \ a, they are at mutual distance at most 35. We have

E(FW - EFW)4 §4 Z 1{1 isolated}HCO(EFé)3/4(1 + [d(lv {]a kv l})])ia
i,5,k,lEW

<KCo(EFy)** Z(l +46)" Z 14 isolated and [d(i,{j,k.1})] =5}
=1 i,7,k,lEW

<KCo(BFS)Y* Y T IW (L4 6) k6" (30)* < kCo(BES)Y*|W?
6=1

where kK < 0o because a > 2d.

5.2. Proof of Theorem 3.1

W is fixed. For simplicity, in all the proof we use the notation G = Gy, G = G .
If (3.2) is satisfied, put Gy = F, and A = R?. If instead (3.1) is satisfied, put
Gp, = FV and A = W. Assume without loss of generality that Fy is cen-
tered. Theorem 1.2 from [18] gives general Berry-Esseen bounds on the Poisson
functional G in terms of integrals involving first and second-order Malliavin
derivatives: provided [, E(DxG)?dx < oo (implied here by Assumption (3.2)
or (3.1) and a > d), dy (G, N) < 320, 7, dy (G, N) < 30, i, where the 7
are quantities depending on the first and second-order Malliavin derivatives of
G, whose values are recalled below. Let z,y € A,x = (¢, M),y = (y, M’). Call
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™ =nU{x},n¥ =nU{y}. We have

|DxyG(n)| < Y min (|DxGr(n)| + |DxGi()|, |Dy Gr(n)| + | Dy Gi (7)) -
keW
4

E|DS ,G(n)* <E

QZmin( sup |DxGr(n)|, sup |Dka(n’)|>

kew n'€{n,n¥} n'€{n,n*}

n e{nny} n €{n.n*}

4

<2ty EHmm< sup  |DyGr,(0)], sup |Dkai(n’)l>
=1

4

1/4
<24 Z(Emin( sup  |DxGr(n)|*, sup |Dka(77/)|4>>

n'e{nn¥y} n €{nn*}

Let k € W. Note that, with B =W —k, for z,y € W,n € AN,

DyFY (') =F (' U{x}) = " (') = Fo((n U{x}) "W — k) — Fo(n "W — k)
=Fo(((n = k)N B)U{x—k}) — Fo((n' — k) N B) = Dx_Fo((n' — k) N B).

Since n — k @ 7, applying either (3.2) or (3.1) with y — k instead of y yields

4
E|D ,G(n)|* <xCj <Z min((1 + [l — &)~ (1 + [y — kll)‘“)) :

keWw

Consider case (i’) (the following is valid but irrelevant in case (i)). Summing in a
radial manner around z yields that the previous sum is bounded by xC§ (Z::[d(z,W)] ma=1(1+

m)~)* < KCE(1+d(x, W)@~ and the same holds for y. We can also work
on the first order derivative with a similar technique:

4
E|D<G|* < »C} (Z (1+ e - kn)“) < KCA(L + d(a, W))H=o),
keWw

Noting I,y = {k € W : ||k — x| > |k —y|},

4 4
E|DxyG)* <nCy || D A+ le—kD) + | D (L+lly—k)°
kel, y kely, «
- 4
<kCy > I+ lz— k)™ + > A+ ly =kl
[ keza\ Bl ly—/2) KeZN\B(y lla—yl/2)

<Cor(L+ llz = yll/2)* ),

whence finally
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E|Dxy G(n)[* <rC(1+ max(|la =y, d(z, W), d(y, W)= (5.8)

Let us start with a few geometric estimates, useful in the case (i’).

Lemma 5.2. Let W C Z¢, bounded and non-empty, dy = (|W|/|0,W)Y/¢, W' =
{keZ:d(k,W) < dw}. We have

W' <k|W| (5.9)

/~ (14 d(z, W))*dz <ko|W|d, a < —d (5.10)
(W)e

I(z) := /Rd(l + max(d(z, W), ||z — y||))?“dy <k(1 + d(z, W))??~* z € R
(5.11)

Proof. Since each point of W'\ W is in a ball with radius dy centered in 97« W,
(5.9) is proved via

(W' | < |W| + [0aW |kdy, < &|W|.

Let o(z) = d(z, W),z € R h(t) = 1>y (1 4+ 1)t > 0. The Federer co-area
formula yields

[ mw@Ive@ids = [ nemnt e

We have ||V ()| = 1 for a.a. € W¢. According to [21, Lemma 4.1], for almost
all t > 0,

W ({) < TR T {L),

and the latter is bounded by xt?~|0,«W|. Since a + d < 0

/~ h(p(z))dz < n/ (1 4+ )%YW |dt < ka|Oga W |dd, = k| W |dSy,
(W)e

dw

which yields (5.10). The left hand member of (5.11) is equal to

I(x) =t4(B(, d(x, W)))(1 + max(d(z, W)))~ + /3( u W))C(l +llz —yl) " dy

o0

<k(1 +d(z, W))2—> 4 / (14 r)4rkrd=1dr,
d(x,W)

from which the result follows. O
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ertlng X1 = (xl,Ml),XQ = (IQ,MQ),X:; = (.Ig,Mg), with Ml,MQ,Mg iid
distributed as u, denote by E the expectation with respect to (My, Ma, M3), and
E,, the expectation with respect to 7, such that E = EE,,. We have, bounding
ED. .G by xCg and using Cauchy-Scwharz inequality several times,

1/2
§a! :4072 |:/ |:\/E DX1G) (szG \/E X1 st) (D>2c2 st)Q}:| d:Eld:Ede3:|

1/2
U VEIE, [(Dx,G)? (D, G2\ E [E, [(D2, ,,G)? (D,ZCMG)Z‘]}dxldxzdxg}
A3
1/4 1/4 1/2
<kCoo™? [/ (B(D2, . .G))"* (B(D2 G)4)/d:c1d:c2d:c3] :
AS

X1,X3 X2,X3

Similar techniques to integrate out the marks yield the same bound
1/4 1/4 12
Yo <kCoo ™2 [/ (E(DithG)‘l) / (E(Diz)XSG)Al) / dIldIQdI3:|
A3
<kCio2 / I(x3)?dxs
A

using (5.8). In the case (i), A=W and a > 2d. We have

2
max(y1,72) < KCSU_2\/N(W) (/ (1+ ||lzg — x||)d_0‘dx) < HC§U_2 [W].
]Rd

In the case (i'),A = R% a > 5d/2. Using successively (5.11),(5.9) and (5.10)
yield, with 2(2d — a) < 2(—d/2) < —d,

max(71,72) <FJC§U‘2\/W(W’)+ / (L4 d(z, W))2d-0)dy
(wnye

g’iC’g‘772\/"f|W|‘*"12(2d a)|W|d S KCgo 2/ |W(1 + dyy 22d =y

which gives the power a in (3.3)-(3.4). Let us keep assuming we are in case (i’).
Since A =R, a > 2d and (5.10) yield

3/4 ~
s <o / (Cir(1 + d(a, W) =9) " dw < Ciro (e (W) + / (L4 d(r, WP de
R4 (W1ye

<KC3o3W|(1 4 &2 ).

3(

In case (i), the same bound holds after removing de_a). Reporting back gives

(3.3).
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Introduce G = G — EG. Using (5.9) and (5.10),
_ 3/4
o <%0‘1<EG“>” ! / o3 (Cin(1 + d(a, W))H=) " da
Rd

ko VAW CE (AW + / (14 d(z, W))> = dy)

(Wye
<o ACERIW P20 A (1 + dif )

where v := SUp|y| o0 Mﬁv}iﬁcm Let us conclude the proof: (5.10) yields

12 A(d—a) V2
%<[/R do‘405%<1+d<:c,W>>4<d—a>dx} <o 23Ry (1+ i)

Y6 < {/ ot (6061/@(1 + d(zy, W)X (1 4 ||zg — 34])2)
(R4)?

1/2
3O (L d(, W) PO (1 [y — o)) 24 ) dary |

1/2
<o | [ aar w2 ([ (@ o -yl lay )
R4 R4
1/2
<0202k |W|(1+d§§d*“>) .

In case (i), A = W, all the same inequalities still hold after removing terms of
the form df,. Reporting back gives (3.4).
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