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Abstract We prove existence and up to the boundary regularity estimates in
LP and Holder spaces for weak solutions of the linear system

§ (Adw) 4+ BTds (Bw) = ABw + f in £,

with either v Aw and v A § (Bw) or vuBw and v (A(x)dw) prescribed on 912.
The proofs are in the spirit of ‘Campanato method’ and thus avoid poten-
tial theory and do not require a verification of Agmon-Douglis-Nirenberg or
Lopatinski-Shapiro type conditions. Applications to a number of related prob-
lems, such as general versions of the time-harmonic Maxwell system, stationary
Stokes problem and the ‘div-curl’ systems, are included.

Keywords Boundary regularity, elliptic system, camapanato method, Hodge
laplacian, Maxwell system, Stokes system, div-curl system, Gaffney-Friedrichs
inequality, tangential and normal boundary condition
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1 Introduction

Second order linear elliptic systems in divergence form with Dirichlet or conor-
mal derivative type boundary conditions are well-known. However, a large class
of elliptic systems can be written more crisply in the language of differential
forms and often, for such systems, neither of those are the relevant boundary
conditions. A typical example is the Poisson problem for the Hodge Laplacian
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with prescribed ‘tangential part’ and ‘normal part’ on the boundary respec-
tively, namely the systems,

ddw + dow = f in (2, ddw + doéw = f in (2,
vAw=0on 9. or vow = 0 on 992.
v Adw =0 on O0f2. vadw = 0 on O52.

The regularity results for these two systems are known since Morrey[14] (see
also [15]). However, regularity results for more general linear elliptic systems
with these boundary conditions do not exist in the literature. The reason for
this surprising absence probably lies in the available proofs of this result. The
original proof of Morrey relied on potential theory and depends on the fact
that dd + d6, i.e the Hodge Laplacian is precisely the componentwise scalar
Laplacian. Also, after flattening the boundary, the condition ¥ A w = 0 and
v A dw = 0 imply that as far as the principal order terms are concerned, the

whole system decouples and gets reduced to (Z) scalar Poisson problem with

lower order terms, out of which (”;1) number of equations has zero Dirich-

let boundary conditions and the other (Zj) number of equations has zero
Neumann boundary conditions. Other available proofs verifies the Lopatinski-
Shapiro, henceforth LS, (see Schwarz[17]) or the Agmon-Douglis-Nirenberg
complementing condition, henceforth ADN, (see Csato [4]) and these verifica-
tions too rely on the fact that the principal symbol of the operator is rather

‘simple’.

Deriving the regularity results for the system § (Adw)+BTdd (Bw) = f or even
the simpler system 0 (Adw) + déw = f with these type of boundary conditions
calls for different methods, as the verification of the ADN or LS conditions for
these systems looks algebraically tedious. On the other hand, the boundary
conditions simply arise out of an integration by parts formula and in principle,
verifying ADN or LS should be an avoidable overkill.

For linear elliptic systems with Dirichlet boundary conditions, the classical
Campanato method (see Campanato|[2], also Giaquinta-Martinazzi[13] and ref-
erences therein) of deriving estimates in Morrey and Campanato spaces, avoids
potential theory and yields at the same time both the Schauder estimates and
via an interpolation theorem of Stampacchia[19], also the LP estimates. This
approach has also been adopted to elliptic systems with conormal derivative
type condition, for example in Giaquinta-Modica[12]. The crux of the present
article is to adopt this approach to these kind of boundary conditions. This, as
a particular case yields a new proof for the regularity of the Hodge Laplacian
system as well.
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The main result of the present article (Theorem 17) is the existence and up
to the boundary regularity results in Hoélder and LP spaces for the system

§(Adw) + BTds (Bw) = ABw + f in £,

vAw=vAwyon 9. (1)
v A (Bw)=vAd§(Bwy) on df2,
and also its counterpart with the ‘normal condition’

8(Adw) + BTdé (Bw) = ABw + f in £2,

vi(Bw) = vi(Bwg) on 0f2. (2)
vi(Adw) = vi(Adwy) on 092,

where A and B are matrix fields and w is a k-form. Note that unlike the case
of the Hodge Laplacian, where solving the tangential boundary value problem
for k-forms is equivalent to solving the normal boundary value problem for

(n — k)-forms by Hodge duality, in this case the two problems are not dual to
each other.

The results for (1) and (2) yield also the existence and regularity results
for a number of related problems. The time-harmonic Maxwell’s equation in
bounded domain in R? is

curl H = iweFE + J, in £2,
curl B = —iwpH + J,,  in £2,
vx E=vxE on 0f2.

Eliminating H and writing as a second order system in F, we obtain,

curl(p! cwrl B) = w?eE —iwJ. + cwrl (u™'J,,)  in £2,
div(eE) = ~ div J, in 2,
w
vx E=vxE on 9f2.

H also satisfies similar kind of second order system with normal boundary
conditions. Writing in the language of differential form, the systems for E and
H are special cases of the general systems

§(Adu) = ABu+ f  in {2,

d(Bu) =g in 2,
vaBu = viug on 02,
vi(Adu) = vy (Adug) on 052,

respectively, for k-forms u. When B is the identity matrix, these two systems
are respectively related to the systems

0(Adu) = ABu+ f in £2,
0(Bu)=g in £2, and

vAu=vAugy on 012,

0(Adu) +dp = du+ f in (2, 0(Adu) +dp = M+ f in (2,
du =0 in {2, du =0 in {2,
and
vAu=0on 92, vou =0 on 052,

p = po on 012, vi(Adu) = 0 on 042,
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both of which generalizes the vorticity-velocity-pressure formulation of Sta-
tionary Stokes system with different type of boundary conditions, both of
which are studied in the context of Stokes flow in three dimensions (see [1],

3], [8])-

On our way to prove the above results, we also show existence and apriori
regularity estimates for the generalized ‘div-curl’ systems

d(A(x)u) = f in {2, d(A(z)u) = f in {2,
d(B(z)u) =g in 2, and d(B(z)u) =g in £2,
vAA(@)u=vAuy on 02, viB(z)u = vouyg  on 9f2.

These systems have been studied in various degrees of generality, see for ex-
ample [16], also [6],[7]. This yields a few generalized Gaffney-Friedrichs type
inequalities, generalizing the work of Friendrichs[9]( see also Gaffney[10],[11]).
We also prove the existence of a solution with optimal regularity for the Dirich-
let boundary value problem

{J(A(x)du) = fin 2,

U = ug on 942,

for k-forms u. Note that the problem is just the Dirichlet problem for the
elliptic equation
div (AVu) = f

when k£ = 0 and is not elliptic and the space of solutions is infinite dimensional
as soon as k > 1.

Many of these results are already known in the special cases when u is a
vector field (i.e k¥ = 1) and n = 3. But those proofs use somewhat ad hoc
approaches, based on using scalar elliptic theory componentwise, using the
fact that for vector fields in three dimensions, both the boundary conditions
and the systems are simple enough to find explicitly, by direct calculation,
the equations satisfied by each component. The advantage of our approach is
that it brings out the core of the structural features of these systems that is
ultimately responsible for regularity.

2 Notations

We now fix the notations, for further details we refer to [6]. Let n > 2 and
0 < k < n be an integer.

— We write A¥ (R™) (or simply A*) to denote the vector space of all alternat-
ing k—linear maps f: R" x --- x R” — R. For k = 0, we set A° (R") = R.
—_————

k—times

Note that A (R™) = {0} for k > n and, for k < n, dim (4% (R™)) = (}).
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— A, 1, {(; ) and, respectively, * denote the exterior product, the interior
product, the scalar product and, respectively, the Hodge star operator.
— If {el, e ,e”} is a basis of R", then, identifying A' with R,

{e“/\~~/\ei’€:1§i1<~~<ik§n}

is a basis of A¥. An element ¢ € A* (R™) will therefore be written as

&= Z £i1i2---ik NN Nek = Z &r €I

1<iy < <ip<n IeT*
where
TF={I=(ir, - ,ix) eEN :1<iy <---<ip<n}.

We shall identify exterior 1-forms with vectors freely and shall refrain from
using the musical notation to denote these identifications, in order not to

burden our notations further. Also, we shall often write an exterior k-form
n

as a vector in ]R(k), when the alternating structure is not important for
our concern. In a similar vein, we shall identify m X n matrices with the
space R™*"™,

Let 0 < k < n and let 2 C R™ be open, bounded and smooth.

— A differential k-form w is a measurable function w : 2 — A*.

— The usual Sobolev, Holder, Morrey and Campanato spaces are defined
componentwise and are denoted by their usual symbols.

— Two special differential operators on differential forms will have a special
significance for us. A differential (k + 1)-form ¢ € L{ (£2; A*+1) is called

loc

the exterior derivative of w € L (Q; Ak) , denoted by dw, if

loc

/nMo=(—1)""“/dnAw,
(93 (93

for all n € C5° (£2; A"~F=1) . The Hodge codifferential of w € Ll _ (£2; A*)
is a (k — 1)-form, denoted éw € L (£2; A¥~1) defined as

loc
dw = (=1)"" 1w d % w.

See [6] for the properties and the integration by parts formula regarding
these operators.
— Let 1 < p < oo and let v be the outward unit normal to 0f2, identified

with the 1-form v = Z v;dz’. The spaces W%’p (£2; A%) and Wﬁ;p (£2; AF)

i=1
are defined as

Wq{’p (Q;Ak) = {w e wtr (Q;Ak) :vAw=0o0n 6(2}

W}bp (_Q;Ak) — {w cwhr (.Q;Ak) :vaw=0on 89}.
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Also, we define,
Wik (02; AF) = {w € WhP(2; AF) : 6w = 0 in Q}
and Wi’]’\’,(ﬂ; A¥) is defined similarly. The space Hr (£2; A¥) is defined as
Hr (Q;Ak) = {w € W%’Q (Q;Ak) :dw =0 and dw =0 in Q}

The spaces H (Q; Ak) is defined similarly.
— Let BE denote the half-ball centered around 0 in the half space, i.e

B} ={z eR":|z| < R,z, > 0}.

Let I'r and Cp denote the flat part and the curved part, respectively, of
the boundary of the half ball BE. We define the following subspace of
WL2(Bh; AF),

WG (Bl A") = { e W2 s ey A¢p=00on I'n, ¥ =0o0n Cr}.

The space WJ{,’QJCM(BEO;A’“) is defined similarly. We use the notation (-),
to denote the average over half-balls, i.e

1
o) = ——— / o'
( )S meas(BY) Jp+

We shall frequently use two ellipticity conditions for matrix fields.

Definition 1 A map A : 2 — L(A*, AF) is said to satisfy the Legendre-
Hadamard condition if A satisfies, for all x € 2,

(A(@)(aAb) ; anb) >~laAb]?, for every a € A',b € AF!

for some constant v > 0. A is said to satisfy the Legendre condition if for
some constant v > 0 we have , for all x € £2,

(A(2) 5 &) > v[¢)*,  for every £ € AF,

3 Boundary estimates

Our starting point is the classical Gaffney inequality, which can be proved from
a simple integration by parts formula (see [5]). Using this inequality, we show
that the usual ‘Campanato method’ for regularity estimates (see for example,
Giaquinta-Martinazzi[13]) can be adopted in this setting to yield regularity
estimates up to the boundary for the systems (1) and (2) in the special case
when B = I, the identity matrix. As a consequence, we can prove a general
version of the Gaffney-Friedrichs inequality which in turn yields the estimates
for the general case.

Our strategy is to flatten the boundary and freeze the coefficients and
derive estimates in the Campanato spaces for the resulting constant operators
on half-balls.
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3.1 Preliminary lemmas

We start with a few easy results that we shall use.

Lemma 1 (ellipticity lemma) Let B : A¥ — A* satisfy
(BE;€) > yslEl? for all § € AF,

for some constant vg > 0. Then for every va > 0, there exists a constant
¢ > 0, depending only on v4 and v, such that

Yalen AE2 + |enaBE)? > cléf? for all € € AP,

Proof If the inequality is false then there exists a sequence {{s} such that for
every s > 1, we have |£,| = 1 and vale, A &|? + |€nJB§S|2 < 1. This implies,
passing to a subsequence which do not relabel, £ — & for some & € AF such
that |£| =1, e, A§ =0 and e, 1B = 0. Using the identity £ = e, (e, AE) +
en N (ena€), this in particular implies,

0= <enJB£;enJ£> = <B§a en A (en—‘€)> = <B§7€> > ’YB|£‘2 =B > 0.
This contradiction proves the lemma. a

The next result is a variant of classical Garding inequality, which can be
proved in the standard way.

Lemma 2 (Garding inequality) Let A € C (£2; L(AF1, A¥F1)) satisfy the
Legendre-Hadamard condition. Then there exist constants Ag > 0 and A such
that for all u € I/V:,IJQ(Q,/lk)7 we have,

[ Ay du = xa dullfz = A ul 3)
o)
Moreover, if A has constant coefficients or A € L (Q; L(AF+Y A’H'l)) satis-

fies the Legendre condition, then the inequality is true with Ay = 0.

We now need a Poincaré inequality which can be proved by a simple contra-
diction argument.

Lemma 3 There exist a constants c1,co > 0 such that

/+|u|2 < cle/ Vul?,  for allu € W2 (Bh; AR) n Wi (B AF)
B B},

and

/+|u —(wgl* < 02R2/+\Vu|2, for allu € WH2(Bj; AF).
BR BR

3.2 Estimates for constant coefficient operator

We begin with deriving estimates on half-balls for constant coefficient opera-
tors.
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3.2.1 Boundary Caccioppoli inequality

The most crucial ingredient for these estimates are the Caccioppoli type in-
equalities on half-balls.

Theorem 1 (Caccioppoli inequality) Let A : AF1 — AL satisfy the
Legendre-Hadamard condition. Let u € WY2(B; A¥) with v Au = 0 on I'p
satisfy, for all Y € W%:?lat(Bg;Ak),

| taawde) + [ (gussn) o @

R

Then there exists a constant ¢ > 0 such that for every 0 < p < R, we have the
following boundary Caccioppoli inequality,

2 c I I oI2
/\w — Z/B+\B+‘“|+Z/B+\B;|“ g 6)

IeT”
n¢l nel

for any collection of constants €1 € R for each I € T* withn € I.

Proof Choose n € C2°(Bg) such that 0 <7 <1,n=11in B, and |Dn| < Rip
and define 4 : Bf, — A" as,

o {ul if n ¢ 1,

for every I € TF.
ul — ¢t ifnel, Y

Substituting n?u € W%’fclat(BE;Ak) for the test function ¢ in (4), standard
calculations and Young’s inequality with € > 0 implies the estimate,

[ catdemydo) + [ Gomsem)
B, B

R
<ee / 2|V + e / D a2,
B -

Since the half ball BE is contractible, combining this Gaffney inequality and
Garding inequality

[ wevar = [ P - [ enveoyes
Bf Br Br,

< c{/3+<A(d(m)) d(n)) +/+<6(nﬂ);6(nﬂ)>} —/+<2nva; Dn @)

Br Br

<ce [ wPIvaP e [ poPlar
Bf; Bj
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Choosing e small and using the facts that n = 1 on B,, Dn vanishes outside
B\ B} and |Dn| < R_ , we get

~ ~ C ~ C ~
J R I L e B
B; Br (R - p) BE\B; (R - P) BR\B;

This finishes the proof. O

Since the Garding inequality we used is not true for WJ{,’Z, we need stronger
ellipticity assumption on A for a Caccioppoli inequality in that space. If A
satisfy the Legendre condition, then similar arguments show that for any u €
WL2(Bf; A¥) with vou = 0 on I'g satisfying (4) for all ¢ € WI{,”QJCM(BE; AF)
and for every 0 < p < R, we have

&
Vul* < —— /
/Bj (R—p)? Z B*\B*
n¢I

for any collection of constants ¢/ € R for each I € T* with n ¢ I.

Z /B*\B+

IeT*
nel

3.2.2 L? estimates

Caccioppoli inequalities lead to L? estimates.

Theorem 2 (L? estimates for constant coefficients) Let A : AF!1 —
AR satisfy the Legendre-Hadamard condition. Let u € Wh2(Bj; AF) with
vAu=0 on I'g satisfy, for all ¢ € W}’fclat(BE; AR,

[ atuan)+ [ (@uisw) ~o. (©
Bj; B

R

Then for every m > 2, there exist constants ¢y, Cm > 0 such that we have the

estimates
D U2<4Cvn* / U2—< ° 'm/ UQ. 7

R/2™M

Remark 1 Same estimates hold true for u € W12(Bf; A¥) with vou = 0 on
I'g, satistying (6) for every ¢ € W]{,’;lat(BE; AF) if A satisfies the Legendre
condition.

Proof We only show (7) for m = 2. Using the difference quotient 73, su(z) =
+{u(z + hes) —u(z)}, for every s = 1,...,n—1, and the Caccioppoli inequal-
ity for 75, su and u, we obtain,

9 C 2 C 2 & 2
< < < — .
/B+ Vel S /B el S /B Vel s /B,; .

R R/2 R/2
33 / /




10 Swarnendu Sil

This implies,
Cc C 2
DiuP < o [ VuP < i [l
/Bjmz ’ (R)* JBy, (R)* Ji

for all4,j =1,...,n such that (¢,7) # (n,n). To estimate the D,,, derivative,
first we rewrite the system (6) as a system in terms of gradients. For every
(NS W%Z?clat(B;g; AF), we have,

/B+<A(du)§d¢> +/B+<(5u;5¢> =/JB+<EVu;Vz/J>, (8)

n

~ n
where A : R(k)xn — R(k>xn is the linear map, defined by the pointwise
algebraic identities

<ga1 ®br;as ® b2> = <A (a1 A bl) ;ag N\ b2> + <a1Jb1;a2Jb2>,

for every ai,as € A', viewed also as vectors in R™ and by, by € AF, viewed

also as vectors in R( ) We also define the maps AP : R( ) (k) for every
p,q=1,...,n, by the identities,

quf §) = Z Ap 50[56 =(4 (ep ®&);e, &) for every £ € R(Z)

a,BeTk

n
Now, for every & € R(k), by lemma 1, we get,

<Ann§ §> < (en ® f) €n ®§> = <A (en ANE)sen A §> + <enJ€§enJ§>
> Yalen NP+ lentl® > e,

AF) in (6), using (8)
Ak,

proving that A™ is invertible. Choosing ¢ € C> (B} /925
and integrating by parts, u € W12(B}; A¥) satisfy, for all ¢ € C>°(B,

/ Z au”‘ 8'@[1’6 _ Z / pq 6u 81/}’8
of Oxy, Or, B+ Aas Az, Oz,
R/z2 a,BeTE p,q=1,...,n R/22
(Pa)#(n,n)
o,BET*

— i ~Pq% 8
N ; n /B+ dxq <Aa6 8331)) v

R/22
(p q)sﬁ(n n)
a,BeTk

3/227

Since 8 (Aiqﬁ g“ ) are L? for all choice of p,q =1,...,n,(p,q) # (n,n) and
for all «, 5 € T*, and A" is invertible, this implies the estimate for D, ,u. O
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3.2.83 Decay estimates for the constant coefficient operator

Theorem 3 Let A : AFtT — AR1 satisfy the Legendre-Hadamard condition.
Let u € qu{?lat(BE; AR) satisfy, for ally € W%ﬁ-lat(B;g; AR,

[ auan)+ [ @uisw) ~o. 9)
Bj; B

R

Then, for every 0 < p < R, the following decay estimates hold true.

2 A% 2
< — 1
[ < (%) /ng, (10)
[owa<e(2)" [ v, ()
Bf R Bf
2 n+2
/Q’Vu—(Vu%‘ gc(ﬁ) ‘/ IV — (V) 2. (12)
B, R Br
Remark 2 Analogous estimates hold for u € Wﬁ,’?ﬂat satisfying (9) for all ¢ €

W]i,’?ﬂat(BE; AF), when A satisfies the Legendre condition.

Proof Using the rescaled function @(z) = u(Rz), we can replace p p/R and R
by 1. Since the inequalities are nontrivial only for % small, we assume % < 2},,

for some integer m. Now by Sobolev embedding and L? regularity results give,
A% 2 PN 2 A% 2
< () s luf <c(f) Tulpmap ,<e(f)" [ 1l
/B;/R R/ pe R (B k) R/ Jpt

Same argument for Vu and Poincaré inequality give (11). Now we define @ €
Wh2(By; AY),

ul ifn¢l,

~I __ n I k
u = 0 for every I € T".
uI—E xl<u> ifnel, very
. 6:@ Bt

i=1

Note that D?u = D?u, @ satisfies the same PDE as v and v A% = 0 on [g.
Thus by L? regularity, Poincaré inequality and Sobolev embedding gives,

2 2 n+2
Vu— (V ‘ < £ / D2 QS E D2 2
/BP/R‘ w=(Vu)yr C(R) B:/R| u C(R) sup [P

1/2™M1
p n+2 2 p n+2 12
=c(£) " sw [P <c(f) Dl

Bl/2m1

But we have
~12 2
1Dl 5, = [ 19u = (Fu, ",
Bl

since (Vur), =0 for all I € T* with n ¢ I. O
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3.2.4 L>H estimates

Now we proceed to estimates in the Campanato spaces.

Theorem 4 (L% estimates) Let 0 < p < n + 2v be a real number. Let
the matriz A : A1 — AL satisfy the Legendre-Hadamard condition. If
U € W%:?lat(BE; AF) satisfy, for all ¢ € W%:?clat(BE; AF),

[ s+ [ oo+ [

R R

P~ [ (@i =0 @)

Then Zf,P S LQ’#_Q(BE;AIC), and Q € LQ’#(BE;RnX(Z))’ this implies Du €

n
L2+ (BE/Q;R”X(k)) , with the estimate

[Dy] ., (B%2) < C{HDuHLz(B;) + [PlLzw-2(pt) + [Q]LZ,M(B;)} .

n
Moreover, if we have P € Ez’”(BE;A’“) and Q € EQ’““(BE;R”X(IJ)’ then
we also have D?u € L3 (BE/Q;RMX (k)) , with the estimate

[D%] 2o (y,) < c{IDullz2 + [Pleonsg) +1Qlraureag) |-

Remark 3 The same estimates hold as well if A satisfy the Legendre condition
and u € Wi,’iqat(BE; AF) satisfy (13) for all ¥ € Wji,’?ﬂat(BE; AR).

Proof We just show the estimate of
1 2
sup — |Du — (Du),|*,
0<p<éR/2 P* JB}
with 0 < 8 < § fixed. We write u = v + w where v € W12(B};; A¥) solves

{ §(Adv) + dév =0 in B},

_ +
v=u on 0B,

We have, by standard arguments using theorem 3 for v,

B 2 (P n+2/ B ) / )
/B;|Du (Du),| _C(R) B;|Du (Du) 2 + &1 B$|Vw|. (14)

Note that w satisfies

/B;<A(dw);dw>+/B+<6w;6w>+/3+<7?;w> _/B+<Q;Vw> _o

R R R
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Using Holder inequality, Poincaré inequality and Young’s inequality with & >

0,
| i)

R

g(/ 7>|2> (d??/ |Vw|2>
B, B},

<c [ V0l + PR
B+

R

Thus, using Young’s inequality with ¢ > 0 and w = 0 on all of 83;5, we
deduce,

| t@vu)

R

2 2
gs/BJle te[QPn ) .

R

/B; (Q— (Q): Vo)

Now, by Gaffney and Garding inequality, we have,

Vw<ed [ jdw 4 [ Jowl e <ed [ (Aldw)idw) + [ (0wl .
B B B B} B

R R R R

Combining this with the above estimates and choosing € to be small enough,
we obtain an estimate for [+ |Vw|?. Combining with (14) gives
R

Du— (D 2 < R ' 2/ Du— (D 2
/;r| u ( u)p| c( ) $| U ( U)R|
+ cRM ([P]izyu72 + [Q]iQH) .

By usual arguments utilizing the scaling lemma ( see lemma 5.13 in [13] ),

1 2 2 2
= || 1Du= (D) < e (IDulacmm) + Plass + [
P
This yields the desired estimate. O

3.2.5 LP estimates

Theorem 5 (LP estimates) Let 1 < p < oo and 1 < g < oo be such that
¢ =2 >pifq<n. Let A: AP — AL satisfy the Legendre-Hadamard

n—q —

condition. Let u € W%:fclat(BE;Ak) satisfy, for all ¥ € W%:?lat(BE;Ak) N
WP (Bf; AF),

/B+<A(du);d1/)>+/3+<6u;6¢)—&-/B+(P;z/}>—/B+<Q; V) =0.  (15)

R
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IfP e LUBE:AY) and Q € L¢(B;R™ (W) then Du € L7 (B;;R"X(Z)> ,
and we have the estimate

[ Dull gty < € ||P||Lq(3j) + HQHLP(B,JT) :
(BL)

Moreover, if P € LP(B}; A*) and Q € Wl*p(B;r;R”X(k))’ then we also have
D2y e LP (B:r/gﬂanX(k)) with the estimate

102l (5 < € {IPl ity + 1Qlwrnary } -

Proof The only part which is different from standard methods is the argument
to show that P can be absorbed in the Q term. So we show that we can assume
P=0.

For every I € T* such that n € I, we solve the following Neumann boundary
value problem for the scalar Laplacian,

—AHI ZP] in BE,

001 .
= gr in BBE,

where the functions grs are such that

/ 9= Pr and gr=0onI}.
B},

+
By

For every I € T* such that n ¢ I, we solve the following Dirichlet boundary
value problem for the scalar Laplacian,

—Ab; =Py in Bf,,
6r=0 in OB},.

Since 1 < ¢ < o0, by regularity results for the scalar Laplacian, we deduce
that §; € W24 (B},) along with the estimate

102 lly2a < 1Prll Lo -

Now, using integrating by parts, we can rewrite the term fB+ (P; ) as,
R

[ o= S rwi—-[ ¥ a0

R IeTk R IeTk
00;
— [ S wonven- [ 3 Ty
Bj etk 0By err Y
a0,
= Z (VOr; V) — Z Y1
+ + ov
BR reT* I'r ner
IeT*

:/B+ S (V05 V).

R JeTk
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But this means this term can be absorbed in the Q term, since VO; € LP as a
consequence of Sobolev embedding and the fact that #; € W29 with ¢* > p.

The rest is standard. Using theorem 4, we prove that the linear map Q —
n
T(Q) = Vu, can be extended as a bounded linear map from L?*(B};R™" (k))
to L2(B§;R"X(k)) and from LOO(BE;R"X(k)) to BMO(BE;R"X(k)). By
Stampacchia’s interpolation theorem, this implies that the map extends as

n n
a bounded linear operator from LP(BE;]R”X(IC)) to LP(BE;R"X(IC)), for all
2 < p < o00. The case 1 < p < 2 follows by usual duality arguments. a

3.3 Schauder and LP estimates

We are now ready to derive the global estimates. We use lemma 4 to flat-
ten the boundary, whose proof has been relegated to the appendix. By usual
patching arguments, everything boils down to proving the estimates for u €
W%’Z(BE; AF) satisfying, for all ¥ € W%’Z(BE; AF),

/]3;<A(du);d¢>+/]3+<6u;5¢>+/B+(73;¢>—/B+<Q;v¢>

R R R

+/ (SVu; Vip) = 0,
Bj
where~/i satisfies the Legendre-Hadamard condition, P = f+ Pu+ RVu and

Q = F — Qu, for R > 0 suitably small.

Theorem 6 (C"+27 regularity) Let 1 < k < n—1, r > 0 be integers
and let 0 < v < 1 be a real number. Let 2 C R™ be a bounded open set
and 052 be of class C™+27. Let A € C™(02; L(AF*Y AFYY) satisfy either
the Legendre-Hadamard or the Legendre condition. Also let f € C™7 (02, AF),
F e C™ (2, A1) and X € R. Let w € W,(02, A¥) be a weak solution of the
following,

[ (A@do,do)+ [ Gws0) 4 [ o)+ [ (1.0~ [ (o) =0, (o)

0 0 Q Q 0

for all ¢ € W%’Q(Q,Ak). Then w € C™TY7 (02, A¥), and satisfies the estimate,
||W||cr+1w(§;/1k) < C{”W”cmv(ﬁ;m@) + ||f||cm(ﬁ;/1k) + ||F||cm(ﬁ;/1k+1)} )

where the constant ¢ > 0 depends only on A, \,v and §2. Moreover, if A €

C™HLY(Q2; L(ARHL AR YY) and F € C™H17 (02, AR then w € C™27(0, AF),
and satisfies the estimate,

[wllgrvzn @ ar) < C{HWH(JM(@;M) + 1flerm@ary + ‘|F||cr+1,w(ﬁ;/1k+1)} )

where the constant ¢ > 0 depends, once again, only on A, \,~vo and (2.
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Proof Writing v = v + w, where v € W12(Bj; A%) is the solution of the
homogeneous equation for A coinciding with « on the boundary and noting
that

/+ (SVu; Vw)
BR

the Schauder estimates follow from theorem 4 by standard techniques (see
[13]) after absorbing the lower order terms by interpolation. O

Theorem 7 (W"™2P regularity) Let 1 <k <n—1, r > 0 be integers and
let 1 < p<ooandl < q < oo be real numbers such that ¢* = n”—_qq > p.
Let 2 C R™ be a bounded open set and Of2 be of class CT™+27. Let A €
CT(02; L(AF+Y, ARYY) satisfy either the Legendre-Hadamard or the Legendre
condition. Also let f € W™(02,AF), F € W"P(Q, A¥*1) and X € R. Let

w € W%’Q(_Q,Ak) be a weak solution of the following,
[ a@onds)+ [ @o.do)a [ wor+ [ o= [ (s =0 )

for all ¢ € W*(92, Ak)ﬂWLp/ (2, AF). Thenw € WrHLp(0Q, AF), and satisfies
the estimate,

Ss/ |Vw|2+c(Ci(R)+C]23(R)+C§(R))/ |Vul|?,
B} B}

R

[wllwr+1p(;ar) < C{HWHLP(Q;A’C) + | fllwra(2;a0) + HFHWW(Q;AIM)} )
where the constant ¢ > 0 depends only on A, \,vo and §2. Moreover, if A €
Cr (@2 L(ARTL AR f € WP(Q,A%) and F € WrHhp(02, AFFL)| then
w € Wrt2p(0Q, A¥), and satisfies the estimate,

”w”WT‘*'?vP(Q;Ak) < C{HWHLP(Q;M) + ||fHWw(Q;Ak) + HF”WT‘*'LP(Q;A’CH)} )
where the constant ¢ > 0 depends, once again, only on A, \, vy and (2.
Proof Theorem 5 yields the theorem for 2 < p < oo coupled with standard
arguments. The case 1 < p < 2 follows by duality arguments. The crucial

step is to show that if w € W™, for some 2 < m < p, then for every
V e W%’;law there is a unique solution v € W%’;lat satisfying, for every

¥ € Wi (B AF) N WP (B AF),

/B;<A(dv);dw>+/]3§<(5v;(5w> +/B;<f—|—Pu+RVu;z/)>

7/B+<ﬁfQu;Vw)+/ (SVV; Vi) =0,

+
Br

where s = min (p,m*). Then we show that the map T : Wﬂl“:;lat — le’:;lat
that maps V to v has a fixed point if R is chosen small enough. But by Poincaré
inequality and theorem 5,

[o1 = vallyr.e < c[Ca(R)+Cr(R)+Ca(R)[VVL = Ve

This means for R small enough, T is contraction and thus has an unique fixed
point in W%:;lat. Lower order terms can again be absorbed by interpolation.
O

L -
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4 Applications

Now we show how the regularity results derived earlier can be utilized to
deduce a number of results concerning a wide variety of problems. Although
we state the theorems for Hessian estimates, gradient estimate versions of all
the theorems in the subsections 4.1. 4.2, 4.3 and 4.4 hold as well.

4.1 Second order Hodge type systems: A special case

First such problem is the Hodge-type boundary value problem for a second
order elliptic system, the prototype being the Poisson problem for the Hodge
Laplacian with absolute and relative boundary conditions.

Theorem 8 Let £2 C R" be open, bounded and let 012 be of class C™+27. Let
1<k<n—1,r>0beintegersand < a <y < 1landl < p < oo be real num-
bers. Let A € CT1(02; L(A*+1, AF+Y)) | respectively C™H1o(02; L(AFTY, AR+1Y),
satisfy the Legendre-Hadamard condition. Then the following holds.

1. There exists a constant p € R and an at most countable set o C (—o0, p),
with no limit points except possibly —oo.
2. The following boundary value problem,

0(A(z)da) + dda = o, in (2,
vAa=0 ondf, (EP)
vAda =0 on 0f2.

admits non-trivial solutions o € C™(£2, A¥) if and only if o; € o and the
space of solutions to (EP) is finite-dimensional for any o; € o.

8. If X & o, then for any f € WTP(82, AF), respectively C™(£2, A*¥), and
any wy € WTH2P(0Q, AF), respectively CT+2((2, A¥), there exists a unique
solution w € WT+2P(0 AF), respectively C™+2:2(02, A¥), to the following
boundary value problem:

d(A(x)dw) + déw = dw + f in £2,
vAw=vAwy on 02 (P)
v Adw=vAdwy on 0f2,

which satisfies the estimate
[wllyrize < ¢ ([wllyre + 1f e + ool rizn)
respectively,

[wllgriza < e(@lora + 1 fllora + lwollgrez.a) -
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Proof We divide the proof in two steps.

Step 1 (Emzistence in L?): We first show existence assuming f € LP with p > 2.
Clearly, this is not a restriction if f € C%®. For a given A € R, the bilinear
operator ay : Wp2(2; AF) x W2(2; AF) — R defined by,

ax (1, 0) = /Q<A(3:)du,dv>+ /Q<5u, 50) + A /j7 (),

is continuous and coercive by virtue of Gaffney and Garding inequality, for
any A large enough. Thus Lax-Milgram theorem yields existence for A large.
Since W% (§2; A¥) embeds compactly in L2(£2; A¥), Fredholm theory holds
and we conclude the existence of the spectrum o, the claimed properties of
the spectrum, the existence of @ € W,*(£2; A*) solving

/Q (A(z)dw, dB) + (53, 56) + A / @,0) + /Q (g,0) =0, (18)

e
for any g € L?(£2, A*) when A ¢ o and the existence of a € W, ?(£2; A¥)
solving

/ (A(z)do, dB) + (0cv, 66) + O'i/ (a,0) =0, (19)
Q ¢
for every o; € o, along with the finite-dimensionality of the eigenspaces.

Step 2 (Regularity): Now theorem 7, respectively theorem 6 in the Holder case,
gives us the desired regularity. The estimates for 1 < p < 2 also extends the
existence theory to the case 1 < p < 2 by usual density arguments. Integrating
by parts, we immediately obtain from (19) that « is a C°° solution to (EP),
i.e an eigenfunction. From (18), integrating by parts, we obtain,

/ (6(A()d) + do; ¢>—/ (A(@)dD; v A )+ (1 A dw: 6)) = / Ow+g: 6,
(9] o0 0
for all ¢ € W%’Z(Q, AF). Thus taking ¢ € C2°(£2, A¥) we have,

0(A(x)dw) + déw = \w + g in £2.

But this implies that the integral on the boundary vanish separately and thus,
/ (vAdw;¢) =0 for any ¢ € W2 (82; A%).
a0

We now show that this identity is valid for any u € W12(2; A%) as well.
Extending v as a C'! function inside {2 and using the identity u = v A (vJu) +
va(v Au), we deduce, for any u € Wh2(£2; AF),

/M@ A 0 ) = /Em@ AT v A (v} = 0,

since VA (vau) € W%’2(.Q, AF). Since u € WH2(£2; A¥) is arbitrary, this implies
v A dw =0 on 912. Now taking g = f + dwo — 6(A(x)dwy) — dowp and setting
w = W+ wp, we immediately see that w is a solution to (P) with the desired
regularity. This finishes the proof. a
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Remark 4 The possibility of solving (P) when A = 0 is clearly the most
important case. However, if there are non-trivial harmonic fields with van-
ishing tangential component, i.e Hrp (Q;Ak) # {0}, then each non-trivial
h € Hp (£2; AF) is a non-trivial solution for (EP) with o; = 0. Thus 0 € o and
(P) can not be solved for arbitrary f. However, when A is such that we have
Jo(A(z)du, du) > ¢ [, |du|? for some ¢ > 0, (for example, when A is constant
or satisfies the Legendre condition) it can be shown that every non-trivial
solution of (EP) is a harmonic field. Consequently, (P) can be solved for all

f e (Hr (2;A%))" e all f satisfying the condition

/ (f;h) =0 for every h € Hr (Q;Ak) .
Q

However, the solution w in that case would be unique only upto such harmonic
fields. Since Harmonic fields are smooth, the regularity results would remain
valid for all such solutions.

Similar arguments on WJ{,’Q for existence and the regularity estimates yield
analogous statements for the system
0(A(x)dw) + ddw = dw + f in £2,
Viw = Vawg on Of2. (P)
vi(A(x)dw) = v (A(x)dwy) on 052,
when A satisfies the Legendre condition. Remarks similar to remark 4 about

the solvability of (P) with A = 0 applies here as well, with the modification
that since A is assumed to satisfy the Legendre condition, (P) can be solved

with A = 0 for all f € (’HN (Q; /1’“))L . As a corollary, these theorems imply
the Hodge decomposition theorem (see e.g Theorem 6.21 in [6] for the different
versions of the theorem).

4.2 Maxwell operator: A simple case

Theorem 9 Let £2 C R" be open, bounded and let 012 be of class C™+27. Let
1<k<n—1,r>0beintegersand < a <y < 1landl < p < oo be real num-
bers. Let A € CT1(82; L(AF+1, AF+Y)) | respectively C™H1o(02; L(AFTE, AR+1Y),
satisfy the Legendre-Hadamard condition. Then the following holds.

1. There exists a constant p € R and an at most countable set o C (—o0, p),
with no limit points except possibly —oo.
2. The following boundary value problem,
0(A(x)da) = oy in 12,
da =0 in 2, (EVM)
vAa=0 ondf,

admits non-trivial solutions o € C*°(£2, A¥) if and only if o; € o and the
space of solutions to (EVM) is finite-dimensional for any o; € o.
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3. If \ & o, then for any f € W"P(£2, A¥), respectively C™*(§2, A¥), satisfying
0f = 0 in the sense of distributions in {2, there exists a unique solution
w € Wrt2P (0, A*), respectively CT+22(02, A¥), to the following boundary
value problem:
I(A(z)dw) = dw + f in £2,
ow =0 in (2, (PM)
vAw=0 on 0f2.

which satisfies the estimate

||w||WT+2»P S C(HWHWMD + Hf”WTP) )

respectively,

[wllgriza < c(lwlona + 1 flgra) -

Proof (of theorem (9)) By theorem 8, we only need to show is that if § f = 0,
then every solution to (P) with A € R gives rise to a solution of (PM) with the
same A and that every solution of (EP) for o; € R yields a solution of (EVM)
with the same ;. We divide the proof into several substeps.

Step 1 We start with the second. Taking § of the equation, we deduce from
(EP),

(6d + dd) (da) = dddav = §5(A(x)da) + ddda = 6 (0;0) = 0y (Ocx) in 2,

and ¥ A da = 0 and v A dda = 0 on 0f2. Thus, o; is an eigenvalue for the
Hodge Laplacian on (k — 1)-forms with da as an eigenform. Now if o; = 0,
then we see that da = h € Hr (Q; Ak_l) . But no non-zero harmonic field can
be coexact. Thus da = 0 and « itself solves (EVM). If o; # 0, then it is easy
to check that @ = o — U%déoz solves (EVM).

Step 2 The first one is exactly the same. Once again, taking § of (P) and
using the fact that § f = 0, we see similarly that if A = 0, w itself and if A # 0,
@ = w — +dbw solves (PM). O

Remark 5 In this case too, remarks similar to remark 4 applies.

By similar arguments, we also have

Theorem 10 Let 2 C R™ be open, bounded and let 882 be of class C"™t27. Let
1<k<n—1,r >0 beintegers and0 < a <y < 1landl < p < oo be real num-
bers. Let A € CTT1(2; L(AFL AFHL)) respectively CT+1(02; L(AFTL, AR+1)),
satisfy the Legendre condition. Then the following holds.

1. There exists a constant p € R and an at most countable set o C (—o0, p),
with no limit points except possibly —oo.
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2. The following boundary value problem,
0(A(z)da) = o in (2,
da =0 in §2,
vaa =0 on 012,
vi(Ada) =0 on 012,

(EVM)

admits non-trivial solutions o € C°°(2, A*) if and only if o; € o and the
space of solutions to (EVM) is finite-dimensional for any o; € o.

3. If \ & o, then for any f € W"P(£2, A¥), respectively C™%(§2, A¥), satisfying
df = 0 in the sense of distributions in §2 and v.f = 0 on 02, there
exists a solution w € WT2P(0Q, Ak)  respectively CT+2:2(02, A¥), unique
upto harmonic fields, to the following boundary value problem:

§(A(z)dw) = dw + f in 12,
ow =0 in (2,
vaw =0 on 912,
vi(Adw) =0 on 012

which satisfies the estimate
[wllyrizp < c{llwllyrr + [1f e}
respectively,
[wllgriza < cfllwllgra + 1 llgrat-
Remark 6 (i) When r = 0, the condition v.f = 0 on 92 in the Sobolev case

is to be interpreted as

/ (f;dy) =0 for any ¢ € C* (ﬁ;/lk_l).
fo)

Note that when 1 is compactly supported, the integral vanishes anyway due
to the condition 6f = 0. This extra condition, which can be easily seen to
be necessary one, is analogous the integral compatibility condition for the
Neumann boundary value problem for the Laplacian in the scalar case.

(ii) Remarks similar to Remark 5 applies here as well.

4.3 Stokes type operator

An easy corollary of the results in the last subsection gives us regularity results
for some stationary Stokes type problem. We just use Hodge decomposition
with vanishing tangential component to write the decomposition f = d¢ + f ,
with 6f = 0 in £2. Then we solve the boundary value problem

dp = —d¢ in 12, p = pgo on OS2.

This reduces the next theorem to Theorem 9.
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Theorem 11 Let 2 C R™ be open, bounded and let 952 be of class C™t27. Let
1<k<n—1,r >0 beintegers and0 < a <y < 1landl < p < oo be real num-
bers. Let A € C™F1(02; L(A*+L, ARTLY)) respectively CT 1 (02; L(ARFL ARFLY)),
satisfy the Legendre-Hadamard condition. Let o be the spectrum, as given
by theorem 9. Then for any A\ ¢ o and for any f € W"P(§2, A¥), respec-
tively C™(£2, A%), any py € WP (02, AF=1) | respectively C"+1: (02, A1),
with v A dpy = 0 on 082, there exists a unique pair (w,p) such that w €
W20, AR) respectively C™+2 (02, A¥), p € WTHLP(0Q, Ak=1) | respectively
Crthe(, AF1)) solve the following boundary value problem:

§(A(x)dw) +dp = dw + [ in 02,

ow =0 in (2,
(PST)
vAw=0 on df2
p =po on Of2.

which satisfies the estimates

[wllyrizr < cUwllwre + 1 Flwrs)

and
Ipllwrse < U fllwre + IPollyrern) s
respectively,
[wllgreze < c(llwllgra + I fllgra)
and

[pllgrera < el fllgre + IPollgrese) -

By using Hodge decomposition with vanishing normal component to write the
decomposition f = —dp + f, with §f = 0 in 2 and vif = 0 on 92, we also
have the following theorem.

Theorem 12 Let 2 C R" be open, bounded and let 02 be of class C"T2%7. Let
1<k<n—1,r>0beintegersand < a <y <1landl <p < oo be real num-
bers. Let A € CTT1((2; L(AFHL AFHL)) | respectively CT 1 (02; L(AFTL, AR+1)),
satisfy the Legendre condition. Let o be the spectrum, as given by theorem
10. Then for any A & o, for any f € W"P(£2, A¥), respectively C™*(£2, A¥),
there exists a unique pair (w,p) such that w € W"+2P(§2, A*), respectively
C2e(0, AF), p € Wrthe(02, AF=1) | respectively CTH1(02, A1), solve the
following boundary value problem:

O(A(x)dw) +dp = dw + f in £2,
dw =0 in §2,
vaw =0 on 02,
vi(A(z)dw) =0 on 012.

(PS)
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and satisfies the estimate

[wllyrize < cUwllwre + 1 fllwre)  and  plyrie < cllifllwrs

respectively,

[wiigroa < clwllgra + I fllgra)  and  [Plorie < cllfllgra -
Remark 7 For k =1 and n = 3, the above two problems reduce to
curl(A(z) curlu) + Vp = Au+ f in £2,
divu =0 in 2,
. vxu=0, v-u =0,
and either or on 0f2.
D = po, v X (A(z) curlu) = 0,

This is generally called the vorticity-velocity-pressure formulation of the in-
compressible stationary Stokes problem.

4.4 A non-elliptic Dirichlet problem

Theorem 13 Let 2 C R™ be open, bounded and let 982 be of class C™t27. Let
1<k <n—1,r>0beintegers and 0 < a <~y <1andl <p < oo be real num-
bers. Let A € CTT1((2; L(AFHL AFHL)) respectively CT+1e(02; L(AFTL, AR+1)),
satisfy either the Legendre condition or satisfies the Legendre-Hadamard condi-
tion and has constant coefficients. Then for any wy € W2 (Q, Ak) , Tespec-
tively C™+2:2 (0, A), and for any f € WP (Q, A’“) N (HT (Q, /1’“))L , Tespec-
tively C™(£2, AF)N (’HT (.Q, /1’“))L , such that 5 f = 0 in the sense of distribu-
tions, there exists a solution w € WTTP2 (Q, Ak) , respectively CT+2(0, AF)
to the following boundary value problem,

{5(A(x)dw) =fin 0,

w = wy on 012,

(Pp)

which satisfies the estimate

wllwrszr < (I fllwrr + llwollrizn)

respectively,

[wllgriza < c(Ifllere + lwollgrrza)-

Remark 8 (i) Note that there is no uniqueness and the claimed estimate is not
an a priori estimate. The conclusion of the theorem is that it is possible to find
a solution which enjoys the claimed regularity and satisfies these estimates.
All solutions of the equation need neither satisfy such estimates nor have the
claimed regularity. Indeed, for any 8 € Wol’2 (!2,/1]“_1)7 adding dfg to any
distributional solution of (Pp) yields another distributional solution which
can be merely L?.

(ii) A dual version of this theorem holds and can be easily obtained from
this by Hodge duality.
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Proof The hypothesis on A implies that by theorem PM, we can find an unique
solution w, with the expected regularity, to the system
0(A(z)dw) = f — 6(A(z)dwp) in L2,
6w =01in {2,
v Aw =0 on 0f2,
Now since v A (—@) = 0 on 942, we can find v € W +32(02, A¥~1) (see lemma

8.11 in [6]) such that dv = —w on 942. Setting w = wy + @ + dv, we see that
w solves (Pp). O

4.5 First order div-curl type systems and Gaffney inequalities

Theorem 14 Let 2 C R™ be open, bounded and smooth. Let v be the out-
ward unit normal to the boundary 082. Let 1 < k < n—1 and r > 0 be
integers and 0 < a < v < 1 and 1 < p < oo be real numbers. Given two
maps A, B € CTTY(§2; L(AF, AF)), respectively C™+17(02; L(A*, A¥)), satisfy
the Legendre condition. Let wy € WP (02, AF), respectively CTTH(£2; AF),
f € WrP(0, AR+ respectively C™%(2; A1) and g € WTP(£2, AF~1), re-
spectively C™(£2; A¥=1). Then the following hold true.

(i) Suppose [ and g satisfy df =0, §g =0 in 2 and v ANdwyg =v A f on 12,
and for every x € Hr(82; A*Y) and ) € Hp(02; A1),

/Q<f;x>*/m<vAwo;x>:0 and /Q<g;1/)>:0.

Then there exists a solution w € WP (0, AF), respectively CT+1<(2; A¥),
to the following boundary value problem,
{d(A(x)w) =f and 6(B(x)w)=g in 2,

vAAlx)w=vAuwy on 912, G

satisfying the estimates

[@llwrire < cUwllpe + [fllwer +lglwre + leollres)

respectively,

[wllgrira < c(lwllcoa +1fllgre +19lcra + llwollgrera) -
Furthermore, these estimates are apriori estimates, i.e any weak solution w €
LP (02, A¥), respectively C%%(82; A*), satisfying (P1) in the sense of distribu-
tions with the assumed conditions on f, g and wy are actually W"+HP(£2, AF),
respectively C™t1(§2; AF), and the respective estimates hold.

(ii) Suppose f and g satisfy df =0, §g = 0 in 2 and vog = vidwy on 2,
and for every x € S (82; AFTY) and o € s (02; A1),

/Q<g;x>*/(m<luwo;x>:0 and /Q<f;1p>:0.
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Then there exists a solution w € WTLP(Q, AF), respectively CT+1<(02; A¥),
to the following boundary value problem,

(P2)

d(A(z)w)=f and §(B(z)w)=g in 2,
viB(z)w = vowg on 012,

satisfying the estimates

[@llrire < cUwlle + [ llwre + lglwre + leollrs)

respectively,

[@llgrera < c(wlgon + 1 fllgre + lgllere + llwollgrisa) -

Furthermore, these estimates are apriori estimates, i.e any weak solution w €
LP (02, AF), respectively CO%(§2; A¥), satisfying (P1) in the sense of distribu-
tions with the conditions on f, g and wy are actually W20, A¥), respec-
tively C™12(02; AF), and the respective estimates hold.

Remark 9 (i) When r = 0, the conditions df = 0, dg = 0 are understood in
the sense of distributions. The conditions v Adwy = v A f on 02 and vidwy =
vag on 0f2 are well defined in the Holder case and are to be interpreted in the
weak sense in the Sobolev case (see remark 7.3(iii) in [6]).

Proof We prove only part (i) and the Sobolev case and assume that 2 < k <
n — 1. The Holder case or Part (ii) are analogous and the case k = 1 is much
easier. The hypotheses on f imply that there exists F' € W LP(02, A*) such
that

dF = f in 2,
F =wyq on 0f2.

Now, we find a solution o € W"+2P(§2, A*~1) such that

§(BA 'da) =g —6(BA™'F) in £,
daa=10 in 2,
vAa=0 on 0f2.

Now setting

w=A"Yda+ F),

we easily verify w solves (P1). The estimates are actually apriori estimates,
since the argument is essentially reversible. ad
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With the help of the previous results, we can deduce a new Gaffney type
inequality (see [9], [10],[11]).

Theorem 15 (Gaffney type inequality) Let 2 C R™ be open, bounded
and C?, respectively C*7 for some 0 < v < 1. Let 1 < k < n — 1 be
an integer and 1 < p < oo and 0 < a < 7 be real numbers. Let B €
CH(02; L(A*; A%) | respectively C1(£2; L(A*; A¥) satisfy the Legendre condi-
tion. Let u € LP(£2; AF), respectively u € CO%*(£2; AF), du € LP(§2; A*+1),
respectively du € C%*(2; AF+1), §(Bu) € LP(£2; A=Y, respectively §(Bu) €
CO(2; AF=1). Suppose either v Au = 0 on 352 or va(B(z)u) = 0 on 912
Then u € WP (02; A¥), respectively u € C1*(2; AF) and there exists a con-
stant Cp, = C(£2,B,v9,p) > 0, respectively Co, = C(£2,B,vp,c) > 0, such
that

[ullwr < Cp (||dU||LP(Q;Ak+1) + 16(Bu)|| 2,451y + HUHLP(Q;M)) )

and respectively

lullere < Ca (ldull o @ansry + 188U | 0.0 @an-1) + il o zan ) -
Remark 10 The other inequality

[ullwir < Cp (||d(AU)||LP(Q;Ak+1) + [|0ull Lo (2;.a%-1) + Hu||LP(Q;Ak)) )

and its Holder space versions can be deduced analogously if A satisfies the
Legendre condition and vuu = 0 or v A (A(x)u) = 0 on 912.

5 Second order Hodge type systems revisited

With the help of the results deduced in the last section, it is now possible
to deduce the solvability of a more general second order Hodge type system,
namely the the system

5(A(z)dw) + (B(z))" dé (B(z)w) = AB(z)w + f in £2,
VAw=vAwy on 92 (P)
v A (B(z)w) =v Ad§(B(x)wy) on If2.

In the next subsection, we show that regularity results extends to this general
situation as well. The regularity estimates follow essentially the same way as
in Section 3, the only difference being that we shall now use the Gaffney type
inequality given in theorem 15 instead of the usual Gaffney inequality.
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5.1 Regularity estimates

Only the proof of L? estimates need slight modification.

Theorem 16 (L? estimates for constant coefficients) Let A : A*+1 —
A and B 2 AF — AF satisfy

(A(a AD);a ADY > yala A2 for all a € A*,b € AF,
and
(BE;€) > yslEl? for all ¢ € A”,

for some constants y4,vp > 0. Let u € WH2(BE; A¥) with v Au =0 on I'p
satisfy, for all ¥ € W}:fclat(BE; AR,

[ tusa)+ [ 6 Bu):550) =0 (20)
BR

+
BR

Then for every m > 2, there exist constants ¢y, Crm > 0 such that we have the
estimates

Em 2 Cm 2
praf < e [ e < [l e
/B; Jam (R)*" Bt (R)*™ Jpt
Proof Exactly the same arguments as in Theorem 2 proves,

D--2<C/V2<C/2
Jy, 1= G [, 19 < g

R/22 R/2

for all 4,7 = 1,...,n such that (i,5) # (n,n). The only difference is in esti-
mating the D, derivative. Once again we rewrite the system (20) as a system
in terms of gradients. For every 1 € W%Z?‘Zat(B??,_3 AF), we have,

/B#A(duﬁdw+/B;<5(Bu);5(3w)> :/

(AVu; V), (22)
B+

R

~ n n
where A : R(k)xn — R(k‘>xn is the linear map, defined by the pointwise
algebraic identities

<Av(a1 & b1) ;a2 @ b2> = <A (a1 A bl) ;ag N\ b2> + <a1JBbl; a2JBb2>7
for every ai,as € A', viewed also as vectors in R™ and by, by € AF, viewed

also as vectors in R(k). We also define the maps Ara R(k) — R(k) for every
p,q=1,...,n, by the identities,

(APagig) = > APLeeP = (A(e, @ €)ie, @ &)  for every € € r(:).
a,BeTk
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Also, note that by virtue of the identity £ = e, 1 (en AE) + en A (€,,1€) , this in

n
particular implies, for every & € R(k)

)

(AME;€) = (Alen ® €)ien © &) = (Alen AE)sen AE) + (ensBE; e uBE)
> 'YA‘en /\§|2 + |enJ-B§|2 > C|§|2 y

where ¢ > 0 is the constant given by lemma 1. This implies that Amn s
invertible and yields the estimate for D,,,u the same way as in Theorem 2.
O

5.2 Main theorems
5.2.1 General Hodge type systems

Theorem 17 Let £2 C R™ be open, bounded and let 082 be of class C™t27. Let
1<k<n—1,r>0beintegers and0 < a <y < 1landl < p < oo be real num-
bers. Let A € CTT1(2; L(AFL AFHL))  respectively CTH1e(02; L(AFTL, AR+L)),
and B € C™1(0; L(AF, A¥)), respectively C™+12(0; L(AF, AF)), satisfy the
Legendre condition. Then the following holds.

1. There exists a constant p € R and an at most countable set ¢ C (—o0, p),
with no limit points except possibly —oo.
2. The following boundary value problem,

§(A(z)de) + (B(z))" dé (B(z)a) = 0;B(z)a in 12,
vAa=0 ondf, (EP)
vAS(B(z)a) =0 on 012
admits non-trivial solutions o € C™ (82, A¥) if and only if o; € o and the
space of solutions to (EP) is finite-dimensional for any o; € 0.

8. If X\ & o, then for any f € W"P(02, AF), respectively Ce (02, AF), and
any wo € W22 (0, A¥), respectively CH‘Q"I(Q,AD, there exists a unique
solution w € WTT2P(02, AF), respectively CT+2(£2, A¥), to the following
boundary value problem:

§(A(z)dw) + (B(z))" db (B(z)w) = AB(z)w + f in 12,
VAw=vAwy on 9. (P)
vAS(B(z)w) =v Ad(B(x)wy) on 052,

which satisfies the estimate
[wllyrszn < c(wllyro + [ llwee + lwollprszn)
respectively,

[wllgriza < e(@lora + 1 fllgra + lwollgrez.a) -
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Proof We divide the proof in two steps.

Step 1 (Ezistence in L?): The arguments are similar to the previous case. For
a given A € R, the bilinear operator a) : W%’2(Q;Ak) X W%’2(Q;Ak) - R
defined by,

a(u,v) :/Q<A(x)du,dv>+/

2

(0 (B(z)u), 0 (B(z)v)) +>\/ (B(x)u,v),

i)

is continuous and coercive, by theorem 15 and Garding inequality, for any
A large enough. Now Lax-Milgram theorem, together with the compact em-
bedding of W, (§2; A¥) into L?(§2; A¥) implies that Fredholm theory holds.
Thus, for any g € L?(§2, A*¥) and any A\ ¢ o, there exists an unique solution
we W}’2(Q; AF) solving

/Q (A(2)d, dO) + (6 (B(2)D) 0 (B(x)0)) + A /Q (B(x)w,0) + /Q (g,0) = 0,
(23)

for all 6 € W% (82; A¥).

Step 2 (Regularity): Now theorem 7, respectively theorem 6 in the Holder case,
gives us the desired regularity. The estimates for 1 < p < 2 also extends the
existence theory to the case 1 < p < 2 by usual density arguments. From (23),
integrating by parts, we obtain,

[ @) + (B@) 48 (B@)@)i6) - [ (B + g:0)
(93 (93
= | (A@my o)+ £ (Ble)): (B)o).
for all ¢ € W,?(82, AF). Thus taking ¢ € C°(82, A¥) we have,
§(A(z)dw) + (B(z))" dé (B(z)w) = A(B(z)@) +¢g  in L.

But this implies that the integral on the boundary vanish separately. But since
¢ € Wp2(02,AF), v A ¢ = 0. Hence we obtain,

/ (vA S (B(z)m); (B(x)p)) =0  for any ¢ € W2 (12; AF).
89
We now show that, for any u € W12(£2; A¥), we have,
/ (v NS (B(x)w);u) =0.
a0

Extending v as a C'! function inside 2 and using the identity u = v A (vou) +
va(v Au), we deduce, for any u € Wh2(£2; AF),

/(V/\é(B(x)@);u}:/ (v NS (B(x)w) ;v A (vau)).
o1

o
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Since v A (vau) € W2 (02, AF), setting ¢ = B~ (z) (v A (v_u)) , we obtain
| wns@@e)in= | @nsBEE);BEe) =0
o0 00

Since u € WH2(£2; AF) is arbitrary, this implies v A § (B(z)@) = 0 on 952.
Now taking g = f + AB(z)wo — 6 (A(z)dwo) — (B(x))" dé (B(z)wo) and setting
w = @ + wp, we immediately see that w is a solution to (P) with the desired
regularity. This finishes the proof. a

5.2.2 General Mazwell operators

Theorem 18 Let 2 C R™ be open, bounded and let 882 be of class C™t27. Let
1§k§nfl,rZOﬁeintegersandO<a§7< 1andl <p< oo be real num-
bers. Let A € CTH1(02; L(AFTY, ARTY)) | respectively C™ 1 (£2; L(AMT, AFFL)),
and B € C™1(02; L(A*, AF)), respectively CT+1(02; L(A¥, Ak))ajatisfy the
Legendre condition. Let wy € W”’j’P(Q,Ak), respectively C"+2:2(0; AF), f €
Wre(02, AF), respectively C™*(82; AFTY) and g € WTTHP(02, AP, respec-
tively CT+1:2(2; AF=1), and X > 0. Suppose f, g and ) satisfy 6 f+Ag =0, 6g =
0 in 2 and [,(f;¢) =0 for every ¢ € Hr(2; A¥) and [,(g;9) =0 for every
v € Hp(82; AR, Then there erists a unique solution w € Wrt2.p(0, Ak,
respectively C™t2:2(82; AF), to the following boundary value problem,
§(A(z)dw) = AB(x)w + f in £,
d (B(z)w) =g in 12, (PM)
VAw=vAwgy on 9f2.

satisfying the estimates

wllwrize < cUlwllpe + 1 lwre + Nglwre + lwollwreas)

respectively,

[wllgriza < c(wlgon + 1 fllgre + lgllere + llwollgriz.a) -

Proof We show only the Sobolev case, the other case is similar. We divide the
proof into several steps.

Step 1 First we claim that we can assume wg = 0 and g = 0. Since dg = 0
in 2 and fQ<g;w> = 0 for every ¢ € Hp(82; A*~1), there exists a unique
G € Wr+2P(§2, A*) such that

dG =0 and §(B(z)G)=g—6(B(x)wy) in £,
vANG=0 on 02,
and we have [,,(B(z) (G +wo);9) = 0 for every ¢ € Hp(2;A%). Let u €
Wr+22(, A¥) is a solution of
§(A(x)du) = AB(z)u + f in £2,
0 (B(x)u) =01in £2,
vAu=0on df2,
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where f = f + AB(z)wo + AB(z)G — 0(A(x)dwp). Note that §f=0in £ and
also f9<f;¢> = 0 for every ¢ € Hr(£2; A¥) Now, setting w = wo + u + G, we
obtain the claim.

Step 2 Now we assume g = 0 and wg = 0. Since A > 0, A\ is not in the
spectrum and thus we can find w € W22 (02, A¥), satisfying

§(A(z)dw) + (B(z))" dé (B(z)w) = AB(z)w + f in £2,
vAw=20 on 0f2.
vAS§(B(z)w)=0 on 0f2.
But then this implies v = § (B(z)w) is WP weak solution of
§ (BT (z)dv) =Av  in £2,
ov=20 in 2.
vAv=0 on 0{2.
Since A > 0 and BT satisfies uniform Legendre condition, v € Hr(§2, A¥~1).

But no non-zero harmonic field can be co-exact. Thus § (B(z)w) = 0 in {2 and
w solves (PM) with g = 0 and wy = 0. This completes the proof. O

6 Appendix: Flattening the boundary

Let 1 <k <n-—1and 2 C R" be a bounded smooth open set. Let A : 2 —
L(AML AR+ and B : 2 — L(A*, A%) be measurable maps. Also let f €
L2(02; AF), F € L2(92; A¥t1) and A € R. Let w € W,?(£2, A¥), respectively,
W]i,z(ﬁ7 AF), be a weak solution of the following,

/ (A()dw, d) + / (6 (B(x)w) .5 (B(x)6)) + A / (B(a)w, 6)
(93 (93 (]
+ /Q (f.6) - /Q (Fdg) =0, (24)

for all ¢ € W%’Q(.Q; AF), respectively, WJ{,’Q(Q, AF).

Now we localize w near a boundary point, flatten the boundary and transfer
our problem to a half-ball. We only mention the essential points of the proof.
See [18], lemma 6.23, for details.

Lemma 4 Letm > r > 0 be integers and 0 < v < 1. Let 912 is of class cmt2?,
respectively C™27 . Let f € WTP(02, A*) and F € WLr(0Q, AF+1) for some
1 < p < oo, respectively f € C*#(82, AF) and F € C*+tL#(02, A*+YY for some
0<p <. Let we W2 (02, AF) N WrHL2(Q, A% satisfy

/Q (A(2)dw, dg) + /Q (6 (B(x)w) 6 (B(x)6)) + A /Q (B(@)w, 9)
+ /Q (.6 - /Q (F.dg) =0, (25)
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for all ¢ € W}2(82; A¥), for some A € R. Let A € C+! (£2; L(ARTY, ARFL))
respectively C™17 (2; L(AFTL, AR)) Jand B € CF1 (£2; L(AF, AF)) | respec-
tively CT LY (ﬁ; L(AF, Ak)) , satisfy the Legendre condition.

Then for every given R > 0 and for every xg € 912, there exist

— a neighborhood W of xo in R™, a function 0 € C (W), an admissi-
ble boundary coordinate system & € Diff " *(Bg; W), respectively & €
Diff "7 (Br; W), such that (0) = zo, ®(Bf) = 2NW and &(I'g) =
o Nw,

i=1,...,n

— three matriz functions P = (pag), perrs @ = (qéﬂ) 5 77”» and R =
’ apBeTk

) i=1,...,n
(7“;5) which are C", respectively C™, in B}, and a matriz field
aBeTk

o Nig=1,n
— 1) : : r+1 : r+1,y + .
S <Sa5)aﬁe7'k which is C"T4, respectively C , in B, with

Cs (R) <cy (CA (R) +Cp (R) + Co (R)),

depending only on A, B, &, 8§, W and R, where cg > 0 is a constant
independent of R, Cg, Ca,Cp and Cg are the modulus of continuity of S,
A, B and D, respectively,

— a constant matriz A : AFt1 — AFL satisfying the Legendre-Hadamard
condition and a constant matriz B : A¥ — A* satisfying the Legendre
condition,

— a form f € WrP(Bh; A¥) and a matriz field FeWwrtlp (BE;R(Z)”Q ,

respectively f € CT’“(FE; AF) and F e crtin B;g;R(k)X”> , with esti-

mates on the norms by the norms of f and F', the constants in the estimates
depending only on @, 0, W and R,

such that v = ¢*(Ow) € W%:?lat(Bg;Ak) N Wr+L2(Bf; A¥) satisfies, for all
Ve W%Z?”lat(B§§ AF),

[ duan)+ [ @BuisEe) + [ (FrPut RVw)
Bj; B}

+
By

_ / (F — Qu: Vb + / (SVu, Vi) = 0. (26)
B+

h Bj
Remark 11 The lemma essentially says that it is possible to flatten the bound-
ary in such a way that by choosing a sufficiently small neighborhood, it is
possible to get a constant coefficient system of the same form in the leading
order coefficients, upto small perturbations.

Proof Given R > 0, there always exist a neighborhood W of zo in R" and
an admissible boundary co-ordinate system @ € Diff"*?(Bg; W), respectively,
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Diff"™27(Bgr; W) (see [4] or [15]). Also we can assume D®(0) € SO(n) and by
a translation, zg = 0. Set

d(y) = (DD(0)) y for every y € Bpg.
Denote T = (D$(0))”" and set
A= (T7") 0 A(xo) o (T)* and B = (T~')" o B(xo) o (T)".

Then A satisfies a Legendre-Hadamard condition. Indeed, for any a € A',b €
A%, we have

(A(aAb);aAby = ((T71)" o A(wo) o (T)* (a Ab);a Ab)
= (T7)" ((A(zo) o (T)" (a A b); (T)" (a Ab)))
20) (T a ANT*b); (T*a AT*b))) > yila A bJ%,

)

)*
for some vz > 0, since (T‘l)*, T* are both bijective and A(xg) satisfies
the Legendre-Hadamard condition. Clearly B satisfies a Legendre condition.
Choosing ¢ = (#~1)*t and substituting fw = (#~1)*u in the equation satis-
fied by fw, the conclusion of the lemma follows by applying change of variables
and grouping the terms. The terms containing f and F, are grouped according
as whether they are multiplied with v or derivatives of ¥, as f and F', respec-
tively. Since these terms are the components of f and F, multiplied with up
to first order derivatives of 8 and &, we have the estimates. It is also easy to
see that the functions pag, qf1 8 rg 5 are made up of products and compositions
of components of A, up to first order derivatives of § and B and up to second
order derivatives of @, implying their claimed regularity. On the other hand,
the functions sgﬂ, the coefficients of the ‘second order terms’; i.e terms with
derivatives of v and derivatives of ¥ multiplied together, are products of com-
ponents of A and B, derivatives of # and up to first order derivatives of . Thus
the claimed regularity is established. Note also that the terms containing the
functions s?s are of three types. One type of terms contain some component
of the difference A(z) — A(zg), the second type contain some component of
the difference B(x) — B(x) and the other type of terms contain some com-
ponents of the difference DP(y) — DP(0). Thus s;4(0) = 0 and the L> norm

of siajﬂ (y) — SZE(O) scales like the modulus of continuity of A, B or &. This
finishes the proof. O

Remark 12 Note that if A satisfies a uniform Legendre condition, i.e if A €
CT 1 (02; (AR, AFFL)) | respectively CT 17 (§2; L(ARTY, ARTL)) | satisfy,

(A(x)€ 5 &) >0 lé]?,  for every € € AFF!

for some constant o > 0 for all = € 2, then A satisfies a uniform Legendre
condition as well.

Analogous result holds true for solutions with vanishing normal part.
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