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Abstract

We discuss the value of the best constant in Gaffney inequality namely
IVwlizz < C (lldwl 7z + l[6wl72 + llwll72)

when either v Aw =0 or v w = 0 on 0.

1 Introduction

We start by recalling Gaffney inequality for vector fields. Let 2 C R™ be a bounded open smooth
set and v be the outward unit normal to 0€2. Then there exists a constant C' = C (€2) > 0 such
that for every vector field u € W12 (Q; R")

IVullfe < € (lewrlulz + lldivul 7 + ful}: )
where, on 99, either v Au = 0 (i.e. wu is parallel to v and we write then u € Wy~ (;R"))
or viu = 0 (i.e. w is orthogonal to v and we write then u € WJ{,’Q (Q;R™)). In the context of
differential forms (identifying 1—forms with vector fields) this generalizes to (using the notations

of [14] which are summarized in the next section) the following theorem (for references see below).

Theorem 1 (Gaffney inequality) Let 0 < k < n and Q C R™ be a bounded open C? set. Then
there exists a constant C = C (Q, k) > 0 such that

2 2 2 2
196l < € (lldls + 10wl + ]2

for every w € W%’Q (Q; Ak) U WJ{,’Q (Q; Ak) .



The aim of this article is to study the best constant in such inequality. We therefore define

Cr (k)=  sup { i ||le|22 2} W
wewrA\(oy L ldwll” + [[0w]]” + |||

Cn (k)= sup { 2 ||VWHZ 2} (2)
wewiA\fo} lldw]” + [l6w]|” 4 [|o]]

where ||-|| stands for the L? —norm. It is easy to see (cf. Proposition 2) that Cr (2, k), Cn (9, k) > 1.
The cases k = 0 and k = n are trivial and we always have then that Cpr = Cy = 1; so the discussion
deals with the case 1 < k < n — 1. In our main result, we need the concept of k—convexity (cf.
Definition 4), which generalizes the usual notion of convexity, which corresponds to the case of
1—convexity, while (n — 1) —convexity means that the mean curvature of 9 is non-negative. Our
main result (cf. Theorem 8) shows that the following conditions are equivalent.

(i) Cr (Q,k) =1 (respectively Cn (Q, k) = 1).
(ii) Q is (n — k) —convex (respectively Q is k—convex).
(iii) The sharper version of Gaffney inequality holds namely Vw € W%’Q (Q; Ak) (respectively
Vw e Wy? (QAF))
IVl < [ldw]|* + [|6w]* -
(iv) The respective supremum is not attained.

(v) Cr (respectively Cy) is scale invariant, namely, for every t > 0
Cr(tQ, k) =Cr (k).

The result that 2 is (n — k) —convex implies that Cr (£2, k) = 1 was already observed by Mitrea
[27].

We also show that for general non-convex domains the constants Cr (2, k) and Cy (2, k) can
be arbitrarily large (see Proposition 17).

The smoothness of the domain is essential in the previous discussion. We indeed prove (see
Theorem 20) that if €2 is a polytope (convex or not), or even more generally a set whose boundary
is composed only of hyperplanes, then

IVe||* = fldwl|* + [|60]*,  Vw € CF (O A) .

i.e. Gaffney inequality is, in fact, an equality with constant Cr (€, k) = 1 (the result is also valid
with T replaced by N). This fact was already observed in [11] when n = 3 and k = 1 for polyhedra.

We now comment briefly on the history of Gaffney inequality. The proof goes back to Gaffney
[19], [20] for manifolds without boundary and for manifolds with boundary to Friedrichs [18],
Morrey [29] and Morrey-Eells [31]. Further contributions are in Bolik [5] (for a version in LP and
in Holder spaces), Csaté-Dacorogna-Kneuss [14], Iwaniec-Martin [23], Iwaniec-Scott-Stroffolini [24]
(for a version in L?), Mitrea [27], Mitrea-Mitrea [28], Morrey [30], Schwarz [33], Taylor [35] and
von Wahl [36]. Specifically for the inequality for vector fields in dimension 2 and 3, we can refer
to Amrouche-Bernardi-Dauge-Girault [2], Costabel [9] and Dautray-Lions [16].

A stronger version of the classical Gaffney inequality reads as

IVewol* < € (lldwl® + lowl® + lwl*) . Ve € W52 (@ 4%)



(and similarly with T replaced by N) where

dw € L2 (; Ak+1
we Wi (A7) = dwe L2 (4 AF) 1§ dwe L2 (2 AR
v Aw =0 on 0

and the boundary condition has to be understood in a very weak sense. Clearly W%’2 C Wg’m.
This stronger inequality is, in fact, a regularity result and is valid for smooth or convex Lipschitz
domains leading, a posteriori, to

W2 ( AF) = W2 (Q; A)

However, for non-convex Lipschitz domains one has, in general, W;ﬂ =+ Wg’m. We refer to
Mitrea [27] and Mitrea-Mitrea [28]; while for vector fields in dimension 2 and 3, see Amrouche-
Bernardi-Dauge-Girault [2], Ben Belgacem-Bernardi-Costabel-Dauge [4], Ciarlet-Hazard-Lohrengel
[7], Costabel [8], Costabel-Dauge [10] and Girault-Raviart [21].

Clearly Gaffney inequality for £k = 1 is reminiscent of Korn inequality. The best constant
in Korn inequality have been investigated by Bauer-Pauly [3] and Desvillettes-Villani [17]. Our
results (cf. Corollary 32) allow us to recover the best constant found in [3].

We should end this introduction with a striking analogy with the classical Hardy inequality
(cf., for example [26] and the bibliography therein). Indeed, classically the best constant p, when
the domain is convex (and in fact (n — 1) —convex, see [25]), is independent of the dimension (in
this case p = 1/4) and the best constant is not attained; while for general non-convex domains the
best constant is, in general, strictly less than 1/4. However the authors were not able to see if this
connection is fortuitous or not.

2 Notations

We now fix the notations, for further details we refer to [14].
(i) A k—form w € A*¥ = A¥ (R") is written as

w = Z Witk dyt AL A date

1<ip<-<ig<n

when convenient it is identified to a vector in R(). When necessary, we extend, in a natural way,
the definition of w™ " to any 1 <iy,---,i; < n (see Notations 2.5 (iii) in [14]).
(ii) The exterior product of v € Al and w € A¥ is v Aw € AFT! and is defined as

n

VAW = Z vl dad Adx A A date
1<ip<-<ip<n | j=1
k+1
= Z Z (—1)771 phr it iyttt | gt AL A dgteert

1<ip < <igg1<n Ly=1
(iii) The interior product of v € A! and w € A¥ is v sw € A¥~! and is defined as

n
Viw = E Pl te=1 | datt Ao A dtt
1<ip < <ig—1<n | j=1



(iv) The scalar product of w, A € A¥ is defined as
<w; )\> = Z (wll-.-zkAzl-uzk) _ y Z (wzl"'lk)\ll"'lk)
ISia < <ip<n 1<iy, - ix<n

the associated norm being

1<i;<-<ig<n T 1<iy, - Lin<n

When k£ = 1 the interior and the scalar product coincide.

(v) The Hodge * operator associates to w € A¥, xw € A"~ via the operation
WA= (kw; A dz! A--- Ada™,  for every X € A"7F,
The interior product of v € A! and w € A¥ can be then written as
vow= (=" s (A (xw)).
We also use several times the identities
VAWow)+rvasWAw)=vPw and (W AwB) = (a;vof).

(vi) The exterior derivative of w € A¥ is dw € A**1 and is defined as

n
dw = Z Zw?]““ dz? Adz™ A - A dat
1<ip<--<ir<n | j=1
k+1
_ 3 Do (1) g e e | gt A A

1<i) < <igp1<n Ly=1

When k = 1 we can identify dw with curlw.

(vii) The interior derivative (or codifferential) of w € A* is dw € A*~! and is defined as
n
ow = Z Zw%l”"’“l dz'* A--- Adx*t.
1<ip <+ <ig—1<n \j=1

When k£ =1 we can identify dw with divw.
(viii) The spaces W%’2 (Q; Ak) and WJ{,’Q (Q; Ak) are defined as

W (2:A%) = fw € W12 (0:A%) v A = 0 on 90)

Wy? (4 AF) = {we W2 (QA%) 1 vow =0 on 00}
where v is the outward unit normal to 0€2.
(iz) The sets Hr (€ AF) and Hy (Q; A*) are defined as

Hr (Q;Ak) = {w € W%z (Q;Ak) :dw =0 and dw =0 in Q}

Hn (Q;Ak) = {wEWJ{,’Q (Q;Ak) :dw =0 and dw =0 in Q}



3 Some generalities

Our first result is the following.

Proposition 2 Let Q2 C R™ be a bounded open set and 0 < k < n. Then
Cr (Q,k),Cn (k) > 1.
Moreover
Cr(Q,00=Cn (2,0 =Cr(Qn)=Cn(Qn)=1 and Cr(Q,k)=Cn(Q,n—k).

Remark 3 When k = 0 (respectively & = n), Vw can be identified with dw (respectively dw).
Therefore, for any w € W12,

Vol = lldw|®  (respectively [[Veo|* = ow]).
Hence the statements in the proposition when k& = 0 or n are trivial.

Proof Step 1. We first prove the main statement. Let Z = (Z1, -+ ,T,) € Q and 0 < r < R be
such that
B, (T) CQC Br(T).

Choose a function n € C§° () such that n =1 in B, and 0 <7 < 1 in . We extend it to R™ by
0. Define for every m € N

W, () = sin (ma1) 0 (z) dz* A -+ A da® € CF° (4 Ak) .

Since w,, vanishes on the boundary of Br, we have, by Theorem 5.7 in [14] (see also [13]),

/ |wm|2=/ (Ideom? + 6 ) = /|Vwm|2:/(|dwm|2+|(5wm|2).
Br Br Q Q

To prove that Cr, Cny > 1 it is sufficient to show that

2 2 2 2
lim l|dewrnl|” + ||dws || +||Wm|| _ meH

e IV

1+ lim

M=o || Ve, >

Note that
/ |wm|? < meas Q.
Q

On the other hand we have that

/\Vwm|22/ \Vwm|2:m2/ cos? (ma1) de.
Q B, B,

Since B, is open, there exists m sufficiently large so that
27
(ml,xl + ) x Bl C B,
m

where Bl = {y = (Y2, -+ ,yn) ER" L |y, — 3] < TLi=2,- ,n} is independent of m. We thus
obtain that

ZT1+27/m
/ |Vwm|? > m? meas (B.) / cos? (mxy) dx; .
Q

z1



Use now the change of variables z1 = t/m to get

mzT1+2m
/ |Vwm|® > mmeas (BL) / cos? (t) dt = m 7 meas (B..).
Q my
This shows that ||Vew,y,|> — co and thus Cp, Cy > 1 as asserted.
Step 2. The fact that Cr (2, k) = Cy (Q,n — k) is immediate through the Hodge * operator. m

4 The main theorem

4.1 Statement of the theorem

We now turn to the main theorem that gives several equivalent properties of Cr (Q,k) = 1 (or
analogously Cn (Q,k) = 1). We start with a definition (cf. for a similar one [34]).

Definition 4 Let Q C R™ be an open smooth set and ¥ = 082 be the associated (n — 1) —surface.
Let v1,-++ ,yn—1 be the principal curvatures of 3. Let 1 < k <n—1. We say that Q is k—convex if

Yiy + o+ 7%, >0, foreveryl <i; <---<ip<n-—1.

Remark 5 (i) When k = 1, it is easy to show that 2 convex implies that Q is 1—convex. The
reverse implication is also true but deeper. The result is due to Hadamard under slightly stronger
conditions and as stated to Chern-Lashof [6] (see also Alexander [1]).

(ii) When 2 < k < n — 1, the condition that € is k—convex is strictly weaker than saying that
Q is convex. In particular when £ = n — 1 the condition means that the mean curvature of 3 = 0f)
is non-negative.

We will also use the following quantities.

Definition 6 Let Q C R" be open and v € C* (ﬁ; Al) . We define for every 0 < k < n the two
maps

LY, K" : A¥ (R") — A® (R")
by LY (w) =0 if k =0 and K”(w) =0 if k = n, while
L'wy= Y wd(va (da A Ada™)), ifk>1
1<ip < <ipg<n
K" (w) = Z WS (VA (da A Ada™)), ifk<n—1.
1<ii < <ip<n

Remark 7 (i) If v is the unit normal to a surface ¥ and is extended to a neighborhood of ¥ such
that |v| = 1 everywhere, then (see [14] Lemma 5.5)

L"(vha)=vAL' (o) and K" (voa)=viK"(a).
The right-hand sides of these expressions do not depend on the chosen extension, see [14] Theorem

3.23. We will use this frequently henceforth.

(ii) In the remaining part of the article we will always assume that v has been extended to a
neighborhood of ¥ = 99 so as to have |v| = 1.

(iii) Note that L” is linear in w and v. By definition it acts pointwise on w. In this way,

identifying A* (R") with vectors R(Z), the operator LY can be seen as a matrix acting on w. But
in v, on the contrary, L” is a local (differential) operator. The same holds true for K".



We then have the main result.

Theorem 8 Let Q2 C R™ be a bounded open smooth set and 1 < k < n — 1. Then the following
statements are equivalent.

(i) Cr (@) = 1.
(ii) For every w € W (Q; AF)

K (w) = (K" (v ow);vaw) >0, on Q.
(iii) The sharper version of Gaffney inequality holds, namely
2 2 2
Ve |* < [ldw]|* + 6w], Vo € Wr? (25 A%).

(iv) Q is (n — k) —convez.
(v) The supremum in (1) is not attained.

(vi) Cr is scale invariant, namely, for everyt >0
C1T (tQ, k) = C(T (Q7 k) :

Remark 9 (i) Using the Hodge * operation, we obtain immediately, from the theorem, the fol-
lowing equivalent relations.

-Cn (Qk) =1.
- L(w)= (L (v Aw);v Aw) >0, whenever v_w =0 on dXY.

- The sharper version of Gaffney inequality holds, namely
IVl < fldwol® + [0w]®, Vo e Wy? (Q;A%).

- Q is k—convex.
- The supremum in (2) is not attained.
- Cp is scale invariant.

(i) The condition (ii) of the theorem can be equivalently rewritten (for any w € W%’Z (Q; A7)
as
K (w) = (K" (w);w) >0, on 9N

since, recalling that v A w = 0 (since w € W%’Q)7

K(w)=(K"(viw);viw)=wiK"(w);viw) =(K" (w);v A (viw))
= (K" (w);w—viWAw)) = (K" (w);w).

Similar remarks hold for L.

(iii) Note that if Cr (Q,k) = 1, then Hy (Q; A¥) = {0} . This follows at once from (iii) of the
theorem, since non-zero constant forms cannot satisfy the boundary condition. A similar remark
applies to Hy .



4.2 Some algebraic results

Lemma 10 Let 1 <k<n—1and Ay, -, ;s € A' with
XA =0, ifi#j

Then
/\iJ()\1/\"'/\/\1‘—1/\)\i+1/\"'/\)\k):Oa i=1,---,k

|)\1/\"'/\)\k|:|)‘1|"'|)\k|~
Furthermore let

o = Z (MAA )\k)j52msk AL A A )\k)ISQ“'Sk .

S2,00 ;8 =1

and \j = M A Aj_1 ANjp1 Ao A A, then
4 LINGT I
it = (k-1 M NAL.
y=1

Proof Step 1. We first establish by induction that
A 1 (/\1/\---A)\k_1) =0
(and similarly for all the other );). Indeed if k& = 2, this is our hypothesis; so assume that the
result has been proved for k and let us prove it for k + 1. We know from Proposition 2.16 in [14]
that
Akt+1 2 ()\1/\-~-/\>\k) = ()\k+1—‘)\1)/\()\2/\"'/\)\k)_>\1/\(>\k+1—‘ ()\2/\"'/\)\k))

applying the hypothesis of induction we have the result.
Step 2. We also proceed by induction and show that

AL A A Xl = A1) k] -
When k = 2 we have still from Proposition 2.16 in [14] that
ArAdol” = Il Pal” = Ao def” = [ Aol

as wished. So let us assume that the result has been proved for k and let us establish it for k£ + 1.
By the very same proposition as above we get

M IALA AL A AX A Ner1 2 = IMAAM AX A A1 P+ A0 AL A+ Adesr))?
= Ao AL A AN

Moreover since
A1 ()\1/\"'/\)\k+1): ()\1—|>\1)/\()\2/\"'/\)\k+1)_>\1/\(>\1J ()\2/\"'/\>\k+1))
using Step 1 and the hypothesis of induction, we infer that

Mo O A A XD = I e A A e [P = [ o Ak



Combining the results we have indeed proved our claim.
Step 3. Writing
O A AN = et [

we find that

()\1 /\ . /\ )\k)jSQ...Sk —

M=

(1) A A Ay A AN
1

2
Il

[
M=

o ()T

2
Il
—

(DTN A A Agmn Adgpr Ao AN

[
™=

()\1 A A )\k)lsT“Sk

=~

= |l
_

(07 (%)

>
Il
—

Observing (using Steps 1 and 2) that

~2 ..
SRR - - () - v x| ;:;j

we find that

ko o
= ((k-1))Y ’Av‘ NAL.
y=1
as claimed. m

We next give a way of computing the quantity K.

Lemma 11 Let 1 <k <mn, ¥ CR" be a smooth (n — 1) —surface with unit normal v and  C R™
be a neighborhood of ¥. Let o, B € C! (Q; Ak) be such that, on X,

vAha=vApB=0.
Then the following equation holds true, on X,
(K7 (v 50) 1 3B) + (K (v 28) v 10) = (b0 2 ) + (083 00) — (V(aaB)iv). ()
In particular if o« = v A X in Q with
A=A A A X
where Ay, -+, Ag_1 € CF (Q;Al) with, for everyi,j=1,---,k—1 and for every x € €,
lv(z)l=1, v(z)aXi(z)=0 and X\ ()2 (z) =70,

then, in €Q,
(K"(A); A) = (6 (v AA) 3 A)



Proof Step 1. Applying Lemma 5.6 in [14] we find

(K" (vaa);vaf)y=(viK"(a);vaf) = {(0azvif) — Z Var;v)
1

where I = (iy,--- i) € N¥ with 1 <i; < --- <4 < n. We thus deduce that

(voKY(a);vaB)y+(voKY(B)vaa) = <(SO¢;VJB>+<6B;VJO{>—Z<V(0416[);V>
T

or in other words

(oK"Y (a);vaB)+ (voKY (B);vaa) = (0asvaB) + (6B5v aa) —(V(auB);v)

which is exactly (4).
Step 2. The extra statement follows from Step 1 applied to 8 = « and Lemma 10 since then

via =\ and
(V(asa);v) = <V (|)\|2) ;V> = 0.

The proof is therefore complete. m

4.3 Calculation of sums of principal curvatures

In the sequel 2 C R™ will always be a bounded open smooth set with exterior unit normal v. When
we say that Fy,--- , Ey,_1 is an orthonormal frame field of principal directions of OS2 with associated
principal curvatures y1,- -+ ,Yn—1, we mean that {v, Fy,--- , E,_1} form an orthonormal basis of
R™ and, for every 1 <i<mn—1,

n

i(Egy;j) =WE = = (EZEJ ! ) (5)

j=1 Gi=1
Lemma 12 Let Ey,--- ,E,_1 be an orthonormal frame field of principal directions of 02 with
associated principal curvatures i, ,Yn—1. Assume that Ei,---  E,_1 are extended locally to

a neighborhood of 0Q such that {v,E1,--- ,E,_1} form an orthonormal frame field of R™. Let
1<k<n-1,

A=FEi i, ,=Ei, N NE

k1 and [L:Ejl...jk71 :Ejl AN---NE

Jk—1
(for k=1, A\=pn=1). Then
GWANA) =+ F A1) = (Vi +Yie)

while for A #
(0 (W AX) ;) + (6 (v Ap);A) =0.

Proof The case k = 1 is immediate. Indeed the first equation reads as
OGWwAXN;A ) =0)=divv)=m+ 4+ Vn-1-

While nothing is to be proved for the second equation. So we discuss now the case k > 2.
Step 1: k > 2 (first equation). We now prove that if \=FE;,..;, , = E;; A--- A F;

T—1

then

BWAN N =+ Y1) = (i o+ Yiy)

10



(i) We find that

1 n n P s
<6(V/\)\);)\>:(k—l)! > 1 Z;(V/\)\)éj k1| ysisier — A4 B
81,7, 8k—1— 7=

where (recalling that [A] = 1)

1 S j\S1-:-8 81" Sk—1
A= (k — 1)! Z [I/]/\ 1 k_l}wj A k-
81, Sk —

J, 1=1

1 n 3 9 1 n ) n Asl"'sk,1
= J Asl~~sk71 o i
=Dt Zs: 11/%( : +(’f—1)’;l/ 2 1l< 2
Stk = 81, ,8k—1=
:diV(l/) :fyl+...+fyn_1
and
1 n k—1
B = LE—1)! Z [ (—1)T S \JS1 S 18r g 5k1] AS1 Sk
( B ) Jy81,,8k—1=1 Lr=1 .
1 n k—1
= _1)7- Vsr.)\j51~~-sr—1sr+1~-sk;| 251 SEo1
2 (-1
k-1 &= L_l ;
1 n k—1
+ m Z [ (_1)7" VST/\?cjl"'srlsr+1m8k_1‘| ASLSE-1
Gy81,mssk—1=1 Lr=1
=B+ Bs.

The result will be established once we prove that

1 n k—1
By = W Z [ (_1)7' V;;AjSl"'Sr—lS'r-f—l'uSk1‘| ASL Sk
D81, ,8K—1=1 Lr=1

= _('Yh +"'+7i1€71)

and

1
B2 = Gy by

n
JyS150 0 3Sk—1
5 =

(ii) Let us first prove that B

k—1
=1

r=1

0 (recalling that A = F;, A--- A E;,_,). We write

k—1 n n
(k — 1)‘B2 = Z Z <Z (fl)r VSr)\Sl“'Sk_l) )\Elmsr,lerrl---

r=1 5,51, 8p—1,8r41,"",8k—1=1 \8r=1

Observe that, for every r=1,--- [k — 1,

Z (=) v (Byy A AEiy )T = = (vo (B A A, )T

Sp=1

in view of Lemma 10, leading to the fact that By = 0.

11

Sk—1

k—1



(iii) We finally show that By = — (’y,-l 4+ ryik—l) . Note that, interchanging the positions of
the indices s, and s,/ , we get (recalling that A= E;; A--- A E;,_,)

n k—1
_ 1 T Sr \JS18r—18r41° Sk— 81 Sk

.jaslf“,sk,l:l r=1
1 o .
= _ 51 . . Js2 1 Sk—1 . ) S1°Sk—1
j v k- % i — .
2 5 R Eaam T B
T gis1yeysko1=1

The result follows (cf. Lemma 10) since, for every 1 < j,s1 < n,

k—1 n
j S1 1 1S5 --+S1. §1v o8
Z(EzqrE;ZT>:(k_2)! Z - (Eil/\'n/\Eik_l)J2 k 1(EZ— /\"'/\Eik_l) 1 Sk—1
r=1 89, ,Sp_1=1
and thus
k—1 n .
Bi=-> [ Y B E | =~ (v + i)

r=1 \j,s1=1
which is exactly what had to be proved.
Step 2: k > 2 (second equation). We finally establish that if

)\:Eilmik_l:Eil/\"'/\Ei and /J:EJ :Ej1/\"'/\Ej

k—1 1 Jk—1 k—1*
and \ # u, then
(0 (W AX) ;) + (6 (v Ap);A) =0.
This amounts to showing that X = 0 where
n n . n n .
D S SNVl PR S Y ] P
S1,00,8k—1=1 | j=1 81, ,8g—1=1 | j=1
We write X = A+ B where
n n
A= Z [l,j)\aws;cﬂ]m SR Z [Vjﬂslmsk,l]m NS Sk—1
J>81, 8k —1=1 ! Js81, ,8k—1=1 !
n n n n
_ 22”& Z Asl"'sk—lusl“'sk—l +Zyj Z [Asl"'Sk—lusl“'Skfl]zj =0
J S1,00,Sp—1=1 j=1  s1,,8k—1=1 .

(since (A; ) =0 by Lemma 10) and

n k

_——
Jys1, 5 Sk—1=1

+ Z [

Jy81, 0 ySk—1=1

1

(_1)7’ VST)\jsl'“Sr1Sr+1"'5k—1] ‘usl'“sk—l

1 <

\]
Il

N

-1

r=1

(_1)7" 1/57'Nj51"'8'r'1'5'7'+1”'Sk1‘| AS1Sk—1

Tj
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which leads to B = B; + By where

n
Bl — E (_1) y;;/\Jsl Sr—18r41°"Sk—1 Msl Sk—1
Jys1,0,8k—1=1 Lr=1
n [k—1 1
-1 TVST JS81°Sr—18r41 " Sk—1 81+ Sk—1
+ > (=1)" virp A
7,81, ySp—1=1 Lr=1 i
n [k—1 T
T 1Gq e Sy S1+8p_
32 — E E (_1) Vsr)\g:jl Sr—18r+41°"Sk—1 ’u91 Sk—1
Jys1,0,8p—1=1 Lr=1 J
n k—1
2 : 2 : 1) S IS Sr—18r41SK—1 S1°Sk—1
Jy81,0,8k—1=1 Lr=1

It remains to prove, in order to show that X = 0 where X is as in (6), that By = By = 0.
(i) We start with the fact that B = 0. We rewrite the definition as

k—1 n n
B2: (_1) VSTMS1 Sk—1 /\?le Sp—18r41°"Sk—1
r=1 j,81,8Sr—1,5r41, ,Sk—1=1 Lsr=1

k—1 n n
+ E E E (71)7“ YT \S1 i Sk-1 ]zjl"'51'7151'+1"'5k—1.
,Sk—1=1

r=1 J,51,"Sr—1,8r41,"" sr=1
Since, for every r=1,--- |k — 1,

n

D (1) AT = (g )T
sr=1

n

T Sp . 81 Sk_1 __ 81" 8r—18r4+1°""Sk—1 __

> (=) Wt = — ()T =0,
sr=1

we find that indeed By = 0.
(i) We finally prove that By = 0. Note that, interchanging the positions of the indices s, and
Sy, we obtain

By =— (k — 1) Z V;; I:)\j32"'5k—1,u31'”5k—1 + Mj52"'5k—1)\51"'5k—1} .

JyS1, 3 8p—1=1
The result follows if we can show that, if A\ # u where
A=MA-AXg_1 and p=pu A~ Apg—1,

with )\1,M1 S {El, cee ,En_l}, then

n n
S1 82+ 8k—1,,81""Sk—1] — S1 82+ 8k—1 )81 Sk—1] —
E Vy [)\ o ] = E Ve [u A ] =0.
Jy81, y8k—1=1 Jys1,Sp—1=1

13



Since both identities are established similarly, we prove only the first one, namely

n
S [ A AN A A ) =0 (@)
Jy81,0,8p—1=1
Since A # p we assume, up to reordering, that A; # u1 . We claim that

n

Cist = Z [()q A A o) (1 /\--~/\,uk—1)3132msk71]
S2,7,8g—1=1 (8)

((k} — 2)') )\{Miql <)\2 Ao A1 o A A /J,k_1> .

which leads to

Z V;; [()\1 A A )\kil)jsz.uskfl (//41 A A Mk71)3132...5k71
7,81, y8k—1=1
= ((k - 2)') <)\2 Ao A1 2 A= A /J'k71> Z V;;A{Mil
J,s1=1

=((k=2) M2 A Adporipa A A1), D AT pst =0

s1=1

(where 7y, is the principal curvature corresponding to A;) which is exactly (7). It remains to show
(8). We have

k—1
1 L~ S2° " Sk—
()\1 /\ - /\ )\k—l)js2“.5k_l _ (_1)7‘+1 )\‘; ()\T> 1
r=1
k—1
(/’(’1 A A /.,Lk;_l)SISQ.”sk71 _ (_1)t+1 //[zfl (/j}\t)sz"-sk,l )
t=1

where
/\7':/\1/\"'>\r—1/\>\r+1/\"'/\)\k—1 and ,uAt:,ul/\---,ut_l/\ut+1/\--~/\uk_1.

We therefore have that

k—1 n

Cj81 _ Z (71)r+t Aﬂ,ufl Z <5\;)82"‘3k—1 (@)52'“%—1
r,t=1 S2,0 ,Sp—1=1
k—1 . .
= (k=2 3 0" Nt (M)
rit=1

Invoking Lemma 10 and the fact that Ay # u1, we obtain that, unless r =t = 1,
<>\Ar; /?t> =0

leading to (8). The proof is therefore complete. ®
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4.4 Formulas for L and K" in terms of principal curvatures

We first prove the symmetry of L” and K*, which essentially follows from the symmetry of the
second fundamental form of a hypersurface. We use Remark 7 (i)—(iii) in the following lemma and
its proof. In particular, recall that we have extended v in a neighborhood of ¥ such that for any

O{’B
[LYvAha)=vAL"(a) and K" (vioa)=viK"(a)] onX.

Lemma 13 Let X C R™ be a smooth n — 1 dimensional hypersurface with unit normal v and let
1 <k <n—1. Then at every point xo of ¥ and for every a, 3 € A¥ (R™) the following two identities
hold

(LY wAa);u ABY={(L" WAB);vAa)

(K" (voa);vaf)y=(K"(vap);vaa).

Proof We only prove the first one, the second one follows by duality ([14] Lemma 5.3).

Step 1. Note that since a € A¥ (R"), i.e. has constant coefficients, L (o) = d (v 1) . Let us
prove that we can assume
V(m()) = (13(); 70) =€1.

Choose A € O(n) such that A*(v(zg)) = e1 and set u = A*(v). It has the property that
1% (Aill'o) =e€1.

Set R
a=A*(a) and B=A"(p).

It now follows from Theorem 3.10 (note that A* = A* if A € O (n)) and Proposition 2.19 in [14]
that

(v ALY (@) A B) = (A"(0) Ad (A3(v) A" (0)); A"(0) A A" (B)) = (A d (@) n B)

Since also & € A¥ (R"), i.e. has constant coefficients, d (11 &) = L* (&) . This proves the claim of
Step 1.

Step 2. We now assume that v(zg) = e; . By linearity it is sufficient to show the claim for
a=dz* A---Adz™* and B =dz’t A--- Adadr.

We distinguish two cases.

Case 1: i1 = 1 or j; = 1. We consider only the case i; = 1, the other one being handled
similarly. Then v A @ = 0 (which implies L” (v A «) = 0) and therefore

(LY (wAa);u AB)y=0=(L" (v AB);vAa)

and the symmetry is proved.
Case 2: i1,j1 > 1. We have to show that

wAdvoa);vAB)=wAdvif);vAa).
Since j; > 1, we get at zp that 8 =e; 1 (e1 A 8) and the same for a. So we have to show that

({d(vaa);B) ={d(vap);a). (9)
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Clearly we can assume that (i1, ,ig) # (J1,- - ,Jk) . By a direct calculation one obtains

n k
d(vaa)= ZZ (=) Vi dz® Ada't A Adat A Ada'™,
s=1~y=1
where @ means that a has been omitted. Two possibilities may then happen.

Case 2.1. {iy,--- ,ix} and {j1,- -, jr } differ in more than one index (considered as sets). Then
forany s=1,---.,n

<d:c5Ad:c“AmAd/xi\vA«~Adx“=;dxj1A~~/\dxjk>:0.

It follows that (d (v u«a);8) = 0 and by symmetry (9) follows.

Case 2.2. There exist 7,y € {1,---,k} such that <i1,~-~ ,z';,--- ,ik) = (j1,~- ,j:,-n ,jk) :
Without loss of generality 7 < -y and hence

(jla"’ 7]k) - (ilv"' ,7;7'71,.7‘7'77;7'3"' 7i’ya"' 7ik> .

We immediately find '
(dwaa); )= (=" v

Tjr *

In the same way, using that
(ila"' 7i/€) = (jlﬁ"' 7j7’a"' 7j’y7i’y7j"/+l7"' ajk))7

one obtains _
(d(vap)ia)=(-1)"vir

3:7;’\, °

So to prove the symmetry we have to show that

iy 0 3 e e ) — e e
Vyy, =Va OF equivalently <V1/ BJT,€ZW>—<VV elw,eh>.

This last equality follows from the symmetry of the second fundamental form of the hypersurface

Y at the point xg, because e;, and e;_ are tangent vectors. m

We now improve Lemma 13 (for a different proof of the next result see Lemma 37).

Lemma 14 Let ¥ C R™ be a smooth n — 1 dimensional hypersurface with unit normal v and let
1<k<n-—1. Let Eq1,---, E,_1 be an orthonormal set of principal directions of ¥ with associated
principal curvatures 1, -+ ,Yn—1. Then, at every point xo € X and for every a, 3 € AF (R™), the
following two identities hold

(L" (v Na);v A B) = > (@ Eiyiy) (B By D (10)

1<i << <n—1 G€{ir, i}

(K" (vaa);vap) = Z (VA Eiyi ) (B v AN By iy ) Z v;  (11)

1<i1 < <ip—1<n—1 J¢{t1, ik—1}

where B, .., = Eiy N NEj, .
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Remark 15 When k = n — 1, the first formula reads as
n—1
(LY wAa); v AB)Y={(; Ey N+ NEpn_1) (B; F4 /\---/\En,1>27j
j=1
while, when k£ = 1, the second one reads as
n—1
(K (vsa);vaB) = (a;v) (Biv) > 7
j=1

Proof We only prove the second statement. The first one can be deduced from the other one by
duality, using for instance [14] Lemma 5.3. Since both sides of the equation are bilinear in («, 8) it
is sufficient to show the identity for basis vectors of A¥ (R™). We choose basis vectors of the type

(a) a=E,N---NE; , B:Ejl/\"'/\EJk

or of the type

(b) a=vAE, N NE; B:V/\Ejl/\"'/\Ejk—l'

k-1

If either one of « or 3 is of the type (a), then one immediately obtains that both sides of (11) are
zero and the equation is trivially satisfied (see Lemma 10 and (3)). So we only need to consider
the case that o and 8 are both of type (b). We distinguish two cases. We also let zg € X.

Case 1: (i1, -+ ,ik—1) = (j1," - ,jk—1) - In that case the right hand side of (11) is equal to

Z <Oé;V/\Ell...lk_1> <55V/\Ell---lk_1> Z ;= Z ;-

1<h < <lp—1<n—1 JE{li, e le—1} J&{i1, - yik—1}

We now use Lemma 11 with A = E;; A--- A E;,_,. We can assume that {v, E1,...,E,_1} are
extended to an orthonormal basis in a neighborhood of xo . Note that from (3) and Lemma 10 we
get that v (WAX) =X —v A (viA) = A So Lemma 11 gives

(K" (voa);vaa) = (K" (A);A) = (0w AXN);A). (12)
We get the result appealing to Lemma 12 namely

PWAN =+ +vm1) = (i + -+ 7,) = Z i
Jé{in, e vik—1}

Case 2: (i1, yik—1) # (J1, -+ ,Jk—1). The right hand side of (11) is now 0. So we have to
show that
(K" (vaa);vaf)y=0

andﬂ:Ejl/\.../\E.

Jk—1"

Let A= E;, A---AE
Case 1) that

k1 It follows from Lemma 11 (using (3) as in

(K" (vaa);vaB) +(KY (vaB)svaa) =W AN ;) + 0@ Ap);A) —(V(aap);v).

Recall that {v, F1,..., E,_1} are extended to an orthonormal basis in a neighborhood of zy and
therefore V (a1 5) = 0. Thus it follows from Lemmas 12 and 13 that

(K" (v20) v 2B) = 5 (6 0 AN )+ (5 (v A ) 1)) =0,

which proves the claim of the present case. m
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4.5 Proof of the main theorem

For the equivalence (i) < (iv), we give below a proof which is elementary and self-contained. A
second proof can be obtained from Theorem 28 and the remark following it. Still another proof,
more in the language of differential geometry, can be given using Theorem 35. These two other
proofs are independent of the one given below and of the previous analysis..

Proof (Theorem 8). We know from Theorem 5.7 in [14] (see also [13] or Theorem 33 for a slightly
different way of expressing the identity) that, for every w € W%’Q (Q; Ak) U WJ{,’Z (Q; Ak) ,

/ (|dw|2 +ow]? — |Vw|2> :/ (LY (v Aw) ;v Aw) + (K (U aw) ;v aw)) . (13)
% o9
Step 1: (i) = (ii). Assume that Cr (Q, k) = 1. This means that, for every w € Wp? (Q; AF),
0 < fldw||* + [|6w]|* = [Veol® + [|w]|* = [loo]]* + K (w)
where
K (w) = f((w):/ (KY (vow);vaw).
o9 09

Next let ¢ € W%’Q (Q; A’“) be such that ¢ = w on 9 and ¢ = 0 in  outside an e—neighborhood
of 0. Note that, since ¢ = w on 02, then

K" (vop)=K"(vaw) on 0.
We thus have, by (13) and since ¢ = w on 09,
2 2
0 < el + K (@) = llell” + K (w).-

Since [|¢||® is as small as we want, we deduce that
Kw)= [ K(w) :/ (K" (v ow);vow) >0, Ywe Wp? (QAF). (14)
a9 o9

We now prove (ii) from the above inequality. Choose w € W%"z (Q;Ak) , v e C™ (ﬁ) and o =
Ywe Wp? (Q; A¥) . Invoking (14) we find that

0< K (a) = aﬂf((a) = mwf?(w).

Since 9 is arbitrary, we have the claim, i.e. K (w) > 0.
Step 2: (i) = (). From (13) we have

ldo||* + o]l = IVw]|* = K (w) = o (w)

and thus the result, since K (w) > 0 (because K (w) > 0).
Step 3: (ii) = (i). This is trivial, once coupled with Proposition 2.
Step 4: (i) = (iv). We choose in (ii), for 1 <4y < -+ <ip_1 <n—1,

w=vAX with A=E;N---ANE

Tk—1
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From the assumption and the second conclusion in Lemma 14, we then obtain

0 <(K"(viw);viw)= Z v -
je{ilﬂ“'vikfl}

Step 5: (iv) = (ii). This follows from the second conclusion of Lemma 14.

Step 6: (iii) = (v). The fact that the supremum is not attained follows from (iii), since, for
every w € W%’z (Q;Ak) ,

2 2 2 2 2 2
[Vwl[™ < ldw[]” + [[0w]]” < [ldw]]” + [|dw]]” + [lw]]

hence the result.

Step 7: (v) = (i). In order to prove the statement, we show that if C7 > 1, then there exists
a maximizer. We divide the proof into three substeps.

Step 7.1. Let ws € Wp° (92; A¥)\ {0} be a maximizing sequence (and hence w; is not a constant
form), i.e.

2
Vs | _
o 2 2 5 =Cr.
5700 [ dews || + [ dws |7 + [lews |
Without loss of generality, up to replacing ws by ws/ ||Vws||, we can assume that |[Vws|| = 1 and
hence 1
tim [l |* + 10 |1* + lwos] = 5= < 1. (15)
§—00 C’T

In particular ||ws|| is bounded and thus, up to a subsequence that we do not relabel, there exists
w € W% (Q A¥) such that
ws = w in Wh2,
We prove in the next substeps that w is a maximizer.
Step 7.2. We first show that w # 0. Suppose, for the sake of contradiction, that w = 0, then
from (15) we get

1
Jim [P+ 185 P] = - < 1. (16)

From (13), we infer that there exists ¢; = ¢1 () such that
ldws||* + [|0ws|* = 1 +/ (K" (v ows) ;v aws) > 1 — cl/ |ws|® .
o9 o0
Since (cf. Proposition 5.15 in [14]) there exists ca = ¢o (2) such that for every € > 0
2 2, G 2 €2 2
/ jws|” < €l Vews[” + —= flwsI” = € + —= [|ws]]
a0 € €

we deduce that ) ) 169 )
[dws|” + [|ows]|” > 1 — c1e — Jws -

€
Letting s — oo we find
lim [Hdws\\2+ ws|?] =1 cre
S— 00

and, since € is arbitrary, we find a contradiction with (16).

Step 7.3. We may now conclude. In the sequel we will have to pass several times to subsequences
in order that all limits are true limits but, for the sake of not burdening the notations, we do not
relabel these subsequences.

19



(i) We have, recalling that w € W%’Q (Q; A7),
1= [[Vews|* = IV (ws — w)[I* + V]| * + 2/Q (V(ws —w); Vw)
2 2 2 2
<9 @r = )1 +Cr (Il + 8l + ole) +2 [ (7 (00 =) V).
Since wy, — w in W12, we find that

1= i [V (=) [Vl < i |V G, — )] + Cr (s + 15l + ol )
(%) Since ws —w € W%’z (Q; A%), we have

19 (o~ > < Or (0 = )22 + 118 (00 = )22 + s — )3 )

2 2 2 2 2 2
= O (P + 664 + s | + o2 + ]2 + 122
—Cr (/ 2 [{dws; dw) + (dws; dw) + <w5;w>]> :
Q
Passing to the limit, recalling (15) and that ws, — w in W2, we get

lim |V (@, — @)l < 1= Cr (ldwll3a + 16l 2 + l22)

§—00
(#i) Combining (i) and (ii) we obtain

1= lim |V (w, — )| + | Veo|

< lim [V (ws = @)I* + Cr (lldwllFz + owllfs + loll3) <1

which implies that
IVeol* = Cr (ldwlFe + 10w]32 + 32
as wished.
Step 8: (i) = (vi). Since (i) (and thus (iii)) holds, we find, for w € W (¢ A%) and setting
w(z) = u(z/t),

2 2 — 2 — 2
va”Lz(tQ) = /tQ |V(‘u (y>| dy =" 2 A |vu (.’E)‘ dov =t" 2 ||Vu||L2(Q)
_ 2 — 2 2 2
<72 || dull 72 ) + " [10ull2 ) = ldwllzag 0y + 10wl72( 0

which shows that Cp (¢Q,k) = Cr (Q,k) = 1.

Step 9: (vi) = (i). Without loss of generality we can assume that ¢ < 1. We reason by con-
tradiction and assume that Cp (€, k) > 1. Invoking (v) we have that there exists u € W%’Q (Q; A%)
such that
HVUHiZ(m

Cr (Q,k) = 2 2 2 :
dul72 )y + 10ull72 ) + lull2)

Setting w () = u (x/t) , we obtain that w € W, (t; A¥) and

vul?
- IVwllZea

= 2 2 _ 2 :
ldwll72 0y + 10wll72¢ ) + 172 w72 0)
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Since t < 1, we get

.

< 2 2 2
||dw||L2(tQ) + ||5W||L2(tﬂ) + Hw||L2(tQ)

CT (Qa k) < OT (tQ,k)
which is our claim. m
Theorem 8 (combined with Remark 9) has as an immediate corollary the following.

Corollary 16 Let 2 C R™ be a bounded open smooth set and k = 1. Then
(1) Cr (Q,1) =1 if and only if the mean curvature of OQ is non-negative;
(ii) Cn (R,1) =1 if and only if Q is convez.

5 Some examples
We now deal with some special cases where we can make Cr, Cy arbitrarily large.

Proposition 17 Let 1 < k <n —1. Then there exists a set Qi C B (a fized ball of R™) such that
Cr (U, k), Cn (e, — k) are arbitrarily large.

Remark 18 Except for the case k = 1, the sets {0 that we construct are not smooth. However it
is easy to modify slightly these sets so as to make them smooth, while preserving the proposition.

Proof Since Cr (2, k) = Cy (2,n — k), it is sufficient to prove the result for Cr (2, k). For the
sake of clarity we deal with the case k = 1 separately.

Step 1 (k=1). We let, for z € R", |z| denote the usual Euclidean norm. Let 0 < r < 1 and
O ={zeR":r <|z|] <1}. We then choose X € C! ([r,1]) arbitrary and

w(z) = A(|z]) ZIEz da' € W%,2 (Ql;Al) .
i=1
Clearly
) Lilj

wl =67+ A dw=0 and dw=div(z\)=nA+|z|N

T
leading to

6w = (n A+ |z|X)®  and  |Vw|? = n A%+ 2]z AN + 2> (V).
Choose A (s) = s™™ (with this choice we have dw = 0). We therefore have (denoting by o, the
measure of the unit sphere of R™) that

9 1

1 _ -n
/ |VUJ|2 _ Un/ (nQ _ n) S_n_ldS — M
Ql T

— =on(n—1)[r " —1]

r

while

1 On —n—+2 :
/ (|clw|2 + [6w]® + |w|2> = Un/ s " ds = { vl ~1] ifn>2
Q1 r

—op logr if n=2.
Therefore, when r — 0, we find (writing ~ for the asymptotic behavior)

|Ve])” { =2t i n > 2

ldeo |* + fldl|” + o]} if n =2

1
r2logr
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Thus, for r sufficiently small, we deduce that Cr (24, 1) is arbitrarily large as wished.
Step 2 (2 <k <n—1). We divide the proof into two parts.
Step 2.1. Let us introduce some notations.
1) We write for x = (z1,--- ,2,) € R”

|I|k = \/:c%+~~+zi_k+1.
2) Let 0 < r < 1. The set © C R™ is then chosen as
Qp={zeR":r<|z|, <land 0 < Tp_pyo2, - ,2n < 1}.
3) We finally let A € C* ([r, 1]) to be chosen below,

n—k+1
ok (z) = Z zide' and  wy (2) = A(|2|,) or (2) Ada™FF2 A Ada™ € AP
i=1

Step 2.2. Observe the following facts.

(i) If v is the outward unit normal to € , then
vAwr =0 on 0f.

Indeed one sees that this is the case by distinguishing between the lateral boundaries |z|, = 7,1
where

+1

:W(‘Tla"’7x71—k+1707"'70) = V/\Qﬁk:()
k

and the horizontal boundaries zs = 0,1 (n — k + 2 < s < n) where
v=+te, = vAdz" FT2A. Adz" =0.

(ii) We have, for 1 <i; < --- < iy < n, that

1<y <n—-k+1
(i2,- k) = (n—k+2),---,n)

0 otherwise.

. Myfat+ el ) e i
w;clmlk (m) _ 1 k+1 1

and thus, if 1 <i,j <n—k+1,

i(n—k+2)--n
D" = Ao+ N T
Oz |z,

and all the other partial derivatives are 0.
(iii) This leads to dwy = 0. Indeed if we set

W (s)=sA(s) and )= p(lal,)

we see that
Az],) ¢k (z) =dn(z) = dwp=0.

(iv) We now prove that
bwi® = (0 — k+ 1) A+ |z, X)°.
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Indeed, since
PRIV I

k
i1 ik —1 - 9
G =3 Y e

y=1 iy 1< <in
we have (dwy,)™ ' = 0 unless (i1,--- ,ip_1) = (n —k+2),--- ,n); while
n—k+1 jn—k+2--n n—k+1
(n—k+2)n _ Oy, _ O (A (lzly) ) _ :
(dwg) = > T > oz, = (n—k+1) A+ |z, N

j=1 j=1

(v) We next observe that
Ver> = (n—k+1) A2+ 2]z AN + |22 (V)°.

(vi) Finally choose A (s) = s~(®~*+1) (with this choice we have dwj, = 0). We therefore have
(0p_1+1 denoting the measure of the unit sphere of R*~%+1) that

1
/ |Vwk|2 = Opn—k+1 / m—k+1)(n—k) g k=20 _ onpst (k —n) R i
Q -

=0op_gt1(n—k) [r_7l+k_1 — 1]

while
! Tuktd [pmnthtl ] ifn > k41
/ (|dwk|2 + [dwi | + |wk\2) = O'nfchrl/ s hds = ¢ R : ] .
X ” —Op—k+1logr ifn=F%LF+1.

Therefore, when r — 0, we find (writing ~ for the asymptotic behavior)

Ve |1 DR T
ldeor ]| + [[Ge1* + [l if n=k+1.

_ 1
r2logr

Thus, for r sufficiently small, we deduce that Cr (Q4, k) is arbitrarily large as wished. m

6 The case of polytopes

Definition 19 Q C R" is said to be a generalized polytope, if there exist 2y, ,- -+ ,Qpr bounded
open polytopes such that, for everyi,j=1,---, M with i # j,

_ M __
Q, C Q, QiﬂQj:(Z) and Q:Q()\<UQZ)
i=1

In this case Q;,i=1,---, M, are called the holes.

Theorem 20 Let Q C R™ be a generalized polytope. Then the following identity holds
[Vell? = ldwl® + dw]>, Ve € O (% AF) U CY (@ AF).

Remark 21 (i) Note that we do not make any assumption on the topology of the domain and
that holes are allowed. The identity shows that there are no non-trivial harmonic fields with
vanishing tangential (or normal) component which are of class C'. However, in presence of holes,
there are non-trivial harmonic fields with weaker regularity (this is, of course, a problem only on
the boundary, since harmonic fields are C*° in the interior).

(i) In the case k = 1, see also [15].
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Before proceeding with the proof, we need to introduce a few notations that would help us keep
track of the signs in the proof.

Notation 22 (i) For 1 < k < n, we write

T = {(ir,-- ,ip) €NF 1 <dy < -+~ < i <}
For I = (iy,--- i) € T, we write dx’ to denote dx™* A --- A dx'*.
(ii) For i € I, we write Iz = (iy,--- ,i,--- ,ix), where i denotes the absence of the named

index i. Note that, pr € TF1, for all 1 < p < k. Similarly, for i,5 € I, i < j, we write
I{} - (ila"' 7i7"' 733"' 7Zk)

(iii) Given I € T* andi,j ¢ I, i # j, we write [il] to denote the increasing multiindex formed
by the index i and the indices in I. In other words [iI] is the permutation of the indices such that
[iI] € T**1. Furthermore, we define the sign of [i, 1], denoted by sgn[i, I], as

dzlTl = sgn [i, I] da* A da’.
Similarly, [ijI] is the permutation of the indices such that [ijI] € T**2 and sgn[i, j,I] is given by
dz1 = sgn [i,7, 1) dz® A dz? A da”.
We need a few lemmas for the theorem.

Lemma 23 Letn > 2 and 1 < k < n — 1 be integers. Then for any I € TFT and every i,j € I
with i # j,
sgn [i, IZ.A]} sgn [j, I;j} = —sgn [i, I?] sgn {j, Iﬂ
and for any I € TF=1 and every i,j ¢ I with i # 7,
sgn [i, [11]] sgn [j, [il]] = —sgn [i, I]sgn [5, I] .
Remark 24 When k = 1 both equations read as
sgn [7’7.7] sgn []7 ’L] =—-1L

Indeed elements I € 751 are as if they were absent, i.e. [jI] = j and sgn [i, ] = 1.

Proof Since I; = [j[;j} and Iz = |:ZI;3:| , we have the identity

sgn [i,Iﬂ sgn [j, IZ.AJ} = sgn {i,j,[;j} = —sgn {j,i,[@} = —sgn [j, I;} sgn [i,];j] .

This proves the first identity. The second one is just the first one, where I € 7%~ plays the role
of I R This finishes the proof. m

The next lemma gives a pointwise identity.

Lemma 25 Let U C R" be open and let w € C* (U;Ak) . Then, for any xz € U,

L 9wls 5 owh
|dw‘2 + ‘6w|2 _ |Vw|2 = Z Z sgn [Z,Iﬂ sgn [], I;:| (aw Ow _ Ow'i Ow ) (17)

IeTk+14,5€l
i#]

|dw[* + [6w]” = [Vw[* = >~ > senli, []sgn [j, 1] (18)
IeTk=14,5¢I
1<j

OwlHl gwlill  gulitl gy,lil]
( (9:131 8xj B 8@ 8Ij >
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Remark 26 When k£ = 1 the lemma reads as

|dw|? + |dw|® — [Vw|? = 22 <8w O’ _ 0w B >

83@ 81']‘ B axi (%cj
while for k£ = 2

|dw|® + |dw|* — |Vw|?
) Z (&uij Ow'k B Ow' Hwik N Aw™ ik
S Ox; Oz Oxyp Oz

Proof We calculate

Owh dwli]
dw = Z Z sgn [i, 12] O de! and dw = Z Z sgn [i, 1] dz'.
[eTk+1 1€l ‘

: O0x;
IeTH1 \ig¢I
We start by evaluating |dw|®

w3 Z(@w

I~ 2 I~ I
; , 1 Owh AWl
- oz ) + 2 g g sgn [z, I;] sgn {],I{| it
TeTh+1 icl

Ow' Hwik

B L Ow* Jwik

B Ow'™® Gk
8.Ti (956]' 33@ 6@ '

, we find

TeTh+1ijel WOz Ox;
1<J
Rewriting the terms in two different ways, we obtain
Ow’ Ow’i dwli
d P , E] [ 7IA} il 19
W= T (%) 2 ¥ Yemilalin] 2% )
IeTk igl IeTh+1ijel
i<J
Ow’ - OwlTl gttt
ol = 3 Z( ) S 3 sl liflsen i ] 2% (o)
I€T* igl IeTr=14,j¢1 ! J
1<J

We next evaluate |6w|”, we get

0w|® = Z Z( ) +2 Z ngn[z,l]sgn[j,ﬂ o Dm.
IeTk-1 ig¢l IeTr=14,j¢1 L i

1<j
Rewriting the terms in two different ways, we find

Ow! . o Owll gy lil]
o= X5 (20) w2 5 sl i
IeTk iel

(21)
TeTh-1igr 8:51 81']'
1<J

10| = Z Z <8w ) Z Z san [ ’ ”] san {j,IA} ow’i dwh
IeTk i€l

. 22
IeTk+1l4,5€l :
1<j

Appealing to (19) and (22), we infer that
|dw|? + |ow]? — |Vw|®

) ) dwh dw'i , dw'i duw'i
=2 E E (sgn [Z,I;] sgn [ ,I]} Do Ors + sgn [z,IZJ sgn [ 7153} 97 O ) .
TeTk+14,5€l v J v J
1<J
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Invoking (20) and (21), we find
de|* + [l — | Ve

, - owltt] gylit] o 9wl gylid]
= Z Z (sgn i, I]sgn [4, ] I + sgn [4, [7I]] sen [4, [¢1]] 0 Dn. ) .
IeTk—14 ¢l v J v J

i<j

Using Lemma 23, the last two identities establish (17) and (18), respectively. m

Lemma 27 Let Q C R™ be a bounded open Lipschitz set and w € C* (ﬁ; Ak) . Then

Ow'ls
dw|]® + [|6w|)® = |Vw 2:/ v A w;dw 7/ sgn [i, | sgn |4, | w'i ' —— (23
Ideol + [lw]* = [ Vel* = [ )= [ 2 > s B sen [ v G 23)

IeTk+t1a,5€l

o Qwlid]
sl + 16 = [Vl = [ trowisi) = [ % S senli. [jsgnli 107 22 (21)

IeTh=14,5¢1

Proof We divide the proof in three steps.
Step 1. Integrate the equations of Lemma 25 to get

2 2 2 . . Owli owli  dwli owli
— = L I - 2
[[dw|” + [[éw]|” = [[Vw]] /Q > ) sen i, ] sgn [17 j} ( 90 0w, Oz 0w, (25)

IeTkt1lij€el

i#£]
9 9 9 ) _ AWl 9lill  Hulill Hyylitl
— = 5 I]s 1 — . (2
ldeoll® + l1d]* — | Vo] / > > senli.I]senlj, ]( T Toual o ol R G
TeTh=14,5¢1
1<]J

Step 2. Noting that (the following argument uses the fact that w € C? but by density the
identity (27) is valid for w € C1)

Ow'i w'i  Ow'i oWl 9 (L OwhY 9 powh
axi ax]‘ 31‘1‘ (9$j - axj 69@ 69@ &vj

we integrate by parts (25), bearing in mind that € is Lipschitz, to obtain

|l dw]||? +||6w]|® — | Vw||* = / Z Z sgn [i, I;] sgn [j IA.] whi vl BLI; — Wl o't . (27)
a0 T T 8% 8333

IeTk+1i5€l
i#]

Step 3. Since () is Lipschitz, v is defined for a.e. x € 9€). Thus, for a.e. x € 9€2, we find

VAw= Z ngn {j,]ﬂ v wli | da?.
IeTh+1 \ jeI
But, since w € C* (Q; A¥), for every z € Q, we have

dw = Z <Z sgn [i,[ﬂ a(;f) dz!.

IeTk+1 \iel
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We therefore deduce the pointwise identity, for a.e. z € 01,

(v ANw;dw) = Z Z sgn [i, F] sgn [],IA]wgyJaLI’

T
IeTk+1li4,5€l ¢

- , . L Owh
= E E wlipt E E sgn [z, I;] sgn [],Ij} wli v OLQ:Z .
IeTk+1 i€l JeTk+1 1237’&6]
i#j

We then have

sgn [i, I;] sgn . | w Gy Ou's = (v A w; dw) whi vt ; (28)
81‘1‘

IeTktli,jel IeTkt1 i€l
i#j

Substituting (28) in (27), we obtain (23). Analogous calculations yield (24), starting from integra-
tion by parts of (26). m

We now prove a theorem for piecewise C? Lipschitz domains, which can be viewed as a gener-
alization of Theorem 3.1.1.2 in [22] valid for k = 1.

Theorem 28 Let Q C R™ be a bounded open Lipschitz set with piecewise C? boundary, i.e. 0Q =
UN_ Ty, where the Ty are C? and relatively open subset of 9Q and 0\ UN_ T has zero surface
measure. Let Ey,--- ,E,_1 be an orthonormal frame field of principal directions of UN_ Ty with

associated principal curvatures vi,--- ,Yn—1. Then

N n—1
|dw]|® + [|0w|® — [|[Vw]|]* = Z/F (Z v B /\w|2> for every w € Cy. (G A%)  (29)
s=1 s =1

N n—1
ldw|)? + ||ow|)® — || Vw]|® = Z/ (Z v | E Jw|2> for every w € C (G AF). (30)
s=1"Ts \i=1

Remark 29 (i) By standard regularization, the theorem is valid for w € W%’Q (Q; AF ) (respectively
w e W2 (Q;AF)) if 09 is (fully) C2.

(i) Note that the two identities above are the same as those appearing at the end of Theorem
33.

Proof Step 1. We first show (29). Since 9Q \ UN_ T has zero surface measure, we obtain from

(23)
2 2 2
[ldw]|” 4 [|6w]|” = I Vw]]
- 31
:/ (v A\ w; dw) Z/ Z ngnZIAsgn{,I}wIJM%;If. (31)
oQ SIGTk+1z jerl
We argue on each of the I'y . Since Ey, -, Ej,_1 denote a frame of tangent vectors at each point
of T'y, we can write e; = ;L:_ll E! By +viv. Thus, for any j =1,--- ,n,
Ow'i - Owhr &,ﬂ;
_ B Iy . 32
Ox; ; ey ov (82)
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Step 1.1. We set

> D senli F]sen [i@] wlhi %L;

TeTH1 i jel J
and note, in view of (32), that A = B + C where

Z (ngn 6w1> ngn |;],IA:| v whi
IeTk+1

el jel

Z ngnzIA sgn[],IA]way (ZE{ )
IeTk+lid,5€l 8El

(i) We first observe that

B= Y (y/\gl/)j(u/\w)1=<y/\w;y/\&d>.

ov
IeTk+1

(ii) We next prove that
n—1

C= Z<El/\w’ai; 1//\w> Z"/Z\El/\w|

Indeed note that, for any I € 7*+! and any [ = 1

n—1,
8 I 8l/i
95 (v Aw) 78El (ngn i, 5] Z/(JJL> ngn li, 5] v 6El'
iel i€l el
For any j € I, multiplying by sgn {j, Iﬂ wI3Elj and summing over [ = 1,--- ;n—1 and j € I, we
deduce (recalling that v, Ef = 0v'/0F)) that
cl = ngn i, I;] sgn [J I"]wﬂl/ ZEJ O

< ’ L oE,
i,jel

= Zngn {j, J] w JEJ 88 (V/\cu)I — Z sgn [i,IA] sgn [j,IA] whwl (Z El 3B >
jel 1=1 ijel !
n—1 )

— I I . I J

_Z(El/\w) a—El(l//\w) —HZSgn[z I]sgn[@]}u iw <Z'ylE El>
=1 i,j€l

and thus
n—1 ) ]
cl = Z (E, /\w) aE u/\w Zm (ngn i IA El w ) ngn [j,]ﬂ El]wli

=1 ! i€l jel
n—1

0
Z(El/\w)laEl I//\w Z’Yl El/\w El/\w)
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which is our claim, since C'= Y 741 CL.

Combining (i) and (ii) we have obtained that

dw\ = 9
A= <1//\w;1//\ay> +;<E1/\w, oF, (vAw > ZqﬂEl/\w\
Step 1.2. Combining (31) and Step 1.1, we just proved that

ldw]|* + [[6w]* = | Ve ]*
Y dw\ = )

:Z/r [(y/\w;dw>—<u/\w;u/\81/>—Z<El/\wa V/\w> Z’yl|EgAw|]
s=1 s =1

Thus, if v Aw =0 on I’ for each s = 1,--- , N, we obtain (29).
Step 2. Analogous calculations, starting from (24), establishes the identity

2 2 2
[[dw||” + [|6w[|” = IV

N n—1
0 0
:g/rs [<VJW;6W>—<VJW VJ(_;:> l_zl<Ele 35 qu> Zvl|Ele|]
Using that v sw = 0 on T'g for each s = 1,--- , N, this yields (30). This finishes the proof. m
We finally are ready to prove the theorem.

Proof (Theorem 20). By Theorem 28, the result is immediate since for a generalized polytope,
the principal curvatures on every face are 0. m

Theorem 28 also immediately implies the following.

Theorem 30 Let Q C R™ be a bounded open Lipschitz set with piecewise C? boundary, i.e. 0Q =
UN Ty, where the T's are C? and relatively open subset of 9Q and 0\ UN_ T has zero surface

measure. If the principal curvatures are all nonnegative at every point on UN_ Ty, then
IVw|® < lldw|® + [l6w]®,  Vw e CF (T AF) UCK (T AF).

Remark 31 Note that unlike the case of smooth domains, here the hypothesis of all principal
curvatures being non-negative does not imply that the domain is convex. For example, the domain
given in polar coordinates by

Q={(r,0):0y <0 <2r—0y, r<c[0,1)} CR?,

for some 0 < y < 7/2, is a piecewise C? Lipschitz domain which satisfies the property, but
is neither convex, nor can be approximated from the inside by smooth 1—convex domains since
smooth 1—convex domains are necessarily convex. Hence, the result for such domains is not covered
by the result in [27].

For k = 1, Theorem 28 also immediately implies, as a corollary, the following variant of Korn
inequality with the precise constant, which was already observed in Bauer-Pauly [3].

Corollary 32 Let Q C R™ be a bounded open Lipschitz set with piecewise C? boundary, i.€.
00 = UN. T, where the Ty are C? and relatively open subset of 9Q and 9\ UN_ T has zero
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surface measure. If the principal curvatures are all nonpositive at every point on UN_ T, then
IVul* < 2V ul?, Vue Cp (AT UCK (AT,
where the symmetric gradient V*Y™u is defined by

1 <8ui ou?

sym -
(v U) a.Tj + 8.73i

1]_5

), fori,j=1,--- n.
Proof Theorem 28 in this case implies,

[Vul|? > [Jeurlul|® + |[divul|®, Vue Ch(QAY) UCK (AY).
Integrating the pointwise identity

1
|Vul®> = [V u)® + B |curl u|?
and combining with the inequality above gives,
sym, |12 1 2 _ 1 2 2 1 . 2
[75mall? = S [ 9ul? = 5 (IVal® = fewlul?) > 3 dival® > 0.

This completes the proof. m

7 Appendix: an integral identity for differential forms

We recall that 2 C R" is a bounded open smooth set with exterior unit normal v. When we say that
Ey,---  E,_1is an orthonormal frame field of principal directions of 0! with associated principal
curvatures 71, - ,Yn—1, we mean that {v, Ey, -+, E,_1} form an orthonormal frame field of R™
and, for every 1 <i<n—1,

gl 1 _ L L
z (Ez Va:j) =7k = mi= Z (ELEZVT,) .
j=1 Jil=1

The following proposition was used only implicitly and is another version of the identity obtained
in [13] (see also Theorem 5.7 in [14]). We first state and prove it in the Euclidean setting and then
for general Riemannian manifolds, using then the notation of differential geometry and referring
to [12].

Theorem 33 Let 0 < k < n. Let Ey,--- ,E,_1 be an orthonormal frame field of principal di-

rections of Q) with associated principal curvatures vyy,--- ,Vn_1. Then every o, B € C! (ﬁ; Ak)
satisfy the equation

/Q((da;db’} + (da;68) — (Va; V)
:—/89(<V/\d(1/JCY)§I//\,B>+(l/J(S(l//\og);yJﬁ»

+/a > (3 Eiyin) (B Biyoi) >

Q1<ii<<ipg<n—1 I URERTS!
+/ Z <Oé;1//\Ei1...¢k71><ﬂ;V/\Ei1...ik71> Z Y
09 1<ip < <ip—1<n-—1 J¢{i1, - ig—1}
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where E;,..;,, = Eiy N -+ AN E;, . In particular the following two identities hold. For every o €
W2 (93 AF)
T 5

2 2 2
| (daPsisal =1val) = [ ¥ B ) X
@ O 1<iy <o <ig_1<n—1 J¢{in, -1}
and for every a € WJ{,’2 (Q; Ak)
2 2 2
[ (ol +15af = wal) = [ S @B 3
Q Oy <j)co<ip<n—1 jefi, - in}

Remark 34 If £ = 0 or kK = n, then the the right hand side has to be understood as 0 by definition.
If K =1, the theorem reads as

| (s ) + (60:58) ~ (Vs VB))
:_/ ((vAd(voa);vAB)+(vid(wAa);viB))
a0

n—1 n—1
[ Y ey B+ [ ) (50) Y
90 90 j=1
and, in particular,

/BQ (14 +n-1) ‘<Oé;l/>|2 ifae W%’2 (Q;Al)

[ (dal? + 150 = val?) =
& Z/an% o B if € Wr? (Q;AY).
=1

Proof The theorem follows from Theorem 5.7 in [14] and Lemma 14. The last two identities also
follow from (29), respectively (30), of Theorem 28 and the remark following it. m
We now discuss the more general version of the identity. We assume that €2 is an n—dimensional
compact orientable smooth Riemannian manifold with boundary 9€2. We also adopt the following
abbreviations
TF ={I= (i1, ,ig) EN*: 1 <iy <+ <ip<n—1}
E; = (B, ,By) for €T},

I¢ is the complement of I in {1,--- ,n—1}.

N

In the next theorem the quantity Fy is the linear 0—th order (not differential) operator given
by the Bochner-Weitzenbock formula, see [12] Section 2.2 for more details. On a flat manifold, for
instance R™, the operator F is equal to 0 (which explains its absence in Theorem 33).

Theorem 35 Let 0 < k < n. Then every a, B € C* (ﬁ; Ak) satisfy the equation

/Q ((das dB) + (a: 58) — (Va; VB)) — / (Fuas 8)

Q

_—/Q(<V/\d(VJOé);V/\ﬁ>+<VJ(5(I//\04);U_IB>)

Ja
-1-/89[6; a(Er) B ( I)j%;%—l—/mm%lla(u, 1) B, 1)j§%

n—1
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Remark 36 In the case a = [ a similar form of this identity is known as Reilly formula, see
Theorem 3 in [32] and the references there. In that case the identity simplifies: using partial
integration twice one obtains, see Remark 3.8 (iv) in [12],

/(<U/\d(V_IOé);V/\a>+<V_I(5(V/\O[);l/_1a>):2/ (vid(vha);via).
o9 a0

Proof The theorem follows from [12] Theorem 3.7 and Remark 3.8 (ii) and from Lemma 37 below.

[
The following Lemma is the analogue of Lemma 14. Sy (81) denotes the normal (respectively
tangential) component of 5 (see [12]).

Lemma 37 Let Sy be defined as in Definition 3.3 in [12]. Then the following identities hold

(i) (SkeBn)= > |a@WENBWE)D v

IeTr~ 1 Jjel°

n—1

(i) (Snr(xa),%(Br)) = > |a(E)B(EDNY v

IeTk | Jjel

Proof Step 1. We first prove (i). Since Ey,--- , E,_1 are principal directions of 9 they satisfy
that
VE1V:71E1 and <E2,EJ> :(5”

We now choose (v, Eq, -+, FE,_1) as an orthonormal basis of R" to evaluate the scalar product
(Ska; By . Tuples (E;,, - -+, F;, ) have no contribution in (Sia; Bn) , because Sy is normal (actually
Ska too). We therefore obtain

<SkavﬁN> = Z SkOé (Va Ei17' o aE’ik71) ﬁ (Va E’ila T aEikfl) 5 (33)

1<i1 < <ip—1<n—1

where we have used that 8y (V, Ei,--- ,Eikfl) =0 (1/, E., - 7Eik—1) by definition of the normal
component. By definition of Sy, we find

Ska (Vinlv"' 7Eik—1) = _ZZO‘(Ej Eil?"' ’Eil—17II(Ej7Eil)7Eil+17.”E'L'k—1)

B Za(II(EJ7EJ)7E117 )Eik,l)

Jj=1

= Ay, in—1) T Bliy, i)

where II is the second fundamental form. We have also used that (E,);, = E, for any r =
1,---,n — 1, since they are tangent vectors. We therefore get for any r, s

II(Es, E.) = (Vg E;vyv=—(E;VE V)V =—7 0ps V.

This shows that

n—1
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In the same way we get

k—1

A(ilx'”;ik 1) — Za iy 117"' 7Eil—1’II(E'Ll’E ) Eil+17'..Eik—1)
=1
1

>
|

Vi, & (EilinN e 7Ei1717 v, Eil+17 e Eik,l)
1

l

k—1
= - (V,Eiu' e ?Eik—l) Z'Wl :
=1

So we obtain that

n—1

k—1
Ska( 117"'7Eik71):a(VaEi1a"' Tk — 1 Z’YJ 2711
=1
:a(Vinu"' 7Eik—1 Z’Y]"

jele

From this last equation and (33) the first identity (i) follows.
Step 2. We now deduce (ii) from (i) in the following way

(Snr () (Br)) = > |(xa) (v, Br) (+Br) (v, Br) Y v
IeTr jele
Note that the Hodge * operator computes on k—forms w as
(:w) (Xgt1,-++, Xn) = w (Xy, -+, Xg)

whenever (X1,---,X,) is an orthonormal basis of R™. We apply this to X = (v, Er, Erc) . Thus
we obtain that for each I € 7n—*~1

(xa) (v, Er) (%B7) (v, Er) = o (Ere) B (Efe)

This leads to, renaming the summation index I — I¢,

(Snk (+a);x (Br)) = > a(Er)B(Er) > v

167152 1)—k jerIc
= Z o (Er) B (Er) Z’Yj )
IeTk | jel

which proves (ii). m
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